Chapter 7
Hyperbolic Equations

7.1 The One-Dimensional Wave Equation and the Transport
Equation

The basic prototype of a hyperbolic PDE is the wave equation

82

ﬁu(x,t) —Au(x,t) =0 forx e 2 CcR? te(0,00), ort €eR. (7.1.1)
This is a linear second-order PDE, like the Laplace and heat equations. As with the
heat equation, we consider ¢ as time and x as a spatial variable. In this introductory
section, we consider the case where the spatial variable x is one-dimensional. We
then write the wave equation as

e (x,1) — uyx(x,1) =0. (7.1.2)

We are going to reduce (7.1.2) to two first-order equations, called transport
equations. Let ¢, ¥ € C?(R). Then

ulx,t) =px+1t)+v(x—1) (7.1.3)

obviously solves (7.1.2).

This simple fact already leads to the important observation that in contrast to the
heat equation, solutions of the wave equation need not be more regular for ¢t > 0
than they are at t = 0. In particular, they are not necessarily of class C°°. We shall
have more to say about that issue, but right now we first wish to motivate (7.1.3):
@(x + t) solves

o —@x =0, (7.1.4)
¥(x —t) solves

Vi + ¥ =0, (7.1.5)
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150 7 The Wave Equation

and the wave operator

92 92
can be written as
L = (i_i) (i_}.i), (7.1.7)
Jat  dx Jar  dx

i.e., as the product of the two operators occurring in (7.1.4) and (7.1.5). This
suggests the transformation of variables

E=x+1t, n=x-—t. (7.1.8)
The wave equation (7.1.2) then becomes

gy (.7) = 0, (7.1.9)
and for a solution, u¢ has to be independent of 7, i.e.,
ug = ¢'(€) (where “’ ” denotes a derivative as usual),

and consequently,

u= / o) + () = 0(€) + ¥ (). (7.1.10)

Thus, (7.1.3) actually is the most general solution of the wave equation (7.1.2).

Remark 7.1.1. Equations (7.1.4) and (7.1.5) are formally quite similar to the
Cauchy—Riemann equations (2.1.5). Likewise, the decomposition (7.1.7) is anal-
ogous to (2.1.8). In fact, when putting ¢t = iy, the two decompositions are the
same. From an analytical perspective, however, this similarity is deceptive, as the
properties of the corresponding solutions, and hence of solutions of the Laplace and
wave equations, resp., are very different, as we shall now further explore.

Since the solution (7.1.3) contains two arbitrary functions, we may prescribe two
data at + = 0, namely, initial values and initial derivatives, again in contrast to
the heat equation, where only initial values could be prescribed. From the initial
conditions

u(x,0) = f(x),
ur(x,0) = g(x),

(7.1.11)

we obtain

P(x) + ¥ (x) = f(x),
@'(x) =¥ (x) = g(x), (7.1.12)



7.1 The One-Dimensional Wave Equation

151

and thus
1 X
p(x) = % + 5/0 g(y)dy +c,
1 X
v(x) = f(2x) _ 5/0 g(»)dy —c (7.1.13)

with some constant c. Hence we have the following theorem:

Theorem 7.1.1. The solution of the initial value problem

u(x,t) —up(x,1) =0 forxeR, t >0,
u(x,0) = f(x),
u(x,0) = g(x),

is given by

ulx,t) =px+1t)+vy¥(x—1)
l{f(x—i—t)—i—f(x—t)}—i—l/Ht (y)d (7.1.14)
3 3 g(y)dy. 1.

x—t

(For u to be of class C?, we need to require f € C* g€ C'.)

The representation formula (7.1.14) leads to a couple of observations:

1. We can explicitly determine the value of the solution g at any time ¢ from its

initial data at time 0. In fact, the value of g(x, ¢) depends not only on the values
of y at the two points £+ = x £ ¢ but also on the values of 6 inside the interval
between £_ and & . Remarkably, the values outside that interval play no role for
the value at (x, 7).

2. Conversely, the value of y at some point £ influences values of the solution g at

time ¢ only at the two points x = & & ¢. Likewise, the values of 6 at £ play a role
for the value at time ¢ only in the interval [§ —¢, & 4 ¢]. That means that the effect
of the initial data is propagated only inside a wedge with slope 1. In other words,
the propagation speed for the effect of initial data is 1, hence in particular finite.
This is in stark contrast to the heat equation where the representation formula
(5.1.11) tells us that the solution at any time ¢ and at any point x is influenced by
the initial values at all places. Therefore, in this sense, the heat equation leads to
infinite propagation speed, which clearly is a physical idealization.

We should point out here that, however, as we shall see in Sect.7.4, the
dependence of the solution of the wave equation for an even number of space
dimensions is different from the one in odd dimensions. Thus, the phenomenon
just analyzed for the one-dimensional wave equation does not hold in the same
manner for even dimensions.
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3. The representation formula (7.1.14) does not require any assumptions on the dif-
ferentiability of y and 6, or on ¢ and v, in fact, not even their continuity. At first
glance, this might look like an oddity or, worse, seem to be a problem, since a
function that is not differentiable cannot claim any right for being a solution of
a differential equation. It will turn out, however, that it is advantageous to take a
more positive look at this issue. In fact, there are many instances of differential
equations where we cannot find a differentiable solution. This is particularly
relevant when one wishes to understand the formation of singularities where
any kind of regular behavior of a solution, like differentiability, breaks down. In
many such cases, however, it is still possible to define some notion of generalized
solution. Such a generalized solution need not necessarily be differentiable or
even continuous. The key point, however, is that it satisfies some relation that
a differentiable solution, often called a classical solution in this context, also
necessarily would have to satisfy if it existed. That relation, like (7.1.14), is
formulated in such a way that it continues to be meaningful for nondifferentiable
functions. A function that satisfies such a relation then is called a generalized
solution. By this simple device, we have extended our concept of the solution of
a differential equation. Since the class of solutions thereby has become larger, it
should be correspondingly easier to prove the existence of a solution. This may
now appear as a cheap trick, like changing a problem that one wishes to solve,
but cannot, to an easier one. This misses the point, however. Often, there is a
reason underlying the model, like the formation of a singularity, that prevents the
existence of a classical solution, whereas there should still exist some kind of
generalized solution . In other cases, a successful strategy for finding a classical
solution might consist in first showing the existence of a generalized solution and
then proving that such a generalized solution has to be differentiable after all,
and therefore a classical solution. This will be a guiding scheme in subsequent
chapters where we shall go more deeply into the existence and regularity for
elliptic PDEs. Actually, this is what much of the modern theory of PDEs is about.

4. In any case, the representation formula (7.1.14) provides a solution of the wave
equation also for non-smooth initial data y, 8. So, we can solve the wave equation
for not necessarily smooth initial data, as we could do for the heat equation
by the representation formula (5.1.11). In contrast to the latter, however, which
produced a solution that was smooth for # > 0 regardless of the initial data, for
the wave equation, the solution is not any more regular than the initial values .
That is, for non-smooth initial data, we also obtain a non-smooth solution only.

7.2 First-Order Hyperbolic Equations

In this section, we generalize the transport equation that we have found in Sect. 7.1.
We start, however, differently, namely, with the system of ordinary differential
equations

X@t)= fi(t,x@t)) fori=1,...,d. (7.2.1)
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We shall often use a vector notation

X(1) = f(t. x(1)) (7.2.2)
with x = (x!,...,x?) and analogously for /. We shall assume
| f(t,x)] < (1 4+ |x]) (7.2.3)

| f(t.x)— f(t,y)| <c2]x —y| forallt e R, x,y e RY, (7.2.4)

for some constants ¢y, ¢, i.€., at most linear growth and Lipschitz continuity of the
right-hand side of our equation. Under these conditions, we can use the Picard—
Lindelof theorem to obtain a solution of (7.2.1) for all ¢+ for any given initial
values x (0).

We now consider the first-order partial differential equation

—h(x ) +Zf (t.x Bh(x )

i=l1

=0 (7.2.5)

with prescribed initial values /(x, 0). For the special case d = 1, f = 1, this is the
transport equation encountered in Sect. 7.1.
In order to study (7.2.5), we consider the characteristic equation

Yi(t,x) = f(t.Y(,x))
Y(0, x) = x. (7.2.6)
This equation is the same as (7.2.1). The method of characteristics reduces a partial
differential equation like (7.2.5) to a system of ordinary differential equations of the
form (7.2.1).
Equation (7.2.6) can be solved because of (7.2.3) and (7.2.4). For initial values

h(x,0) of class C', there then exists a unique solution &(x, ¢) of (7.2.5) of class C!
which is characterized by the property that it is constant along characteristics, i.e.,

h(Y(t,x),1) = h(x,0) forallt € R, x € R?, (7.2.7)
To see this, we simply compute

%h(Y(t,x),t) = —h(Y(t x).1) + ZY (t.x)5— h(Y(t x).1)

i=1
3 4 3
= gh(Y(t,x),t) + ;f (t,Y(t,x))ﬁh(Y(t,x),t).

Thus, (7.2.5) is satisfied if 4(Y (¢, x), t) is independent of ¢, and the initial condition
then yields (7.2.7).
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When we look at (7.2.5) as a PDE, we see from the method of characteristics that
we can solve it for general initial values that are prescribed at some hypersurface that
is transversal to the characteristic curves. That means that we can consider some
hypersurface u(1),t(n) for n € R¥ that is nowhere tangential to the characteristic
curves Y (¢, x) and prescribe that

h(x(n),t(n) = ho(n) (7.2.8)

for some function hy. We then simply extend & by being constant along the
characteristic curve through x (1), # (). Of course, since & has to be constant along
characteristics, we can prescribe only one value on each characteristic, and this then
leads to the condition that the hypersurface along which we prescribe initial values
has to be noncharacteristic, i.e., nowhere tangent to a characteristic curve.

We now consider a somewhat different equation that will come up in Sects. 8.2
and 9.1 below, as a so-called continuity equation:

9 o
5 hen) = > 5 (S G 0hx ). (7.2.9)

i=1

We rewrite (7.2.9) as

—h(x t)+Zf (1, x ah(x D +Z G (t WX, =0, (71210

i=l1 i=l1

in order to treat it as an extension of (7.2.5). We let Z(z, x) be the solution of

Z(t,x) = %zu,m (7.2.11)

Z(0,x) = 1. (7.2.12)
The solution of (7.2.10), i.e., of (7.2.9), is determined by
h(Y(t,x),0)Z(t,x) = h(x,0) forallt € R,x € R?, (7.2.13)

that is, by an extension of (7.2.7).

We now consider a first-order PDE that is more general than (7.2.9) or (7.2.5)
and that exhibits some new phenomena. We cannot present all details here, but
wish to provide at least some understanding of the perspicuous phenomena. For
a detailed textbook treatment of first-order hyperbolic equations, we refer to [7, 14].
Our PDE is

d
ad ; oh(x,t)
Eh(x,t)—i— E F'(t,x,h) pa

i=1

(7.2.14)
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Again, we need to make certain structural assumptions on F; for simplicity, we
assume here that F' is smooth and that it satisfies some growth condition like

|F(t,x,h)| < Clh| (7.2.15)

for some constant C and all i, ¢, x.

The crucial aspect here is that the functions F’ may now also depend on the
solution # itself. As before, we consider a characteristic equation with appropriate
initial condition:

Y,(t.x) = F(t.x,ho(x)) (7.2.16)
Y(0,x) =x (7.2.17)

for some prescribed function /(x). When & then is again constant along such
characteristic curves, i.e.,

h(Y(t,x).t) = h(Y(0,x),0) forallt >0, (7.2.18)

with initial values
h(x,0) = ho(x), (7.2.19)

we obtain a solution of (7.2.14), since then

0= %h(Y(t,x),t) = a%h(Y(t,x),t) + Z Zi(t,x)%h(Y(t,x), 1)

i=1

- a%h(Y(t,x), 1+ Z Fit, Y(t,x),ho(x))%h(y([,x)’ 0,

i=1

and since /i is constant on characteristic curves, we have from (7.2.17) and (7.2.19)
that
h(Y(t,x),t) = ho(x),

which when inserted into the previous equation yields (7.2.14), indeed.
In particular, when F is independent of 7, (7.2.16) becomes

Y, (t,x) = F(x,ho(x)) (7.2.20)
whose solution with (7.2.17) is simply
Y, x) = F(x,ho(x))t + x, (7.2.21)
that is, a straight line with slope F(x, ho(x)).

Now, however, we may have a problem: These straight lines, or more generally,
the characteristic curves solving (7.2.16), might intersect for some ¢ > 0. When
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the solution & then has different values along such intersecting curves, we obtain
conflicting values at such an intersection point. In other words, at intersections
of characteristic curves, the solution is not unambiguously determined. Or, put
differently, the system (7.2.14) in general does not possess a smooth solution that
exists for all time # > 0.

We consider the following example (Burgers’ equation):

he(x,t) + hhy(x,t) =0 (7.2.22)
with x € R! and initial condition
h(x,0) = ho(x). (7.2.23)

The characteristic equation (7.2.21) then becomes

Y, x) = ho(x)t + x. (7.2.24)
We first consider
1 for x <0,
ho(x) =41—x for 0 <x <1, (7.2.25)
0 for x > 1.
Then
1 for x <t
h(x,1) =112 fort <x <1 (7.2.26)
0 for x > 1

is constant along the solutions of (7.2.24). (One checks, for instance, that 4 ((1 — x)
t + x,t) = 1 — x in the region t < x < 1.) The characteristic curves, however,
intersect for # > 1 so that the solution exists only for # < 1. One possibility to define
a consistent solution also for # > 1 consists in separating two regions of smoothness

1+

by the shock curve x = Tt’ i.e., simply put, forz > 1,
1 for x < 1t
h(x,1) = oFr=" (1.2.27)
0 for x > I—'ZH
In fact, the jump of & across the curve x = 1% satisfies some consistency condition,
the so-called Rankine—Hugoniot condition, which we shall now explain. The idea
is the following (considering, for simplicity, only the case of one space dimension,

x € R"): We consider an equation of the form
hi(x,t) + @(h(x,t))y =0. (7.2.28)

For instance, in (7.2.22), we may take @ (h) = %
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We multiply (7.2.28) by some smooth function n(x, #) with compact support in
£2 x (0, 00) and integrate to get

/ (he(x,t) + @(h(x,t))y)ndxdt =0 (7.2.29)
>0 JxeR
and integrate by parts to obtain
/ (hn; + @(h)n,)dxdr = 0. (7.2.30)
>0 JxeR

When /4 is a solution of (7.2.28), this relation then has to hold for all n with compact
support, and conversely, when this holds for all such 75, and /4 is differentiable,
we may integrate by parts to obtain (7.2.29). When (7.2.29) holds for all smooth
functions n with compact support, one may conclude that (7.2.28) holds (this
is sometimes called the fundamental lemma of the calculus of variations). Thus,
whenever /& is differentiable, the relation (7.2.30) for all n is equivalent to the
differential equation (7.2.28). The advantage of (7.2.30), however, is that this
relation is meaningful even when 4 is not, or is not known to be, differentiable.
It merely has to be integrable, together with @ (/). This leads to the following:

Definition 7.2.1. When the identity (7.2.30) holds for all compactly supported
smooth 7, for some integrable / for which @ () is also integrable, then / is called a
weak solution of (7.2.28).

When now / jumps from the value _ to i along a (differentiable) curve x =
y(t), then from (7.2.30), we can deduce the jump condition

D(hy)—@(h-) =y(hy —ho). (7.2.31)
This can be seen as follows. Let the curve y divide the (x, ¢) plane into two regions

X4 such that & has the limit 2+ when approaching y from X .. Let  be compactly
supported, but not necessarily vanish along y. From (7.2.30), we obtain

0= / (hne + D(h)n.)dxdr + / (hn, + D(h)n.)dxdr. (7.2.32)
X— X4

Since n is compactly supported, integration by parts yields

/ (hn, + @(h)n,)dxdr = —/ (hy + @(h)y)n dxdt
X_ X_
+ /(h_n2 + @(h_)n"yn dy(r)
y

= /(h_n2 + @(h_)n"yn dy(r) (7.2.33)
Y
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where n = (n',n?) is the unit normal vector of the curve y. Here, the right-hand
side of the formula has a 4--sign because n is chosen to point from X_ to X. When
the parametrization x = y(¢) is such that X_ is to the left of y, then

1
n=——-=_(~,-y). (7.2.34)
1+ 2
By the same argument,
(hn, + @(h)n,)dxdt = — /(h+n2 + @(h)nHn dy(r). (7.2.35)
Xy Y

Combining the two relations (7.2.33) and (7.2.35), we obtain
/ (D(hy) — P(x_)n' + (hy —h_)n®)ndy(t) = 0. (7.2.36)
Y

Since this holds for all 5, with (7.2.34), we conclude the Rankine—Hugoniot jumping
relation (7.2.31). We note that this condition does not determine or constrain the
jump curve, but only the difference of the values of & on the two sides of that curve.
We note, however, that the jump condition (7.2.31) does not determine the jump
curve y itself, but only the magnitude of the discontinuity across it.

For (7.2.27), we have h_ = 1,hy = 0,0(h_) = "= = L @(hy) = 0,y = 1,
so that (7.2.31) holds, indeed.

‘We now consider the initial values

0 for x <O
h = - 7.2.37
() 1 for x > 0. ( )

In this case, we encounter the opposite problem: There is no characteristic curve in
the region 0 < x < ¢. One possibility to overcome this problem is by putting

0 for x <0,
h(x,t) = + for 0<x<t, (7.2.38)
1 for x >1t.

This is a so-called rarefaction wave. Equation (7.2.38) again yields a weak solution
in the sense of (7.2.30). This, however, is not the only possible consistent solution.
Therefore, one needs selection criteria for distinguishing particular solutions.

For instance, for (7.2.28), the solution (7.2.21) of the characteristic equation
becomes

Y(t,x) = &y (ho(x))t + x. (7.2.39)



7.2 First-Order Hyperbolic Equations 159

Therefore, when a characteristic curve with value h_ from the left of the curve y
hits a characteristic curve with value /4 from the right, we should have

®y(ho) > Dp(hy). (7.2.40)

Finally, at the end of this section, let me present a short discussion, without many
details, of the general first-order partial differential equation,

Fix' oo x®u pryoo pa) (7.2.41)
for an unknown function u(x', ..., x%), with
=y fori=1,....d, (7.2.42)

with subscripts denoting partial derivatives. Here, we assume F to be twice
continuously differentiable.
The characteristic curves of (7.2.41) are defined as the solutions of

i = F), (7.2.43)
d
= "piFp, (7.2.44)
i=1
pi = Fu + Fupi (7.2.45)
fori = 1,...,d. The refers to the derivative w.r.t., the new independent variable

t, i.e., we consider x, u, pi here as functions of 7. Since F is twice continuously
differentiable, the right-hand sides of these equations are locally Lipschitz, and
these characteristic equations can therefore be locally solved by the Picard—Lindel6f
theorem.

We then have

d . . .
3 Fa@.u(). p@) = Z Fux' + Z Fy, pi + Fuit = 0, (7.2.46)

i.e., F' = const along characteristics. Therefore, the natural strategy to solve (7.2.41)
is to propagate the initial values along characteristic curves.
As an example, we briefly discuss the Hamilton—Jacobi equation

w+ H(tq' oo q" ugr, .. ugn) =0, (7.2.47)

again assuming H to be twice continuously differentiable. In order to reduce
(7.2.47) to the form (7.2.41), we simply put

d

(xl,...,xd) =(q',....q".1), ie., ;C—t = 1; hence pg; = u;.
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With F =u, +H,p; =u
j=1,...,n,

0 the characteristic equations of (7.2.47) then are, for

qj = Hpjsp.j = - q/s (7248)

n
=Y p;iFp +piFp, =Y piHy —H. ps=—H. (1.249)
J

J=1

In fact, when ¢/ and p ; are determined from (7.2.48), then (7.2.49) yields u. The
equations (7.2.48) are the Hamilton equations of classical mechanics.

Let u = ¢(t,q".....,q", A1,...,A,) be a solution of (7.2.47) depending on
parameters Ap, ..., A,, then, since also u + const is a solution (as H in (7.2.47)
does not depend explicitly on u),

u=¢+2A (7.2.50)
is called a complete integral if
det(@gir) jk=1...n- (7.2.51)
With parameters @', ..., u",
o, =1, @y =Dpj (7.2.52)

then yields a (2n)-parameter family of solutions of (7.2.48). This is Jacobi’s
theorem.

For more details about first-order partial differential equations, we refer to [5,
14], and for the Hamilton—Jacobi equation, we suggest [5,21].

7.3 The Wave Equation

We return to the wave equation (7.1.1). In order to understand the specific features
of this equation better, we shall compare and contrast the wave equation with the
Laplace and the heat equations. As in Sect. 5.1, we consider some open £2 C R¢
and try to solve the wave equation on

Q2r =2 x(0,T) (T >0)
by separating variables, i.e., writing the solution u of

Mtt(xst) = Axu(xvt) on QT,
u(x,t) =0 for x € 452, (7.3.1)
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as
u(x,t) = v(x)w(t) (7.3.2)
as in (5.1.2). This yields, as in Sect. 5.1,

wi () Av(x)
w(t)  v(x)

and since the left-hand side is a function of ¢, and the right-hand side one of x, each
of them is constant, and we obtain

(7.3.3)

Av(x) = —Av(x), (7.3.4)

for some constant A > 0 (maximum principle).

As in Sect.5.1, v is thus an eigenfunction of the Laplace operator on 2 with
Dirichlet boundary conditions to be studied in more detail in Sect. 11.5 below. From
(7.3.5), since A > 0, w is then of the form

w(t) = acos VAt + Bsin VAT (7.3.6)
As in Sect. 11.5, referring to the expansions demonstrated in Sect. 11.5, we let
0 < Ay < Ay < Az... denote the sequence of Dirichlet eigenvalues of A on
§2, and vy, v, ... the corresponding orthonormal eigenfunctions, and we represent

a solution of our wave equation (7.3.1) as

u(x,t) = Z (an cos v/A, t + B sin \/ZZ) Vi (X). (7.3.7)

neN

In particular, for t = 0, we have

u(x,0) = Zanv,,(x), (7.3.8)

neN

and so the coefficients «,, are determined by the initial values u(x, 0). Likewise,

(6,00 =Y B/ A v (x) (7.3.9)

neN

and so the coefficients B, are determined by the initial derivatives u;(x,0) (the
convergence of the series in (7.3.9) is addressed in Theorem 11.5.1 below). So,
in contrast to the heat equation, for the wave equation, we may supplement the
Dirichlet data on 952 by two additional data at ¢ = 0, namely, initial values and
initial time derivatives.
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From the representation formula (7.3.7), we also see, again in contrast to the heat
equation, that solutions of the wave equation do not decay exponentially in time
but rather that the modes oscillate like trigonometric functions. In fact, there is a
conservation principle here; namely, the so-called energy

d
E(t) .= %/Q {u,(x,t)z + Zuxi (x,t)z} dx (7.3.10)
i=1

is given by

2
E(1) :%/Q (Z (—anmsin Vant + Buv/Ay cos \/Zt) Vn(x))

n

d 2
+ Z (Z (an cos v/A, f + B, sin \/ZZ) %vn (x)) dx

i=l1 n

1
=3 2" Al + B)). (73.11)
since

/quMmnglf“”:“
2

0 otherwise,

and

d
B ad A, forn =m,
;Lawmawm—%

otherwise

(see Theorem 11.5.1). Equation (7.3.11) implies that £ does not depend on 7, and
we conclude that the energy for a solution u of (7.3.1), represented by (7.3.7), is
conserved in time.

We now consider this issue from a somewhat different perspective. Let u be a
solution of the wave equation

wi(x,1) — Au(x,t) =0 forx e RY, t > 0. (7.3.12)

We again have the energy norm of u:

d
E(r) := %Ad {u,(x,t)z + ) u(x.0)?p dx. (7.3.13)

i=1
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We have

d
dE
E = Ad {u,u,t +Zuxiuxit} dx

i=1

d
= Ad {Mt(un — Au) + Z ("‘t“xi)xi} dx

i=1

=0 (7.3.14)

if u(x,t) = 0 for sufficiently large |x| (where that may depend on ¢, so that this
computation may be applied to solutions of (7.3.12) with compactly supported
initial values).

In this manner, it is easy to show the following result about the region of
dependency of a solution of (7.3.12), partially generalizing the corresponding results
of Sect. 7.4 to arbitrary dimensions:

Theorem 7.3.1. Let u be a solution of (7.3.12) with
u(x,0) = f(x), wu(x,0)=0 (7.3.15)

and let K := supp f (:: {x eRY: f(x) # 0}) be compact. Then
u(x,t) =0 for dist(x, K) > t. (7.3.16)

Proof. We show that f(y) = O forall y € B(x,T) implies u(x, T) > 0, which is
equivalent to our assertion. We put

— 1
E@) = —/
2 J .=

and obtain as in (7.3.14) (cf. (2.1.1))
B % /83(X,T—r) {M’z + Z uii } do(y)
B /BB(x,T—t) {utg_\bfl B % (uf * Z uii)} don).

By the Schwarz inequality, the integrand is nonpositive, and we conclude that

u? + Zui,} dy (7.3.17)

i=1

dE
— <0 fort>0.
dt
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Since by assumption E(0) = 0 and E is nonnegative, necessarily

E(t)=0 forallt <T,

and hence
u(y,t) =0 for |x —y|<T —1,
so that
u(x,T)y=0
as desired. O

Theorem 7.3.2. As in Theorem 7.3.1, let u be a solution of the wave equation with
initial values

u(x,0) = f(x) with compact support
and
u;(x,0) =0.

Then

-
v(x,t) = / u(x, s)ds
—oco VA4t
yields a solution of the heat equation
vi(x,1) — Av(x,t) =0 forx eRYt>0
with initial values

v(x,0) = f(x).

Proof. That u solves the heat equation is seen by differentiating under the integral

2
] © 9 [ e
—v(x,t) = — u(x, s)ds
0= [ 5 | a1

2

o) 32 e

= — u(x, s)ds
/—oo 852 \/4]Tt ( )

(since the kernel solves the heat equation)

2
[es) e_th 32
:/_oo Tl WM(X,S)CIS
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[ele) —“'2
/OO

(sinceusolves the wave equation)

= Av(x,1),

where we omit the detailed justification of interchanging differentiation and integra-
tion here. Then v(x, 0) = u(x,0) = f(x) follows as in Sect. 5.1. O

7.4 The Mean Value Method: Solving the Wave Equation
Through the Darboux Equation

Letv e CO(Rd), x € R4, r > 0. As in Sect. 2.2, we consider the spatial mean

S, x,r) = ! /B( )v(y)do(y). (7.4.1)

da)drd—l P

For r > 0, we put S(v, x,—r) := S(v, x,r), and S(v, x, r) thus is an even function
of r € R. Since %S (v, x,1)|;=0 = 0, the extended function remains sufficiently
many times differentiable.

Theorem 7.4.1 (Darboux equation). Forv e C2(RY),

i + u 9 S, x,r) = A S, x, 7). (7.4.2)
or? ror

Proof. We have
1
Soxr) = / vx + ré) do(§).

and hence

—S(vxr / —x+r “do(
)= Gor i IZ (x + r§)E" do(®)
1
:W B(“)a—v()’)do()’)
where v is the exterior normal of B(x, r)

1
= A d
dwdrd_l /;(x,r) V(Z) ‘

by the Gauss integral theorem. (7.4.3)
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This implies
LT [ meus o [ s dew)
— S, x,r) = —— v(z)dz + ——— v 0
ar? dwqrd Jpr) dward=" Jyper) Y Y
d—1290 1
= — —S - —A d
St + [ v dow)
(7.4.4)
because
acf ooy =a, [ -0+ ) dot)
B(x.r) 9B (x0.r)
=/ Awv(x —xo+ y)do(y)
33()((),7‘)
— [ a)dow.
dB(x,r)
Equation (7.4.4) is equivalent to (7.4.2). O

Corollary 7.4.1. Let u(x,t) be a solution of the initial value problem for the wave
equation

u(x,1) —A(x, 1) =0 forx eRY, >0,

u(x,0) = f(x),
u; (x,0) = g(x). (7.4.5)
We define the spatial mean
1
M(u,x,r,t) = —/ u(y,t)ydo(y).s (7.4.6)
dwqrd=" Jop.r
We then have
9’ 0? d—10
WM(u,x,r,t) = (W + TE) M(u,x,r,t). (7.4.7)
Proof. By the first line of (7.4.4),
0? d—10 1
(W + p 5) M(u,x,rt) = donrdT / Ayu(y,t)do(y)
dB(x,r)

1 9
= dogri 1 / ﬁu(y,t)do(y),
dB(x,r)



7.4  The Mean Value Method 167

since u solves the wave equation, and this in turn equals

92
WM(u,x,r,t). q
For abbreviation, we put
w(r,t) ;= M(u,x,r,t). (7.4.8)

Thus w solves the differential equation

d—1
Wit = Wrp + ——— Wy (749)
r

with initial data

w(r,0) = S(f, x,r),
wy(r,0) = S(g,x,r).vspace x =3pt (7.4.10)

If the space dimension d equals 3, for a solution w of (7.4.9), v := rw then solves
the one-dimensional wave equation

Vit = Vpr (7411)

with initial data

v(r,0) =rS(f, x,r),
vi(r,0) =rS(g,x,r). (7.4.12)

By Theorem 7.1.1, this implies

PMx.r0) = LA+ OSxr 1)+ (= 0S(fxr —0)

1 r+t
+3 / pS(g.x, p)dp. (7.4.13)
r—t

Since S(f, x,r) and S(g, x, r) are even functions of r, we obtain

M(u,x,r,t) = 2—1r{(t +r)S(f,ix,r+t)—(@—r)S(fix,t —r)}

1 t+r
+ — / pS(g.x, p)dp. (7.4.14)
2r Ji—
We want to let r tend to 0 in this formula. By continuity of u,

M(u, x,0,t) = u(x,1t), (7.4.15)



168 7 The Wave Equation

and we obtain
u(x,t) =1tS(g,x,t) + %(IS(f, x,1)). (7.4.16)

By our preceding considerations, every solution of class C? of the initial value
problem (7.4.5) for the wave equation must be represented in this way, and we thus
obtain the following result:

Theorem 7.4.2. The unique solution of the initial value problem for the wave
equation in 3 space dimensions,

w(x,t) — Au(x,t) =0 forx e R® >0,
u(x,0) = f(x), (7.4.17)
ur(x,0) = g(x),

for given f € C3(R?), g € C2(R?), can be represented as

1 > S
u(e,n) = s /a . (rg(y) SO+ 0" - x’)) do(y).

i=1

(7.4.18)
Proof. First of all, (7.4.16) yields
(x.0) = — o)+ 5 (g [ frdo)). 1419
u(x,t) = — 0 — | — 0 . 4.
4t E)B(x,t)g Y Y ot \ dmt dB(x.1) y y

In order to carry out the differentiation in the integral, we need to transform the
mean value of f back to the unit sphere, i.e.,

f@do) == | f(x +1ado).

4t Japixs) =1

The Darboux equation implies that u from (7.4.19) solves the wave equation, and
the correct initial data result from the relations

S(w, x,0) = w(x), aiS(w,x,r)b:o =0
r

satisfied by every continuous w. O

An important observation resulting from (7.4.18) is that for space dimensions
3 (and higher), a solution of the wave equation can be less regular than its initial
values. Namely, if u(x,0) € C*, u,(x,0) € C*~!, this implies u(x,t) € CK7!,
u;(x,t) € C*=2 for positive ¢.



7.4  The Mean Value Method 169

Moreover, as in the case d = 1, we may determine the regions of influence of
the initial data. It is quite remarkable that the value of u at (x,¢) depends on the
initial data only on the sphere dB(x, t), but not on the data in the interior of the ball
B(x,t). This is the so-called Huygens principle. This principle, however, holds only
in odd dimensions greater than 1, but not in even dimensions. We want to explain
this for the case d = 2. Obviously, a solution of the wave equation for d = 2 can
be considered as a solution for d = 3 that happens to be independent of the third
spatial coordinate x>.

We thus put x* = 0 in (7.4.19) and integrate on the sphere dB(x,1) = {y € R3:
' = xH2 4+ (2 = x2)? + (v*)? = 12} with surface element

do(y) = |yt—_,)ldyldyz.

Since the points (y', y2, ¥%) and (y', y2, —y?) yield the same contributions, we
obtain

1
u(xl,xz,t) — 2_/ g(y) dy
Y x
20 \f2 =P

0 1
NN R ——
IO 12— =y

where x = (x', x?), y = (¥', y?), and the ball B(x, t) now is the two-dimensional
one.

The values of u at (x, ) now depend on the values on the whole disk B(x,7) and
not only on its boundary dB(x, ).

A reference for Sects. 7.3 and 7.4 is John [14].

Summary

In this chapter we have studied the wave equation

32
Wu(x,t) —Au(x,t)=0 forxeR? >0

with initial data

u(x,0) = f(x),
ad
Eu(x,O) = g(x).

In contrast to the heat equation, there is no gain of regularity compared to the initial
data, and in fact, for d > 1, there may even occur a loss of regularity.
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As was the case with the Laplace equation, mean value constructions are
important for the wave equation, and they permit us to reduce the wave equation
for d > 1 to the Darboux equation for the mean values, which is hyperbolic as well
but involves only one spatial coordinate.

The propagation speed for the wave equation is finite, in contrast to the heat
equation. The effect of perturbations sets in sharply, and in odd dimensions greater
than 1, it also terminates sharply (Huygens principle).

The energy

E(t) = /Rd (|u,(x,r)|2 + |qu(x,t)|2) dx

is constant in time.

By a certain time averaging, a solution of the wave equation yields a solution of
the heat equation.

In fact, any solution of the one-dimensional wave equation can be represented as

ulx,t) =px+1t)+¢v(x—1)

with arbitrary functions ¢, ¥. Since such functions need not be regular, we naturally
arrive at a concept of a generalized solution of the wave equation. When ¢ and
are differentiable, they satisfy the transport equations

o —ox=0,9% +v, =0.

We have then considered the more general first-order hyperbolic equation

h(x,1)

- 0.
ox

9 <
o hGe ) + > fitx)

i=1

This equation is solved by the method of characteristics. That simply means that we
let &2 be constant along characteristic curves, i.e., solutions of the system of ODEs

Xty = fi(t,x@))fori =1,....d.

The more general hyperbolic equation

9 4 h(x.1)
S+ f =

i=1

i.e., where the factors /' now also may depend on the solution itself, can still be
approached by the method of characteristics. Here, however, the problem arises that
characteristic curves may intersect, leading to singularities of the solution because
of incompatible values along these curves. Conversely, the family of characteristic
curves may also leave out some region of space, necessitating some interpolation
scheme.
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Exercises

7.1. We consider the wave equation in one space dimension,
Ur —Uyy =0 forO<x <m,t >0,

with initial data
o0 o0
u(x,0) = Zan sinnx, u/(x,0) = Z'B” sinnx
n=1 n=1

and boundary values
u(0,¢t) =u(w,t) =0 forallt > 0.
Represent the solution as a Fourier series
o0
u(x,t) = Z Y (t) sinnx

n=1
and compute the coefficients y,(¢).
7.2. Consider the equation

U + Cuy = 0

for some function u(x,t), x,t € R, where c¢ is constant. Show that u is constant
along any line

X —ct = const = £,
and thus the general solution of this equation is given as
u(x,1) = f(§) = flx —cr)

where the initial values are u(x,0) = f(x). Does this differential equation satisfy
the Huygens principle?

7.3. We consider the general quasilinear PDE for a function u(x,y) of two
variables,

Auyy + 2buyy + cuyy =d,

where a, b, ¢, d are allowed to depend on x, y, u, u., and u,. We consider the curve
y(s) = (p(s), ¥(s)) in the xy-plane, where we wish to prescribe the function # and
its first derivatives:

u=f(s), ux = g(s), uy = h(s) forx =e(s),y = y(s).
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Show that for this to be possible, we need the relation

11(s) = g(5)¢"(s) + h(s)Y'(s).

For the values of uy, uy,u,, along y, compute the equations

ﬁoluxx + 1p/’/lxy = g/,
QD/MXy =+ w/uyy = I’Z/.

Conclude that the values of u,y, ux,, and u,, along y are uniquely determined by
the differential equations and the data f, g, h (satisfying the above compatibility
conditions), unless

ay’? —2bg'y + g =0

along y. If this latter equation holds, y is called a characteristic curve for the solution
u of our PDE au,, + 2bu,, + cu,, = d. (Since a, b, c,d may depend on u and
uy, uy, in general it depends not only on the equation, but also on the solution, which
curves are characteristic.) How is this existence of characteristic curves related
to the classification into elliptic, hyperbolic, and parabolic PDEs discussed in the
introduction? What are the characteristic curves of the wave equation u;; —uy, = 0?
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