Chapter 10

The Dirichlet Principle. Variational Methods
for the Solution of PDEs (Existence
Techniques III)

10.1 Dirichlet’s Principle

We consider the Dirichlet problem for harmonic functions once more.
We want to find a solution u : £2 — R, 2 ¢ R a domain, of

Au=0 1in$2,
u= f onas2,

(10.1.1)

with given f.
Dirichlet’s principle is based on the following observation: Let u € C2(£2) be a
function with u = f on 052 and

/|Vu(x)|2dx:min{/ |Vv(x)[*dx : v : 2—R with v=f on 952} . (10.1.2)
2 2

We now claim that u then solves (10.1.1). To show this, let
ne Cg(82).!
According to (10.1.2), the function

(1) :=/Q|V(u+tn)(X)|2dx

possesses a minimum at # = 0, because u + tn = f on 952, since 1 vanishes on
d£2. Expanding this expression, we obtain

LCE2(A) := {p € C°°(A) : the closure of {x : ¢(x) # 0} is compact and contained in A4}.
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a(t) = / |Vu(x)* dx + 21/ Vu(x) - Vn(x)dx + IZ/ |Vn(x)|*dx. (10.1.3)
2 2 2

In particular, « is differentiable with respect to ¢, and the minimality at# = 0 implies

a(0) = 0. (10.1.4)

By (10.1.3) this implies
/ Vu(x) - Vn(x)dx =0, (10.1.5)
2

and this holds for all n € C5°(£2).
Integrating (10.1.5) by parts, we obtain

/ Au(x)n(x)dx =0 forall n € C5°(£2). (10.1.6)
o)

We now recall the following well-known and elementary fact:

Lemma 10.1.1. Suppose g € C°(82) satisfies

/ gx)n(x)dx =0 forallne C5°(£2).
o)

Then g = 0in 2.

Applying Lemma 10.1.1 to (10.1.6) (which is possible, since Au € C°(£2) by
our assumption u € C?(£2)), we indeed obtain

Au(x) =0 1in £,

as claimed.
This observation suggests that we try to minimize the so-called Dirichlet integral

D(u) := / |Vu(x)|? dx (10.1.7)
2

in the class of all functions u : £2 — R with u = f on d2. This is Dirichlet’s
principle.

Itis by no means evident, however, that the Dirichlet integral assumes its infimum
within the considered class of functions. This constitutes the essential difficulty
of Dirichlet’s principle. In any case, so far, we have not specified which class of
functions u : £2 — R (with the given boundary values) we allow for competition;
the possibilities include functions of class C*°, which would be natural, since we
have shown already in Chap.2 that any solution of (10.1.1) automatically is of
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regularity class C°°; functions of class C 2 which would be natural, since then the
differential equation Au(x) = 0 would have a meaning; and functions of class
C! because then at least (assuming £2 bounded and f sufficiently regular, e.g.,
f € C') the Dirichlet integral D () would be finite. Posing the question somewhat
differently, should we try to minimize D(U) in a space of functions that is as large
as possible, in order to increase the chance that a minimizing sequence possesses a
limit in that space that then would be a natural candidate for a minimizer, or should
we rather select a smaller space in order to facilitate the verification that a tentative
solution is a minimizer?

In order to analyze this question, we consider a minimizing sequence (u,),eN
for D, i.e.,

lim D(u,) =inf{D(v):v: 2 - R,v= fondR2} =:«, (10.1.8)

where, of course, we assume u,, = f on 952 for all u,. To find properties of such a
minimizing sequence, we shall employ the following simple lemma:

Lemma 10.1.2. Dirichlet’s integral is convex, i.e.,
D(tu+ (1—1t)v) <tDw)+ (1 —1t)D(v) (10.1.9)

forallu,v,andt € [0, 1].
Proof.

D(tu + (1 —1)v) :/ [tVu+ (1 —1)Vv]?
2

5/9 {z \Vul> + (1—1) |Vv|2}

because of the convexity of w — |w|*

=tDu)+ (1 —1¢)Dv.

O
Now let (u,,),en be a minimizing sequence. Then
DG~ ) = [ 1900 )P
Q
U, +u 2
:2/ |Vu,,|2+2/ |Vum|2—4/ v( - ’”)
Q 2 Q 2
u, + u,
=2D(uy) + 2D(uy) — 4D ( > ) . (10.1.10)

We now have
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k<D (HT”’”) by definition of « (10.1.8)

IA

1 1
ED(M") + ED(Mm) by Lemma 10.1.2
— Kk forn,m — oo, (10.1.11)

since (u,) is a minimizing sequence. This implies that the right-hand side of
(10.1.10) converges to 0 for n,m — oo, and so then does the left-hand side. This
means that (Vu,),ey is a Cauchy sequence with respect to the topology of the space
L*(£2). (Since Vu, has d components, i.e., is vector-valued, this says that g% isa
Cauchy sequence in L2(£2) fori = 1,...,d.) Since L*(£2) is a Hilbert space, hence
complete; Vu, thus converges to some w € L?(£2). The question now is whether w
can be represented as the gradient Vu of some function u : 2 — R. At the moment,
however, we know only that w € L2(£2), and so it is not clear what regularity
properties u should possess. In any case, this consideration suggests that we seek
a minimum of D in the space of those functions whose gradient is in L?(£2). In a
subsequent step we would then have to analyze the regularity properties of such a
minimizer u. For that step, the starting point would be relation (10.1.5), i.e.,

/ Vu(x) - Vn(x)dx =0 forall n € C5°(£2), (10.1.12)
2

which continues to hold in the context presently considered. By Corollary 2.2.1 this
already implies u € C°°(£2). In the next chapter, however, we shall investigate this
problem in greater generality.

Dividing the problem into two steps as just sketched, namely, first proving the
existence of a minimizer and afterwards establishing its regularity, proves to be a
fruitful approach indeed, as we shall find in the sequel. For that purpose, we first
need to investigate the space of functions just considered in more detail. This is the
task of the next section.

10.2 The Sobolev Space W 1:2

Definition 10.2.1. Let 2 C R? be openand u € L} (£2). A functionv € L! (£2)

. loc loc
is called weak derivative of u in the direction x’ (x = (x',...,x?) € RY)if

¢v=— [ u—dx (10.2.1)

forall ¢ € C}(£2).> We write v = D u.

2Ck) ;== {f € C¥(2) : the closure of {x : f(x) # 0} is a compact subset of 2} (k =
1,2,..).
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A function u is called weakly differentiable if it possesses a weak derivative in
the direction x’ foralli € {1,...,d}.

It is obvious that each u € C!(£2) is weakly differentiable, and the weak
derivatives are simply given by the ordinary derivatives. Equation (10.2.1) is then
the formula for integrating by parts. Thus, the idea behind the definition of weak
derivatives is to use the integration by parts formula as an abstract axiom.

Lemma 10.2.1. Letu € Llloc(.Q), and suppose v = D;u exists. If dist(x, d§2) > h,
we have

Di(up(x)) = (Diu)p(x).
Proof. By differentiating under the integral, we obtain

D) = 17 [ oo (5L utray

= ;—;/aiyig (x;y)u(y)dy

1 —
= h_d/Q (x 7 y) Diu(y)dy by (10.2.1)

= (Dju)n(x).

Lemmas A.3 and 10.2.1 and formula (10.2.1) imply the following theorem:
Theorem 10.2.1. Let u,v € L*(R2). Then

VZDZ‘M

precisely if there exists a sequence (u,) C C°°($2) with

0
U, —> U, T —v inL*(') forany 2 CC L.
X

Definition 10.2.2. The Sobolev space W!?(£2) is defined as the space of those
u € L?(£2) that possess a weak derivative of class L?(£2) for each direction x’ (i =

1...d).
In W'2(£2) we define a scalar product

d
(u, Vw2 ::/ uv—i—Z/ Diu- D;v
Q o /e

and a norm

1
lullwi22) = (“»’4)51/1.2(9)-
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We also define H'2(£2) as the closure of C*®(£2) N W'2(£2) with respect to the

W'2_norm, and HO1 ’2(.9) as the closure of C°(£2) with respect to this norm.

Corollary 10.2.1. W'2(£2) is complete with respect to ||y, and is hence a
Hilbert space. W'2(2) = H'(2).

Proof. Let (up),eny be a Cauchy sequence in Wl*z(.Q). Then (u,)nen,
(Djuy)pen (i = 1,...,d) are Cauchy sequences in L2(.§2). Since LZ(.Q) is
complete, there exist u, v € L?(£2) with

Uy = u, Diu, =V inL*(R2) (=1,....d).

For ¢ € C}(£2), we have

/Diun-qb = —/u,,D,-qb,

and the left-hand side converges to [ vl - ¢, the right-hand side to — Ju- Dig.
Therefore, D;u = V', and thus u € W12(£2). This shows completeness.

In order to prove the equality H'2(£2) = W!2(£2), we need to verify that the
space C*®(£2) N W12(£2) is dense in W'2(£2). Forn € N, we put

1
£, :=1x €2 :|x| <n,dist(x, 082) > —},
n

with £2¢ := 22— := 0. Thus,

2, CC 2y and |02, =2

neN

We let {¢; } jen be a partition of unity subordinate to the cover

{‘Qn+l \ Qn—l}

of 2. Letu € W'2(£2). By Theorem 10.2.1, for every & > 0, we may find a positive
number /,, for any n € N such that

h, < diSt(.Qn, a.Q,,.H),
&€

[(@ntn, — @ntllyrizoq) < o

Since the ¢, constitute a partition of unity, on any £2’ CC £2, at most finitely many
of the smooth functions (¢,u);, are non-zero. Consequently,

i =Y (gut)n, € C®(R2).
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We have
= il 2y < D I (@ate)n, — @aul] <&,
n

and we see that every u € W'2(£2) can be approximated by C *°-functions. O

Corollary 10.2.1 answers one of the questions raised in Sect. 10.1, namely,
whether the function w considered there can be represented as the gradient of an
L>-function.

Examples:

(i) We consider £2 = (—1,1) C Rand u(x) := |x|.
In that case, u € W'?((—1, 1)), and

1 for0 < x <1,
—1 for —1<x <0,

Du(x) = §
because for every ¢ € CJ((—1, 1)),

0 1 1
/_1 —¢(x)dx +/0 ¢(x)dx = —/_lqﬁ’(x) - |x|dx.

(i) Again, 2 = (—1,1) C R, and

1 for0<x <1,
u(x) :=
0 for —1<x<0,
is not weakly differentiable, for if it were, necessarily Du(x) = 0 for x #
0; hence as an LllOc function Du = 0, but we do not have, for every ¢ €
Cy (=1, 1)),

1 1 1
0= /_1 ¢(x)-0dx = —/_1 ¢ (X)u(x)dx = —/O ¢’ (x)dx = ¢(0).

Remark. Any u € L! (£2) defines a distribution (cf. Sect. 2.1) [, by

loc
Lol = [ uteix forg € CR(@).

Every distribution / possesses distributional derivatives D;l, i = 1,...,d,
defined by
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(iii)
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Ifv=Diuel! (£2) is the weak derivative of u, then

loc
Di lu = lw

because
0
L[e] = /QDiu(x)fp(x)dx = —Lu(x)a—;(x)dx = D;l,[¢]

forall ¢ € C;°(£2).

Whereas the distributional derivative D;l, always exists, the weak derivative
need not exist. Thus, in general, the distributional derivative is not of the form
[, for some v € LlloC (£2), i.e., not represented by a locally integrable function.

This is what happens in Example (ii). Here, DI, = §, the delta distribution
at 0, because

1

1
Dllo] = ~Ll¢'] = — / u(x)g (x)dx = — /0 ¢/ (1)dx = g(0).

-1

The delta distribution cannot be represented by some locally integrable func-
tion v, because, as one easily verifies, there is no function v € Llloc((—l, 1))

with
1
/ v(x)p(x)dx = ¢(0) forall p € C°(£2).
-1

This explains why u from Example (ii) is not weakly differentiable.
This time, 2 = B(0,1) C RY, and u(x) = ‘"7"‘, i.e., we consider a mapping
from B(0, 1) to R?. u is smooth except at x = 0 where it is discontinuous. For
d = 1, of course, u(x) = 1 for x > 0 and u(x) = —1 for x < 0. Hence, in
that case, as in Example (ii), u is not weakly differentiable. We now consider
the case d > 1. We let ¢; be the i th unit vector, i.e., x = ), x'e;. For x # 0,
we have
J x e;  x'x

—— = —. 10.2.2

W al (1922
We claim that, for d > 1, this extends as the weak derivative D;u across the
singularity at x = 0. To check this, we need to verify that

/ (i - x—f) ¢ = —/ x99 (10.2.3)
o \ x| [x| B,1) |x] 0x'

for all test functions ¢ € Hy>(B(0,1),R?). (Note that (10.2.3) has to be

understood in the vector sense; for instance, ﬁa% stands for fol:l ﬁ%.)
First of all, we observe that (10.2.3) holds for all such ¢ that vanish in
the vicinity of 0, because u is smooth away from 0. In order to handle the

discontinuity at 0, we introduce the Lipschitz cut-off functions
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| if x| < 27
M= 3 g (=277 27 < fx = 270D
0 if 2-m=D < ||

and write ¢ = (1 — 1,)¢ + nu¢p. The first term then vanishes near 0,
and therefore, as just explained, this term is fine in (10.2.3). In order to
verify (10.2.3) for a general ¢, we therefore only have to verify that the
contributions coming from 7,,¢ go to 0 for m — oo. When we insert 71,,¢
in (10.2.3), the only contribution that does not obviously go to 0 for m — oo
(andd > 1)is

/ X (10.2.4)

[x| dx

However, since

My 21—’"% for 27 < |x| < 2~(m=D
ax'! 0 otherwise
we have
d 2
ﬂ < —since 27" < |x].
ax! | x|

Therefore, (10.2.4) does go to 0 for m — oo. We conclude that u possesses
weak derivatives for d > 1, indeed. We note, however, from (10.2.2) that

' x[f_d-1 (10.2.5)
x| x|’ -
and so,
/ |Du|2<oof0rdz3,
B(0.1)
ie,ue W'2(B(0,1)) ford > 3, but not for d = 2.
(iv) We leave it to the reader to check that
1
u(x) := loglog ﬂ (10.2.6)
X

is in W'? on the ball B(0, %) C R2. Again, this u is discontinuous (and
unbounded) at x = 0. Thus, also for d = 2, functions in the Sobolev space
W12 need not be continuous.

We now prove a replacement lemma exhibiting a characteristic property of Sobolev
functions:
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Lemma 10.2.2. Ler 20 CC 2, g € W'2(2), u € W'2(2), u — g € Hy*(20).
Then

{u(x) for x € §2,
v(x) =
g(x) forx e 2\ £,

is contained in W12(82), and

Diu(x) forx € $2,

D; =
V(%) Dig(x) forx e 2\ £2.

Proof. By Corollary 10.2.1, there exist g, € C*°(82), u, € C*°(£§2y) with

g — g in W),
up — u in W(2p),
—gr =0 ondf2. (10.2.7)

We put

(1) = Diu,(x) forx € £2,
w =
Dig,(x) forx e 2\ £,

u,(x) forx € £,
vp(x) :
gn(x) forx € 2\ £2,

W (x) = Diu(x) forx € £,
Dig(x) forx e §2\ £2.

We then have for ¢ € C}(£2),

/@wz :/ ¢WZ+/ oW, :/ ¢Diun+/ ¢D; g,
Q 20 2\ 20 2\20
= —/ unD,-rp—/ gnDigp
20 2\20

since the two boundary terms resulting from integrating the two
integrals by parts have opposite signs and thus cancel because of
gn = u, on 982

= _/ D
2



10.2  The Sobolev Space W12 225

by (10.2.7). Now for n — oo,

/<pW§;—> ¢Diu+/ oD;g,
2 QO .Q\QO

/vnD,-qo—>/ vD;p,
Q Q

and the claim follows. O
The next lemma is a chain rule for Sobolev functions:

Lemma 10.2.3. Foru € W'2(R2), f € CY(R), suppose

sup‘f/(y)‘ < 00.
yER

Then f ou € W'2(R2), and the weak derivative satisfies D(f ou) = f'(u)Du.
Proof. Letu, € C®(2), u, — uin W12(2) for n — oo. Then

[ 1w = r@Pax < w7 [ o —uPax -0
2 2
and
/ | f"(un) Dty — ' (w) Du|” dxx < 2sup |f’|2/ |Duy — Dul* dx
2 2
+2/ |f’(un)—f’(u)|2|Du|2dx.
2

By a well-known result about L2-functions, after selection of a subsequence, u,
converges to u pointwise almost everywhere in £2.° Since f’ is continuous, f”(u,)
then also converges pointwise almost everywhere to f”(u), and since f” is also
bounded, the last integral converges to O for n — oo by Lebesgue’s theorem on
dominated convergence.

Thus
Su) = f(u) in L*(£2)
and
D(f(un)) = f'(ua)Duy — f'(u)Du in L*(82),
and hence f ou € W'2(2) and D(f ou) = f'(u)Du. 0

3See p. 240 of [19].
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Corollary 10.2.2. Ifue W'2(82), then also |u| € W'2(82), and D |u| = signu- Du.

Proof. We consider f.(u) := (1 + £2)? — &, apply Lemma 10.2.3, and let & — 0,
using once more Lebesgue’s theorem on dominated convergence to justify the limit
as before. O

We next prove the Poincaré inequality (see also Corollary 11.5.1 below).

Theorem 10.2.2. Foru € HOI’2 (£2), we have

21}

where |§2| denotes the (Lebesgue) measure of §2 and wg is the measure of the unit
ball in RY. In particular, for any u € H(}’Z(.Q), its W1-2-norm is controlled by the

L?-norm of Du:
1
21\
il < (1 (27 ) 1outis

Proof. Suppose first u € CO1 (£2); we put u(x) = 0 for x € R? \ 2. For w € R
with |w| = 1, by the fundamental theorem of calculus, we obtain by integrating
along the ray {rw : 0 < r < oo} that

u(x) = _/00 %u(x + rw)dr.
0

Integrating with respect to w then yields, as in the proof of Theorem 2.2.1,

u(x) = “doy / / - Eu(x + rw) dodr
w|=1
= da)d/ /B( )rd 18 (z)da(z)dr

1
" T dwg /_Q Ix — y|¢! Z dyi (Y) | (10.2.9)

and thus with the Schwarz inequality,

|u(x)| <

1
-|D dy. 10.2.10
= gor T 1Pl (10.2.10)
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We now need a lemma:

Lemma 10.2.4. For f € L'(2),0 < pu <1, let
V)@ = [ = fay.
Then
Ui Iz
|| V;Lf”LZ(Q) = ;wd |Q| ”f”LZ(Q) .

Proof. B(x,R) := {y € R? : |x —y| < R}. Let R be chosen such that |2| =
|B(x, R)| = wg R?. Since in that case

[£2\ (2 N B(x,R))| = |B(x,R) \ (£ N B(x, R))|
and

|x — y|6=D < RI=D - for |x — y| = R,

|x — y|d(“_l) > RY=D for |x —y| < R;

it follows that

1 | -
[yt ay s [ ey ay = o r = o) a2l
Q B(x,R) u I
(10.2.11)

We now write
— d(— d(py—
e =y = (e = 2270 (e = 312970 £ 0))

and obtain, applying the Cauchy Schwarz inequality,

RAE /Q v — 4D | £ ()] dy

1
2 2
s( /Q |x—y|"<“‘”dy) ( /Q Ix—yld“‘“_”lf(y)lzdy) :

and hence

1 _ _
/IVMf(X)Izde—wi "mw/ / I — 40D £ ()P dy dx
2 1% RJQ
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by estimating the first integral of the preceding inequality
with (10.2.11)

1 M)Z 2
f(de 2| /Qlf(y)l dy

by interchanging the integrations with respect to x and y and applying (10.2.11)
once more, whence the claim. O

We may now complete the proof of Theorem 10.2.2: Applying Lemma 10.2.4
with u = % and f = |Du] to the right-hand side of (10.2.10), we obtain (10.2.8) for
u € C}($2). Since by definition of Hol'z(.Q), it contains C, (£2) as a dense subspace,
we may approximate « in the H'?-norm by some sequence (#,)nen C CJ(£2).
Thus, u, converges to u in L? and Du, to u. Thus, the inequality (10.2.8) that has
been proved for u, extends to u. O

Remark. The assumption that u is contained in Hol’z(.Q), and not only in H'?(£2),
is necessary for Theorem 10.2.2, since otherwise the nonzero constants would
constitute counterexamples. However, the assumption u € Hol’z(.Q) may be
replaced by other assumptions that exclude nonzero constants, for example,by

[ u(x)dx = 0.

For our treatment of eigenvalues of the Laplace operator in Sect.11.5, the
fundamental tool will be the compactness theorem of Rellich:

Theorem 10.2.3. Let 2 € R? be open and bounded. Then HOI'Z(.Q) is compactly
embedded in L*(2); i.e., any sequence (u,),en C HOI’Z(.Q) with

lunllwr2¢2) < co (10.2.12)

contains a subsequence that converges in L*(£2).
Proof. The strategy is to find functions w, . € C'(£2), for every & > 0, with

&
”un - Wn,SHWl.Z(Q) < 5 (10213)

and
”Wn,SHWl.Z(_Q) = (10.2.14)

(the constant ¢; will depend on &, but not on n). By the Arzela—Ascoli theorem,
(Wn.¢)nen then contains a subsequence that converges uniformly, hence also in L2
Since this holds for every ¢ > 0, one may appeal to a general theorem about compact
subsets of metric spaces to conclude that the closure of (4, ),ey is compactin L2(£2)
and thus contains a convergent subsequence. That theorem* states that a subset of

4See, for example, [18], Theorem 7.38.
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a metric space is compact precisely if it is complete and totally bounded, i.e., if
for any ¢ > 0, it is contained in the union of a finite number of balls of radius ¢.
Applying this result to the (closure of the) sequence (w, ¢),en, We infer that there
exist finitely many z,, v =1,..., N, in L?*(£2) such that for everyn € N,

e = 20l 20 < g for some v € {1,...,N}. (10.2.15)
Hence, from (10.2.13) and (10.2.15), for every n € N,
ln = 20ll 12y < & for some v.

Since this holds for every ¢ > 0, the sequence (u,),en is totally bounded, and so
its closure is compact in L?(£2), and we get the desired convergent subsequence in
L*(2).

It remains to construct the w,, .. First of all, by definition of HOI’2 (£2), there exists
wy € Cy (£2) with

e
||Lt,, _Wn”Wl-Z(_Q) < Z. (10.2.16)
By (10.2.12), then also
W llwi2e) < ¢, for some constant c;. (10.2.17)

We then define w, . as the mollification of w, with a parameter 7 = h(¢) to be
determined subsequently:

e =57 [ o (55 mnay.

The crucial step now is to control the L2-norm of the difference w, — wy ¢ with the
help of the W '2-bound on the original u,. This goes as follows:

2
/ [ () — e ()P = / ( / Q(J’)(Wn(x)—wn(X—hY))dY) dx
Q 2 lyl<l

hly| 2 y
5/ / Q(Y)/ drdy| dx withw = —
Q lyl<1 0

|yl
1 Iyl i 2d
- /9 </y51 o(»)?e(y) /0 r y) X
= W2 yl? ()2 )
B (/ysl Q(y)dy) (/MSIQ(J’) |y /|DW (x)|"dxdy

ad
a—rwn (x —rw)

—wy(x —rw)

or
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by Holder’s inequality [(A.4) of the appendix] and Fubini’s theorem. Since fl

o(y) dy = 1, we obtain the estimate !
[wn — Wn,s”LZ(Q) < h|Dw, ||L2(Q) :
Because of (10.2.17), we may then choose / such that
1w =Wl 2 < Z (10.2.18)
Then (10.2.16) and (10.2.18) yield the desired estimate (10.2.13). ]

10.3 Weak Solutions of the Poisson Equation

As before, let 22 be an open and bounded subset of R?, ¢ € H'?(£2). With the
concepts introduced in the previous section, we now consider the following version
of the Dirichlet principle. We seek a solution of
Au=0 in£2,
u=g foraf2 (meaning u—ge Hol’z([?)),
by minimizing the Dirichlet integral

/ |Dv|*  (here, Dv = (Dyv,..., Dyv))
Q2

among all v € H'?(2) withv — g € HO1 2 (£2). We want to convince ourselves that
this approach indeed works. Let

K= mf{/ |Dv]* :ve H'}(2),v—g € H)*(2)},
2

and let (u,),en be a minimizing sequence, meaning that u, — g € Hol’z(.Q), and

/ |Duy, | — k.
o)

We have already argued in Sect.10.1 that for a minimizing sequence (,),eN,
the sequence of (weak) derivatives (Du,) is a Cauchy sequence in L*(£2).
Theorem 10.2.2 implies

”Mn — Uy ”LZ(.Q) < const || Du,, — Dum ||L2(Q) .
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Thus, (u,) also is a Cauchy sequence in L?(§2). We conclude that (1, ), ey converges
in W'2(£2) to some u. This u satisfies

/ |Dul* =«
2

u—g e Hy*(2).

as well as

because Hol’z(.Q) is a closed subspace of W!2(£2). Furthermore, for every v €
HOI'Z(Q), t € R, putting Du - Dv := Zflzl Diu- D;v, we have

KS/ |D(u+tv)|2:/ |Du|2+2t/ Du'Dv—i-tz/ |Dv[*,
2 2 2 2

and differentiating with respect to ¢ at f = 0 yields
d
0= —/ ID@u + tv)| |i=0 = 2/ Du-Dv forallve Hy*(£2).

Definition 10.3.1. A function u € H'?(£2) is called weakly harmonic, or a weak
solution of the Laplace equation, if

/ Du-Dv=0 forallve Hy*(82). (10.3.1)
2

Any harmonic function obviously satisfies (10.3.1). In order to obtain a harmonic
function from the Dirichlet principle one has to show that, conversely, any solution
of (10.3.1) is twice continuously differentiable, hence harmonic. In the present case,
this follows directly from Corollary 2.2.1:

Corollary 10.3.1. Any weakly harmonic function is smooth and harmonic. In par-
ticular, applying the Dirichlet principle yields harmonic functions. More precisely,
for any open and bounded 2 in R?, g € H'2(82), there exists a function u €
H'2(£2) N C®(82) with

Au=0 inf2
and
12
u—g e Hy"(£2).
The proof of Corollary 10.3.1 depends on the rotational invariance of the Laplace
operator and therefore cannot be generalized. For that reason, in the sequel, we

want to develop a more general approach to regularity theory. Before turning to that
theory, however, we wish to slightly extend the situation just considered.
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Definition 10.3.2. Let f € L%*(£2). A function u € H'?(£2) is called a weak
solution of the Poisson equation Au = f if forall v € HO1 ’2(.{2),

/Du'Dv—}—/ fv=0. (10.3.2)
2 2

Remark. For given boundary values g (meaningu — g € Hol’z(.Q)), a solution can

be obtained by minimizing
1 2
5 | IDwlm+ | fw
2 Je Q

inside the class of all w € H'?(2) withw—g € Hol’2 (£2). Note that this expression
is bounded from below by the Poincaré inequality (Theorem 10.2.2), because we are
assuming fixed boundary values g.

Lemma 10.3.1 (Stability lemma). Let u;—;, be a weak solution of Au; = f; with
Uy — Uy € Hol’z(.Q). Then

lur — uall 120y < const| fi = f2ll12(q) -

In particular, a weak solution of Au = f,u—g € Hol’2 (82) is uniquely determined.

Proof. We have
/ D(u; —up)Dv = —/ (fi— fo)v forallve Hol’z(.Q),
2 2

and thus in particular,

/ D(uy —u2) D(uy — uy) = —/ (fi = )1 —u2)
Q Q
= 1A = Ll llur — w2l 12
= const || fi = foll 20 [1Dur — Duzl| 12 ()

by Theorem 10.2.2, and hence

| Duy — Dusl| 2oy < const|| fi — fall12(q) -

The claim follows by applying Theorem 10.2.2 once more. O

We have thus obtained the existence and uniqueness of weak solutions of the
Poisson equation in a very simple manner. The task of regularity theory then consists
in showing that (for sufficiently well-behaved f) a weak solution is of class C? and
thus also a classical solution of Au = f.
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We shall present three different methods, namely, the so-called L>-theory, the
theory of strong solutions, and the C%-theory. The L2-theory will be developed in
Chap. 11, the theory of strong solutions in Chap. 12, and the C*-theory in Chap. 13.

10.4 Quadratic Variational Problems

We may ask whether the Dirichlet principle can be generalized to obtain solutions of
other PDEs. In general, of course, a minimizer u of some variational problem has to
satisfy the corresponding Euler—Lagrange equations, first in the weak sense, and if u
is regular, also in the classical sense. In the general case, however, regularity theory
encounters obstacles, and weak solutions of Euler—Lagrange equations need not
always be regular. We therefore restrict ourselves to quadratic variational problems
and consider

d

I(u) = /9 iglaij(x)Diu(x)Dju(x)

(10.4.1)

d
+2) b () Dju(x)u(x) + c(x)u(x)* ¢ dx.
j=1

We require the symmetry condition a”/ = a/’ forall i, j. In addition, the coefficients
a' (x), b/ (x), c(x) should all be bounded. Then I (x) is defined for u € H'?(2).
As before, we compute, for ¢ € HOI‘Z(Q),

I(u+tp) = I(u)+2t/ { ZaijDiuquo—i- ijungo

2 @ iJ J
+(bez),u+cu)<p}dx + 121 (p). (10.4.2)
J

A minimizer u thus satisfies, as before,

d
3 [t 19)li=o =0 forallgp e H)?(2); (10.4.3)
hence
/ > (ZaijDiu + bju) Dig+ > b/ Djutculgpde=0 (104.4)
Q J i J

forall g € Hy?(R2).



234 10 Existence Techniques II1

If u € C*(2) and a”,b/ € C'(£2), then (10.4.4) implies the differential
equation

d d
; : du
Z T (Zaj (x)— + b/ (x)u) - ;b’(x)m —c(x)u=0. (10.4.5)
As the Euler—Lagrange equation of a quadratic variational integral, we thus obtain a
linear PDE of second order. This equation is elliptic when we assume that the matrix
(a7 (x))i j=1...a is positive definite at every x € £2.

In the next chapter we should see that weak solutions of (10.4.5) [i.e., solutions
of (10.4.4)] are regular, provided that appropriate assumptions for the coefficients
aV, b/, and ¢ hold. The direct method of the calculus of variations, as this
generalization of the Dirichlet principle is called, consists in finding a weak solution
of (10.4.5) by minimizing /(u), and then demonstrating its regularity. We finally
wish to study the transformation behavior of the Dirichlet integral and the Laplace
operator with respect to changes of the independent variables. We shall also need
that transformation rule for our investigation of boundary regularity in the next
chapter.

Thus let

§—x()

be a diffeomorphism from £2’ to £2. We put

ax* dx*
10.4.6
Z aéz aS] ( )
d
i a ]
Z 0§’ o (10.4.7)
ot Ox® 9xe’
ie.,
d . .
: 1 fori = j,
D gy =8 = o
=1 0 fori # j,
and
g = det (gif)i,j=1 _____ q- (10.4.8)

We then have, for u(£(x)),

d 2 d . . d
du 08" du 9§’ - du du
S(pe) -y S s

a=1 i,j=1
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The Dirichlet integral thus transforms via

Bu du
/Z(axa) / Z 9 35,«/_%' (10.4.10)

By (10.4.5), the Euler—Lagrange equation for the integral on the right-hand side is

_Z(ag:/ (\/—Zgu agz)) 0. (10.4.11)

j=1

where we have added the normalization factor 1/,/g. This means that under our

substitution x = x (&) of the independent variables, the Laplace equation, i.e., the

Euler-Lagrange equation for the Dirichlet integral, is transformed into (10.4.11).
Likewise, (10.4.5) is transformed into

1 &) - 9E 0g/ 9 £
aff —u o u
7 (“E(; O e g a5+ 2V W )
Zba( )ggaa%—c( Yu =0, (10.4.12)

where x = x (&) has to be inserted, of course.

10.5 Abstract Hilbert Space Formulation of the Variational
Problem. The Finite Element Method

The present section presents an abstract version of the approach described in
Sect. 10.3 together with a method for constructing an approximate solution.
We again set out from some model problem, the Poisson equation with homoge-

neous boundary data
Au= f in$2,
(10.5.1)
u=0 ondf2.

In Definition 10.3.2 we introduced a weak version of that problem, namely the
problem of finding a solution # in the Hilbert space Hol’z(.Q) of

/ DuDg +/ fo=0 forallg e Hy?*(82). (10.5.2)
2 2
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This problem can be generalized as an abstract Hilbert space problem that we now
wish to describe:

Definition 10.5.1. Let (H, (-,-)) be a Hilbert space with associated norm |-||, 4 :
H x H — R a continuous symmetric bilinear form. Here, continuity means that
there exists a constant C such that forall u,v € H,

A(u,v) = C lul Iv] -
Symmetry means that for all u,v € H,
A(u,v) = A(v, u).

The form A is called elliptic, or coercive, if there exists a positive A such that for all
ve H,

A, v) = A |v|]*. (10.5.3)
In our example, H = Hol’z(.Q), and
1
Au,v) = —/ Du- Dv. (10.5.4)
2Je

Symmetry is obvious here, continuity follows from Holder’s inequality, and ellip-
ticity results from

1 1 )

and the Poincaré inequality (Theorem 10.2.2), which implies for u € Hol’z(.Q),
||”||H0‘-2(9) < const || Dul|;2g)-

Moreover, for f € L%(£2),

L:H?*(2) — R, vr—)/fv,
2

yields a continuous linear map on HOI’Z(Q) (even on L%(£2)).
Namely,

|Lv|
IL] := sup 7—ri——

< f e -
vto IVlwi2g @)

for by Holder’s inequality,

/va = ||f||L2(Q) ”V||L2(Q) = ||f||L2(Q) ||V||W1»2(:2)-



10.5 Hilbert Space Formulation. The Finite Element Method 237

Of course, the purpose of Definition 10.5.1 is to isolate certain abstract assump-
tions that allow us to treat not only the Dirichlet integral, but also more general
variational problems as considered in Sect. 10.4. However, we do need to impose
certain restrictions, in particular for satisfying the ellipticity condition. We consider

d

Au,v) = %/Q Z a’ (xX)Dju(x)D;jv(x) + c(x)u(x)v(x) ¢ dx,

ij=1
withu,ve H = Hol’z(.Q), where we assume:
(A) Symmetry:
a’(x) =a’'(x) foralli,j, and x € £2.
(B) Ellipticity: There exists A > 0 with

d
> @ () = Mg forallx € 2.6 € RY.

ij=1
(C) Boundedness: There exists A < oo with

le(x)|,|a”| < A foralli,j, and x € 2.
(D) Nonnegativity:

c(x) >0 forallx € £2.
The ellipticity condition (B) and the nonnegativity (D) imply that
A, v) > %A/ﬂ Dv-Dv forallv e H?(R2),
and using the Poincaré inequality, we obtain

A
AW, v) z SVl forallve H)?(2);

i.e., A is elliptic in the sense of Definition 10.5.1. The continuity of A of course
follows from the boundedness condition (C), and the symmetry is condition (A).

Theorem 10.5.1. Let (H, (-,+)) be a Hilbert space with norm |-||, V. C H convex
and closed, A : H x H — R a continuous symmetric elliptic bilinear form, L :
H — R a continuous linear map. Then

J) = A(v,v) + L(v)

has precisely one minimizer u in V.
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Remark. The solution u depends not only on A and L but also on V, for it solves
the problem

J(u) = ‘15 J().

Proof. By ellipticity of A, J is bounded from below, namely,

56y 2 Al 1L v = ~1EE
- - 41
We put
K= vlglg J().
Now let (u,),eny C V be a minimizing sequence, i.e.,
lim J(u,) = «. (10.5.5)
n—o00

We claim that (u,),ecn is a Cauchy sequence, from which we then deduce, since V
is closed, the existence of a limit

u= lim u, €V.
n—00

The Cauchy property is verified as follows: By definition of «,

U, +u 1 1 1
‘< J( ! m) = 2IG0) 3 Gn) — Al — ).

(Here, we have used that if u,, and u,, are in V', so is @m, because V is convex.)
Since J(u,) and J(u,) by (10.4.5) for n,m — oo both converge to «, we

deduce that
Ay — Wy, Uy — tyy)

converges to 0 for n,m — oo. Ellipticity then implies that ||u,, — u,, || converges to
0 as well, and hence the Cauchy property.
Since J is continuous, the limit « satisfies

J() = lim J(u,) = inf J(v)
n—o00 vev

by the choice of the sequence (u,),en.

The preceding proof yields uniqueness of u, too. It is instructive, however, to
see this once more as a consequence of the convexity of J: Thus, let u;, u, be two
minimizers, i.e.,

) = J(w) = x = inf J(v).
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Since together with u; and u,, @ is also contained in the convex set V', we have

1 1 1
k<J (ul —;—uz) = EJ(“I) + EJ(Mz) - ZA(“I — Uy, Uy — Up)

1
=K — ZA(ul — U, Uy — Up),

and thus A(u; — us, u; — up) = 0, which by ellipticity of A implies u; = uj. O

Remark. Theorem 10.5.1 remains true without the symmetry assumption for A.
This is the content of the Lax—Milgram theorem, proved in Appendix A.

This remark allows us also to treat variational integrands that in addition to the
symmetric terms

d
Z a’ (x)D; Dv(x) (aV =a’")

ij=1

and c(x)u(x)v(x) also contain terms of the form 22’11:1 b7 (x)D;u(x)v(x) as

in (10.4.1). Of course, we need to impose conditions on the function b/ (x) so as
to guarantee boundedness and nonnegativity (the latter requires bounds on |5/ (x)|
depending on A and a lower bound for |c(x)|). We leave the details to the reader.

Corollary 10.5.1. The other assumptions of the previous theorem remaining in
force, now let V be a closed linear (hence convex) subspace of H. Then there exists
precisely one u € V that solves

24(u,¢) + L(¢) =0 forallp €V. (10.5.6)
Proof. The point u is a critical point (e.g., a minimum) of the functional
J(v) = A(v,v) + L(v)
in V precisely if
24A(v,0) + L(p) =0 forallgp e V.
Namely, that u is a critical point means here that

d
EJ(M +1¢)=0 =0 forallp €V.
This, however, is equivalent to
d
0= E(A(u +ito,u+tp)+ L(u+19))=o = 24, ¢) + L(¢p).

Conversely, if that holds, then

Ju+t@) = J(u) + t(2A(u, @) + L(9)) + 12 A(p, ) > J(u)
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for all ¢ € V, and u thus is a minimizer. The existence and uniqueness of a
minimizer established in the theorem thus yields the corollary. O

For our example A(u,v) = 1 [Du-Dv,L(v) = [ fv with f € L*(R),
Corollary 10.5.1 thus yields the existence of some u € HOI’2 (£2) satisfying

/ Du- Dy +/ fo =0, (10.5.7)
2 2

i.e, a weak solution of the Poisson equation in the sense of Definition 10.3.2.
As explained above, the assumptions apply to more general variational problems,
and we deduce the following result from Corollary 10.5.1:

Corollary 10.5.2. Let 2 C RY be open and bounded, and let the functions
a’(x) (i,j = 1,...,d) and c(x) satisfy the above assumptions (A)—(D). Let
f € L*(2). Then there exists a unique u € HOI’Z(Q) satisfying

d

[ 4 X @ D)D) + cComorp)

i,j=1
= / F(X)(x)dx  forall p € Hy*(£2).
2

Thus, we obtain a weak solution of

L
-3t () + et = £

ij=1

with u = 0 on d52. Of course, so far, this equation does not yet make sense, since
we do not know yet whether our weak solution u is regular, i.e., of class C 2(.Q).
This issue, however, will be addressed in the next chapter.

We now want to compare the solution of our variational problem J(v) — min in
H with the one obtained in the subspace V of H.

Lemma 10.5.1. Let A : H x H — R be a continuous, symmetric, elliptic, bilinear
form in the sense of Definition 10.5.1, and let L : H — R be linear and continuous.
We consider once more the problem

J() := A(v,v) + L(v) — min. (10.5.8)

Let u be the solution in H uy the solution in the closed linear subspace V. Then
< < f (10.5.9)

Ju =y < = inf flu—v] 5.

with the constants C and A from Definition 10.5.1.



10.5 Hilbert Space Formulation. The Finite Element Method 241

Proof. By Corollary 10.5.1,

2A(u, ) + L(p) =0 forallp € H,
2A(uy,¢) + L(p) =0 forallp €V,

hence also
2A(u —uy,p) =0 forallp € V. (10.5.10)

For v € V, we thus obtain
1
lu—uy|? < A= uy, u— uy) by ellipticity of 4
— L )+ A )
=7 U—uy,u—yv 1 U—uy,v—uy

1
= xA(u —uy,u—v) from (10.5.10) withg =v—uy € V

IA

7l —uvll =i

and since the inequality holds for arbitrary v € V', (10.5.9) follows. O

This lemma is the basis for an important numerical method for the approximative
solution of variational problems. Since numerically only finite-dimensional prob-
lems can be solved, it is necessary to approximate infinite-dimensional problems
by finite-dimensional ones. Thus, J(v) — min cannot be solved in an infinite-
dimensional Hilbert space like H = H(}‘Z(Q), but one needs to replace H by some
finite-dimensional subspace V of H that on the one hand can easily be handled
numerically and on the other hand possesses good approximation properties. These
requirements are satisfied well by the finite element spaces. Here, the region 2 is
subdivided into polyhedra that are as uniform as possible, for example, triangles or
squares in the two-dimensional case (if the boundary of £2 is curved, of course, it can
only be approximated by such a polyhedral subdivision). The finite elements then
are simply piecewise polynomials of a given degree. This means that the restriction
of such a finite element ¥ onto each polyhedron occurring in the subdivision is a
polynomial. In addition, one usually requires that across the boundaries between
the polyhedra, ¥ be continuous or even satisfy certain specified differentiability
properties. The simplest such finite elements are piecewise linear functions on
triangles, where the continuity requirement is satisfied by choosing the coefficients
on neighboring triangles approximately. The theory of numerical mathematics then
derives several approximation theorems of the type sketched above. This is not
particularly difficult and rather elementary, but somewhat lengthy and therefore not
pursued here. We rather refer to the corresponding textbooks like Strang—Fix [30]
or Braess [3].
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The quality of the approximation of course depends not only on the degree of the
polynomials but also on the scale of the subdivision employed. Typically, it makes
sense to work with a fixed polynomial degree, for example, admitting only piecewise
linear or quadratic elements, and make the subdivision finer and finer.

As presented here, the method of finite elements depends on the fact that
according to some abstract theorem, one is assured of the existence (and uniqueness)
of a solution of the variational problem under investigation and that one can
approximate that solution by elements of cleverly chosen subspaces. Even though
that will not be necessary for the theoretical analysis of the method, for reasons of
mathematical consistency it might be preferable to avoid the abstract existence result
and to convert the finite-dimensional approximations into a constructive existence
proof instead. This is what we now wish to do.

Theorem 10.5.2. Let A : HxH — R be a continuous, symmetric, elliptic, bilinear
form on the Hilbert space (H, (-,-)) with norm ||-||, and let L : H — R be linear
and continuous. We consider the variational problem

J(v) = A(v,v) + L(v) — min.

Let (Vy)nen C H be an increasing (i.e., V,, C V, 41 for all n) sequence of closed
linear subspaces exhausting H in the sense that for allv € H and § > 0, there exist
n € Nandv, € V, with

v —vu] <3§.
Let u,, be the solution of the problem
J(v) = min in V,

obtained in Theorem 10.5.1. Then (u,),en converges for n — oo towards a
solution of

J(v) — min in H.
Proof. Let
;= inf .
k1= inf J(v)
We want to show that
lim J(u,) = «.
n—>00

In that case, (#,),en Will be a minimizing sequence for J in H, and thus it will
converge to a minimizer of J in H by the proof of Theorem 10.5.1. We shall proceed
by contradiction and thus assume that for some ¢ > O and alln € N,

J(un) > & + ¢ (10.5.11)

(since V,, C V41, we have J(u,+1) < J(uy) for all n, by the way).
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By definition of «, there exists some uy € H with
J(ug) <k +¢/2. (10.5.12)

For every § > 0, by assumption, there exist some n € N and some v,, € V,, with
luo — vl < 6.

With w,, := v,, — uy, we then have

|J(vn) = J(uo)| = [A(n va) — Aluo, uo)| + [L(va) — L(uo)|
< AW wn) + 2| AW, uo)| + [|L | [wall
< Cllwall® 4 2C [wall luoll + L] wall
<eg/2

for some appropriate choice of §.
Thus

J(p) < J(up) +¢/2 <k +¢ by (10.5.12) < J(u,) by (10.5.11),

contradicting the minimizing property of u,,.
This contradiction shows that (u, ),y indeed is a minimizing sequence, implying
the convergence to a minimizer as already explained. O

We thus have a constructive method for the (approximative) solution of our
variational problem when we choose all the V, as suitable finite-dimensional
subspaces of H. For each V,, by Corollary 10.5.1, one needs to solve only a
finite linear system, with dim V, equations; namely, let e;,...,ey be a basis of
V,,. Then (10.5.6) is equivalent to the N linear equations for u, € V),

2A(u,e;) + L(ej) =0 forj =1,...,N. (10.5.13)

Of course, the more general quadratic variational problems studied in Sect. 10.4 can
also be covered by this method; we leave this as an exercise.

10.6 Convex Variational Problems

In the preceding sections, we have studied quadratic variational problems, and we
provided an abstract Hilbert space interpretation of Dirichlet’s principle. In this
section, we shall find out that what is essential is not the quadratic structure of the
integrand, but rather the fact that the integrand satisfies suitable bounds. In addition,
we need the key assumption of convexity of the integrand, and hence, as we shall
see, also of the variational integral.
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For simplicity, we consider only variational integrals of the form

1) = /9 f(x, Du(x))dx, (10.6.1)

where Du = (D1u, ..., D,yu) denotes the weak derivatives of u € Hl’z(.Q), instead
of admitting more general integrands of the type

f(x,u(x), Du(x)). (10.6.2)

The additional dependence on the function u itself, instead of just on its derivatives,
does not change the results significantly, but it makes the proofs technically more
complicated. In Sect. 14.4 below, when we address the regularity of minimizers, we
shall even drop the dependence on x and consider only integrands of the form

J(Du(x)),

in order to make the proofs as transparent as possible while still preserving the
essential features.
The main result of this section then is the following theorem:

Theorem 10.6.1. Let 2 C R? be open, and consider a function
f:2xR >R
satisfying:

(i) f(-,v) is measurable for all v € RY
(ii) f(x,-)is convex forall x € 2.
(iii) f(x,v) > —y(x) + k|v|? for almost all x € 2, all v € RY, with y € L'(£2),
k> 0.

We let g € H"*(2), and we consider the variational problem
I(u) := / f(x, Du(x))dx — min
Q

among all u € H'“2(Q) withu — g € HOI’Z(.Q) (thus, g are boundary values
prescribed in the Sobolev sense).
Then I assumes its infimum; i.e., there exists such a up with

I(uy) = inf  I(u).
u—geHy*(2)

To simplify our further considerations, we first observe that it suffices to consider
the case g = 0. Namely, otherwise, we consider, forw = u — g,

F e, w(x) == flx,wx) + g(x)).
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The function f satisfies the same structural assumptions that f does; this is clear
for (i) and (ii), and for (iii), we observe that

FGeow() 2 =y() + klwx) + g = =y(x) +« (%|w(x)|2 - |g(x)|2),
and so f satisfies the analogue of (iii) with
7(x) = y(x) + g e L'
and K := %/c. Thus, for the rest of this section, we assume

g=0. (10.6.3)

In order to prepare the proof of the Theorem 10.6.1, we shall first derive some
properties of the variational integral /. We point out that in the next two lemmas
the function v takes its values in RY, i.e., is vector- instead of scalar-valued, but that
will not influence our reasoning at all.

Lemma 10.6.1. Suppose that f is as in Theorem 10.6.1, but with (ii) weakened to
(ii’) f(x,-) is continuous for all x € §2,
and supposing in (iii) only k € R, but not necessarily k > 0.

Then

JO) = /Qf(x, v(x))dx

is a lower semicontinuous functional on L*(£2; R?).

Proof. We first observe that if v is in L2, it is measurable, and since f(x,v)
is continuous with respect to v, f(x,v(x)) then is measurable by a basic result
in Lebesgue integration theory.” Now let (v,),en converge to v in L?(£2;RRY).
By another basic result in Lebesgue integration theory,® after selection of a
subsequence, (v,) also converges to v pointwise almost everywhere. (It is legitimate
to select a subsequence here, because the subsequent arguments can be applied to
any subsequence of (v,).) By continuity of f,

S v) = k)P = Tim (£ (0) = Kl (),

Since f(x,v,(x)) — k|v(x)|> > —y(x) and y is integrable, we may apply Fatou’s
lemma’ to obtain

3See p- 214 of [19].
%See Lemma A.1 or p- 240 of [19].
7See p. 202 of [19].
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/ (f(x.v(x)) = k[p(x)]*) dx < lim inf/ (f (v (x)) = K |va(x)|?) dox,
Q n—oo Q
and since (v,) converges to v in L2, then also

/ f(x,v(x))dx < liminf/ f(x,v,(x))dx.
Q n—>oo Q

|

Lemma 10.6.2. Let f be as in Theorem 10.6.1, without necessarily requiring Kk in
(iii) to be positive. Then

Jv) = /Qf(x, v(x))dx

is convex on L*(£2;RY).

Proof. Letvg,v; € L?(£2,R?),0 <t < 1. We have
um+u—mo=/ﬂme+a—mm»

§/WUMMD+UHHUMQW by (i)
=tJ(vo) + (1 —1)J(v1).
Thus, J is convex. O

Lemmas 10.6.1 and 10.6.2 imply the following result:

Lemma 10.6.3. Let f be as in Theorem 10.6.1, still not necessarily requiring k>0.
With our previous simplification g = 0 (10.6.3), the functional

I(u):/gf(x,Du(x))dx

. . . . 1.2
is a convex and lower semicontinuous functional on H,~(§2).

With Lemma 10.6.3, Theorem 10.6.1 is a consequence of the following abstract
result:

Theorem 10.6.2. Let H be a Hilbert space, with norm |-,
I: H— RU{oo}

be bounded from below, not identically equal to +00, convex and lower semicontin-
uous. Then, for every A > 0, andu € H,
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Li(w) := inf (I(y) A fu— y||2) (10.6.4)
yeEH
is realized by a unique u) € H, i.e.,
L) = Tw) + A flu—u ). (10.6.5)
and if (uy) =0 remains bounded as A “\ 0, then
U := lim uy,
A—0
exists and minimizes I, i.e.,

I(uy) = uiéllg 1(u).

Proof. We first verify the auxiliary statement about the uniqueness and existence of
u). We let (y,),en be a minimizing sequence for (10.6.4), i.e.,

1) + M= yall” > inf (10 + & Jlu=yI).
yEH
For m,n € N, we put

1
Ymn = E(ym + V).

We then have
1
1Gma) + M= ymall® < 5 (10m) + A u =yl

1 A
5 (10 + A= 3all?) = 5 13w = 3al?
(10.6.6)
by the convexity of I and the general Hilbert space identity

2
1 1
=3 (Il =nlP + Ix=y2l?) = 7 Iy =32l (10.67)

1
X = E(J’l + »2)

for any x, y;, y» € H, which is easily derived from expressing the norm squares as
scalar products and expanding these scalar products.

Now, by definition of 7, (u), the left-hand side of (10.6.6) has to be > I, (u),
whereas for k = m and n, I(yx) + A ||u — yi||* converges to I (u), by choice of the
sequence (yi), for k — oo. This implies that

[y = yull*> = 0
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for m,n — oo. Thus, (y,)sen is a Cauchy sequence, and it converges to a unique
limit uy. Since |-||* is continuous, and I is lower semicontinuous, u; realizes the
infimum in (10.6.4); i.e., (10.6.5) holds.

If () then remains bounded for A — 0, this minimizing property implies that

)1&)1}) I(uy) = ylélg 1(y). (10.6.8)

Thus, for any sequence A, — 0, (u;,) is a minimizing sequence for /.
We now let 0 < A; < A,. From the definition of u,,,

L(u2,) + Al =13, 1 = Tua,) + A =z, |1
and so
H(uz,) + Ao flu = win)® = T(ua,) + A2 Ju =y, |
G = A2 (=, I = = 3]
Since u;, minimizes /(y) + Az |lu — y |2, we conclude from this and A; < A that
= i 1P = Nl = i, |
This means that
e —un|)?
is a decreasing function of A, or in other words, it increases as A ~\ 0. Since this

expression is also bounded by assumption, it has to converge as A \( 0. In particular,
for any ¢ > 0, we may find Ay > 0 such that for 0 < A}, A, < Ao,

P
= wp, |1* = llu = up, || < 5 (10.6.9)
We put
1
iz =5 (up, + uy,) .

If we assume, without loss of generality, /(uy,) > I(u,,), the convexity of / implies
I(u12) < I(uy,). (10.6.10)

We then have
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I(ur) + A [lu—ui o]
1 1 , 1 )
< ) + A ( 5 e+ 5 o= w1 = 5 o, =,

by (10.6.10) and (10.6.7)

e 1
< 1wy) + 4 (nu —uwl® 4 5 = g o - MA2||2) by (10.6.9).

Since u;, minimizes (y) + A |lu — y||*, we conclude that
2
”"‘)»1 - u)»2|| <&

So, we have shown the Cauchy property of u, for A \ 0, and therefore, we obtain
the existence of

up = lim u.
A—0

By (10.6.8) and the lower semicontinuity of I, we see that
I(up) = inf I(y).
yEH

Thus, we have shown the existence of a minimizer of /. This concludes the proof of
Theorem 10.6.2, as well as that of Theorem 10.6.1. O

While we shall see in Chap. 11 that the minimizers of the quadratic variational
problems studied in the preceding sections of this chapter are smooth, we have
to wait until Chap. 14 until we can derive a regularity theorem for minimizers
of a class of variational integrals that satisfy similar structural conditions as in
Theorem 10.6.1. Let us anticipate here Theorem 14.4.1 below:

Let f :RY — R be of class C*° and satisfy:

(i) There exists a constant K < oo with

Y )

)a <KW fori=1,....d @v=0"....v%) eR?).
Vi

(ii) There exist constants A > 0, A < oo with

2 f)

A7 <
|é§| - —1 avivj

§E < A|EP? forall £ e RY.

ij

Let 2 C R be open and bounded. Let uy € W'2(2) minimize

I(u) ::/Qf(Du(x))dx
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among all u € W2(2) with u — ug € Hol’z(.Q). Then
up € C*(£2).

In order to compare the assumptions of this result with those of Theorem 10.6.1, we
first observe that (i) implies that there exist constants ¢ and k with

1O <c+kvf.

Thus, in place of the lower bound in (iii) of Theorem 10.6.1, here we have an upper
bound with the same asymptotic growth as |v| — oo. Thus, altogether, we are
considering integrands with quadratic growth. In fact, it is also possible to consider
variational integrands that asymptotically grow like |v|”, with 1 < p < oo. The
existence of a minimizer follows with similar techniques as described here, by
working in the Banach space Hol’p (£2) and exploiting a crucial geometric property
of those particular Banach spaces, namely, that the unit ball is uniformly convex.
The first steps of the regularity proof also do not change significantly, but higher
regularity poses a problem for p # 2.

The lower bound in assumption (ii) above should be compared with the convexity
assumption in Theorem 10.6.1. For f € C*(R?), convexity means

82
%Si%‘ >0 forallé& = (&,...,&).

Thus, in contrast to the assumption in the regularity theorem, we are not summing
here with respect i, and j, and so this is a stronger assumption. On the other hand,
we are not requiring a positive lower bound as in the regularity theorem, but only
nonnegativity.

The existence of minimizers of variational problems is discussed in more detail
in Jost and Li-Jost [21]. The minimizing scheme presented here is put in a broader
context in Jost [16].

Summary

The Dirichlet principle consists in finding solutions of the Dirichlet problem
Au=0 in$2,
u=g onds2,

by minimizing the Dirichlet integral

/ | Du(x))*dx
2
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among all functions u with boundary values g in the function space W'?2(£2)
(Sobolev space) (which turns out to be the appropriate space for this task). More
generally, one may also treat the Poisson equation

Au= f in2

this way, namely, minimizing

/ |Du(x)|> dx + 2/ F(o)u(x)dx.
2 2
A minimizer then satisfies the equation

/ Du(x) De(x)dx =0
Q

(respectively [, Du(x)Dg(x)dx + [ f(x)¢(x)dx = 0 for the Poisson equation)
for all ¢ € C§°($2). If one manages to show that a minimizer u is regular (e.g., of
class C%(£2)), then this equation results from integrating the original differential
equation (Laplace or Poisson equation, respectively ) by parts. However, since
the Sobolev space W !2(£2) is considerably larger than the space C?(£2), we first
need to show in the next chapter that a solution of this equation (called a “weak”
differential equation) is indeed regular.

The Dirichlet principle also works for a more general class of elliptic equations,
and it admits an abstract Hilbert space formulation.

Exercises

10.1. Show that the norm

leell == lull 22y + 1Dull20)

is equivalent to the norm [u|y12(g) (i-€., there are constants 0 < o < ff < 00
satisfying

allull < Nullyrog) < Bllull - forallu € W'(£2)).

Why does one prefer the norm [[ul|y12(0)?

10.2. What would be a natural definition of k-times weak differentiability? (The
answer will be given in the next chapter, but you might wish to try yourself at
this point to define Sobolev spaces W*2(£2) of k-times weakly differentiably
functions that are contained in L?(£2) together with all their weak derivatives
and to prove results analogous to Theorem 10.2.1 and Corollary 10.2.1 for
them.)

10.3. Consider a variational problem of the type
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Fig. 10.1

1(u) = /Q F(Du(x))dx

with a smooth function F : RY — 2 satisfying an inequality of the form
|F(p)| < cilpl* +¢> forall p e RY.

Derive the corresponding Euler—Lagrange equations for a minimizer [in the
weak sense; cf. (10.4.4)]. Try more generally to find conditions for integrands
of the type F(x, u(x), Du(x)) that allow one to derive weak Euler-Lagrange
equations for minimizers.

10.4. Following R. Courant, as a model problem for finite elements, we consider
the Poisson equation

Au= f in$2,
u=0 onaf2

in the unit square 2 = [0, 1]x[0, 1] C R%. Forh = 5. (n € N), we subdivide £ into

h%(: 2?") subsquares of side length &, and each such square in turn is subdivided
into two right-angled symmetric triangles by the diagonal from the upper left to the
lower right vertex (see Fig. 10.1). We thus obtain triangles A;’, i=1,...2%*"
What is the number of interior vertices p; of this triangulation?

We consider the space of continuous triangular finite elements
Shi={peC'(Q): Plal linear for all i, ¢ = 0 on 3£2}.
The triangular elements ¢; with
@ (pi) =8

constitute a basis of " (proof?).
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Compute

ajj = LD@ -Dg; forall pairsi, j
2

land establish the system of linear equations for the approximating solution of the
Poisson equation in S”, i.e., for the minimizer ¢’ of

| Dol>+2 | fo
fyiper 2.

for ¢ € S", with respect to the above basis ¢ j of § I (for that purpose, you have just
computed the coefficients a;; !).
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