
Chapter 13
The Regularity Theory of Schauder
and the Continuity Method (Existence
Techniques IV)

13.1 C ˛-Regularity Theory for the Poisson Equation

In this chapter we shall need the fundamental concept of Hölder continuity, which
we now recall from Sect. 11.1:

Definition 13.1.1. Let f W ˝ ! R, x0 2 ˝ , 0 < ˛ < 1. The function f is called
Hölder continuous at x0 with exponent ˛ if

sup
x2˝

jf .x/ � f .x0/j
jx � x0j˛ < 1: (13.1.1)

Moreover, f is called Hölder continuous in ˝ if it is Hölder continuous at each
x0 2 ˝ (with exponent ˛); we write f 2 C ˛.˝/. If (13.1.1) holds for ˛ D 1,
then f is called Lipschitz continuous at x0. Similarly, C k;˛.˝/ is the space of those
f 2 C k.˝/ whose kth derivative is Hölder continuous with exponent ˛.

We define a seminorm by

jf jC ˛.˝/ WD sup
x;y2˝

jf .x/ � f .y/j
jx � yj˛ : (13.1.2)

We define

kf kC ˛.˝/ D kf kC 0.˝/ C jf jC ˛.˝/

and

kf kC k;˛ .˝/

as the sum of kf kC k.˝/ and the Hölder seminorms of all kth partial derivatives of
f . As in Definition 13.1.1, in place of C 0;˛, we usually write C ˛. The following
result is elementary:
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330 13 Existence Techniques IV

Lemma 13.1.1. If f1; f2 2 C ˛.G/ on G � R
d , then f1f2 2 C ˛.G/, and

jf1f2jC ˛.G/ �
�

sup
G

jf1j
�

jf2jC ˛.G/ C
�

sup
G

jf2j
�

jf1jC ˛.G/ :

Proof.

jf1.x/f2.x/ � f1.y/f2.y/j
jx � yj˛ � jf1.x/ � f1.y/j

jx � yj˛ jf2.x/j C jf2.x/ � f2.y/j
jx � yj˛ jf1.y/j;

which directly implies the claim. ut
Theorem 13.1.1. As always, let ˝ � R

d be open and bounded,

u.x/ WD
Z

˝

� .x; y/f .y/dy; (13.1.3)

where � is the fundamental solution defined in Sect. 2.1.

(a) If f 2 L1.˝/ (i.e., supx2˝ jf .x/j < 1),1 then u 2 C 1;˛.˝/, and

kukC 1;˛.˝/ � c1 sup jf j for ˛ 2 .0; 1/: (13.1.4)

(b) If f 2 C ˛
0 .˝/, then u 2 C 2;˛.˝/, and

kukC 2;˛.˝/ � c2 kf kC ˛.˝/ for 0 < ˛ < 1: (13.1.5)

The constants in (13.1.4) and (13.1.5) depend on ˛, d , and on ˝ (on its volume
j˝j and its diameter).

Proof. (a) Up to a constant factor, the first derivatives of u are given by

vi .x/ WD
Z

˝

xi � yi

jx � yjd f .y/dy .i D 1; : : : ; d /:

From this formula,

ˇ̌
vi .x1/ � vi .x2/

ˇ̌ � sup
˝

jf j �
Z

˝

ˇ̌
ˇ̌
ˇ

xi
1 � yi

jx1 � yjd � xi
2 � yi

jx2 � yjd
ˇ̌
ˇ̌
ˇ dy: (13.1.6)

By the intermediate value theorem, on the line from x1 to x2, there exists some
x3 with

1“sup” here is the essential supremum, as explained in the appendix.
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ˇ̌
ˇ̌̌ xi

1 � yi

jx1 � yjd � xi
2 � yi

jx2 � yjd
ˇ̌
ˇ̌̌ � c3 jx1 � x2j

jx3 � yjd : (13.1.7)

We put ı WD 2 jx1 � x2j. Since ˝ is bounded, we can find R > 0 with
˝ � B.x3; R/, and we replace the integral on ˝ in (13.1.6) by the integral
on B.x3; R/, and we decompose the latter as

Z
B.x3;R/

D
Z

B.x3;ı/

C
Z

B.x3;R/nB.x3;ı/

D I1 C I2; (13.1.8)

where without loss of generality, we may take ı < R. We have

I1 � 2

Z
B.x3;ı/

1

jx3 � yjd�1
dy D 2d!d ı (13.1.9)

and by (13.1.7)

I2 � c4ı.log R � log ı/; (13.1.10)

and hence

I1 C I2 � c5 jx1 � x2j˛ for any ˛ 2 .0; 1/:

This proves (a) because obviously we also have

ˇ̌
vi .x/

ˇ̌ � c6 sup
˝

jf j : (13.1.11)

(b) Up to a constant factor, the second derivatives of u are given by

wij .x/ D
Z �

jx � yj2 ıij � d
�
xi � yi

� �
xj � yj

�� 1

jx � yjdC2
f .y/ dyI

however, we still need to show that this integral is finite if our assumption f 2
C ˛

0 .˝/ holds. This will also follow from our subsequent considerations.
We first put f .x/ D 0 for x 2 R

d n ˝; this does not affect the Hölder continuity
of f . We write

K.x � y/ WD
�
jx � yj2 ıij � d

�
xi � yi

� �
xj � yj

�� 1

jx � yjdC2

D @

@xj

 
xi � yi

jx � yjd
!

:
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We have

Z
R1<jyj<R2

K.y/dy D
Z

jyjDR2

yj

R2

� yi

jyjd �
Z

jyjDR1

yj

R1

� yi

jyjd
D 0; (13.1.12)

since yi

jyjd is homogeneous of degree 1 � d . Thus also

Z
Rd

K.y/dy D 0: (13.1.13)

We now write

wij .x/ D
Z
Rd

K.x � y/f .y/dy

D
Z
Rd

.f .y/ � f .x// K.x � y/dy (13.1.14)

by (13.1.13). As before, on the line from x1 to x2, there is some x3 with

jK.x1 � y/ � K.x2 � y/j � c7 jx1 � x2j
jx3 � yjdC1

: (13.1.15)

We again put

ı WD 2 jx1 � x2j

and write [cf. (13.1.14)]

wij .x1/ � wij .x2/

D
Z
Rd

f.f .y/ � f .x1// K.x1 � y/ � .f .y/ � f .x2// K.x2 � y/g dy

D I1 C I2; (13.1.16)

where I1 denotes the integral on B.x1; ı/ and I2 that on R
d n B.x1; ı/. Since

jf .y/ � f .x/j � kf kC ˛ � jx � yj˛ , it follows that

jI1j � kf kC ˛

Z
B.x1;ı/

fjK.x1 � y/j jx1 � yj˛ C jK.x2 � y/j jx2 � yj˛g dy

� c8 kf kC ˛ � ı˛: (13.1.17)
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Moreover,

I2 D
Z
Rd nB.x1;ı/

.f .x2/ � f .x1// K.x1 � y/ dy

C
Z
Rd nB.x1;ı/

.f .y/ � f .x2// .K.x1 � y/ � K.x2 � y// dy; (13.1.18)

and the first integral vanishes because of (13.1.12). Employing (13.1.15), and since
for y 2 R

d n B.x1; ı/,

1

jx3 � yjdC1
� c9

jx1 � yjdC1
;

it follows that

jI2j � c10ı kf kC ˛

Z
Rd nB.x1;ı/

jx1 � yj˛�d�1 � c11ı
˛ kf kC ˛ : (13.1.19)

Inequality (13.1.5) then follows from (13.1.16), (13.1.17), and (13.1.19). ut
Theorem 13.1.2. As always, let ˝ � R

d be open and bounded, and ˝0 �� ˝ .
Let u be a weak solution of �u D f in ˝ .

(a) If f 2 C 0.˝/, then u 2 C 1;˛.˝/, and

kukC 1;˛.˝0/ � c12

�kf kC 0.˝/ C kukL2.˝/

�
: (13.1.20)

(b) If f 2 C ˛.˝/, then u 2 C 2;˛.˝/, and

kukC 2;˛.˝0/ � c13

�kf kC ˛.˝/ C kukL2.˝/

�
: (13.1.21)

Remark. The restriction 0 < ˛ < 1 is essential for Theorem 13.1.2, as well as for
the subsequent results. For example, in some neighborhood of 0, the function

u
�
x1; x2

� D ˇ̌
x1
ˇ̌ ˇ̌

x2
ˇ̌
log

�ˇ̌
x1
ˇ̌C ˇ̌

x2
ˇ̌�

satisfies the inequality

juj C j�uj � const;

while the mixed second derivative @2u
@x1@x2 behaves like

log
�ˇ̌

x1
ˇ̌C ˇ̌

x2
ˇ̌�

:

Consequently, the C 1;1-norm of u cannot be controlled by pointwise bounds for
f WD �u and u.
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Proof. We demonstrate the estimates (13.1.20) and (13.1.21) first under the
assumption u 2 C 2;˛.˝/. We may cover ˝0 by finitely many balls that are contained
in ˝ . Therefore, it suffices to verify the estimates for the case

˝0 D B.0; r/;

˝ D B.0; R/; 0 < r < R < 1:

Let 0 < R1 < R2 < R. We choose some � 2 C 1
0 .B.0; R2// with 0 � � � 1,

�.x/ D 1 for jxj � R1, and

k�kC k;˛ .B.0;R2// � c14.R2 � R1/
�k�˛: (13.1.22)

We put

� WD �u: (13.1.23)

Then � vanishes outside of B.0; R2/, and by (2.1.12),

�.x/ D
Z

˝

� .x; y/��.y/dy: (13.1.24)

Here,

�� D ��u C 2Du � D� C u��; (13.1.25)

and so

k��kC 0 � k�ukC 0 C c15 k�kC 2 � kukC 1 ; (13.1.26)

and by Lemma 13.1.1

k��kC ˛ � c16 k�kC 2;˛ .k�ukC ˛ C kukC 1;˛ / ; (13.1.27)

where all norms are computed on B.0; R2/. From Theorem 13.1.1 and (13.1.26) and
(13.1.27), we obtain

k�kC 1;˛ � c17 .k�ukC 0 C k�kC 2 kukC 1/ (13.1.28)

and

k�kC 2;˛ � c18 k�kC 2;˛ .k�ukC ˛ C kukC 1;˛ / ; (13.1.29)

respectively. Since u.x/ D �.x/ for jxj � R1, and recalling (13.1.22), we obtain

kukC 1;˛.B.0;R1// � c19

�
k�ukC 0.B.0;R2// C 1

.R2 � R1/2
kukC 1.B.0;R2// ;

�
(13.1.30)
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and

kukC 2;˛.B.0;R1// � c20

1

.R2 � R1/2C˛

�k�ukC ˛.B.0;R2// C kukC 1;˛.B.0;R2//

�
(13.1.31)

respectively.
We now interrupt the proof for some auxiliary results:

Lemma 13.1.2.

(a) There exists a constant ca such that for every � > 0 and any function v 2
C 1.B.0; �// W

kvkC 0.B.0;�// � kDvkC 0.B.0;�// C cakvkL2.B.0;�// W (13.1.32)

(b) There exists a constant cb such that for every � > 0 and any function v 2
C 1;˛.B.0; �// W

kvkC 1.B.0;�// � jDvjC ˛.B.0;�// C cbkvkL2.B.0;�// (13.1.33)

[here, jDvjC ˛ is the Hölder seminorm defined in (13.1.2)].

Proof. If (a) did not hold, for every n 2 N, we could find a radius �n and a function
vn 2 C 1.B.0; �n// with

1 D kvnkC 0.B.0;�n// � kDvnkC 0.B.0;�n// C nkvnkL2.B.0;�n//: (13.1.34)

We first consider the case where the radii �n stay bounded for n ! 1 in which
case we may assume that they converge towards some radius �0 and we can consider
everything on the fixed ball B.0; �0/.

Thus, in that situation, we have a sequence vn 2 C 1.B.0; �0// for which
kvnkC 1.B.0;�0// is bounded. This implies that the vn are equicontinuous. By the
theorem of Arzela–Ascoli, after passing to a subsequence, we can assume that the
vn converge uniformly towards some v0 2 C 0.B.0; �// with kv0kC 0.B.0;�0// D 1.
But (13.1.34) would imply kv0kL2.B.0;�0// D 0; hence v � 0, a contradiction.

It remains to consider the case where the �n tend to 1. In that case, we use
(13.1.34) to choose points xn 2 B.0; �n/ with

jvn.xn/j � 1

2
kvnkC 0.B.0;�n// D 1

2
: (13.1.35)

We then consider wn.x/ WD vn.x C xn/ so that wn.0/ � 1
2

while (13.1.34) holds for
wn on some fixed neighborhood of 0. We then apply the Arzela–Ascoli argument to
the wn to get a contradiction as before.

(b) is proved in the same manner. The crucial point now is that for a sequence
vn for which the norms kvnkC 1;˛ are uniformly bounded both the vn and their first
derivatives are equicontinuous. ut
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Lemma 13.1.3.

(a) For " > 0, there exists M."/ .< 1/ such that for all u 2 C 1.B.0; 1//

kukC 0.B.0;1// � " kukC 1.B.0;1// C M."/ kukL2.B.0;1// (13.1.36)

for all u 2 C 1;˛ . For " ! 0,

M."/ � const: "�d : (13.1.37)

(b) For every ˛ 2 .0; 1/ and " > 0, there exists N."/ .< 1/ such that for all
u 2 C 1;˛.B.0; 1//

kukC 1.B.0;1// � " kukC 1;˛.B.0;1// C N."/ kukL2.B.0;1// (13.1.38)

for all u 2 C 1;˛ . For " ! 0,

N."/ � const: "� dC1
˛ : (13.1.39)

(c) For every ˛ 2 .0; 1/ and " > 0, there exists Q."/ .< 1/ such that for all
u 2 C 2;˛.B.0; 1//

kukC 1;˛.B.0;1// � " kukC 2;˛.B.0;1// C Q."/ kukL2.B.0;1// (13.1.40)

for all u 2 C 1;˛ . For " ! 0,

Q."/ � const: "�d�1�˛: (13.1.41)

Proof. We rescale:

u�.x/ WD u

�
x

�

�
; u� W B.0; �/ ! R: (13.1.42)

Equation (13.1.36) then is equivalent to

ku�kC 0.B.0;�// � "� ku�kC 1.B.0;�// C M."/��d ku�kL2.B.0;�//: (13.1.43)

We choose � such that "� D 1, i.e., � D "�1 and apply (a) of Lemma 13.1.2. This
shows (13.1.43), and (a) follows.

For (b), we shall show

kDukC 0.B.0;1// � " jDujC ˛.B.0;1// C N."/ kukL2.B.0;1//: (13.1.44)

Combining this with (a) then shows the claim. We again rescale by (13.1.42). This
transforms (13.1.44) into

kDu�kC 0.B.0;�// � "�˛ jDu�jC ˛.B.0;�// C N."/��d�1 ku�kL2.B.0;�//: (13.1.45)
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We choose � such that "�˛ D 1, i.e., � D "� 1
˛ and apply (b) of Lemma 13.1.2. This

shows (13.1.45) and completes the proof of (b).
(c) is proved in the same manner. ut
We now continue the proof of Theorem 13.1.2:

For homogeneous polynomials p.t/; q.t/, we define

A1 WD sup
0�r�R

p.R � r/ kukC 1;˛.B.0;r// ;

A2 WD sup
0�r�R

q.R � r/ kukC 2;˛.B.0;r// :

For the proof of (a), we choose R1 such that

A1 � 2p.R � R1/ kukC 1;˛.B.0;R1// ; (13.1.46)

and for (b), such that

A2 � 2q.R � R1/ kukC 2;˛.B.0;R1// : (13.1.47)

(In general, the R1 of (13.1.46) will not be the same as that of (13.1.47).) Then
(13.1.30) and (13.1.38) imply

A1 � c21 p.R � R1/
�

k�ukC 0.B.0;R2// C "

.R2 � R1/2
kukC 1;˛.B.0;R2//

C 1

.R2 � R1/2
N."/ kukL2.B.0;R2//

�

� c22

p.R � R1/

p.R � R2/
� "

.R2 � R1/2
� A1

C c23 p.R � R1/ k�ukC 0.B.0;R2// C c24 N."/
p.R � R1/

.R2 � R1/2
kukL2.B.0;R2// :

(13.1.48)

We choose R2 D RCR1

2
2 .R1; R/. Then, because the polynomial p is

homogeneous,

p.R � R1/

p.R � R2/
D p.R � R1/

p. R�R1

2
/

is independent of R and R1. Therefore,

" D .R2 � R1/
2

2c22

p.R � R2/

p.R � R1/
� .R � R1/

2
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and

N."/ � .R � R1/
� 2.dC1/

˛

by Lemma 13.1.2(b). Thus, when we choose

p.t/ D t
2.dC1/

˛ C2;

the coefficient of kukL2.B.0;R2// in (13.1.48) is controlled.
Thus, finally

kukC 1;˛.B.0;r// � 1

p.R � r/
A1

� c25

�k�ukC 0.B.0;R// C kukL2.B.0;R//

�
; (13.1.49)

with a constant that now also depends on the radii occurring.
In the same manner, from (13.1.31) and (13.1.40), we obtain

kukC 2;˛.B.0;r// � c26

�k�ukC ˛.B.0;R// C kukL2.B.0;R//

�
(13.1.50)

for 0 < r < R. Since �u D f , we have thus proved (13.1.20) and (13.1.21) for
u 2 C 2;˛.˝/.

For u 2 W 1;2.˝/ we consider the mollifications uh as in Lemma A.2 of the
appendix. Let 0 < h < dist.˝0; @˝/. Then

Z
˝

Duh � Dv D �
Z

˝

fhv for all v 2 H
1;2
0 .˝/;

and since uh 2 C 1, also

�uh D fh:

Moreover, by Lemma A.2,

kfh � f kC 0 ! 0;

and for h ! 0, the fh therefore constitute a Cauchy sequence in C 0.˝/. Applying
(13.1.20) to uh1 � uh2 , we obtain

kuh1 � uh2kC 1;˛.˝0/ � c27

�
kfh1 � fh2 kC 0.˝/ C kuh1 � uh2kL2.˝/

�
: (13.1.51)

The limit function u thus is contained in C 1;˛.˝0/ and satisfies (13.1.20).
We also easily check that

kfhkC ˛ � kf kC ˛ :
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Therefore, by using the Arzela-Ascoli Theorem, the fh converge to f in C ˇ for
every ˇ < ˛ (see Section 5 in [19]). Hence

kuh1 � uh2kC 2;ˇ.˝0/ � c28

�
kfh1 � fh2 kC ˇ.˝/ C kuh1 � uh2kL2.˝/

�
: (13.1.52)

The limit function u thus is contained in C 2;ˇ.˝0/ and satisfies (13.1.21) for every
ˇ < ˛. Since the constant c28 in (13.1.52) and hence also the constant c13 in
(13.1.21) can be taken to be independent of ˇ < ˛, we obtain (13.1.21) also for
the exponent ˛, and hence u is contained in C 2;˛.˝0/ and satisfies the required
estimate. ut

Part (a) of the preceding theorem can be sharpened as follows:

Theorem 13.1.3. Let u be a weak solution of �u D f in ˝ (˝ a bounded domain
in R

d ), f 2 Lp.˝/ for some p > d , ˝0 �� ˝ . Then u 2 C 1;˛.˝/ for some ˛

that depends on p and d , and

kukC 1;˛.˝0/ � const
�kf kLp.˝/ C kukL2.˝/

�
:

Proof. Again, we consider the Newton potential

w.x/ WD
Z

˝

� .x; y/f .y/dy;

and

vi .x/ WD
Z

˝

xi � yi

.x � y/d
f .y/dy:

Using Hölder’s inequality, we obtain

ˇ̌
vi .x/

ˇ̌ � kf kLp.˝/

 Z
dy

jx � yj.d�1/
p

p�1

! p�1
p

;

and this expression is finite because of p > d . In this manner, one also verifies that
@

@xi w D constvi and obtains the Hölder estimate as in the proof of Theorem 13.1.1(a)
and Theorem 13.1.2(a). ut
Corollary 13.1.1. If u 2 W 1;2.˝/ is a weak solution of �u D f with f 2
C k;˛.˝/, k 2 N, 0 < ˛ < 1, then u 2 C kC2;˛.˝/, and for ˝0 �� ˝ ,

kukC kC2;˛.˝0/ � const
�kf kC k;˛ .˝/ C kukL2.˝/

�
:

If f 2 C 1.˝/, so is u.
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Proof. Since u 2 C 2;˛.˝/ by Theorem 13.1.2, we know that it weakly solves

�
@

@xi
u D @

@xi
f:

Theorem 13.1.2 then implies

@

@xi
u 2 C 2;˛.˝/ .i 2 f1; : : : ; d g/;

and thus u 2 C 3;˛.˝/. The proof is concluded by induction. ut

13.2 The Schauder Estimates

In this section, we study differential equations of the type

Lu.x/ WD
dX

i;j D1

aij .x/
@2u.x/

@xi @xj
C

dX
iD1

bi .x/
@u.x/

@xi
C c.x/u.x/ D f .x/ (13.2.1)

in some domain ˝ � R
d . We make the following assumptions:

(A) Ellipticity: There exists � > 0 such that for all x 2 ˝ , � 2 R
d ,

dX
i;j D1

aij .x/�i �j � � j�j2 :

Moreover, aij .x/ D aj i .x/ for all i; j; x.
(B) Hölder continuous coefficients: There exists K < 1 such that

��aij
��

C ˛.˝/
;
��bi

��
C ˛.˝/

; kckC ˛.˝/ � K

for all i; j .

The fundamental estimates of J. Schauder are the following:

Theorem 13.2.1. Let f 2 C ˛.˝/, and suppose u 2 C 2;˛.˝/ satisfies

Lu D f (13.2.2)

in ˝ (0 < ˛ < 1). For any ˝0 �� ˝ , we then have

kukC 2;˛.˝0/ � c1

�kf kC ˛.˝/ C kukL2.˝/

�
; (13.2.3)

with a constant c1 depending on ˝; ˝0; ˛; d; �; K .
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For the proof, we shall need the following lemma:

Lemma 13.2.1. Let the symmetric matrix .Aij /i;j D1;:::;d satisfy

� j�j2 �
dX

i;j D1

Aij �i �j � 	 j�j2 for all � 2 R
d (13.2.4)

with

0 < � < 	 < 1:

Let u satisfy

dX
i;j D1

Aij @2u

@xi @xj
D f (13.2.5)

with f 2 C ˛.˝/ (0 < ˛ < 1). For any ˝0 �� ˝ , we then have

kukC 2;˛.˝0/ � c2

�kf kC ˛.˝/ C kukL2.˝/

�
: (13.2.6)

Proof. We shall employ the following notation:

A WD .Aij /i;j D1;:::;d ; D2u WD
�

@2u

@xi @xj

�
i;j D1;:::;d

:

If B is a nonsingular d 	 d -matrix and if y WD Bx; v WD u ı B�1, i.e., v.y/ D u.x/,
we have

AD2u.x/ D ABt D2v.y/B;

and hence

Tr.AD2u.x// D Tr.BABt D2v.y//: (13.2.7)

Since A is symmetric, we may choose B such that BtA B is the unit matrix. In fact,
B can be chosen as the product of the diagonal matrix

D D

0
BB@

�
� 1

2

1

: : :

�
� 1

2

d

1
CCA

(�1; : : : ; �d being the eigenvalues of A) with some orthogonal matrix R. In this way
we obtain the transformed equation

�v.y/ D f
�
B�1y

�
: (13.2.8)

Theorem 13.1.2 then yields C 2;˛-estimates for v, and these can be transformed back
into estimates for u D v ı B . The resulting constants will also depend on the bounds
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�, 	 for the eigenvalues of A, since these determine the eigenvalues of D and hence
of B . ut
Proof of Theorem 13.2.1: We shall show that for every x0 2 N̋

0 there exists some
ball B.x0; r/ on which the desired estimate holds. The radius r of this ball will
depend only on dist.˝0; @˝/ and the Hölder norms of the coefficients aij ; bi ; c.
Since N̋

0 is compact, it can be covered by finitely many such balls, and this yields
the estimate in ˝0.

Thus, let x0 2 N̋
0. We rewrite the differential equation Lu D f as

X
i;j

aij .x0/
@2u.x/

@xi @xj
D
X
i;j

�
aij .x0/ � aij .x/

� @2u.x/

@xi @xj

�
X

i

bi .x/
@u.x/

@xi
� c.x/u.x/ C f .x/

DW '.x/: (13.2.9)

If we are able to estimate the C ˛-norm of ', putting Aij WD aij .x0/ and applying
Lemma 13.2.1 will yield the estimate of the C 2;˛-norm of u. The crucial term for the
estimate of ' is

P
.aij .x0/ � aij .x// @2u

@xi @xj . Let B.x0; R/ � ˝ . By Lemma 13.1.1

ˇ̌
ˇ̌
ˇ̌
X
i;j

�
aij .x0/ � aij .x/

� @2u.x/

@xi @xj

ˇ̌
ˇ̌
ˇ̌
C ˛.B.x0;R//

� sup
i;j;x2B.x0;R/

ˇ̌
aij .x0/ � aij .x/

ˇ̌ ˇ̌
D2u

ˇ̌
C ˛.B.x0;R//

C
X
i;j

ˇ̌
aij
ˇ̌
C ˛.B.x0;R//

sup
B.x0;R/

ˇ̌
D2u

ˇ̌
: (13.2.10)

Thus, also

����
X�

aij .x0/ � aij .x/
� @2u

@xi @xj

����
C ˛.B.x0;R//

� sup
ˇ̌
aij .x0/ � aij .x/

ˇ̌ kukC 2;˛.B.x0;R// C c3 kukC 2.B.x0;R// ; (13.2.11)

where c3 in particular depends on the C ˛-norm of the aij .
Analogously,

�����
X

i

bi .x/
@u

@xi
.x/

�����
C ˛.B.x0;R//

� c4 kukC 1;˛.B.x0;R// ; (13.2.12)

kc.x/u.x/kC ˛.B.x0;R// � c5 kukC ˛.B.x0;R// : (13.2.13)
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Altogether, we obtain

k'kC ˛.B.x0;R// � sup
i;j;x2B.x0;R/

ˇ̌
aij .x0/ � aij .x/

ˇ̌ kukC 2;˛.B.x0;R//

C c6 kukC 2.B.x0;R// C kf kC ˛.B.x0;R// : (13.2.14)

By Lemma 13.2.1, from (13.2.9) and (13.2.14) for 0 < r < R, we obtain

kukC 2;˛.B.x0;r// � c7 sup
i;j;x2B.x0;R/

ˇ̌
aij .x0/ � aij .x/

ˇ̌ kukC 2;˛.B.x0;R//

C c8 kukC 2.B.x0;R// C c9 kf kC ˛.B.x0;R// : (13.2.15)

Since the aij are continuous on ˝ , we may choose R > 0 so small that

c7 sup
i;j;x2B.x0;R/

ˇ̌
aij .x0/ � aij .x/

ˇ̌ � 1

2
: (13.2.16)

With the same method as in the proof of Theorem 13.1.2, the corresponding term
can be absorbed in the left-hand side. We then obtain from (13.2.15)

kukC 2;˛.B.x0;R// � 2c8 kukC 2.B.x0;R// C 2c9 kf kC ˛.B.x0;R// : (13.2.17)

By (13.1.40), for every " > 0, there exists some Q."/ with

kukC 2.B.x0;R// � " kukC 2;˛.B.x0;R// C Q."/ kukL2.B.x0;R// : (13.2.18)

With the same method as in the proof of Theorem 13.1.2, from (13.2.18) and
(13.2.17), we deduce the desired estimate

kukC 2;˛.B.x0;R// � c10

�kf kC ˛.B.x0;R// C kukL2.B.x0;R//

�
: (13.2.19)

We may now state the global estimate of J. Schauder for the solution of the Dirichlet
problem for L:

Theorem 13.2.2. Let ˝ � R
d be a bounded domain of class C 2;˛ (analogously

to Definition 11.3.1, we require the same properties as there, except that (iii) is
replaced by the condition that � and ��1 are of class C 2;˛). Let f 2 C ˛. N̋ /,
g 2 C 2;˛. N̋ / (as in Definition 11.3.2), and let u 2 C 2;˛. N̋ / satisfy

Lu.x/ D f .x/ for x 2 ˝;

u.x/ D g.x/ for x 2 @˝:
(13.2.20)

Then

kukC 2;˛.˝/ � c11

�kf kC ˛.˝/ C kgkC 2;˛.˝/ C kukL2.˝/

�
; (13.2.21)

with a constant c11 depending on ˝; ˛; d; �, and K .
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The Proof essentially is a modification of that of Theorem 13.2.1, with
modifications that are similar to those employed in the proof of Theorem 11.3.3.
We shall therefore provide only a sketch of the proof. We start with a simplified
model situation, namely, the Poisson equation in a half-ball, from which we shall
derive the general case.

As in Sect. 11.3, let

BC.0; R/ D ˚
x D .x1; : : : ; xd / 2 R

d I jxj < R; xd > 0
	

:

Moreover, let

@0BC.0; R/ WD @BC.0; R/ \ ˚
xd D 0

	
;

@CBC.0; R/ WD @BC.0; R/ n @0BC.0; R/:

We consider f 2 C ˛
�
BC.0; R/

�
with

f D 0 on @CBC.0; R/:

In contrast to the situation considered in Theorem 13.1.1(b), f no longer must
vanish on all of the boundary of our domain ˝ D BC.0; R/, but only on a certain
portion of it. Again, we consider the corresponding Newton potential

u.x/ WD
Z

BC.0;R/

� .x; y/f .y/dy: (13.2.22)

Up to a constant factor, the first derivatives of u are given by

vi .x/ D
Z

BC.0;R/

xi � yi

jx � yjd f .y/dy .i D 1; : : : ; d /; (13.2.23)

and they can be estimated as in the proof of Theorem 13.1.1(a), since there, we did
not need any assumption on the boundary values.

Up to a constant factor, the second derivatives are given by

wij .x/ D
Z

BC.0;R/

@

@xj

 
xi � yi

jx � yjd
!

f .y/dy
�D wj i .x/

�
: (13.2.24)

For K.x � y/ D @
@xj

�
xi �yi

jx�yjd
�

, and i ¤ d or j ¤ d ,

Z
R1<jyj<R2

yd >0

K.y/dy D 0 (13.2.25)
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by homogeneity as in (13.1.12). Thus, for i ¤ d or j ¤ d , the ˛-Hölder norm of
the second derivative @2

@xi @xj u can be estimated as in the proof of Theorem 13.1.1(b).
The differential equation �u D f implies

@2

.@xd /2
u D f �

d�1X
iD1

@2

.@xi /2
u; (13.2.26)

and so we obtain estimates for the ˛-Hölder norm of @2

.@xd /2 u as well. We can thus
estimate all second derivatives of u.

As in the proof of Theorem 13.1.2, we then obtain C 2;˛-estimates in BC.0; R/

for solutions of

�u D f in BC.0; R/ with f 2 C ˛
�
BC.0; R/

�
;

u D 0 on @0BC.0; R/;

(13.2.27)

for 0 < r < R:

kukC 2;˛.BC.0;r// � c12

�kf kC ˛.BC.0;R// C kukL2.BC.0;R//

�
: (13.2.28)

Namely, putting

' WD �u

as in (13.1.23) with the same cutoff function as in (13.1.22), we have ' D 0 on
@BC.0; R2/ (0 < R1 < R2 < R), since � vanishes on @CBC.0; R2/, and u on
@0BC.0; R2/. Thus, again

'.x/ D
Z

BC.0;R/

� .x; y/�'.y/dy

is a Newton potential, and the preceding estimates can be used to deduce the same
result as in Theorem 13.1.2: For 0 < r < R,

kukC 2;˛.BC.0;r// � c13

�kf kC ˛.BC.0;R// C kukL2.BC.0;R//

�
: (13.2.29)

We next consider a solution of

�u D f in BC.0; R/ with f 2 C ˛
�
BC.0; R/

�
; (13.2.30)

u D g on @0BC.0; R/ with g 2 C 2;˛
�
BC.0; R/

�
: (13.2.31)

As in Sect. 11.3, we put Nu WD u � g. We see that Nu satisfies

�Nu D f � �g DW Nf 2 C ˛
�
BC.0; R/

�
in BC.0; R/;

Nu D 0 on @0BC.0; R/:
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We have thus reduced our considerations to the above case (13.2.27), and so, from
(13.2.29), we obtain

kukC 2;˛.BC.0;r// � kNukC 2;˛.BC.0;r// C kgkC 2;˛.BC.0;r//

� c14

h�� Nf
��

C ˛.BC.0;R//
C kNukL2.BC.0;R// C kgkC 2;˛.BC.0;R//

i

� c15


kf kC ˛.BC.0;R// C kgkC 2;˛.BC.0;R// C kukL2.BC.0;R//

�
:

(13.2.32)

In order to finally treat the situation of Theorem 13.2.2, as in Sect. 11.3, we trans-
form a neighborhood U of a boundary point x0 2 @˝ with a C 2;˛-diffeomorphism
� to the ball B̊.0; R/, such that the portion of u that is contained in ˝ is mapped
to BC.0; R/, and the intersection of U with @˝ is mapped to @0BC.0; R/. Again,
Qu WD u ı ��1 on BC.0; R/ satisfies a differential equation of the same type as
Lu D f , QLQu D Qf , again with different constants �, K in (A) and (B). By the
preceding considerations, we obtain a C 2;˛-estimate for Qu in BC.0; R=2/. Again �

transforms this estimate into one for u on a subset U 0 of U . Since ˝ is bounded,
@˝ is compact and can thus be covered by finitely many such neighborhoods U 0.
The resulting estimates, together with the interior estimate of Theorem 13.2.1,
applied to the complement ˝0 of those neighborhoods in ˝ , yield the claim of
Theorem 13.2.2.

Corollary 13.2.1. In addition to the assumptions of Theorem 13.2.2, suppose that
c.x/ � 0 in ˝ . Then

kukC 2;˛.˝/ � c16

�kf kC ˛.˝/ C kgkC 2;˛.˝/

�
: (13.2.33)

Proof. Because of c � 0, the maximum principle (see, e.g., Theorem 3.3.2) implies

sup
˝

juj � max
@˝

juj C c17 sup
˝

jf j D max
@˝

jgj C c17 sup
˝

jf j :

Therefore, the L2-norm of u can be estimated in terms of the C 0-norms of f and g,
and the claim follows from (13.2.21). ut

13.3 Existence Techniques IV: The Continuity Method

In this section, we wish to study the existence problem

Lu D f in ˝;

u D g on @˝;
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in a C 2;˛-region ˝ with f 2 C ˛. N̋ /, g 2 C 2;˛. N̋ /. The starting point for our
considerations will be the corresponding result for the Poisson equation, Kellogg’s
theorem:

Theorem 13.3.1. Let ˝ be a bounded domain of class C 1 in R
d , f 2 C ˛. N̋ /,

g 2 C 2;˛. N̋ /. The Dirichlet problem

�u D f in ˝;

u D g on @˝;
(13.3.1)

then possesses a unique solution u of class C 2;˛. N̋ /.

Proof. Uniqueness follows from the maximum principle (see Corollary 3.1.1). For
the existence proof, we first assume that f and g are of class C 1. The variational
methods of Sect. 10.3 yield a weak solution, which then is of class C 1.˝/ by
Theorem 11.3.1. Moreover, by Corollary 13.2.1,

kukC 2;˛.˝/ � c1

�kf kC ˛.˝/ C kgkC 2;˛.˝/

�
: (13.3.2)

We now return to the C 2;˛-case. We approximate f and g by C 1-functions fn

and gn that are defined on ˝ . Let un be the solution of the corresponding Dirichlet
problem

�un D fn in ˝;

un D gn on @˝:

For n � m, un � um then satisfies (13.3.2) on ˝ , i.e.,

kun � umkC 2;˛.˝/ � c1

�kfn � fmkC ˛.˝/ C kgn � gmkC 2;˛.˝/

�
: (13.3.3)

Here, the constant c1 does not depend on the solutions; it depends only on the C 2;˛-
geometry of the domain. We assume that fn converges to f in C ˛.˝/, and gn to g

in C 2;˛.˝/, and so the un constitute a Cauchy sequence in C 2;˛.˝/ and therefore
converge towards some u 2 C 2;˛.˝/ that satisfies

�u D f in ˝;

u D g on @˝;

and the estimate (13.3.2). ut
We now state the main existence result of this chapter:

Theorem 13.3.2. Let ˝ be a bounded domain of class C 1 in R
d . Let the

differential operator

L D
dX

i;j D1

aij .x/
@2

@xi @xj
C

dX
iD1

bi .x/
@

@xi
C c.x/ (13.3.4)
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satisfy (A) and (B) from Sect. 13.2, and in addition,

c.x/ � 0 in ˝: (13.3.5)

For any f 2 C ˛. N̋ /, g 2 C 2;˛. N̋ / there then exists a unique solution u 2 C 2;˛. N̋ /

of the Dirichlet problem

Lu D f in ˝;

u D g on @˝:
(13.3.6)

Remark. It is quite instructive to compare this result and its assumptions with
Theorem 11.4.4.

Proof. Considering, as usual, Nu D u � g in place of u, we may assume g D 0, as
our problem is equivalent to

LNu D Nf WD f � Lg 2 C ˛.˝/;

Nu D 0 on @˝:

We thus assume g D 0 (and write u in place of Nu). We consider the family of
equations

Lt u D f for 0 � t � 1;

u D 0 on @˝;
(13.3.7)

with

Lt D tL C .1 � t/�: (13.3.8)

The differential operators Lt satisfy the structural conditions (A) and (B) with

�t D min.1; �/; Kt D max.1; K/: (13.3.9)

We have L0 D �, L1 D L. By Theorem 13.3.1, we can solve (13.3.7) for t D 0.
We intend to show that we may then also solve this equation for all t 2 Œ0; 1
, in
particular for t D 1. The latter is what is claimed in the theorem.

The operator

Lt W B1 WD C 2;˛. N̋ / \ fu W u D 0 on @˝g ! C ˛. N̋ / DW B2

is a bounded linear operator between the Banach spaces B1 and B2. Let ut be a
solution of Lt ut D f , ut D 0 on @˝ . By Corollary 13.2.1,

kutkC 2;˛.˝/ � c2 kf kC ˛.˝/ ;
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i.e.,

kukB1
� c2 kLt ukB2

; (13.3.10)

for all u 2 B1. Here, the constant c2 does not depend on t , because by (13.3.9), the
structure constants �t , Kt of the operators Lt can be controlled independently of t .

We want to show that for any f 2 B2 there exists a solution ut of (13.3.7), i.e., of
Lt ut D f , in B1. In other words, we want to show that the operators Lt W B1 ! B2

are surjective for 0 � t � 1. This, however, follows from the general result stated as
the next theorem. With that result, we then conclude the proof of Theorem 13.3.2.

Theorem 13.3.3. Let L0; L1 W B1 ! B2 be bounded linear operators between the
Banach spaces B1; B2. We put

Lt WD .1 � t/L0 C tL1 for 0 � t � 1:

We assume that there exists a constant c that does not depend on t , with

kukB1
� c kLt ukB2

for all u 2 B1: (13.3.11)

If then L0 is surjective, so is L1.

Proof. Let L� be surjective for some � 2 Œ0; 1
. By (13.3.11), L� then is injective
as well, and thus bijective. We therefore have an inverse operator

L�1
� W B2 ! B1:

For t 2 Œ0; 1
, we rewrite the equation

Lt u D f for f 2 B2 (13.3.12)

as

L� u D f C .L� � Lt /u D f C .t � �/.L0u � L1u/;

or

u D L�1
� f C .t � �/L�1

� .L0 � L1/u DW 	u:

Thus, for solving (13.3.12), we need to find a fixed point of the operator 	 W B1 !
B2. By the Banach fixed point theorem, such a fixed-point exists if we can find some
q < 1 with

k	u � 	vkB1
� q ku � vkB1

:

We have

k	u � 	vk � ��L�1
�

�� .kL0k C kL1k/ jt � � j ku � vk :
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By (13.3.11),
��L�1

�

�� � c. Therefore, it suffices to choose

jt � � j � 1

2
.c .kL0k C kL1k//�1 DW �

for obtaining the desired fixed point. This means that if L� u D f is solvable, so is
Lt u D f for all t with jt � � j � �. Since L0 is surjective by assumption, Lt then is
surjective for 0 � t � �. Repeating the preceding argument, this time for � D �, we
obtain surjectivity for � � t � 2�. Iteratively, all Lt for t 2 Œ0; 1
, and in particular
L1, are surjective. ut
Basic references about Schauder’s approach are [2, 12]. Our treatment of the
fundamental C ˛-estimate for the Poisson equation uses scaling relations in place
of the usual weighted Hölder spaces and is hopefully a little simpler.

Summary

A solution of the Poisson equation

�u D f

with ˛-Hölder continuous f is contained in the space C 2;˛; i.e., it possesses ˛-
Hölder continuous second derivatives for 0 < ˛ < 1. (This is no longer true for
˛ D 0 or ˛ D 1. For example, if f is only continuous, a solution need not be twice
continuously differentiable.) By linear coordinate transformations this result can be
easily extended to linear elliptic differential equations with constant coefficients.
Schauder then succeeded in extending these results to solutions of elliptic equations

Lu.x/ WD
X
i;j

aij .x/
@2u.x/

@xi @xj
C
X

i

bi .x/
@u

@xi
C c.x/u.x/ D f .x/

with ˛-Hölder continuous coefficients, by considering such an operator L as a local
perturbation of an operator with constant coefficients aij ; bi ; c.

The continuity method reduces the solution of

Lu D f

to that of the Poisson equation

�u D f

by considering the operators

Lt WD tL C .1 � t/�
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for 0 � t � 1, and showing that the set of t 2 Œ0; 1
 for which

Lt u D f

can be solved is open and closed (and nonempty, because the Poisson equation can
be solved). The proof of closedness rests on Schauder’s estimates.

Exercises

13.1. Let K � R
d be bounded, fn W K ! R (n 2 N) a sequence of functions with

kfnkC ˛.K/ � const (independent of n);

for some 0 < ˛ � 1. (Here and in the next exercise, in the case ˛ D 1, we consider
the space C 0;1 of Lipschitz continuous functions.) Show that .fn/n2N has to contain
a uniformly convergent subsequence.

13.2. Is it true that for all domains ˝ � R
d ; 0 < ˛ < ˇ � 1,

C ˇ.˝/ � C ˛.˝/‹

13.3. Let u 2 C k;˛.˝/ satisfy

Lu D f

for some f 2 C k;˛.˝/ (k 2 N; 0 < ˛ < 1). Here, we assume that the operator L

from (13.2.1) satisfies the ellipticity condition (A) as well as

��aij
��

C k;˛ .˝/
;
��bi

��
C k;˛ .˝/

; kckC k;˛.˝/ � K

for all i; j . Show that u 2 C kC2;˛.˝0/ for any ˝0 �� ˝ , and

kukC kC2;˛ .˝/ � c.kf kC k;˛ .˝/ C kukL2.˝//;

with a constant c depending on K and the quantities of Theorem 13.2.1.
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