He alone is free who lives with free consent under the entire guidance of reason.

Baruch Spinoza (1632-1677),
philosopher

17.1 Introduction

Much of the discussion in the previous three chapters centered around lossless transmission lines. For these lines, the various
relations were independent of conductivity of the materials involved. In fact, even for a distortionless transmission line,
although an attenuation constant was present, all other basic properties of the line were independent of conductivity. The
speed of propagation depended only on material properties of the line (e and y), and the phase constant and wavelength were
also independent of conductivity of the line. If this is the case, are the conductors necessary? If so, what are their roles in the
propagation of energy in the lossless or distortionless transmission line?

Perhaps this question is confusing since in a transmission line, we dealt with line voltage and line current. If there is a
current, there must be a conductor. Or must it? What about displacement currents? These can exist in free space, and from
our discussion of propagation in free space and in dielectrics, we also know that energy can be transmitted from point to
point without conductors being present. Also, we saw that transmission lines may be analyzed from a field point of view
rather than through voltages and currents. What then is the role of conductors in transmission lines? The answer is surprising
and simple; the conductors are not necessary in general. What they do is to confine the energy being transmitted to the line
itself and guide it along the line. Of course, the conductors may have other effects. If conductivity is low, there may be losses
in the conductors, but these are secondary effects.

To convince yourself of this, consider the following “communication system’ often used in old ships: A tube connects the
bridge of the ship with the quarters below. The tube may bend and may be made of any material. The captain uses it to
summon somebody to the bridge. This is an example of a guided transmission system. The tube itself is immaterial, other
than to provide the path for propagation. A glass tube may work just as well as a steel or brass tube. The guiding system
described here has certain advantages over an open system: the amount of energy required is smaller (no need to shout), the
distance over which propagation takes place is longer, and there is less interference from and with external systems (only
those listening to the tube can hear the captain).

We also saw in Chapter 13 that a wave impinging on a conducting surface at an angle propagates along the surface of the
conductor (see, for example, Section 13.3.1 and Example 13.7). We concluded there that the surface of the conductor has a
guiding effect on the wave in addition to generating standing waves in the direction perpendicular to the conductor.

So much for the obvious and the known. Now, we ask ourselves another question: If the material of the tube is not
important, are the shape and size important? What if we tried to use a capillary tube for this purpose, or a tube 2 m in
diameter? Are the two going to behave the same way? How about a square rather than a cylindrical tube? What happens if we
plug the tube, or insert some material in it? How do we couple energy into and out of the tube? Pretty interesting questions
from the design point of view and they all have to do with properties of waves in this environment. The same questions and
considerations apply to electromagnetic guiding structures.

In this chapter, we will discuss a very special form of transmission lines: lines or structures that guide waves. In many
ways, this is an extension of the results obtained for transmission lines. There are, however, major differences. In most cases,
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there will only be one apparent conductor rather than two conductors. The conductors are explicitly used for guiding the
waves and treatment of line behavior will be in terms of field parameters (electric and magnetic field intensities) rather than
current and voltage.

17.2 The Concept of a Waveguide

The idea of a waveguide' can best be explained using the optic spectrum because we can see the effects involved. Consider,
first, two large, parallel mirrors facing each other as shown in Figure 17.1a. The light emitted from object A reflects
repeatedly off the mirrors and eventually generates an image on the other side of the waveguide or anywhere in the
waveguide. The two mirrors may be viewed as a guiding structure because the mirrors guide the waves to any location we
wish. If the mirrors were flexible (for example, by coating metal surfaces and bending them), we could create bent
waveguides. One particularly useful optical guiding system is the optical fiber shown in Figure 17.1b. For simplicity you
can view the optical fiber as a long, thin glass rod, coated so that there is total reflection inside the fiber (total reflection also
occurs without coating because the fiber’s permittivity is higher than that of the surrounding space—see Section 13.4.4).
Since optical fibers are flexible, waves may be guided in almost any path. Although most of the discussion here will deal with
frequencies much lower than optical frequencies, the picture drawn here is useful as a background.

a b image
mirror O

source S .
object S source
_ ] N2
mirrot P

Figure 17.1 (a) An “optical waveguide” made of two parallel mirrors. (b) An optical fiber: total internal reflections at the
interfaces ensure guidance of waves

Before we can look at practical waveguide structures we digress a little and look at the general properties of propagating
waves in unbounded domain and in the presence of conducting surfaces since these will become very useful in our study.
In particular, we define two specific types of waves, in addition to the plane waves we already saw in Chapters 12 and 13.
These are the transverse electric (TE) waves and transverse magnetic (TM) waves. The plane waves discussed in Chapters
12, 13, and 14 were transverse electromagnetic (TEM) waves.

17.3 Transverse Electromagnetic, Transverse Electric, and Transverse Magnetic Waves

In Section 12.7, we discussed uniform plane waves as they propagate in free space and in dielectrics. One of the most
important aspects of propagation was the fact that neither the electric nor the magnetic field intensity had any component in
the direction of propagation. Both the electric and magnetic field intensities were always perpendicular to each other and to
the direction of propagation. For this reason, we called them transverse electromagnetic (TEM) waves. There are, however,
situations in which the electric or magnetic fields have components in the direction of propagation. If a wave has an electric
field intensity that is entirely perpendicular to the direction of propagation, but with a component of the magnetic field
intensity in the direction of propagation, this wave is called a transverse electric (TE) wave. Similarly, if the magnetic field
intensity is entirely perpendicular to the direction of propagation and the electric field intensity has a component in the
direction of propagation, this is a transverse magnetic (TM) wave. The differences among the three types of waves are
shown in Figure 17.2.

! The first mention of a waveguide was in 1894 by Sir Oliver Joseph Lodge (1851-1940). He discovered the effect when he surrounded a spark
generator, of the type used by Hertz to demonstrate propagation of waves, with a conducting tube. Three years later, Lord Rayleigh (John William
Strutt (1842-1919)) developed much of the theory of guided waves. However, waveguides did not feature in electromagnetics until the early
1930s, when experiments on their properties were conducted at Bell Laboratories, first for propagation in dielectrics (water) and later in air. The
main impetus for their development was the then newly developed microwave tubes and work on radar. From then on, waveguides became the
basis of microwave work and are used wherever transmission of energy above about 1 GHz is required. The various optical fibers are also
waveguides and their utility in communication is prevalent.
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a

Figure 17.2 Types of waves. (a) TEM wave. (b) TE wave. (¢) TM wave

Before proceeding with description of waves in waveguides, we need to define the conditions under which TEM, TM, and
TE waves can exist. These conditions are then used to define the possible fields or modes of propagation in waveguides.

The starting point is with Maxwell’s two curl equations. Each is expanded into three scalar equations by equating the
vector components on both sides, as shown in Egs. (17.1) through (17.8). By doing so, one component of one field (electric
or magnetic) is written in terms of the transverse components of the other field. Table 17.1 summarizes these steps.

Table 17.1 Maxwell’s curl equations and their transverse components

V x H = joweE 17.1) V x E = — jouH (17.5)
Components of the electric field in terms of the transverse | Components of the magnetic field in terms of the transverse
components of the magnetic field components of the electric field
OH. OH, OE, OE,
= — —— = jweE 17.2 = — ——2 = —jouH 17.6
3y oz JweE (17.2) oy oz JopuH (17.6)
OH, OH, OE, OFE,
— — —=— = jwek, 17.3 - — —— = —jouH 17.7
0z ox 0% (17.3) 0z Ox JOUHy az.m
OH, OH, OE, OE,
— - =% = jweE. (17.4) -2 = = _jouH. (17.8)
0x Oy Ox Oy

The waves are assumed to propagate in the z direction, with a propagation constant y = a + jf. Assuming no backward-
propagating waves (no reflections), the electric and magnetic field intensities for TEM waves have the following general
form:

E.=Ewe™ [V/m|, H,=Hpe ™ [A/m] (17.9)

where the ¢/ variation is also implied (phasors). The propagation constant is assumed for the moment to be general, but in
most of the discussion that follows, we will use lossless materials. Because all fields vary with the z parameter only, the
derivatives with respect to z in Eqgs. (17.2), (17.3), (17.6), and (17.7) are nonzero:

% = —yH,, % = —yH,, % = —yE,, % = —yE, (17.10)
Important If we were to assume only a backward-propagating wave of the form E, = Eye*"*, then all terms in Eq. (17.10)
would be positive; that is, y is replaced by —y. Similarly, if both a forward- and a backward-propagating wave exist, the
derivatives of the total wave are the sum of the derivatives of the forward-propagating waves and those of the backward-
propagating waves. At this juncture, we will assume that only forward-propagating waves exist to keep things simple, but if
for any reason there are reflections in the system, the backward-propagating wave will have to be added.

Now, Egs. (17.2) through (17.4) and (17.6) through (17.8) are

OH, ,
a—y+yHy = jweE, (17.11)
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OH, OH,
Yy _ = jweE,
Ox Oy
OE, :
By +vE, = —jouH,
E OF jwpH
v = —jw
v 5, = JouH,
O0E, OE, o
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(17.12)

(17.13)

(17.14)

(17.15)

(17.16)

Since the nature of the waves is defined by the longitudinal components of the field (components in the direction of
propagation), it is necessary to rewrite these equations such that the transverse components of the fields (those perpendicular
to the direction of propagation), in this case, E,, E,, H,, and H,, are written in terms of the longitudinal components, £, and
H.. As an example, using Egs. (17.11) and (17.15), we can eliminate H,, and write the component E| in terms of H_ and E..
Substitution of H,, from Eq. (17.15) in Eq. (17.11) gives

OH, 'y OE,
——+— | YEx + =— | = jweE, 17.17
oy " jon <y o 3X> e (710
Multiplying both sides by jwu, rearranging terms, and substituting w,/ue = k, we get
1 OE, OH, A%
Ey=——|—rv—=——Jjop—— — 17.18
) [ s
Repeating the process for the other three transverse components (E,, H,, and H,), we get
1 OE, OH, V]
Ey=——|—-r—=—+J — 17.19
v y2+k2( Yy TIoH ax> o (17.19)
1 OH, OE, [A]
Hy=——|—rv—=—+joe=— — 17.20
1 OH, OE, [A]
H. — _ 2 e 2 = 17.21
y }/2 + kz( 7 ay JwE ax > m]| ( )

These equations are now used to define TEM, TE, and TM propagation of waves by imposing the necessary conditions for
each type of propagation. The transverse components for backward-propagating waves may be obtained by replacing y by
—y in Eqgs. (17.18) through (17.21).

17.3.1 Transverse Electromagnetic Waves

As mentioned earlier, TEM waves require that there be no field in the direction of propagation. The condition for TEM
propagation is E, = H, = 0. Substituting this into Eqs. (17.18) through (17.21) leads to the requirement that all four
transverse components are zero, unless y> + k> = 0. Thus, the constant of propagation for TEM waves must be
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PP=—k or y = jo\/ue (17.22)

This is the condition we obtained for the propagation of uniform plane waves in lossless media. Indeed, all the properties
we obtained for the propagation of plane waves in unbounded space, including the definition of intrinsic impedance (or wave
impedance) and phase velocity, apply here as well. In particular, if we replace the permittivity & with the complex
permittivity e(1 — jo/we), we obtain the propagation constant for a general lossy medium:

. . C
Yrem = JoN/HEY 1 —j— (17.23)

This relation was obtained in Chapter 12 [Eq. (12.83)] and was the basis of study of lossless, low-loss, and high-loss
media.

The defining equation for transverse electromagnetic waves (plane waves) was the Helmholtz equation for the
electric field:

0%E,
az; +kE, =0 (17.24)

In particular, if a plane wave propagates in unbounded space in the z direction and has an electric field intensity in the x
direction, then the magnetic field intensity is in the y direction as required by the Poynting theorem:

Ey

NTEM

E,=Eoe ™ [V/m] and H,= eIk {é] (17.25)

m

The wave impedance in the domain in which the waves propagate was defined as the ratio between the transverse
components of the electric and magnetic field intensities:

E, %

= _ /20 17.2
NTEM H, e Q] (17.26)

These properties will be used to contrast transverse electromagnetic waves with transverse electric waves and transverse
magnetic waves and to point out the differences. In particular, properties of TE and TM waves are often written in terms of
known properties of TEM waves. For example, it is often useful to write the wave impedance of TE and TM waves in terms
of the wave impedance of TEM waves.

17.3.2 Transverse Electric (TE) Waves
For TE waves to exist, E, must be zero; that is, the only field component in the direction of propagation is a magnetic field

intensity component H.,. Substituting this condition in Eqgs. (17.18) through (17.21), we get the transverse components for TE
propagation:

_ y 17.27
-5 s (1727
g, — —Jon OH: [V (17.28)
Y24k Ox m ’



http://dx.doi.org/10.1007/978-3-319-07806-9_12

874 17 Waveguides and Resonators

_ —y OH. [A
-y OH, [A
R 0

Although not immediately apparent from these relations, it is possible to write these as a wave equation in H, which is the
only longitudinal component in a TE wave. Doing so allows representation of fields and properties in terms of the solution to
the wave equation. Since we have already obtained the wave equations for propagation in free space and in transmission
lines, this approach will allow us to build on the existing solutions. We start by taking the derivative with respect to y of
Eq. (17.27) and the derivative with respect to x of Eq. (17.28):

OE, —jou O°H. OE ' O°H.
i = —Jw/jtz R an —y = Jwﬂ 5 — (17.31)
Oy y2+4+1k* 0y? ox p24 k> ox?
Subtracting the first of these relations from the second and rearranging terms gives
0’H. 0°H, y*+k [ OE, OE,
SR e S 10 (17.32)
0x? 0y? Jou Ox Oy
Now, using Eq. (17.8) to eliminate the components of E, we get
O*H, O*H. ,,
S+ = K)H. =0 17.33
0x2 * 0y? + (7 + K)H: ( )

This is a wave equation in H, alone and will be taken from now on as the defining equation for TE waves whenever we
need to do so.

Comparison of this equation with Eq. (17.24) shows that they are of the same form if we replace the term y* + k* by a
single term, which is denoted as k%:

K=y 4K (17.34)

Now, we can write the propagation constant as

Pe=R =1 = =R =/ — o (17.35)

that is, the propagation constant for TE waves is not the same as for TEM waves. Whereas the propagation constant for TEM
waves in Eq. (17.22) is only zero for @ = 0, the propagation constant for TE waves is zero if

k. = w\/pe [rad/m)] (17.36)
Since a zero propagation constant means no propagation, this condition is quite important in propagation of TE waves.
The following conditions may be distinguished:

(1) k2 = w’ue. This is the condition for no propagation. k. is called the cutoff wave number or, alternatively, we call the
frequency for which this happens the cutoff frequency:

k.
NI

fo= [He] (17.37)

and the corresponding wavelength the cutoff wavelength.
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(2) w’ue < k2. For these values of k., the propagation constant y7 is real. From the definition of the propagation constant as
y = a + jp, this condition leads to y = a; that is, there is no propagation (phase constant is zero), but there is
attenuation. This type of attenuated, non-propagating wave is called an evanescent wave and occurs for f < f..
Note that the attenuation here has nothing to do with losses: It occurs in lossless media as well. If we substitute this
condition in Eq. (17.35), we get

2 2
Yre = \/ K2 — @Pue = \/(2ﬂ)2f2/,te<];% - 1) = to/ue /% -1, f<f. (17.38)

The attenuation constant for evanescent waves [taking the positive solution in Eq. (17.38)] is

2 N
e = w/jiEy /% 1 [Ep} (17.39)

(3) w’ue > k% Now, the propagation constant in Eq. (17.35) is purely imaginary and the wave propagates, without
attenuation (lossless media). This occurs for any frequency above the cutoff frequency f..

In conclusion, for TE waves to propagate, the frequency of the waves must be above a given cutoff frequency. We will
also see that this frequency depends on the conditions under which the wave propagates.
Substituting the condition for propagation in Eq. (17.35), we get

2 2
rie = \J& — wtpe = ¢ (—1)(2ﬂ)2f2ﬂ8<1 —;) - oy [1 5. £, (17.40)

that is, the phase constant (y = jf for lossless media) is

2 d
o1 [ ras, )

where, again, we took only the positive form of the phase constant. The phase constant for TE waves is smaller than that for
TEM waves since the term under the square root is smaller than 1 for any frequency f > f..
By definition, the wavelength is

2z 2n A
AtE = ——

NN N

(17.42)

where 1 is the wavelength for TEM waves in unbounded space. The TE wavelength is larger than that for TEM waves for any
given frequency for which the two waves propagate.
From the phase constant, we can calculate the phase velocity, again by definition:

VTE = —— = (1743)

NN e

® 1 Vp [E}
s

where v, = 1/,/ue is the phase velocity for TEM waves. Therefore, the phase velocity for TE waves is always larger
than the phase velocity for TEM waves.

Although we talked about the propagation and phase constants, we neglected the attenuation constant so far and, together
with it, the possibility of losses in the domain in which TE waves propagate. Losses may be easily introduced by starting
with the propagation constant in Eq. (17.35) and replacing the permittivity € by the complex permittivity . = (1 — jo/we),
where o is the conductivity of the dielectric and ¢ is its permittivity. This is identical to what we did in Section 12.7 for plane
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(TEM) waves. In addition, we will assume here that losses are small: high-loss TE and TM propagation is of little interest in
the context of this chapter. Introducing the complex permittivity in the propagation constant in Eq. (17.35), we get

Yre = \/kf - a)2/1€(1 —jé) = \/—1 [a)z,us(l —ji) - k?} :j\/(a)z,ue — k2) — jouo (17.44)

where j = v/—1 was used to rearrange the expression. Equation (17.44) may be written as follows:

1/2
. . . Jjouo
c

For low losses (¢ small), the expression in parentheses may be expanded using the binomial expansion so that the
attenuation and propagation constants may be separated. The low-loss condition now requires that the second term in the
parentheses in Eq. (17.45) be small with respect to 1 (see Section 12.7.2):

wuc

— K 1 17.46
(0Pue — 1) < (17.46)

Expansion of the term in parentheses in Eq. (17.45) using the binomial expansion gives

1/2 2 3
Jjouc 1 Jjouc 1 jouc 1 jouc
] -— =l-=—— -] +=———] + - 17.47
( w?ue — kf) 2 (a)z,ue - kf) 8 (a)zye - kf) 16 (a)zye - k?) ( )

Retaining only the first two terms in the expansion gives an approximation to the propagation constant in Eq. (17.45) as

. 1 [OUC wpUc .
yie ~j\Jo’ue — k(1 -3 2J o)) = £ +Jjy) 0*ue — K (17.48)
w’pe — k; 2\/ wtue — k2

The first term on the right-hand side is the attenuation constant and the second is the phase constant. To put these in a form
compatible with other expressions in this section, we can write k. in terms of the cutoff frequency [see Eq. (17.37)] as
kZ = 2af.)’ue = wlue. Substituting this in Eq. (17.48) gives

. wpHo . WU .
yp=a+jpe——m———— +j\/0?ue — 0Py = —————— + j Jue\/ 0* — ?
e 2/ e — wlue ¢ 2/ 0* — w? ‘

WUc ) o, 26 u 1 . 2
- +joyi 1 - (2 =—\f L ey i- g (17.49)
20 /fiE\ 1 — (/o) (“’) Ve -y

Separating the real and imaginary parts of the propagation constant gives the attenuation and phase constants. The phase
constant is identical to that obtained in Eq. (17.41) for the lossless case (i.e., under the assumption of low losses and
neglecting the higher-order terms in the expansion in Eq. (17.47), the phase constant in the lossy case is the same as for the
lossless case). The attenuation constant is

_ o Np
arg = ﬁ {E] (17.50)

where # = \/u/¢ is the intrinsic impedance of the material in which the waves propagate. This relation only holds above
cutoff since the condition we imposed in Eq. (17.46), in effect, requires that f > f.. At cutoff, there is no propagation,
whereas below cutoff, the relation in Eq. (17.39) must be used.
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Finally, we can also calculate the wave impedance by dividing the transverse electric field intensity by the transverse
magnetic field intensity [E, in Eq. (17.27) and H,, in Eq. (17.30) or £, in Eq. (17.28) and H in Eq. (17.29)] and imposing the
direction of propagation in the positive z direction:

E, E, jou
T — —~ — 22 I 17.51
N T (] (17.51)
Substituting the propagation constant for waves above cutoff from Eq. (17.40), we get
Zg = (17.52)

Jou :\/E 1 ., 1 @
jovie1-£21e Ve i—pe g

The wave impedance for TE waves is frequency dependent and always larger than the wave impedance for TEM waves
except at f — oo, where the two are equal. At cutoff (f = f.), the wave impedance for TE propagation is infinite. This result
gives another interpretation of cutoff: infinite wave impedance which, of course, means that for any finite electric field
intensity at cutoff, the magnetic field intensity is zero and, therefore, there can be no propagation of power.

17.3.3 Transverse Magnetic (TM) Waves

The condition for existence of TM waves is H, = 0, that is, the only field component in the direction of propagation is an
electric field intensity component E.. Substituting this condition in Eqs. (17.18) through (17.21) yields the field equations for
TM waves since these waves will only have components of the magnetic field transverse to the direction of propagation as
required. The steps are identical to those for the TE waves. First, we write the field components by substituting the condition
H, = 0 in Egs. (17.18) through (17.21):

o ﬁ aa_i % (17.53)
L = ﬁ aa_% % (17.54)
L= yz_i—“’; % % (17.56)

The wave equation equivalent to these four equations is obtained by taking the derivative of H, with respect to y in
Eq. (17.55) and the derivative of H, with respect to x in Eq. (17.56). Subtracting the second from the first and then using
Eq. (17.4) to eliminate the components of H (see Exercise 17.1) gives

0’E. O’E.
e e (PP +1)E. =0 (17.57)

Comparison of Egs. (17.57) and (17.33) reveals that the two equations are identical in form. Therefore, we should expect
all relations in Egs. (17.34) through (17.50) to remain unchanged since these were obtained from Eq. (17.33). Also the same
are the definitions of the cutoff, propagation above cutoff, and attenuation below cutoff.
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However, the wave impedance is calculated from the transverse components of the electric and magnetic field and these
are different, as can be seen from Eqs.(17.53) through (17.56). For propagation in the z direction, we take the transverse
components as E, and H,, from Egs. (17.53) and (17.56) [or E, and — H, from Egs. (17.54) and (17.55)] and get the wave
impedance for TM waves:

™TH, T T H, jwe jwe Ve f2_’7 f?

(17.58)

This impedance is lower than the TEM wave impedance #, except at f — oo, where the two are equal. At cutoff (f = f,),
the wave impedance for TM propagation is zero. This means that for any given magnetic field intensity at cutoff, the electric
field intensity is zero and, therefore, there can be no propagation of energy.

Table 17.2 summarizes the results we obtained for TE and TM waves in comparison with TEM waves, all above cutoff
(f > f.)- The definitions of TE and TM waves in Eqs. (17.27) through (17.30) and Egs. (17.53) through (17.56) were in
completely general terms. These apply universally since no other conditions (such as boundary or interface conditions) were
required. How we use these equations and how we define the interface conditions between different materials and, in
particular, for conducting interfaces will define the properties of the waves. In particular, we will look next to the properties
of the waves as they propagate in guiding structures which we call waveguides.

Table 17.2 Properties of TEM, TE, and TM waves

TEM waves
Cutoff frequency: f, [Hz]

Lossless phase constant: # [rad/m]

Low-loss phase constant: y

Joy/pe _% Jo/ugy |1 —%
Low-loss phase constant: f [rad/m] W+\/UE f,z fg
wyiE |1 -1 wiE 175
f f
Low-loss attenuation constant: a [Np/m] on on on
? 21 (F/f) 21 (f)
Low-loss propagation constant: y My jo /e on on
2 1= ¢.f) 21 = (uf)
+jo /e 1 — 2 /f? +jovue\ 1 f2/f?
Wavelength: 1 [m] 1 1 1
Tk N Vi1 =2
Phase velocity: v, [m/s] 1 1 1

Wave impedance: Z [€2]

VHE\ 1 = f2[f?
(A S
\ﬂx/l -2

VEE\ 1= f2/f?
ﬂ\/l — 12/

Note: 7 = /p/¢ is the no-loss intrinsic impedance of the medium in which the waves propagate

Exercise 17.1 Derive Eq. (17.57) from Egs. (17.53) through (17.56).



17.3  Transverse Electromagnetic, Transverse Electric, and Transverse Magnetic Waves 879

Example 17.1 An electromagnetic wave, propagating in a guiding structure, is given as follows:
E =ZjEoe ™ [V/m| and H = —(§jHo +XH)e * [A/m]

(a) The wave propagates in free space, its frequency is f = 3 GHz, and its phase constant is f = 12z [rad/m].
Determine the type of wave.

(b) Find the cutoff frequency, wave impedance, and phase velocity of the wave.

(c) Calculate the time-averaged power density in the structure.

(d) Calculate the magnitude of the electric and magnetic field intensities E, and H if the time-averaged power density
is uniform and equals 100 W/m?.

Solution: The type of wave is determined from the longitudinal component of the wave. After determining the type of
wave, its propagation properties are determined from Table 17.2:

(a) The wave propagates in the positive x direction and has transverse components in the y and z directions. The longitudinal
component, H,, is a magnetic field component. Therefore, this is a TE wave.
(b) The wave propagates in free space. From Table 17.2, we get

[/ Trad E N P
B = w\/igeo 1—f—2 [%} - f.= fz_wZﬂOEOZ fz—ﬁ [Hz]

With the given values, this is

144 x n? 10'°
fcz\/9><1018— X’;szx 0 24x10° [HY
T

Any wave below this frequency will not be propagated in the given structure.
The wave impedance is given as

1 377
Zip = [ - —628 [0
SO\/I—fz/fz 2.4 % 10°\ >
¢ 1— ([ =—/——_
( 3% 10° )
and the phase velocity is
1 c 3x 10 ¢ [m
Ve =06 <10 H

N =N N T

The wave impedance is larger than the intrinsic impedance of free space, and the phase velocity is larger than the speed
of light. The fact that the phase velocity can be larger than the speed of light will be discussed in the following sections
and was also discussed in Sections 12.7.4 and 13.3.1.

(c) The time-averaged Poynting vector is

Pav

_ Re{E x H*} Re{(zjEoe ) x ([yjHo — XHole""™)} Re{RE,H, — ¥y jEoHo} < Eofo [W}

2 2 2 2 m?2
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and, as expected, the time-averaged power propagates in the x direction. The transverse component of the power density
is imaginary.

(d) The magnitude of the electric and magnetic field intensities may be calculated from the wave impedance, which is equal
to the ratio between the transverse electric field intensity and the transverse magnetic field intensity, and the total power
per unit area:

E. E
- = — = 2 Q av — —_— 1 _
ZTE H, H 6 8 [ ], 73 00 |:

From these, we get

17.4 TE Propagation in Parallel Plate Waveguides

Now that we defined TE and TM waves and their general properties, it is time to define the conditions under which TE and
TM waves can exist. This will lead to the definition of waveguides and to the properties of waves in waveguides.

To keep in line with a simple explanation of guided waves but also in accordance with the definition of transverse electric
and transverse magnetic fields, we consider here the guiding of electromagnetic waves between two parallel conducting
surfaces, as shown in Figure 17.3. We will discuss TE waves first, followed by TM waves but will try to give a physical feel
to both the phenomenon of guided waves as well as to the properties of these waves. For this reason, we will rely less on the
properties defined in the previous sections and more on physical properties of the waveguide.

The parallel plate waveguide is made of two surfaces, which may be viewed as perfect conductors. This separation
into two surfaces (Figure 17.3) allows analysis of the reflections at each surface separately. This is convenient since we have
already discussed many of the properties of reflection at conducting surfaces in Chapter 13 and should be able to use those
results.

Figure 17.3 Construction 7
of a parallel plate waveguide

_|_

Z

Suppose a uniform plane wave impinges on the lower surface at an angle of incidence 6; and the wave is polarized
perpendicular to the plane of incidence. The incident and reflected electric and magnetic fields are as shown in Figure 17.4a.
The reflected wave from the lower surface then reflects off the upper surface, as shown in Figure 17.4b. The wave
propagates between the plates by repeatedly reflecting off the conductors. To calculate the fields and the propagation
properties between the plates, we calculate the fields above the lower plate using Figure 17.4a and then take into account the
effect of the upper plate, without the need to calculate reflections off the upper plate. The incident wave propagates in the
direction p; = —Xcos6; + Zsin6; and the reflected wave is in the direction p, = Xcos8; + Zsinf;. Based on these (see also
Section 13.3.1 and Exercise 13.6), we obtain the incident electric field as

E;i(x,z) = § Eje //(reos0tzint) [y /] (17.59)

E , . . i Lsing: A
H;(x,z) = — (—Xsin@; — Zcosf;)e P(-reosdi+zsind) [—] (17.60)
n m
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Figure 17.4 (a) Reflection of the incident wave off the lower plate in a parallel plate waveguide. (b) Reflection off the
upper plate

where f and # are the phase constant and intrinsic impedance in the medium between the plates. The reflected electric and
magnetic field intensities are

E,(x,z) = —y Eje /Preostitzsin0) 1y /) (17.61)
E. . . A
H,(x,z) = — (Xsin6; — Z cosf;)e Hlrcositzsind) H (17.62)
n m
The total electric and magnetic field intensities are (after rearranging terms and using the relation /% —
e Peos? — i sin(Bxcosh):
E,(x,z) = yj2E;sin(fxcosb;)e *5"0% [V/m| (17.63)
Ei oot . ~ —jpzsind; A
H;(x,z) = —2—[%jsin@;sin(fxcosb;) + ZcosO;cos(fxcosh;)]|e /% | — (17.64)
n m

This much is almost a direct rewriting of the result in Section 13.3.1 and has been done in detail in Exercise 13.6. We
note that the electric field intensity has only a y component whereas the magnetic field intensity has two components: a
component in the x direction and a component in the z direction. Therefore, this is a TE wave. Note also that both the incident
and reflected waves are TEM waves (both E and H are perpendicular to the direction of propagation) whereas their sum is a
TE wave.

The first task now is to calculate the time-averaged Poynting vector to see how power propagates. The Poynting vector
will then tell us the direction of propagation of the wave:

1 y W
’Pav = ERe{El X Hl} [E] (1765)
We note the following:
H) = —(ZH. +XjH1)e ™ = Hj = —(2H\, — %jH1)e™"% [A/m] (17.66)

From Eqs. (17.63) and (17.64) and using the relation in Eq. (17.65), we get

2 2 W

2F:; 2F;
Pu = Re{—ﬁj Lsin(2fxcosd;)cosf; + 7 — sinz(ﬂxcose,-)sinel} {—2} (17.67)
n n m

where § x (—X) =12, § x (=Z) = —X, j2 = —1, sin(Bcos;)cos(fcosb;) = (1/2)sin(2Bcosd;) were used to simplify
the expression. The Poynting vector has a real part in the z direction and an imaginary part in the x direction. The real part is
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2F? w
P, = 2 —Lsin?(fxcosb;)sinb; [—2} (17.68)
m m

The conclusion is that the time-averaged power propagates entirely in the z direction. The x component of the Poynting
vector is imaginary, and as we have seen in Chapter 13, this means there is no propagation in this direction. In the x
direction, there are only standing waves. The presence of the conducting surface causes energy to propagate only in the z
direction. The z direction is also called the guiding direction.

Before continuing and discussing the properties of the waves, it is worth pausing and looking at the physical meaning of the
above result. First, from Figure 17.4a, we note that the total wave is a superposition of two plane waves. Both plane waves are
transverse electromagnetic waves. One wave, the incident wave, propagates in the direction p; = —Xcos#; +Zsin6; and
the second wave, which we called the reflected wave, propagates in direction p, = Xcos6; + Zsin6;. Note, also, that the
phase constant of each wave depends on the phase velocity of the wave in the material above the plate and the angle 6;
as if the conductor did not exist. From this, we can draw the following picture: The phase constants of the incident and
reflected waves are the same in the direction of propagation of each wave and these depend on the phase velocity in the
given material:

1 m % 2 2mv 2w rad
- [_} 2= [m], p="= fp:f\/ﬁ [;] (17.69)

These are exactly the properties we expect from a plane wave propagating in a material with properties € and u.

The phase velocities in the guide direction and in the direction transverse to the guide direction may be found from
Figure 17.5. Consider the front of a plane wave propagating at an angle 6; to the normal, as wave front A. After some time,
the wave front has propagated in the direction of propagation of the wave, at a velocity v,, and is now at wave front B. The
horizontal distance the wave has traveled during the same time is the distance between A and B’. Thus, the wave front has
propagated faster horizontally than in the direction of 6,. From Figure 17.5, the horizontal phase velocity is

v B o

Figure 17.5 Relation between phase velocity of the incident wave and the guide and transverse phase velocities

This is called the guide phase velocity.
Similarly, the vertical distance the wave traveled is the distance between point A and B”. Since this distance is traveled
during the same time the wave traveled from point A to B, the phase velocity in the vertical direction is

__" {E} 17.71
Vi cosb; (17.71)

The phase velocity in the x direction is called the transverse phase velocity.
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Note that both the guide and transverse phase velocities are larger than or equal to the phase velocity of the plane wave,
v, for any angle between zero and /2. At zero incidence angle, the guide phase velocity is infinite and the transverse phase
velocity is v,,. At an incidence angle equal to /2, the transverse phase velocity is infinite and the guide phase velocity is v,,.

This result raises a rather interesting question. Suppose the wave propagates in free space above a conducting surface.
In this case, we know the wave propagates at the speed of light (v, = ¢). This means that the phase velocity is always larger
or equal to the speed of light in any direction which does not coincide with the direction of propagation of the plane wave.
You probably are distressed by this, but there is really no difficulty, since only the phase moves at this speed. No physical
quantity such as power moves at this speed. Perhaps the following example may explain this apparent difficulty: Suppose an
ocean wave propagates toward shore at an angle o and a constant speed v as in Figure 17.6. Suppose also, that we could mark
two points on the wave; one point, B, is the point the wave meets the shore at time z. The second is any point on the crest of
the wave. The wave propagates at a speed v and the time it takes point A to reach the shore (at point A") is At = ¢ = d/v.
During the same time, the point the wave meets the shore (point B) has also moved to point A’. Since the distance between B
and A’ is d/sina, the speed of propagation of point B is v = (d/sina)/At = v/sina. For any angle 0 < a < /2, the speed of
point B along the shore is larger than that of point A. If v = ¢, point B travels at speeds larger than the speed of light.
However, this is only an apparent speed, since nothing propagates physically from point B to A’ (i.e., a surfer cannot surf
along the shore at the speed point B moves!).

__wavefront
R A “---" \\

B A" A' shore

Figure 17.6 Relation between phase velocity and speed of propagation of an ocean wave impinging on the shore

Now that the phase velocities in the guiding and transverse directions are properly understood, we can also define the
phase constants and wavelengths in the guiding and transverse directions. These are

0 rad 2 2y v 1
-~ - 91_: 91. —, ﬂ —_ = p = P = ]7.72
2 v v cos pcos |: m :| ! B, wcos; fcosh; f./uecosb; m] ( )
®w rad 2w 2mv \% 1
— = g 01: 1 91 —, )« e — p = P = 17.73
Be Ve v s psin { m ] B, wsin; fsinG;  f/uesinb; [} ( )

The phase constants in the guiding and transverse directions are always smaller than those in the direction of propagation
of the oblique wave, whereas the wavelengths are always larger than for the oblique wave.

From the imaginary part of the Poynting vector, we concluded that in addition to propagation (in the z direction), there is
also a standing wave in the transverse (x) direction. To see how this standing wave behaves, we return now to the electric
field intensity in Eq. (17.63). We note that the field intensity has a sinusoidal variation with respect to x. Thus, the electric
field intensity is zero at the conductor’s surface and at any other point in space for which

sin (fxcost;)) =0 —  pxycos0; =mm, m=1,2,3, ... (17.74)

where x,,, are the locations of the nodes of the standing wave, a point we also made in Chapter 13. While the electric field
propagates in the z direction, it changes its amplitude in the x direction, but the nodes of the electric field intensity remain
fixed at points x,, such that

mn

m= Pcos0;

D, m=1.23.. (17.75)
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Although m can be positive or negative, we will only take absolute values, since the space x < 0 in Figure 17.4a is
assumed to be conducting. x,, can also be written in terms of the transverse wavelength of the wave (4, = 2x/f,) or in terms
of frequency of the wave (Af = v,,). Thus, we can write

ma mvy, m As
xm = = = = m-—
2cosf; 2fcosO; 2f\/uecoso; 2

D, m=1,23.. (17.76)

where v, = 1/,/ue is the TEM phase velocity in the material above the conducting plane. Note that x,, is measured in
wavelengths.

For now, we note that because the distance between two consecutive nodes of the standing wave pattern is any multiple of
half-wavelengths, the distance xcosf; must be a multiple of 1,/2.

Now, suppose that we place the second conducting plane at a point x as given by Eq. (17.76). Since this point is a node in
the standing wave pattern, nothing in the standing wave or the propagation properties of the wave would change. There is,
however, a very important difference: Waves now must be confined to the space between the two plates. We are free to place
the plates at any position x as long as the above condition is satisfied. The situation described above constitutes a waveguide:
the waves propagate in a given direction while they vary spatially in the transverse direction. Figure 17.7 shows a parallel
plate waveguide with a separation d = m4,/2. Note, also, the relation between 4, 4,, and 4, for the waveguide.

m)ug—>
X
y% V4

In this case, we placed the conducting plates at very convenient locations: at the nodes of the standing waves. By doing so,
we avoided the need to worry about interface conditions since the electric field intensity is zero at the conductors.

Suppose now we start the other way around: Instead of placing the conductors at the distance equivalent to that between
two or more nodes of the standing wave, we place them at an arbitrary distance d. What happens to the wave now? We can
easily answer this question from known properties: First, the electric field intensity at the conducting surfaces must be zero;
that is, the two plates must still be at nodes of the standing wave pattern. Second, neither the wavelength nor, alternatively,
the frequency of operation changed because of our choice of location for the plates. Inspection of Eq. (17.75) reveals that the
only variable possible is the angle of incidence 6,. The simple answer then is that if we were to place the plates at arbitrary
locations, these locations will become nodes in the standing wave pattern (electric field intensity is zero) and only waves
with an angle of incidence that satisfy this condition will propagate. It is therefore reasonable to rewrite Eq. (17.75) in terms
of the angle as

Figure 17.7 A parallel <~— mAg/2 —
plate waveguide showing — -
the guide and transverse
phase velocities and
wavelengths

miA  mv m
cosf; = =—L_

_mh_my L m=123... 17.77
24~ ofd  ofdyue {1777)

where d is the distance between the plates. From Eq. (17.77), it appears that the larger d, the smaller the value of cos 0, for
any given value of m. In the limit, cosf; approaches zero (6; approaches 7/2). The same effect can be observed with regard to
frequency: For a given waveguide, the higher the frequency of the wave, the smaller cos 6; and the closer 6; is to z/2. On the
other hand, as d becomes smaller at a given frequency or as the frequency becomes lower for a given d, the angle 6;
approaches zero. From Eq. (17.77), we can see that for any frequency, such that

2fdjue >m — cosh; <1, m=1,2,3,... (17.78)

Thus, sin@; > 0 and the power propagated in the waveguide [based on Eq. (17.68)] is real and larger than zero. At

ddJug=m — cosbi=1, m=1273,... (17.79)
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At this frequency, there is no propagation of power in the waveguide since sind; = 0 and the power in Eq. (17.68) is zero.
The frequency at which a wave ceases to propagate was defined in Section 17.3.2 as the cutoff frequency for the wave.
From Eq. (17.79),

fon = [Hz, m=123... (17.80)

2d Jie

Comparing this with the cutoff frequency, we obtained in Eq. (17.37), the cutoff wave number may be written as

m

d
_nr [5} m=1,2,3... (17.81)

and for each value of m, we have a different cutoff wave number. Similarly, we can write the cutoff wavelength as
Aem = 27lk o

2d
Aem=—[m], m=1,2,3... (17.82)
m

Recall that m is the number of half-cycles in the standing wave pattern. We call this a mode of propagation and the cutoff
frequency is specific for a particular mode. For m = 1, the mode of propagation is a TE; mode. The general mode is called a
TE,, mode. Between the parallel plates (Figure 17.7), the field in the y direction is uniform. This results in a zero mode (no
standing wave pattern) in this direction. Thus we can also call the TE; mode a TE;y mode or, in general, a TE,,; mode.
The latter notation is more common, especially since practical waveguides are finite in both transverse directions and are
therefore characterized by modes in each of the transverse directions. In a parallel plate waveguide one of the mode indices is
always zero. In TE modes in parallel plate waveguides, the second index is always zero, but the first cannot be zero [m # 0:
see Eq. (17.74)].

Now that we have the electric and magnetic fields for the parallel plate waveguide and the relations among frequency,
dimensions, and modes are known, we can calculate other properties of the waveguide. One important parameter is the
guide wavelength, which is discussed next.

Consider a wave at any frequency f > f,,, so that the wave propagates between two plates, separated a distance d apart, as
in Figure 17.7. From Eq. (17.77), the angle of incidence must be

mi A fo

cos0; d m ,2,3 (17.83)

Note that 4., differs for each value of m for any given value of d as in Eq. (17.82). Thus, again we have the familiar
situation in which the closer the wavelength of the wave to the cutoff wavelength, the closer cos 6; is to 1 and 6; to zero.

What about the properties of the propagating wave? Since wave properties depend on the angle of incidence, we can write
for the wave of frequency f > f..:

12 2
sinH,-:\/l—cos2t9,-:\/l—AT:\/ ]}g", m=1,23... (17.84)

With this, the guide phase velocity [Eq. (17.70)], the guide wavelength of the wave (4,) [Eq. (17.73)], and guide phase
constant are

e e b e
hy = — A fm] (17.86)

sin@; \/1 22 \/1 P2
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po=p 1= E i =1 | (17.87

With these quantities, we go back to the equations for the electric and magnetic fields and write them in terms of the
propagation constants. From Egs. (17.84) and (17.83), we write

sing; = /1 — 2/, cos; = % (17.88)

Also, we will den_ote the quantity Ey = 2F; as the amplitude of the electric field intensity in Eqs. (17.63) and (17.64) and
recall that the term ¢/ is also present. Substituting these in Egs. (17.63) and (17.64) gives the components of the electric and
magnetic field intensities. In the time domain, these are

A . . [mrx
E|(x,z,1) = y]Eosm(T)cos (a)t —pzy /1 — /12//1?,")

5 vV (17.89)
— v Epsin( 2% ) cos a)t—ﬂz—&—E :—onsinﬂ sin( ot — 22 —
YRS\ 7y S d Je m
where Eq. (17.87) was used for 3, together with the relation f, = 27/, j = ¢ and cos(a + 7/2) = —sina. Performing
identical substitutions for the magnetic field intensity, we get
. Eo 2 E 2 A
Hi (x,z,7) = X — ging; sin Y sin(wr —F2) — 220 cosd; cos Y cos(wr — "2 — (17.90)
n d Ag n d Ag m
From Eqgs. (17.86) and (17.83), we write sin¢; = A/4, and cos#; = A/A,,. Substituting these into Eq. (17.90),
Eo 4 2 Ey 2 2 A
H(x,z,0) =% 22 sin(mﬂx)sin<a)t—”z> —i—o—cos(@) cos(a)t—”z) — (17.91)
n Ag d Ag n Aem d Ag m

The electric and magnetic fields may also be written in the frequency domain by noting that sin(wt — 27z/A,) =
cos(wt — 2nz/dg — n/2), j = &%, —j = ¢ and that cos(wt — 27z/A,) = Re{e/®e?7/%}. Thus, the electric and
magnetic field intensities in the frequency domain written with the phasor notation are

0 [V
Ei(x,2) = ¥ jEo sin(?) eI/ M (17.92)
Ey A o Ey A ) A
Hi(x,z) = —)Zj;O % sin(?) el g 70 7 cos (?) el [a] (17.93)

The electric and magnetic fields vary in the transverse direction, but the electric field intensity is always zero at the
conducting surfaces. The fields in waveguides are usually written as longitudinal and transverse components. Separating
Eqgs. (17.92) and (17.93) into their components, we get the following:

Longitudinal component:

Ey 4 ; A
H.(x,z) = 770 P cos(%) el LJ (17.94)
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Transverse COIIlpOl’leI’ltS:

mnux v
Ey(x,z2) —]Eosm< y )e”z”“” {a} (17.95)
Ey A . max\ _, A
Ho(nz) = 20 A G (M e [A 17.96
59 = = s M (17.96)

The power propagated in the wave is calculated using the Poynting vector. The time-averaged power density propagated
in the z direction is

1 N E} A . ,/max W
Pav = —EEy(X, Z)HX(X,_)/) = Z /l_g Sin (7) E (1797)
Finally, since the propagation is in the z direction, we can also define the characteristic impedance of the waveguide by
dividing the transverse component of the electric field intensity (E,) by the transverse component of the magnetic field
intensity (H,):

—n— (17.98)

V- ﬁ/m, e f;m/f

The wave impedance is, in fact, larger than the impedance for TEM waves. Also, unlike the wave impedance n for TEM
waves, the wave impedance for TE waves is frequency dependent. The wave impedance tends to infinity at cutoff (f = f,,,,)
and to n as the frequency approaches infinity (f > f.,,,) (see also Section 17.3.1 and Table 17.2).

Example 17.2 Application: Use of the Guiding Effects of the Ionosphere to Propagate Low-Frequency
Waves The ionosphere is a region of relatively high density of charged particles produced by the solar wind.
These particles act as a layer of relatively high conductivity at low frequencies. Thus, the ionosphere, which starts
at about 90 km above the surface of the Earth, may be viewed as a conducting spherical surface enclosing the Earth.
The surface of the Earth is also a relatively good conductor at low frequencies. These two surfaces create a parallel
plate waveguide. Low-frequency waves are reflected back and forth, propagating along the surface of the Earth to long
distances. The waves may even encircle the Earth and interact, causing fading of reception in radio receivers. The
ionosphere is not fixed in space. It tends to be lower during the day when the supply of charged particles is high, and
higher during the night when the Sun is shielded by the Earth.

Assuming the ionosphere and the surface of the Earth to be perfect conductors separated a distance of 90 km, the
properties of air to be those of free space and neglecting the curvature of the Earth:

(a) Find the lowest cutoff frequency for a TE wave propagating parallel to the surface of the Earth.

(b) Find and plot the wave impedance for the lowest mode, as a function of frequency.

(c) Find the total electric field intensity at a point after the waves have encircled the globe once. Take the average
radius to be 6,400 km. Assume the frequency of the wave is twice the cutoff frequency.

Solution: The propagation of waves is in a parallel plate waveguide (approximately, because the curvature of the Earth is
neglected), as shown in Figure 17.8. The lowest cutoff frequency is the TE; (also called the TEy mode) and it is entirely
defined by the distance between the ionosphere and Earth. The total electric field intensity at a point is the sum of the incident
field and the same field after it encircles the globe. Since there is no attenuation, only the phase of the electric field intensity
has changed:
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ionosphere (conductor)
T :

y .
90 km propagation
L T x

surface of earth (conductor)

Figure 17.8 The ionosphere and Earth surfaces as a parallel plate waveguide

(a) The lowest mode is the TE;y mode. From Eq. (17.80), with m = 1, and d = 90,000 m

1 3 x 108
— = 1667 [H
Feto 2d Jiiges 2 x 90,000 H]

where 1/, /g0 = 3 X 108m /s is the speed of light. TE waves below this frequency cannot propagate.
(b) The wave impedance is frequency dependent:

Mo 377
\/1 — 2 \/1 (1667)*/f>

€]

This impedance is infinite at f = f.. At three times f., the wave impedance is 399.87 Q. As frequency increases, the
impedance decreases. As the frequency tends to infinity, the wave impedance tends to 7. The plot of Zx with frequency
is given in Figure 17.9.
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Figure 17.9 Wave impedance for the TE;, mode propagating in the ionosphere—Earth waveguide

(c) Assuming the electric field intensity to be as in Eq. (17.96), we get

\Y
Ey(x,z) *]Eosm(m;r ) 272 [—]

m
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At the given frequency, the guide wavelength is
A 3x 10

— fonlf? N /f2 2 % 16671/1 — (0.5)?

Note that this is larger than the wavelength in free space, which is 89,982 m. Substituting A, in the expression for the
electric field, we get

=103,902 [m]

X ; A\
E = iEqsi —j272/103,902
y(x,2) = 08111(90’000)e -

The phase constant of the wave is therefore

d
f, = 2/103,902 {3}
m

In encircling the globe, the phase changes by

0=,z =27Rp, =2 x 7 x 6400 x 10° x 2 x 7/103,902 = 2,432 [rad]

Taking the point at z = 0 as a reference ((z = 0) =0), the electric field intensity after encircling the globe is

T X —pan |V
Ey(x,0) :]Eosm(%, 000>e J {E}

This adds to the electric field intensity that already exists at z = 0, and the total electric field intensity is

o X _i v
Ey(x, 0) ]EOSIH(W) (1 +e 12’432) |:a:| .

17.5 TM Propagation in Parallel Plate Waveguides

Propagation of TM modes can be obtained as for TE modes by starting with a wave impinging obliquely on a surface, but
now we will assume parallel polarization; that is, the electric field is parallel to the plane of incidence. Since we have
done this in detail for TE waves and since oblique incidence on a conductor for parallel polarization was discussed
in Section 13.3.2, we will take the electric and magnetic fields obtained in Exercise 13.8 as the given fields above
the conducting surface (in medium (1)). The configuration is shown in Figure 17.10. The total electric and magnetic
fields are

Ei(x,z) = 2E;[Xsin6;cos (fxcosb;) + 7 jcosb; sin(Bxcosd;)]e #=n [V /m] (17.99)

E; e A
H(x,z) = y2— cos(fxcosd;)e /=i {a} (17.100)
n
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Figure 17.10 One plate of
a parallel plate waveguide
and the incident and
reflected waves for parallel
polarization

N .
XEsin6;

air

(M

z

! conductor (2)

The similarity between these equations and Eqgs. (17.63) and (17.64) is easy to see. For the purpose of this discussion, the
following properties are important:

(1) From the calculation of the time-averaged Poynting vector (see Exercise 17.3), the wave propagates in the positive z
direction.

(2) The waves in the x direction are standing waves only.

(3) The magnetic field intensity is in the y direction and is entirely perpendicular to the direction of propagation.

(4) The electric field intensity has components in the x and z directions. Thus, the fields in Eqs. (17.99) and (17.100) are the
fields of a transverse magnetic (TM) wave.

(5) All other relations, including the angle of incidence, the propagation constants, wavelengths, and phase constants remain
as defined for TE waves. A comparison between Eqs. (17.99) and (17.64) shows that the x component of the electric field
intensity for TM propagation varies in the same way as the z component of the magnetic field intensity for TE
propagation. Similar comparison can be made on the z component of the electric field intensity and the y component
of the magnetic field intensity. Thus, we can use the relations obtained for TE waves directly. Since the zeros in the
standing wave pattern are the same as for the TE wave, the parallel plate waveguide looks like the waveguide in
Figure 17.7; that is, the distance between the plates is d and the relations in Eqs. (17.77) through (17.88) apply here as
well. In particular, we use the following:

A A 2
sin6; = Z’ cos; = o Bcosl; = %, psing; = f, = /1—: (17.101)
Now, we substitute these in Eqs. (17.99) and (17.100) and obtain

y) . A o v

Bi(x,7) = XEo - cos (?) e 2l y g o sin(?) o2 Ln] (17.102)
Ey mmx . A

H : — v ( ) —j2nz/Ag — 17.103
1(x,2) =y . cos(—~ e o ( )

where Ey = 2FE; is the amplitude of the electric field intensity. Rewriting these as longitudinal and transverse components,

we get
Longitudinal component:

p . v
E-(x,2) = jEy3— sin (?) eI/ M (17.104)
Transverse COmpOnentS:
i A v
Ex2) = o cos(%)efﬂ“/@ H (17.105)
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_ B0 o (X i | A
Hy(x,z) = . cos( 7 )e (17.106)

The time domain expressions are obtained using Re{—je 7™/} = sin(wt — 2mz[A,) and Re{e /27 48g/oty —
cos(wt — 2nz/l,):

—_— 2 A 2 \
Ey(x,z,1) :XEOZ cos % cos a)t—i: —iEOE sin % sin wt—%: [a] (17.107)
E 2 A
Hi(x,z,1) =y 70 cos(?) cos (wt - Aij) {a} (17.108)

The time-averaged Poynting vector may be calculated from the transverse components in Egs. (17.105) and (17.106). Its
magnitude is

1 % E3A o (MTX w
Pay = ERe{Ex(x, DHE(x, z)} =2 <O (7) m~ (17.109)
We can also calculate the wave impedance of the waveguide as
E, A
Zow == =1 =2/, =1 -2/ [@ 17.110
m= g =1 = =R == (17.110)

where Eq. (17.86) was used to obtain the expressions in terms of the mode cutoff wavelength (4.,,,) or mode cutoff frequency
(fom)- Note that the wave impedance for TM waves is always smaller than the intrinsic impedance 7, whereas at cutoff,
Zry = 0 (see also Section 17.3.3).

Exercise 17.2 Derive Egs. (17.102) and (17.103) for a conducting surface at x = 0. Assume the electric and
magnetic fields are as in Figure 17.10. Show first that given the incident electric field intensity E;(x,z), the incident
magnetic field intensity and reflected electric and magnetic fields must be as shown. Then, evaluate the total fields
E\(x,z) and H(x,z) above the conducting surface.

Exercise 17.3 Calculate the time-averaged Poynting vector using the fields in Egs. (17.99) and (17.100). Show that
real power propagates in the z direction and reactive power exists in the x direction.

Example 17.3 Application: TM Propagation in Microstrip Waveguides An integrated circuit waveguide is made
of a very thin layer of silicon with two strips of aluminum deposited as shown in Figure 17.11 (hence the name
microstrip or stripline waveguide). The thickness of the silicon is 0.1 mm and the width of the strips is 2 mm. The
structure is used to couple energy between two devices (not shown). TM waves are used in the second TM mode.

Assume lossless propagation, with permittivity of silicon equal to 12¢, [F/m] and permeability equal to yx, [H/m].
Also, assume there is no fringing at the edges of the stripline (all energy is contained between the plates):

(a) What is the lowest frequency at which the waveguide can be used and still maintain the second TM mode of
propagation?

(b) What is the maximum time-averaged power the waveguide can propagate at 900 GHz without causing breakdown
in the silicon? Breakdown in silicon occurs at 32 kV/mm.
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Figure 17.11 Construction , X
and dimensions of a | ¢ w%é*//
microstrip waveguide

d=0.1 mm silicon y
T —
T ~—w=2 mm—

Solution: The cutoff frequency of the second mode is given in Eq. (17.80) with d = 0.1 mm and m = 2. The peak electric
field intensity in the waveguide cannot exceed 32,000 V/mm anywhere, else breakdown will occur. Thus, the peak electric
field intensity is 3.2 x 107 V/m. The allowed power density is now evaluated from Eq. (17.109) using the peak value for E,,.
The power density is then integrated over the cross-sectional area of the waveguide to calculate the total power:

(a) The cutoff frequency for the TM5; mode is

2 2x3x10°
2d\/ue  0.0002 x /12

fer = =866 [GHz]

This waveguide operates well into the millimeter-wave range (see Section 12.4).
(b) The time-averaged power density is

_ EA o (MTX w
P = i, (7) m2

where 4 = v,/fis the wavelength, v, is the phase velocity, # = /u/¢ is the intrinsic impedance in silicon, and 4, is the
guide wavelength given in Eq. (17.86), all calculated in silicon. These values are

c  3x10® m
Vy=——=""—" =866x10" |—
PVvE V12 M
v, 8-66x 10
A== " —962x107°
f 9 x 10! ]
Mo 377
Ve V12 )
) 622 % 1073
; ) 622 x ~353x 10 [m]

- V1= B \/1 — (866/900)°

The time-averaged power density is

3.2 % 107)% x 9.622 x 1073 2
Pa = ( ) c0s2< i

= 1.282 x 10'% cos (20, 000 W
2 x 108.83 x 3.53 x 107* 0,0001> cos “( 7X)

m?2

This power density is independent of y but varies with x. Taking a strip parallel to the width of the structure as wdx,
multiplying by the power density above, and integrating over x gives the total power flowing through the cross section of
the waveguide:

x=0.0001 x=0.0001
P= J Powdx = o.oon 1.282 x 10" cos 2(20,000zx)dx
x=0 x=0
x=0.0001
0.0001
=2.564 x 10° §+ sin?(40,0007x) =1282 [kW]
T

x=0
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This is a considerable amount of power for a waveguide this small, but then the electric field intensity is also extremely
large. Normally, the maximum electric field intensity is kept well below breakdown. Even so, waveguides can transfer
relatively large amounts of power.

Example 17.4 Application: Discontinuities in Waveguides Two striplines are connected as shown in Fig-
ure 17.12. Both striplines are 30 mm wide. Assuming TM propagation, calculate:

(a) The lowest frequency that can be propagated if the source is connected on side A of the structure.

(b) The lowest frequency that can be propagated if the source is connected on side B of the structure.

(c) Does it make any difference in (a) and (b), if the waves are TE waves? Why?

(d) Calculate the wave impedance of the two striplines for TE and TM waves at a frequency twice the structure’s
cutoff frequency.

(e) Calculate the reflection and transmission coefficients for waves propagating from A to B and for waves
propagating from B to A at the frequency in (d) for TE and TM propagation.

Figure 17.12 Two T
microstri ides of o @

p waveguides o V( (1) 2
different spacings connected l | £€0,MUo l
together I mm €0, o

t 4 ?‘ B

Solution: The cutoff frequency of the combined structure is that below which a wave cannot propagate in the structure even
though it may propagate in one of the two waveguides. To solve the problem, we calculate the individual guide’s cutoff
frequencies and compare to see which of the modes can be propagated in both waveguides:

(a) The cutoff frequencies for TM ;o mode in the two sections are:
In the small guide:

) 1 3 x 10
= - =150 [GH
Jel = 2 ize 2 % 0.001 (GHz]
In the large guide:
1 3 x 108
£ * 2 _75 [GHz

U T 2d Jliges 2 x 0.002

Since the small guide can only propagate above 150 GHz and the large guide above 75 GHz, the combined structure can
only propagate above 150 GHz.

(b) The individual cutoff frequencies are the same as in (a). The large guide can propagate above 75 GHz, but the small
guide cannot propagate between 75 GHz and 150 GHz. The minimum frequency that the structure can propagate is
150 GHz.

(¢) No, it makes no difference, since the cutoff frequencies for TE,,, and TM,,, modes are the same.

Note: This structure is a mismatched structure and causes reflections at the continuity. In practice, this type of
connection should be avoided.

(d) The cutoff frequency of each stripline is different. Therefore, their wave impedances must also be different. The cutoff
frequency for the composite structure is 150 GHz. Therefore, the wave impedances for TE and TM modes at 300 GHz,
for the two striplines, are [from Eqs. (17.98) and (17.110)]



894 17 Waveguides and Resonators

Zo =my/1 — fml/f2 =3774/1 — (150/300)* = 326.5 [Q)]
Zry = /1 —f2,/f2 = 3774/1 — (75/300)* = 365 [Q)]

Zrp) = 7 =43535 [Q]
V1 ffcml e \/ 1 — (150/300)2
1 377 —1389 [Q]

Zipy = \/ 2 /f? \/1 (75/300)*

Note: ZTEM = No = 377 Q and ZTM < ZTEM < ZTE-

(e) The discontinuity caused by the connection of the two striplines is due to the differences in wave impedances of the two
sections. Therefore, the connection may be viewed as the interface between two line sections with different properties. In
propagating from A to B:

For TE propagation:

Zrey — Z1E1 _ 389 — 435.32 B
Zres + Zre1 - 389 +435.32

2= —0.056

For TM propagation:

Zovs — Zot 365 — 326.5
Iy = = — 0.0557
2 s + Zomn 365 + 3265

In propagating from B to A:
For TE propagation:

Iy = —TI'1p =0.0557

For TM propagation:

Iy =~y = —0.0557.

17.6 TEM Waves in Parallel Plate Waveguides

In developing the relations for TE and TM waves in parallel plate waveguides, we relied on the oblique incidence of a TEM
wave on the conducting surfaces of the waveguide. This caused reflections at the conducting surfaces, and the sum of the
incident and reflected waves produced either a TE or a TM wave, depending on the initial polarization of the TEM wave. We
also mentioned that if the incident TEM wave propagates parallel to the surface of the conductors, the conductors do not affect
the wave or any of its properties. Therefore, if a TEM wave, such as a plane wave, propagates such that it does not reflect off
the conducting surfaces (i.e., if the angle of incidence is 7/2) a TEM rather than a TE or TM wave will propagate in parallel
plate waveguides. This possibility was discussed at length in Chapter 14, particularly in Section 14.6. There is little that
needs to be added here except to indicate that TEM waves can indeed exist in parallel plate waveguides and, when they do, the
properties in column 1 of Table 17.1 apply. These are the same properties we used for parallel plate transmission lines and for
plane waves in the unbounded domain. However, one point needs to be mentioned again: The cutoff frequency of any TEM
wave is zero; TEM waves of any frequency may propagate on the line, as we have seen for parallel plate transmission lines.
Also, unlike TE and TM waves, the phase velocity and wave impedance are independent of frequency (for lossless
dielectrics). This also means that the lowest possible mode of propagation is a TEM mode. For any waveguide, the lowest
possible mode of propagation is called a dominant mode. In parallel plate waveguides, this is the TEM mode (with cutoff at
zero frequency).

TEM waves can only propagate in waveguides made of two conductors. In single, conductor waveguides only TE and/or
TM modes may exist.


http://dx.doi.org/10.1007/978-3-319-07806-9_14
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17.7 Rectangular Waveguides

In the parallel plate waveguide in the previous sections, the fields only varied in one transverse direction, whereas
propagation was along the plates. Because of that, analysis of the fields was simple. True parallel plate waveguides are
not practical since all dimensions must be finite. Although structures resembling the parallel plate waveguide can be built
(such as the striplines in Examples 17.3 and 17.4) and are quite common in microwave integrated circuits, most waveguides
are closed structures. A rectangular or cylindrical tube or some other type of enclosed conductor may be used. In the most
general sense, the conductor is not a condition of existence of guided waves; only total reflection from a boundary is
required. However, to simplify the discussion, we will restrict ourselves to waveguides defined by highly conducting
surfaces.

One of the most common and simple waveguide structures is the rectangular waveguide. You can imagine a rectangular
waveguide as the intersection of two pairs of parallel plate waveguides, one lying horizontally and one vertically as shown in
Figure 17.13. This view has the advantage of defining the waveguide in terms of the parallel plate waveguides we have
already discussed. We will not take this approach here since now the structure is two dimensional and the definition of angles
of incidence is not as easy to visualize. The actual calculation of fields in the waveguide will be done based on the TE and
TM waves described in Eqs. (17.27) through (17.30) and Eqs. (17.53) through (17.56). However, it helps to view the
rectangular waveguide as being made of two sets of parallel plates because, then, we can argue that the transverse variation
of fields in the rectangular waveguide is a combined variation of the vertical and horizontal plates since both transverse
components of the field (if both components exist) are standing waves. The results we obtain here will show these variations.

- (q —

Figure 17.13 A rectangular waveguide (shown in cross section) as a combination of two parallel plate waveguides

A rectangular waveguide is shown in Figure 17.14. The dimensions of the waveguide are the internal dimensions and the
walls are assumed to be perfectly conducting. To see how the electric and magnetic field intensities in a waveguide of the
type shown in Figure 17.14 behave, we will solve Eq. (17.33) for TE waves or Eq. (17.57) for TM waves, subject to
boundary conditions on the conducting boundaries. We start with TM waves because the boundary conditions are
straightforward.

8]
\h—@—»l
Q

Figure 17.14 Structure and dimensions of a rectangular waveguide
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17.7.1 TM Modes in Rectangular Waveguides

The TM modes are defined by the longitudinal (z component) of the electric field intensity through the following equation
[Eq. 17.57)]:

0’E;  0%Ey

2 2 _
oty + (P +R)E. =0 (17.111)

subject to the condition that the electric field intensity must vanish on the conducting boundaries. These conditions (shown in
Figure 17.15) are

E.(0,y)=0 and E.(a,y)=0 (17.112)
E.(x,0)=0 and E.(x,b)=0 (17.113)
Y

le—— > ——

| a |

Figure 17.15 Boundary conditions for TM propagation in a rectangular waveguide

Equation (17.111) can be solved directly using separation of variables. This leads to two second-order ordinary
differential equations, the solutions to which are sinusoidal functions. The solution process is much the same as for
Laplace’s equation in Chapter 5. To solve this equation using separation of variables, we first use Eq. (17.34) to replace
the term y, + k, by a single term we denoted kf.. Then, we assume a separable solution for E, in the form

E.(x.y) = X(0)Y(y) (17.114)

where X(x) only depends on the x variable and ¥ (y) only on the y variable. This gives the x and y variations of the field. The z
variation is known from the propagation constant. Thus, once we obtain E,(x,y), we can write

E.(x,y,2) = E:(x,y)e (17.115)

where we assume forward-propagating waves. If backward-propagating waves also exist due to reflections, these must be
added, and as required, they must propagate in the negative z direction. Also, for simplicity, we will assume lossless
dielectrics in the waveguide (y = jp) but will retain the general form for the propagation constant to show that, in general,
losses exist in the waveguide.

Substituting Eq. (17.114) into Eq. (17.111) and dividing both sides of the equation by E,, we get

1 0°X(x) 1 0%Y(y)
=0 17.116
X(x) ox? + Y(y) 0y? Tk ( )
For this to be satisfied, the first and second terms must each be equal to a constant which we will take as —k,% and —kyz; that
is, the following conditions must be satisfied:
1 0%X(x) ) 02X (x)

= < = — — 2 =
X o i So T RX() =0 (17.117)
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_ RN
Y(y) 0y? Y 0y?

2 —
+ kyY(y) =0 (17.118)
The separation constants must also satisfy the following conditions:
2 22
—ky—ky +k, =0 (17.119)

Equations (17.117) and (17.118) have the following solutions (see Section 5.4.4.1):

X(x) = Asink,x + Bicosk,x (17.120)
Y(y) = Apsinkyy + By coskyy (17.121)

Substituting these into Eq. (17.114), we obtain the general solution

E.(x,y) = (Aisink.x + Bicosk,x) (Azsinkyy + B, coskyy) (17.122)

The constants are now evaluated from the boundary conditions in Egs. (17.112) and (17.113):

E.(0,y) = (A;sink,0 + B;cosk,0) (Az sinkyy —|—Bzcoskyy) =0 — B =0 (17.123)
E.(x,0) = Ajsink,x(A;sink,0 + Bycosk,0) =0 — B, =0 (17.124)
. . mn
E.(a,y) = Asin(k,a)sin(kyy) =0 — k= — (17.125)
E.(x,b) = Asin(@x> sin(k,b) =0 — k= ”7” (17.126)
a

The amplitude of the electric field intensity is arbitrary; it does not affect the form of the solution and we will denote it by
E\. Therefore, the solution for the longitudinal component of the electric field intensity is

E.(x,y) =Ep sin(?x) sin(%ry) {%} (17.127)

The general solution also includes the z variation. From Eq. (17.115), we get

— Eosin(™sin("% Ve Y
E.(x,y,2) Eosm(ax)sm(by)e Ln (17.128)

Before proceeding with the evaluation of the transverse components, we note the following from Eq. (17.119):

2 2 g2 (mm\? nm\ 2
R=R K= (7) + (7) (17.129)
Also, from Eq. (17.34), we get
2 _ @)2 ("_”)2_ 2 (ME? ("_”)2_ 2
y (a + () & (a)+ 5) - ot (17.130)

Now, we can calculate the transverse components of the electric and magnetic fields by substituting the general solution
[Eq. (17.128)] into Eqgs. (17.53) through (17.56). This gives


http://dx.doi.org/10.1007/978-3-319-07806-9_5#Sec13
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— V]
E.(x,y,z) = ;/ZT}/szO% cos(?) sin(nbﬂ> e’’’ {a (17.131)
Ey(5.9.2) = 5 Fo % sin("2 cos(“2) = [V (17.132
YWY _}/2—|—k2 " ba a b m| '
. AT
H,.(x,y,z) = yzji—gszO ’%ﬂ sin(?) cos (?) e [E (17.133)
Jjwe mr max\ . (nmwy\ _,. |A
Hy(x,y,z) = 7]/2_|_—](2E07 COS(T) sm(7)e £ |:a:| (17134)

These, together with Egs. (17.129) and (17.130), define the transverse fields in the waveguide. We can easily write the time
domain form of the equations (see Exercise 17.4) by adding the ¢/ term and writing ¢/ for j and e /™2 for —j. Also, the
longitudinal and transverse components for a backward-propagating wave can be written directly from Egs. (17.128) and
(17.131) through (17.134) by replacing y by —y wherever these occur (see Exercise 17.5 and Problems 17.22 and 17.23).

Equations (17.128) and (17.131) through (17.134) are written for the general modes (mn). Since we solved for TM
modes, the general mode is a TM,,,,, mode where m, n are any integers, including zero. An infinite number of modes are
possible, but usually only the first few modes are used in practice. Also, some modes are not useful. For example, if m = 0
and n = 0, all components of the field, including the longitudinal component, are zero. This is clearly not a useful mode.
Also, if m=0and n # 0, or m # 0 and n = 0, all field components become zero as can be seen by substitution in
Eq. (17.128). Thus, for TM modes, neither m nor n may be zero. The lowest possible TM mode is the TM;; mode.
The longitudinal components of the TM;, and TM,, modes are shown in Figure 17.16. Similar plots may be obtained for the
transverse components of the field.

p, ; “-"“ ’*’
RS
N
wp‘%
BSOS

NS

0 0

Figure 17.16 The longitudinal electric field distribution in a waveguide. (a) For TM;, mode. (b) For TM,, mode

The propagation properties in the waveguide are obtained from Eqs. (17.129) and (17.130). The propagation constant for
lossless propagation is

v = b, :j\/wzﬂg _ (@)2 _ (’%”)2 (17.135)

a

where f, is the guide phase constant:

bl - () [3] 20
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The cutoff wave number is given in Eq. (17.129):

kemn = (@)ZJF(%)Z [@} (17.137)

a m

The cutoff frequency may be obtained from Eq. (17.137) by using k., = 2af,,,,\/#€ or by setting the propagation
constant in Eq. (17.130) to zero:

Fom = 2%/% (g)z + (g)2 Hz] (17.138)

Propagation in the waveguide can only occur above this frequency. As with the parallel plate waveguide, below this
frequency there is rapid attenuation of the wave (evanescent wave).
The cutoff wavelength is then

From Eq. (17.136), we can write

b= =] )+ (] [ 1740

or, using Eq. (17.138),

(‘%nn rad
Py =1 lff—2 [;} (17.141)

where f = w,/ueis the phase constant in the material filling the waveguide as if propagation were in infinite space. Note that
this expression is the same as Eq. (17.87) for TM propagation in parallel plate waveguides and Eq. (17.41) for TM
propagation in general. We called f3, the guide phase constant to distinguish it from S, which is the phase constant in
unbounded space.

From f,, we can also calculate the guide phase velocity v, and the guide wavelength /4, as

" Vi _v;/ﬂfmn Y —vpfmn/f2 g e

where v, = 1/,/u€ is the phase velocity in the unbounded space (with properties of the space identical to those in the
waveguide), and

IR
o =222, 1R

where A = 2x/f is the wavelength in unbounded space.

The wave impedance is obtained by taking the ratio between the transverse components of the electric and magnetic field
intensities. Since the wave must propagate in the z direction (i.e., the Poynting vector must be in the z direction), we can take
either the ratio between E, and H,, or the negative ratio of E, and H,:

(17.143)

g
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g B _ 7 g 17.144
" H, He jwe <] ( )

Or, using Eq. (17.135) to replace y, we can write for lossless propagation

b _ [, 1 T 2
Zry=—""=4//1 "L = /|l ———=p— [Q 17.145
™ o . f2 A ’ﬁmn n T [ ] ( )

Also, from Eqs. (17.130), (17.129), and (17.135), we have for lossless propagation:

mm\ 2 nm\ 2 .
=7 +K = () + <?) and 7 = jB, (17.146)
With these, we can write the transverse components in Egs. (17.131) through (17.134) in terms of the phase constant f3,

and the cutoff wave number £, instead of the propagation constant y. Substituting from Eq. (17.146) into Eqs. (17.131)
through (17.134) gives

Ei(x,y,z) = ;;f: Eo % cos (?)sin(’%})) e by {%} (17.147)
Ey(x,y,z) = %’{:”EO ’%ﬂ sin(?)cos(%) e b [%] (17.148)
H,(x,y,z) = /ig)_:,,EO ’%T sin (?)cos(?) e P [%] (17.149)
Hy(x,y,z) = ;éZgEo%co%?)sin(%) e b {%} (17.150)

The longitudinal component in Eq. (17.128) and the transverse components in Eqs. (17.131) through (17.134) or in Egs.
(17.147) through (17.150) may be written in the time domain by multiplying the expressions by ¢/’ and taking the real part
of the expression (see Exercise 17.4 and Problem 17.21).

The purpose of a waveguide is to guide waves from a source to a load. Therefore, it must propagate power. To see that this
is the case, we calculate the time-averaged power density in the cross section of the waveguide (i.e., for any value of z). This
power density must be real and must propagate in the positive z direction. From Eqs. (17.147) through (17.150), we see that
there are two sets of transverse components of E and H. Each pair produces average power given by E,H, /2 and — E,H /2,

where the negative sign comes from the fact that X Xy =z andy x X = —z. The total power density is the sum of these
two terms:
1 " % W
Purly) = sRe{ E( y)H} (v.y) = B, (e )HF (v)) | | =5 (17.151)

Substituting for E,, E,, H,, and H, from Eqs. (17.147) through (17.150) gives
wel. F2 2 2 W
Pav(x,y) =12 Zgimo [(%) cos 2(%) sin 2(?) + (%) sin 2(?)005 z(”bﬂ)] [E}

The total power in the waveguide cross section is the power density, integrated over the waveguide cross section.
Performing the integration over P,, * ds, with ds = Z dxdy, gives

(17.152)
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2 px=a py= 2 2 )
p= 20 [ (7 oMY i ("2 (20 s s (2 vy
2k cmm Jx=0 Jy=0 a a b b a b
B a)é‘ﬂgE(z)% <@> 2 . (n_n_> f| B wgﬂgEéab W]
B - 2
. b 8K (17.153)

kﬁmn 8
where kfmn = (m7r/a)2 + (mr/b)z. The total power is directly proportional to the cross-sectional area of the waveguide (ab).
In any given waveguide, the total power may be increased by using larger fields (electric and magnetic) or increasing the
physical dimensions of the waveguide. Also, the power is proportional to frequency and the dielectric constant in the
waveguide. Most waveguides use air as the dielectric, but increasing the frequency is feasible up to certain limits, imposed
by the circuits used to generate the fields.

Exercise 17.4 Write the time domain expression for the longitudinal component of the electric field intensity for TM
propagation in a lossless rectangular waveguide.

Answer E.(x,y, z, t) = Egsin(mnx/a)sin(nmy/b)cos(wt — f,z) [V/m].

Exercise 17.5

(a) Find the longitudinal component E.(x,y,z) for a backward-propagating wave in a general lossy rectangular
waveguide. Assume the backward-propagating wave propagates in the negative z direction and the amplitude of
the wave is E, .

(b) Find the total longitudinal field in a waveguide if both a forward-propagating wave of amplitude Eg and a
backward-propagating wave of amplitude E exist.

Answer

(a) EZ(x, y, z) = Ej sin(mzx/a)sin(nmy/b)e’*. (b) E.(x, v, z) = sin(max/a)sin(nmy/b)(Ege " + Eg e”).

Note: If the magnitude of the backward-propagating wave equals that of the forward-propagating wave (IEq | = IEg]), the
term in the last parentheses in (b) can be written as sine or cosine functions using the exponential forms. We will use this
property in Section 17.9.

Example 17.5 A standard rectangular waveguide, designated as EIA WR75, has internal dimensions ¢ = 19.05 mm
and b = 9.53 mm. The waveguide is air filled and propagates waves at 18 GHz:

(a) Calculate the lowest possible TM mode at which the wave may be excited.

(b) For the mode in (a), calculate the guide wavelength, guide phase constant, guide phase velocity, and the wave
impedance for TM propagation (at 18 GHz).

(c) Calculate the maximum time-averaged power transmitted through the waveguide at the mode calculated in (a) if
the electric field intensity is not to exceed the breakdown level in air (3 X 10° V/m).

Solution: The possible modes are all the modes with cutoff frequencies below 18 GH,. The propagated time-averaged
power is given in Eq. (17.153):
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(a) The cutoff frequency for the TM modes is given as

o= s )+ O 19510 o) + (o) 0

The possible cutoff frequencies below 18 GHz are:

1 2
o=1.5x 108
Jer0 x \/<0.01905) +< )
for = 1.5 x 108 0 _° + ! 2—1574 [GHz]
cor— = 0.01905 0.00953) 7

1 2
L =1.5x%x 10}
Jen = 1510 \/(0.01905) *

firg = 1.5 x 108 2 2+ 0
€20 0.01905 0.00953

All other cutoff frequencies are above 18 GHz. Since, in TM modes, m or n cannot be zero, only the third of these,
namely, f.1; = 17.60 GHz, corresponds to a possible TM mode. Thus, the only possible mode is the TM;; mode.
(b) At 18 GHz, the waves in the waveguide are TM; from Eqs. (17.141) through (17.145), we get

mni ﬁ,m 2x 7 x 18 x 10 1760 779 @
b=l CvHe C3x 108 18

=1575 [GHZ

S 2><7r><18><109_143 H
‘ ﬁg 79 S
2r 2Xa®w
dg=""= =0.0795 [m]
S )
; 79
ZTM:'B—&: =78.89 [Q].

wey 2 xmx 18 x 10° x 8.854 x 1012

(c¢) To calculate the power density inside the waveguide, we use the expressions in Eqs. (17.153) and (17.137) with m = 1,
n=1,a=001905m, b = 0.00953 m, E, = 3 x 10° V/m, f = 18 GHz, and ¢ = ¢&,. Also, we have 1.(11) = Vel =
3 x 10%17.6 x 10° = 0.017 m. With these, we first calculate the cutoff wave number &, from Eq. (17.137):

ke = \K?) e (%)2 - \/(0.011905)2 + (0.0(1)7953)2 = 3686 rad/m]

The maximum total power is

_ weﬂgb;%ab _2xmx18x10° x 8.854 x 1072 x 79 ><29 x 10" x 0.01905 x 0.00953 _ 118,918 [W]
8Kk 8 x (368.6)

This is almost 119 kW of power for a tube of cross-sectional area of less than 2 cm? (181.55 mmz). In practice however,

the fields chosen are much lower than the maximum. Since the power is proportional to the square of the field, the power
decreases rapidly.
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Exercise 17.6 A rectangular waveguide has dimensions ¢ = 0.015 m and b = 0.01 m. Find the first 10 cutoff
frequencies for TM modes.

Answer (Frequencies given in GHz, in increasing frequency order)

Mode TM] 1 TM2] TM12 TMgl TM22 TM";Q TM4| TM42 TM51 TM33
Jemn 18.027 25.0 31.622 33.541 36.055 42.426 42.720 50 52.201 54.08

Note: Lower modes may have higher frequencies than higher modes, depending on dimensions.

Exercise 17.7 Two standard waveguides are given: WR 3, with dimensions a = 0.86 mm and b = 0.43 mm,
operating at 400 GHz, and WR 2300, with dimensions @ = 0.5842 m and b = 0.2921 m operating at 600 MHz. Both
waveguides are air filled (these two waveguides represent the smallest and largest standard waveguides):

(a) Find the TM;; cutoff frequencies of the two waveguides.
(b) Find the ratio between the total power carried by the two waveguides for a given electric field intensity E.

Answer

P, fif.aibik>
(@) f.11(WR 3) = f.; = 390 GHz. f,;;(WR 2300) = f,, = 574.14 MHz. (b) p = —- :’M = 1.597 x 1075
P2 f2ﬁg2a2b2kcl

(Index 1 stands for the WR 3 waveguide and 2 for the WR 2300 waveguide.)

17.7.2 TE Modes in Rectangular Waveguides

For TE waves to exist, E, must be zero. The wave equation to solve is now Eq. (17.33):

0,H, 0°H

0y?

subject to the condition that the x and y components of the electric field intensity in Eqs. (17.27) and (17.28) must vanish on
the conducting boundaries. These conditions are shown in Figure 17.17:

oH, oH,
oH. oH.
a—y ()C, O) =0 and a—y ()C, b) =0 (17156)
Y
e 0H.19y=0
I% 3
75 <
i Ty
l < OH./9y=0 3
- X
I a 1

Figure 17.17 Boundary conditions on the magnetic field for TE modes in a rectangular waveguide
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Since Eq. (17.154) is identical in form to Eq. (17.111), the general solution must also be of the same form as the solution
in Eq. (17.122):

H.(x,y) = (Aysink.x + Bjcosk,x) (Assinkyy + By cosk,y) (17.157)

To find the constants, we write from the four boundary conditions in Eqs. (17.155) and (17.156)

OH.(x, . .
% . = (k.A;cos0 — k,B;sin0) (Azsm kyy + Bzcosk},y) =0 — A =0 (17.158)
OH,
.a(;c,y) — Bisinkx(kAzcos0 — k,Basin0)  — Ay =0 (17.159)
y=0
At this point, the solution is
H.(x,y) = Bcos(k,x)cos(kyy) (17.160)

where B = B{B,. From the remaining boundary conditions

OH.
% = —Bksin(k,a)sin(kyy) =0 — ko= @,m =0.1,... (17.161)
X X=da a
OH.
OH:(xy)l - _ —Boos(")kysin(lyh) =0 = ky="Tn=0,1, ... (17.162)
ay y=b a ’ ’ b

The solution is obtained by substituting k. and &, from Eqs. (17.161) and (17.162) into Eq. (17.160). Taking the
amplitude B in Eq. (17.160) as H,, we get

H.(x,y) = Hwos(?)cos(?) [%] (17.163)

If we now add the variation in z (assuming only a forward-propagating wave), we get the general form of the longitudinal
component of the magnetic field:

nmwy

H.(x,y) :Hocos<?)cos(7) o {é} (17.164)

m

This is now substituted into the general expressions for TE waves in Eqgs. (17.27) through (17.30) to obtain the transverse
components of the electric and magnetic field intensities. Performing the derivatives of H, with respect to x and y as required
in Egs. (17.27) through (17.30) gives

v
Bir.2) = % o preos("Ein("2) e[| (17.165)
—jou mm X nwy\ _ A"
Ey(x,y,z) = —|—k2H0_ 1n<—)co (T>e 4 {E] (17.166)
H(x,y,2) ’_H mﬂsin(m”)C)cos(nﬂy) e A (17.167)
<X Y,Z) = ——> - - 7 - .
Y 2 Va a b m

T ™ cos (M sin () |A
Hy(x,y,z2) = Hy 5 cos( )sm( 5 >e LTJ (17.168)
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The propagation properties for TE modes in the waveguide are identical to those for TM modes except for the wave
impedance. This can be seen either from Table 17.2 or by direct calculation of the various properties (fu,, fg, Ve, €tc.). We
will not reevaluate these here and simply use the properties in Eqs. (17.135) through (17.143) and (17.146) as given. The
wave impedance, however, is different for TE modes and is given by the ratio of the transverse components of the electric
and magnetic fields as follows:

™
I
B
=

Zp=Er o B _Jon g (17.169)

or, using Eq. (17.135) to replace y by jf,, we can write for lossless propagation

Q] (17.170)

60/‘_\/!7 1 _\//7 1 _
§ 8\/ 1 - Lzrm/f2 8\/ 1 _}\z/xzmn

Using the relations k2,, = y* + k*and y = JPg» we can rewrite the transverse components of the electric and magnetic
field in Egs. (17.165) through (17.168) as

E(x,y,z) = Zzl:: Ho 5 © (%) sin (??)e’jﬂgz L:]J (17.171)
Ey(x,y,2) = ;j;"” H™" b sin (%) cos (?) eI E] (17.172)
H,(x,y,z) = %Hog sin (?) cos (n%)e’jﬂﬂz [%] (17.173)
Hy(x,y,2) = /iziﬂo %” cos (@) sin (”biy) eI [%} (17.174)

TE,,,, modes are obtained for all possible pairs of the integers m and n, except for m = 0 and n = 0. Unlike TM modes, in
TE modes either m or n can be zero but not both. This indicates that the lowest propagating mode is a TE, or TE,,,
depending on the dimensions a and b of the waveguide. If a > b, the lowest cutoff frequency is for a TE;; mode. Also to
be noted is that TM and TE modes with the same indices have the same cutoff frequency, as can be seen from Eq. (17.138).
The magnetic field intensity (H,) distribution in a waveguide with a = 2b for the TE;; and TE;, modes is shown
in Figure 17.18.

Figure 17.18 The longitudinal magnetic field distribution in a waveguide. (a) For the TE|; mode. (b) For the TE3; mode



906 17 Waveguides and Resonators

The power density in a waveguide propagating a TE mode may be calculated using steps identical to those for TM modes,
using the Poynting vector for the transverse components of E and H. Each pair of transverse components produces a
time-averaged power density propagating in the z direction given by EXH;/Z and — EyH;/Z. The total power density is the
sum of the two terms as in Eq. (17.151). Substituting for E,, E,, H,, and H, from Eqgs. (17.171) through (17.174) into
Eq. (17.151) gives

Pa9) = 2 B (o0 () i (U2 (%) sin® (") o2 (P2 [N] amars)

cmn

The total power in a rectangular waveguide of dimensions a and b is

wup Hy r:" Jy:" (m;r>2 2(mzrx) . nzry) (mr)2 , 2<m7m) z(nny) wpf Hiab
P = _— e _ —_ _— —_— e
e NN cos (=) sin ( 5 + L) sint (=) cosT (= dxdy T [W]

cmn y cmn
(17.176)

In particular, for the TE;j mode, we get

wppHzab — ouPHoab — oup Hya’b
8k> 8(n/ a)2 82

cmn

P(TEy) = [W] (17.177)

The discussion on waveguides was limited here to rectangular cross-sectional waveguides. Other shapes can be analyzed
in a similar fashion. However, since the analysis entails the solution of the wave equation, only simple shapes can be solved
exactly. In particular, cylindrical waveguides can be analyzed using steps similar to those presented above, but the solution is
in terms of Bessel rather than harmonic functions.

The lowest cutoff frequency mode in any waveguide is called a dominant mode. In rectangular waveguides, this is a TE
mode and, usually, the TE;, mode. Different modes which have the same cutoff frequency are called degenerate modes.

Example 17.6 Application: The TE;, Mode The TE,, mode is the most important mode of propagation in
rectangular waveguides. One reason for this is because it is possible to design waveguides with the largest possible
mode separation between the TE;o and the other possible modes. This gives the largest possible bandwidth for
propagation in a waveguide, as well as the lowest cutoff frequency for a given waveguide. Consider the following
example.

The WR34 waveguide has dimensions a = 8.64 mm and b = 4.32 mm, is air filled, and may be excited in any
mode:

(a) Calculate the lowest possible cutoff frequency.

(b) Calculate the next cutoff frequencies and identify the modes. Decide based on bandwidth (mode separation) which
mode is most suitable for general purpose use.

(c) Repeat (a) and (b) if the waveguide is filled with a perfect dielectric with relative permittivity of 4.

Solution: The cutoff frequencies of the waveguide are calculated from Eq. (17.138) for all modes, including TM modes.
The only difference between the various modes is that in TM modes, m = 0 or n = 0 is not allowed, whereas in TE modes
they are. Also, TM,,,, and TE,,, modes are always degenerate (have the same cutoff frequencies). From Eq. (17.138)

Jomn = 1.5 % 108\/<0.081864)2 + (0.0(’)4432)2 [Hz]

(a) The lowest possible mode must have m = 1 and n = 0. Since in TM modes, n = 0 results in all zero fields, this mode is
the TE |y mode. Therefore, for any waveguide, with a > b, the dominant mode is the TE;, mode. The TE cutoff
frequency is
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1 \? 0\’
0 =15x%x10% =17.361 [GHz].
Jeto % \/(0.00864) * (0.00432) [GHz|

(b) The remaining modes are calculated similarly. All modes with one index zero are TE modes. All modes that have both
indices nonzero are both TE and TM modes. Using the appropriate indices, the remaining (higher) cutoff frequencies are
calculated and listed in the first row in Table 17.3 in ascending order of cutoff frequencies.

The largest mode separation is between the TEy and TE,; modes. Although separation between TE,q and TE, is
larger, the TE ;, TM;;, TE3y, TE;;, and TM;; modes are also in this range and, therefore, it is not suitable for single-
mode operation. The TE, mode can be propagated between 17.361 GHz and 34.722 GHz. Normally, the operation will
be about 25 % above 17.361 GHz and below 34.722 GHz so as not to be too close to the cutoff frequencies. The
recommended range for this waveguide in the TE;o mode is 21.7-33 GHz.

(c) If the waveguide is filled with a dielectric, the cutoff frequencies are reduced by a factor of /e,. For €, = 4, the cutoff
frequencies are reduced by a factor of 2. The new cutoff frequencies (in GHz) are shown in the second row in Table 17.3,
again in ascending order.

Table 17.3 First 10 cutoff frequencies for empty and dielectric filled waveguide in Example 17.6

TE o TEq, TE, TE;, TE3q TE3, TE4o TE» TEx TE3,
TE2o ™, T™M;, TM;, TEg ™, TE4 TEso
TM», TM3,
TM,,
£ =g 17.361 34.722 38.82 49.1 52.083 62.596 69.44 71.58 77.64 86.806
e = 4g 8.68 17.361 19.41 24.55 26.04 31.298 34.72 35.79 38.82 43.403

Example 17.7 Application: The Practical Rectangular Waveguide A practical rectangular waveguide is a tube of
any rectangular cross section made of a high-conductivity material. The dimensions of the waveguide are arbitrary but are
normally chosen such that the cutoff frequencies of the various modes are not degenerate as much as possible. Every
waveguide is designed for a lowest, dominant mode, with the next mode defining the operating range or bandwidth of the
waveguide. Normally, the dominant mode is the TE;, mode. Thus, for example, the EIA WR90 waveguide has internal
dimensions of 22.86 mm and 10.16 mm. The TE, cutoff frequency is at 6.562 GHz and the normal operating range
(recommended) for the TE;o mode is 8.2-12.5 GHz (X-band). Similarly, the EIA WRS waveguide has dimensions of
1.3 mm and 0.66 mm (internal) and a cutoff frequency of 115.385 GHz. The recommended operating frequency for the
TE o mode is 145-220 GHz. Although waveguides normally operate in the TE,, mode, they may also operate in any other
mode, including TM modes.

It is required to design a rectangular waveguide with lowest cutoff frequency at 10 GHz. Two designs are proposed.
One has both dimensions a and b equal. The second is designed such that a = 2b:

(a) Find the cutoff frequencies of the first 10 TM and first 10 TE modes in order of ascending frequencies and compare
the two waveguides.

(b) What is the dominant mode and which modes are degenerate?

(¢) Which waveguide is better suited for use in general purpose applications in terms of mode separation?

Solution: First, we find the dimensions of the two waveguides from the given cutoff frequency. Then, the cutoff frequencies
of the remaining modes are found:

(a) The required lowest cutoff frequency is 10 GHz. For the square waveguide we write b = a and substitute in
Eq. (17.138):

1 1\°  [0\* 1\’ 3% 10°
feo=7"7— (—) + (—) =< (—) — a= € _ X—IO =0.015 [m]
2. /Ho€o0 \| \a a 2 a 20 2x10
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The required square waveguide is 15 mm by 15 mm in internal dimensions and the required rectangular waveguide is

15 mm by 7.5 mm in internal dimensions. Substituting these dimensions in the general expression for cutoff frequencies
we get for the square waveguide (b = a = 0.015 m):

Jomn = 1.5 % 108\/(ﬁ>2 + (0.315)2 [Hz]

For the rectangular waveguide (¢ = 0.015 and » = 0.0075 m):

Forn = 1.5 % 108\/ (ﬁy " (ﬁ)z [Hz]

Substituting the indices for the first ten modes, we get the required TM and TE modes (listed in ascending mode order):

TMy, TMy; ™, TM», TM3; TM;;3 TM3, TMp; TM3; TMy;
a=2>b 14.142 22.360 22.360 28.284 31.622 31.622 36.055 36.055 42.426 41.231
=2b 22.360 28.284 41.231 44.721 36.055 60.827 50.000 63.245 67.082 44.721

TE o TEy; TE TE»q TEq; TE,; TE, TE,, TE;3g TEys
a=1>b 10.0 10.0 14.142 20.0 20.0 22.360 22.360 28.284 30.0 30.0
=2b 10.0 20.0 22.360 20.0 40.0 28.284 41.231 44.721 30.0 60.0

(b) In the square waveguide, the TM;, and TM,, are degenerate modes as are any of the TM,,,, and TM,,,,, or TE,,,,, and TE,,,,,.
On the other hand, the rectangular waveguide has fewer degenerate modes in the range shown and the cutoff frequencies
are much better spaced. For example, in the range between 22.360 and 28.284 GHz, only the TM;; mode can propagate.
The rectangular waveguide is therefore much better suited for general purpose use than the square waveguide. This is
one reason, standard rectangular waveguides have dimensions which are either exactly a ratio of one to two or very close
to this ratio. Most waveguides only propagate the dominant mode and therefore separation of this mode is very
1mportant.

Example 17.8 A waveguide is given with dimensions ¢ = 12.95 mm and b = 6.48 mm. The waveguide is required

to propagate at 30 GHz. Suppose we are free to choose any mode with cutoff frequency below 30 GHz. Find the ratio
between the powers propagated:

(a) In the TE( and TEy; modes.
(b) In the TE;y and TM;; modes.

Solution: First, we must find the cutoff frequencies, cutoff wavelengths, and the guide propagation constants for the three
modes. Then, we use Eq. (17.176) to find the power propagated for the TE modes and Eq. (17.153) for the TM modes. The
amplitude of the magnetic field intensity is assumed because when calculating the ratio between powers, it cancels out.

(a) The cutoff frequencies for the TE(, TE(;, and TM;; modes are given in Eq. (17.138). For the waveguide given,
foo = 11.583GHz, f,, =23.148GHz, f.,,, =25.884GHz

All these modes are below 30 GHz and, therefore, appropriate modes for the required wave. The guide propagation
constant f, is
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2 11.583\2 d
ﬂgmzﬁ,/l—f];;() N 1—( 2 ) _ 5796 [m

2

23.148\ rad
_ c01 __ _
ﬂgOl =py1 - f2 = 2ﬂf\/ﬂo€o 11— <30) = 399.68 |:m:|
i 25.884\° rad
Pt =Py[1— f_; = 2xf \/uo€oy [ 1 — 50 ) = 317.64 —
Similarly, the cutoff wave numbers are [from Eq. (17.137)]
2 ’ 7’ rad®
kcl() =5 = 5 = 5.885 x 104 |:—2:|
a (0.01295) m
z’ 7’ rad?
By =5 =—2 —235x10° [—2}
b (0.00648) m
P R 2 2 rad?
kn=—+5= + —2.939 x 10° {—]
@ TP (0.01295)7 1 (0.00648) m2

The ratio between the powers in the TE;y and TE,; mode is

P _ OHoPe10HGab8E _ Bookin _ 5796 x 235 x10°
Poi  wuoPeoi Hyab8kZyy  Beorksyy  399.68 x 5.885 x 10* 77

(b) To calculate the ratio between the powers propagated in the TE |y mode and TM;; mode, we use Eq. (17.176) for the TE

mode and Eq. (17.153) for the TM mode. Also, from Eq. (17.144), the electric field intensity for the TM wave may be
written as

Ey =

rHo _Feto [V
o m

Jjwe we
because y = jf (no losses in this case). With this, the ratio between the TE,o and TM; modes is

2 2 2
_Pu . wﬂoﬂgloH(z)abSkcu - wzﬂo€0ﬁg10ko11 _ wzﬁglokcll

et wgoﬁgnE%abSkfw a ﬁzrnkzlo a C'2/)7211/%10
4 x 7% x 900 x 10" x 579.6 x 2.939 x 10°

9 x 10" x (317.4)° x 5.885 x 10*

=35.74

In either case, the TE;( mode carries more power for a given electric or magnetic field intensity, at a given frequency.

Exercise 17.8

(a) Find the longitudinal component H.,(x, y, z) for a backward-propagating TE wave in a rectangular waveguide.
Assume lossy propagation in the negative z direction and the amplitude of the wave is H;.

(b) Find the total longitudinal TE fields in a waveguide if both a forward-propagating wave with amplitude H, and a
backward-propagating wave with amplitude H; exist.
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Answer
_ mn nmw A
(@) H, (x,y,z) = Hjcos (—x) cos (—y) e |—|.
- a b m
A
(b) H.(x,y,z) = cos (@x> cos (n—ﬂy> (Hoe 7" + Hye") {—} .
a b m
Note: If the magnitude of the backward-propagating wave equals that of the forward-propagating wave (|[H,| = |Hy|), the

term in the last set of parentheses in each component in (b) can be written as sine or cosine functions using the exponential
forms. This is particularly simple if propagation is in a lossless material (y = jB,).

17.7.3 Attenuation and Losses in Rectangular Waveguides

So far in our discussion we have avoided attenuation and losses in waveguides except for the use of the general propagation
constant y in deriving the equations. However, no system can operate without losses. The mechanism for losses in
waveguides is the same as in any other transmission line and consists of two parts: (1) losses in the dielectric and (2) losses
in the imperfect conductors or wall losses. In addition, below cutoff, the attenuation constant is very high even for perfect
dielectrics in the guide and perfectly conducting walls. These losses, the resulting attenuation constants, and their influence
on the power relations in the waveguide are discussed next.

17.7.3.1 Dielectric Losses

The medium in waveguides is normally a low-loss dielectric such as air. Therefore, it is safe to assume that the low-loss
approximation used in Sections 17.3.2 and 17.3.3 for TE and TM propagation applies here. The attenuation constant is the
same for TM and TE propagation (see Table 17.2). Replacing f, by f,,,, to indicate that each mode has a different cutoff
frequency and therefore a different attenuation constant and using an index d to indicate that this attenuation constant is due
to dielectric losses, we get

I} N
Qare = Aare = 4"”"2 - [Hp] (17.178)
2\/ 1 _f;'mn/f

Normally, the attenuation due to the dielectric for air-filled conducting-wall waveguides is rather small and is normally
much smaller than the attenuation caused by losses in the walls of the waveguide. On the other hand, for dielectric
waveguides such as optical waveguides, almost all losses are due to dielectric losses.

17.7.3.2 Wall Losses
To calculate the wall losses, we start with the expression for the time-averaged power density in Eq. (17.151), which applies
to both TE and TM waves. The only difference is in the expressions for the transverse components. The total power in the
waveguide cross section is found by integrating this power density over the cross-sectional area of the waveguide and is
given in Eq. (17.153) for TM modes and in Eq. (17.176) for TE modes.

Now, we assume there are no losses in the dielectric, but there are losses in the wall. The propagation constant is
Yy = a, + jB. Substituting this in Eq. (17.151), and integrating gives the following expression for the total power in the cross
section of the waveguide for TM modes:

cos[)'gE%ab )
= f e
8k

cmn

w: W] (17.179)

Similarly, for TE modes

co,u/}gH%ab
= fe
8k

cmn

“2a7 W] (17.180)
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In general, we can write
P = Pge 2" W] (17.181)

In other words, as the wave propagates, starting with some power P, (which depends on the mode used), the power is
attenuated continuously with the distance z.

We can calculate the attenuation constant as the attenuation per unit length by taking a 1 m length of the waveguide and
calculating the power loss in this section. From the Poynting theorem, the rate of decrease in the time-averaged power equals
the time-averaged power lost in this section of the waveguide. For z = 1 m, we get

d(P) —2a, 1 Pluss Np
- = Pus& =2 wP o w = - 17.182
dz : Fol0€ - “ 2P ()672(1’” m ( )
Assuming losses are low, e %% 2~ 1 and we get
P/oss NP
= P 17.183
TN [m ( )

Now, all we have to do is calculate the total power loss in the walls per unit length of the waveguide and the time-
averaged power in the waveguide. However, both power loss and time-averaged power in the waveguide are mode
dependent. The general method is as follows: We calculate the total time-averaged power density in the waveguide using
Eqs. (17.152) or (17.175), which depend on the mode. The power in the waveguide may be calculated at any point z, but for
simplicity we choose z = 0. Power loss occurs only in the wall and is calculated as for any conducting material using the
relation Py, = I°R/2. The walls are highly conducting; the only current density in the walls is on and near the surface.
Therefore, we assume a surface current density on each of the walls equal to J; = IH/l, where H, is the tangential magnetic
field intensity at the wall. The total current is the current density, integrated over the width of the wall. The resistance of the
wall is the surface resistance. We have already calculated this resistance for lossy parallel plate transmission lines. The
surface resistance [see Eq. (14.7)] is

R, = Q] (17.184)

where o, is the conductivity of the wall material and § = 1/+/zfuo. its skin depth (see Section 12.7.3). The total power
loss in the wall is therefore

R R
Ploss = 7 J Jids = EJ |H|*ds  [W] (17.185)

where s is the total interior surface of the waveguide of length 1 m. This expression looks simple, but the integration must be
done on each wall of the waveguide separately, after calculating the tangential component of the magnetic field intensity at
the wall. We perform these calculations in Example 17.9 for the TE |, mode. The attenuation constant due to wall losses is
therefore

R, 2 Np
a _EJJH" ds {F} (17.186)

If both dielectric and wall losses exist, the attenuation constant in the waveguide is the sum of the attenuation due to the
dielectric and the attenuation due to the wall losses:

N
a=ay+a, {—p} (17.187)
m
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Attenuation in waveguides depends on a variety of parameters including the mode index, frequency, type of mode,
conductivity of walls, and the dielectric in the waveguide. Typical values for waveguides in the microwave region are between
about 0.1 dB/m and 0.5 dB/m. On the other hand, optical waveguides have losses that are between 0.5 dB/km to 10 dB/km. The
much lower losses in optical waveguides is one of the most important reasons for their widespread use in communication.

17.7.3.3 Attenuation Below Cutoff

Any wave propagating below cutoff will be attenuated because below cutoff, the propagation constant is real. Consider the
propagation constant for a mode above cutoff, propagating in a lossless medium (a; = 0), as written in terms of the guide

phase constant 3, in Eq. (17.141):

Y =P, =jo/uey |1

If f < f..n, the term under the square root sign becomes negative and the propagation constant becomes

Y = —o\/jue

2
f;'mn

2

A

_Jemn

7

f > f;'mn

f < f;‘l?"’l

(17.188)

(17.189)

The propagation constant is real and consists of an attenuation constant and zero propagation constant (y = a + jO).
Taking the positive solution for « (a negative value of a would imply fields increase in magnitude as they propagate which is
physically impossible) gives the attenuation below cutoff as

Ape = W~\/HUE

2

cmn 1

f2

> f < rf;'”‘lﬂ |:1\Iilp:|

(17.190)

This attenuation constant is very high and for this reason, we say that waves do not propagate. As in parallel plate
waveguides, waves below cutoff are evanescent waves.

Example 17.9 An air-filled waveguide has dimensions a = 2.850 cm and b = 1.262 cm (WR-112 waveguide) and
is gold coated (6. = 4.7 x 107 S/m). Conductivity of air is 6, = 10> S/m and permittivity and permeability of air
may be taken as those of free space. The peak magnetic field intensity in the waveguide is 1 A/m and the waveguide

operates in the TE;o mode at 9 GHz:

(a) Find the surface current densities in the walls of the waveguide.
(b) Find the attenuation constant in the waveguide.
(¢) If the waveguide is 100 m long, what must be the total power required from the generator to transfer 1 W to the

load? Assume both generator and load are matched.

Solution: In the TE;(, mode, only the E\, H,, and H. components exist. From these, we calculate the tangential components
on each of the walls of the waveguide. The tangential component of the magnetic field intensity is equal in magnitude to the
current density in the wall because of the interface conditions. The attenuation constant is the sum of the attenuation constant

due to dielectric losses [Eq. (17.178)] and the attenuation constant due to wall losses [Eq. (17.186)]:

(a) The TE, fields are found by setting m = 1, n = 0 in Egs. (17.164) through (17.168):

H.(x,y,2) = Hocos(= ) e H

E,V(Xayvz) =

ua

a

Hosin(

T.

A
m

e |

A%

m

|
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A
Hi(x,y,z) = Jfg Hosin (Zx)e‘” [E]

where y* + k* = k? = (w/a)* was used to simplify the expressions. Also, in Eq. (17.167) we assumed that y ~ Jpe (low-
loss approximation). All other field components are zero.

At the walls parallel to the y axis, both E, and H, are zero. The only tangential component on these walls is H..
However, on the walls parallel to the x axis, both H, and H, are nonzero. At x = 0 and x = a, the tangential magnetic
field intensity is (see, for example, Figure 17.14):

H,(0,y,z) = —Hi(a,y,z) =2Hoe " [A/m]

Aty = 0 and y = b, the tangential magnetic field intensity is

ﬁg X\ . ™\ _,. |A
H;(x,0,z) = H;(x,b,z) = X —— Hosm( a) + ZHOCOS(;)e —

To calculate the current on the surfaces, we recall that the relation between current and magnetic field intensity is a curl
relation. Therefore, the current density on any surface isJ; = n x H (see Chapter 11), where n is the normal unit vector
to the surface. Since by definition the normal to a surface points out of the surface (i.e., into the waveguide), the normal
to the surface at x = O isn = X, that at x = ¢ isn = —X, that on the plate at y = O is i =y, and that on the plate at
y = b is n = —y. Performing the products n x H on the four surfaces, we get

Js(ovya Z) = _§H067ﬂs Js(aayv Z) = _yHoeiﬂ [A/m]
8 4 o ] )  pa A
Ji(x,0,2) =§ X ﬁj—ﬁg Hosin(ﬂ—x> e+ zHocos<ﬂ—x> e | = xHocos<”—x) e — zj—ﬂg Hosm<ﬂ—x>e 7z [—]
r a a a p a m

) a A
Ji(x,b,z) = -y x | X Jﬂg Hosm<ﬂx> e+ iHocos<E> e | = —)ZH()COS(E> e —1 ]ﬂ—HO sin <n’x> e’ [—} .
a a a a

T V3 m

(b) To find the attenuation constant, we first calculate the time-averaged power through the cross section of the waveguide.
This was calculated in Eq. (17.177). With kC2 = (n/a)z, we get, at z = 0,

a),uOﬂgH %a3b

Py =
872

(W]
The losses in the wall are now calculated from Eqs. (17.184) and (17.185), but first we need to calculate the skin
depth 6:

1 1
5= — =7.7384 x 1077 [m]
Vafueoe Vrex9x10° x4 x 7 x 1077 x 4.7 x 107

The surface resistance is therefore [Eq. (17.184)]

1 1

S - —=275%x10"" [Q]
68 4.7 x 107 x 7.7384 x 10

s =
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The losses are calculated on each surface separately, but since the current density on each two parallel plates is the
same, we only need to calculate one of each and multiply the result by 2. We assume a section of the waveguide, 1 m
long, and also assume that az < 1 so that e~ * =~ 1. At x = 0, we have

I’R, R, [~ R, [~ R,H2b
= 5 _SJ . |Js(o,y,z)|2dy = 7J H%dy e U [W]

PLav(x = 0) ) ) o )

Rs X=a
PLav(y = 0) = 7] (JSX(X, 0, Z)|2 + |JSZ(X,O,Z)’2)CJX

x=|

2

R. (=0 a 2 R.H? >a?
:-‘J %HO sin (%) n {Hocos (’;—x)} dr =00 Ly T ) w

x=0 4 =
The total power loss is

Pray = 2PLav(y = 0) + 2PLav(x = 0) = RAH(Z)

b+g<1+ﬂgﬂ—j>] W]

Dividing this by twice the time-averaged power entering the section at z = 0 gives

Prw  ATR, 2 N
a, = L — ﬂi b + il 14+ ﬂgf 7p
2P, wpPyaih 2 2 m
The attenuation constant due to the dielectric is given in Eq. (17.178)
B GaMy [NP]
QdTE,) = ——F—7—7m70—= | —
2\ /1=fRo/f* T

With the cutoff frequency for the TE;o mode equal to f.10 = (¢/2)/0.0285 = 5.263 GHz and S, = w,/u€o ¥
\/1=f30/f* = 152.9 rad/m, the total attenuation constant is

47°R 2a?
a=ay+ag=—|b+2 1+ﬂg 9dlo

3 2
oo |72\ ) | i

_ 4 x 7% %275 x 1072
2x7x9x10° x4 x7x 1077 x 152.9 x (0.0285)° x 0.01262

0.0285 (152.9)% x (0.0285)*

x [0.01262 + 1+ 5

T

107> x 377
+ 2
e (5.263)
9

The attenuation constant is 0.02088 Np/m or 0.02088 x 8.69 = 0.18 dB/m, a relatively low attenuation.

N
=0.01856 + 0.00232 = 0.02088 [Ep}
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(c¢) For a 100 m long waveguide, the input power required to deliver 1 W to the load is

1

—2az —200x0.02088
PLoadZIW:POe a:P()e — P():m

= 65.1 [W]

That is, over 98 % of the input power is lost (dissipated) in the waveguide itself over the 100 m distance.

Example 17.10 Application: Operation of Waveguides Below Cutoff: Use of Waveguides as High-Pass
Filters A waveguide operates at 8 GHz. The cutoff frequency for the mode propagated is 10 GHz. Calculate the
attenuation constant in the waveguide. Assume an air-filled waveguide.

Solution: From Eq. (17.190):

i 2x 7 x8x10° [/10)> Np
. ey 2Xmxe X0 JOIONT  o566  |2P
Ape = W+/Hp€o f2 3 % 108 8 m

To get a better idea of this attenuation, the attenuation in [dB] is 125.66 x 8.69 = 1,092 dB/m. Thus, waveguides are
excellent high-pass filters, blocking any waves below cutoff.

Exercise 17.9 An air-filled waveguide operates below cutoff. The operating frequency is 1 GHz and the cutoff
frequency is 1.5 GHz. The power P is supplied to the waveguide at a point z = 0. How far does the power propagates
before it is attenuated to 10~ '2P?

Answer 0.59 m

17.8 Other Waveguides

We discussed in this chapter only conducting, rectangular waveguides. However, we also mentioned that the basic requirement
is that waves must be totally reflected at the boundaries of the guiding structure. Therefore, any structure that provides this
facility may be used as a waveguide. In particular, cylindrical waveguides are very common, but other structures exist. For
example, elliptical waveguides are sometimes used because their cross-sectional area remains constant when bent.

The analysis of any waveguide is, in principle, the same as that performed for the rectangular waveguides discussed here:
the wave equation is solved in a convenient system of coordinates, and then the boundary conditions of the waveguide are
satisfied.

Unfortunately, the solution is relatively simple only for rectangular waveguides. Cylindrical waveguides may also be
analyzed relatively easily through use of cylindrical coordinates and solution to the Bessel equation. Other, rather
complicated-shaped waveguides exist and are used for specialized applications. Their analysis is often much more involved
than the rectangular waveguides presented here and may require approximate analysis, including the use of computational
techniques.

17.9 Cavity Resonators

A rectangular cavity resonator is built out of a rectangular waveguide by adding two conducting walls atz = O and z = d, as
shown in Figure 17.19a. The cavity resonator may be viewed as being made of three parallel plate waveguides, as shown in
Figure 17.19b. The cavity is a modified waveguide, in which there are standing waves in the z direction as well as in the x
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and y directions. The main difference between cavities and waveguides is that in cavities, the z direction imposes additional
boundary conditions and there is no propagation of waves as in waveguides. The cavity acts as a resonant structure in which
there is exchange of energy between the electric and magnetic field at given (resonant) frequencies. This is equivalent to
resonant LC circuits in the case of lossless cavities and to RLC circuits in the case of lossy cavities.

intersection of three parallel
plate waveguides

Figure 17.19 (a) Structure a b

and dimensions of a

rectangular cavity resonator. [

(b) Construction of the X g / : z 21
cavity resonator as the / \

— 8 —
fl
"
\
.
N\

<—b—>

The analysis of fields in a cavity requires the solution of the full three-dimensional wave equation with the required
boundary conditions. The procedure here will be to take the TM and TE waves we have already defined and to modify them
to satisfy the additional boundary conditions imposed by the additional conducting walls. However, the TE and TM
equations given in Egs. (17.33) and (17.57) cannot be used directly. The main reason is that in waveguides, we assumed
explicitly that the wave propagates in the z direction and that the transverse directions are the directions perpendicular to the
direction of propagation (z direction). In cavities, there is no clear direction we can take as a transverse direction. The
approach here is to take the z direction (usually the long dimension of the cavity) as a reference direction, allow the waves to
propagate along this direction, and calculate the total waves as the sum of the forward- and backward-propagating waves
reflected off the shorting walls. We define the TE and TM modes and waves as:

(1) A TM wave in a cavity resonator is any wave which has no magnetic field component in the z direction of the cavity.
(2) A TE wave in a cavity resonator is any wave which has no electric field component in the z direction of the cavity.

By direct extension of Eq. (17.57), the TM fields satisfy the following equation:

02E, O0°E, O0%E,

KE.=0 17.191
I R o (17.191)

From Eq. (17.33), the TE fields satisfy

0’H, 0%H. 0°H,

KH.=0 17.192
0x2 + 0y? + 072 LR ( )

Comparing these with Egs. (17.111) and (17.154), it is relatively easy to see that the fields E, and H, are those in
Eqs. (17.122) and (17.157) multiplied by an additional product due to the z dependence of the field. However, we will find
the solutions by formal application of the above ideas to the waveguide fields found in the previous sections.

17.9.1 TM Modes in Cavity Resonators

To find the TM and TE modes in cavity resonators, we can proceed in two ways. One is to start with the wave equations in
Eqs. (17.191) and (17.192) and solve them subject to the boundary conditions on all eight walls of the cavity resonator. This
is what we have done for waveguides. Another is to use the waves obtained for the rectangular waveguides and calculate the
reflected waves caused by the introduction of the two additional conducting walls. This causes backward-propagating waves,
and the required boundary conditions on the conducting walls at z = 0 and z = d are used to calculate the reflected waves.
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Then, the sum of the forward and backward waves gives the correct fields inside the cavity. We will use the first method to
evaluate the longitudinal components of the electric and magnetic field intensities, and the second method to evaluate the
transverse components for TE and TM modes, to demonstrate the various techniques involved.

For TM modes in a waveguide, we imposed the condition that the tangential components of the electric field intensity
must be zero on the conducting walls. These conditions still apply here for the transverse fields. However, the z component of
the field is normal to the two walls perpendicular to the z axis. Thus, we cannot impose the zero tangential electric field
condition on these boundaries for E.. On the other hand, since E, is normal to the surfaces at z = 0 and z = d, the following
conditions apply:

OE.(x,y,z)
0z

B OE.(x,y,z2)
-0, e

=0 (17.193)

Following the solution process as for the TM modes in waveguides [Eqs. (17.111) through (17.128)], we write the general
solution as

E.(x,y,2) = X(x)Y (y)Z(2) (17.194)
Substituting this in Eq. (17.191) and dividing by E(x,y,z), we get

1 aZX(x)+ 1 82Y(y)+L822(z)

2 _
X0 o2 TY0) oy ‘Tz oz k=0 (17.195)

where k* = w’ue, as for the waveguide solution. This equation may be separated as follows:

02X (x)

2 _
32 +kX(x)=0 (17.196)
0*Y(y)
3y +kY(y) =0 (17.197)
0%2(z) .,
32 +kiZ(z) =0 (17.198)
with the additional condition that
—k;—k — k4K =0 (17.199)

Note that we have not used here the notation of cutoff wave number k. as in Eq. (17.119) because cutoff has no meaning
in cavity resonators; that is, since waves do not propagate, the concept of cutoff does not exist. From the discussion in
Sections 17.7.1 and 17.7.2, the general solution for E. is

E.(x,y,2) = (Aysink,x + Bjcoskyx) (Azsinkyy + Bycoskyy) (Assink.z + Bscosk.z)  [V/m] (17.200)

We already found in Eqs. (17.123) through (17.126) that

mnr nr

Bi=B,=0 and k =-—, ky=-— (17.201)
a

With these, we have

v
E.(x,y,z) = Asin (W)sin(’%[y) (Assin k.z -+ Bycosk.z) [m] (17.202)
a
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Now, we apply the additional boundary conditions in Eq. (17.193):

aE7 ) . . .
_(gzy z) B = Asm(?)sm(n—;m)kz(hl(zcoso — B3k,sin0) =0 — A3=0 (17.203)
OE,
-(g;y,Z) _ =dsin (?)sin(?)kz(—sinkzd) —0 — & :%” (17.204)

where the constant B3 was absorbed into the general constant A. The solution for E, is therefore

E.(x,y,z) = Eg sin(?) sin (?) cos (I%) {%} (17.205)

The transverse components in the cavity resonator may be found from those of the waveguide using the following
argument: Considering the cavity resonator to be a waveguide in which shorts were introduced at two locations along the
length of the waveguide (see Figure 17.19a), we can argue that the transverse components of the waves propagating along
the guide will be reflected at these shorts, causing, in addition to the forward-propagating wave, a backward-propagating
wave. The total electric field intensity, which is the sum of the forward- and backward-propagating waves, must then vanish
at the conducting surfaces at z = 0 and z = d.

For TM waves, we start with Eqs. (17.131) through (17.134). To see how this is accomplished we now perform the
steps necessary to obtain the x component of the electric field intensity in the cavity resonator. Equation (17.131) is a
forward-propagating wave in the waveguide:

Ef(x,y,z) = ﬁEé % cos (?) sin (?) e (17.206)

where we added the notation Eq to show explicitly that this is the forward-propagating wave. The backward-propagating
wave is obtained by simply replacing z by —z (see Sections 17.3 and Exercise 17.5):

_ -y _mn max\ . (ax\ . |V
EX (X,y7 Z) = Y2+—sz0 7COS<T)SIH<T)€}/ |:E:| (17207)
The total wave is the sum of the forward- and backward-propagating waves:
— . i A%
E.(x,y,2) = E(x,y,z) + E, (x,y,2) = " —|—}/k2 %COS(?) sin (?) (E(J{e_y‘ + Egey“) {a} (17.208)

Because the x component of the electric field intensity is zero on the conducting planes at z = 0 and z = d, these become
the boundary conditions from which both the z variation of E, and the magnitude of the backward-propagating wave E, are
found:

Ey(x,y,0) = W_Ty/é " cos (?) sin (?) (Ef +E;) =0 — Ej=-E}) (17.209)
E(x,y,d) = }/Z_Tykz % cos (%) sin (%) (Efe ™ + Eje) =0 (17.210)
Writing E; = — E; and y = jk., Eq. (17.210) gives

e —e?=0 —  —2sinh(jk.d) =0 (17.211)
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where the relation (¢¥¢ — e ¥9)/2 = sinh(yd) = sinh(jk.d) was used. Using the relation sinh(jk.d) = j sin(k.d), we get

pﬂ.’

2sinh(jkd) = 2sin(k,d) =0 —  kd =pr = k="

(17.212)
This condition was already obtained in Eq. (17.204) for the longitudinal component, but it is worth repeating here to show

that the two methods of evaluating the fields are equivalent. Substituting these conditions (i.e., k, = pz/d, y = jk,, and
e — e = —j2sin(k.z) = —j2sin(pxz/d) in Eq. (17.208) gives

-1 prmn mnux nwy prz A%
Eu(,3,2) = 5 T o Egeos(*)sin(“ 2 Jsin () |~ 17.213
(X, y,2) TR d a ocos(— sin 5 sin y) - ( )

where Eq = 2Ej is the amplitude of the field. Similar steps for the remaining components of the electric field and magnetic
field intensities (see Exercise 17.5) lead to the following:

—1 nmg pm . /Max nwy\ . (pnz \'%
E‘y()(f,y7 Z) = mEog FSIH<T)COS (T) Sln(T) |:B:| (17214)
Jjowe nw o, (Max nry pﬂz A
Hy(x,y,2) = s +k2EOFsm(—a )cos( 5 ) {a} (17.215)
—jwe mn max\ . (Nmy A
Hy(x,y,z) = —y2 +k2E07cos(—a )sm( A ) [a] (17.216)
From Eq. (17.199) we can write the wave number as
mm\ 2 nm\ 2 P2
2 = (—) (—) (—) = o 17.217
) T\G) Tg) T ( )
or the resonant frequency as
1 2 7 2 P\ 2
=——/|— — = H 17.218
Fonp 2, /,us\/<a) + (b) + (d) [Hz] ( )

where the indices m, n, and p indicate the mode in which the cavity resonates. In resonant cavities, the concept of cutoff is
different than in waveguides. Since there is no propagation in a cavity, these are called resonant frequencies or resonant
modes rather than cutoff frequencies.

Any combination of mode indices m, n, and p results in a resonant frequency of the cavity except for those withm = 0 or
n = 0 [for which the longitudinal component of the field in Eq. (17.205) becomes zero]. If m or n or both are zero, all field
components become zero. However, p can be zero. The lowest TM resonant mode (assuming a > b > c¢) is TMy .

17.9.2 TE Modes in Cavity Resonators

To find the TE modes in a cavity resonator, we must solve Eq. (17.192), subject to the appropriate boundary conditions on
the surfaces of the resonator. For TE modes in a waveguide, we imposed the condition that the normal components of the
magnetic field intensity must be zero on the conducting walls. These conditions also apply here for the transverse
components of the magnetic field. In the z direction, the magnetic field component, H,, is normal to the surfaces
perpendicular to the z axis. Therefore, the additional condition required for the cavity resonator is for H, to vanish on the
surfaces atz = OQand z = d:

Hz(xmyvz)‘z:O:O, Hz(x,y,z)

a=0 (17.219)
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Following the solution process as for the TM modes in cavity resonators and since Eq. (17.192) for TE waves is identical
in form to Eq. (17.191) for TM waves, the general solution is also identical in form. That is, the magnetic field intensity for
the TM waves has the same form as the electric field intensity for the TE waves given in Eq. (17.200):

H.(x,y,z) = (Asink,x + Bicoskyx) (Azsinkyy + Bocosk,y) (Assink.z + Bicosk.z)  [A/m] (17.220)

To obtain TE modes in a cavity resonators, we start with the results obtained for the TE modes in a waveguide in
Egs. (17.158) through (17.162):

mnr nr

Al :A2:0 and kXZT, ky:7 (17.221)

With these, the solution is [see Eq. (17.164)]

max nmy . . A
H.(x,y,z) = Acos (—) cos (T) (Assin k,z 4+ Bssink.z) = (17.222)
a
Now, we apply the boundary conditions in Eq. (17.219):

H,(x,y,z)|.—0 = Acos (@> cos (’%[y) (A3sin0 + B3cos0) =0 — B3 =0 (17.223)

a

and

Hz(x,y,z)lzzd = Acos (?)cos (?) sink.d=0 — k. = [g (17.224)

where the constant A3 was absorbed into A. The longitudinal component of the magnetic field intensity is therefore

)5 [ maz

where Hy is the amplitude of the magnetic field intensity. To obtain the transverse components, we use the same sequence as
in the previous section; that is, we write the forward- and backward-propagating TE waves in a shorted waveguide, sum the
two waves up, and set the total transverse electric field intensity to zero or the derivatives with respect to z of the total
transverse magnetic field intensity to vanish (OHz(x,y,z)/0z = 0) on the shorting walls at z = 0 and z = d. This gives (see
Exercises 17.8 and 17.10)

H.(x,y,z) = Hycos (ﬂ) cos
a

Jou nm X\ . (HEmY\ . (pAZ v
E = Hy— —_— — — — 17.22
n 1 A o () () ()[4 o
_ —jou mn X y 274 \"
By(x,y,2) = 572 s o™ = sin (—) c (T) s (7) H (17.227)
H.(x,y,z) ! M PT in (—mnx) cos (—nﬂy) cos (pfnz) A (17.228)
XY,z > T k2 0 d b d m .
H,y(x,y,z) ! Ho " PZ cos (mmC) sin (mry) cos (pﬂz) A (17.229)
) Z) = ————=. —_— —_— —_— —_— — .
A 2 b d a b d) |m

From the fields in Egs. (17.225) through (17.229), we see that for TE modes, either m or n can be zero (but not both) while
p must be nonzero (otherwise the longitudinal component of the field is zero). For p = 0 or for m = n = 0, all components
of the field are zero. The lowest resonant mode is therefore either the TE o, or TEg,, depending on the dimensions a, b,
and c.
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The resonant frequencies for TE modes are the same as for the TM modes:

=g @)+ () ) s 7230

Some of the modes may have the same resonant frequency even though they are different modes. As an example, for a
cubic cavity (a = b = d), TEy;; and TE(; have the same frequency. These are called degenerate modes, as in waveguides.

Exercise 17.10 Starting with the TE transverse components in a rectangular waveguide [Eqs. (17.165) through
(17.168)], derive Eqs. (17.226) through (17.229) by first writing the backward-propagating waves in the waveguide,
summing the forward- and backward-propagating waves, and then applying the appropriate conditions at z = 0 and
z =d.

Example 17.11 A cavity resonator is made in the form of a cubic box, 100 mm on the side. The cavity is air filled
and is made of a perfect conductor:

(a) Find the first 15 possible resonant modes of the cavity.
(b) Separate the TE and TM modes.
(¢) Which resonant frequency is the dominant mode of the cavity and which modes are degenerate?

Solution: The resonant frequencies of the cavity are calculated from Eq. (17.230). Any combination of the integers m, n,
and p may be considered to be a resonant frequency, except, of course, for m = 0, n = 0, and p = 0. Other combinations
may also be inappropriate combinations in the sense that they result in zero fields. We first calculate the first 15 possible
resonant frequencies, including those that may not correspond to physical modes and then identify those modes that may
exist in the cavity:

(a) Using Eq. (17.230), we get the possible resonant frequencies in Table 17.4.

(b) To identify which of the calculated frequencies correspond to TE and TM modes, we use the properties of the modes:
TE modes: m or n can be zero, while p must be nonzero.
TM modes: m and n must be nonzero, while p can be zero.
This means that the combinations (00p), (0n0), and (m00), where m, n, p are nonzero, are not physical resonant
frequencies; that is, the combinations 100, 010, 001, 200, 020, and 002 lead to zero fields and are therefore not resonant
modes. The combinations (mn0) and (mnp), m, n, p # 0, are TM modes. These are (110), (111), (210), and (120). The
combinations (Onp), (mOp), and (mnp), for m, n, p # 0, are TE modes. These are (011), (021), (101), (102), (201), and
(111). The physical resonant frequencies and their designation are shown in Table 17.5.

(¢) The dominant mode is the mode with lowest resonant frequency. In this case, there are three modes with lowest
frequency. Any of the TM ¢, TE o1, and TEy;; modes is the dominant mode.

Modes TM 9, TE 01, and TEq;; are degenerate modes as are the TE;; and TM; and TE,;o, TE>0;, TEg21, TE 02, and
TM;,o modes. This high-order degeneracy is one reason why cubic cavity resonators are seldom used. Rectangular cavities
are usually preferred because they have better mode separation.

Table 17.4 The first 15 possible modes in a square resonant cavity (frequencies given in GHz)

100 010 001 110 101 011 111 200 020 002 210 201 021 102 120
1.5 1.5 1.5 2121 2121 2121 2598 30 3.0 3.0 3354 3354 3354 3354 3.354

Table 17.5 Possible modes in a cubic cavity resonator (frequencies given in GHz)

T™, 1o TE o, TEo1; TM,11, TE TM:;0 TEso; TEp2, TE o, TMi5
2.121 2.121 2.121 2.598 3.354 3.354 3.354 3.354 3.354
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17.10 Energy Relations in a Cavity Resonator

Power and energy relations in a cavity are defined by the Poynting theorem. Since there is a certain amount of energy stored
in the fields of a cavity, the calculation of this energy is an important aspect of analysis. This is particularly obvious if we
recall that in a resonant device, these relations change dramatically at or near resonance. This was true with resonant circuits
and is certainly true with resonant cavities. The stored energy and dissipated power in a cavity define the basic qualities of
the cavity. A lossless cavity is not practically realizable; therefore, we also define a quantity called quality factor of the
cavity, which is a measure of losses in the cavity. A shift in the resonant frequency of the cavity can also be described in
terms of energy. These relations can then be used to characterize a cavity and for measurements in the cavity.

To define the energy relations in the cavity, we need to calculate the Poynting vector (P = E x H) in the cavity. From
Eqgs. (17.213) through (17.216) or Egs. (17.226) through (17.229), we note that the Poynting vector is purely imaginary; that
is, the time-averaged power density in the cavity is zero:

1
Pay = 5Re(E x H') =0 (17.231)

This means that there is no real power transferred in or out of the cavity, but there is stored energy in the magnetic and
electric fields inside the cavity. From the complex Poynting vector [Eq. (12.75)], we have

1 1
5= ijJ (ZeE-E* _ Z,uH-H*)dv W] (17.232)

v

The total time-averaged stored electric and magnetic energy in the cavity can now be written as

E-E° uH-H*
W0:J<€ - _H . )dv ] (17.233)

where E and H are the fields in the cavity and v the volume of the cavity. This relation is correct at any frequency regardless
of resonance.
If the cavity also has wall losses, the time-averaged dissipated power in the cavity walls is

R,

Plogs = D)

R
ijds = 7J |H,|ds  [W] (17.234)

where R, is the surface resistance of the cavity walls, H, is the tangential magnetic field intensity at the walls surface, and s is
the internal surface of the cavity walls. This relation is the same as that obtained for waveguides in Eq. (17.185). The
calculation of the wall losses is the same as for the waveguide (see Example 17.9). In addition, there may also be losses due
to the dielectric inside the cavity and these must be added to Eq. (17.234).

17.11 Quality Factor of a Cavity Resonator

The quality factor of the cavity resonator is defined as the ratio between the stored energy in the cavity and the dissipated
power per cycle of the wave:

time-averaged stored energy ~ 2zWo oWy

Q=2x [dimensionless] (17.235)

energy loss in one cycle  Piog T Plogs

where T is the period of the wave and @y is the resonant frequency. Since the higher the Q factor, the more selective the
cavity is, Q is a measure of the bandwidth of the cavity. It also defines, indirectly, the amount of energy needed to couple into
the cavity to maintain an energy balance. Ideal cavities have an infinite quality factor. The calculation of both stored energy
Wy and dissipated power P, is tedious but straightforward operations [see Eqs. (17.233) and (17.234)]. The stored energy
is calculated by direct integration over the volume of the cavity using either the TE or TM fields and the dissipated power in
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the walls of the cavity is calculated using the method in Section 17.7.3 by first finding the current densities in the six walls of
the cavity resonator and then integrating Eq. (17.234) over the walls.

There are two sources of losses in a cavity. One is the wall loss in conductors, the other is the loss in dielectrics
(see Section 17.7.3). It is possible to separate the quality factor into a quality factor due to the dielectric, Q,4, and a quality
factor due to conductors, Q.. If this is done, then the quality factor of the cavity may be written as

Q o Q(‘Qd

= [dimensionless] (17.236)
Qc + Qd

A small advantage in this separation is that the quality factor due to the dielectric can be calculated in terms of the loss
tangent [see Eq. (12.80)] or in terms of the complex permittivity [see Eq. (12.79)]:

: 1
_z = an [dimensionless] (17.237)

where €' is the real part of permittivity and €” its imaginary part. In some instances one or the other quality factor may
dominate. If, for example, dielectric losses are negligible, O, tends to infinity and the quality factor of the cavity is
dominated by wall losses.

17.12 Applications

Application: The Slotline A very useful measuring device in waveguide applications is the slotline. The slotline is a
section of a waveguide, with a lengthwise slot that allows a probe to measure the electric field intensity in the waveguide as
shown in Figure 17.20a. The probe can be adjusted with a micrometer over a considerable length and measure the electric
field intensity in the waveguide. The basic measurement is that of the maximum and minimum electric fields, indicating the
standing wave ratio. However, other measurements may be performed. For example, the slotline may be connected to a
waveguide section, and the waveguide caused to reflect some energy back into the slotline, as shown in Figure 17.20b by
means of a short, an open, or any dielectric material in the cavity. Then, measuring two minima in the standing wave pattern
(minima are preferred because they are sharper than maxima), the wavelength and, therefore, the frequency may be
measured. The measurement proceeds by identifying one minimum and then moving the probe to the next minimum. The
distance between the two minima is always 4/2. The slotline must be identical in dimensions to the waveguide to which it is
connected if reflections due to the connections are to be avoided.

a b
probe holder B ——
motion <—ﬁ—>motion — e—— 1 short
slot— 1= ; : ; ==
. — | ~_probe | .
Y probe slotted section .

Figure 17.20 (a) The slotline. (b) Frequency measurement using the slotline

Application: Optical Waveguides Optical waveguides are somewhat different than most other electromagnetic
waveguides in that a conductor is not used. The guide is a dielectric guide which relies on total internal reflection for
confinement of waves within the waveguide. The most common optical waveguides are made of thin silica fibers (thus, the
common name of glass fiber or optical fiber) or plastic. The fiber is normally coated with an opaque dielectric material for
protection, even though it is not absolutely necessary for operation. However, the coating or cladding must have lower
dielectric constant than the core fiber to ensure total internal reflection. In some cases, the fiber may be coated with metal
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such as aluminum or nickel. There are a number of types of optical fibers, depending on their constructions. The best optical
fibers are the so-called single-mode fibers. These are very thin (1-8 pm) and, as their name implies, allow a single mode to
propagate. Propagation is almost entirely parallel to the fiber and because of that, there is little dispersion in the fiber and the
attenuation is also low. However, these fibers are difficult to make and are quite expensive. In addition, connection to the
fibers is complicated and requires a laser as the source. More common are the multimode fibers and multimode graded-index
fibers. The first are about 125-400 pm thick and are made of a uniform material (the index of refraction is constant
throughout the cross section of the fiber). This is the simplest fiber but also the worst in terms of dispersion and attenuation.
Dispersion in optical fibers refers to the delay in transmission because different modes travel at different speeds depending
on the angle of reflection in the fiber. Typical values are 15-30 ns/km meaning that the difference in time of arrival between
the slowest/fastest waves is 15-30 ns per km length of the fiber. The second type of fiber has a graded index of refraction
which is high at the center and lower toward the outer surface. This reduces dispersion but is more difficult to fabricate.

The optical fiber is commonly used as a waveguide for communication purposes because it has low attenuation, has very
high bandwidth, has no interference from other signals, is thin and lightweight, and is easy to couple energy into. Typical
attenuation in fibers is as low as 0.5 dB/km, although some fibers attenuate over 10 dB/km. In addition to optical fibers,
optical waveguides can be fabricated in silicon and other semiconducting materials. Optical resonators are also made and
can be integrated on silicon chips.

Application: Detection of Materials with Cavity Resonators Cavity resonators with high-quality factors have a very
narrow curve (high response) around resonance. Any change in the dielectric constant inside the cavity affects the resonant
frequency through the change in dielectric constant. This may be utilized to measure properties of materials or to measure
the presence of materials. One example of this type of measurement is smoke detection or even detection of explosives.
Other applications are drying of materials by sensing moisture content (resonant frequency is lower the higher the amount of
water in the cavity) or curing of polymers by sensing the amount of solvent in the vicinity of the drying polymer. The basic
application is shown in Figure 17.21. It consists of a rectangular cavity, with a few holes that allow penetration of the
material (gases) to be detected. The shift in resonant frequency is monitored and any shift indicates the presence of a material
with a dielectric constant different than air.

o O O
o O
o ~__small holes to allow
O O O o«t— entry of gases

o
0O 0o o &)

OOO‘/

Figure 17.21 A cavity resonator sensor designed for smoke detection

Application: Coupling to Waveguides and Cavities The coupling of electromagnetic energy to waveguides and cavities
has not been addressed specifically in the above discussion. If the cavity were ideal, the fields within the cavity would be of
infinite amplitude, provided that the necessary modes can be excited. In real cavities, there are always some losses, but these
are usually small. The fields are large and the amount of stored energy is also large. However, the small amount of power
dissipated has to be compensated for by external sources; otherwise, the cavity would cease to oscillate. This is done by
coupling energy into the cavity. A cavity for which the lost energy is exactly balanced is called a critically coupled cavity.

The introduction of energy into the cavity (or a waveguide) can be done in a number of ways. The most obvious of these is
to have a source within the cavity that generates the necessary fields. A small loop (Figure 17.22a) or a simple probe
excitation (Figure 17.22b) can be used. A loop generates a magnetic field intensity and this magnetic field intensity excites a
mode with magnetic field intensity parallel to that generated by the loop. Different modes can be generated by simply
locating the probe or the loop at different locations in the cavity, although, for obvious reasons, these must be close to the
outer surfaces of the cavity. Similarly, the cavity can be coupled through a small aperture through which a small amount of
energy “leaks” into the cavity (Figure 17.22¢). In this case, the modes excited are those that have fields parallel to those in
the waveguide at the location of the aperture. The three coupling methods in Figure 17.22 excite different modes. These are
shown for a cavity, but identical considerations apply to waveguides.
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a b c

cavity

- cavity
‘ cavity |

_li aperture

N\ )H probe ] T
Toop | waveguide

Figure 17.22 (a) Coupling to a cavity by a small loop in the cavity. (b) Coupling to a cavity by a small probe in the cavity.
(c) Coupling to a cavity by a small aperture in the wall of the cavity

Application: Frequency Measurement One simple and widely used method for frequency measurement is the tuning of a
cavity resonator to resonate at the unknown frequency. Then, by accurate measurements of the cavity dimensions, the
frequency may be calculated from Eq. (17.218). In practice, the resonant frequency may be calibrated directly on the cavity.
Standard wavemeters are of this type. (They are called wavemeters because often the wavelength is measured rather than the
frequency.) Normally, wavemeters are cylindrical cavity resonators as shown in Figure 17.23. However, in principle, any
cavity resonator may be used. The only requirement is that the modes be separated well and that we either know the mode or
the cavity is excited in a known mode.

micrometer
movable lid

range of
lid motion

Figure 17.23 A cylindrical cavity wavemeter

17.13 Summary

The theme of this chapter is propagation of waves in waveguides. The starting point is a general description of longitudinal
and transverse electric and magnetic field intensities from Maxwell’s equations. These, together with the effect of the
conducting surfaces, define the properties of the waves. The treatment is separated into transverse electromagnetic (TEM),
transverse electric (TE), and transverse magnetic (TM) waves.

Assumptions: direction of propagation is z, time-harmonic fields: (¢/*' time dependency).

General equations—transverse field components in general, lossy media:

mstal ) [}
nyzikz(—y%—l-jwsaai‘) % (17.20)
() [ 7
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GivenE., H.,y = a + jf,and k = w,/ue, we can obtain E,, E,, H,, H,. These fields are used to define TEM, TE, and TM
waves by setting conditions on E, and H,. Table 17.2 summarizes the properties of TE, TM, and TEM waves. Some of the
properties that show the differences between the three types of waves under lossless conditions are shown in the following
table.

TEM waves TE waves TM waves
Conditions on E., H. E.=0,H.=0 E.=0,H.#0 E.#0,H. =0
Propagation constant = jw./ue . =
pag Trew = o/ Yre = jo/ue/ 1 — (fc/f)2 o = Ve
Equations See note 1 (17.27) through (17.30) (17.53) through (17.56)
Phase velocity [m/s =1 =
velocity [mis] W= 1ie vie = 1/ ey 1 = (£/f)" v = Ve

Wave impedance [€Q] n=+/p/e Zrg =n/y/1 — (fc/f)z Zry =m/1— (f(/f)z

[ is the cutoff frequency, below which waves do not propagate.

Notes:

(1) TEM waves are plane waves as discussed in Chapters 12 and 13.

(2) The equations for TE and TM waves are obtained by substituting the conditions from the first row of the table into
Egs. (17.18) through (17.21).

(3) In TE waves there is no longitudinal electric field, whereas in TM waves there is no longitudinal magnetic field.

(4) Phase velocity is given for lossless media.

Properties in lossy media can be easily obtained by modifying y as follows (y = a + jf):

YTE = Y1M :j\/(a)z,uf — k7) — jouc (17.45)

Below cutoff the waves are said to be attenuated. The attenuation constant for evanescent waves (below cutoff, at a

frequency f < f,) is
5 N
Ao = Wy /Iug\/f; -1 [Hp} (17.39)

The attenuation below cutoff is very high so that we may safely say that waves do not propagate.

TE and TM Waves in Parallel Plate Waveguides

Mode, m TE,, ™,,
Guide phase velocity [m/s] Ve = Vp/sin 0; (17.70? Same as TE
Cutoff frequency [Hz] fem = m/2d\/ug (17.80) | Same as TE
Cutoff wave number [rad/m] ke = mrld, m=1,2,3 ... (17.81) ' Same as TE
Cutoff wavelength [m] Aem = 2d/m, m=1,2,3 ... (17.82) Same as TE
Guide wavelength [m] =1 /11— 3m / f2 (17.86) Same as TE
Guide phase velocity [m/s] ve=vp/1/1 - f(27n1 If? (17.85) Same as TE
Guide ph tant [rad / S TE
uide phase constant [rad/m] /),g — s /1 —ffm/fz (17.87) ame as
. . o N (MTX\ o i
Electrlc.ﬁeld intensity in the g () — gjE, sm(—)e j2nz /g Ey(x.2) = $E icos<@) —
waveguide [V/m] d Ag
(17.92) 1 S
ti jEOTsin(T) o127 (17.102)

(continued)
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(continued )
Mode, m

Magnetic field intensity
in the waveguide [A/m]

Time-averaged power density
in the waveguide [W/m?] av

Guide wave impedance [€2]

v, =1/ \/ué

TE,,

Ey A
Hl(X,Z)
n Ag
_z =0
n Aen
’iismz<@>
2n A d

Zrg = ng/A=n/

20 (M)
d

(17.97

1—f2 /f* (17.98)

Rectangular Waveguides TM modes, H, = 0. TE modes, £, = 0

Mode, m

™, ,

Longitudinal field g (. y -y — £ sin (@x) sin (%”y) e 7 (17.128)
a

Cutoff frequency
[Hz]

Cutoff wave
number

[rad/m]

Cutoff
wavelength [m]

Guide
wavelength [m]

Guide phase
velocity

[m/s]

Guide phase
constant

[rad/m]
Transverse fields

Time-averaged
power

in the waveguide
(W]

Guide wave
impedance [Q]

Valid modes

1 m\ 2 n\ 2
T =7 /i (Z) * (B)
mm\ 2 nm\ 2
ko =1/ (55) + (5)
L 1
wm/zaf (n/2b)?
\/ le‘l/f2
Vg =
}’l‘ll’l/sf2
2
By =Py|1— f’Z
See Egs. (17.147) through (17.150)
B a)eﬂgE%ab

8Kk2

cmn

2
u I A

ZTM—_\/: | —=F=n—-
f2 Ag

All modes withm # 0, n # 0

(17.138)

(17.137)

(17.139)

(17.143)

(17.142)

(17.141)

(17.153) P =

(17.145)

927

™,

E o
H (x,z) =y icos(?)eﬂz’““g (17.103)
n

Ey 2 mnx p
e AN ,—j2mz/ 2,
cos( 7 )e ¢ (17.93)

E(z] A o/ MAX
) Pa =507 cos (7) (17.109)
Ziv = n/ae = m/1 =12, /1 (17.110)

TE,, ,

H,(x,y,z) = Hycos (@)cos (”bﬂ) e 7 (17.164)
a
Same as TM

Same as TM

Same as TM
Same as TM

Same as TM
Same as TM

See Egs. (17.165) through (17.168)

wup Hiab
—_— 17.176
8kgmn ( )
Ag
1 - C%rm/fz

All modes exceptm = 0,n =0

Note: Range (bandwidth) for each mode is the range between its cutoff frequency and the cutoff frequency of the next,

higher mode.
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Power propagated in the TE ;o mode

wup H:a’b
P(TEy) = ETZO (W] (17.177)

TE,( is the most important and most often used mode.

Losses

In waveguides these are due to wall losses and dielectric losses.
Dielectric attenuation constant:

c N
agrE = adTMdind {_p} (17.178)
2\/ I szn/f2 o
Wall attenuation constant:
Plnm NP
Yy = = 17.183
a e [N (17.183)
where P, is power lost in walls.
Attenuation below cutoff:
2
) N
e = oy fem 1 (NI pop (17.190)
f m
Cavity resonators—treated as shorted waveguides.
Properties: the resonant frequencies (modes) are
1 i 2 m2  /p\?2
=——/(—= — = H 17.218
Ty z\//ﬁ\/<a) M (b) N (d) [Hz] (17.218)
TM modes: m,n # 0, p can be zero. Longitudinal (z-directed) field:
E.(x,y,z) = Eosin(@) sin (@)cos(@> A (17.205)
) a b d m

The TM transverse components are obtained from the longitudinal field by adding the conditions imposed by the
conducting surfaces that short the guide (Section 17.9.1). These are listed in Eqs. (17.213) through (17.216).

TE modes: m or n can be zero (but not both), p # 0

Longitudinal field:

H.(x,y,z) = Hocos (?)cos (}%ry) sin ([%) {%} (17.225)

The TE transverse components are obtained from the longitudinal field by adding the conditions imposed by the
conducting surfaces that short the guide (Section 17.9.2). These are listed in Eqs. (17.226) through (17.229).

Energy and Losses Stored energy in the cavity

WU:J(S . _¢ Z >dv ) (17.233)
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Power loss

R [ R, 2
Pioss =5 | Jyds == |Hi| ds [W] (17.234)

where Rj is the surface resistance [Eq. (17.184)].
Quality factor of the cavity is the ratio of stored energy and power loss per cycle:

. Wo _ aoWo
P IossT P loss

0=2 [dimensionless] (17.235)

Problems

TE, TM, and TEM Propagation in Parallel Plate Waveguides

17.1

17.2

17.3

17.4

Application: TM Modes in Parallel Plate Waveguides. A parallel plate waveguide is made of two strips, a = 20 mm
wide, separated by d = 1 mm and air filled. Neglect edge effects. For an incident electric field intensity of magnitude
E; = 1V, calculate at a frequency 20 % above the lowest cutoff frequency:

(a) The guide phase velocity, guide wavelength, and wave impedance for TM modes.
(b) The electric field intensity everywhere along the line for TM modes.

(¢) The magnetic field intensity along the line for TM modes.

(d) The instantaneous power density in the waveguide.

Application: TE/TM Waves in Striplines. A parallel plate waveguide is made of two wide strips, separated by a
fiberglass sheet d = 0.5 mm thick which has a relative permittivity of 3.5. Neglect any effects due to the edges of the
strips (i.e., assume the strips are infinitely wide) and calculate:

(a) The lowest TM mode possible.

(b) The lowest TE mode possible.

(c) If a wave at twice the lowest TE cutoff frequency propagates along the waveguide, calculate the wave impedance
for the TE and TM modes and compare with the wave impedance for TEM modes.

Power Relations in Integrated Striplines. In a stripline, the strips are separated a distance 0.02 mm and the strips are
1 mm wide. The material between the strips is air and because the width is much larger than the separation, the edge
effects may be neglected. For an incident electric field intensity E; = 1 V/m, calculate:

(a) The total time-averaged power propagated in the lowest TE mode at a frequency 25 % above cutoff.
(b) The total time-averaged power propagated in the lowest TM mode at a frequency 25 % above cutoff.
(c) Compare the results in (a) and (b) with the power propagated in the TEM mode at the same corresponding frequencies.

Propagation in Discontinuous Waveguides. Three parallel plate waveguide sections are connected as shown
in Figure 17.24. The material between the plates is free space. Assume that the three waveguide sections operate in
TE modes only. The source on the left supplies power at all frequencies between 1 MHz and 100 GHz. What is the lowest
frequency signal received at the receiver? Disregard reflections at the connection between the waveguide sections.

| T |

— 1d1:50 mm d,=100 mm d3=40 mm receiver
source
section 1 | l | section 3
section 2

Figure 17.24
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17.5 Reflection, Transmission, and SWR in Waveguides. A parallel plate waveguide with dimensions as shown in
Figure 17.25 is very long. A slab of permittivity e; = 2.5¢ [F/m] occupies the right half of the waveguide. Assume TE
propagation from left to right, at f = 2 f. [Hz], where f. is the cutoff frequency of the empty waveguide. Calculate:

(a) The reflection and transmission coefficients at the interface between air and slab.
(b) The standing wave ratio in the waveguide to the left of the interface and to the right of the interface.

air : dielectric slab T
-, : d
€050 I £1,1g |

Figure 17.25

17.6 Fields in Shorted Waveguide. A parallel plate waveguide operates in a TM mode and has the following electric and
magnetic fields:

E = xn(1/A;)Hocos ™ Sin (wt — (27/4¢)2) + Zn(A/Ac)Hosin T cos (wt — (27/4)z) [V/m]
a ' a ‘
N X .
H = yHocos — sin(wt — (21/2,)z) [A/m|
a
where A. [m] is the cutoff wavelength and 4, [m] is the guide wavelength. The wave propagates in the z direction and
the material in the waveguide is free space. Dimensions and coordinates are shown in Figure 17.26. Now, a perfect

conducting plate is used to short the two parallel plates (dotted line). Calculate the electric and magnetic field
intensities to the left of the short. Assume the short is at z = 0 for simplicity.

} y
‘i—’z

a >

¢ _

-
z

0

Figure 17.26

17.7 Application: Infrared Detection System. An infrared detection system is made of an optical stripline, used to guide
infrared waves, and an infrared detector. The system must operate at a wavelength of 1,200 nm and the detector has an
impedance of 50 Q. The stripline is made of a thin sheet of glass, with relative permittivity ¢, = 1.75, sandwiched
between two conducting sheets as shown in Figure 17.27. If the stripline must be matched to the detector, calculate:

(a) The lowest possible mode of propagation that may be used.
(b) The thickness d of the glass sheet that will support the mode calculated in (a).

w

&-=1.75 glass Id

w>>d

Figure 17.27

17.8 TEM Modes in Parallel Plate Waveguide. A parallel plate waveguide is made with very large (infinite) planar
conductors as shown in Figure 17.28. Atz = 0, E = y E; [V/m] and the propagation is in the positive z direction. Find
E and H for TEM modes. Assume perfect conductors for the plates and free space between the plates.

17.9 TE Fields in Parallel Plate Waveguide. A parallel plate waveguide is made with very large (infinite) planar
conductors as shown in Figure 17.28. At z = 0, the electric field intensity is directed in the positive y direction and
its peak equals E,. The propagation is in the positive z direction. Find E and H for TE modes. Assume perfect
conductors for the plates and free space between the plates.
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2
‘) d

Figure 17.28

17.10 TM Fields in Parallel Plate Waveguide. A parallel plate waveguide is made with very large (infinite) planar
conductors as shown in Figure 17.29. At z = 0, the magnetic field intensity is directed in the positive y direction and
its peak equals H [A/m]. The propagation is in the positive z direction. Find E and H for TM modes. Assume perfect
conductors for the plates and free space between the plates.

v z
Y

Hl d

Figure 17.29

TM/TE Modes in Rectangular Waveguides

17.11 Application: Low-Frequency Waveguide-Limitations. An engineer had a bright idea: Why not use rectangular
waveguides instead of the coaxial lines used in cable TV? The requirements are as follows: lowest frequency 50 MHz,
and the waveguide has a ratio of a = 2b.

(a) What must be the dimensions of the waveguide to propagate from 50 MHz and up in the TE, mode?

(b) The normal TV range in the VHF band is up to 150 MHz. Assuming each channel is 6 MHz, how many channels
can be propagated in the TE, mode alone?

(c) Is this a bright idea?

17.12 Application: Mode Separation and Bandwidth. The commercial WR 284 rectangular waveguide has internal
dimensions of @ = 72.14 mm and b = 34.04 mm. Calculate:

(a) The maximum bandwidth for the TE;y, mode.
(b) The maximum bandwidth for the TE;; mode.

17.13 Application: Modes in Rectangular Waveguide. A WR 112 standard, rectangular waveguide with dimensions
a = 28.50 mm and b = 12.62 mm is used to connect to a radar antenna which operates at a wavelength of 20 mm.
Find all propagating modes that can be used at the given wavelength. The waveguide is air filled.

17.14 Application: Fields and Power in Rectangular Waveguide. A rectangular waveguide is used to transmit power
from a generator to a radar antenna. The waveguide is a WR 34 waveguide with internal dimensions of 0.864 cm and
0.432 cm, operating at 23 GHz in the TEy, mode. The power delivered is 50 kW:

(a) Calculate the amplitudes of the electric and magnetic field intensities in the waveguide.
(b) Are these amplitudes acceptable in level? Explain.

17.15 Application: Tunnels as Waveguides. The following communication system is proposed for communication in mine
tunnels to avoid the need for cables: the tunnel is used as a waveguide 5 m wide and 2 m high.

(a) What is the lowest frequency that may be used?
(b) If it is desired to propagate a single mode, what is the maximum bandwidth that may be used and still guarantee
propagation in the lowest mode?
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17.16 Discontinuities in Rectangular Waveguide. A very long rectangular waveguide is filled with two materials as
shown in Figure 17.30. A TM wave propagates in the waveguide. Calculate:

(a) The lowest frequency (cutoff frequency) that will propagate in the waveguide.
(b) The time it takes the wave to propagate between points A and B.

side view cross section
a
A B l
|«— d —>|<— d —| -~ ) —

Figure 17.30

17.17 Field Required for Total Power. It is required that a lossless rectangular waveguide carry 100 W of power (time
averaged) at 4.5 GHz, in the TE;o mode. The waveguide is a = 47.55 mm wide and » = 22.15 mm high (WR 187
waveguide) and is air filled:

(a) Find the longitudinal and transverse components of the electric field intensity.
(b) Find the longitudinal and transverse components of the magnetic field intensity.

17.18 Power Carried in Lowest Mode. A rectangular waveguide is built such that » = 0.75a, with a = 10 mm:

(a) Find the lowest cutoff frequency and mode.

(b) Calculate the time-averaged power the wave can propagate at a frequency 25 % above the cutoff in (a), for a
given electric field intensity with amplitude £, = 1,000 V/m.

(c) Compare this with another waveguide for which b = 0.5« for the same conditions as in (b). Which waveguide can
carry more power for the same field level?

17.19 Maximum Power Handling of a Waveguide. A rectangular waveguide has a width to height ratio a/b = 2.0 and the
ratio between the operating frequency and the cutoff frequency is f/f.;o = 2.0 at f = 10 GHz. What is the maximum
time-averaged power that can be transmitted in the waveguide in the TE;y mode without exceeding the breakdown
electric field intensity of 3 x 10° V/m in air?

17.20 Application: Optical Waveguide. An optical waveguide is made in the form of a rectangular cross-sectional channel
in a silicon substrate, as shown in Figure 17.31. The channel is 2 pm wide, 1 um high, and € = 2¢, [F/m]:

(a) Explain why this structure can function as a rectangular waveguide and outline the conditions necessary for it to
operate. Hint: Consider the conditions for total reflection in a dielectric.

(b) Calculate the lowest frequency that can be propagated. Which mode is it and in what range of the spectrum is this
propagation possible?

(c) Calculate the peak power that can be propagated at twice the frequency calculated in (b) if the peak electric field
intensity cannot exceed 1,000 V/mm.

1 umI &=2

(1 um=10-6m)

Figure 17.31

17.21 TM Waves in a Waveguide. Write the time domain expressions for the transverse components of the fields for TM
propagation in a lossless rectangular waveguide of width a and height b (see Exercise 17.4).

17.22 TM Waves in a Waveguide. Find the transverse components for a backward-propagating TM wave in a rectangular
waveguide of width a [m] and height b [m]. Assume the backward-propagating wave propagates in the negative z
direction and the amplitude of the wave is Ey [V/m].
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17.23 TM Waves in a Waveguide. Find the total wave in a waveguide of width @ [m] and height b [m] if a forward-
propagating TM wave of amplitude Eg [V/m] and a backward-propagating wave of amplitude E; [V/m] exist.

17.24 TE Waves in a Waveguide. Find the transverse components E.(x,y,z), H(x,y,z), E,(x,y,z), and H,(x,y,z) for a
backward-propagating TE wave in a rectangular waveguide of width a [m] and height b [m]. Assume the wave
propagates in the negative z direction and the amplitude of the wave is H;.

17.25 TE Waves in a Waveguide. Find the total transverse TE waves in a waveguide of width ¢ [m] and height » [m] if a
forward-propagating wave of amplitude H, and a backward-propagating wave of amplitude H, exist.

Attenuation and Losses in Rectangular Waveguides

17.26 Dielectric Losses in Waveguides. A rectangular waveguide is filled with a lossy dielectric with relative permittivity
&, = 2 and conductivity 6, = 10~* S/m. Assuming perfectly conducting walls, find:

(a) The attenuation constant in the waveguide at a frequency 1.5 times larger than the lowest cutoff frequency.
(b) The percentage of power loss per meter of the waveguide at f/f, = 2. Assume the power entering a section of the
waveguide is P and calculate the power loss as a percentage of this power.

17.27 Conductor (Wall) Losses. A rectangular waveguide is made of aluminum, which has conductivity of 3.6 x 107 S/m.
The walls of the waveguide are thick and the internal dimensions are @ = 25.4 mm and b = 38.1 mm. Assuming the
waveguide is empty (free space), calculate:

(a) The power loss per meter length in the TE,; mode at f/f. = 2. Assume the amplitude of the longitudinal magnetic
field intensity is 1 A/m.
(b) The attenuation constant due to losses in the walls.

17.28 Waveguide with Dielectric and Wall Losses. The rectangular waveguide in Problem 17.27 is given again, but now
the waveguide is filled with a low-loss dielectric with relative permittivity of 2 and conductivity 6, = 10~* S/m. All
other parameters including wall conductivity remain the same. Calculate:

(a) The attenuation constant in the waveguide.
(b) The power loss per meter length in the TE(; mode at f/f. = 2. Assume the amplitude of the longitudinal magnetic
field intensity is 1 A/m.

Cavity Resonators

17.29 Resonant Frequencies in Rectangular Cavity. A rectangular cavity resonator is 60 mm long, 30 mm high, and
40 mm wide and is air filled. Calculate:

(a) The TE o, resonant frequency.
(b) The next three nondegenerate TE resonant modes. Classify the modes.

17.30 Resonant Frequencies in Shorted Waveguide. The WR 284 waveguide is made into a cavity 0.5 m long by shorting
the waveguide at two locations. Calculate the first 10 resonant frequencies and classify the modes. The waveguide has
dimensions @ = 72.14 mm and b = 34.04 mm.

17.31 Application: Design of a Cavity for Given Resonant Frequencies. A cavity resonator is built from a section of a
waveguide with dimensions @ = 4.755 cm and b = 2.215 cm by shorting the waveguide with two conducting plates.
A rectangular cavity of length d is thus created. The cavity is required to resonate at 8 GHz in the TE;o; mode:

(a) Find the length of the shorted section necessary.
(b) What is the dominant mode and what is its resonant frequency?
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17.32 Application: Parallel Plate Resonator. A parallel plate waveguide is shorted at two locations as shown in
Figure 17.32. The distance between shorts is d [m]. Calculate the resonant frequencies of the shorted guide, assuming

that a TM mode exists in the guide within the shorted section.

Figure 17.32

E1L,H11

-— X —



	Chapter 17: Waveguides and Resonators
	17.1 Introduction
	17.2 The Concept of a Waveguide
	17.3 Transverse Electromagnetic, Transverse Electric, and Transverse Magnetic Waves
	17.3.1 Transverse Electromagnetic Waves
	17.3.2 Transverse Electric (TE) Waves
	17.3.3 Transverse Magnetic (TM) Waves

	17.4 TE Propagation in Parallel Plate Waveguides
	17.5 TM Propagation in Parallel Plate Waveguides
	17.6 TEM Waves in Parallel Plate Waveguides
	17.7 Rectangular Waveguides
	17.7.1 TM Modes in Rectangular Waveguides
	17.7.2 TE Modes in Rectangular Waveguides
	17.7.3 Attenuation and Losses in Rectangular Waveguides
	17.7.3.1 Dielectric Losses
	17.7.3.2 Wall Losses
	17.7.3.3 Attenuation Below Cutoff


	17.8 Other Waveguides
	17.9 Cavity Resonators
	17.9.1 TM Modes in Cavity Resonators
	17.9.2 TE Modes in Cavity Resonators

	17.10 Energy Relations in a Cavity Resonator
	17.11 Quality Factor of a Cavity Resonator
	17.12 Applications
	17.13 Summary
	TE, TM, and TEM Propagation in Parallel Plate Waveguides
	TM/TE Modes in Rectangular Waveguides
	Attenuation and Losses in Rectangular Waveguides
	Cavity Resonators



