
Chapter 11
Sobolev Spaces and L2 Regularity Theory

11.1 General Sobolev Spaces. Embedding Theorems
of Sobolev, Morrey, and John–Nirenberg

Definition 11.1.1. Let u W ˝ ! R be integrable, ˛ WD .˛1; : : : ; ˛d /,

D˛' WD
�
@

@x1

�˛1
� � �
�
@

@xd

�˛d
' for ' 2 C j˛j.˝/:

An integrable function v W ˝ ! R is called an ˛th weak derivative of u, in symbols
v D D˛u, if

Z
˝

'v dx D .�1/j˛j
Z
˝

uD˛'dx for all ' 2 C j˛j
0 .˝/: (11.1.1)

For k 2 N, 1 � p < 1, we define the Sobolev space

W k;p.˝/ WD fu 2 Lp.˝/ W D˛u exists and is contained in Lp.˝/ for all
j˛j � kg;

kukW k;p.˝/ WD
0
@X

j˛j�k

Z
˝

jD˛ujp
1
A

1
p

:

The spaces Hk;p.˝/ and Hk;p
0 .˝/ are defined to be the closures of C1.˝/ \

W k;p.˝/ and C1
0 .˝/, respectively, with respect to k�kW k;p.˝/. Occasionally, we

shall employ the abbreviation k�kp D k�kLp.˝/.
Concerning notation: The multi-index notation will be used in the present section

only. Later on, for u 2 W 1;p.˝/, first weak derivatives will be denoted byDiu; i D
1; : : : ; d , as in Definition 10.2.1, and we shall denote the vector .D1u; : : : ;Ddu/
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256 11 Sobolev Spaces and L2 Regularity Theory

by Du. Likewise, for u 2 W 2;p.˝/, second weak derivatives will be written
Dij u; i; j D 1; : : : ; d , and the matrix of second weak derivatives will be denoted
by D2u.

As in Sect. 10.2, one proves the following lemma:

Lemma 11.1.1. W k;p.˝/ D Hk;p.˝/. The space W k;p.˝/ is complete with
respect to k�kW k;p.˝/, i.e., it is a Banach space.

We now state the Sobolev embedding theorem:

Theorem 11.1.1.

H
1;p
0 .˝/ �

(
L

dp
d�p .˝/ for p < d;

C 0. N̋ / for p > d:

Moreover, for u 2 H1;p
0 .˝/ ,

kuk dp
d�p

� c kDukp for p < d; (11.1.2)

sup
˝

juj � c j˝j 1d � 1
p � kDukp for p > d; (11.1.3)

where the constant c depends on p and d only.

In order to better understand the content of the Sobolev embedding theorem, we
first consider the scaling behavior of the expressions involved: Let f 2 H1;p.Rd /\
Lq.Rd /. We look at the scaling y D �x (with � > 0) and

f�.y/ WD f
�y
�

�
D f .x/:

Then, with y D �x,

�Z
Rd

jDf�.y/jp dy

� 1
p

D �
d�p
p

�Z
Rd

jDf.x/jp dx

� 1
p

(note that on the left, the derivative is taken with respect to y, and on the right with
respect to x; this explains the �p in the exponent) and

�Z
Rd

jf�.y/jq dy

� 1
q

D �
d
q

�Z
Rd

jf .x/jq dx

� 1
q

:

Thus in the limit � ! 0, kf�kLq is controlled by kDf�kLp if

�
d
q � �

d�p
p for � < 1
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holds, i.e.,

d

q
� d � p

p
;

i.e.,

q � dp

d � p if p < d:

(We have implicitly assumed kDf kLp > 0 here, but you will easily convince
yourself that this is the essential case of the embedding theorem.) We treat only
the limit � ! 0 here, since only for � � 1 (for f 2 H1;p

0 .Rd /) do we have

suppf� � suppf;

and the Sobolev embedding theorem covers only the case where the functions have
their support contained in a fixed bounded set ˝ . Looking at the scaling properties
for � ! 1, one observes that this assumption on the support is necessary for the
theorem. The scaling properties for p > d will be examined after Corollary 11.1.5.

Proof of Theorem 11.1.1: We shall first prove the inequalities (11.1.2) and (11.1.3)
for u 2 C1

0 .˝/. We put u D 0 on R
d n˝ again. As in the proof of Theorem 10.2.2,

ju.x/j �
Z xi

�1
jDiu.x

1; : : : ; xi�1; �; xiC1; : : : ; xd /j d� with x D .x1; : : : ; xd /

for 1 � i � d , and hence

ju.x/jd �
dY
iD1

Z 1

�1
jDiuj dxi

and

ju.x/j d
d�1 �

 
dY
iD1

Z 1

�1
jDiuj dxi

! 1
d�1

:

It follows that

Z 1

�1
ju.x/j d

d�1 dx1 �
�Z 1

�1
jD1uj dx1

� 1
d�1
�Y
i¤1

Z 1

�1

Z 1

�1
jDiuj dxidx1

� 1
d�1

;

where we have used (A.6) for p1 D � � � D pd�1 D d � 1. Iteratively, we obtain

Z
˝

ju.x/j d
d�1 dx �

 
dY
iD1

Z
˝

jDiuj dx

! 1
d�1

;
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and hence

kuk d
d�1

�
 

dY
iD1

Z
˝

jDiuj dx

! 1
d

� 1

d

Z
˝

dX
iD1

jDiuj dx;

since the geometric mean is not larger than the arithmetic one, and consequently

kuk d
d�1

� 1

d
kDuk1 ; (11.1.4)

which is (11.1.2) for p D 1.
Applying (11.1.4) to juj� (� > 1) (juj� is not necessarily contained in C1

0 .˝/,
even if u is, but as will be explained at the end of the present proof, by an
approximation argument, if shown for C1

0 .˝/, (11.1.4) continues to hold for H1;1
0 ,

and we shall choose � such that for u 2 H
1;p
0 .˝/, we have juj� 2 H1;1

0 .˝/), we
obtain

kjuj�k d
d�1

� �

d

Z
˝

juj��1 jDuj dx � �

d

���juj��1
���
q

� kDukp for
1

p
C 1

q
D 1

(11.1.5)

applying Hölder’s inequality (A.4). For p < d , � D .d�1/p
d�p satisfies

�d

d � 1 D .� � 1/p
p � 1 ;

and (11.1.5) yields, taking q D p

p�1 into account,

kuk��d
d�1

� �

d
kuk��1

�d
d�1

� kDukp ;

i.e.,

kuk �d
d�1

� �

d
kDukp ;

which is (11.1.2). In order to establish (11.1.3), we need the following generalization
of Lemma 10.2.4:

Lemma 11.1.2. For � 2 .0; 1�, f 2 L1.˝/ let

.V�f /.x/ WD
Z
˝

jx � yjd.��1/ f .y/dy:
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Let 1 � p � q � 1,

0 � ı D 1

p
� 1

q
< �:

Then V� maps Lp.˝/ continuously to Lq.˝/, and for f 2 Lp.˝/, we have

��V�f ��q �
�
1 � ı
� � ı

�1�ı
!
1��
d j˝j��ı kf kp : (11.1.6)

Proof. Let

1

r
WD 1C 1

q
� 1

p
D 1 � ı:

Then

`.x � y/ WD jx � yjd.��1/ 2 Lr.˝/;

and as in the proof of Lemma 10.2.4, we choose R such that j˝j D jB.x;R/j D
!dR

d , and we estimate as follows:

k`kr D
�Z

˝

jx � yj d.��1/
1�ı dy

�1�ı

�
�Z

B.x;R/

jx � yj d.��1/
1�ı dy

�1�ı

D
�
1 � ı
� � ı

�1�ı
!1�ıd Rd.��ı/

D
�
1 � ı
� � ı

�1�ı
!
1��
d j˝j��ı :

We write

` jf j D `r.1�1=p/
�
`r jf jp� 1q jf jpı ;

and the generalized Hölder inequality (A.6) yields

ˇ̌
V�f .x/

ˇ̌

�
�Z

˝

`r.x � y/ jf .y/jp dy

� 1
q
�Z

˝

`r.x � y/dy
�1� 1

p
�Z

˝

jf .y/jp dy

�ı
I
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hence, integrating with respect to x and interchanging the integrations in the first
integral, we obtain

��V�f ��q � sup
˝

�Z
`r .x � y/dy

� 1
r

kf kp �
�
1 � ı

� � ı

�1�ı
!
1��
d j˝j��ı kf kp

by the above estimate for k`kr . ut
In order to complete the proof of Theorem 11.1.1, we use (10.2.9), assuming first
u 2 C1

0 .˝/ as before, i.e.,

u.x/ D � 1

d!d

Z
˝

dX
iD1

.xi � yi /

jx � yjd Diu.y/dy (11.1.7)

for x 2 ˝ . This implies

juj � 1

d!d
V 1
d
.jDj/: (11.1.8)

Inequality (11.1.6) for q D 1, � D 1=d then yields (11.1.3), again at this moment
for u 2 C1

0 .˝/ only.
If now u 2 H

1;p
0 .˝/, we approximate u in the W 1;p-norm by C1

0 functions
un, and apply (11.1.2) and (11.1.3) to the difference un � um. It follows that .un/
is a Cauchy sequence in Ldp=.d�p/.˝/ (for p < d ) or C0. N̋ / (for p > d ),
respectively. Thus u itself is contained in the same space and satisfies (11.1.2)
or (11.1.3), respectively,

Corollary 11.1.1.

H
k;p
0 .˝/ �

(
L

dp
d�kp .˝/ for kp < d;

Cm.˝/ for 0 � m < k � d
p
:
:

Proof. The first embedding iteratively follows from Theorem 11.1.1, and the second
one then from the first and the case p > d in Theorem 11.1.1. ut
Corollary 11.1.2. If u 2 Hk;p

0 .˝/ for some p and all k 2 N, then u 2 C1.˝/.

The embedding theorems to follow will be used in Chap. 14 only. First we
shall present another variant of the Sobolev embedding theorem. For a function
v 2 L1.˝/, we define the mean of v on ˝ as

�
Z
˝

v.x/dx WD 1

j˝j
Z
˝

v.x/dx;

j˝j denoting the Lebesgue measure of ˝ . We then have the following result:
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Corollary 11.1.3. Let 1 � p < d and u 2 H1;p.B.x0; R//. Then

�
�
Z
B.x0;R/

juj dp
d�p

� d�p
dp

� c0

�
Rp �

Z
B.x0;R/

jDujp C �
Z
B.x0;R/

jujp
� 1

p

; (11.1.9)

where c0 depends on p and d only.

Proof. Without loss of generality, x0 D 0. Likewise, we may assume R D 1,
since we may consider the functions Qu.x/ D u.Rx/ and check that the expressions
in (11.1.9) scale in the right way. Thus, let u 2 H1;p.B.0; 1//. We extend u to the
ball B.0; 2/, by putting

u.x/ D u

�
x

jxj2
�

for jxj > 1:

This extension satisfies

kukH1;p.B.0;2// � c1 kukH1;p.B.0;1// : (11.1.10)

Now let � 2 C1
0 .B.0; 2// with

� � 0; � � 1 on B.0; 1/; jD�j � 2:

Then v D �u 2 H1;p
0 .B.0; 2//, and by (11.1.2),

�Z
B.0;2/

jvj dp
d�p

� d�p
dp

� c2

�Z
B.0;2/

jDvjp
� 1

p

: (11.1.11)

Since

Dv D �Du C uD�;

from the properties of �, we deduce

jDvjp � c3
�jDujp C jujp�; (11.1.12)

and hence with (11.1.10),

Z
B.0;2/

jDvjp � c4

�Z
B.0;1/

jDujp C
Z
B.0;1/

jujp
�
: (11.1.13)

Since on the other hand
Z
B.0;1/

juj dp
d�p �

Z
B.0;2/

jvj dp
d�p ;

(11.1.9) follows from (11.1.11) and (11.1.13). ut
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Later on (in Sect. 14.1), we shall need the following result of John and Inselberg:

Theorem 11.1.2. LetB.y0;R0/ be a ball in R
d , u 2 W 1;1.B.y0; R0//, and suppose

that for all balls B.y;R/ � R
d ,

Z
B.y;R/\B.y0;R0/

jDuj � Rd�1: (11.1.14)

Then there exist ˛ > 0 and ˇ0 < 1 satisfying

Z
B.y0;R0/

e˛ju�u0j � ˇ0R
d
0 (11.1.15)

with

u0 D 1

!dR
d
0

Z
B.y0;R0/

u (mean of u on B.y0;R0//:

In particular,

Z
B.y0;R0/

e˛u
Z
B.y0;R0/

e�˛u D
Z
B.y0;R0/

e˛.u�u0/
Z
B.y0;R0/

e�˛.u�u0/ � ˇ20R
2d
0 :

(11.1.16)

More generally, for a measurable set B � R
d , and u 2 L1.B/, we denote the

mean by

uB WD 1

jBj
Z
B

u.y/dy; (11.1.17)

jBj being the Lebesgue measure of B . In order to prepare the proof of Theo-
rem 11.1.2, we start with a lemma:

Lemma 11.1.3. Let ˝ � R
d be convex, B � ˝ measurable with jBj > 0, u 2

W 1;1.˝/. Then we have for almost all x 2 ˝ ,

ju.x/� uB j � .diam˝/d

d jBj
Z
˝

jx � zj1�d jDu.z/j dz: (11.1.18)

Proof. As before, it suffices to prove the inequality for u 2 C1.˝/. Since ˝ is
convex, if x and y are contained in ˝ , so is the straight line joining them, and we
have

u.x/� u.y/ D �
Z jx�yj

0

@

@r
u

�
x C r

y � x

jy � xj
�

dr;
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and thus

u.x/� uB D 1

jBj
Z
B

.u.x/ � u.y//dy

D � 1

jBj
Z
B

Z jx�yj

0

@

@r
u

�
x C r

y � x
jy � xj

�
dr dy:

This implies

ju.x/� uB j � 1

jBj
.diam˝/d

d

ˇ̌̌
ˇ̌
Z

j!jD1
xCr!2˝

Z jx�yj

0

@

@r
u.x C r!/dr d!

ˇ̌̌
ˇ̌ ; (11.1.19)

if instead of over B , we integrate over the ball B.x; diam˝// \ ˝ , write dy D
%d�1d! d% in polar coordinates, and integrate with respect to %. Thus, as in the
proofs of Theorems 2.2.1 and 10.2.2,

ju.x/ � uB j � 1

jBj
.diam˝/d

d

ˇ̌̌
ˇ̌

jx�yjZ
0

Z
@B.x;r/\˝

1

rd�1
@u

@�
.z/d	.z/dr

ˇ̌̌
ˇ̌

D 1

jBj
.diam˝/d

d

ˇ̌̌
ˇ̌
Z
˝

1

jx � zjd�1
dX
iD1

@

@zi
u.z/

xi � zi

jx � zj dz

ˇ̌̌
ˇ̌

� .diam˝/d

d jBj
Z
˝

1

jx � zjd�1 jDu.z/j dz: ut

We shall also need the following variant of Lemma 11.1.2:

Lemma 11.1.4. Let f 2 L1.˝/, and suppose that for all balls B.x0;R/ � R
d ,

Z
˝\B.x0;R/

jf j � KR
d.1� 1

p / (11.1.20)

with some fixedK . Moreover, let p > 1, 1=p < �. Then

ˇ̌
.V�f /.x/

ˇ̌ � p � 1

�p � 1
.diam˝/d.�� 1

p /K (11.1.21)

�
.V�f /.x/ D

Z
˝

jx � yjd.��1/ f .y/dy
�
:
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Proof. We put f D 0 in the exterior of˝ . With r D jx � yj, then

ˇ̌
V�f .x/

ˇ̌ �
Z
˝

rd.��1/ jf .y/j dy

D
Z diam˝

0

rd.��1/
Z
@B.x;r/

jf .z/j dzdr

D
Z diam˝

0

rd.��1/
�
@

@r

Z
B.x;r/

jf .y/j dy

�
dr

D .diam˝/d.��1/
Z
B.x;diam˝/

jf .y/j dy

C d.1� �/

Z diam˝

0

rd.��1/�1
Z
B.x;r/

jf .y/j dydr

� K.diam˝/d.��1/Cd.1�1=p/

CKd.1� �/

Z diam˝

0

rd.��1/�1Cd.1�1=p/dr by (11.1.20)

D K
1 � 1

p

� � 1
p

.diam˝/d.��1=p/: ut

Proof of Theorem 11.1.2: Because of (11.1.14), f D jDuj satisfies the inequal-
ity (11.1.20) with K D 1 and p D d . Thus, by Lemma 11.1.4, for � > 1=d ,

V�.f /.x/ D
Z
B.y0;R0/

jx � yjd.��1/ jf .y/j dy � d � 1
�d � 1

.2R0/
�d�1: (11.1.22)

In particular, for s � 1 and � D 1
d

C 1
ds

,

V 1
d C 1

ds
.f / � .d � 1/s.2R0/ 1s : (11.1.23)

By Lemma 11.1.2, we also have, for s � 1, � D 1=ds, p D q D 1,

Z
B.y0;R0/

V 1
ds
.f / � ds!

1�1=ds
d jB.y0;R0/j 1

ds kf kL1.B.y0;R0//

� ds!dR
1
s

0 R
d�1
0

(11.1.24)

by (11.1.20), which, as noted, holds for K D 1 and p D d . Now

jx � yj1�d D jx � yjd. 1ds�1/ 1s jx � yjd. 1ds C 1
d �1/.1� 1

s / ; (11.1.25)
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and from Hölder’s inequality then

V 1
d
.f / D

Z �
jx � yjd. 1ds �1/ 1s jf .y/j 1s

� �
jx � yjd. 1ds C 1

d �1/.1� 1
s / jf .y/j1� 1

s

�
dy

� V 1
ds
.f /

1
s V 1

d C 1
ds
.f /1�

1
s : (11.1.26)

With (11.1.23) and (11.1.24), this impliesZ
B.y0;R0/

V 1
d
.f /s � ds!dR

d�1C 1
s

0 .d � 1/s�1ss�1.2R0/
s�1
s

� 2d.d � 1/s�1ss!dRd0

D 2
d

d � 1
!d ..d � 1/s/sRd0 :

Thus
Z
B.y0;R0/

1X
nD0

V 1
d
.f /n

�nnŠ
� 2d

d � 1
!dR

d
0

1X
nD0

�
d � 1

�

�n
nn

nŠ

� cRd0 ; if
d � 1
�

<
1

e
;

i.e., Z
B.y0;R0/

exp

�
V1=d .f /

�

�
� cRd0 : (11.1.27)

Now by Lemma 11.1.3

ju.x/ � u0j � constV 1
d
.jDuj/; (11.1.28)

and since we have proved (11.1.27) for f D jDuj, (11.1.15) follows.

Before concluding the present section, we would like to derive some further
applications of the preceding lemmas, including the following version of the
Poincaré inequality:

Corollary 11.1.4. Let ˝ � R
d be convex, and u 2 W 1;p.˝/. We then have for

every measurable B � ˝ with jBj > 0,

�Z
˝

ju � uB jp
� 1

p

� !
1� 1

d

d

jBj j˝j 1d .diam˝/d
�Z

˝

jDujp
� 1

p

: (11.1.29)

Proof. By Lemma 11.1.3,

ju.x/� uB j � .diam˝/d

d jBj V 1
d
.jDuj/;
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and by Lemma 11.1.2, then,

���V 1
d
.jDuj/

���
Lp.˝/

� d!
1� 1

d

d j˝j 1d kDukLp.˝/ ;

and these two inequalities imply the claim. ut
The next result is due to C.B. Morrey:

Theorem 11.1.3. Assume u 2 W 1;1.˝/, ˝ � R
d , and that there exist constants

K < 1, 0 < ˛ < 1, such that for all balls B.x0;R/ � R
d ,

Z
˝\B.x0;R/

jDuj � KRd�1C˛: (11.1.30)

Then we have for every ball B.z; r/ � R
d ,

osc
˝\B.z;r/

u WD sup
x;y2B.z;r/\˝

ju.x/� u.y/j � cKr˛; (11.1.31)

with c D c.d; ˛/.

Proof. We have

osc
˝\B.z;r/ u � 2 sup

x2B.z;r/\˝

ˇ̌
u.x/� uB.z;r/

ˇ̌

� c1 sup
x2B.z;r/\˝

Z
B.z;r/

jx � yj1�d jDu.y/j dy

by Lemma 11.1.3, where c1 depends on d only, and
where we simply putDu D 0 on R

d n˝ .

D c1 sup
x2B.z;r/\˝

V 1
d
.jDu/j .x/

with the notation of Lemma 11.1.4. With

p D d

1 � ˛ ; i.e., ˛ D 1 � d

p
;

and

� D 1

d
>
1

p
;

f D jDuj then satisfies the assumptions of Lemma 11.1.4, and the preceding
estimate together with Lemma 11.1.4 (applied to B.z; r/ in place of˝) then yields

osc
˝\B.z;r/

u � c2K.diamB.z; r//1�
d
p D cKr˛:

ut
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Definition 11.1.2. A function u defined on ˝ is called ˛-Hölder continuous in ˝ ,
for some 0 < ˛ < 1, if for all z 2 ˝ ,

sup
x2˝

ju.x/ � u.z/j
jx � zj˛ < 1: (11.1.32)

Notation: u 2 C˛.˝/. For u 2 C˛.˝/, we put

kukC˛.˝/ WD kukC0.˝/ C sup
x;y2˝

ju.x/� u.y/j
jx � yj˛ :

(For ˛ D 1, a function satisfying (11.1.32) is called Lipschitz continuous, and the
corresponding space is denoted by C0;1.˝/.)

If u satisfies the assumptions of Theorem 11.1.3, it thus turns out to be ˛-Hölder
continuous on ˝; this follows by putting r D dist.z; @˝/ in Theorem 11.1.3. The
notion of Hölder continuity will play a crucial role in Chaps. 13 and 14.

Theorem 11.1.3 now implies the following refinement, due to Morrey, of the
Sobolev embedding theorem in the case p > d :

Corollary 11.1.5. Let u 2 H1;p
0 .˝/ with p > d . Then

u 2 C1� d
p . N̋ /:

More precisely, for every ball B.z; r/ � R
d ,

osc
˝\B.z;r/

u � cr
1� d

p kDukLp.˝/ ; (11.1.33)

where c depends on d and p only.

Once more, it helps in understanding the content of this embedding theorem if
we take a look at the scaling properties of the norms involved: Let f 2 H1;p.Rd /\
C˛.Rd / with 0 < ˛ < 1. We again consider the scaling y D �x (� > 0) and put

f�.y/ D f .x/:

Then

jf�.y1/� f�.y2/j
jy1 � y2j˛ D ��˛ jf .x1/ � f .x2/j

jx1 � x2j˛ .yi D �xi ; i D 1; 2/

and thus (ignoring the lower-order terms like kf kC0 in the definition of the norms
for simplicity)

kf�kC˛ D ��˛ kf kC˛ ;
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and as has been computed above,

kf�kH1;p D �
d�p
p kf kH1;p :

In the limit � ! 0, thus kf�kC˛ is controlled by kDf�kLp , provided that

��˛ � �
d�p
p for � < 1;

i.e.,

˛ � 1 � d

p
in the case p > d:

Proof of Corollary 11.1.5: By Hölder’s inequality

Z
˝\B.x0;R/

jDuj � jB.x0;R/j1� 1
p

�Z
˝\B.x0;R/

jDujp
� 1

p

(11.1.34)

� c3 kDukLp.˝/ Rd
�
1� 1

p

�
(11.1.35)

D c3 kDukLp.˝/ Rd�1C
�
1� d

p

�
; (11.1.36)

where c3 depends on p and d only. Consequently, the assumptions of Theo-
rem 11.1.3 hold.

The following version of Theorem 11.1.3 is called “Morrey’s Dirichlet growth
theorem” and is frequently used for showing the regularity of minimizers of
variational problems:

Corollary 11.1.6. Let u 2 W 1;2.˝/, and suppose there exist constants K 0 < 1,
0 < ˛ < 1 such that for all balls B.x0;R/ � R

d ,

Z
˝\B.x0;R/

jDuj2 � K 0Rd�2C2˛: (11.1.37)

Then u 2 C˛. N̋ /, and for all balls B.z; r/,

osc
B.z;r/\˝

u � c.K 0/ 12 r˛; (11.1.38)

with c depending only on d and ˛.
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Proof. By Hölder’s inequality

Z
˝\B.x0;R/

jDuj � jB.x0;R/j 12
�Z

˝\B.x0;R/
jDuj2

� 1
2

� c4.K
0/
1
2 Rd�1C˛

by (11.1.37), with c4 depending on d only. Thus, the assumptions of Theorem 11.1.3
hold again. ut

Finally, later on (in Sect. 14.4), we shall use the following result of Campanato
characterizing Hölder continuity in terms of Lp-approximability by means on balls:

Theorem 11.1.4. Let p � 1, d < � � d C p, and let ˝ � R
d be a bounded

domain for which there exists some ı > 0 with

jB.x0; r/ \˝j � ırd for all x0 2 ˝; r > 0: (11.1.39)

Then a function u 2 Lp.˝/ is contained in C˛.˝/ for ˛ D ��d
p

(or in C0;1.˝/ in
the case � D d C p), precisely if there exists a constantK < 1 withZ

B.x0;r/\˝

ˇ̌
u.x/� uB.x0;r/

ˇ̌p
dx � Kpr� for all x0 2 ˝; r > 0 (11.1.40)

(where for defining uB.x0;r/, we have extended u by 0 on R
d n˝).

Proof. Let u 2 C˛.˝/, x 2 ˝ \ B.x0; r/. We then have
ˇ̌
u.x/� uB.x0;r/

ˇ̌ � .2r/˛ kukC˛.˝/ ;
and hence

Z
B.x0;r/\˝

ˇ̌
u � uB.x0;r/

ˇ̌p � c5 kukC˛.˝/ r˛pCd ;

whereby (11.1.40) is satisfied.
In order to prove the converse implication, we start with the following estimate

for 0 < r < R:

ˇ̌
uB.x0;R/ � uB.x0;r/

ˇ̌p � 2p�1 �ˇ̌u.x/ � uB.x0;R/
ˇ̌p C ˇ̌

u.x/ � uB.x0;r/
ˇ̌p�

;

and thus, integrating with respect to x on˝ \ B.x0; r/ and using (11.1.39),

ˇ̌
uB.x0;R/ � uB.x0;r/

ˇ̌p

� 2p�1

ırd

�Z
B.x0;r/\˝

ˇ̌
u � uB.x0;R/

ˇ̌p C
Z
B.x0;r/\˝

ˇ̌
u � uB.x0;r/

ˇ̌p�
:
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This implies

ˇ̌
uB.x0;R/ � uB.x0;r/

ˇ̌ � c6K
R

�
p

r
d
p

: (11.1.41)

We put Ri D R
2i

and obtain from (11.1.41)

ˇ̌
uB.x0;Ri / � uB.x0;RiC1/

ˇ̌ � c7K2
i d��

p R
��d
p : (11.1.42)

For i < j , this implies

ˇ̌
uB.x0;Ri / � uB.x0;Rj /

ˇ̌ � c8KR
��d
p

i : (11.1.43)

Thus
�
uB.x0;Ri /

�
i2N constitutes a Cauchy sequence. Since (11.1.41) with ri D r

2i

also implies

ˇ̌
uB.x0;Ri / � uB.x0;ri /

ˇ̌ � c6K

�
R

r

� �
p

r
��d
p

i ! 0 for i ! 1

because of � > d , the limit of this Cauchy sequence does not depend onR. Since by
Lemma A.4, uB.x;r/ converges in L1 for r ! 0 towards u.x/, in the limit j ! 1,
we obtain from (11.1.43)

ˇ̌
uB.x0;R/ � u.x0/

ˇ̌ � c8KR
��d
p : (11.1.44)

Thus, uB.x0;R/ converges not only in L1 but also uniformly towards u as R ! 0.
Since for R > 0, uB.x;R/ is continuous with respect x, then so is u.

It remains to show that u is ˛-Hölder continuous. For that purpose, let x; y 2 ˝ ,
R WD jx � yj. Then

ju.x/� u.y/j � ˇ̌uB.x;2R/ � u.x/
ˇ̌C ˇ̌

uB.x;2R/ � uB.y;2R/
ˇ̌

C ˇ̌
u.y/� uB.y;2R/

ˇ̌
: (11.1.45)

Now ˇ̌
uB.x;2R/ � uB.y;2R/

ˇ̌ � ˇ̌
uB.x;2R/ � u.z/

ˇ̌C ˇ̌
u.z/� uB.y;2R/

ˇ̌
;

and integrating with respect to z on B.x; 2R/ \ B.y; 2R/ \˝ , we obtain

ˇ̌
uB.x;2R/ � uB.y;2R/

ˇ̌

� 1

jB.x; 2R/ \ B.y; 2R/ \˝j
� Z

B.x;2R/\˝/

ˇ̌
u.z/� uB.x;2R/

ˇ̌
dz

C
Z
B.y;2R/\˝

ˇ̌
u.z/� uB.y;2R/

ˇ̌
dz
�

� c9

jB.x; 2R/ \ B.y; 2R/ \˝jKR
��d
p Cd
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by applying Hölder’s inequality. Because of R D jx � yj,
B.x;R/ � B.y; 2R/;

and so by (11.1.39),

jB.x; 2R/ \ B.y; 2R/ \˝j � jB.x;R/ \˝j � ıRd :

We conclude that ˇ̌
uB.x;2R/ � uB.y;2R/

ˇ̌ � c10KR
��d
p : (11.1.46)

Using (11.1.44) and (11.1.46), we obtain

ju.x/� u.y/j � c11K jx � yj ��d
p ; (11.1.47)

which is Hölder continuity with exponent ˛ D ��d
p

. ut
Later on (in Sect. 14.4), we shall use the following local version of Campanato’s

theorem:

Corollary 11.1.7. If for all 0 < r � R0 and all x 2 ˝0, we have

Z
B.x0;r/

ˇ̌
u � uB.x0;r/

ˇ̌p � �rdCp˛

with constants � and 0 < ˛ < 1, then u is locally ˛-Hölder continuous in ˝0 (this
means that u is ˛-Hölder continuous in any˝1 �� ˝0).

References for this section are Gilbarg–Trudinger [12] and Giaquinta [10].

11.2 L2-Regularity Theory: Interior Regularity of Weak
Solutions of the Poisson Equation

For u W ˝ ! R, we define the difference quotient


h
i u.x/ WD u.x C hei /� u.x/

h
.h ¤ 0/;

ei being the i th unit vector of Rd (i 2 f1; : : : ; d g).

Lemma 11.2.1. Assume u 2 W 1;2.˝/;˝ 0 �� ˝; jhj < dist.˝ 0; @˝/. Then

h
i u 2 L2.˝ 0/ and

��
h
i u
��
L2.˝0/

� kDiukL2.˝/ .i D 1; : : : ; d /: (11.2.1)
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Proof. By an approximation argument, it again suffices to consider the case u 2
C1.˝/\W 1;2.˝/. Then


h
i u.x/ D u.x C hei /� u.x/

h

D 1

h

Z h

0

Diu.x
1; : : : ; xi�1; xi C �; xiC1; : : : ; xd /d�;

and with Hölder’s inequality

ˇ̌

h
i u.x/

ˇ̌2 � 1

h

Z h

0

jDiu.x1; : : : ; xi C �; : : : ; xd /j2 d�;

and thus

Z
˝0

ˇ̌

h
i u.x/

ˇ̌2
dx � 1

h

Z h

0

Z
˝

jDiuj2 dxd� D
Z
˝

jDiuj2 dx:

ut
Conversely, we have the following result:

Lemma 11.2.2. Let u 2 L2.˝/, and suppose there exists K < 1 with 
h
i u 2

L2.˝ 0/ and

��
h
i u
��
L2.˝0/

� K (11.2.2)

for all h > 0 and ˝ 0 �� ˝ with h < dist.˝ 0; @˝/. Then the weak derivative Diu
exists and satisfies

kDiukL2.˝/ � K: (11.2.3)

Proof. For ' 2 C1
0 .˝/ and 0 < h < dist.supp'; @˝/ (supp' is the closure of

fx 2 ˝ W '.x/ ¤ 0g), we have

Z
˝


h
i u ' D �

Z
˝

u
�h
i ' ! �

Z
˝

uDi';

as h ! 0. Thus, we also have

ˇ̌
ˇ̌Z
˝

uDi'

ˇ̌
ˇ̌ � K k'kL2.˝/ :
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Since C1
0 .˝/ is dense in L2.˝/, we may thus extend

' 7! �
Z
˝

uDi'

to a bounded linear functional on L2.˝/. According to the Riesz representation
theorem as quoted in the appendix, there then exists v 2 L2.˝/ with

Z
˝

'v D �
Z
˝

uDi' for all ' 2 C1
0 .˝/:

Since this is precisely the equation definingDiu, we must have v D Diu. ut
Theorem 11.2.1. Let u 2 W 1;2.˝/ be a weak solution of 
u D f with f 2
L2.˝/. For any ˝ 0 �� ˝ , then u 2 W 2;2.˝ 0/, and

kukW 2;2.˝0/ � const
�kukL2.˝/ C kf kL2.˝/

�
; (11.2.4)

where the constant depends only on ı WD dist.˝ 0; @˝/. Furthermore, 
u D f

almost everywhere in ˝ .

The content of Theorem 11.2.1 is twofold: First, there is a regularity result
saying that a weak solution of the Poisson equation is of class W 2;2 in the interior,
and second, we have an estimate for the W 2;2-norm. The proof will yield both
results at the same time. If the regularity result happens to be known already,
the estimate becomes much easier. That easier demonstration of the estimate
nevertheless contains the essential idea of the proof, and so we present it first. To
start with, we shall prove a lemma. The proof of that lemma is typical for regularity
arguments for weak solutions, and several of the subsequent estimates will turn out
to be variants of that proof. We thus recommend that the reader study the following
estimate very carefully.

Our starting point is the relation

Z
˝

Du �Dv D �
Z
˝

f v for all v 2 H1;2
0 .˝/: (11.2.5)

(Here,Du is the vector .D1u; : : : ;Ddu/.)
We need some technical preparation: We construct some � 2 C1

0 .˝/ with 0 �
� � 1, �.x/ D 1 for x 2 ˝ 0 and jD�j � 2

ı
. Such an � can be obtained by

mollification, i.e., by convolution with a smooth kernel as described in Lemma A.2
in the appendix, from the following function �0:

�0.x/ WD

8̂̂
<
ˆ̂:
1 for dist.x;˝ 0/ � ı

8
;

0 for dist.x;˝ 0/ � 7ı
8
;

7
6

� 4
3ı

dist.x;˝ 0/ for ı
8

� dist.x;˝ 0/ � 7ı
8
:
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Thus �0 is a (piecewise) linear function of dist.x;˝ 0/ interpolating between ˝ 0,
where it takes the value 1, and the complement of ˝ , where it is 0. This is also
the purpose of the cutoff function �. If one abandons the requirement of continuous
differentiability (which is not essential anyway), one may put more simply

�.x/ WD

8̂
<̂
ˆ̂:
1 for x 2 ˝ 0;
0 for dist.x;˝ 0/ � ı;

1 � 1
ı

dist.x;˝ 0/ for 0 � dist.x;˝ 0/ � ı

(note that dist.˝ 0; @˝/ � ı). It is not difficult to verify that � 2 H1;2
0 .˝/, which

suffices for the sequel. In (11.2.5), we now use the test function

v D �2u

with � of the type just presented. This yields

Z
˝

�2 jDuj2 C 2

Z
˝

�Du � uD� D �
Z
˝

�2f u; (11.2.6)

and with the so-called Young inequality

˙ab � "

2
a2 C 1

2"
b2 for a; b 2 R; " > 0 (11.2.7)

used with a D � jDuj, b D u jD�j, " D 1
2

in the second integral, and with a D �f,
b D �u, " D ı2 in the integral on the right-hand side, we obtain

Z
˝

�2 jDuj2 � 1

2

Z
˝

�2 jDuj2 C 2

Z
˝

jD�j2 u2 C 1

2ı2

Z
˝

�2u2 C ı2

2

Z
˝

�2f 2:

(11.2.8)

We recall that 0 � � � 1, � D 1 on˝ 0 to see that this yields

Z
˝0

jDuj2 �
Z
˝

�2 jDuj2 �
�
16

ı2
C 1

ı2

�Z
˝

u2 C ı2
Z
˝

f 2:

We record this inequality in the following lemma:

Lemma 11.2.3. Let u be a weak solution of 
u D f with f 2 L2.˝/. We then
have for any ˝ 0 �� ˝ ,

kDuk2L2.˝0/ � 17

ı2
kuk2L2.˝/ C ı2 kf k2L2.˝/ ; (11.2.9)

where ı WD dist.˝ 0; @˝/.
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So far, we have not used that we are temporarily assuming u 2 W 2;2.˝ 0/ for any
˝ 0 �� ˝ . Now, however, we come to the estimate of the W 2;2-norm, so we shall
need that assumption. Let u 2 W 2;2.˝ 0/ \W 1;2.˝/ again satisfyZ

˝

Du �Dv D �
Z
˝

f v for all v 2 H1;2
0 .˝/: (11.2.10)

If supp v �� ˝ 0 (i.e., v 2 H
1;2
0 .˝ 00/ for some ˝ 00 �� ˝ 0), we may, assuming

u 2 W 2;2.˝ 0/, integrate by parts in (11.2.10) to obtain

Z
˝

 
dX
iD1

DiDiu

!
v D

Z
˝

f v: (11.2.11)

This in particular holds for all v 2 C1
0 .˝

0/, and since C1
0 .˝

0/ is dense in
L2.˝ 0/, (11.2.11) then also holds for v 2 L2.˝ 0/, where we have put v D 0 in
˝ n˝ 0.

We consider the matrix D2u of the second weak derivatives of u and obtain

Z
˝0

ˇ̌
D2u

ˇ̌2 D
Z
˝0

dX
i;jD1

DiDj u �DiDj u

D
Z
˝0

dX
iD1

DiDiu �
dX
iD1

DjDju

C boundary terms that we neglect for the moment (later on, they
will be converted into interior terms with the help of cutoff
functions),

by an integration by parts that will even require the assumption
u 2 W 3;2.˝ 0/

D
Z
˝0

f

dX
iD1

DjDj u

�
�Z

˝0

f 2

� 1
2
�Z

˝0

ˇ̌
D2u

ˇ̌2� 1
2

by Hölder’s inequality, (11.2.12)

and hence
Z
˝0

ˇ̌
D2u

ˇ̌2 �
Z
˝

f 2; (11.2.13)

i.e.,

��D2u
��2
L2.˝0/

� kf k2L2.˝/ : (11.2.14)
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Taken together, (11.2.9) and (11.2.14) yield

kuk2W 2;2.˝0/ � .c1.ı/C 1/ kuk2L2.˝/ C 2 kf k2L2.˝/ : (11.2.15)

We now come to the actual Proof of Theorem 11.2.1: Let

˝ 0 �� ˝ 00 �� ˝; dist.˝ 00; @˝/ � ı

4
; dist.˝ 0; @˝ 00/ � ı

4
:

We again use

Z
˝

Du �Dv D �
Z
˝

f � v for all v 2 H1;2
0 .˝/: (11.2.16)

In the sequel, we consider v with

supp v �� ˝ 00

and choose h > 0 with

2h < dist.supp v; @˝ 00/:

In (11.2.16), we may then also insert 
h
i v (i 2 f1; : : : ; d g) in place of v. We obtain

Z
˝00

D
h
i u �Dv D

Z
˝00


h
i .Du/ �Dv D �

Z
˝00

Du �
h
i Dv

D �
Z
˝00

Du �D �

h
i v
�

(11.2.17)

D
Z
˝00

f
h
i v � kf kL2.˝/ � kDvkL2.˝00/

by Lemma 11.2.1 and the choice of h. As described above, let � 2 C1
0 .˝

00/, 0 �
� � 1, �.x/ D 1 for x 2 ˝ 0, jD�j � 8=ı. We put

v WD �2
h
i u:

From (11.2.17), we obtain

Z
˝00

ˇ̌
�D
h

i u
ˇ̌2 D

Z
˝00

D
h
i u �Dv � 2

Z
˝00

�D
h
i u �
h

i uD�

� kf kL2.˝/
��D �

�2
h
i u
���
L2.˝00/

C 2
���D
h

i u
��
L2.˝00/

��
h
i uD�

��
L2.˝00/

:
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With Young’s inequality (11.2.7) and employing Lemma 11.2.1 (recall the choice
of h), we hence obtain

���D
h
i u
��2
L2.˝00/

� 2 kf k2L2.˝/ C 1

4

���D
h
i u
��2
L2.˝00/

C 1

4

���D
h
i u
��2
L2.˝00/

C 8 sup jD�j2 kDiuk2L2.˝00/ :

The essential point in employing Young’s inequality here is that the expression���D
h
i u
��2
L2.˝00/

occurs on the right-hand side with a smaller coefficient than on
the left-hand side, and so the contribution on the right-hand side can be absorbed
in the left-hand side. Because of � � 1 on ˝ 0 and .a2 C b2/

1
2 � a C b with

Lemma 11.2.2, as h ! 1, we obtain

��D2u
��
L2.˝0/

� const

�
kf kL2.˝/ C 1

ı
kDukL2.˝00/

�
: (11.2.18)

Lemma 11.2.3 (with ˝ 00 in place of ˝ 0) now implies

kDukL2.˝00/ � c1

�
1

ı
kukL2.˝/ C ı kf kL2.˝/

�
(11.2.19)

with some constant c1. Inequality (11.2.4) then follows from (11.2.18) and (11.2.19).

If f happens to be even of classW 1;2.˝/, in (11.2.5) we may insertDiv in place
of v to obtain

Z
˝

D.Diu/ �Dv D �
Z
˝

Dif � v:

Theorem 11.2.1 then implies Diu 2 W 2;2.˝ 0/, i.e., u 2 W 3;2.˝ 0/. In this manner,
we iteratively obtain the following theorem:

Theorem 11.2.2. Let u 2 W 1;2.˝/ be a weak solution of 
u D f , f 2 W k;2.˝/.
For any ˝ 0 �� ˝ then u 2 W kC2;2.˝ 0/, and

kukW kC2;2.˝0/ � const
�kukL2.˝/ C kf kW k;2.˝/

�
;

where the constant depends on d , k, and dist.˝ 0; @˝/.

Corollary 11.2.1. If u 2 W 1;2.˝/ is a weak solution of 
u D f with f 2
C1.˝/, then also u 2 C1.˝/.

Proof. From Theorem 11.2.2 and Corollary 11.1.2. ut
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The regularity theory also easily implies results about removability of isolated
singularities. We state and prove the result here for the Laplace equation, leaving it
to the reader to identify the necessary or sufficient conditions on the right-hand side
f of the Poisson equation for such a result to hold.

Corollary 11.2.2. Let u 2 .W 1;2 \ C1/.˝ n fx0g/ for some x0 2 ˝ � R
d for

d > 1 be a solution of

u D 0: (11.2.20)

Then u extends as a smooth harmonic function to all of˝ .

Proof. We only need to show that u is a weak solution of 
u D 0 in all of
˝ . Corollary 11.2.1 (or in the present special case of harmonic functions even
Corollary 2.2.1) then implies that u is smooth in ˝ , and hence also solves 
u D 0

there by continuity of its second derivatives.
In order to show that u is weakly harmonic, we need to verify (10.1.5), i.e.,Z

˝

ru.x/ � r�.x/dx D 0; (11.2.21)

for all � 2 C1
0 .˝/.

Since the result is local, we may assume that ˝ is the open unit ball
ı
B.0; 1/ �

R
d , and x0 D 0.
We now write for � > 0

� D �.�� C .1 � ��// (11.2.22)

for the cut-off function

��.x/ � 1 for � � jxj � 1

��.x/ D jxj
�

for 0 � jxj � �

��.0/ D 0:

(��� is not smooth, but in W 1;2 if � is, and this suffices for our purposes.
Alternatively, we can smooth out �� near jxj D �.)
We then have

Z
ı

B.0;1/
ru.x/�r�.x/dx D

Z
ı

B.0;1/
ru.x/�r.���.x//dxC

Z
ı

B.0;1/
ru.x/�r..1��� /�.x//dx:

(11.23)

The first term on the right hand side is 0 since u is harmonic on˝ n fx0g, that is,

on
ı
B.0; 1/ n f0g. The integrand in the second term vanishes for jxj � �. In order to

make the left hand side of (11.23) 0, that is, in order to get (11.2.21), we thus need
to show that Z

ı

B.0;�/

ru.x/ � r..1 � ��/�.x//dx ! 0 (11.2.24)
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as � ! 0. The difficult term is
Z

ı

B.0;�/

�.x/ru.x/ � r..1 � ��//dx: (11.2.25)

By Hölder’s inequality, this term is controlled by

sup j�j
�Z

ı

B.0;�/

jruj2
� 1

2
�Z

ı

B.0;�/

jr��j2
� 1

2

D c�d�2 sup j�j
�Z

ı

B.0;�/

jruj2
� 1

2

;

(11.2.26)

for some constant c D c.d/. This goes to 0 for � ! 0 where for d D 2 we need to
use that

R
ı

B.0;�/
jruj2 ! 0 for � ! 0 because u 2 W 1;2. Thus, we obtain (11.2.24).

ut

Remark. In fact, by choosing the cutoff function ��.x/ D log �
log jxj for 0 � jxj � �,

even in dimension d D 2, we do not need to exploit that
R

ı

B.0;�/
jruj2 ! 0 for

� ! 0. Such a logarithmic cutoff function is often useful.

At the end of this section, we wish to record once more a fundamental
observation concerning elliptic regularity theory as encountered in the present
section for the first time and to be encountered many more times in the subsequent
sections. For any u contained in the Sobolev space W 2;2.˝/, we have the trivial
estimate

kukL2.˝/ C k
ukL2.˝/ � const kukW 2;2.˝/

(where
u is to be understood as the sum of the weak pure second derivatives of u).
Elliptic regularity theory yields an estimate in the opposite direction; according to
Theorem 11.2.1, we have

kukW 2;2.˝0/ � const.kukL2.˝/ C k
ukL2.˝// for ˝ 0 �� ˝:

Thus 
u and some lower-order term already control all second derivatives of u.
Lemma 11.2.3 shall be interpreted in this sense as well.

The Poincaré inequality states that for every u 2 H1;2
0 .˝/,

kukL2.˝/ � const kDukL2.˝/ ;
while for a harmonic u 2 W 1;2.˝/, we have the estimate in the opposite direction,

kDukL2.˝0/ � const kukL2.˝/
(for˝ 0 �� ˝).
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In this sense, in elliptic regularity theory, one has estimates in both directions,
one direction resulting from general embedding theorems, and the other one from
the elliptic equation. Combining both directions often allows iteration arguments
for proving even higher regularity, as we have seen in the present section and as we
shall have ample occasion to witness in subsequent sections.

11.3 Boundary Regularity and Regularity Results
for Solutions of General Linear Elliptic Equations

With the help of Dirichlet’s principle, we have found weak solutions of


u D f in ˝

with

u � g 2 H1;2
0 .˝/

for given f 2 L2.˝/, g 2 H1;2.˝/. In the previous section, we have seen that in
the interior of ˝ , u is as regular as f allows. It is then natural to ask whether u is
regular at @˝ as well, provided that g and @˝ satisfy suitable regularity conditions.
A preliminary observation is that a solution of the above Dirichlet problem possesses
a global bound that depends only on f and g:

Lemma 11.3.1. Let u be a weak solution of 
u D f , u � g 2 H
1;2
0 .˝/ in the

bounded region˝ . Then

kukW 1;2.˝/ � c
�kgkW 1;2.˝/ C kf kL2.˝/

�
; (11.3.1)

where the constant c depends only on the Lebesgue measure j˝j of ˝ and on d .

Proof. We insert the test function v D u � g into the weak differential equation

Z
˝

Du �Dv D �
Z
˝

f v for all v 2 H1;2
0 .˝/

to obtain
Z
˝

jDuj2 D
Z
Du �Dg �

Z
f u C

Z
fg

� 1

2

Z
jDuj2 C 1

2

Z
jDgj2 C 1

"

Z
f 2 C "

2

Z
u2 C "

2

Z
g2
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for any " > 0, by Young’s inequality, and hence

kDuk2L2 � " kuk2L2 C kDgk2
L2

C 2

"
kf k2L2 C " kgk2L2 ;

i.e.,

kDukL2 � p
" kukL2 C kDgkL2 C

r
2

"
kf kL2 C p

" kgkL2 : (11.3.2)

Obviously,

kukL2 � ku � gkL2 C kgkL2 ; (11.3.3)

and by the Poincaré inequality

ku � gkL2 �
� j˝j
!d

� 1
d

.kDukL2 C kDgkL2/ : (11.3.4)

Altogether, it follows that

kDukL2 � p
"

� j˝j
!d

� 1
d

kDukL2 C
 
1C p

"

� j˝j
!d

� 1
d

!
kDgkL2

C 2
p
" kgkL2 C

r
2

"
kf kL2 :

We now choose

" D 1

4

�
!d

j˝j
� 2

d

;

i.e.,

p
"

� j˝j
!d

� 1
d

D 1

2
;

and obtain

kDukL2 � 3 kDgkL2 C 2

�
!d

j˝j
� 1

d

kgkL2 C p
2 � 4

� j˝j
!d

� 1
d

kf kL2 : (11.3.5)

Inequalities (11.3.3)–(11.3.5) then also yield an estimate for kukL2 , and (11.3.1)
follows. ut
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We also wish to convince ourselves that we can reduce our considerations to the
case u 2 H

1;2
0 .˝/. Namely, we simply consider Nu WD u � g 2 H

1;2
0 .˝/, which

satisfies


Nu D 
u �
g D f �
g D Nf (11.3.6)

in the weak sense. Here, we are assuming g 2 W 2;2.˝/, and thus, for Nu 2 H1;2
0 .˝/,

we obtain the equation


Nu D Nf (11.3.7)

with Nf 2 L2.˝/, again in the weak sense. Since the W 2;2-norm of u can be
estimated by those of Nu and g, it thus suffices to consider vanishing boundary values.
We consequently assume that u 2 H1;2

0 .˝/ is a weak solution of 
u D f in ˝ .
We now consider a special situation; namely, we assume that in the vicinity of

a given point x0 2 @˝ , @˝ contains a piece of a hyperplane; for example, without
loss of generality, x0 D 0 and

@˝ \ B̊.0; R/ D ˚
.x1; : : : ; xd�1; 0/

	\ B̊.0; R/

(here, B̊.0; R/ D fx 2 R
d W jxj < Rg is the interior of the ball B.0;R/) for some

R > 0. Let

BC.0;R/ WD
n
.x1; : : : ; xd / 2 B̊.0; R/ W xd > 0

o
� ˝:

If now � 2 C1
0 .B̊.0;R//, we have

�2u 2 H1;2
0 .BC.0;R//;

because we are assuming that u vanishes on @˝ \ B̊.0; R/ in the Sobolev space
sense. If now 1 � i � d � 1 and jhj < dist.supp�; @B̊.0;R//, we also have

�2
h
i u 2 H1;2

0 .BC.0;R//:

Thus, we may proceed as in the proof of Theorem 11.2.1, in order to show that

Dij u 2 L2
�
B̊

�
0;
R

2

��
(11.3.8)

with a corresponding estimate, provided that i and j are not both equal to d .
However, since, from our differential equation, we have

Dddu D f �
d�1X
jD1

Djj uI (11.3.9)
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we then also obtain

Dddu 2 L2
�
B̊

�
0;
R

2

��
;

and thus the desired regularity result

u 2 W 2;2

�
B̊

�
0;
R

2

��
;

as well as the corresponding estimate.
In order to treat the general case, we have to require suitable assumptions for @˝ .

Definition 11.3.1. An open and bounded set ˝ � R
d is of class Ck (k D

0; 1; 2; : : : ;1) if for any x0 2 @˝ there exist r > 0 and a bijective map
� W B̊.x0; r/ ! �.B̊.x0; r// � R

d (B̊.x0; r/ D fy 2 R
d W jx0 � yj < rg)

with the following properties:

(i) �.˝ \ B̊.x0; r// � f.x1; : : : ; xd / W xd > 0g.
(ii) �.@˝ \ B̊.x0; r// � f.x1; : : : ; xd / W xd D 0g.

(iii) � and ��1 are of class Ck.

Remark. This means that @˝ is a .d � 1/-dimensional submanifold of R
d of

differentiability class Ck.

Definition 11.3.2. Let ˝ � R
d be of class Ck, as defined in Definition 11.3.1. We

say that g W N̋ ! R is of class C l. N̋ / for l � k if g 2 C l.˝/ and if for any
x0 2 @˝ and � as in Definition 11.3.1,

g ı ��1 W ˚.x1; : : : ; xd / W xd � 0
	 ! R

is of class C l .

The crucial idea for boundary regularity is to consider, instead of u, local
functions uı��1 with � as in Definition 11.3.1. As we have argued at the beginning
of this section, we may assume that the prescribed boundary values are g D 0.
Then u ı ��1 is defined on some half-ball, and we may therefore carry over the
interior regularity theory as just described. However, in general, u ı ��1 no longer
satisfies the Laplace equation. It turns out, however, that u ı ��1 satisfies a more
general differential equation that is structurally similar to the Laplace equation and
for which one may derive interior regularity in a similar manner.

We have derived a corresponding transformation formula already in Sect. 10.4.
Thus w D u ı ��1 satisfies a differential equation (10.4.11), i.e.,

1p
g

dX
JD1

 
@

@�j

 
p
g

dX
iD1

gij
@w

@�i

!!
D 0; (11.3.10)



284 11 Sobolev Spaces and L2 Regularity Theory

where the positive definite matrix gij is computed from � and its derivatives
[cf. (10.4.7)].

We shall consider an even more general class of elliptic differential equations:

Lu WD
dX

i;jD1

@

@xj

�
aij .x/

@

@xi
u.x/

�
C

dX
jD1

@

@xj

�
bj .x/u.x/

�

C
dX
iD1

ci .x/
@

@xi
u.x/C d.x/u.x/

D f .x/: (11.3.11)

We shall need two essential assumptions:

(A1) (Uniform ellipticity) There exist 0 < � � 
 < 1 with

� j�j2 �
dX

i;jD1
aij .x/�i �j � 
 j�j2 for all x 2 ˝; � 2 R

d :

(A2) (Boundedness) There exists some M < 1 with

sup
x2˝

.kb.x/k; kc.x/k; kd.x/k/ � M:

Here, for instance, kb.x/k D .
P

j b
j .x/bj .x//1=2 is the Euclidean norm of the

vector b.x/. When one is interested in how the subsequent estimates depend on the
dimension d , one should keep in mind that this quantity is bounded from above by
d supi jbi.x/j.

A function u is called a weak solution of the Dirichlet problem

Lu D f in ˝ .f 2 L2.˝/ given/;

u � g 2 H1;2
0 .˝/;

if for all v 2 H1;2
0 .˝/,

Z
˝

nX
i;j

aij .x/Diu.x/Dj v.x/C
X
j

bj .x/u.x/Dj v.x/

�
 X

i

ci .x/Diu.x/C d.x/u.x/

!
v.x/

o
dx D �

Z
˝

f .x/v.x/dx: (11.3.12)
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In order to become a little more familiar with (11.3.12), we shall first try to find
out what happens if we insert our test functions that proved successful for the weak
Poisson equation, namely, v D �2u and v D u � g. Here � is a cutoff function as
described in Sect. 11.2 with respect to ˝ 0 �� ˝ . With v D �2u, (11.3.12) then
becomes

Z
˝

( X
�2aijDiuDju C 2

X
�aij uDiuDj�C

X
�2bjuDju

C 2
X

u2bj �Dj � �
X

�2ciuDiu � d�2u2
)

D �
Z
f �2u: (11.3.13)

In order to handle the various terms, analogously to (11.2.8), we shall use Young’s
inequality, this time of the form

X
aij aibj � "

2

X
aij ai aj C 1

2"

X
aij bibj (11.3.14)

for " > 0, .a1; : : : ; ad /; .b1; : : : ; bd / 2 R
d , and a positive definite matrix

.aij /i;jD1;:::;d . From (A1) and (A2), we thence obtain the following inequalities:

2
X

�aij uDiuDj� � "
X

�2aijDiuDj u C 1

"

X
aij u2Di�Dj �

X
�2bjuDju � "0

2

X
�2DjuDj u C 1

2"0
X

�2u2bj bj

2
X

u2bj �Dj � �
X

u2Dj �Dj �C
X

u2�2bj bj

X
�2ciuDiu � "0

2

X
�2DjuDj u C 1

2"0
X

�2u2cj cj

f �2u2 � 1

2
�2u2 C 1

2
�2f 2:

With the help of these inequalities, (11.3.13) yields

Z
�2
X

aijDiuDju � "

Z
�2
X

aijDiuDju

C "0
Z

jDuj2 �2 C
�
1

"0M
2 CM2 CM C 1

2

�Z
�2u2

C
�



"
C 1

�Z
u2 jD�j2 C 1

2

Z
�2f 2:
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We choose " D 1
2

and then "0 D �
4
, to obtain, with

Z
jDuj2 �2 � 1

�

Z
�2
X

aijDiuDju (11.3.15)

which follows from (A1) again, the desired estimate

Z
�2 jDuj2 � c1.�;
/

Z
u2 jD�j2 C c2.�;M/

Z
�2u2 C c3.�/

Z
�2f 2;

(11.3.16)

with constants c1; c2; andc3 that depend only on the indicated quantities. In fact, as
an aside, in the special case where b D c D d D f D 0, we simply have

Z
�2 jDuj2 � 2




�

Z
u2 jD�j2 :

With ı D dist.˝ 0; @˝/, we can have � D 1 on ˝ 0 and jD�j � 1
ı

and obtain

Z
˝0

jDuj2 �
�
c1.�;
/

ı2
C c2.�;M/

�Z
˝

u2 C c3.�/

Z
˝

f 2: (11.3.17)

This is the analogue of Lemma 11.2.3. The global bound of Lemma 11.3.1, however,
does not admit a direct generalization. If we insert the test function u�g in (11.3.12),
we obtain only (as usual, employing Young’s inequality in order to absorb all the
terms containing derivatives into the positive definite leading term)

Z
˝

jDuj2 � 1

�

Z X
aijDiuDju

� c4.�;
;M; j˝j/
�
kgk2W 1;2 C kf k2L2.˝/ C kuk2L2.˝/

�
:

(11.3.18)

Thus, the additional term kuk2L2.˝/ appears in the right-hand side. That this is really
necessary can already be seen from the differential equation

u00.t/C �2u.t/ D 0 for 0 < t < �;

u.0/ D u.�/ D 0;
(11.3.19)

with � > 0. Namely, for � 2 N, we have the solutions

u.t/ D b sin.�t/

with b 2 R arbitrary, and these solutions obviously cannot be controlled solely
by the right-hand side of the differential equation and the boundary values, because
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those are all zero. The local interior regularity theory of Sect. 11.2, however, remains
fully valid. Namely, we have the following theorem:

Theorem 11.3.1. Let u 2 W 1;2.˝/ be a weak solution of Lu D f ; i.e.,
let (11.3.12) hold. Let the ellipticity assumption (A11.3) hold. Moreover, let all
coefficients aij .x/; : : : ; d.x/ as well as f .x/ be of class C1. Then also u 2
C1.˝/.

Remark. Regularity is a local result. Since we assume that all coefficients are C1,
in particular, on every ˝ 0 �� ˝ , we have a bound of type (A11.3), with the
constantM depending on ˝ 0 here, however.

Let us discuss the Proof of Theorem 11.3.1: We first reduce the proof to the case
bj ; ci ; d � 0, i.e., to the regularity of weak solutions of

M u WD
X
i;j

@

@xj

�
aij .x/

@

@xi
u.x/

�
D f .x/: (11.3.20)

For that purpose, we simply rewrite

Lu D f

as

M u D �
X @

@xj
.bj .x/u.x// �

X
ci .x/

@

@xi
u.x/ � d.x/u.x/C f .x/:

(11.3.21)

We then prove the following theorem:

Theorem 11.3.2. Let u 2 W 1;2.˝/ be a weak solution of M u D f with
f 2 W k;2.˝/. Assume (A11.3), and that the coefficients aij .x/ of M are of class
CkC1.˝/. Then for every ˝ 0 �� ˝ ,

u 2 W kC2;2.˝ 0/:

If

��aij��
CkC1.˝0/

� Mk for all i; j; (11.3.22)

then

kukW kC2;2.˝0/ � c
�kukL2.˝/ C kf kW k;2.˝/

�
(11.3.23)

with c D c.d; �; k;Mk; dist.˝ 0; @˝//.
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The Sobolev embedding theorem then implies that in case aij ; f 2 C1, any
solution of M u D f is of class C1 as well. The corresponding regularity for
solutions of Lu D f , as claimed in Theorem 11.3.1, can then be obtained through
the following important iteration argument: Since we assume u 2 W 1;2.˝/, the
right-hand side of (11.3.21) is in L2.˝/. According to Theorem 11.3.2, for k D 0,
then u 2 W 2;2.˝/. This in turn implies that the right-hand side of (11.3.21) is in
W 1;2.˝/. Thus, we may apply Theorem 11.3.2 for k D 1 to obtain u 2 W 3;2.˝/.
But then, the right-hand side is in W 2;2.˝/; hence u 2 W 4;2.˝/, and so on.

In that manner we deduce u 2 W m;2.˝/ for all m 2 N, and by the Sobolev
embedding theorem, hence that u is in C1.˝/.

We shall not display all details of the Proof of Theorem 11.3.2 here, since this
represents a generalization of the reasoning given in Sect. 11.2 that only needs a
more cumbersome notation, but no new ideas. We have already seen how such a
generalization works when we inserted the test function �2u in (11.3.12). The only
additional ingredient is certain rules for manipulating difference quotients, like the
product rule


h
l .ab/.x/ D 1

h
.a.x C hel/b.x C hel/� a.x/b.x//

D a.x C hel /

h
l b.x/C �


h
l a.x/

�
b.x/:

(11.3.24)

For example,


h
l

 
dX
iD1

aij .x/Diu.x/

!
D
X
i

�
aij .x C hel/


h
l Diu.x/C
h

l a
ij .x/Diu.x/

�
:

(11.3.25)

As before, we use 
�h
l v as a test function in place of v, and in the case supp v ��

˝ 00, 2h < dist.supp v; @˝ 00/, we obtainZ
˝00

X
i;j


h
l

�
aij .x/Diu.x/

�
Dj v.x/dx D

Z
f .x/
�h

l v.x/dx: (11.3.26)

With (11.3.24) and Lemma 11.2.1, this yields

Z
˝00

X
i;j

aij .x C hel/Di

h
l u.x/Dj v.x/dx

� c5.d;M1/
�kukW 1;2.˝00/ C kf kL2.˝/

� kDvkL2.˝00/ ; (11.3.27)

i.e., an analogue of (11.2.17). Since because of the ellipticity condition (A11.3), we
have the estimate

�

Z
˝

ˇ̌
�D
h

l u.x/
ˇ̌2

dx �
Z
˝

�2
X
i;j

aij .x C hel/

h
l Diu.x/


h
l Dj u.x/dxI
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we can then proceed as in the proofs of Theorems 11.2.1 and 11.2.2. Readers so
inclined should face no difficulties in supplying the details.

We now return to the question of boundary regularity and state a theorem:

Theorem 11.3.3. Let u be a weak solution ofM u D f in˝ with u�g 2 H1;2
0 .˝/.

As always, suppose (A11.3). Let f 2 W k;2.˝/, g 2 W kC2;2.˝/. Let ˝ be of
class CkC2, and let the coefficients of M be of class CkC1. N̋ / (in the sense of
Definition 11.3.1). Then

u 2 W kC2;2.˝/;

and we have the estimate

kukW kC2;2.˝/ � c
�kf kW k;2.˝/ C kgkW kC2;2.˝/

�
;

with c depending on �, d , and˝ , and on CkC1-bounds for the aij .

Proof. As explained at the beginning of this section, we may assume that @˝ is
locally a hyperplane, by considering the composition u ı ��1 in place of u, where �
is a diffeomorphism of the type described in Definition 11.3.1. Namely, by (10.4.12),
our equationM u D f gets transformed into an equation

QM Qu D Qf

of the same type, with estimates for the coefficients of QM following from those
for the aij as well as estimates for the derivatives of �. We have already explained
above how to obtain estimates for u in that particular geometric situation. We let this
suffice here, instead of offering tedious details without new ideas. ut
Remark. As a reference for the regularity theory of weak solutions, we recommend
Gilbarg–Trudinger [12].

11.4 Extensions of Sobolev Functions and Natural
Boundary Conditions

Most of our preceding results have been formulated for the spaces Hk;p
0 .˝/ only,

but not for the general Sobolev spaces W k;p.˝/ D Hk;p.˝/. A technical reason
for this is that the mollifications that we have frequently employed use the values
of the given function in some full ball about the point under consideration, and
this cannot be done at a boundary point if the function is defined only in the
domain ˝ , perhaps up to its boundary, but not in the exterior of ˝ . Thus, it seems
natural to extend a given Sobolev function on a domain ˝ in R

d to all of Rd , or
at least to some larger domain that contains the closure of ˝ in its interior. The
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problem then is to guarantee that the extended function maintains all the weak
differentiability properties of the original function. It turns out that for this to be
successfully resolved, we need to impose certain regularity conditions on @˝ as
in Definition 11.3.1. In the spirit of that definition, we thus start with the model
situation of the domain

R
dC WD ˚

.x1; : : : ; xd / 2 R
d ; xd > 0

	
:

If now u 2 Ck.RdC/, we define an extension via

E0u.x/ WD
(

u.x/ for xd � 0;Pk
jD1 aj u.x1; : : : ; xd�1;� 1

j
xd / for xd < 0;

(11.4.1)

where the aj are chosen such that

kX
jD1

aj

�
� 1
j

��
D 1 for � D 0; : : : ; k � 1: (11.4.2)

One readily verifies that the system (11.4.2) is uniquely solvable for the aj
(the determinant of this system is a Vandermonde determinant that is nonzero). One
moreover verifies, and this of course is the reason for the choice of the aj , that the
derivatives of E0u up to order k � 1 coincide with the corresponding ones of u on
the hyperplane

˚
xd D 0

	
and that the derivatives of order k are bounded whenever

those of u are. Thus

E0u 2 Ck�1;1.Rd /; (11.4.3)

where C l;1.˝/ is defined as the space of l-times continuously differentiable
functions on˝ whose l th derivatives are Lipschitz continuous, i.e.,

sup
x2˝

jv.x/ � v.x0/j
jx � x0j < 1

for any such derivative v and x0 2 ˝ (see also Definition 13.1.1 below).
If now ˝ is a domain of class Ck in the sense of Definition 11.3.1, and if u 2

Ck. N̋ / (see Definition 11.3.2), we may locally straighten out the boundary with a
Ck-diffeomorphism ��1, extend the functions u ı ��1 with the above operator E0,
and then take E0.u ı ��1/ ı �. This function then defines a local extension of class
Ck�1;1 of u across @˝ . In order to obtain a global extension, we simply patch these
local extensions together with the help of a partition of unity. This is easy, and the
reader may know this construction already, but for completeness, we present the
details. We assume that ˝ is a bounded domain of class Ck . Thus, @˝ is compact,
and so it may be covered by finitely many sets of the type˝ \ B̊.x0; r/ on which a
local diffeomorphism with the properties specified in Definition 11.3.1 exists.
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We call these sets ˝� , � D 1; : : : ; n, and the corresponding diffeomorphisms �� .
In addition, we may find an open set ˝0 � ˝ , with @˝ \ N̋

0 D ;, so that

˝ �
m[
�D0

˝�:

We then let '� , � D 0; : : : ; m, be a partition of unity subordinate to this covering of
˝ and put

Eu WD '0u C
mX
�D1

E0
�
.'�u/ ı ��1

�

� ı ��:

This then extends u as a Ck�1;1 function to some open neighborhood˝ 0 of N̋ . By
taking a C1

0 .R
d / function � with � � 1 on˝ , � � 0 in R

d n˝ 0, one may then also
extend u to the Ck�1;1.Rd / function �Eu. In fact, this extension lies in Ck�1;1

0 .˝ 0/.

This was for Ck-functions, but it may be extended to Sobolev functions by
approximation. Again considering the model situation of R

dC, we observe that
u 2 W k;p.RdC/ can be approximated by the translated mollifications

uh.x C 2hed/ D 1

hd

Z
yd>0

u.y/%

�
x C 2hed � y

h

�
dy

for h ! 0 (h > 0) (here, ed is the d th unit vector in R
d ). The limit for h ! 0 of

the extensionsEu.x C 2hed/ then yields the extensionEu.x/. One readily verifies
that Eu 2 W k;p.˝ 0/ for some domain˝ 0 containing N̋ (for the detailed argument,
one needs the extension lemma (Lemma 10.2.2), which obviously holds for all p,
not just for p D 2) in order to handle the possible discontinuity of the highest-order
derivatives along @˝ in the above construction), and that

kEukW k;p.˝0/ � C kukW k;p.˝/ (11.4.4)

for some constant C depending on ˝ (via bounds on the maps �, ��1 from
Definition 11.3.1) and k. As above, by multiplying by a C1

0 function � with � � 1

on ˝ , � � 0 outside˝ 0, we may even assume

Eu 2 Hk;p
0 .˝ 0/: (11.4.5)

Equipped with our extension operator E , we may now extend the embedding
theorems from the Sobolev spaces Hk;p

0 .˝/ to the spaces W k;p.˝/, if ˝ is a Ck-

domain. Namely, if u 2 W k;p.˝/, we consider Eu 2 H
k;p
0 .˝ 0/, which then is

contained in L
dp

d�kp .˝ 0/ for kp < d , and in Cm.˝ 0/, respectively, for 0 � m <

k� d
p

, according to Corollary 11.1.1, and thus inL
dp

d�kp .˝/ orCm.˝/, by restriction
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from ˝ 0 to ˝ . Since Eu D u on ˝ , we have thus proved the following version of
the Sobolev embedding theorem:

Theorem 11.4.1. Let ˝ � R
d be a bounded domain of class Ck . Then

W k;p.˝/ �
(
L

dp
d�kp .˝/ for kp < d;

Cm. N̋ / for 0 � m < k � d
p
:

(11.4.6)

In the same manner, we may extend the compactness theorem of Rellich:

Theorem 11.4.2. Let ˝ � R
d be a bounded domain of class C1. Then any se-

quence .un/n2N that is bounded in W 1;2.˝/ contains a subsequence that converges
in L2.˝/.

The preceding version of the Sobolev embedding theorem allows us to put
our previous existence and regularity results together to obtain a very satisfactory
treatment of the Poisson equation in the smooth setting:

Theorem 11.4.3. Let ˝ � R
d be a bounded domain of class C1, and let g 2

C1.@˝/, f 2 C1. N̋ /. Then the Dirichlet problem


u D f in ˝;

u D g on @˝;

possesses a (unique) solution u of class C1. N̋ /.
Proof. As explained in the beginning of Sect. 11.3, we may restrict ourselves to the
case where g D 0, by considering Nu D u � g in place of u, where we have extended
g as a C1-function to all of N̋ . (Since N̋ is bounded, C1-functions on N̋ are
contained in all Sobolev spaces W k;p. N̋ /.)

In Sect. 10.3, we have seen how Dirichlet’s principle produces a weak solution
u 2 H1;2

0 .˝/ of
u D f . We have already observed in Corollary 10.3.1 that such a
u is smooth in ˝ , but of course this follows also from the more general approach of
Sect. 11.2, as stated in Corollary 11.2.1. Regularity up to the boundary, i.e., the result
that u 2 C1. N̋ /, finally follows from the Sobolev estimates of Theorem 11.3.3
together with the embedding theorem (Theorem 11.4.1). ut

Of course, analogous statements can be stated and proved with the concepts and
methods developed here in the Ck-case, for any k 2 N. In this setting, however, a
somewhat more refined result will be obtained below in Theorem 13.3.1.

Likewise, the results extend to more general elliptic operators. Combining
Corollary 10.5.2 with Theorems 11.3.3 and 11.4.1, we obtain the following theorem:

Theorem 11.4.4. Let˝ � R
d be a bounded domain of classC1. Let the functions

aij .i; j D 1; : : : ; d / and c be of class C1 in ˝ and satisfy the assumptions (A)–
(D) of Sect. 10.5, and let f 2 C1.˝/, g 2 C1.@˝/ be given. Then the Dirichlet
problem
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dX
i;jD1

@

@xi

�
aij .x/

@

@xj
u.x/

�
� c.x/u.x/ D f .x/ in ˝;

u.x/ D g.x/ on @˝;

admits a (unique) solution of class C1. N̋ /.
It is instructive to compare this result with Theorem 13.3.2 below.

We now address a question that the curious reader may already have wondered
about. Namely, what happens if we consider the weak differential equationZ

˝

Du �Dv C
Z
˝

f v D 0 .f 2 L2.˝// (11.4.7)

for all v 2 W 1;2.˝/, and not only for those inH1;2
0 .˝/? A solution u again has to be

as regular as f and˝ allow, and in fact, the regularity proofs become simpler, since
we do not need to restrict our test functions to have vanishing boundary values. In
particular we have the following result:

Theorem 11.4.5. Let (11.4.7) be satisfied for all v 2 W 1;2.˝/, on some C1-
domain˝ , for some function f 2 C1. N̋ /. Then also

u 2 C1. N̋ /:

The Proof follows the scheme presented in Sect. 11.3. We obtain differentiability
results on the boundary @˝ (note that here we conclude that u is smooth even on the
boundary and not only in˝ as in Theorem 11.3.1) by applying the version stated in
Theorem 11.4.1 of the Sobolev embedding theorem.

In Sect. 11.5 we shall need regularity results for solutions ofZ
˝

Du �Dv C �

Z
˝

u � v D 0 .� 2 R/; for all v 2 W 1;2.˝/: (11.4.8)

We can apply the iteration scheme described in Sect. 11.3 to establish the following
corollary:

Corollary 11.4.1. Let u be a solution of (11.4.8), for all v 2 W 1;2.˝/. If the domain
˝ is of class C1, then u 2 C1. N̋ /.
We return to the equation Z

˝

Du �Dv C
Z
˝

f v D 0

on a C1-domain ˝ , for f 2 C1. N̋ /. Since u is smooth up to the boundary by
Theorem 11.4.5, we may integrate by parts to obtain

�
Z
˝


u � v C
Z
@˝

@u

@n
� v C

Z
˝

f v D 0 for all v 2 W 1;2.˝/: (11.4.9)
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We know from our discussion of the weak Poisson equation that already if (11.4.7)
holds for all v 2 H1;2

0 .˝/, then, since u is smooth, necessarily


u D f in ˝: (11.4.10)

Equation (11.4.9) then implies

Z
@˝

@u

@n
� v D 0 for all v 2 W 1;2.˝/:

This then implies

@u

@n
D 0 on @˝: (11.4.11)

Thus, u satisfies a homogeneous Neumann boundary condition. Since this boundary
condition arises from (11.4.7) when we do not impose any restrictions on v, it then
is also called a natural boundary condition.

We add some further easy observations (which have already been made in
Sect. 2.1): If u is a solution, so is u C c, for any c 2 R. Thus, in contrast to the
Dirichlet problem, a solution of the Neumann problem is not unique. On the other
hand, a solution does not always exist. Namely, we have

�
Z
˝


u C
Z
@˝

@u

@n
D 0;

and therefore, using v � 1 in (11.4.9), we obtain the condition

Z
˝

f D 0 (11.4.12)

on f as a necessary condition for the solvability of (11.4.9), hence of (11.4.7). It
is not hard to show that this condition is also sufficient, but we do not pursue that
point here.

Again, the preceding considerations about the regularity of solutions of the
Neumann problem extend to more general elliptic operators, in the same manner
as in Sect. 11.3. This is straightforward.

Finally, one may also consider inhomogeneous Neumann boundary conditions;
for simplicity, we consider only the Laplace equation, i.e., assume f D 0 in the
above.

A solution of


u D 0 in ˝;

@u

@n
D h on @˝ , for some given smooth function h on @˝;

(11.4.13)
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can then be obtained by minimizing

1

2

Z
˝

jDuj2 �
Z
@˝

hu in W 1;2.˝/: (11.4.14)

Here, a necessary (and sufficient) condition for solvability is

Z
@˝

h D 0: (11.4.15)

In contrast to the inhomogeneous Dirichlet boundary condition, here the boundary
values do not constrain the space in which we seek a minimizer, but rather enter into
the functional to be minimized. Again, a weak solution u, i.e., satisfying

Z
˝

Du �Dv �
Z
@˝

hv D 0 for all v 2 W 1;2.˝/; (11.4.16)

is determined up to a constant and is smooth up to the boundary, assuming, of
course, that @˝ is smooth as before.

11.5 Eigenvalues of Elliptic Operators

In this textbook, at several places (see Sects. 5.1, 6.2, 6.3, and 7.1), we have already
encountered expansions in terms of eigenfunctions of the Laplace operator. These
expansions, however, served as heuristic motivations only, since we did not show
the convergence of these expansions. It is the purpose of the present section to carry
this out and to study the eigenvalues of the Laplace operator systematically. In fact,
our reasoning will also apply to elliptic operators in divergence form,

Lu D
dX

i;jD1

@

@xj

�
aij .x/

@

@xi
u.x/

�
; (11.5.1)

for which the coefficients aij .x/ satisfy the assumptions stated in Sect. 11.3 and are
smooth in ˝ . Nevertheless, since we have already learned in this chapter how to
extend the theory of the Laplace operator to such operators, here we shall carry out
the analysis only for the Laplace operator. The indicated generalization we shall
leave as an easy exercise. We hope that this strategy has the pedagogical advantage
of concentrating on the really essential features.

Let ˝ be an open and bounded domain in R
d . The eigenvalue problem for the

Laplace operator consists in finding nontrivial solutions of


u.x/C �u.x/ D 0 in ˝; (11.5.2)
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for some constant �, the eigenvalue in question. Here one also imposes some
boundary conditions on u. In the light of the preceding, it seems natural to require
the Dirichlet boundary condition

u D 0 on @˝: (11.5.3)

For many applications, however, it is more natural to have the Neumann boundary
condition

@u

@n
D 0 on @˝ (11.5.4)

instead, where @
@n

denotes the derivative in the direction of the exterior normal.
Here, in order to make this meaningful, one needs to impose certain restrictions, for
example, as in Sect. 2.1, that the divergence theorem is valid for ˝ . For simplicity,
as in the preceding section, we shall assume that ˝ is a C1-domain in treating
Neumann boundary conditions. In any case, we shall treat the eigenvalue problem
for either type of boundary condition.

As with many questions in the theory of PDEs, the situation becomes much
clearer when a more abstract approach is developed. Thus, we shall work in some
Hilbert space H ; for the Dirichlet case, we choose

H D H
1;2
0 .˝/; (11.5.5)

while for the Neumann case, we take

H D W 1;2.˝/: (11.5.6)

In either case, we shall employ the L2-product

hf; gi WD
Z
˝

f .x/g.x/dx

for f; g 2 L2.˝/, and we shall also put

kf k WD kf kL2.˝/ D hf; f i 12 :

It is important to realize that we are not working here with the scalar product
of our Hilbert space H , but rather with the scalar product of another Hilbert
space, namely, L2.˝/, into which H is compactly embedded by Rellich’s theorem
(Theorems 10.2.3 and 11.4.2).

Another useful point in the sequel is the symmetry of the Laplace operator,

h
'; i D �hD';D i D h';
 i (11.5.7)
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for all '; 2 C1
0 .˝/, as well as for '; 2 C1.˝/ with @'

@n
D 0 D @ 

@n
on @˝ .

This symmetry will imply that all eigenvalues are real.
We now start our eigenvalue search with

� WD inf
u2Hnf0g

hDu;Dui
hu; ui

 
D inf

u2Hnf0g
kDuk2L2.˝/
kuk2L2.˝/

!
: (11.5.8)

We wish to show that (because the expression in (11.5.8) is scaling invariant, in the
sense that it is not affected by replacing u by cu for some nonzero constant c) this
infimum is realized by some u 2 H with


u C �u D 0:

We first observe that (because the expression in (11.5.8) is scaling invariant, in the
sense that it is not affected by replacing u by cu for some constant c) we may restrict
our attention to those u that satisfy

kukL2.˝/ .D hu; ui/ D 1: (11.5.9)

We then let .un/n2N � H be a minimizing sequence with hun; uni D 1, and thus

� D lim
n!1hDun;Duni: (11.5.10)

Thus, .un/n2N is bounded in H , and by the compactness theorem of Rellich
(Theorems 10.2.3 and 11.4.2), a subsequence, again denoted by un, converges to
some limit u in L2.˝/ that then also satisfies kukL2.˝/ D 1. In fact, since

kD.un � um/k2L2.˝/ C kD.un C um/k2L2.˝/
D 2 kDunk2L2.˝/ C 2 kDumk2L2.˝/ for all n;m 2 N;

and

kD.un C um/k2L2.˝/ � � kun C umk2L2.˝/ by definition of �;

we obtain

kDun �Dumk2L2.˝/ � 2 kDunk2L2.˝/ C 2 kDumk2L2.˝/
� � kun C umk2L2.˝/ : (11.5.11)

Since by choice of the sequence .un/n2N, kDunk2L2.˝/ and kDumk2L2.˝/ converges

to �, and kun C umk2L2.˝/ converges to 4, since the un converge in L2.˝/ to an
element u of norm 1, the right-hand side of (11.5.11) converges to 0, and so then
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does the left-hand side. This, together with theL2-convergence, implies that .un/n2N
is a Cauchy sequence even in H , and so it also converges to u in H . Thus

hDu;Dui
hu; ui D �: (11.5.12)

In the Dirichlet case, the Poincaré inequality (Theorem 10.2.2) implies

� > 0:

At this point, the assumption enters that ˝ as a domain is connected. In the
Neumann case, we simply take any nonzero constant c, which now is an element
of H n f0g, to see that

0 � � � hDc;Dci
hc; ci D 0;

i.e.,

� D 0:

Following standard conventions for the enumeration of eigenvalues, we put

� DW �1 in the Dirichlet case,

� DW �0.D 0/ in the Neumann case,

and likewise u DW u1 and u DW u0, respectively.
Let us now assume that we have iteratively determined ..�0; u0//, .�1; u1/,

: : : ; .�m�1; um�1/, with

.�0 �/ �1 � � � � � �m�1;

ui 2 L2.˝/\ C1.˝/;

ui D 0 on @˝ in the Dirichlet case, and

@ui
@n

D 0 on @˝ in the Neumann case,

hui ; uj i D ıij for all i; j � m � 1


ui C �iui D 0 in ˝ for i � m � 1: (11.5.13)
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We define

Hm WD fv 2 H W hv; uii D 0 for i � m� 1g

and

�m WD inf
u2Hmnf0g

hDu;Dui
hu; ui : (11.5.14)

Since Hm � Hm�1, the infimum over the former space cannot be smaller than the
one over the latter, i.e.,

�m � �m�1: (11.5.15)

Note that Hm is a Hilbert space itself, being the orthogonal complement of a
finite-dimensional subspace of the Hilbert space H . Therefore, with the previous
reasoning, we may find um 2 Hm with kumkL2.˝/ D 1 and

�m D hDum;Dumi
hum; umi : (11.5.16)

We now want to verify the smoothness of um and Eq. (11.5.13) for i D m.
From (11.5.14), (11.5.16), for all ' 2 Hm, t 2 R,

hD .um C t'/;D.um C t'/i
hum C t'; um C t'i � �m;

where we choose jt j so small that the denominator is bounded away from 0. This
expression then is differentiable w.r.t. t near t D 0 and has a minimum at 0. Hence
the derivative vanishes at t D 0, and we get

0 D hDum;D'i
hum; umi � hDum;Dumi

hum; umi
hum; 'i
hum; umi

D hDum;D'i � �mhum; 'i for all ' 2 Hm:

In fact, this relation even holds for all ' 2 H , because for i � m � 1,

hum; ui i D 0

and

hDum;Duii D hDui ; Dumi D �i hui ; umi D 0;

since um 2 Hi . Thus, um satisfies

Z
˝

Dum �D' � �m
Z
˝

um' D 0 for all ' 2 H: (11.5.17)
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By Theorem 11.3.1 and Corollary 11.4.1, respectively, um is smooth, and so we
obtain from (11.5.17)


um C �mum D 0 in ˝:

As explained in the preceding section, we also have

@um
@n

D 0 on @˝

in the Neumann case. In the Dirichlet case, we have of course

um D 0 on @˝

(this holds pointwise if @˝ is smooth, as explained in Sect. 11.4; for a general, not
necessarily smooth, @˝ , this relation is valid in the sense of Sobolev).

Theorem 11.5.1. Let ˝ � R
d be connected, open, and bounded. Then the

eigenvalue problem


u C �u D 0; u 2 H1;2
0 .˝/

has countably many eigenvalues

0 < �1 < �2 � � � � � �m � � � �

with

lim
m!1�m D 1

and pairwise L2-orthonormal eigenfunctions ui and hDui ; Duii D �i . Any v 2
L2.˝/ can be expanded in terms of these eigenfunctions,

v D
1X
iD1

hv; uiiui (and thus hv; vi D
1X
iD1

hv; uii2/; (11.5.18)

and if v 2 H1;2
0 .˝/, we also have

hDv;Dvi D
1X
iD1

�i hv; uii2: (11.5.19)

Theorem 11.5.2. Let ˝ � R
d be bounded, open, and of class C1. Then the

eigenvalue problem


u C �u D 0; u 2 W 1;2.˝/
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has countably many eigenvalues

0 D �0 � �1 � � � � � �m � � � �

with

lim
n!1�m D 1

and pairwise L2-orthonormal eigenfunctions ui that satisfy

@ui
@n

D 0 on @˝:

Any v 2 L2.˝/ can be expanded in terms of these eigenfunctions

v D
1X
iD0

hv; uiiui (and thus hv; vi D
1X
iD0

hv; uii2/; (11.5.20)

and if v 2 W 1;2.˝/, also

hDv;Dvi D
1X
iD1

�i hv; uii2: (11.5.21)

Remark. Those v 2 L2.˝/ that are not contained in H can be characterized by the
fact that the expression on the right-hand side of (11.5.19) or (11.5.21) diverges.

The Proofs of Theorems 11.5.1 and 11.5.2 are now easy: We first check

lim
m!1�m D 1:

Indeed, otherwise,

kDumk � c for all m and some constant c.

By Rellich’s theorem again, a subsequence of .um/ would then be a Cauchy
sequence in L2.˝/. This, however, is not possible, since the um are pairwise L2-
orthonormal.

It remains to prove the expansion. For v 2 H we put

ˇi WD hv; uii

and

vm WD
X
i�m

ˇiui ; wm WD v � vm:
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Thus, wm is the orthogonal projection of v onto HmC1, and vm then is orthogonal to
HmC1; hence

hwm; ui i D 0 for i � m:

Thus also

hDwm;Dwmi � �mC1hwm;wmi

and

hDwm;Duii D �i hui ;wmi D 0:

These orthogonality relations imply

hwm;wmi D hv; vi � hvm; vmi;
hDwm;Dwmi D hDv;Dvi � hDvm;Dvmi; (11.5.22)

and then

hwm;wmi � 1

�mC1
hDv;Dvi;

which converges to 0 as the �m tend to 1. Thus, the remainder wm converges to 0
in L2, and so

v D lim
m!1 vm D

X
i

hv; uiiui in L2.˝/:

Also,

Dvm D
X
i�m

ˇiDui ;

and hence

hDvm;Dvmi D
X
i�m

ˇ2i hDui ; Dui i (since hDui ; Duj i D 0 for i ¤ j /

D
X
i�m

�iˇ
2
i :

Since hDvm;Dvmi � hDv;Dvi by (11.5.22) and the �i are nonnegative, this series
then converges, and then form < n,

hDwm �Dwn;Dwm �Dwni D hDvn �Dvm;Dvn �Dvmi

D
nX

iDmC1
�iˇ

2
i ! 0 form; n ! 1;
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and so .Dwm/m2N is a Cauchy sequence in L2, and so wm converges in H , and
the limit is the same as the L2-limit, namely, 0. Therefore, we get (11.5.19)
and (11.5.21), namely,

hDv;Dvi D lim
m!1hDvm;Dvmi D

X
�iˇ

2
i :

The eigenfunctions .um/m2N thus are an L2-orthonormal sequence. The closure of
the span of the um then is a Hilbert space contained in L2.˝/ and containing H .
Since H (in fact, even C1

0 .˝/ \ H , see the appendix) is dense in L2.˝/, this
Hilbert space then has to be all ofL2.˝/. So, the expansions (11.5.18) and (11.5.20)
are valid for all v 2 L2.˝/.
The strict inequality �1 < �2 in the Dirichlet case will be proved in Theorem 11.5.4
below.

A moment’s reflection also shows that the above procedure produces all the
eigenvalues of
 onH , and that any eigenfunction is a linear combination of the ui .

An easy consequence of the theorems is the following sharp version of the
Poincaré inequality (cf. Theorem 10.2.2):

Corollary 11.5.1. For v 2 H1;2
0 .˝/,

�1hv; vi � hDv;Dvi; (11.5.23)

where �1 is the first Dirichlet eigenvalue according to Theorem 11.5.1.
For v 2 H1;2.˝/ with @v

@�
on @˝

�1hv � Nv; v � Nvi � hDv;Dvi; (11.5.24)

where �1 now is the first Neumann eigenvalue according to Theorem 11.5.2, and
Nv WD 1

k˝k
R
˝

v.x/dx is the average of v on ˝ (k˝k is the Lebesgue measure of ˝).

Moreover, if such a v with vanishing Neumann boundary values is of classH2;2.˝/,
then also

�1hDv;Dvi � h
v; 
vi; (11.5.25)

�1 again being the first Neumann eigenvalue.

Proof. The inequalities (11.5.23) and (11.5.24) readily follow from (11.5.14),
noting that in the second case, v�Nv is orthogonal to the constants, the eigenfunctions
for �0 D 0, since Z

˝

.v.x/ � Nv/dx D 0: (11.5.26)

As an alternative, and in order to obtain also (11.5.25), we note thatDv D D.v� Nv/,

v D 
.v � Nv/, and

hv � Nv; v � Nvi D
1X
iD1

hv; uii2; (11.5.27)
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that is, the term for i D 0 disappears from the expansion because v� Nv is orthogonal
to the constant eigenfunction u0. Using

hDv;Dvi D
1X
iD1

�i hv; uii2

h
v; 
vi D
1X
iD1

�2i hv; uii2

and �1 � �i then yields (11.5.24) and (11.5.25). ut
More generally, we can derive Courant’s minimax principle for the eigenvalues

of 
:

Theorem 11.5.3. Under the above assumptions, let Pk be the collection of all k-
dimensional linear subspaces of the Hilbert spaceH . Then the kth eigenvalue of 

(i.e., �k in the Dirichlet case, �k�1 in the Neumann case) is characterized as

max
L2Pk�1

min


 hDu;Dui
hu; ui W u ¤ 0; u orthogonal to L;

i.e., hu; vi D 0 for all v 2 L
�
; (11.5.28)

or dually as

min
L2Pk

max


 hDu;Dui
hu; ui W u 2 L n f0g

�
: (11.5.29)

Proof. We have seen that

�m D min


 hDu;Dui
hu; ui W u ¤ 0; u orthogonal to the ui with i � m � 1

�
:

(11.5.30)

It is also clear that

�m D max


 hDu;Dui
hu; ui W u ¤ 0 linear combination of ui with i � m

�
; (11.5.31)

and in fact, this maximum is realized if u is a multiple of the mth eigenfunction um,
because �i D hDui ;Dui i

hui ;ui i � �m for i � m and the ui are pairwise orthogonal.
Now let L be another linear subspace of H of the same dimension as the span

of the ui , i � m. Let L be spanned by vectors vi , i � m. We may then find some
v D P

˛j vj 2 L with

hv; uii D
X
j

˛j hvj ; uii D 0 for i � m � 1: (11.5.32)
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(This is a system of homogeneous linearly independent equations for the ˛j , with
one fewer equation than unknowns, and so it can be solved.) Inserting (11.5.32) into
the expansion (11.5.19) or (11.5.21), we obtain

hDv;Dvi
hv; vi D

P1
jDm �j hv; uj i2P1
jDmhv; uj i2 � �m:

Therefore,

max
v2Lnf0g

hDv;Dvi
hv; vi � �m;

and (11.5.29) follows. Suitably dualizing the preceding argument, which we leave
to the reader, yields (11.5.28). ut

While for certain geometrically simple domains, like balls and cubes, one may
determine the eigenvalues explicitly; for a general domain, it is a hopeless endeavor
to attempt an exact computation of its eigenvalues. One therefore needs approxima-
tion schemes, and the minimax principle of Courant suggests one such method, the
Rayleigh–Ritz scheme. For that scheme, one selects linearly independent functions
w1; : : : ;wk 2 H , which then span a linear subspace L, and seeks the critical values,
and in particular the maximum of

hDw;Dwi
hw;wi for w 2 L:

With

aij WD hDwi ; Dwj i; A WD .aij /i;jD1;:::;k ;

bij WD hwi ;wj i; B WD .bij /i;jD1;:::;k ;

for

w D
X
jD1

cjwj ;

then

hDw;Dwi
hw;wi D

Pk
i;jD1 aij ci cjPk
i;jD1 bij ci cj

;

and the critical values are given by the solutions �1; : : : ; �k of

det.A� �B/ D 0:
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These values �1; : : : ; �k then are taken as approximations of the first k eigenvalues;
in particular, if they are ordered such that �k is the largest among them, that value is
supposed to approximate the kth eigenvalue. One then tries to optimize with respect
to the choice of the functions w1; : : : ;wk ; i.e., one tries to make �k as small as
possible, according to (11.5.29), by suitably choosing w1; : : : ;wk .

The characterizations (11.5.28) and (11.5.29) of the eigenvalues have many
further useful applications. The basis of those applications is the following simple
remark: In (11.5.29), we take the maximum over all u 2 H that are contained in
some subspace L. If we then enlargeH to some Hilbert spaceH 0, thenH 0 contains
more such subspaces thanH , and so the minimum over all of them cannot increase.

Formally, if we put Pk.H/ WD fk-dimensional linear subspaces of H g, then, if
H � H 0, it follows that Pk.H/ � Pk.H 0/, and so

min
L2Pk.H/

max
u2Lnf0g

hDu;Dui
hu; ui � min

L02Pk.H 0/
max

u2L0nf0g
hDu;Dui

hu; ui : (11.5.33)

Corollary 11.5.2. Under the above assumptions, we let 0 < �D1 � �D2 � � � � be the
Dirichlet eigenvalues, and 0 D �N0 < �

N
1 � �N2 � � � � be the Neumann eigenvalues.

Then

�Nj�1 � �Dj for all j:

Proof. The Hilbert space for the Dirichlet case, namely, H1;2
0 .˝/, is a subspace of

that for the Neumann case, namely,W 1;2.˝/, and so (11.5.33) applies. ut
The next result states that the eigenvalues decrease if the domain is enlarged:

Corollary 11.5.3. Let ˝1 � ˝2 be bounded open subsets of Rd . We denote the
eigenvalues for the Dirichlet case of the domain˝ by �k.˝/. Then

�k.˝2/ � �k.˝1/ for all k: (11.5.34)

Proof. Any v 2 H
1;2
0 .˝1/ can be extended to a function Qv 2 H

1;2
0 .˝2/, simply by

putting

Qv.x/ D
(

v.x/ for x 2 ˝1;

0 for x 2 ˝2 n˝1:

Lemma 10.2.2 tells us that indeed Qv 2 H1;2
0 .˝2/. Thus, the Hilbert space employed

for ˝1 is contained in that for ˝2, and the principle (11.5.33) again implies the
result for the Dirichlet case. ut
Remark. Corollary 11.5.3 is not in general valid for the Neumann case. A first idea
to show a result in that case is to extend functions v 2 W 1;2.˝1/ to ˝2 by the
extension operator E constructed in Sect. 11.4. However, this operator does not
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preserve the norm: In general, kEvkW 1;2.˝2/
> kvkW 1;2.˝1/

, and so this does not
represent W 1;2.˝1/ as a Hilbert subspace of W 1;2.˝2/. This difficulty makes the
Neumann case more involved, and we omit it here.

The next result concerns the first eigenvalue �1 of 
 with Dirichlet boundary
conditions:

Theorem 11.5.4. Let �1 be the first eigenvalue of 
 on the open and bounded
domain ˝ � R

d with Dirichlet boundary conditions. Then �1 is a simple eigen-
value, meaning that the corresponding eigenspace is one-dimensional. Moreover,
an eigenfunction u1 for �1 has no zeros in˝ , and so it is either everywhere positive
or negative in ˝ .

Proof. Let


u1 C �1u1 D 0 in ˝:

By Corollary 10.2.2, we know that ju1j 2 W 1;2.˝/, and

hDju1j;Dju1ji
hju1j; ju1ji D hDu1;Du1i

hu1; u1i D �1:

Therefore, ju1j also minimizes

hDu;Dui
hu; ui ;

and by the reasoning leading to Theorem 11.5.1, it must also be an eigenfunction
with eigenvalue �1. Therefore, it is a nonnegative solution of


u C �u D 0 in ˝;

and by the strong maximum principle (Theorem 3.1.2), it cannot assume a nonpos-
itive interior minimum. Thus, it cannot become 0 in ˝ , and so it is positive in ˝ .
This, however, implies that the original function u1 cannot become 0 either. Thus,
u1 is of a fixed sign.

This argument applies to all eigenfunctions with eigenvalue �1. Since two
functions v1; v2 neither of which changes sign in ˝ cannot satisfy

Z
˝

v1.x/v2.x/dx D 0;

i.e., cannot beL2-orthogonal, the space of eigenfunctions for �1 is one-dimensional.
ut
The classical text on eigenvalue problems is Courant–Hilbert [5].
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Remark. More generally, Courant’s nodal set theorem holds: Let ˝ � R
d be open

and bounded, with Dirichlet eigenvalues 0 < �1 < �2 � : : : and corresponding
eigenfunctions u1; u2; : : : . We call

� k WD fx 2 ˝ W uk.x/ D 0g

the nodal set of uk . The complement˝ n � k then has at most k components.

Summary

In this chapter we have introduced Sobolev spaces as spaces of integrable functions
that are not necessarily differentiable in the classical sense, but do possess so-
called generalized or weak derivatives that obey the rules for integration by
parts. Embedding theorems relate Sobolev spaces to spaces of Lp-functions or of
continuous, Hölder continuous, or differentiable functions.

The weak solutions of the Laplace and Poisson equations, obtained in Chap. 10
by Dirichlet’s principle, naturally lie in such Sobolev spaces. In this chapter, embed-
ding theorems allow us to show that weak solutions are regular, i.e., differentiable
of any order, and hence also solutions in the classical sense.

Based on Rellich’s theorem, we have treated the eigenvalue problem for the
Laplace operator and shown that any L2-function admits an expansion in terms of
eigenfunctions of the Laplace operator.

Exercises

11.1. Let u W ˝ ! R be integrable, and let ˛;ˇ be multi-indices. Show that if
two of the weak derivatives D˛Cˇu, D˛Dˇu, DˇD˛u exist, then the third one also
exists, and all three of them coincide.

11.2. Let u; v 2 W 1;1.˝/ with uv, uDv C vDu 2 L1.˝/. Then uv 2 W 1;1.˝/ as
well, and the weak derivative satisfies the product rule

D.uv/ D uDv C vDu:

(For the proof, it is helpful to first consider the case where one of the two functions
is of class C1.˝/.)

11.3. For m� 2, 1� q�m=2, u 2H2; m
qC1

0 .˝/ \ L
m
q�1 .˝/ we have u 2

H
1;mq .˝/ and

kDuk2
L
m
q .˝/

� const kuk
L

m
q�1 .˝/

��D2u
��
L

m
qC1 .˝/

:
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(Hint: For p D m
q

,

jDiujp D Di.uDiujDiujp�2/� uDi.DiujDiujp�2/:

The first term on the right-hand side disappears upon integration over ˝ for u 2
C1
0 .˝/ (approximation argument!), and for the second one, we utilize the formula

Di.vjvjp�2/ D .p � 1/.Div/jvjp�2:

Finally, you need the following version of Hölder’s inequality:

ku1u2u3kL1.˝/ � ku1kLp1 .˝/ ku2kLp2 .˝/ ku3kLp3 .˝/

for ui 2 Lpi .˝/, 1
p1

C 1
p2

C 1
p3

D 1 (proof!).)

11.4. Let

˝1 WD B̊.0; 1/ � R
d ;

˝2 WD R
d n B̊.0; 1/;

i.e., the d -dimensional unit ball and its complement. For which values of k; p; d; ˛ is

f .x/ WD jxj˛

in W k;p.˝1/ orW k;p.˝2/?

11.5. Prove the following version of the Sobolev embedding theorem:
Let u 2 W k;p.˝/,˝ 0 �� ˝ � R

d . Then

u 2
(
L

dp
d�kp .˝ 0/ for kp < d;

Cm.˝ 0/ for 0 � m < k � d=p:

11.6. State and prove a generalization of Corollary 11.1.5 for u 2 W k;p.˝/ that is
analogous to Exercise 11.5.

11.7. Supply the details of the proof of Theorem 11.3.2 (This may sound like a
dull exercise after what has been said in the text, but in order to understand the
techniques for estimating solutions of PDEs, a certain drill in handling additional
lower-order terms and variable coefficients may be needed.)

11.8. Carry out the eigenvalue analysis for the Laplace operator under periodic
boundary conditions as defined in Sect. 2.1. In particular, state and prove an
analogue of Theorems 11.5.1 and 11.5.2.
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