There cannot be a language more universal and more simple, more free from errors and
obscurities, that is to say more worthy to express the invariable relations of natural things
[than mathematics] . . ..

... Its chief attribute is clearness, it has no marks to express confused notions. It brings
together phenomena the most diverse, and discovers the hidden analogies that unite them . . ..
it follows the same course in the study of all phenomena;, it interprets them by the same
language, as if to attest the unity and simplicity of the plan of the universe . . ..

—1Jean Baptiste Joseph Fourier (1768-1830), mathematician and physicist
Introduction to the Analytic Theory of Heat, 1822 (from the 1955 Dover edition)

2.1 Introduction

Vector calculus deals with the application of calculus operations on vectors. We will often need to evaluate integrals,
derivatives, and other operations that use integrals and derivatives. The rules needed for these evaluations constitute vector
calculus. In particular, line, volume, and surface integration are important, as are directional derivatives.

The relations defined here are very useful in the context of electromagnetics but, even without reference to
electromagnetics, we will show that the definitions given here are simple extensions to familiar concepts and they simplify
a number of important aspects of calculation.

We will discuss in particular the ideas of line, surface, and volume integration, and the general ideas of gradient, divergence,
and curl, as well as the divergence and Stokes’ theorems. These notions are of fundamental importance for the understanding of
electromagnetic fields. As with vector algebra, the number of operations and concepts we need is rather small. These are:

Integration Vector operators Theorems

Line or contour integral Gradient The divergence theorem
Surface integral Divergence Stokes’ theorem
Volume integral Curl

Vector identities

In addition, we will define the Laplacian and briefly discuss the Helmholtz theorem as a method of generalizing the
definition of vector fields. These are the topics we must have as tools before we start the study of electromagnetics.

2.2 Integration of Scalar and Vector Functions

Vector functions often need to be integrated. As an example, if a force is specified, and we wish to calculate the work
performed by this force, then an integration along the path of the force is required. The force is a vector and so is the path.
However, the integration results in a scalar function (work). In addition, the ideas of surface and volume integrals are
required for future use in evaluation of fields. The methods of setting up and evaluating these integrals will be given together
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with examples of their physical meaning. It should be remembered that the integration itself is identical to that performed in
calculus. The unique nature of vector integration is in treatment of the integrand and in the physical meaning of quantities
involved. Physical meaning is given to justify the definitions and to show how the various integrals will be used later. Simple
applications in fluid flow, forces on bodies, and the like will be used for this purpose.

2.2.1 Line Integrals

Before defining the line integral, consider the very simple example of calculating the work performed by a force, as shown in
Figure 2.1a. The force is assumed to be space dependent and in an arbitrary direction in the plane. To calculate the work
performed by this force, it is possible to separate the force into its two components and write
X=X2 Y=Y2
W= J F(x,y)cosadx + J F(x,y)cosfdy (2.1)

y=»

X=X

Figure 2.1 (a) The concept a
of a line integral: work

performed by a force as a

body moves from point P, B etinh oh wil -\ (i Wil
to P,. (b) A generalization
of (a). Work performed

in a force field along a ! i

1
A=Xdx+ydy!
N ydy!

general path / |
X X%

An alternative and more general approach is to rewrite the force function in terms of a new parameter, say u, as F(«) and
calculate

W= J_ F(u)du (2.2)

u=u,
We will return to the latter form, but, first, we note that the two integrands in Eq. (2.1) can be written as scalar products:

F-X =F(x,y)cosa and F-y = F(x,y)cosf (2.3)

This leads to the following form for the work:
=X2 Y=Y2
W:J F-)Za'x+J F - ydy (2.4)
x=x Y=y

We can now use the definition of dl in the x—y plane as dl = X dx + y dy and write the work as

W= rz F-dl (2.5)

P

where dl is the differential vector in Cartesian coordinates. The path of integration may be arbitrary, as shown in Figure 2.1b,
whereas the force may be a general force distribution in space (i.e., a force field). Of course, for a general path in space, the
third term in dl must be included (dl = Xdx + ydy + Z2dz).

To generalize this result even further, consider a vector field A as shown in Figure 2.2a and an arbitrary path C. The line
integral of the vector A over the path C is written as

0= J A-dl= J |A||dl|cosOa,a (2.6)
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In this definition, we only employed the properties of the integral and that of the scalar product. In effect, we evaluate first
the projection of the vector A onto the path and then proceed to integrate as for any scalar function. If the integration between
two points is required, we write

P2 P2
J A-dl:J |A||dl|cosOa,a (2.7)

141 14

again, in complete accordance with the standard method of integration. As mentioned in the introduction, once the product
under the integral sign is properly evaluated, the integration proceeds as in calculus.

Figure 2.2 The line
integral. (a) Open contour
integration. (b) Closed
contour integration

Extending the analogy of calculation of work, we can calculate the work required to move an object around a closed
contour. In terms of Figure 2.2b, this means calculating the closed path integral of the vector A. This form of integration is
important enough for us to give it a special symbol and name. It will be called a closed contour integral or a loop integral
and is denoted by a small circle superimposed on the symbol for integration:

}A-dl = fj;|A{|dl|cos9A,dl (2.8)

The closed contour integral of A is also called the circulation of A around path C. The circulation of a vector around any
closed path can be zero or nonzero, depending on the vector. Both types will be important in analysis of fields; therefore, we
now define the following:

(1) A vector field whose circulation around any arbitrary closed path is zero is called a conservative field or a restoring field.
In a force field, the line integral represents work. A conservative field in this case means that the total net work done by
the field or against the field on any closed path is zero.

(2) A vector field whose circulation around an arbitrary closed path is nonzero is a nonconservative or nonrestoring field.
In terms of forces, this means that moving in a closed path requires net work to be done either by the field or against
the field.

Now, we return to Eq. (2.2). We are free to integrate either using Eq. (2.4) or Eq. (2.5), but which should we use? More
important, are these two integrals identical? To see this, consider the following three examples.

Example 2.1 Work in a Field A vector field is given as F = X 2x + y 2y.

(a) Sketch the field in space.
(b) Assume F is a force. What is the work done in moving from point P,(5,0) to P3(0,3) (in Figure 2.3a)?
(c) Does the work depend on the path taken between P, and P3?

Figure 2.3 a bz'yo A N B Al et
==/ ==
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Solution: (b) First, we calculate the line integral of F - dl along the path between P, and P5. This is a direct path. (¢) Then, we
calculate the same integral from P, to P, and from P, to P5. If the two results are the same, the closed contour integral is zero.

(a) See Figure 2.3b. Note that the field is zero at the origin. At any point x, y, the vector has components in the x and y
directions. The magnitude depends on the location of the field (thus, the different vector lengths at different locations).
(b) From P, to P3, the element of path is dl = Xdx + ydy. The integration is therefore

Ps P3 Ps
J F-dl = J (X 2x+y 2y) - (Xdx + ydy) = J (2xdx + 2ydy) ]
P P2 P
Since each part of the integrand is a function of a single variable, x or y, we can separate the integration into integration
over each variable and write

Ps x=0 y=3
J F-dl:J 2xdx—|—J 2ydy:x2|2+y2]3=—25+9:—16 ]
)

P, x=5

Note: This work is negative. It decreases the potential energy of the system; that is, this work is done by the field
(as, for example, in sliding on a water slide, the gravitational field performs the work and the potential energy of the
slider is reduced).

(c) On paths P, to P and P, to P3, we perform separate integrations. On path P, to P, dl =Xdx+y0 and y = 0.
The integration is

x=0

2xdx = J ddv =2 =25 [I]
x=5

Py Py Py
J F-dl= J (X2x +y2y) * (Xdx) = J

Py P, Py

Similarly, on path P, to P3, dl = X0 + ydy and x = 0. The integration is

P3 y=3

3
2ydy=J 02ydy=y20=9 ]

P3 P3
J F-dl :J (X2x +y2y)- (ydy) :J
Py Py Py
The sum of the two paths is equal to the result obtained for the direct path. This also means that the closed contour
integral will yield zero. However, the fact that the closed contour integral on a particular path is zero does not necessarily
mean the given field is conservative. In other words, we cannot say that this particular field is conservative unless we can
show that the closed contour integral is zero for any contour. We will discuss this important aspect of fields later in this

chapter.

Example 2.2 Circulation of a Vector Field Consider a vector field A = Xxy + y (3x*> + ). Calculate the circula-
tion of A around the circle x> + y> = 1.

Solution: First, we must calculate the differential of path, dl, and then evaluate A - dl. This is then integrated along the
circle (closed contour) to obtain the result. This problem is most easily evaluated in cylindrical coordinates (see
Exercise 2.1), but we will solve it in Cartesian coordinates. The integration is performed in four segments: P, to P,, P,
to P3, P3 to P4, and P4 to Py, as shown in Figure 2.4.

The differential of length in the x—y plane is dl = Xdx + ydy. The scalar product A - dl is

A-dl = (Xxy+¥ (3% +)) * (Rdx + ydy) = xydx + (3x* + y)dy
The circulation is now

jﬁLA “dl = i [xydx + (3x* + y)dy]

Before this can be evaluated, we must make sure that integration is over a single variable. To do so, we use the equation of
the circle and write

¥ = (1 _yz)l/Z’ y= (1 _XZ)I/Z



2.2 Integration of Scalar and Vector Functions

By substituting the first relation into the second term and the second into the first term under the integral, we have
J A-dl = jE (1 =) Pax + (3(1 = 5?) + y)ay]
L L

and each part of the integral is a function of a single variable. Now, we can separate these into four integrals:

%A-dl:J A-dl+J A-dl+J A-dl+J A-dl
L P Py P Py
Evaluating each integral separately,
P2 P2 1/2
J A-dl = J (x(l —x) Tax+ (3 —3y2—|—y)dy)
" a 0 1
x=0 y=1 213/2 2
kK 1 - 13
:J x(l—xz)l/zdﬂj R e [
x=1 y=0 3 2 6
1 0
Note that the other integrals are similar except for the limits of integration:
3! 0
P x=—1 y=0 1— a2 2 13
A-dl = (1= Pax+ | (3=3+y)dy S ko R POVIR AR |
Py x=0 y=1 3 2 6
0 1
0 1 3/2 ° B
Py = y=— 1— 2" 2 11
J A-dl:J x(l—xz)l/zdx—i-J (3—3y2+y)dy=—¢ + 3y+y——y3 =
Ps x=— y=0 3 2 6
-1 0
ik 0
P, x=1 y=0 1 — 2 2 11
J A-dl:J x(1—x2)‘/2dx+J (3—3y2+y)dy:—¢ + 3+t -y || =—
P =0 y=——1 3 2 6
0 -1
The total circulation is the sum of the four circulations above. This gives
jﬁ A-dl=0
L
A
o,n [P
Py P, X
(-1,0) (1,0)
Py 1 (0-1)

Figure 2.4 The four segments of the contour used for integration in Example 2.2
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Exercise 2.1 Solve Example 2.2 in cylindrical coordinates; that is, transform the vector A and the necessary
coordinates and evaluate the integral.

Example 2.3 Line Integral: Nonconservative Field The force F=x(2x—y)+y(x+y+2)+Z(2z—x) [N] is
given. Calculate the total work required to move a body in a circle of radius 1 m, centered at the origin. The circle is in
the x—y plane at z = 0.

Solution: To find the work, we first convert to the cylindrical system of coordinates. Also, since the circle is in the x—y plane
(z = 0), we have
Fl..o=x(2x—y)+y(x+y) —Zx and Py =1

Since integration is in the x—y plane, the closed contour integral is
}F-dl = % (X2x—y)+¥(x+y) —Zx)- (Xdx + ydy) :jg ((2x = y)dx + (x + y)dy
L L L

Conversion to cylindrical coordinates gives

X =rcos¢p = lcos¢p, y = sing

Therefore,
d d
ﬁ — _sing — dv=—singdp, and é —cosp — dy=cosdde
Substituting for x, y, dx, and dy, we get
$=2r p=2n
ﬁ; F-dl = J ((2cos¢ - sind))( - sind)dq,’)) + (cosd) + sin¢)cos¢d¢) :J (1 — singcos)dp = 2m
L $=0 $=0

This result means that integration between zero and z and between zero and —z gives different results. The closed contour
line integral is not zero and the field is clearly nonconservative.

The function in Example 2.1 yielded identical results using two different paths, whereas the result in Example 2.3
yielded different results. This means that, in general, we are not free to choose the path of integration as we wish. However, if
the line integral is independent of path, then the closed contour integral is zero, and we are free to choose the path any way
we wish.

2.2.2 Surface Integrals
To define the surface integral, we use a simple example of water flow. Consider first water flowing through a hose of cross

section s; as shown in Figure 2.5a. If the fluid has a constant mass density p [kg/m’] and flows at a fixed velocity v, the rate
of flow of the fluid (mass per unit time) is

— o5)
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Figure 2.5 Flow through a b
surface. (a) Flow normal to
surface s;. (b) Flow at an ! .
angle 0 to surface s, and the - T
relation between the velocity S e
vector and the normal to the
surface

Now, assume that we take the same hose, but cut it at an angle as shown in Figure 2.5b. The cross-sectional area s, is
larger, but the total rate of flow remains unchanged. The reason for this is that only the normal projection of the area is
crossed by the fluid. In terms of area s,, we can write

k
wy = pvscosd [ﬂ (2.10)

Instead of using the scalar values as in Eqgs. (2.9) and (2.10), we can use the vector nature of the velocity. Using
Figure 2.5b, we replace the term vs,cosf by v * s, and write

k
Wy = pv-ns; [_g] (2.11)

where N is the unit vector normal to surface s5.

Now, consider Figure 2.6 where we assumed that a hose allows water to flow with a velocity profile as shown. This is
possible if the fluid is viscous. We will assume that the velocity across each small area As; is constant and write the total rate
of flow as

n k
wi=> pviiiAs; {?ﬂ (2.12)
=1

’

_{_

-

Figure 2.6 Flow with a nonuniform velocity profile

In the limit, as As; tends to zero,
w zlimi vi*NAs; = | pv-nAds ke (2.13)
L v P pyi ! SZ,D 2 s ’

Thus, we obtained an expression for the rate of flow for a variable velocity fluid through an arbitrary surface, provided
that the velocity profile is known, and the normal to the surface can be evaluated everywhere. For purposes of this section,
we now rewrite this integral in general terms by replacing pv by a general vector A. This is the field. The rate of flow of the
vector field A (if, indeed, the vector field A represents a flow) can now be written as

Q:JA-ﬁds (2.14)
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This is a surface integral and, like the line integral, it results in a scalar value. However, the surface integral represents a
flow-like function. In the context of electromagnetics, we call this a flux (fluxus = to flow in Latin). Thus, the surface
integral of a vector is the flux of this vector through the surface. The surface integral is also written as

Q:JA-@ (2.15)

where ds = nds. The latter is a convenient short-form notation that avoids repeated writing of the normal unit vector, but it
should be remembered that the normal unit vector indicates the direction of positive flow. For this reason, it is important that
the positive direction of i is always clearly indicated. This is done as follows (see also Section 1.5.1 and Figure 1.24):

(1) For a closed surface, the positive direction of the unit vector is always that direction that points out of the volume
(see, for example, Figures 2.6 and 1.24a).

(2) For open surfaces, the defining property is the contour enclosing the surface. To define a positive direction, imagine that
we travel along this contour as, for example, if we were to evaluate a line integral. Consider the example in Figure 2.7.
In this case, the direction of travel is counterclockwise along the rim of the surface. According to the right-hand rule, if
the fingers are directed in the direction of travel with the palm facing the interior of the surface, the thumb points in the
direction of the positive unit vector (see also Figure 1.24c). This simple definition removes the ambiguity in the
direction of the unit vector and, as we shall see shortly, is consistent with other properties of fields.

=)

Figure 2.7 Definition of the normal to an open surface

The integration in Eq. (2.15) indicates the flux through a surface s. If this surface is a closed surface, we designate the
integration as a closed surface integration:

Qz%A%s (2.16)

s

This is similar to the definition of closed integration over a contour. Closed surface integration gives the total or net flux
through a closed surface.

Finally, we mention that since ds is the product of two variables, the surface integral is a double integral. The notation
used in Eq. (2.15) or (2.16) is a short-form notation of this fact.

Example 2.4 Closed Surface Integral Vector A = X2xz + y2zx — Zyz is given. Calculate the closed surface
integral of the vector over the surface defined by a cube. The cube occupies the space between 0 < x, y, z < 1.

Solution: First, we find the unit vector normal to each of the six sides of the cube. Then, we calculate the scalar product
A -nds, where ds is the element of surface on each side of the cube. Integrating on each side and summing up the
contributions gives the net flux of A through the closed surface enclosing the cube.
Using Figure 2.8, the differentials of surface ds are
ds; = Xdydz, ds; = —Xdydz
dsy = zdxdy, dsqs = —Zdxdy
dss = ydxdz, ds¢ = —ydxdz


http://dx.doi.org/10.1007/978-3-319-07806-9_1#Sec15
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T y dxdz
1
,:L.dss
—Zdxdy
d: ,/ ~
ds? . sS4t » X dydz
- T
- Xdde L dS]
\dS3
Zdxdy / 1 X
dSé:T’.
z 1 l R
—ydxdz

Figure 2.8 Notation used for closed surface integration in Example 2.4

The surface integral is now written as

A‘dS4+J

S5

A'dS5+J A - dsg

S6

%A‘dSZJ A‘dS1+J A'dSz-f—J A'dS3+J
s S1 2 53

s4

Each term is evaluated separately. On side 1,

J A-ds) = J (X2xz + y2zx — Z2yz) - (Xdydz) = J 2xzdydz
S1 S1

S1

To perform the integration, we set x = 1. Separating the surface integral into an integral over y and one over z, we get

y=1 T pz=1 y=1 [,2 z=1 y=1
JA'dslzj U 2zdz]dy:2j — dy:J dy=y
S1 y=0 z=0 y=0 2

z=0 y=0
On side 2, the situation is identical, but x = 0 and ds, = —ds,. Thus,

y=1
=1
y=0

J A-ds, = —J 2xzdydz = 0
s 52

On side 3, z = 1 and the integral is

J A-ds; = J (X2xz + ¥ 2zx — Zyz) - (Zdxdy)
53 53

=1 y=1 =1 21y=1 =1 .
y dx X
= — ydedy = —J |:J ydy:| dx = _J — dx = _J “r_
Jsg x=0 LJy=0 =0 2 y=0 =0 2 2

On side 4, z = 0 and ds, = —dss. Therefore, the contribution of this side is zero:

J A-dsy :J yzdxdy = 0
S4 S4
Onside 5,y = 1:

1l

1

J A-dss = J (X2xz +y2zx — Z2yz) * (Ydxdz) = J J 2zxdxdz = 5
S5 S5 x=0 Jz=0
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On side 6,y = 0:
1 1 1
J A-dsg = J (X2xz 4+ y2zx — Z2yz) - (—ydxdz) = —J J 2zxdxdz = —=
S6 S6 x=0 Jz=0 2

The result is the sum of all six contributions:

N —

1 1 1
A-ds =1 __ -
i ds +0 2+0+2 3

Example 2.5 Open Surface Integral A vector is given as A = ¢ 5r. Calculate the flux of the vector A through a
surface defined by 0 < r < 1 and -3 < z < 3, ¢) = constant. Assume the vector produces a positive flux through this
surface.

Solution: The flux is the surface integral
D= J A-ds

The surface s is in the r—z plane and is therefore perpendicular to the ¢ direction, as shown in Figure 2.9a. Thus,
the element of surface is: ds; = (IA)drdz or ds, = —(f) drdz. In this case, because the flux must be positive, we choose
ds; = (f)drdz. The flux is

r=1

=43 r=1
dr = J 30rdr = 152
7=— r=0

r=1 z7=+3 r=1
b= J (d3 51‘) . ((f)drdz) = J Srdrdz = J U Srdz]dr—J 5rz
N 81 r=0 —_3 =0

Figure 2.9 (a) The surface a b
0<r<1,3<z<3,

¢ = constant. (b) A wedge
in cylindrical coordinates.
Note that ds; is in the
positive ¢ direction,
whereas ds, is in the
negative ¢ direction

O =const

Exercise 2.2 Closed Surface Integral Calculate the closed surface integral of A = ¢ 5r over the surface of the
wedge shown in Figure 2.9b.

Answer O.

2.2.3 Volume Integrals

There are two types of volume integrals we may be required to evaluate. The first is of the form

W = J wdy (2.17)
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where w is some volume density function and dv is an element of volume. For example, if w represents the volume density
distribution of stored energy (i.e., energy density), then W represents the total energy stored in volume v. Thus, the volume
integral has very distinct physical meaning and will often be used in this sense. We also note that for an element of volume,
such as the element in Figure 2.10, dv = dxdydz and the volume integral is actually a triple integral (over the x, y, and z
variables). The volume integral as given above is a scalar.

The second type of volume integral is a vector and is written as

P= Lpdv (2.18)

This is similar to the integral in Eq. (2.17), but in terms of its evaluation, it is evaluated over each component
independently. The only difference between this and the scalar integral in Eq. (2.17) is that the unit vectors may not be
constant and, therefore, they may have to be resolved into Cartesian coordinates in which the unit vectors are constant and
therefore may be taken outside the integral sign (see Sections 1.5.2, 1.5.3, and Example 2.7). In Cartesian coordinates, we
may write

P= )ZJpxdv + jjpydv + ijpzdv (2.19)

[ [

This type of vector integral is often called a regular or ordinary vector integral because it is essentially a scalar integral
with the unit vectors added. It occurs in other types of calculations that do not involve volumes and volume distributions,
such as in evaluating velocity from acceleration (see Problems 2.11 and 2.12).

y
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_________________
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Figure 2.10 An element of volume and the corresponding projections on the axes and planes

Example 2.6 Scalar Volume Integral

(a) Calculate the volume of a section of the sphere x* + y* + z2 = 16 cut by the planes y =0, z = 2, x = 1, and
x =-1.
(b) Calculate the volume of the section of the sphere cut by the planes 6 = /6, 0 = 7/3, ¢ = 0, and ¢ = 7/3.

Solution: (a) Although, in general, the fact that integration is on a sphere may suggest the use of spherical coordinates; in
this case, it is easier to evaluate the integral in Cartesian coordinates because the sphere is cut by planes parallel to the axes.
The limits of integration must first be evaluated. Figure 2.11 is used for this purpose. (b) Because the defining planes now
are parallel to the axes in spherical coordinates, the solution is easier in spherical coordinates.

(a) The limits of integration are as follows:

(1) From the equation of the sphere, z = 4/16 —x2 — y2. From Figure 2.11a, the limits of integration on z are

z1 =—+/16 —x2 —y? and z, = 2.
(2) The limits on y are y; = 0 and y, = V16 — x? (see Figure 2.11b).
(3) The limits of integration on x are between x; = —1 and x, = + 1 (see Figure 2.11c).


http://dx.doi.org/10.1007/978-3-319-07806-9_1#Sec15
http://dx.doi.org/10.1007/978-3-319-07806-9_1#Sec16

56 2 Vector Calculus

With the differential of volume in Cartesian coordinates, dv = dxdydz, we get

x=1 y=V16—x% z=2 x=1 y=V16—x%
VZJdv:J J J dz|dy dx:J J [2+\/16—x2—y2}dy dx
v x=—1 y=0 7=—4/16—x2—y2 x=-—1 y=0
. e
- 2y +0.5 | y\/16 — 2 — 32 + (16 —x*)sin~! | ——2— dx
L:—1 Y Y Y ( ) V16 — x2
y=0

x=1 x=1

2716 — 2dx + %J (16 — %) dx

x=—1

= [x—l {2m+ 0.5[(16 —x*)sin~'(1)] }dx = J

x=—1 x=—1

37 x=1

[ e Q]+ ]

1 1
=154+ v15+16sin" (=) — 16sin~'( == ) + 87— 2
3 1

4 6

x=-—1

=2V15+32sin"1(0.25) + z(8 — 1/6) = 40.44
Thus,
v=4044 [m’]

(b) The limits of integration are 0 < R < 4, z/6 < 0 < 7/3, and 0 < ¢ < z/3. The element of volume in spherical
coordinates is dv = stinGdequﬁ. The volume of the section is therefore,

R=4 ( (0=r/3 [ rp=n/3 R=4 0=n/3
v= J dv = J J J R?*sin0d¢ | dO ydR = J J ZR%sin0d0 »dR
v R=0

0=1/6 | Jp=0 RrR=0 | Jo=n/6
R=4 /3 R=4 ¢
- 40,366 0.366 64 % 0.366
- J —2Rcos0| dR = J “R2dR = TRy =P8 177 [md)
R=0 /6 R=0 0 9

X

Figure 2.11 Sequence for evaluation of the volume integral in Example 2.6. Projections on the y—z, x—y, and x—z planes
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Example 2.7 Volume Integration of a Vector Function A vector function A = Fr + Z 3 gives the distribution of a
vector in space. This function may represent a distribution of moments or force density in volume v. Calculate the total
contribution of the function in a volume defined by a cylinder of radius a and height b, centered on the z axis, above the
Xx—y plane.

Solution: We use cylindrical coordinates to write the integral of A over the volume v. The vector function is integrated as follows:

F= J Adv = J FA.dv+ J ZA.dv = J rrdv + iJ 3dv
v v v v

v

where the unit vector Z was taken outside the integral sign (it is constant) but the unit vector ¥ cannot be taken out of the
integral since it depends on ¢. From Eq. (1.65), we write ¥ = Xcos¢ + ysing and, now, since X and y are constant unit
vectors in Cartesian coordinates, we write (together with dv = rdrdedz)

F = J (Xcos¢ + y singh)rdv + iJ

[0 (s (oo s

sz J¢27[ a3COS¢
p=0 3

Sdz):ﬁj

v

rcosgdv + f'J

v

rsingdv + iJ 3dv

v

I
>

X

z=b J~¢2n a3sin¢

z=b $=2r 3612 z=b
3 de|dz+ zJ J e | dz = zJ 3nd’dz = 7 3na*b
$=0

d | dz + §J
z=0 ¢$=0 z=0

z=0 z=0

27 27
In this integration, we used the fact that sing = 0 and J. cos¢ = 0. In summary,
0 0

F = 7 3zd’b

23 Differentiation of Scalar and Vector Functions

As we might expect, in addition to the need to integrate scalar and vector expressions as described above, we also need
to differentiate scalar and vector functions. The rules and implications of these operations are considered next.
Three types of operations are defined: the gradient, the divergence, and the curl. The first relates to scalar
functions and the second and third to vector functions. These operations will be shown to be fundamental to understanding
of vector fields.

2.3.1 The Gradient of a Scalar Function | Point_Charges.m

The partial spatial derivatives of a scalar function U(x,y,z) with nonzero first-order partial derivatives with respect to the
coordinates x, y, and z are defined at a point in space as

ou ou ou (2.20)
ox’ 0y’ 0Oz '

Ordinary derivatives are defined in a similar manner if the function U is a function of a single variable.
Obviously, the same can be done in any system of coordinates or the above can be transformed into any system of
coordinates using the formulas we obtained in the previous chapter. For this reason, we start our discussion in Cartesian
coordinates.
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That the derivative of a scalar function describes the slope of the function is known. Also, there is no question that this is
an important aspect of the function. Now, imagine that we are standing on a mountain. The slope of the mountain at any
given point is not defined, unless we qualify it with something like “slope in the northeast direction” or “slope in the direction
of town” or a similar statement. Also, it is decidedly different if we describe the slope up the mountain or down the mountain.
If you are designing a ski path, the slope down the mountain is most important. If you were a civil engineer, designing a road,
then you might be interested in the path with minimum variation in slope. Thus, an additional aspect of the derivative has
entered our considerations, and this must be satisfied. For this reason, we will define a “directional derivative” which, being a
vector, gives the slope (as any other derivative) but also the direction of this slope.

In particular, at any given point on a function (say, the mountain described above), there is one direction which is unique;
that is, the direction of maximum slope. This direction and the slope associated with it are extremely important, and not only
in electromagnetics. However, before we continue, we immediately realize that at any point, there are actually two directions
which satisfy this condition. In the example of the mountain, at any point, we might go up the mountain or down the
mountain. For example, flow of water at any point is in the direction of maximum slope, but it only flows down the mountain
or in the direction of decrease in potential energy. On a topological map, the maximum slope is indicated by the minimum
distance between two altitude lines (see Figure 2.12). These properties are defined by the gradient, as follows:

“the vector which gives both the magnitude and direction of the maximum spatial rate of change of a scalar function is
called the gradient of this scalar function.”

Figure 2.12 Tllustration mountaitop

of the gradient .
maximum slope at these

points is indicated by the
-7 gradient

’
’

The rate of change is assumed to be positive in the direction of the increase in the value of the scalar function (up the
mountain). Thus, returning to our example, water always flows in the direction opposite the direction of the gradient,
whereas the most difficult climb on the mountain at any point is in the direction of the gradient. Figure 2.12 shows these
considerations. The gradient on the map may indicate the direction of climbing or, if this map shows atmospheric pressure,
the gradient points in the direction of increased pressure. If you were to sail in the direction of the gradient in air pressure,
you will always have the wind in your face.

To define the relations involved, consider Figure 2.13. Two surfaces are given such that the scalar function U(x,y,z)
(which may represent potential energy, temperature, pressure, and the like) is constant on each surface. Assuming the value
of the function to be U on the lower surface and U + dU on the upper surface (but still constant on each surface), then, given
the scalar function U(x,y,z) with partial derivatives 0U/0x, 0U/0y, and 0U/0z, we can calculate the differential of U as dU
by considering points P(x,y,z) and P'(x + dx,y + dy,z + dz) and using the total differential:

U oU U
Oy

dU = —dx +

dy +=—d 2.21
3 y + z (2.21)

0z

Figure 2.13 The relation between the scalar function U and its gradient
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Defining the vector dP = P’ — P with scalar components, dx, dy, and dz, dU can be written as the scalar product of two
vectors:

L oU oU oU\ . A N
dU = (x E—i—y a—y+z E) * (Xdx + ydy + 2dz) (2.22)

We recognize the second vector in this relation as dl as defined in Eq. (1.48) and write

. oU _oU _oU
dU:(x§+ya—y+zE> dl (2.23)

The vector in parentheses is now denoted as

(2.24)

Using this notation, the total differential is

dU =D+ dl = |D||dl|cosd (2.25)

From the properties of the scalar product, we know that this product is maximum when dl and D are in the same direction
(@ = 0). Thus, we can write the following derivative:
du
1= |D|cos6 (2.26)
This derivative depends on the direction of dl (in relation to D), and, therefore, dU/dl is a directional derivative: the
derivative of U in the direction of dl. In formal terms, we can write the directional derivative in the direction dl in terms of
the directional derivative in the normal () direction as
dU dUdn dU

dU _dUdn _du 22
d - dndl - an (2.27)

where n is the unit vector normal to the surface at the point at which the derivative is calculated. Thus, the maximum value
of dU/dl is

av| - _du
dl " dn

max

(2.28)

That is, the maximum rate of change of the scalar function U is the normal derivative of the scalar function at point P. In
other words, to calculate the maximum rate of change of the function, we must choose dl to be in the direction normal to the
constant value surface. Now, returning to Eq. (2.25), we get

.dU . dU .oU _oU . oU
ﬂﬁmax—HE—D—XE-Fya—y—‘FZE—grad(U) (229)

This result indicates not only the meaning of the gradient but also how we can calculate it from the partial derivatives of
the scalar function U.

Although the form above is correct, we normally use a special notation for the gradient of a scalar function. Again,
returning to the above equation, we write

.0 .0 0



60 2 Vector Calculus

The quantity in parentheses is a fixed operator for any scalar function we may wish to evaluate. We denote this operator in
Cartesian coordinates as

(.0 0 0

This operator is called the nabla operator or the del operator. We will use the latter name. The del operator is a vector
operator by definition, and, therefore, it is not necessary to mark it is a vector.

Important Note: Although the del operator is a vector differential operator and we wrote it as a vector, it should be used
with care since it is not a true vector (for instance, it does not have a magnitude). The reasons will become obvious later on
but for now, the operator should only be used in the form given above. As an example, we have not defined (and, in fact,
cannot define) the scalar or vector product between the del operator and other vectors or with itself. The extension of the
considerations and notation given here to other coordinate systems should be avoided at this stage since all our discussion
was in Cartesian coordinates. With this notation, the gradient of a scalar function is written as

o
Ox

9
Oy

+y 3

gradU = VU = <)Z +1z a)U (2.32)

and is read as grad U or del U. Either form is acceptable, although the normal use in the United States is VU, whereas in
other countries, the form grad U is often more common. From now on, we will use the notation VU and the pronunciation
“del U” exclusively to avoid confusion.

The del operator is a mathematical operator to which, by itself, we cannot associate any geometrical meaning. It is the
interaction of the del operator with other quantities that gives it geometric significance.

On the other hand, the gradient of a scalar function has a very distinct physical meaning as was shown above. The gradient
has the following general properties:

(1) It operates on a scalar function and results in a vector function.

(2) The gradient is normal to a constant value surface. This can be seen from Eq. (2.29). This property will be used
extensively to identify the direction of vector fields.

(3) The gradient always points in the direction of maximum change in the scalar function. In terms of potential energy, the
gradient shows the direction of increase in potential energy.

Example 2.8 Application: Normal to a Surface A vector normal to a surface is Vf{(x,y,z) where f(x,y,z) is the

equation of the surface. Consider the plane x + v/2y + z = 3. Find a normal vector to this surface and the unit vector
normal to the surface.

Solution: Find the gradient of the plane. This is based on the fact that the gradient is always normal to a constant value
function (for example, on a topographic map, the gradient is normal to the contour lines at any point along the contours).
We write the equation of the plane as

fEy,2)=x+V2y+z-3=0
The vector normal to the plane is

A =Vf(x,yz)= V(x+\/§y+z—3)

N
_|_
N>

.0 .0 .0 L

and the unit vector normal to the plane is
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A X+yV24+i 1 V2]
n=—=—=>-———=X-+y——+1Z;
Al VT+2+1 2 2 2

Note that the constant value in the equation is immaterial—it does not change the slopes in the x, y, and z directions.

Example 2.9 Application: Derivative in the Direction of a Vector Find the derivative of xy* + y’z at P (1,1,1) in
the direction of the vector A = X3 + y 4.

Solution: The gradient of the scalar function V = xy* + y’z is first calculated. This gives the directional derivative in the
normal direction. Then, we evaluate the gradient at point P (1,1,1) and find the projection of this vector onto the vector

A = x3 + y4 using the scalar product between the gradient and the unit vector A. This gives the magnitude (or scalar
component) of the directional derivative and is the derivative in the required direction. The scalar function is

V=xy’+yz
The gradient of the scalar function V (x, y, z) is [using Eq. (2.32)]

T
Oy 0z

5 =Xy’ 4+ ¥ (2xy + 2yz) + 2)

The gradient at point (1,1,1) is

and the projection of the gradient of V onto the direction of A is

19

X344\ 1
XY _l3416) =~
) =56+16) =

(VV)-A = (% +y4+i)-< <

This is the derivative (or, in more practical terms, the slope) of V in the direction of A at P(1,1,1).

Example 2.10 Given two points P(x,y,z) and P'(x',y’,Z"), calculate the gradient of the function 1/R(P, P’) where R is
the distance between the two points.

Solution: First, we find the scalar function that gives the distance between the two points. Then, we apply the gradient to
this function. Because the coordinates (x,y,z) or (x,y’,z') may be taken as the variables, the gradient with respect to each set of
variables is calculated. In applications, one point may be fixed while the other varies, so there may not be a need to calculate
the gradient with respect to both sets of variables.

The scalar function describing the distance between the two points can be written directly as (using (x,y,z) as variables and

(,y',7') as fixed)

—1/2

R(vy.zx 5, F) = Jo =P+ =y P+ - 2P = 1%: [(x_x/)2+(y—y/)2+(z‘zﬂ
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To calculate the gradient, we write

oW\ _ o (1, .oy, 21
) *u\R) Y \R) TP R

1 2(x—x) 1 2(y—v)

=x| — 5 + - >
e P A ] (P S S

i _l 2(2 —z/)

a2+ oy -2

After simplifying,

YO -y) 2(z-7)

R3 R3 R3

<
Y\
| —
~_
Il
\
»
—
=
|
-
SN—
!’<>

This can also be written as

o()--peetteet) _ymy e

If we use the definition of the unit vector as R = R/R, we get

1 B )Z(x—x/)—i-f'(y—y/)—ki(z—z/)
4o (=7 + -3+ =27

We arbitrarily calculated the derivatives with respect to the variables (x,y,z). If we wish, we can also calculate the
derivatives with respect to the variables x’, y', and . In some cases, this might become necessary. We denote the gradient so
calculated as V'(1/R), and, by simple inspection, we get

1 1\ R
v/ — = —v — = —2
R R R
since in the evaluation of the derivatives, the inner derivatives with respect to x’, y', and 7’ are all negative.
Exercise 2.3 Given a function f (x,y,z) as the distance between a point P(x,y,z) and the origin 0(0,0,0).

(a) Determine the gradient of this function in Cartesian coordinates.
(b) What is the magnitude of the gradient?

Answer (a) Vf—f(xx+yy+zz where f = \/x% + y? + z2. (b)|Vf’ 1/ x +y? +z) 1.
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2.3.1.1 Gradient in Cylindrical Coordinates
To define the gradient in cylindrical coordinates, we can proceed in one of two ways:

(1) We may start with the definition of the total differential in Eq. (2.21), rewrite it in cylindrical coordinates, and proceed in
the same way we have done for the gradient in Cartesian coordinates, but using dl in cylindrical coordinates.

(2) Since the gradient is known in Cartesian coordinates and we have defined the proper transformation from Cartesian to
cylindrical coordinates in Section 1.5.2, we may use this transformation to transform the gradient vector to cylindrical
coordinates.

We use the second method because it will also become useful in the following sections. To do so, we write the gradient in
Eq. (2.32) as follows:

.0 . 0 .0
VU(X,y,Z):XEU(X,)),Z)—‘rya—yU()ﬁy,Z)"‘ZEU(X,y,Z) (233)

To transform this into cylindrical coordinates, we must write the function U(x,y,z) in cylindrical coordinates as U(r,¢,z);
that is, the scalar function must be known in cylindrical coordinates. More importantly, we must transform the unit vectors X,

¥, and Z into the unit vectors £, ¢, and Z in cylindrical coordinates and the operators 0/0x, 0/0y, and 0/0z into their
counterparts in cylindrical coordinates 0/0r, 0/0¢, and 0/0z. The transformation for the unit vectors was found in
Eq. (1.66) as follows:

X = fcosg — Psing, § = Fsing + pcosp, i =i (2.34)
The transformation of the partial derivatives uses the chain rule of differentiation as follows:
0 0 (or 0 (0¢ 0 0 (or 0 (0¢
vl (@) ™ 55 6) %) 23)

The derivative with respect to z remains unchanged. To evaluate the derivatives 0r/0x, O¢p/0x, Or/Oy, and 0¢h/Oy, we use
the transformation for coordinates from Eqgs. (1.63) and (1.64):

x=rcos¢p, y=rsing, z=z (2.36)

r=/x2 4y, qﬁ:tan’l(z), 7=z (2.37)

From Eq. (2.37), we can write directly

or X d or y 938
o 2ty " Ay 2ty 239
op 0 MM y op 0 1N~
3 o [tan (;)} i 7 and a_y = a_y [tan (;)} e (2.39)
Substituting for x and y from Eq. (2.36) and using r = /x2 + y? from Eq. (2.37), we get
0 or . 0 ing 0
a—; = cos¢, a—; = sing, a—f = 751%(15’ a—f = CO:¢ (2.40)
Substituting these in Eq. (2.35), we get
0 0 sing 0 0 . 0 cosp 0
a— COS¢577% and a—y— Sln¢a+ ; a—¢ (241)
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Now substituting for 0/0x and 0/0y from Eq. (2.41) and forX andy from Eq. (2.34) into Eq. (2.33) and using U(r,¢,z) for
the scalar function in cylindrical coordinates, we get

U(r,¢,z) = [Fcosg — dsing] {coscﬁE — Sllﬂ E%S} U(r,¢,z)
. - ) cos¢g 0 0
+ [Fsing + ¢ cosg] [smg{)ar agb} U(r,¢,z) + % 3, Ur,g,z) (2.42)

Performing the various products and using sin’¢ +cos’p = 1, we get

B L oU(r,¢,z) - 10U(r,¢,z) . 0U(r,¢,z) B .10 a )
VU= |r 3 +¢; 3 +1z 3, = —+¢ 845 U(;,(p,z) (2.43)

As a consequence, we can immediately write the del operator in cylindrical coordinates as

~ 1
V- 1o,
r

.0
st (2.44)

Q)|Q)

It is important to note that the del operator in cylindrical coordinates is not the same as the del operator in Cartesian
coordinates. Also to be noted is that in arriving at the definition of the gradient in cylindrical coordinates, we have not used
the del operator, only the gradient in Cartesian coordinates and the transformations of coordinates and unit vectors. The
process is rather tedious but is straightforward. We will use this process again in future sections but without repeating the
details. The main advantage of doing so is that although we use the del operator as a symbolic description or as a notation,
there is no need to perform any operations on the operator itself. We avoid these operations because the del operator is not a
true vector.

Example 2.11 A scalar field is given in Cartesian coordinates as f (x,y,z) = x + 5zy”. Calculate the gradient of the
scalar field in cylindrical coordinates.

Solution: There are two ways to obtain the solution. One is to transform the scalar field to cylindrical coordinates and then
apply the gradient to the field. The second is to calculate the gradient in Cartesian coordinates and then use the transforma-
tion matrices in Chapter 1 to transform the gradient from Cartesian to cylindrical coordinates. We show both methods.
Method A: The coordinate transformation from cylindrical to Cartesian coordinates [Eq. (2.36)] is
X =rcos¢, y=rsing, z=z
Substituting these for x, y, and z in the field gives the field in cylindrical coordinates:

f(r,,z) = rcos¢p + S5zr’sin’¢p

The gradient can now be calculated directly using Eq. (2.43):

Vf=|r % +¢-—=—+z % (rcos¢p + 5zr2sin%g) = F (cosgp + 10zrsin¢) + ¢ (—singy 4 10zrcosgpsing) + z 5r2sin’¢
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Method B: In this method, the gradient is calculated in Cartesian coordinates and then transformed to cylindrical
coordinates as a vector. The gradient in Cartesian coordinates is

.0 .0 .0 A N .
Vf:(Xa—s—ya—y—kza)(x—&—&yz):x1+y102y+15y2

Now, we use the transformation in Eq. (1.71) (see also Example 1.16):

Ay cosp sing 07 [A,] cos¢p sing O 1
Ag| = |—singg cos¢p O] |A,| = |—sing cos¢p O] [10zy
A. 0 0 1]LA.] 0 0 1]L5?°
cos¢ + 10zysing [ cos¢ + 10zrsin?¢
= | —sing 4 10zycos¢p | = | —sing + 10zrsing cos¢
5y? L 5r2cos’¢

where the coordinate transformations above were again used to replace y and z. These are the scalar components of the
gradient in cylindrical coordinates. If we write the vector, we get

Vf=r (cosgb + 102rsin2¢) +é (—sing + 10zrsing cos ¢) + 2 5rsin’¢p

This is identical to the result obtained by Method A.

Example 2.12 Application: Slope of a Scalar Field A scalar field is given as f (r,¢,z) = r¢p + 3¢z.

(a) Calculate the slope of the scalar field in the direction of the vector A = F2 + Z.
(b) What is the slope of the field at a point P(2,90°,1) in the direction of vector A?

Solution: The gradient of the scalar field is calculated first. This gives the derivative in the direction of maximum change in
field. Find the projection of the gradient onto the direction of vector A using the scalar product. The direction of the slope is
that of A. In (b), the coordinates of P are substituted into the vector obtained in (a) to obtain the scalar component of the
gradient in the direction of A at point P (slope).

(a) First, we calculate the gradient of the function f (r,¢,z) in cylindrical coordinates using Eq. (2.43):
~1 0 8 3z .
Vf = < =+ ¢- a(/) >(1¢+3¢z)—r¢+¢< )+z3¢

Next, we need to calculate the unit vector in the direction of A. This is

~ A r2+17 2 1

AP V55

The projection of Vfin the direction of A is the scalar product between Vf and A:

k=0 o) (e ) 2

This is the scalar component of the gradient in the direction of vector A.
(b) The gradient gives the slope of the scalar field at any point in space. To find the slope at a particular point, we substitute
the coordinates of the point in the general expression of the projection of the gradient in the direction of A. Since the
projection is independent of r and z and ¢ = #/2 at P, we get

Vs

(V1) Al = Y2

The slope at P(2,90°,1) is v/57/2.
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Exercise 2.4 Given the configuration of Exercise 2.3, calculate the gradient in cylindrical coordinates. Use the
direct approach or the transformation from Cartesian to cylindrical coordinates.

¢ frag
Answer Vf(r,¢,z) i \r/%

2.3.1.2 Gradient in Spherical Coordinates

The gradient in spherical coordinates is defined analogously to the gradient in cylindrical coordinates; that is, we start with
the gradient in Cartesian coordinates [Eq. (2.33)] and transform the partial derivatives, unit vectors, and variables from
Cartesian to spherical coordinates. Although we will not perform all details of the derivation here (see Exercise 2.5), the
important steps are as follows:

Step 1: We first write a general scalar function in spherical coordinates as U(R,¢,0).

Step 2: The unit vectors X, ¥, and Z are transformed into spherical coordinates using Eq. (1.88):

X = Rsinfcos¢ + écos@cosqS — ¢sing,

N . . . . (2.45)
y = Rsin#sing + 0 cosOsing + ¢pcos¢p Z = Rcosd — Osind

Step 3: The derivatives 0/0x, 0/0y, and 0/0z are transformed into their counterparts in spherical coordinates 0/0R, 0/00,
and 0/0¢. To do so, we use the chain rule of differentiation, but unlike the transformation into cylindrical coordinates, now
all three coordinates change and we have

a_a OR 0 /06 0 [(0¢
a—aﬂa)%(a)*aﬁ(a)’
a_a OR 0 /06 0 [(0¢
5=a(5) o0(5) ras(50) (240)

22 (R, D (), 2 (%
0z OR\ Oz 00\ 0z 0¢ \ 0z

Step 4: Transformation of variables from Cartesian to spherical coordinates. These are listed in Eqs. (1.82) and (1.81) and
are used to evaluate the partial derivatives in Eq. (2.46):

x = Rsinfcos¢, y = Rsinfsing, z = Rcosd (2.47)

= <

(2.48)

2 2
R=+/x2+y*+22, f=tan! vy , ¢ =tan"!
z

Although the evaluation of the various derivatives in Eq. (2.46) is clearly lengthier than for cylindrical coordinates, it
follows identical steps, which, for the sake of brevity, we do not show. With these derivatives and substitution of these and
the terms in Eq. (2.45) into Eq. (2.33), we get the gradient in spherical coordinates as

S OU(R,0,¢) ~10UR,0,¢) . 1 OU(R,0,¢)
VU(R,0,¢) =R = 0— = = 2.4
U(R.0,¢) & %% a0 Pk g (249)
From this, we can write the del operator in spherical coordinates as
0 10 .~ 1 0
V=R —=+0-= — 2.50
6RJr R59+¢Rsin9 ) (2:50)

The del operator in spherical coordinates is different than the del operator in Cartesian or cylindrical coordinates.
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Example 2.13 A sphere of radius a is given.

(a) Find the normal unit vector to the sphere at point P(a,90°,30°).
(b) Find the normal unit vector at P(a,90°,30°) in Cartesian coordinates.

Solution: First we write the equation of the sphere as a scalar function in spherical coordinates. Then the gradient of the
scalar function is calculated. This gives the vector normal to the sphere’s surface. The unit vector is found by dividing the
gradient by the magnitude of the gradient. Substitution of the coordinates of P gives the unit vector at the given point.

(a) The sphere may be described in spherical coordinates as f(R,0,¢) = R
The gradient is therefore

VR, 0,9) = R LEOD

Alaf(Ragaqﬁ) Ny 1 af(R79a¢) D aRi 5]
OR H’E 20 Prsin0 20 ’RE’R

and the unit vector is
n = Vfp(R,0,4) =R

The unit vector is independent of the location on the sphere or its radius.
(b) The unit vectorR isnormal to the surface of the sphere and may be written in Cartesian coordinates as [see Eq. (1.90) or (2.45)]

R = Xsinfcos¢ + ¥ sindsing + zcosd

And, clearly, the normal unit vector varies from point to point. At P(a,90°,30°), the normal unit vector is

n= ﬁsin(z)cos(f) + Asin(z)sin(§> + icos(z) =X ﬁ—o— Al
B UV AR T AR UY RV 2) ¥ Y,

Note that this is independent of the radius of the sphere.

Exercise 2.5 Derive the gradient in spherical coordinates using the steps outlined in Eqs. (2.45) through (2.48).
Verify that Eq. (2.49) is obtained.

Reminder The gradient is only defined for a scalar function.

2.3.2 The Divergence of a Vector Field

After defining the gradient of a scalar function, we wish now to define the spatial derivatives of a vector function. This will
lead to two relations. One is the divergence of a vector, while the other is the curl of a vector. The divergence is defined first.
To understand the ideas involved, we first look at some physical quantities with which we are familiar and which lead to
the definition of the divergence.
Consider first the two vector fields shown in Figure 2.14. In Figure 2.14a, the magnitude of the vector field is constant,
and the direction does not vary. For example, this may represent flow of water in a channel or current in a conductor. If we

Figure 2.14 Flow through a b T
a volume. (a) Field is

uniform and the total
quantity entering volume v
equals the quantity leaving
the volume. (b) Nonuniform
flow. There is an
accumulation in volume v

/

>~ —
<_,"/
Y '
\

V' e
entering quantity pv
accumulated quantity p(v—')
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draw any volume in the flow, the total net flow out of the volume is zero; that is, the total amount of water or current flowing
into the volume v is equal to the total flow out of the volume.

In Figure 2.14b, the flow is radial from the center and the vector changes in magnitude as the flow progresses. This is
indicated by the fact that the length of the vectors is reduced. A physical situation akin to this is a spherical can in which
holes were made and the assembly is connected to a water hose. Water squirts in radial directions and water velocity is
reduced with distance from the can. Now, if we were to draw a volume (an imaginary can), the total amount of water entering
the volume is larger than the amount of water leaving the volume since water velocity changes and the amount of water is
directly dependent on velocity. This fact can be stated in another way: There is a net flow of water into the volume through
the surface enclosing the volume of the can where it accumulates. The latter statement is what we wish to use since it links
the surface of the volume to the net flow out of the volume. In the example in Figure 2.14b, the net outward flow is negative.
The total flux out of the volume is given by the closed surface integral of the vector A [see Eq. (2.16)]:

0-— %A'ds (2.51)

where the closed surface integral must be used since flow (into or out of the volume) occurs everywhere on the surface.
Although this amount is written as a surface integral, the quantity Q clearly depends on the volume we choose. Thus, it
makes sense to define the flow through the surface of a clearly defined volume such as a unit volume. If we do so, the quantity
Q is the flow per unit volume. Our choice here is to do exactly that, but to define the flow through the surface, per measure of
volume and then allow this volume to tend to zero. In the limit, this will give us the net outward flow at a point. Thus, we
define a quantity that we will call the divergence of the vector A as

fi;A-ds
DivA = lim &—— 2.52
v A\lfTO Ay (2.52)

That is,

“the divergence of vector A is the net flow of the flux of vector A out of a small volume, through the closed surface
enclosing the volume, as the volume tends to zero.”

The meaning of the term divergence can be at least partially understood from Figure 2.15a where the source in
Figure 2.14 is shown again, but now we take a small volume around the source itself. Again using the analogy of water,
the flow is outward only. This indicates that there is a net flow out of the volume through the closed surface. Moreover, the
flow “diverges” from the point outward. We must, however, be careful with this description because divergence does not
necessarily imply as clear a picture as this. The flow in Figure 2.15b has nonzero divergence as well even though it does not
“look™ divergent. A simple visual picture of divergence is a jet engine. Enclosing the engine by an imaginary surface
indicates a net flow outward.

A second important point is that in both examples given above, nonzero divergence implies either accumulation in the
volume (in this case of fluid) or flow out of the volume. In the latter case, we must conclude that if the divergence is nonzero,
there must be a source of flow at the point, whereas in the former case, a negative source or sink must exist. We, therefore,
have an important interpretation and use for the divergence: a measure of the (scalar) source of the vector field. From
Egs. (2.51) and (2.52), this source is clearly a volume density. We also must emphasize here that the divergence is a point
value: a differential quantity defined at a point.

Figure 2.15 Net outward a b .
flow from a volume v. E "
(a) For a radial field.

(b) For a ﬁeld varying with /dfv N " - >
the coordinate x. Both fields ~— >  A=Xxx

\

have nonzero divergence

\
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2.3.2.1 Divergence in Cartesian Coordinates

The definition in Eq. (2.52), while certainly physically meaningful, is very inconvenient for practical applications. It would
be rather tedious to evaluate the surface integral and then let the volume tend to zero every time the divergence is needed. For
this reason, we seek a simpler, more easily evaluated expression to replace the definition for practical applications. This is
done by considering a general vector and a convenient but general element of volume Av as shown in Figure 2.16. First, we
evaluate the surface integral over the volume, then divide by the volume, and let the volume tend to zero to find the
divergence at point P. To find the closed surface integral, we evaluate the open surface integration of the vector A over the
six sides of the volume and add them. Noting the directions of the vectors ds on all surfaces, we can write

{)A-ds:J A'de;~+J A-dsbk—&-J A-ds,p—f—J A°dsb,+J A'ds,.,—i—J A-ds; (2.53)
S N Sk Sip Sht Srt

7 Sit

where fr = front surface, bk = back surface, tp = top surface, bt = bottom surface, r¢ = right surface, and /r = left
surface. Each integral is evaluated separately, and because we chose the six surfaces such that they are parallel to
coordinates, their evaluation is straightforward. To do so, we will also assume the vector A to be constant over each surface,
an assumption which is justified from the fact that these surfaces tend to zero in the limit. Since the divergence will be
calculated at point P(x,y,z), we take the coordinates of this point as reference at the center of the volume as shown in
Figure 2.16b. The front surface is located at x + Ax/2, whereas the back surface is at x — Ax/2. Similarly, the top surface is at
z + Az/2 and the bottom surface at z — Az/2, whereas the right and left surfaces are at y + Ay/2 and y — Ay/2, respectively.
With these definitions in mind, we can start evaluating the six integrals. On the front surface,

J A- de,‘ = Af,- . ASf,- (254)
Sfi

where Ay is that component of the vector A perpendicular to the front surface. From the definition of the scalar product, this
vector component is in the x direction, and its scalar component is equal to

Ap| =% -A =Ax(x+%,y,z) (2.55)

The latter expression requires that we evaluate the x component of A at a point (x + Ax/2,y, z). To do so, it is useful to use
the Taylor series expansion of f (x + Ax) around point x:

00 (k) (y , )2 ) 3
[+ Ax) =Zf W (a9 = () + Avf (x) +(A2) £+ (A6> fx)+- (2.56)

— k!

Anticipating truncation of the expansion after the first two terms and replacing Ax with Ax/2, f(x) with A (x,y,2), f(x + Ax)
with A (x + Ax/2,y,z), fix — Ax) with A (x — Ax/2,y,z) and f'(x) with 0A(x,y,z)/0x, we get

g an(X, ) Z)

Ax
A, <x—|—2,y,z) ~A(x,y,z) + > ox (2.57)

and

Ax 0A,(x,y,72)

> (2.58)

A
Ay (x — %,y,z) ~A(x,y,z) —
Neglecting the higher-order terms is justified because in the calculations that follow, we will let Ax go to zero. Rather than
keeping the higher-order terms, the forms in Eqs. (2.57) and (2.58) will be used and, then, after obtaining the final result, we
will return to justify neglecting the higher-order terms.



70 2 Vector Calculus

Figure 2.16 Evaluation of ZAxAy (x+AJ,y+Al,z+Ai)
a closed surface integral a A/ b 2 2 2
over an element of volume. : A | \
(a) The volume >
L P d —XAyAz
and its relation to the axes. e hd p . %/
(b) The elements of surface Av ~ T (x’%/ L [
. A —yAxAz b YAXAz
and coordinates // / '
—— Y XAyAz
x |
(X—Afx,y—AfyaZ—Afz) l—%AxA y
2 2 2
An element of surface on the front face is
Asp =N Asp = X Asp = XAyAz (2.59)

Substitution of this and Eq. (2.57) into Eq. (2.54) gives the surface integral as

AxAyAz 0A,(x,y,z)
2 ox

g an(X7y,Z)

J Apdsp =X | Ac(x,y,2) + 5 3 *XAyAz = AyAzA, (x,y,2) +
, x
Sfr

(2.60)

Since A has the same direction on the back surface but ds is in the opposite direction compared with the front surface, we
get for the back surface

A
Ap = XA, (x _2y z>, dsye = —X dydz (2.61)

2

With these and replacing x by —x and Ax/2 by —Ax/2 in Eq. (2.60), we have for the back surface

AxAyAz 0A.(x,y,
J A dsp ~ —AyAzAL(x,y, z) + SXAYAZ OA(x.y,2) (2.62)
Shk 2 ax
Summing the terms in Eqgs. (2.60) and (2.62) gives for the front and back surfaces
an b )
J A-ds; +J A dsy ~ Axayaz A 0:9) (2.63)
Sfr Shk a'x

The result was obtained for the front and back surfaces, but there is nothing special about these two surfaces. In fact, if we
were to rotate the volume in space such that the front and back surfaces are perpendicular to the y axis, the only difference is
that the component of A in this expression must be taken as the y component. Although you should convince yourself that
this is the case by repeating the steps in Egs. (2.54) through (2.63) for the left and right surfaces, the following can be written
directly simply because of this symmetry in calculations:

0A,(x,y,z)

J A-ds; + J A-ds,; ~ AxAyAz—2 (2.64)
Si Srt ay
Similarly, for the top and bottom surfaces
aAZ (X7 ) Z)
A-dsy, + | A-dsy ~ AxAyAza— (2.65)
Sip Shr z
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The total surface integral is the sum of the surface integrals in Egs. (2.63), (2.64), and (2.65):

A A A
a x<x7y7z>+Ava y(x7yvz)+Ava z(x7yaz)

ox 3y 3 + (higher-order terms) (2.66)

%Awis:Av

where the higher-order terms are those neglected in the Taylor series expansion and Av = AxAyAz. Now, we can return to
the definition of the divergence in Eq. (2.52):

A-ds jLXA'dS B an(x,y,Z)+5Ay(x7y,2)+5Az(x,y,Z)

i =1 s Ax, Ay, Az—0 AxAyA
div A A1‘17an0 e Ay, A xAyAz 0x Oy 0z

(2.67)

In the process, we neglected all higher-order terms indicated in Eq. (2.66). It is relatively easy to show that these terms
tend to zero as Ax, Ay, and Az tend to zero. As an example, consider the remainder of the expansion in Eq. (2.56):

(Ax)* 0%A,  (Ax)’ 0%A,

R = 2.68
4 0x? 12 0x3 ( )
Integrating this over the front and back surface, in a manner analogous to Eq. (2.63) gives
AxAv 02A,  (Ax)’Av D3A,
Rds = - 2.69
LfrJrshL ' 2 0x? ’ 6 0x3 ( )

As we apply the limit in Eq. (2.67) to this remainder term, it is clear that the terms are multiplied by Ax, (Ax)z, etc., and,
therefore, all tend to zero in the limit Ax — 0. Similar arguments apply to the y and z components of A, justifying the result
in Eq. (2.67).

It is customary to write Eq. (2.67) in a short-form notation as

0A, % 0A;

WA= 7%

(2.70)

since this applies at any point in space.

The calculation of the divergence of a vector A is therefore very simple since all that are required are the spatial
derivatives of the scalar components of the vector. The divergence is a scalar as required and may have any magnitude,
including zero. The result in Eq. (2.70) well justifies the two pages of algebra that were needed to obtain it because now we
have a simple, systematic way of evaluating the divergence. For historical reasons, the notation for divergence is V + A
(read: del dot A).! The divergence of vector A is written as follows:

0A, 0A, O0A.

VA= TS T

(2.71)

However, it must be pointed out that a scalar product between the del operator and the vector A is not implied and should
never be attempted. The symbolic notation V - A is just that: A notation to the right-hand side of Eq. (2.71). Whenever we
need to calculate the divergence of a vector A, the right-hand side of Eq. (2.71) is calculated, never a scalar product. Note
also that calculation of divergence using the definition in Eq. (2.52) is independent of the system of coordinates. The actual
evaluation of the surface integrals is obviously coordinate dependent.

"The notation used here is due to Josiah Willard Gibbs (1839-1903), who, however, never indicated or implied the notation to mean a scalar
product. The implication of a scalar product between V and A is a common error in vector calculus and for that reason alone should be avoided.
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2.3.2.2 Divergence in Cylindrical and Spherical Coordinates
The divergence in cylindrical and spherical coordinates may be obtained in an analogous manner: We define a small volume
with sides parallel to the required system of coordinates and evaluate Eq. (2.52) as we have done for the Cartesian system in
Section 2.3.2.1. The method is rather lengthy but is straightforward (see Exercise 2.6). An alternative is to start with
Eq. (2.71) and transform it into cylindrical or spherical coordinates in a manner similar to Section 2.3.1. This method is
outlined next.

For cylindrical coordinates, we use Eq. (2.41), which defines the transformations of the operators 0/x and 0/y while 0/z
remains unchanged. Then, from the transformations of the scalar components of a general vector from Cartesian to
cylindrical coordinates given in Eqs. (1.68) and (1.69), we get

Ay = A;cosgp — Aysing, Ay = A,sing + Agcosp, A=A, (2.72)

Substitution of these and the relations in Eq. (2.41) into Eq. (2.71) gives

0 sing 0 0 0 0A;
VeA(r,¢,z) = cos¢§ — Slrﬂa_qﬁ (A,cosp — Agsing) + cos¢E - co’_sqﬁa_¢ (Arsing + Aycosg) + =
(2.73)
Expanding this expression and evaluating the derivatives (see Exercise 2.7) gives the divergence in cylindrical
coordinates:
1/0(rA;) 1/0A, 0A;
VeA=- — = - 2.74
r( or >+r<a(/) +az (274)

Similar steps may be followed to obtain the divergence in spherical coordinates. Although we do not show the steps here, the
process starts again with Eq. (2.71). The transformations for the operators 0/0x, 0/0y, and 0/0z from Cartesian to spherical
coordinates are obtained from the expressions in Eqs. (2.46) through (2.48), whereas the transformations of the scalar
components A,, A, and A, from Cartesian to spherical coordinates are given in Eq. (1.88). Substituting these into Eq. (2.71)
and carrying out the derivatives (see Exercise 2.8) gives the following expression for the divergence in spherical coordinates:

Y

10 ., 1 0 .
v A_R——(R Ag) + —(Agsmﬁ)-i-ma—(/) (2.75)

Rsind 00

Reminder The notation V - A in Egs. (2.74) and (2.75) should always be viewed as a notation only. It should never be
taken as implying a scalar product.

Exercise 2.6

(a) Find the divergence in cylindrical coordinates using the method in Section 2.3.2.1 by defining an elementary
volume in cylindrical coordinates.

(b) Find the divergence in spherical coordinates using the method in Section 2.3.2.1 by defining an elementary
volume in spherical coordinates.

Exercise 2.7 Carry out the detailed operations outlined in Section 2.3.2.2 needed to obtain Eq. (2.74).

Exercise 2.8 Carry out the detailed operations outlined in Section 2.3.2.2 needed to obtain Eq. (2.75).
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Example 2.14 A vector field F = x3y +y (5 — 2x) + Z (z2 — 2) is given. Find the divergence of F.

Solution: The divergence in Eq. (2.71) can be applied directly:

=2z

. OF, OF, OF. 0(3y) 0(5-2x) 0(*-2)
e o e I =

The divergence of the vector field varies in the z direction only.

Example 2.15 Find V - A at (R = 2, 0 = 30°, ¢ = 90°) for the vector field

A = R0.2R3$sin?0 + 0 0.2R>¢sin’0 + ¢ 0.2R> psin6.

Solution: We apply the divergence in spherical coordinates using Eq. (2.75):

1 0(02R%psin®0) 1 0(02R*psin0) 1 0(0.2R*¢psin’0)
R? OR Rsind 00 Rsind O¢
= R%¢psin %0 + 0.6R?¢psin Ocosd + 0.2R*sind

VA=

At (2,30°,90%),

V-A=4x (72[) x <D+0.6x4x (’;) x (;) x (\f>+0.2><4>< G) = 3.6032

The scalar source of the vector field A is equal to 3.6032 at the given point.

2.3.3 The Divergence Theorem

Consider the surface of a rectangular box whose sides are dx, dy, and dz and are parallel to the xy, xz, and yz planes,
respectively, as shown in Figure 2.17. The surface of the lower face PORS is dxdy, and ds is in the negative z direction:

ds; = —Zdxdy (2.76)
The flux of A = XA, + YA, + ZA; crossing this surface is
dd; =A-ds; =17A, - (—zdxdy) = —A,dxdy (2.77)

On the upper surface P'Q'R’S’, the normal to the surface is in the positive z direction and the component A, of the vector A
changes by an amount dA,. Therefore, A, on the upper face is

0A,
A.+dA, =A. + a—“a’z (2.78)
z
The flux on the upper surface is found by multiplying by the area of the surface dxdy:
0A,
d®,; = A,dxdy + a—dxdydz (2.79)
z
The sum of the fluxes on the upper and lower surfaces gives
0A,
dP, = ddy +dd,, = a—“dv (2.80)
z

where the index z denotes that this is the total flux on the two surfaces perpendicular to the z axis and dv = dxdyd?z is the
volume of the rectangular box.
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Using the same rationale on the other two pairs of parallel surfaces and summing the three contributions yields the

04, 24, oA,
ox T oy oz

expression
do =

dv (2.81)

for the total flux through the box. The expression in brackets is the divergence of the vector A. The expression for the total
flux through the small box becomes [see Eq. (2.71)]

dd = (V- A)dv (2.82)

Now, consider an arbitrary volume v, enclosed by a surface s. Since d@ through a differential volume is known,
integration of this d® over the whole volume v gives the total flux passing through the volume

= dep = Jv(v - A)dv (2.83)

In Eq. (2.51), the flux was evaluated by integrating over the whole surface s, which encloses the volume v. This also gives
the total flux through the volume v:

= %A - ds (2.84)

Since the total flux through the volume or through the surface enclosing the volume must be the same, we can equate
Eqgs. (2.83) and (2.84) to get

Jv(v CA)dv = {)A - ds (2.85)

N

This equality between the two integrals means that the flux of the vector A through the closed surface s is equal to the
volume integral of the divergence of A over the volume enclosed by the surface s. We call this the divergence theorem.

P A% 0
e/,
z S' /// A
0 y // | dZ R' dx
% — R
dy +
dS[

Figure 2.17

Its most important use is the conversion of volume integrals of the divergence of a vector field into closed surface integrals.
This theorem is often invoked to simplify expressions or to rewrite them in more convenient alternative forms.

Example 2.16 The vector field A = Xx? 4 y y> + 72 is given. Verify the divergence theorem for this vector over a
cube 1 m on the side. Assume the cube occupies the space 0 < x, y,z < 1.

Solution: First, we find the product A - ds and integrate it over the surface of the volume. Then, we integrate V + A over the
whole volume of the cube of side 1 with four of its vertices at (0,0,0), (0,0,1), (0,1,0), and (1,0,0) (see Figure 2.18). The two
results should be the same.
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(a) Use the flux of A through the surface enclosing the volume:

A‘dS4+J

S5

A'dS5+J A - dsg

S6

%A-ds:J A-ds1+J A-dsz—i—J A-d53—|—J
s 81 52 53

84
where, from Figure 2.18

dsy = Xdydz, ds, = Xdydz, ds; = ydxdz
dsqy = ydxdz, dss = zdxdy, ds¢q = —Zdxdy

Perform each surface integral separately:

(D) Atx=1: | A-ds; = | (X1 +yy*+22°)- (Xdydz) = dydz = 1.
S S1 y=0 Jz=0
() Atx=0: [ A-ds; = | (§y* +22%)+ (—Xdydz) = 0.
52 52
x=1 pz=1
@) Aty=1: | Avds; = | (X +y1+22%) - (ydrdz) = dxdz = 1.
53 Js3 x=0 Jz=0

@) Aty=0: | A-ds; = | (X2 +22%) - (—ydxdz) = 0.
S4 S4

=1 py=1
(5) Atz=1:| A-dss = (ﬁx2+§y2+il)-(idxdy)=J J dxdy = 1.

Jss Jss x=0

6) Atz=0: | A-dss= | (Xx* +¥y*)+ (~Zdxdy) = 0.

J 856 J 86

The sum of all six integrals is 3.
(b) Use the divergence of A in the volume. The divergence of A is V - A = 2x + 2y + 2z
Integration of V - A over the volume of the cube gives

z=1 py=1 px=1 z=1 ry=1 —
J (V+A)do = J J J (2x + 2y + 2z)dxdydz = J J (¥ + 2y + 2xz)dydz|
v z=0 Jy=0 Jx=0 z=0 Jy=0 o
z=1 1

z=1 py=1 _ z=1
_ J J (14 2y + 22)dyd= — J v+ +232)de ) = J (1+1+22)dz = 22+ 2) ) =3
z=0 Jy=0 z=0 z=0

Since the result in (a) and (b) are equal, the divergence theorem is verified for the given vector and volume.

y
0.0 o 47
| 53
Ly | A
§ / A~
/___/2// - X
- 0,00) | 56 1 *
z
s (1,0,0)
SS S4
Z27(0,0,1)

Figure 2.18
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2.3.4 Circulation of a Vector and the Curl

We defined the gradient of a scalar and the divergence of a vector in the previous two sections. Both of these have physical
meaning, and some applications of the two were shown in examples. In particular, the divergence of a vector was shown to
be an indication of the strength of the scalar source of the vector. The question now is the following: If a vector can be
generated by a scalar source (for example, a water spring is a scalar source, but it gives rise to a vector flow which has both
direction and magnitude), is it also possible that a vector source gives rise to a vector field? The answer is clearly yes.
Consider again the flow of a river; the flow is never uniform; it is faster toward the center of the river and slower at the banks.
If you were to toss a stick into the river, perpendicular to the flow, the stick, in addition to drifting with the flow, will rotate
and align itself with the direction of the flow. This rotation is caused by the variation in flow velocity: One end of the stick is
dragged down the river at higher velocity than the other as shown in Figure 2.19. The important point here is that we cannot
explain this rotation using the scalar source of the field. To explain this behavior, and others, we introduce the curl of a
vector. The curl is related to circulation and spatial variations in the vector field. To define the curl, we first define the
circulation of a vector. In the process, we will also try to look at the meaning of the curl and its utility.

<"

V2

Figure 2.19 Illustration of circulation. The stick shown will rotate clockwise as it moves downstream

2.3.4.1 Circulation of a Vector Field
The closed contour integral of a vector field A was introduced in Eq. (2.8) and was called the circulation of the vector field
around the contour:

C= i; A-dl (2.86)

where dl is a differential length vector along the contour L. Why do we call this a circulation? To understand this, consider first a
circular flow such as a hurricane (the wind path is circular). If A represents force, then the circulation represents work or energy
expended. This energy increases with the circulation. If we take this as a measure for a hurricane, then measuring the circulation
(if we could) would be a good measurement of the strength of the hurricane. If A and dl are parallel, as in Figure 2.20a, the
circulation is largest. However, if A and dl are perpendicular to each other everywhere along the contour, the circulation is zero
(Figure 2.20b). For example, an airplane, flying straight toward the eye of the hurricane, flies perpendicular to the wind and
experiences no circulation. There is plenty of buffeting force but no circulation. This picture should be kept in mind since it
shows that circulation as meant here does not necessarily mean geometric circulation. In other words, a vector may rotate around
along a contour and its circulation may still be zero, whereas a vector that does not rotate (for example, the flow in Figure 2.19)
may have nonzero circulation. All that circulation implies is the line integral of a vector field along a closed contour. This
circulation may or may not be zero, depending on the vector field, the contour, and the relation between the two.
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Figure 2.20 Circulation. (a) Maximum circulation. (b) Zero circulation

Although the foregoing explanation and the use of Eq. (2.86) as a measure of circulation are easy to understand
physically, measuring the circulation in this fashion is not very useful. For one thing, Eq. (2.86) gives an integrated value
over the contour. This tends to smooth local variations, which, in fact, may be the most important aspects of the field.
Second, if we want to physically measure any quantity associated with the flow, we can only do this locally. A measuring
device for wind velocity, force, etc., is a small device and the measurement may be regarded as a point measurement. Thus,
we need to calculate or measure circulation in a small area. In addition to this, circulation also has a spatial meaning. In the
case of a hurricane, the rotation may be regarded to be in a plane parallel to the surface of the ocean, but rotation can also be
in other planes. For example, a gyroscope may rotate in any direction in space. Thus, when measuring rotation, the direction
and plane of rotation are also important. These considerations lead directly to the definition of the curl. The curl is a vector
measure of circulation which gives both the circulation of a vector and the direction of circulation per unit area of the field.
More accurately, we define the curl using the following relation:

ﬁ% A-dl
= 1 711
curl A = AETO "y (2.87)

“The curl of A is the circulation of the vector A per unit area, as this area tends to zero and is in the direction normal to
the area when the area is oriented such that the circulation is maximum.”

The curl of a vector field is, therefore, a vector field, defined at any point in space.

From the definition of contour integration, the normal to a surface enclosed by a contour is given by the right-hand rule as
shown in Figure 2.21 which also gives the direction of the curl. The definition in Eq. (2.87) has one drawback: It looks
hopeless as far as using it to calculate the curl of a vector. Certainly, it is not practical to calculate the circulation and then use
the limit to evaluate the curl every time a need arises. To find a simpler, more systematic way of evaluating the curl, we
observe that curl A is a vector with components in the directions of the coordinates. In the Cartesian system, for example, the
vector B = curl A can be written as

B =curl A=x(curl A) +y(curl A) +Z(curl A), (2.88)

where the indices x, y, and z indicate the corresponding scalar component of the vector. For example, (curl A), is the scalar
x component of curl A. This notation shows that curl A is the sum of three components, each a curl, one in the x direction,
one in the y direction, and one in the z direction. To better understand this, consider a small general loop with projections
on the x—y, y—z, and x—z planes as shown in Figure 2.22. The magnitudes of the curls of the three projections are the scalar
components By, By, and B; in Eq. (2.88). Calculation of these components and summation in Eq. (2.88) will provide the
appropriate method for calculation of the curl. Now, consider an arbitrary vector A with scalar components A,, A,, and A..
For simplicity in derivation, we assume all three components of A to be positive. Consider Figure 2.23, which shows the
projection of a small loop on the x—y plane (from Figure 2.22). The circulation along the closed contour abcda is
calculated as follows:

Figure 2.21 Relation VXA
between vector A
and its curl A

- [

LD
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Figure 2.22 Projections of a general loop onto the x—y, x—z, and y—z planes

Figure 2.23

The projection of the vector A onto the x—y plane has x and y components: A, = XA, +yA,. Along ab, dl = Xdxand A,
remains constant (because Ax is very small). The circulation along this segment is

b b
A Ay 0A,(x,y,0
J (ﬁAeryAy)-ﬁdx:J Adv=A vy -2 0 Ar ~ Ax(x,y,O)——yM

) > > 5 Ax (2.89)

a

The approximation in the parentheses on the right-hand side is the truncated Taylor series expansion of A,(x,y — Ay/2,0)
around the point P(x,y,0), as described in Eqs. (2.56) through (2.58).
Along segment bc, dl = ydy and we assume A, remains constant. The circulation along this segment is

ﬂ aAy(x,y, 0)

2 o Ay (2.90)

c R . R Cc AX
| Gac5a)-Gan = | ady =[x+ 5 0] 8y ~ (4600 +
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Along segment cd, dl = —Xdx and we get

d d
A Ay 0A, 0
J (ﬁAx + yAy) * (—Xdx) = _J Avdx = —A, | x,y + 7}”0 Ax = — | Ai(x,y,0) ""‘Ty% Ax (2.91)
Finally, along segment da, dl = —ydy and we get
@ . . a Ax Ax 0A,(x,y,0
J (XAX + yAy) . (—ydy) = —J Aydy = —Ay X — 7,)},0 Ay ~ — A),(X7y,0) — 7% Ay (292)
d d X
The total circulation is the sum of the four segments calculated above:
0A,(x,y,0 0A,(x,y,0
1; Avdl ~ —AxayOA 0 g a 04, 0) (2.93)
abcda ay aX

If we now take the limit in Eq. (2.87) but only on the surface AxAy, we get the component of the curl perpendicular to the
x—y plane. Dividing Eq. (2.93) by AxAy and taking the limit AxAy — 0 gives
04, 0A,

(CurlA)Z = W — ay (294)

As indicated above, this is the scalar component of the curl in the z direction since the normal n to AxAy is in the
positive z direction.

The other two components are obtained in exactly the same manner. We give them here without repeating the process
(see Exercise 2.9). The scalar component of the curl in the x direction is obtained by finding the total circulation around the
loop @'d'¢’b'd’ in the y—z plane in Figure 2.22 and then taking the limit in Eq. (2.87):

0A, 0A,

(CUrlA)X = a—y — W (295)

Similarly, the scalar component of the curl in the y direction is found by calculating the circulation around loop
a"d’¢"b"ad” in the x—z plane in Figure 2.22, and then taking the limit in Eq. (2.87):

0A, O0A,

(Curl A)y = E — E

(2.96)

The curl of the vector A in Cartesian coordinates can now be written from Egs. (2.94) through (2.96) and Eq. (2.88) as
follows:

_ _[0A. 0A)\ . . [(0A, OA.\ _[0A, 0A,

The common notation for the curl of a vector A is V x A (read: del cross A), and we write

__[0A. 0A)\ . [0A, O0A.\ . [(0A, 04,
VXA"(ayaz>+y(azax)“<axay> (298)
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As with divergence, this does not imply a vector product,” only a notation to the operation on the right-hand side of
Eq. (2.98). Because of the form in Eq. (2.98), the curl can be written as a determinant. The purpose in doing so is to avoid the
need of remembering the expression in Eq. (2.98). In this form, we write:

X y Z
VxA=|0/0x 0/0y 0/0z|=x
A A A

o o), (on an) (o, aa,
oy 0Oz Y \7%5: " ox Ox Oy

(2.99)

The latter is particularly useful as a quick way of writing the curl. Again, it should be remembered that the curl is not a
determinant: only that the determinant in Eq. (2.99) may be used to write the expression in Eq. (2.98).

The curl can also be evaluated in exactly the same manner in cylindrical and spherical coordinates. We will not do so but
merely list the expressions.

In cylindrical coordinates:

f ¢or Z
1 . [10A. 04, . [0A, A, _1[0(rA,) 04,
VXA—; a/ar 8/845 8/82 =T ;a¢*§ aziar ; ar 7a¢ (2100)
A TA, A
In spherical coordinates:
R OR  $Rsind
1
Ar  RAy RsinfAy (2.101)
_q ! 0(Aysing) 04y 1 1 04g  O(RAy) 1 [ 0(RAg) 0Ag
~Rsinf 00 O¢ R\ sind 0¢ OR 06

Now that we have proper definitions of the curl and the methods of evaluating it, we must return to the physical meaning
of the curl. First, we note the following properties of the curl:

(1) The curl of a vector field is a vector field.

(2) The magnitude of the curl gives the maximum circulation of the vector per unit area at a point.
(3) The direction of the curl is along the normal to the area of maximum circulation at a point.

(4) The curl has the general properties of the vector product: it is distributive but not associative

VXx(A+B)=VxA+VxB and Vx(A+B)#(VxA)xB (2.102)
(5) The divergence of the curl of any vector function is identically zero:
V-(VxA)=0 (2.103)
(6) The curl of the gradient of a scalar function is also identically zero for any scalar:
Vx(VV)=0 (2.104)

The latter two can be shown to be correct by direct evaluation of the products involved (see Exercises 2.10 and 2.11).
These two identities play a very important role in electromagnetics and we will return to them later on in this chapter.

%In Cartesian coordinates, the curl is equal to the cross product between the V operator and the vector A, but this is not true in other systems of
coordinates (see also footnote 1 on page 71).
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To summarize the discussion up to this point, you may view the curl as an indication of the rotation or circulation of the
vector field calculated at any point. Zero curl indicates no rotation and the vector field can be generated by a scalar source
alone. A general vector field with nonzero curl may only be generated by a scalar source (the divergence of the field) and a
vector source (the curl of the field). Some vector fields may have zero divergence and nonzero curl. Thus, in this sense, the
curl of a vector field is also an indication of the source of the field, but this source is a vector source. In the context of fluid
flow, a curl is an indicator of nonuniform flow, whereas the divergence of the field only shows the scalar distribution of its
sources. However, you should be careful with the idea of rotation. Rotation in the field does not necessarily mean that the
field itself is circular; it only means that the field causes a circulation. The example of the stick thrown into the river given
above explains this point. The following examples also dwell on this and other physical points associated with the curl.

Example 2.17 Vector A = R2cos — 0 3Rsind is given. Find the curl of A.

Solution: We apply the curl in spherical coordinates using Eq. (2.101). In this case, we perform the calculation for each
scalar component separately:

(V x A), — 1 O(sin6Ay) 1 04p 1 O, 1 O(—3Rsing)
R~ Rsing 00 Rsind 0¢  Rsind 06 Rsind  0¢ N

1 1 0Ax O(RAs)\ 1 1 O(2Rcos®) O(R(0))\
VA =plsnoog ok | rR\smo o ok ) °

1{0(RAg) 04\ 10 s 10

2Rcos€) = —6sind + 2sind = —4sind

Combining the components, the curl of A is

V x A = —¢4sinb.

Example 2.18 Application: Nonuniform Flow A fluid flows in a channel of width 2d with a velocity profile given
by v= ivo(d — ‘x|)

(a) Calculate the curl of the velocity.

(b) How can you explain the fact that circulation of the flow is nonzero while the water itself flows in a straight line
(see Figure 2.24)?

(¢) What is the direction of the curl? What does this imply for an object floating on the water (such as a long stick)?
Explain.

¥
u

»

l

>

'

-/

— e —
l"

Figure 2.24 A vector field with nonzero curl. If this were a flow, a short stick placed perpendicular to the flow would rotate
as shown
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Solution: We calculate the curl of v using Eq. (2.98). Even though there is only one component of the vector, this
component depends on another variable. This means the curl is nonzero.

(a) Since the velocity depends on the absolute value of x, we separate the problem into three parts: one describes the solution
for x > 0, the second for x = 0, the third for x < O:

yvo(d+x), x<O0,

v=yw(d—x), x>0,

vV =y v, x=0
For x < 0:
X y Z 5
Vxv=|o/ox 8/dy 0/o- :i(@):m
0 vo(d + x) 0
For x > 0O:

X y z
Vxv=|0/0x 0/dy 0/0: :i<
0 wd-x) 0

EES)) N

and forx = 0, V x v = 0. Thus,

h AN for x<O
Vxv=<0 for x=0

—Zvg for x>0.

(b) The curl implies neither multiple components nor a rotating vector, only that the vector varies in space. If the flow
velocity were constant, the curl would be zero.

(c) This particular flow is unique in that the curl changes direction at x = 0. It is in the positive z direction for x < 0 and in
the negative z direction for x > 0. Thus, if we were to place a stick anywhere in the positive part of the x axis, the stick
will turn counterclockwise until it aligns itself with the flow (assuming a very thin stick). If the stick is placed in the
negative part of the x axis, it will turn clockwise to align with the flow (see Figure 2.24).

Exercise 2.9 Following the steps in Egs. (2.87) through (2.94), derive the terms (curl A), and (curl A), as defined
in Eq. (2.88).

Exercise 2.10 Show by direct evaluation that V + (V x A) = 0 [Eq. (2.103)] for any general vector A. Use
Cartesian coordinates.

Exercise 2.11 Show by direct evaluation that V x (VV) = 0 [Eq. (2.104)] for any general scalar function V. Use
Cartesian coordinates.



2.3 Differentiation of Scalar and Vector Functions 83

2.3.5 Stokes’> Theorem

Stokes’ theorem is the second theorem in vector algebra we introduce. It is in a way similar to the divergence theorem but
relates to the curl of a vector. Stokes’ theorem is given as

L(v x A)-ds = iA “dl (2.105)

It relates the open surface integral of the curl of vector A over a surface s to the closed contour integral of the vector A
over the contour enclosing the surface s. To show that this relation is correct, we will use the relations derived from the curl
and recall that curl is circulation per unit area.

Consider again the components of the curl in Egs. (2.94) through (2.96). These were derived for the rectangular loops in
Figure 2.22. Now, we argue as follows: The total circulation of the vector A around a general loop ABCDA is the sum of the
circulations over its projections on the x—y, x—z, and y—z planes as was shown in Figure 2.23. That this is correct follows from
the fact that the circulation is calculated from a scalar product. Thus, we can write the total circulation around the elementary
loops of Figure 2.22 using Eq. (2.105) as

CABCDA - Cab(fda + Ca/dl(f/b,a/ + Ca”d”c”h”a”

0A. 04, 0A, 0A. 0A, 0A, (2.106)
= - — — | AyA T2 AxA -2 2] AxA
oy 0Oz YAz 9z ox ) * Ox Oy oY
or
CABCDA = (V X A)xASX —+ (V X A)yASy —+ (V X A)ZASZ (2107)

where the indices x, y, and z indicate the scalar components of the vectors V x A and As. The use of As in this fashion is
permissible since AyAz is perpendicular to the x coordinate and, therefore, can be written as a vector component: X AyAz,
similarly for the other two projections. Thus, we can write the circulation around a loop of area As (assuming V X A is
constant over As) as

J)A-dl:(VxA)-As (2.108)

Now, suppose that we need to calculate the circulation around a closed contour L enclosing an area s as shown in
Figure 2.25a. To do so, we divide the area into small square loops, each of area As as shown in Figure 2.25b. As can be
seen, every two neighboring contours have circulations in opposite directions on the connecting sides. This means that the
circulations on each two connected sides must cancel. The only remaining, nonzero terms in the circulations are due to the

Figure 2.25 Stokes’ a

theorem. (a) Vector field A

and an open surface s. (b)

The only components of the

contour integrals on the

small loops that do not

cancel are along the outer L
contour L

3 After Sir George Gabriel Stokes (1819-1903). Stokes was one of the great mathematical physicists of the nineteenth century. His work spanned
many disciplines including propagation of waves in materials, water waves, optics, polarization of light, luminescence, and many others. The
theorem bearing his name is one of the more useful relations in electromagnetics.
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outer contour. Letting the area As be a differential area ds (i.e., let As tend to zero), the total circulation is

o0

> ng,.A -dl; = £A -dl (2.109)

i=1

The right-hand side of Eq. (2.108) becomes

lim i(v ><A)i~As,~:J‘(V x A)-ds (2.110)

‘Ax,‘ﬂo i=1

Equating Eqgs. (2.109) and (2.110) gives Stokes’ theorem in Eq. (2.105).

Example 2.19 Verify Stokes’ theorem for the vector field A = X (2x —y) — y2yz> — Z2zy* on the upper half-
surface of the sphere x* + y* + z> = 4 (above the x—y plane), where the contour C is its boundary (rim of surface in the
x—y plane).

Solution: To verify the theorem, we perform surface integration of the curl of A on the surface and closed contour
integration of A + dl along C and show they are the same.
From Eq. (2.98), with A, (2x —y), A, = —2yz>, and A, = — 2z,

_ofo(=22") o(=2y%)\ , . [0(x—y) O(=2z7)) . [0(-22%) 0(2x—y)
VXA =X oy 0z ty 0z  Ox tz ox Oy

=X(—4yz+4yz) +y(0-0)+z(0+1) =21

Surface Integral: We write the differential of surface on the sphere as ds = listinﬂdeqﬁ:

R ¢p=2r (O0=n/2
J (V xA)+-ds = J Z - RR?sin0d0d¢p = RZJ J cos@sinfdOdqp
s s $=0 JO=0
0=n/2 0=n/2 /2
== =r/2 20
- 277,'(2)2J cosBsinddo = SJTJ ~sin20d6 = 8z | — <> = 4n
0=0 0=0 2

where Z * R = cos [from Eq. (2.45)], R = 2 and sinfcosfd = (1/2)sin26.
Contour Integral: dl = Xdx + ydy, and using z = 0 on C (x — y plane),

jﬁ A-dl:{ﬁ X (2x — )]+ [X dx + ¥ dy]
c c
Using cylindrical coordinates,
X =rcos¢p = 2cos¢p, y=rsing = 2sing
and

d
ﬁ = —rsing — dx=—2singde

Thus,

%CA <dl = }C(Zx —y)dx = r” (2(2005(]5) - ZSin(l)) ( - 25in¢d¢)

0

2 2r
= —SJ cos¢singde + 4J sin?pdp =0+ 4z = 4z
0 0
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and Stokes’ theorem is verified since

%A-dl:J(VxA)-ﬁds:%r
C s

24 Conservative and Nonconservative Fields

A vector field is said to be conservative if the closed contour integral for any contour L in the field is zero (see also
Section 2.2.1). It also follows from Stokes’ theorem that the required condition is that the curl of the field must be zero:

J(VxA)-ds=§A-dl:O — VxA=0 (2.111)
s L

To see if a field is conservative, we can either show that the closed contour integral on any contour is zero or that its curl is
zero. The latter is often easier to accomplish. Since the curl can be shown to be zero or nonzero in general (unlike a contour
integral), the curl is the only true measure of the conservative property of the field.

Example 2.20 Two vectors F; = Xx> — yz> — 22(zy + 1) and F, = Xx?y — yz2 — 22(zy + 1) are given. Show that
F, is conservative and F, is nonconservative.

Solution: To show that a vector field F is conservative, it is enough to show that its curl is zero. Similarly, for a vector field
to be nonconservative, its curl must be nonzero.
The curls of F; and F, are

oF. 0F,\ . [oF. 0F.\ . [0F, oF.

VB =X\ Y w ) T e

=X(—22+22)+y(0—-0)+2(0—-0)=0

\Y% XFzzﬁ(—22+2Z)+§(O—0)+i(0—x2) =—72x2

Thus, F, is a conservative vector field, whereas F, is clearly nonconservative.

2.5 Null Vector Identities and Classification of Vector Fields

After discussing most properties of vector fields and reviewing vector relations, we are now in a position to define broad
classes of vector fields. This, again, is done in preparation of discussion of electromagnetic fields. This classification of
vector fields is based on the curl and divergence of the fields and is described by the Helmholtz theorem. Before doing so, we
wish to discuss here two particular vector identities because these are needed to define the Helmholtz theorem and because
they are fundamental to understanding of electromagnetics. These are

V x (VV) =0 (2.112)

|V (V xA)=0] (2.113)

Both identities were mentioned in Section 2.3.4.1 in the context of properties of the curl of a vector field and are
sometimes called the null identities. These can be shown to be correct in any system of coordinates by direct evaluation and
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performing the prescribed operations (see Exercises 2.10 through 2.12). The first of these indicates that the curl of the
gradient of any scalar field is identically zero. This may be written as

Vx(VV)=VxC=0 (2.114)

In other words, if a vector C is equal to the gradient of a scalar, its curl is always zero. The converse is also true, if the curl
of a vector field is zero, it can be written as the gradient of a scalar field:

IfVxC=0 — C=VV or C=-VV| (2.115)

Not all vector fields have zero curl, but if the curl of a vector field happens to be zero, then the above form can be used
because V x C is zero. This type of field is called a curl-free field or an irrotational field. Thus, we say that an irrotational
field can always be written as the gradient of a scalar field. In the context of electromagnetics, we will use the second form in
Eq. (2.115) by convention.

To understand the meaning of an irrotational field, consider the Stokes’ theorem for the irrotational vector field C defined
in Eq. (2.115):

J(VxC)-ds:§C~dl:O (2.116)
s L

This means that the closed contour integral of an irrotational field is identically zero; that is, an irrotational field is a
conservative field. A simple example of this type of field is the gravitational field: if you were to drop a weight down the stairs
and lift it back up the stairs to its original location, the weight would travel a closed contour. Although you may have performed
strenuous work, the potential energy of the weight remains unchanged and this is independent of the path you take.

The second identity states that the divergence of the curl of any vector field is identically zero. Since the curl of a vector is
a vector, we may substitute V x A = B in Eq. (2.113) and write

V- (VxA) =V-B)=0 (2.117)

This can also be stated as follows: If the divergence of a vector field B is zero, this vector field can be written as the curl of
another vector field A:

If V-B=0 — B=VxA (2.118)

The vector field B is a special field: It has zero divergence. For this reason we call it a divergence-free or divergenceless
field. This type of vector field is also called solenoidal.* We will not try to explain this term at this point; the source of the
name is rooted in electromagnetic theory. We will eventually understand its meaning, but for now we simply take this as a
name for divergence-free fields.

The foregoing can also be stated mathematically by using the divergence theorem:

(V+-B)dv=¢B-ds =0 (2.119)
J 7o =g

This means that the total flux of the vector B through any closed surface is zero or, alternatively, that the net outward flux
in any volume is zero or that the inward flux is equal to the outward flux, indicating that there are no net sources or sinks
inside any arbitrary volume in the field.

Exercise 2.12 Using cylindrical coordinates, show by direct evaluation that for any scalar function ¥ and vector A,

Vx(V¥)=0and V-(V xA)=0.

“The term solenoid was coined by Andre Marie Ampere from the Greek solen = channel and eidos = form. When he built the first magnetic coil,
in 1820, he gave it the name solenoid because the spiral wires in the coil reminded him of channels.
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2.5.1 The Helmholtz® Theorem

After defining the properties of vector fields, we can now summarize these properties and draw some conclusions. In the
process, we will also classify vector fields into groups, using the Helmholtz theorem which is based on the divergence and
curl of the vector fields.

The Helmholtz theorem states:

“A vector field is uniquely defined (within an additive constant) by specifying its divergence and its curl.”

That this must be so follows from the fact that, in general, specification of the sources of a field should be sufficient to
specify the vector field. Although we could go into a mathematical proof of this theorem (which also requires imposition of
conditions on the vector such as continuity of derivatives and the requirement that the vector vanishes at infinity), we will
accept this theorem and look at its meaning. The Helmholtz theorem is normally written as

B=-VU+VxA (2.120)

where U is a scalar field and A is a vector field. That is, any vector field can be decomposed into two terms; one is the
gradient of a scalar function and the other is the curl of a vector function. The vector B must be defined in terms of its curl
and divergence. The divergence of B is given as

VeB=V-:(-VU)+ V- (V xA) (2.121)

The second term on the right-hand side is zero from the identity in Eq. (2.113). The first term is, in general, a nonzero
scalar density function and we may denote it as p:

V-B=p (2.122)

Because V - B # 0, this is a nonsolenoidal field.
The curl of the vector B is

VxB=Vx(=VU)+V x (V xA) (2.123)

Now, the first term is zero from the identity in Eq. (2.112). The second term is a nonzero vector that will be denoted here
as a general vector J.

129

J may be regarded as the strength of the vector source. Since V x B # 0, this vector field is a rotational field.

A general field will have both nonzero curl and nonzero divergence; that is, the field is both rotational and nonsolenoidal.
There are, however, fields in which the curl or the divergence or both are zero. In all, there are four types of fields that can be
defined:

(1) A nonsolenoidal, rotational vector field. V «+ B = pand V x B = J. This is the most general vector field possible. The
field has both a scalar and a vector source.

(2) A nonsolenoidal, irrotational vector field. V + B = p and V x B = 0. The vector field has only a scalar source.

(3) A solenoidal, rotational vector field. V - B = 0 and V x B = J. The vector field has only a vector source.

(4) A solenoidal, irrotational vector field. V « B = 0 and V x B = 0. The vector field has no scalar or vector sources.

5 Hermann Ludwig Ferdinand von Helmholtz (1821—1894). Helmholtz was one of the most prolific of the scientists of the nineteenth century. His
work encompasses almost every aspect of science as well as philosophy. Perhaps his best known contribution is his statement of the law of
conservation of energy. However, he is also the inventor of the ophthalmoscope—an instrument used to this day in testing eyesight. He contributed
considerably to optics and physiology of vision and hearing. His work On the Sensation of Tone defines tone in terms of harmonics. In addition, he
worked on mechanics, hydrodynamics, as well as electromagnetics. In particular, he was the person to suggest to his student Heinrich Hertz the
experiments that led to the discovery of the propagation of electromagnetic waves, and started the age of communication.
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The study of electromagnetics will be essentially that of defining the conditions and properties of the foregoing four types
of fields. We start in Chapter 3 with the static electric field, which is a nonsolenoidal, irrotational field (type 2 above). These
properties, the curl and the divergence of the vector field, will be the basis of study of all fields.

2.5.2 Second-Order Operators

The del operator as well as the gradient, divergence, and curl are first-order operators; the result is first-order partial
derivatives of the scalar or vector functions. It is possible to combine two first-order operators operating on scalar function U
and vector function A. By doing so, we obtain second-order expressions, some of which are very useful. The valid
combinations are

V- (VU) (divergence of the gradient of U) (2.125)
V x (VU) (curl of the gradient of U) (2.126)
V(V+A) (gradient of the divergence of A) (2.127)
V- (V xA) (divergence of the curl of A) (2.128)
V x (V xA) (curl of the curl of A) (2.129)

The scalar product V - (VU) [Eq. (2.125)] can be calculated by direct derivation using the gradient of the scalar
function U. In Cartesian coordinates, the gradient is given in Eq. (2.32):

. 0U(x,y,z2) vy oU(x,y,z) vy oU(x,y,z)

VU(x,y,z) =X o 3y 3. (2.130)
The divergence of AU (x, y, z) is now written using Eq. (2.71):
) ~ 0(VU(x,y,2)), 8(VU(x,y,z))y o(VU(x,y,2)). 0%U(x,y,z)  0*U(x,y,z)  0*U(x,y,z2)
v (VU) = 0x * Oy * 0z o + 0y? Tz (2.131)

or, in short-form notation

02U 0*U 0
V'(VU)ZW-Fa—)ﬂ‘FW (2.132)

From this, we can define the scalar Laplace operator (or, in short, the Laplacian) as

o @

R TR (2.133)

In cylindrical and spherical coordinates, we must start with the components of the vector V U in the corresponding system
and calculate the divergence of the vector as in Section 2.3.2 (see Exercise 2.4 and Examples 2.11 and 2.15). The result is as
follows:


http://dx.doi.org/10.1007/978-3-319-07806-9_3
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In cylindrical coordinates:

VzU:%*%%*%%‘L?—Zg (2.134)
In spherical coordinates:
2
sz:%aiR@zg—Z) +m%<sm9%—z> +mg—¢lj (2.135)
The expressions V x (VU) and V - (V X A) are the null identities discussed in Section 2.5.
Finally, Egs. (2.127) and (2.129) are often used together using the vector identity:
VA =V(V-A) =V x (V xA) (2.136)
where VA is called the vector Laplacian of A. This is written in Cartesian coordinates as
VA =X VA, +§ V?A, + 2 VA, (2.137)

and can be obtained by direct application of the scalar Laplacian operator to each of the scalar components of the vector A.
The scalar components of the vector Laplacian are

0%A, 0%A,  0°A,

V24, =
=22 o2 T2
0%A, 0%A, 0%A
2
v Ay = axzy + ayz) + azzy ’ (2.138)
2 2 2
goq, L DA DA DA

o2 "o T oz

The second-order operators define second-order partial differential equations and constitute a very important area in
mathematics and physics. We will use the second-order operators described here throughout this book.

The scalar and vector Laplacians as well as other vector quantities and identities in Cartesian, cylindrical, and spherical
coordinate systems are listed in the appendix for easy reference.

Exercise 2.13

(a) Show that in Cartesian coordinates, the following is correct:
VA =xV?A, +yV?A, +2V?A,.

(b) Show that in any other coordinate system, this relation is not correct. Use the cylindrical system as an example;
that is, show that VA # £ VA, + ¢ VA, + 7 VA,

2.5.3 Other Vector Identities

If U and Q are scalar functions and A and B are vector functions, all dependent on the three variables (for example, x, y,
and z), we can show that

V(UQ) =U(VQ)+0(VU) (2.139)
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V- (UA) =U(V-A)+ (VU)-A (2.140)
V-(AxB)=-A-(VxB)+(VxA)'B (2.141)
V x (UA) =U(V xA)+ (VU) x A (2.142)

Problems

2.1 A force is described in cylindrical coordinates as F = ¢ /r. Find the work performed by the force along the following
paths:

(a) From P(a,0,0) to P(a,b,c).
(b) From P(a,0,0) to P(a,b,0), and then from P(a,b,0) to P(a,b,c).

P>

2.2 Determine whether J A - dl between points p; (0,0,0) and p,(1,1,1) is path dependent for A = Xy> + y2x + 7.
Py

2.3 A body is moved along the path shown in Figure 2.26 by a force A = X2 — y 5. The path between point a and point b is
a parabola described by y = 2x°.

(a) Calculate the work necessary to move the body from point a to point b along the parabola.
(b) Calculate the work necessary to move the body from point a to point ¢ and then to point b.
(¢) Compare the results in (a) and (b).

Figure 2.26

Surface Integrals (Closed and Open)
2.4 A volume is defined in cylindrical coordinates as 1 < r < 2,7/6 < ¢ < /3,1 < z < 2. Calculate the flux of the vector
A = r4z through the surface enclosing the given volume.

2.5 Given a surface S = S| + S, defined in spherical coordinates with §; definedas0 < R < 1;0 = 7/6; 0 < ¢ < 2z and

S, definedas R =1; 0 < 0 < 7/6; 0 < ¢p < 2x. Vector A = R1+00is given. Find the integral of A - ds over the
surface S.

2.6 Given A = Xx? +yy* + 722, integrate A * ds over the surface of the cube of side 1 with four of its vertices at (0,0,0),
(0,0,1), (0,1,0), and (1,0,0).

2.7 The axis of a disk of radius « is in the direction of the vector k = Z 3. Vector field A = 5 + Z3 is given. Find the total
flux of A through the disk.

Volume Integrals

2.8 A mass density in space is given by p(r, z) = r(r + a) + z(z + d) kg/m3 (in cylindrical coordinates).

(a) Calculate the total mass of a cylinder of length d, radius a, centered at the origin with its axis along the z axis.
(b) Calculate the total mass of a sphere of radius a centered at the origin.

2.9 A right circular cone is cut off at height /. The radius of the small base is a and that of the large base is b (Figure 2.27).
The cone is filled with particles in a nonuniform distribution: n(r, h) = 10°7° + 103r(h - ho)z. Find the total number of
particles contained in the cone.
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Figure 2.27

2.10 Vector fieldf = % 2xy + ¥ z + Z y* is defined as a volume force density (in N/m>) in a sufficiently large region in space.
This force acts on every particle of any body placed in the field (similar to a gravitational force).

(a) A cubic body 2 x 2 x 2 m?® in dimensions is placed in the field with its center at the origin and with its sides
parallel to the system of coordinates. Calculate the total force acting on the body.

(b) The same cube as in (a) is placed in the first quadrant with one corner at the origin and with its sides parallel to the
system of coordinates. Calculate the total force acting on the body.

Other Regular Integrals

2.11 The acceleration of a body is given as a = X (£ — 2¢) +y 3t [m/s°]. Find the velocity of the body after 5 s.

2.12 Evaluate the integral [¢ * dl, where > = x> + y*, from the origin to the point P(1,3) along the straight line connecting
the origin to P(1,3). dl is the differential vector in Cartesian coordinates.

The Gradient

2.13 Find the derivative of xy? + yz at (1,1,2) in the direction of the vector X2 — y + Z2.

2.14 An atmospheric pressure field is given as P(x,y,z) = (x — 2)2 + (y— 2)2 + (z + 1)2, where the x—y plane is parallel to the
surface of the ocean and the z direction is vertical. Find:

(a) The magnitude and direction of the pressure gradient.
(b) The derivative of the pressure in the vertical direction.
(c) The derivative of pressure in the direction parallel to the surface, at 45° between the positive x and y axes.

2.15 The scalar field f (r,¢,z) = rcos’p + zsing is given. Calculate:

(a) The gradient of f (r,¢,2) in cylindrical coordinates.
(b) The gradient of f (r,¢,z) in Cartesian coordinates.
(c) The gradient of f (r,¢,z) in spherical coordinates.

2.16 Find the unit vector normal to the following planes:

(@) z =-5x-3y.
(b) 4x-3y+z+5=0.
(©) z=ax + by.

Show by explicit derivation that the result obtained is in fact normal to the plane.
2.17 Find the unit vector normal to the following surfaces:

(@) z = -3xy—yz
(b) x =22 + Y~
(c) z2+y2+x2:8.
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2.18 Calculate the divergence of the following vector fields:
(@) A=xx>+y1—2zy~.
(b) B =222 + p5r —i3r2.
(©) C=xVaZ+22+y /a2 +)2

2.19 Find the divergence of A = xx? +yy> +zz% at (1,-1,2).

2.20 Find the divergence of A = £2rcos¢ — ¢ rsing + z4zat(2,90°,1).

2.21 Find the divergence of A — 0.2R3¢sin29(1i 16+ 43) at (2,30°,90).

The Divergence Theorem

2.22 Verify the divergence theorem for A = x4z — y 2y*> — 2222 for the region bounded by x> + y* = 9and z = -2,z = 2
by evaluating the volume and surface integrals.

2.23 A vector field is given as A(R) = R, where R is the position vector of a point in space. Show that the divergence
theorem applies to the vector A for a sphere of radius a.
2.24 Given A = Xx? +yy* +7z%:

(a) Integrate A - ds over the surface of the cube of side 1 with four of its vertices at (0,0,0), (0,0,1), (0,1,0), and (1,0,0)
(see Problem 2.6).
(b) Integrate V - A over the volume of the cube in (a) and show that the two results are the same.

The Curl

2.25 Calculate the curl of the following three vectors:
(@) A=xXx2+y1 -7y
(b) B =¥F222+ ¢p5r — 232
(© C=xXV2+24§/x2+)2

2.26 A fluid flows in a circular pattern with the velocity vector v = ¢ /r.

(a) Sketch the vector field v.
(b) Calculate the curl of the vector field.

2.27 A vector field A = y 3xcos(wf 4 50z) is given.

(a) What is the curl of A?
(b) Is this a conservative field?

2.28 Find V x A for:

(@) A=xy>+y2(x+ yz —z(x+1)z%
(b) A = F2rcos¢ — Gp4rsing + 3.

Stokes’ Theorem

2.29 Verify Stokes’ theorem for A = X (2x — y) — ¥ 2yz> — Z2zy? on the upper half-surface of the sphere x* + y* + z* = 4
above the xy plane. The contour bounding the surface is the rim of the half-sphere.

2.30 Vector field F = X3y +y (5 — 2x) + Z (z* — 2) is given. Find:
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(a) The divergence of F.

(b) The curl of F.

(¢) The surface integral of the normal component of the curl of F over the open hemisphere x* + y* + z* = 4 above the
x—y plane.

2.31 Vector field F = Xy + y z + Zxis given. Find the total flux of V x F through a triangular surface given by three points
P1(a,0,0), P»(0,0,b), and P3(0,c,0).

The Helmholtz Theorem and Vector Identities

2.32 The following vector operations are given:

1. V- (Vo) 2. (V)¢
3.(Vx V)¢ 4.V x (V)
5.V +(V x A) 6.(V-V)xA
7.(V x V) x A 8.V x (V x A)
9.V (¢ V x A) 10. ¢ (V x A)
11. V (V x A) 12. V x (V - A)

where A is an arbitrary vector field and ¢ an arbitrary scalar field.

(a) Which of the operations are valid?
(b) Evaluate explicitly those that are valid (in Cartesian coordinates).

2.33 Calculate the Laplacian for the following scalar fields:

(@) p=(x-27(p-27C+ 1)
(b) p = 5rcos¢p + 3zr.

2.34 Calculate the Laplacian for the following vector fields:

(@) A=x3y+y(5—2x)+z(z*-2).

(b) A =r2rcos¢p — p4rsing +z3.
2.35 Show that if F is a conservative field, then V> F = V(V - F). Use cylindrical coordinates.
2.36 Given the scalar field f (x,y,z) = 2x> + y and the vector field R = Xx + yy + 7z, find:

(a) The gradient of f.

(b) The divergence of fR.

(c) The Laplacian of f.

(d) The vector Laplacian of R.
(e) The curl of fR.

2.37 A vector field A = X5x + y2y + z 1. What type of field is this according to the Helmholtz theorem?

2.38 A vector field A = R¢R? + ORsind is given in spherical coordinates. What type of field is this according to the
Helmholtz theorem?

2.39 The following vector fields are given:

1) A=xx+yy.

(2) B = ¢cos¢p + Fcose.

(3) C=%xy+1iy.

(4) D = Rsind + 05R + ¢ Rsind.
(5) E = Rk.



94 2 Vector Calculus

(a) Which of the fields are solenoidal?
(b) Which of the fields are irrotational?
(¢) Classify these fields according to the Helmholtz theorem.

2.40 Show by direct derivation of the products that the following holds:

V x(VxA)=V(V-A) - VA,
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