Chapter 8
The Heat Equation, Semigroups,
and Brownian Motion

8.1 Semigroups

We first want to reinterpret some of our results about the heat equation. For
that purpose, we again consider the heat kernel of R¢, which we now denote by

p(x,y,1),

plx,y,t) = ! v e_ﬁ (8.1.1)
(4mt)2
For a continuous and bounded function f : R¢ — R, by Lemma 5.2.1,
wtxin) = [ peyn oy (812
then solves the heat equation
Au(x,t) —u(x,t) = 0. (8.1.3)

For ¢t > 0, and letting C}? denote the class of bounded continuous functions, we
define the operator

P : C)(RY) — CYRY)
via
(Ptf)(x) = u(x,t), (814)

with u from (8.1.2). By Lemma 5.2.2

Pof :==1lim P f = f; (8.1.5)
t—0
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174 8 The Heat Equation, Semigroups, and Brownian Motion

i.e., Py is the identity operator. The crucial point is that we have for any #;,#, > 0,
Py, = Pyo Py (8.1.6)
Written out, this means that for all f € Cz? (R?),

1 =
/ ———————— ¢ ¥ f(y)dy
RO (47 (1 + 1)) 2

1 _l—ef? 1 =P
= / e / e 1 f(y)dydz (8.1.7)
R R

¢ (4m1)* ¢ (4mn)*
This follows from the formula
1 _ b 1 1 =2 =
— ¢ Yt = y d/ e e 4 dz, (8.1.8)
(4m (11 + 1))? (4rty)2 (4mt)2 JRA

which can be verified by direct computation (cf. also Exercise 5.3).

There exists, however, a deeper and more abstract reason for (8.1.6): Py, 4, f(x)
is the solution at time #; + £, of the heat equation with initial values f. At time ?q,
this solution has the value Py, f(x). On the other hand, P, (P, f)(x) is the solution
at time #, of the heat equation with initial values Py, f. Since by Theorem 5.1.2, the
solution of the heat equation is unique within the class of bounded functions and
the heat equation is invariant under time translations, it must lead to the same result
starting at time O with initial values P;, f and considering the solution at time #,, or
starting at time #; with value P, f and considering the solution at time ¢, + 5, since
the time difference is the same in both cases. This reasoning is also valid for the
initial value problem because solutions here are unique as well, by Corollary 5.1.1.
We have the following results:

Theorem 8.1.1. Let 2 C R? be bounded and of class C?, and let g : 32 — R be
continuous. For any f € C}?(.Q), we let

Pogi f(x)

be the solution of the initial value problem
Au—u; =0 in 2 x (0, 00),
u(x,t) = g(x) forx e ds2,
u(x,0) = f(x) forx e 2. (8.1.9)

We then have
Poeof = li\I‘I(l) Poef =) forall f e CO(.Q), (8.1.10)
t

Poentn, = Pogen o Pogs. (8.1.11)
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Corollary 8.1.1. Under the assumptions of Theorem 8.1.1, we have for all ty > 0
and forall f € C}?(Q),

Poguf = lim Pog,f

We wish to cover the phenomenon just exhibited by a general definition:

Definition 8.1.1. Let B be a Banach space, and for# > 0,let 7, : B — B be
continuous linear operators with:

1) To=1d
(11) T‘H-’rtz = T‘fz © T‘f] for all I,Ir = 0
(iii) lim;—, T;v = Ty,vforall#p > Oand allv € B

Then the family {7 },> is called a continuous semigroup (of operators).

A different and simpler example of a semigroup is the following: Let B be the
Banach space of bounded, uniformly continuous functions on [0, c0). For ¢ > 0,
we put

T, f(x) = f(x +1). (8.1.12)

Then all conditions of Definition 8.1.1 are satisfied. Both semigroups (for the
heat semigroup, this follows from the maximum principle) satisfy the following
definition:

Definition 8.1.2. A continuous semigroup {7} };>0 of continuous linear operators of
a Banach space B with norm || - || is called contracting if forall v € B and all # > 0,

ITevll < vl (8.1.13)

(Here, continuity of the semigroup means continuous dependence of the operators
T, ont.)

8.2 Infinitesimal Generators of Semigroups

If the initial values f(x) = u(x, 0) of a solution u of the heat equation
u(x,t) — Au(x,t) =0 (8.2.1)
are of class C2, we expect that

lim w — (%, 0) = Au(x,0) = Af(x), (8.2.2)
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or with the notation

u(x,t) = P f(u)

of the previous section,
1
lim—(P, —1d) f = Af. (8.2.3)
t\O 1

We want to discuss this in more abstract terms and verify the following definition:

Definition 8.2.1. Let {7;};>0 be a continuous semigroup on a Banach space B.
We put

1
D(A) = jve B:lim (T, — v exists C B (8.2.4)
1O

and call the linear operator

A:D(A) — B,
defined as
1
Av := lim — (T, —Id)v, 8.2.5
v r{l(l) t( t Y ( )

the infinitesimal generator of the semigroup {7;}.
Then D(A) is nonempty, since it contains 0.

Lemma 8.2.1. Forallv € D(A) andallt > 0, we have
T, Av = ATyv. (8.2.6)
Thus A commutes with all the Ty;.
Proof. Forv € D(A), we have
o1
T;Av = T, lim —(T; — Id)v
™N\O0 T

1
= lim —(7; T, — T;)v (since T; is continuous and linear)
IN\O0 T

1
= li\l‘n —(T;T; — T;)v (by the semigroup property)
™NO0 T

1
= lim = (T, — 1d)T}v
™N\O0 T

= ATv.
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In particular, if v € D(A), then so is T;v. In that sense, there is no loss of regularity
of T;v when compared with v (= Tyv).
In the sequel, we shall employ the notation

o0
Jv = / Ae M Towds ford >0 (8.2.7)
0

for a contracting semigroup {7;}. The integral here is a Riemann integral for
functions with values in some Banach space. The standard definition of the Riemann
integral as a limit of step functions easily generalizes to the Banach-space-valued
case. The convergence of the improper integral follows from the estimate

M
/ re M Tovds
K

M
lim ‘ < lim e || Tyv| ds
K,.M—0o0 K.M—o0 Jk

M
< lim || / e Mds
K,M—o0 K
=0,

which holds because of the contraction property and the completeness of B.
Since

o0 o0 d
/ e Mds = / —— (™) ds =1, (8.2.8)
0 0 dS

Jyvis a weighted mean of the semigroup {7;} applied to v. Since

o0
[Jav] < / Ae™H || Tyv| ds
0

o0
< vl / Ae M ds
0
by the contraction property
< vl (8.2.9)
by (8.2.8), J1 : B — B is a bounded linear operator with norm || J, || < 1.

Lemma 8.2.2. Forallv € B, we have

lim Jyv = v. (8.2.10)

A—00

Proof. By (8.2.8),

o0
Jv—v =/ Ae_“(Tsv—v)ds.
0
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For § > 0, let

I} =

8
/ Ae M (Tyv — v)ds
0

o0
, If = H/ Ae_“(Tsv—v)ds
§

Now let ¢ > 0 be given. Since Tyv is continuous in s, there exists § > 0 such that
e
| Tsv —v|| < 3 for0 <s <94

and thus also

§
Ij < E/ e Mds < £
2 Jo 2

by (8.2.8). For each 6 > 0, there also exists Ay € R such that for all A > A,

o0
2 < /8 e (1Tl + vl ds

o0
<2l /8 Ae~*ds (by the contraction property)

€
< —.
2

This easily implies (8.2.10). O

Theorem 8.2.1. Let {T}},>0 be a contracting semigroup with infinitesimal genera-
tor A. Then D(A) is dense in B.

Proof. We shall show that forall A > O and all v € B,
Jyv € D(A). (8.2.11)
Since by Lemma 8.2.2,
{Jv:A>0,ve B}
is dense in B, this will imply the assertion. We have

1 1 *® —As 1 *® —As
—(T; —1d)Jyv = - e M T povds — — Ae M Tvds
t t Jo tJo

since 7 is continuous and linear

1 [ 1 [
= ;/ rete ™ T vdo — ;/ Ae M Tvds
1 0
et — 1

o0 1 t
= / re M Tvdo — — / re M T,vds
t ! t Jo

e/\t —1 t 1 t
= Jw—/ re M Tovdo ——/ Ae M T, ds.
t 0 t Jo
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The last term, the integral being continuous in s, for t — 0 tends to —ATyy =
—Av, while the first term in the last line tends to AJ; v. This implies

AJyv=A(Jy —1d)v forallv e B, (8.2.12)

which in turn implies (8.2.11). O

For a contracting semigroup {7; };>0, we now define operators

DT, : D(D,T)(C B) —> B

1
D Tyv = lim = (Tiy = T) v, (8.2.13)

where D(D,T;) is the subspace of B where this limit exists.
Lemma 8.2.3. v € D(A) impliesv € D(D,T;), and we have

D Tyv=AT,v=T;Av fort > 0. (8.2.14)

Proof. The second equation has already been established as shown in Lemma 8.2.1.
We thus have for v € D(A),

o1
IEI\I.I})Z (Tiyn —Ty)v = ATv = T, Av. (8.2.15)

Equation (8.2.15) means that the right derivative of 7;v with respect to ¢ exists for all
v € D(A) and is continuous in . By a well-known calculus lemma, this then implies
that the left derivative exists as well and coincides with the right one, implying
differentiability and (8.2.14). The proof of the calculus lemma goes as follows: Let
f :]0,00) — B be continuous, and suppose that for all # > 0, the right derivative
dT f(t) = limyo %(f(t + h) — f(t)) exists and is continuous. The continuity of
d™ f implies that on every interval [0, T'] this limit relation even holds uniformly in
t. In order to conclude that f is differentiable with derivative d* f, one argues that

lim | (700 £ =)= 100

< lim H%(f((t — ) +h) = fe—h)—d* fu —h)H

+lim |dF £t —h)y—dT f@0)] = 0.)
AN

We can interpret Lemma 8.2.3 as:
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Corollary 8.2.1. For a contracting semigroup {T;},>0 with infinitesimal generator
A andv € D(A), u(t) := T,v satisfies

' (t) = Au(t) with u(0) = v. (8.2.16)

Proof. Since we have seen in the proof of Lemma 8.2.3 that u(¢) is differentiable
w.r.t. t, the differential equation (8.2.16) is simply a restatement of (8.2.14), and that
u satisfies the initial condition u(0) = v is a reformulation of 7y = Id. O

Theorem 8.2.2. For A > 0, the operator (A\1d—A) : D(A) — B is invertible (A
being the infinitesimal generator of a contracting semigroup), and we have

1
AId—A)"'= R, A) = XJA, (8.2.17)
ie.,
o0
(Ald—A)""v = R\, Ay = / e M Tyvds. (8.2.18)
0

Proof. In order that (A Id —A) be invertible, we need to show first that (A Id —A) is
injective. So, we need to exclude that there exists vy € D(A), vy # 0, with

Avo = Avy. (8.2.19)
For such a vy, we would have by (8.2.14)
D, Tivy = T, Avy = AT, vo, (8.2.20)
and hence

Tivo = e vy. (8.2.21)

Since A > 0, for vy # 0, this would violate the contraction property
[ Tevoll < [Ivoll »

however. Therefore, (A Id —A) is invertible for A > 0. In order to obtain (8.2.17),
we start with (8.2.12), i.e.,

AJyv = A(Jy —1d)v,
and get

AId—A) v = Av. (8.2.22)
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Therefore, (A Id —A) maps the image of J; bijectively onto B. Since this image is
dense in D(A) by (8.2.11) and since (A Id —A) is injective, (A Id —A) then also has
to map D(A) bijectively onto B. Thus, D(A) has to coincide with the image of Jj,
and (8.2.22) then implies (8.2.17). O

Lemma 8.2.4 (Resolvent equation). Under the assumptions of Theorem 8.2.2, we
have for A, ;. > 0,

R(A,A) — R(n, A) = (L —A)R(A, A)R (i, A). (8.2.23)
Proof.

R(A, A) = R(L, A)(Id—A)R (1, A)
= R, A) (1t — M) Id+(ATd—A)) R, A)

= (u=VRA. AR (1. A) + R(p. A). .
We now want to compute the infinitesimal generators of some examples with
the help of the preceding formalism. We begin with the translation semigroup as
introduced at the end of Sect. 8.1: B here is the Banach space of bounded, uniformly
continuous functions on [0, 00), and T; f(x) = f(x +¢) for f € B, x,t > 0. We
then have

(. f)(x) = /0 - Ae ™ f(x + s)ds = / - Ae 079 £(5)ds, (8.2.24)

and hence
d
N6 = =Af(x) + AL (). (8.2.25)
By (8.2.12), the infinitesimal generator satisfies
ATy f(x) = AU f = ), (8.2.26)
and consequently
d
AlLf = — I f (8.2.27)
dx

At the end of the proof of Theorem 8.2.2, we have seen that the image of J,
coincides with D(A), and we thus have

d
Ag = d—g forall g € D(A). (8.2.28)
X

We now intend to show that D(A) contains precisely those g € B for which % g
belongs to B as well. For such a g, we define f € B by

()~ Ag) = A/ (). (3229)
X
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By (8.2.25), we then also have

%(fo)(x) — A f(x) = =Af(x). (8.2.30)
Thus

p(x) == g(x) = i f(x)

satisfies
d
d—w(X) = Ap(x), (8.2.31)
X

whence ¢(x) = ce**, and since ¢ € B, necessarily c = 0, andso g = Jj, f.

We thus have verified that the infinitesimal generator A4 is given by (8.2.28), with
the domain of definition D(A) containing precisely those g € B for which % g€eB
as well.

We now wish to generalize this example in the following important direction. We
consider a system of autonomous ordinary differential equations:

dx'! :
—=F'(x),i=1,...,d,
m (x)
x(0) = xo. (8.2.32)
We shall often employ vector notation, i.e., write x = (x',..., x?), etc. We assume

here that the F' are continuously differentiable and that for all x( € R?, the solution
x(t) exists for all # € R. With

Si(x0) := x(2), (8.2.33)
we can then define a contracting semigroup by

U f(x0) :== f(S:(x0)) (8.2.34)

in the Banach space of all continuous functions with bounded support in R?. This
semigroup is called the Koopman semigroup. Except for the more restricted Banach
space, this clearly generalizes the semigroup 7; from (8.1.12) which corresponds to
the ODE & = 1 (d = 1). We then have

Jofx) = /0 " he ™ £(S (0)ds

* d
_ /0 (=) (S (x))ds

= /oo e Xd: %F"(x)ds + f. (8.2.35)
= o : 2.

i=1
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Using (8.2.26) again, we then have

ADS =2(f =)= faF'. (8.2.36)

Thus, using again that the image of J, consists with D(A), we obtain

Ag =) guF'forallg € D(A). (8.2.37)
i
Thus, by Corollary 8.2.1, h(t,x) := U, f(x) satisfies the partial differential
equation:
oh oh .
— - —F'(x) =0. 8.2.38
0 2 ) (8.2.38)

We next wish to study a semigroup that is dual to the Koopman semigroup, the
Perron—Frobenius semigroup. We first observe that U, f is defined by (9.1.1) for
any f € L*®(R?) (although U, is not a continuous semigroup on L°). We then
define a semigroup Q; on L' (R?) by

/Q,f(x)g(x)dx = / f(x)U,g(x)dx forall f e L', ge L>®. (8.2.39)

In order to get a more explicit form of Q,, we consider g = jy 4, the characteristic
function of a measurable set A. Then

/ 0, f(x)dx = / 0, f(x) 4 (x)dx

A
- / FUr ga(x)dx
- / FG)£a(S:(x))dx by 9.1.1)
- /A F()S, (x)dx

= / f(x)dx.
ST

‘We thus obtain
/ 0, f(x)dx = / f(x)dx forall f e L' (8.2.40)
4 Y

This is the characteristic property of the Perron—Frobenius semigroup.
Since U, is contracting, i.e., |U;gllcc < ||glleo for all g, as is clear from (9.1.1),
from Holder’s inequality (A.4), we see that Q, is contracting as well. Letting A



184 8 The Heat Equation, Semigroups, and Brownian Motion

be the infinitesimal generator of U, as given in (8.2.37) and denoting by A. the
infinitesimal generator of Q,, we readily obtain from (8.2.39)

/A*f(x)g(x)dx = /f(x)Ag(x)dx forall f € D(Ax),g € D(A).

(8.2.41)

When g is continuously differentiable with compact support and f is continuously
differentiable, we can insert (8.2.37) and integrate by parts to obtain

/ As f(X)g(x)dx = / Z of (X)F l(x) (x)dx. (8.2.42)

Since we show in the appendix that the compactly supported differentiable functions
are dense in L', we infer

Auf ==Y a(;jl) (8.2.43)

i

for continuously differentiable f. By Corollary 8.2.1 again, h(t,x) := Q;f(x)
satisfies the partial differential equation:

h AhF)
ot + Z oxt

=0. (8.2.44)

This equation has been studied already in Sect.7.2; see (7.2.9). For more details
about the Koopman and Perron—Frobenius semigroups, we refer to [25].

We now want to study the other example from Sect. 8.1, the heat semigroup,
according to the same pattern. Let B be the Banach space of bounded, uniformly
continuous functions on R?, and

P f(x) = — _ / "7 f(y)dy fort > 0. (8.2.45)
(4mt)z
We now have
D f(x) = / / A e 4 )y (8.2.46)
r:Jo  (4me)?

We compute

o0 A’ ‘xiy‘z
AJ = Ae M m d d
() /R d /0 T (f (y)dy

_ o0 _Mi 1 _lx y\
_/Rd/() e o ((47”)2 )dtf(y)dy
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i - [ / eny L -kt
R4 (47tt) 2
= —Af(x) + Ay f(x).
It follows as before that
Al f = AJ, f, (8.2.47)
and thus
Ag = Ag forall g € D(A). (8.2.48)

We now want to show that this time, D(A) contains all those g € B for which Ag
is contained in B as well. For such a g, we define f € B by

Ag(x) —Ag(x) = —=Af(x) (8.2.49)
and compare this with

AT f(x) = A f(x) = —Af(x). (8.2.50)

Thus ¢ := g — J, f is bounded and satisfies
Ap—Ap =0 ford > 0. (8.2.51)

The next lemma will imply ¢ = 0, whence g = J, f as desired.

Lemma 8.2.5. Let A > 0. There does not exist a bounded ¢ £ 0 with
Ap(x) = Ap(x) forall x € RY. (8.2.52)

Proof. For a solution of (8.2.52), we compute
2 2 . 0 0
Ap~ =2|Vo|" +2¢0A¢ withVo = —o¢,..., —9¢
ox! dxd
=2|Vep|* +20¢> by (8.2.52). (8.2.53)

Let xo € R?. We choose C2-functions ng for R > 1 with

0<nr(x) <1 forallx e R?, (8.2.54)

nr(x) =0 for |[x —xo| > R+ 1, (8.2.55)

nr(x) =1 for |x —xo| < R, (8.2.56)

[IVnr(x)| + |Angr(x)| < co with a constant ¢y that does (8.2.57)

not depend on x and R.
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We compute

A (nk9%) = nxA@* + @*Ang, + 81z Vg - Vo
> 20y [Vl + 243¢” + (Ang) ¢* = 207 [Vo|* =8 |Vir|* ¢
by (8.2.53) and the Schwarz inequality
= 2An%0* + (Arﬁe 8 |Vr)R|2) 2. (8.2.58)

Together with (8.2.54)—(8.2.57), this implies

0= / A (nje?) = 21 0 —c / @’ (8.2.59)
B(xo,R+1) B(x0,R) B(x0,R+1)\B(x0.R)

where the constant ¢; does not depend on R.
By assumption, ¢ is bounded, so

¢’ <K. (8.2.60)
Thus (8.2.59) implies
/ o < 2K gi-r (8.2.61)
Bixo.R) A

where the constant ¢, again is independent of R. Equation (8.2.53) implies that ¢ is
subharmonic. The mean value inequality (cf. Theorem 2.2.2) thus implies

K
02(x0) < / 02 < 22 (by(82.61)) = 0 for R — oo.
B(x0,R)

wq R? ~ wgAR

(8.2.62)
Thus, ¢(xo) = 0. Since this holds for all xo € R?, ¢ has to vanish identically. O

Lemma 8.2.6. Let B be a Banach space, L : B — B a continuous linear operator
with ||L|| < 1. Then for every t > 0 and each x € B, the series

o0

exp(iL)x == ) %(ZL)”x

v=0
converges and defines a continuous semigroup with infinitesimal generator L.

Proof. Because of ||L|| < 1, we also have

IL"| <1 foralln € N. (8.2.63)
Thus
"1 "1 “LrY
Do ULx| < 3L < Ikl Y (8.2.64)
—m V. —m V. —m V.
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By the Cauchy property of the real-valued exponential series, the last expression
becomes arbitrarily small for sufficiently large m,n, and thus our Banach-space-
valued exponential series satisfies the Cauchy property as well, and therefore it
converges, since B is complete. The limit exp(¢L) is bounded, because by (8.2.64)

"1
Yo —aLyx| <é|lx|
v!
v=0
and thus also
lexp(tL)x]|| <" [|x] . (8.2.65)
As for the real exponential series, we have
o0 o0
t t o
Z e+ S) - .y ( S—'L") x, (8.2.66)
g2 i o!
i.e.,
exp((t + s)L) = exptL oexpsL, (8.2.67)

whence the semigroup property. Furthermore,
00 g y—1 [e%e} Qv

h
<> =Ll ==Y
v=2

V=2
Since the last expression tends to 0 as 7 — 0, L is the infinitesimal generator of the
semigroup {exp(L)}>o. O

H% (exp(hL) —1d) x — Lx

In the same manner as (8.2.67), one proves (cf. (8.2.66)) the following lemma.

Lemma 8.2.7. Let L,M : B — B be continuous linear operators satisfying the
assumptions of Lemma 8.2.6, and suppose

LM = ML. (8.2.68)
Then
exp(t(M + L)) = exp(tM) o exp(tL). (8.2.69)

We have started our discussion with the semigroup of operators 7;, and we have
then introduced the operators J, and the infinitesimal generator A. In practice,
however, it is rather the other way around. The operator A is what is typically
given, and it defines some differential equation, as in Corollary 8.2.1. Solving this
differential equation then amounts to constructing the semigroup {7;}. The Hille—
Yosida theorem shows us how to do this. From A, we first construct the J; and then
with their help the 7;.
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Theorem 8.2.3 (Hille-Yosida). Let A : D(A) — B be a linear operator whose
domain of definition D(A) is dense in the Banach space B. Suppose that the

resolvent R(n, A) = (n1d —A)~" exists for all n € N and that

—1
(Id_lA)
n

Then A generates a unique contracting semigroup.

<1 foralln eN.

Proof. As before, we put

1\
Jy = (Id ——A) for n € N (cf. Theorem 8.2.2).
n
The proof will consist of several steps:
(1) We claim

lim J,x =x forallx € B,
n—>o00

and
Jux € D(A) forall x € B.
Namely, for x € D(A), we first have
AJyx = JyAx = J,(A —nld)x + nJ,x = n(J, —1d)x,

and since by assumption || J, Ax| < ||Ax||, it follows that

1
Jox—x=—-J,Ax - 0 forn — oo.
n

(8.2.70)

(8.2.71)

(8.2.72)

(8.2.73)

As D(A) is dense in B and the operators J, are equicontinuous by our
assumptions, (8.2.71) follows. Equation (8.2.73) then also implies (8.2.72).

(2) By Lemma 8.2.6, the semigroup

{eXP(SJn)}szo

exists, because of (8.2.70). Putting s = tn, we obtain the semigroup

texp(tndy)}i=o0
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and likewise the semigroup
T = exp(tAJ,) = exp(tn(J, —1d)) (1 > 0)
(cf. (8.2.73)). By Lemma 8.2.7, we then have
7" = exp(—tn) exp(tnd,). (8.2.74)

Since by (8.2.70)
(o]
(nt)”
llexp(tndy)x| = Z —— Iy x|l < exp(ne) || x|,
= v
it follows that
<1

H 77| <1, (8.2.75)

and thus, in particular, the operators are equicontinuousin ¢t > O and n € N.
(3) Forall m,n € N, we have

Indn = Indn. (8.2.76)

Since by (8.2.74), J, commutes with 7,"; then also J,, commutes with 7,""
foralln,m € N, ¢t > 0. By Lemmas 8.2.3 and 8.2.6, we have for x € B,

D,T"x = AJ,T""x = T" AJ,x: (8.2.77)

hence

=] -

/0 b, (T,i”?rjmx) ds

t
= H / TV (AT, — AJy) x ds
0

<t|(AJ, — AJy)x| (8.2.78)
with (8.2.75). For x € D(A), we have by (8.2.73)
(AJy, — Adp)x = (J, — J) Ax. (8.2.79)

Equations (8.2.78), (8.2.79), and (8.2.71) imply that for x € D(A),

(7
neN
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is a Cauchy sequence and the Cauchy property holds uniformly on 0 < ¢ < 1y,
for any 7. Since the operators Tt(") are equicontinuous by (8.2.75) and D(A) is
dense in B by assumption, then
(9
neN

is even a Cauchy sequence for all x € B, again locally uniformly with respect
to z. Thus the limit

T,x = lim T"x
n—>oo

exists locally uniformly in ¢, and 7; is a continuous linear operator with
1T <1 (8.2.80)

(cf. (8.2.75)).
We claim that (7;),>0 is a semigroup. Namely, since {T,(”)},Zo is a semigroup
for all n € N, using (8.2.75), we get

1T = LT = | T = T + | 7500 = 7T
+ |1 Tx - 1T
<[ T = 1] 4 |70 - 7|

)

() e

and this tends to 0 for n — oo.

By (4) and (8.2.80), {T;}/>0 is a contracting semigroup. We now want to
show that A is the infinitesimal generator of this semigroup. Letting A be the
infinitesimal generator, we are thus claiming

A= A. (8.2.81)
Let x € D(A). From (8.2.71) and (8.2.73), we easily obtain

T,Ax = lim T,"" AJ,x, (8.2.82)
n—>o0
again locally uniformly with respect to ¢. Thus, for x € D(A),

1 1 )
lim - (T,x — x) = lim - lim (T,‘ Iy — x)
t\O N\O  n—>00

1 t
=lim- lim [ T AJ,xds by (8.2.77)
N0 I n—>00 J,

1 t
= lim — T,Axds
tN\O I Jo

= Ax.
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Thus, for x € D(A), we also have x € D(A), and Ax = Ax. All that remains
is to show that D(A4) = D(A). By the proof of Theorem 8.2.2, (n Id —A) maps
D(A) bijectively onto B. Since (n Id —A) already maps D(A) bijectively onto
B, we must have D(A) = D(A) as desired.

(6) It remains to show the uniqueness of the semigroup {7;};>0 generated by A.
Let {7_}},20 be another contracting semigroup generated by A. Since A then
commutes with 7}, so do AJ, and T,("). We thus obtain as in (8.2.78) for x €
D(4),

t
HTf(")x _ ﬂx“ = /0 D, (T, T"x) ds
t —_
= / (—T= T (A — AJ,)x) ds
0
Then (8.2.71) implies
T,x = lim T,"”
n—od

for all x € D(A) and then as usual also for all x € B; hence T, = T;. O

We now wish to show that the two examples of the translation and the heat
semigroup that we have been considering satisfy the assumptions of the Hille—
Yosida theorem. Again, we start with the translation semigroup and continue to
employ the previous notation. We had identified

_d
T dx

as the infinitesimal generator, and we want to show that A satisfies condition (8.2.70).
Thus, assume

A (8.2.83)

1d\"!
Id——— f=g (8.2.84)
ndx
and we have to show that

su% lg(x)] < su% | f(0)]. (8.2.85)

Equation (8.2.84) is equivalent to

f(x)=g(x) — %g’(X). (8.2.86)

We first consider the case where g assumes its supremum at some xg € [0, 00). We
then have

g'(x) <0 (=0, if xo > 0).
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From this,
1
sup g(x) = g(xo) = g(xo) — Eg'(xo) = f(x0) < sup f(x). (8.2.87)

If g does not assume its supremum, we can at least find a sequence (x,),ey C [0, c0)
with

g(xy) — sup g(x). (8.2.88)
We claim that for every gy > 0 there exists vy € N such that for all v > vy,
g'(x)) < . (8.2.89)
Namely, if we had
g'(x) = o (8.2.90)

for some g9 and almost all v, by the uniform continuity of g’ that follows
from (8.2.86) because f, g € B, there would also exist § > 0 such that

g(x) 28—20 if |x — x| <6

for all v with (8.2.90). Thus we would have

]
)
g0 +8) = g(x) + / ¢+ 01 = gr) + 20 (82.91)
0

On the other hand, by (8.2.88), we may assume

805
V)

g(xy) = sup g(x) — 1

which in conjunction with (8.2.91) yields the contradiction
g(xy +8) > supg(x).
Consequently, (8.2.89) must hold. As in (8.2.87), we now obtain for each ¢ > 0
. . 1, e
supg(x) = lim g(x,) < lim | g(x)) — —g'(x)) ) + —
X V—>00 V—>00 n n
. € &
= lim f(x)) +— <sup f(x) + —.
V=00 n X n

The case of an infimum is treated analogously, and (8.2.85) follows.
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We now want to carry out the corresponding analysis for the heat semigroup,
again using the notation already established. In this case, the infinitesimal generator
is the Laplace operator:

A=A (8.2.92)
We again consider the equation
1 _l
(Id——A) /=g (8.2.93)
n
or equivalently,
1
fx) = g(x) — - Ag(x), (8.2.94)

and we again want to verify (8.2.70), i.e.,

sup |g(x)| < sup | f(x)]. (8.2.95)

x€R4 x€R4

Again, we first consider the case where g achieves its supremum at some xo € R¢.
Then

Ag(xo) =0,

and consequently,
1
sup g(x) = g(xo) = g(xo) — ;Ag(xo) = f(xo) < sup f(x). (8.2.96)

If g does not assume its supremum, we select some xo € R¢, and for every n > 0,
we consider the function

gy(x) == g(x) —n|x — xo|*.

Since
lim g,(x) = —oo,
|x|—>00
g, assumes its supremum at some x, € R?. Then
Ag n(xn) <0,

ie.,

Ag(xy) < 2dn.
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For y € R?, we obtain
g(y) < glxy) +nly —xof

1 2d
< glxy) — ;Ag(x,,) +1 (7 + |y —x0|2)

d
= fxp+n (25 + 1y =l

IA

2d
sup f(x) + 0(7 + |y—x0|2).

x€RY

Since 17 > 0 can be chosen arbitrarily small, we thus get for every y € R¢

g(y) < sup f(x),

x€R4

i.e., (8.2.95) if we treat the infimum analogously.

It is no longer so easy to verify directly that (8.2.94) is solvable with respect
to g for given f. By our previous considerations, however, we already know
that A generates a contracting semigroup, namely, the heat semigroup, and the
solvability of (8.2.94) therefore follows from Theorem 8.2.2. Of course, we could
have deduced (8.2.70) in the same way, since it is easy to see that (8.2.70) is
also necessary for generating a contracting semigroup. The direct proof given here,
however, was simple and instructive enough to be presented.

8.3 Brownian Motion

We consider a particle that moves around in some set S, for simplicity assumed to
be a measurable subset of R?, obeying the following rules: The probability that the
particle that is at the point x at time ¢ happens to be in the set £ C S fors > ¢ is
denoted by P(¢, x; s, E). In particular,

P(t,x;5,8) =1,
P(t,x;5,0) =0.

This probability should not depend on the positions of the particles at any times
less than ¢. Thus, the particle has no memory, or, as one also says, the process has
the Markov property. This means that for r < v < s, the Chapman—Kolmogorov
equation

P(t, x5, ) = / P(r.yis. EYP(t.x: 7, y)dy (83.1)
S



8.3 Brownian Motion 195

holds. Here, P(t,x;7,y) has to be considered as a probability density, i.e.,
P(t,x;t,y) = O and [¢ P(t,x;7,y)dy = 1 for all x,7,7. We want to assume
that the process is homogeneous in time, meaning that P(z, x; s, E) depends only
on (s — t). We thus have

P(t,x;s,E) = PO, x;5s—t,E)=: P(s—t,x,E),

and (8.3.1) becomes
P(it+1,x,FE):= / P(z,y,E)P(t,x,y)dy. (8.3.2)
s

We express this property through the following definition:

Definition 8.3.1. Let BB a o-additive set of subsets of S with S € B. For¢t > 0,
x € S,and E € B, let P(t, x, E) be defined satisfying:

i) P(t,x,E)=>0,P(t,x,S)=1.
(i) P(¢,x, E) is o-additive with respect to E € B for all ¢, x.
(iii) P(¢, x, E) is B-measurable with respect to x forall z, E.
(iv) P(t + t,x,E) = [g P(t,y, E)P(t,x, y)dy (Chapman—Kolmogorov equa-
tion) forall¢t,7 > 0, x, E.

Then P (¢, x, E) is called a Markov process on (S, B).

Let L°°(S) be the space of bounded functions on S. For f € L*®(S),t > 0,
we put

(T, f)(x) = /S P(t.x.y) f()dy. (833)

The Chapman—Kolmogorov equation implies the semigroup property
Tivs =T, 0Ty fort,s > 0. (8.3.4)

Since, by (i), P(t,x,y) > 0 and
/SP(t,x,y)dy =1, (8.3.5)
it follows that
sup 1T f(0)] = ilélg)lf(X)l, (8.3.6)

i.e., the contraction property.

In order that 7; map continuous functions to continuous functions and that
{T:}t>0 define a continuous semigroup, we need additional assumptions. For
simplicity, we consider only the case S = RY.
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Definition 8.3.2. The Markov process P(¢, x, E) is called spatially homogeneous
if for all translations i : R¢Y — R4,

P(t,i(x),i(E)) = P(t,x, E). (8.3.7)

A spatially homogeneous Markov process is called a Brownian motion if for all
0> 0andall x € R?,

1
lim — P(t,x,y)dy =0. (8.3.8)
™NO L Jx—yl>o

Theorem 8.3.1. Let B be the Banach space of bounded and uniformly continuous
functions on R, equipped with the supremum norm. Let P(t, x, E) be a Brownian
motion. We put

(T, f)(x): = /R P 0y fort >0,
Tvf = f

Then {T,}:>0 constitutes a contracting semigroup on B.

Proof. As already explained, P(t,x,E) > 0, P(t,x,Rd) = 1 implies the
contraction property:

sup [(T: f)(x)] < sup | f(x)| forall f e B,t>0, (8.3.9)

x€ERd x€Rd

and the semigroup property follows from the Chapman—Kolmogorov equation. Let
i be a translation of Euclidean space. We put

if(x) = f(ix)

and obtain
iT,f(x) = T, f(ix) = /R P(ix ) f()dy

= [ P.ixinsana.
R4
since d(iy) = dy for a translation,
= [ Pexfaney,
R4

since the process is spatially homogeneous,

= Tiif(x),
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i.e.,
iT, =Ti. (8.3.10)
For x,y € R?, we may find a translation i : R — R with
ix =y.
We then have
(T f)X) = (T YD = (T f)(x) = GT o] = T (f —if)(x)] .

Since f is uniformly continuous, this implies that 7; f is uniformly continuous as
well; namely,

T (f =i )(X)| = V P(t,x.2)(f(2) = f(iz))dz| < sup|f(z) — f(i2)].

and if |x — y| < §, then also |z —iz| < & for all z € R, and § may be chosen such
that this expression becomes smaller than any given ¢ > 0. Note that this estimate
does not depend on .

It remains to show continuity with respectto ¢. Let > s. For f € B, we consider

1T f(x) = Ts f()| = Teg(x) —g(x)| forr:=1—s5.g:=T:f

_ ‘ /R P(x )80 — g()dy

because of / P(t,x,y)dy =1
R4

<

/ | P(my)(g(y)—g(x))dy'
x—yl<e

+

/ P(r.x.y)(g(y) — g(x))dy‘
[x=y|>eo

<

/ | P(r,x,y)(g(y)—g(x))dy‘
x—yl<o

+ 2 sup | f(2)] P(t,x, y)dy

7€R4 [x=yl>0

by (8.3.9). Since we have checked already that g = T f satisfies the same
continuity estimates as f, for given ¢ > 0, we may choose ¢ > 0 so small that
the first term on the right-hand side becomes smaller than ¢/2. For that value of o
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we may then choose t so small that the second term becomes smaller than ¢/2 as
well. Note that because of the spatial homogeneity, t can be chosen independently
of x and y. This shows that {7;},>¢ is a continuous semigroup, and the proof of
Theorem 8.3.1 is complete. O

An example of Brownian motion is given by the heat kernel

1 L=

P(t,x,y) = R (8.3.11)
(4mt)z

We shall now see that this already is the typical case of a Brownian motion.

Theorem 8.3.2. Let P(t,x, E) be a Brownian motion that is invariant under all
isometries of Euclidean space, i.e.,

P(t,i(x),i(E)) = P(t,x,E) (8.3.12)

for all Euclidean isometries i. Then the infinitesimal generator of the contracting
semigroup defined by this process is

A =cA, (8.3.13)

where ¢ = const > 0 and A =Laplace operator, and this semigroup then coincides
with the heat semigroup up to reparametrization, according to the uniqueness result
of Theorem 8.2.3. More precisely, we have

1 oy ?
P(t.x.y) = ——e @ (8.3.14)
(4mct)2

Proof. (1) Let B again be the Banach space of bounded, uniformly continuous
functions on R¢, equipped with the supremum norm. By Theorem 8.3.1, our
semigroup operates on B. By Theorem 8.2.1, the domain of definition D(A) of
the infinitesimal operator A is dense in B.

(2) We claim that D(A)NC > (R?) is still dense in B. To verify that, as in Sect. 2.2,
we consider mollifications with a smooth kernel, i.e., for f € D(A),

Jr(x) rid Rd@(lx:—y') f(y)dy asin(2.2.6)

/Rd o(|z]) f(x —rz)dz. (8.3.15)

Since we are assuming translation invariance, if the function f(x) is contained
in D(A), sois (i,.f)(x) = f(x —rz) forall r > 0,z € R? in D(A), and the
defining criterion, namely,

t—0t

lim (/ Pt x.y) f(y —rz) — fx— rZ)) =0,
R4



8.3 Brownian Motion 199

holds uniformly in r, z. Approximating the preceding integral by step functions
of the form ) ¢, f(x — rz,) (where we have only finitely many summands,
since p has compact support), we see that since f does, f, also satisfies
limy—o + (fa P(t.x. ) f+(y)dy — f(x)) = 0, hence is contained in D(A).
Since f; is contained in C*°(R?) for r > 0 and converges to f uniformly as
r — 0, the claim follows.

(3) We claim that there exists a function ¢ € D(A4) N C*®(R?) with

. 92
x’xka <Pk

0) > Z(x/)z forall x € RY. (8.3.16)

j=1

For that purpose, we select ¢ € B with

02y 1 forj =k
0 28 Six = ,
9x7 dxk Txionk O = 205 ( I {0 otherwise)

and from (2), we find a sequence (f)),en C D(A) N C®(R?), converging
uniformly to ¥. Then

& |y — x|
M) =
8x13xkf ©) = rd/BxfE)ku( r )
Yy(y)dy forv — oo

] / 9? ly — x|
rd | oxioxk® r 0

1 ly — x| 9?
== : d
rd ,0( r ) dx/ 0xk vy

M) dy

x=0

replacing the derivative with respect to x by one with
respect to y and integrating by parts
2

0
— WW(O) forr - 0

=25jk-

We may thus put ¢ = f,.(v) for suitable v € N, r > 0, in order to
achieve (8.3.16). By Euclidean invariance, for every xo € RY, there then exists
a function in D(A) N C*®(RY), again denoted by ¢ for simplicity, with

(xf —xF = xf)———(r0) = D (¢ —x{)? forallx e RY. (8.3.17)

a/ak

(4) Forallxo eR?,j =1,....,d,r >0,t>0,

/ ‘ (xj —x({)P(t,xo,x)dx =0, xy= (xé,...,xg); (8.3.18)
X—Xx0|<r
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namely, let
i:R?—>RY
be the Euclidean isometry defined by

i(x/ —xé) = —(x/ —x({),
(8.3.19)
i(x* —xé‘) = xk —xé fork # j

(reflection across the hyperplane through x, that is orthogonal to the jth
coordinate axis). We then have

/ (x] —x({)P(t,XO,X)dx = / l(xj —xé)P(t,ixo,ix)dx

[x—xo|<r [x—xol<r

/ (xj — x({)P(t, X, x)dx

[x—xo|<r
because of (8.3.19) and the assumed invariance of P, and this indeed im-

plies (8.3.18).
Similarly, the invariance of P under rotations of R? yields

/ | (x/ —xé)zP(t,xo,x)dx = / (x* —xé)zP(t,xo,x)dx
xX—Xx0|=<r

[x—xol<r

forall xo e R, r >0, >0,j,k =1,....d, (8.3.20)

and finally as in (8.3.18),
/ () =X K =X P, x0, x)dx =0 forj £k, (8.3.21)
[xo—x|<r

ifxoe R, r>0,t>0,j,kef{l,...d}.
(5) Let @ € D(A) N C*(RY). We then obtain the existence of

Ag(xo) = lm : /1; P00, 1) () — plxo))dx

—lim » P(t. x0.%)(0(x) — p(x0))dx by (83.8)
™NO T [x—xo|<e
1 d
= lim — > —xO)—(xo)P(t X0, X)dx

N0 t Ix_xolfgj 1
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1 1 . .
+ lim — =) () —x])(xF = xk
INO T J | —xo|<e 2 ;; 0 0
POy (e - x0) Pt 30 1)
——(xo+ t(x — x , X0, x)dx
dx axk O 0 0

by Taylor expansion for some 7 € [0, 1), as ¢ € C*(R?).

The first term on the right-hand side vanishes by (8.3.18). Thus, the limit
for t N\, O of the second term exists, and it follows from (8.3.17) and
P(t, xp,x) > 0 that

1 . )
lim sup -/ Z(x’ —x3)? P (t, X, x)dx < 0. (8.3.22)
t\0 |x—xo|<e

By (8.3.8), this limit superior does not depend on ¢ > 0, and neither does the
corresponding limit inferior.

(6) Now let f € D(A) N C*(RY). As in (5), we obtain, by Taylor expanding f
at xo,

T f o)~ Fo)

;Ad (f(x) = f(x0)) P(t, x0, x)dx

] U@ sePe s vax

1

—i—;/ | Z(x/ —xo) of (xo)P(t Xo, x)dx

+; /x xo|<e % %;(xj xo)(x - xO) gk(-xo)P(t xo,x)dx

1 . .
+- / > (= x ek = xb)oi () P(2. x0. x)dx
L Jix—xol<e ik
(where the notation suppresses the x-dependence of the remainder
term o;; (¢), since this converges to 0 for ¢ — 0 uniformly in x, since
f e C*RY)
1

=] 0 s

xX—Xxo|>¢

t

+l/ Z(xj —xj)2 32f (x0) P (t, xo, x)dx
U x=xolze 55 07 (3x7)? T
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1 S
+—/ Z(x/ —xé)(xk —xg)aij(s)P(t,xo,x)dx
|x—xo|<e

t

by (8.3.18) and (8.3.21). (8.3.23)

By (8.3.8), the first term on the right-hand side tends to 0 as ¢t — 0 for every
e > 0. Because of (8.3.22) and lim, 0;;(¢) = 0 (since f € C?), the last term
converges to 0 as ¢ — 0 for every # > 0. Since we have observed at the end of
(5), however, that in the second term on the right-hand side, limits can be performed
independently of ¢, for all ¢ > 0, we obtain the existence of

1 . .
,h\‘}é? |X_XO‘SSZ()C/ —x])? a5 f)2 (x0) P(f, x0, x)dx = Af(x0), (8.3.24)

by performing the limit # — O on the right-hand side of (8.3.23).
The argument of (3) shows that for f € D(A),

Pf
W(XO)

may approximate arbitrary values, and so in particular, we infer the existence of

lim — x/—x 2P(t, xo, x)dx
N\O /IV xXo|<e Z( ) ( o )

independently of €. By (8.3.20), foreach j = 1,...,d,

1 S
lim — (x/ —x])?P(t, x0, x)dx
INO 1 Jx—xo|<e 0

exists and is independent of j and by translation invariance independent of x( as
well. We thus call this limit c. By (8.3.24), we then have

Af(x0) = cAf(xop).

The rest follows from Theorem 8.2.3. O

Remark. If we assume only spatial homogeneity, i.e., translation invariance, but
not invariance under reflections and rotations, the infinitesimal generator still is a
second-order differential operator; namely, it is of the form

d

Af(x) =) a¥(x)

jk=1

*f
dxJ dxk

()+be( e
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with

. 1 S
a’* (x) = lim - - () = x))(* = x*)P(t, x, y)dy,
y—x|<e

and thus, in particular,
a’* =ad", a¥ >0 forall jok,

and

. 1 . .
b’ (x) = lim — (y/ —x))P(t,x,y)dy,
INO T J]y—x|<e

where the limits again are independent of ¢ > 0. The proof can be carried out with
the same methods as employed for demonstrating Theorem 8.3.2.

A reference for the present chapter is Yosida [32].

Summary

The heat equation satisfies a Markov property in the sense that the solution u(x, ¢)
at time ¢, + t, with initial values u(x, 0) = f(x) equals the solution at time #, with
initial values u(x, ;). Putting

(P f)(x) :=u(x,1),
we thus have
(P46, /) (x) = Pi(Pr, f)(X);
i.e., P, satisfies the semigroup property
Py, =P,0P, fort;,t,>0.
Moreover, { P; };> is continuous on the space C 9 in the sense that

hm Pt == Pt()
™\ulo

for all 7y > O (in particular, this also holds for ¢y = 0, with Py = 1d).
Moreover, P; is contracting because of the maximum principle, i.e.,

||Ptf||co < ||f||co fort > O,f € CO.
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The infinitesimal generator of the semigroup P, is the Laplace generator, i.e.,
A =1i ! (P, —1d)
= lim —(P; —1d).
t\O !

Upon these properties one may found an abstract theory of semigroups in Banach
spaces. The Hille—Yosida theorem says that a linear operator A : D(A) — B whose
domain of definition D(A) is dense in the Banach space B and for which Id —%A is
invertible for all n € N, and

<1

1
H (Id——A)™!
n

generates a unique contracting semigroup of operators
T,:B—B (t>0).

For a stochastic interpretation, one considers the probability density P(Z, x, y)
that some particle that during the random walk happened to be at the point x at
a certain time can be found at y at a time that is larger by the amount 7. This
constitutes a Markov process inasmuch as this probability density depends only
on the time difference, but not on the individual values of the times involved.
In particular, P (¢, x,y) does not depend on where the particle had been before
reaching x (random walk without memory). Such a random walk on the set S
satisfies the Chapman—Kolmogorov equation

Pt + 12, x, ) = / P(t1.x.2)P(t2.2, y)dz
S

and thus constitutes a semigroup.
If such a process on R is spatially homogeneous and satisfies

1
lim — P(t,x,y)dy =0
™NO T Jix—y[>p

forall p > 0and x € R4, it is called a Brownian motion. One shows that up to a
scaling factor, such a Brownian motion has to be given by the heat semigroup, i.e.,

1 _L=yi?

P(t,x,y) = We
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Exercises

8.1. Let f € C°(R?) be bounded and u(x, ) a solution of the heat equation:

u;(x,t) = Au(x,t) forx € RY, 1 >0,

u(x,0) = f(x).

Show that the derivatives of u satisfy

< const sup | f| T2,

‘%u(x, t)
(Hint: Use the representation formula (5.2.3) from Sect. 5.2.)
8.2. Asin Sect. 8.2, we consider a continuous semigroup
exp(tA) : B— B (¢t > 0), B a Banach space.
Let B, be another Banach space, and for r > 0, suppose
exp(tA): B — B

is defined, and we have for0 < ¢ < 1 and for all ¢ € Bj,

|lexp(tA)¢|lp < constt “|¢|lp, forsomewo < 1.
Finally, let

®:B— B

be Lipschitz continuous.

Show that for every f € B, there exists T > 0 with the property that the
evolution equation

9
3—: = Av+ ®d(v(t)) fort >0,

v(0) = f

has a unique, continuous solution v : [0, T] — B.
(Hint: Convert the problem into the integral equation

v(t) = exp(tA) f + /Ot exp((t —s)A)D(v(s))ds,
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and use the Banach fixed-point theorem (as in the standard proof of the
Picard—Lindel6f theorem for ODEs) to obtain a solution of that integral equation.)

8.3. Apply the results of Exercises 8.1 and 8.2 to the initial value problem for the
following semilinear parabolic PDE:

3u(axt,t) = Au(x,t) + F(t,x,u(x), Du(x)) for x € Rd,t >0,
u(x,0) = f(x),

for compactly supported f € C°(R?). We assume that F is smooth with respect to
all its arguments.

8.4. Demonstrate the assertion in the remark at the end of Sect. 8.3.



	Chapter 8: The Heat Equation, Semigroups, and Brownian Motion
	8.1 Semigroups
	8.2 Infinitesimal Generators of Semigroups
	8.3 Brownian Motion


