Chapter 13

The Regularity Theory of Schauder
and the Continuity Method (Existence
Techniques 1V)

13.1 C*-Regularity Theory for the Poisson Equation

In this chapter we shall need the fundamental concept of Holder continuity, which
we now recall from Sect. 11.1:

Definition 13.1.1. Let f : 2 — R, xo € £2,0 < « < 1. The function f is called
Holder continuous at xo with exponent « if

p T = SOl

(13.1.1)
veo X —xo/”

Moreover, f is called Holder continuous in £2 if it is Holder continuous at each
Xxo € $£2 (with exponent «); we write f € C%(£2). If (13.1.1) holds for « = 1,
then f is called Lipschitz continuous at x,. Similarly, C**(£2) is the space of those
f € Ck(£2) whose kth derivative is Holder continuous with exponent o.

We define a seminorm by

|f|cwm) = sup M

(13.1.2)
X, yER I)C - y|0(
We define

I/ llce2y = 1f lcoey + 1 f lca)

and
I/ llcre(e)

as the sum of || /|| cx (g, and the Holder seminorms of all kth partial derivatives of

f. As in Definition 13.1.1, in place of C®¢, we usually write C*. The following
result is elementary:
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Lemma 13.1.1. If fi, /> € C%(G) on G C R, then f, f> € C*(G), and

| /i falceqay = (sgp |f1|) | ~olca(e) + (Slcl;p |f2|) | filcw) -

Proof.
1) L) = L) O] _ ) = A1) S(x) = f(y)
ACILC = ALON o AR, ) 4 O Z SO0 gy
|x =yl |x =yl |x =yl

which directly implies the claim. O
Theorem 13.1.1. As always, let 2 C R? be open and bounded,

u) = [ P S0, (13.13)

Q

where I' is the fundamental solution defined in Sect. 2.1.

(a) If f € L%®(R2) (i.e., sup,cq | f(x)| < 00),! thenu € C1*(£2), and
ullcrae) < crsup|f| fora €(0,1). (13.1.4)
(b) If f € C&(82), thenu € C**(82), and
lullcraiay < 21 fllcoqmy forO<a < 1. (13.1.5)

The constants in (13.1.4) and (13.1.5) depend on «, d, and on §2 (on its volume
|$2| and its diameter).

Proof. (a) Up to a constant factor, the first derivatives of u are given by

; . xi_yl _
v (x) .—/Q—|x_y|df(y)dy (i=1,...,d).

From this formula,

i i i
Xy — Yy

d d
| |2 — y|

IV (x1) =V ()] < Suplfl'/ dy.  (13.1.6)
2 2

xi—y
lxi —y

By the intermediate value theorem, on the line from x; to x;, there exists some
x3 with

“sup” here is the essential supremum, as explained in the appendix.
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i i

xi—y xb—y! 3 X1 — X2
-2 —. (13.1.7)
i =y" |x2 =yl X3 — ¥l
We put § := 2|x; — x2|. Since £2 is bounded, we can find R > 0 with

§£2 C B(x3, R), and we replace the integral on §2 in (13.1.6) by the integral
on B(x3, R), and we decompose the latter as

/ :/ +/ — I + D, (13.1.8)
B(x3.R) B(x3.6) B(x3,R)\ B(x3.6)

where without loss of generality, we may take § < R. We have
1
I < 2/ ————dy =2dwqé (13.1.9)
B(x3.6) |X3 — y|

and by (13.1.7)
I, < c46(log R —logé), (13.1.10)
and hence
I + I <cs|x; —x2|* foranya € (0, 1).
This proves (a) because obviously we also have

|V (x)| < cesup|f]. (13.1.11)
2
(b) Up to a constant factor, the second derivatives of u are given by

1
mf(ﬂdy;

however, we still need to show that this integral is finite if our assumption f €
Cy (£2) holds. This will also follow from our subsequent considerations.
We first put f(x) = 0 for x € R? \ £2; this does not affect the Holder continuity
of 1. We write

w (x) = / <|X—Y|25ij —d (x' = y') («/ _yj))

1

d+2

K(x—y):= <|x —J’|25ij —d (Xi —yi) (xj —yj)) W

_ 0 (A=)
- -y
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We have

yiooy ylooy
/ K(y)dy:/ R—'—d—/ R o
Ri<lyl<R> yl=r, K2 |y| =k K1 |y]

=0, (13.1.12)

. i .
since ‘y7 is homogeneous of degree 1 — d. Thus also
y

/Rd K(y)dy = 0. (13.1.13)
We now write
W) = [ K@=y
= [ F0) = r) Kx = ay (13.1.14)

by (13.1.13). As before, on the line from x; to x,, there is some x3 with

c7 |x1 — x2|

— (13.1.15)

|K(x1 —y) — K(x2 —y)| <
|x3 — |

We again put
§:=2x —x
and write [cf. (13.1.14)]
w (x1) = w" (x2)
= /Rd () = fx) K(xi —y) = (f(y) = f(x2)) K(x2 — )} dy
=1, + I, (13.1.16)

where I, denotes the integral on B(x;,8) and I, that on RY \ B(xi,8). Since
1) = fOI = 1 f llca - [x =y, it follows that

0] < 1/ e /B( K=l =31 4 1K = )l = v1°) dy
X1,

< gl fllea - 8% (13.1.17)
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Moreover,

L= / (f(r2) — f()) K(x1 — y) dy
R4\ B(x1,8)

4 / (FO) — F(2)) (Kt —v) — K(a — y))dy,  (13.1.18)
R4\ B(x1,8)

and the first integral vanishes because of (13.1.12). Employing (13.1.15), and since
for y € R? \ B(x1,4),

1 Co
S 9
|)C3—y|d+l |1 —Y|d+l
it follows that
[12] < c108 || fllce / [x) — y|“—d—1 <cnud® || fllce - (13.1.19)
R4\ B(x1,8)
Inequality (13.1.5) then follows from (13.1.16), (13.1.17), and (13.1.19). O

Theorem 13.1.2. As always, let 2 C R? be open and bounded, and 20 CC £2.
Let u be a weak solution of Au = f in 2.

(a) If f € COR), thenu € C'¥(§2), and
lullcracay < 12 (I1f lcogoy + llullz2()) - (13.1.20)

(b) If f € C¥(2), thenu € C>%(R2), and

lullc2aqay < €13 (ILf llcaqey + lull2¢e)) - (13.1.21)

Remark. The restriction 0 < o < 1 is essential for Theorem 13.1.2, as well as for
the subsequent results. For example, in some neighborhood of 0, the function

(') = | [ tog ('] + [+
satisfies the inequality

|u| + | Au| < const,

0%u

a2 behaves like

while the mixed second derivative

log (|x'] + |x?]) -

Consequently, the C''-norm of u cannot be controlled by pointwise bounds for
f = Au and u.
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Proof. We demonstrate the estimates (13.1.20) and (13.1.21) first under the
assumption u € C2>%(£2). We may cover §2 by finitely many balls that are contained
in §2. Therefore, it suffices to verify the estimates for the case

.Q(): B(O,I‘),
£2=B0O,R), 0<r<R<oo0.

Let0 < Ry < Ry < R. We choose some n € C°(B(0, Ry)) with0 < n <1,
n(x) = 1 for |x| < Ry, and

Il creBo.ryy < C1a(Ra — R1) ™72 (13.1.22)
We put
¢ = nu. (13.1.23)

Then ¢ vanishes outside of B(0, R;), and by (2.1.12),

30 = [ 1@ 0ap0)0y. (13.124)
Here,
A¢p = nAu+2Du- Dn + uln, (13.1.25)
and so
[Adlco = [|Aullco + c1s [l - uller (13.1.26)
and by Lemma 13.1.1
[Adllce = cie lInllc2e (|Aullce + llullcre) (13.1.27)

where all norms are computed on B(0, R;). From Theorem 13.1.1 and (13.1.26) and
(13.1.27), we obtain

[¢llcre = cr7 ([Aullco + lInllca luller) (13.1.28)
and
@llc2e < c1slnllc2e (|Aullce + [ullcre), (13.1.29)

respectively. Since u(x) = ¢(x) for |x| < Ry, and recalling (13.1.22), we obtain

1
lull crapo.ryy) < €19 (||A”||c0(3(0,1e2)) + R R lullcrpo.ry) ,) (13.1.30)
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and
lullc2epo.ry)) = "ZOW (”AM”C‘Y(B(O,RZ)) + ”M”Cl-“(B(O,Rz)))
(13.1.31)
respectively.
We now interrupt the proof for some auxiliary results:
Lemma 13.1.2.

(a) There exists a constant c, such that for every p > 0 and any function v €
C'(B(0,p)) :

IVlicoso,p) =< IDVIcoso,p) + callvliL2so,p) : (13.1.32)

(b) There exists a constant c, such that for every p > 0 and any function v €
C'(B(0,p)):

Ivilcisw,p) = IDVIceso.) + collviizzao.m) (13.1.33)

[here, | Dv|c« is the Hilder seminorm defined in (13.1.2)].

Proof. 1f (a) did not hold, for every n € N, we could find a radius p, and a function
va € CY(B(0, p,)) with

L= |vallcoo.py = 1DVallcoso.om) + 1llvall 2000 (13.1.34)

We first consider the case where the radii p, stay bounded for n — oo in which
case we may assume that they converge towards some radius pg and we can consider
everything on the fixed ball B(0, po).

Thus, in that situation, we have a sequence v, € C'(B(0,p)) for which
[[Vallc1((0,py)) 18 bounded. This implies that the v, are equicontinuous. By the
theorem of Arzela—Ascoli, after passing to a subsequence, we can assume that the
v, converge uniformly towards some vy € C°(B(0, p)) with Ivollcos,p)) = 1-
But (13.1.34) would imply [[voll22(B(0,py)) = 0; hence v = 0, a contradiction.

It remains to consider the case where the p, tend to co. In that case, we use
(13.1.34) to choose points x, € B(0, p,) with

1 1
[vn (xn)| = §||Vn||c0(3(o,pn)) =35 (13.1.35)

We then consider wy, (x) := v, (x + x,) so that w,(0) > % while (13.1.34) holds for
w, on some fixed neighborhood of 0. We then apply the Arzela—Ascoli argument to
the w,, to get a contradiction as before.

(b) is proved in the same manner. The crucial point now is that for a sequence
v, for which the norms ||v,||c1.« are uniformly bounded both the v, and their first
derivatives are equicontinuous. O
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Lemma 13.1.3.
(a) For e > 0, there exists M(g) (< 00) such that for all u € C'(B(0, 1))
lullcopo.nyy < €llullcrpo.ry + M) llull20.1) (13.1.36)
forallu € C'*. Fore — 0,
M(g) < const.e™?. (13.1.37)

(b) For every o € (0,1) and ¢ > 0, there exists N(g) (< 00) such that for all
ue€ C"(B(0,1))

lullcr gy =< €llullcreso.ry + NE) lull 201 (13.1.38)

forallu € C'*. Fore — 0,

_d+1
N(e) < const.e™ « .

(13.1.39)

(c) For every o € (0,1) and ¢ > 0, there exists Q(g) (< 00) such that for all
ue C?>(B(0,1))

lullcrepoy < € lullc2epo.y + Q€ lullL2(s0.1)) (13.1.40)
forallu € C'*. Fore — 0,
Q(e) < const.e™ 9717, (13.1.41)

Proof. We rescale:

1y (x) = u (%) . u,: B(0,p) > R. (13.1.42)
Equation (13.1.36) then is equivalent to

lupllcoo,py = &P llupllcr(ao,p)) + M(e)p™? ol 12(B(0,p))- (13.1.43)
We choose p such that p = 1,i.e., p = ¢! and apply (a) of Lemma 13.1.2. This

shows (13.1.43), and (a) follows.
For (b), we shall show

[Dullcopo.1y =< €lDulcaso.1y) + N(&) llull2(50.1))- (13.1.44)

Combining this with (a) then shows the claim. We again rescale by (13.1.42). This
transforms (13.1.44) into

[ Dupllcosopy < €% |Duplcas.p) + N(e)p ™! lupll2(Bo,py)-  (13.1.45)
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We choose p such that ep* = 1, i.e., p = ¢« and apply (b) of Lemma 13.1.2. This
shows (13.1.45) and completes the proof of (b).
(c) is proved in the same manner. O

We now continue the proof of Theorem 13.1.2:
For homogeneous polynomials p(t), g(¢), we define

Ay = sup p(R—r) ullcropo,)

0<r<RrR
Az := sup q(R—r) |[ul crecp,) -
0<r<R
For the proof of (a), we choose R, such that
Ay =2p(R— Ry) [lullcrepo.r)) - (13.1.46)
and for (b), such that

(In general, the R; of (13.1.46) will not be the same as that of (13.1.47).) Then
(13.1.30) and (13.1.38) imply

€
Ay <21 p(R— R1)< [ Aullcocpo.ry)) + Rr—R)? el cre(a0,r))

1
—— N
+ (Ro—R))? () ||“||L2(B(0,R2)))

R—R
<c» p 1) . ¢ 5 - A
P(R—Ry) (Ry—Ry)

P(R—Ry)

+ 3 p(R—Ry) ||A”||c0(3(o,Rz)) + 2 N(E)m ”u“LZ(B(O,Rz)) :
(13.1.48)
We choose R, = @ € (Ry, R). Then, because the polynomial p is

homogeneous,
P(R—Ri) _ p(R—Ry)
P(R—Ry) — p(Rhk)

is independent of R and R;. Therefore,

o (R, — R))> p(R—Ry)
2¢0 p(R—=Ry)

~(R—R))’
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and
2(d+1)

N(e) ~(R—R))" =
by Lemma 13.1.2(b). Thus, when we choose

2(d+1)
pt)y=1"a T2

the coefficient of ||ul[.2(p(o.r,)) in (13.1.48) is controlled.
Thus, finally

1
,u <—A
flull o (B(0.r)) = P(R—7) 1

< 25 (1 Aull cogso.ry + 1l 22800.8y) - (13.1.49)

with a constant that now also depends on the radii occurring.
In the same manner, from (13.1.31) and (13.1.40), we obtain

lullc2a sy < 26 (1 AUl coso.r) + 1l L2¢30.2))) (13.1.50)
for 0 < r < R. Since Au = f, we have thus proved (13.1.20) and (13.1.21) for
ue C*(Q).

For u € W'2(£2) we consider the mollifications u; as in Lemma A.2 of the
appendix. Let 0 < & < dist(§2y, 3§2). Then

/ Duy, - Dv = —/ funv forallv e Hol’z(.Q),
Q2 I?;
and since u;, € C°, also

Aup, = fi.

Moreover, by Lemma A.2,

Ifn = fllco =0,

and for h — 0, the fj, therefore constitute a Cauchy sequence in C°(£2). Applying
(13.1.20) to up, — up,, we obtain

”uhl - “h2||cl.u(go) < Cy7 (”fhl - fh2||co(9) + ||uh1 - uhZHLZ(_Q)) . (13151)

The limit function u thus is contained in C'%(£2,) and satisfies (13.1.20).
We also easily check that

[fllce = 11/ Nl -
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Therefore, by using the Arzela-Ascoli Theorem, the fj, converge to f in C# for
every 8 < « (see Section 5 in [19]). Hence

oty = ey = €28 (1fin = fiallenay + ltm =l o)) - (13.1.52)

The limit function u thus is contained in C>#(£2,) and satisfies (13.1.21) for every
B < «. Since the constant cpg in (13.1.52) and hence also the constant ¢j3 in
(13.1.21) can be taken to be independent of 8 < «, we obtain (13.1.21) also for
the exponent o, and hence u is contained in C>%(£2y) and satisfies the required
estimate. O

Part (a) of the preceding theorem can be sharpened as follows:

Theorem 13.1.3. Let u be a weak solution of Au = f in §2 (52 a bounded domain
inR?), f € LP(R) for some p > d, 2y CC 2. Then u € C'*(82) for some o
that depends on p and d, and

el craqay < const (I f | o) + lull 2¢2)) -

Proof. Again, we consider the Newton potential

w(x) = /Q F(x.y) f(y)dy.
and
v (x) :=/Qﬁf(y)dy-

Using Holder’s inequality, we obtain

=1
i dy_ ’
|V (x)| <1 flere) / (d—1)-L ’
lx — p[7

and this expression is finite because of p > d. In this manner, one also verifies that

%w = consty’ and obtains the Holder estimate as in the proof of Theorem 13.1.1(a)

and Theorem 13.1.2(a). ]

Corollary 13.1.1. If u € W'2(2) is a weak solution of Au = f with f €
Che(2), keN 0 <a <1, thenu e CK2%(), and for 2o CC £2,

el ke gy = COHSt(”f”ck-a(Q) + ||'4||L2(9))‘

If f € C®(R2), sois u.
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Proof. Since u € C**(§2) by Theorem 13.1.2, we know that it weakly solves

0

8xi =

f-

Theorem 13.1.2 then implies

iue Cz,a(g) (iefl,....d}),
0x?

and thus u € C3%(£2). The proof is concluded by induction.

13.2 The Schauder Estimates

In this section, we study differential equations of the type

d

u ou
Lu(x):= Y a"(x X) o ;xi +Zb’( ) (x )+c(x)u(x) f(x)
i.j=1

in some domain £2 C RY. We make the following assumptions:

(A) Ellipticity: There exists A > 0 such that for all x € £2, £ € R¢,

d
> al (kg = AES
i,j=1

Moreover, a” (x) = a’(x) for all i, j, x.
(B) Holder continuous coefficients: There exists K < oo such that

Haij “C“(Q) ’ b' ”C"(Q) ’ ||C||C“(9) =K

foralli, j.

The fundamental estimates of J. Schauder are the following:

Theorem 13.2.1. Let f € C%(2), and suppose u € C*%(2) satisfies
Lu=f
in 2 (0 <a < 1). Forany 20 CC 2, we then have

el c2a) < €1 (ILf llcaqa) + lull 2¢2)) -

with a constant ¢| depending on §2, 2o, a,d, A, K.

(13.2.1)

(13.2.2)

(13.2.3)
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For the proof, we shall need the following lemma:

d
Mg < Z AVgE, < AJE]* forallE e RY

ij=1
with
0<A<A<oo.
Let u satisfy
d . 0%u
i;l A axioxi S

with f € C*(£2) (0 < o < 1). For any 29 CC £2, we then have

||“||c2»“(90) =0 (||f||ca(9) + ||M||L2(Q))~

Proof. We shall employ the following notation:

5 92
A= (A" =1 a, Du:= (—u) .
ij=1,..d

oxiox/

341

(13.2.4)

(13.2.5)

(13.2.6)

If B is a nonsingular d x d-matrix and if y := Bx,v:=uo B~ ie,v(y) = u(x),

we have
AD*u(x) = AB'D*v(y)B,
and hence

Tr(AD?u(x)) = Tr(BAB' D*v(y)).

(13.2.7)

Since A is symmetric, we may choose B such that B’ A B is the unit matrix. In fact,

B can be chosen as the product of the diagonal matrix

_1
A2
D =

Ag

=

(A1, ..., Aq being the eigenvalues of A) with some orthogonal matrix R. In this way

we obtain the transformed equation

Av(y) = f (B'y).

(13.2.8)

Theorem 13.1.2 then yields C>“-estimates for v, and these can be transformed back
into estimates for u = vo B. The resulting constants will also depend on the bounds
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A, A for the eigenvalues of A, since these determine the eigenvalues of D and hence
of B. O

Proof of Theorem 13.2.1: We shall show that for every xo € £2, there exists some
ball B(xg,r) on which the desired estimate holds. The radius r of this ball will
depend only on dist(§20, 3§2) and the Holder norms of the coefficients a”/, b’ c.
Since £2y is compact, it can be covered by finitely many such balls, and this yields
the estimate in £2;.

Thus, let xp € 5_20. We rewrite the differential equation Lu = f as

) 2
Z aij (xo) a u(x) _ Z (aij (XO) _ aij (x)) 3 M(.X)
i.j

oxiox/ Py oxiox/

i du(x)
= 2P W) = eu() + f(x)
i
— (). (13.2.9)
If we are able to estimate the C%-norm of ¢, putting A” := a%/(x() and applying

Lemma 13.2.1 will yield the estimate of the C>%-norm of u. The crucial term for the
estimate of ¢ is Y _(a” (x¢) — a” (x)) Pu_ et B(xg, R) C £2. By Lemma 13.1.1

dxtox/ *
. . 0%u(x)
Z (a” (x0) —a" (x)) PETY
" C%(B(x0.R))

< sup  |a"(x0) —d’(x)||D?
i,j,x€B(x0,R)

LYl
iJj

M|C"(B(XO,R))

(13.2.10)

2
a sup |D~u|.
C(B(x0,R)) B(X(),R)‘ |
Thus, also

HZ (aij (x0) —a” (x)) 32” -
ax'dx/

< sup|a’ (x0) — @’ ()| ull c2qpieg.ryy + 3 [l c2peegry - (13:2:11)

C%(B(xo,R))

where c; in particular depends on the C*-norm of the a” .
Analogously,

; u
"Zb ()5 ()

lle ) uC) | ca(ixo.r)) = €5 1ullco(Bixg.r)) - (13.2.13)

< cy ”M”Cl*"(B(xO,R)) s (13212)
C*(B(x0.R))
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Altogether, we obtain

||<P||ca(B(x0,R)) = sup \aij (x0) — a' (x)| ||M||c2~a(3(x0,1e))
i,j,x€B(x0,R)
+ ¢ lullc2pxg.r)) T IS Il ce(Bxg.R)) - (13.2.14)

By Lemma 13.2.1, from (13.2.9) and (13.2.14) for 0 < r < R, we obtain

||u||C2~°‘(B(x0,r)) =¢ sup iau (x0) —a" (x)| ||M||c2~a(3(x0,R))
i,j,xEB(X(),R)

+ cs llullc2ex.ry T €0 1S lce(e.ry) - (13.2.15)

Since the a'/ are continuous on §2, we may choose R > 0 so small that

. . 1
c7 sup |a’/ (xo) —a" (x)| < —. (13.2.16)

i.j.x€B(x0.R) 2
With the same method as in the proof of Theorem 13.1.2, the corresponding term
can be absorbed in the left-hand side. We then obtain from (13.2.15)

1wl c2e(B(xe.r)) = 2€8 1ullc2(pixg.r)) T 2€0 I.f Il ca(Bxo.R)) - (13.2.17)

By (13.1.40), for every ¢ > 0, there exists some Q (&) with

lullc2Bxg.r) = € Nullc2e(ping.r)y T Q@) 14l L2(Bxo ) - (13.2.18)

With the same method as in the proof of Theorem 13.1.2, from (13.2.18) and
(13.2.17), we deduce the desired estimate

”u”CZ-"(B(xo,R)) =<0 (”f”C"(B(xo,R)) + ||M||L2(B(X0,R))). (13.2.19)

We may now state the global estimate of J. Schauder for the solution of the Dirichlet
problem for L:

Theorem 13.2.2. Let 2 C R? be a bounded domain of class C** (analogously
to Definition 11.3.1, we require the same properties as there, except that (iii) is
replaced by the condition that ¢ and ¢~ are of class C*%). Let f € C*(£2),
g € C2%(2) (as in Definition 11.3.2), and let u € C>*(82) satisfy

Lu(x) = f(x) forx € $2,
(13.2.20)
u(x) = g(x) forx € 052.
Then
lullc2a@y < enn (I1f lcaie) + gl c2acey + lull2@)) » (13.2.21)

with a constant ¢11 depending on 2, a,d, A, and K.
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The Proof essentially is a modification of that of Theorem 13.2.1, with
modifications that are similar to those employed in the proof of Theorem 11.3.3.
We shall therefore provide only a sketch of the proof. We start with a simplified
model situation, namely, the Poisson equation in a half-ball, from which we shall
derive the general case.

As in Sect. 11.3, let

BY(0.R) = {x = (x",....x%) e R%;|x] < R,x? > 0}.
Moreover, let

BT (0,R) :=3B1(0,R) N {x? =0},
0T BT(0,R) := 3B+ (0,R)\ 3BT (0, R).

We consider f € C¢ <B+(O, R)) with

f =0 ondtBT(0,R).

In contrast to the situation considered in Theorem 13.1.1(b), f no longer must
vanish on all of the boundary of our domain £2 = B*(0, R), but only on a certain
portion of it. Again, we consider the corresponding Newton potential

u(x) := / I'(x,y)f(y)dy. (13.2.22)
BT(0,R)

Up to a constant factor, the first derivatives of u are given by

X xi i
Vi (x) :/ = rpdy G =1.....d), (13.2.23)
BHO.R) [x — |

and they can be estimated as in the proof of Theorem 13.1.1(a), since there, we did
not need any assumption on the boundary values.
Up to a constant factor, the second derivatives are given by

i 0 iyl .
Wil (x) =/}AB 2 (x—yld) fdy  (=wii(x)). (13.2.24)

+o.R) 07\ [x—y

For K(x — y) = 2 (ﬂ),andiaédorj #d,

T\ Jx—y[?

K(y)dy =0 (13.2.25)

Ry<|y|<Rry
yd >0
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by homogeneity as in (13.1.12). Thus, fori # d or j # d, the a-Holder norm of

the second derivative ,38 —u can be estimated as in the proof of Theorem 13.1.1(b).
The differential equatlon Au = f implies

(axd)2 =f- Z(ax b (13.2.26)

and so we obtain estimates for the o-Ho6lder norm of %u as well. We can thus
estimate all second derivatives of u.

As in the proof of Theorem 13.1.2, we then obtain C 2. _estimates in B+(O, R)
for solutions of

Au=f  inBT(0,R) with f € C® (B+(o, R)),
(13.2.27)
u=0 on 3BT (0, R),
forO0 <r < R:
Il c2aa+0.ry < €12 (1f lcez+o.r) + 1l 228+0.8)) - (13.2.28)
Namely, putting

@ =nu

as in (13.1.23) with the same cutoff function as in (13.1.22), we have ¢ = 0 on
9B*(0,R;) (0 < Ry < R, < R), since n vanishes on 3+ BT (0, R,), and u on
3°B*(0, R,). Thus, again

o(x) = / I (x. y) Ap(y)dy
B+(0.R)

is a Newton potential, and the preceding estimates can be used to deduce the same
result as in Theorem 13.1.2: For0 < r < R,

Il c2aa+0.0y < €13 (1f lcea+o.r) + 1l 228+0.8) - (13.2.29)

We next consider a solution of

Au= f inB¥(0,R) with f € C* (m), (13.2.30)
u=g ondBT(0,R) withg e C>® (m) . (13.2.31)
Asin Sect. 11.3, we put u := u — g. We see that u satisfies
Aii=f —Ag=: f € C® (m) in B+(0, R),

i=00nd"BT(0,R).
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We have thus reduced our considerations to the above case (13.2.27), and so, from
(13.2.29), we obtain

lullcres+ory) < Néllczeas+or) + 1€ lc2eam+0.r)
<cu I:”fHCO((BJr(O,R)) + [l L2+ 0.r)) + ||g||c2-u(3+(o,R))]

=<C15 [||f||cu(3+(o,R)) + ||g||c2~a(3+(o,R)) + ||”||L2(B+(0,R))] .
(13.2.32)

In order to finally treat the situation of Theorem 13.2.2, as in Sect. 11.3, we trans-
form a neighborhood U of a boundary point x, € 92 with a C2-diffeomorphism
¢ to the ball B(0, R), such that the portion of  that is contained in §2 is mapped
to B¥(0, R), and the intersection of U with 952 is mapped to 3° B (0, R). Again,
it == uo¢ ! on B *(0, R) satisfies a differential equation of the same type as
Lu = f, Li = f, again with different constants A, K in (A) and (B). By the
preceding considerations, we obtain a C2“-estimate for iz in B* (0, R/2). Again ¢
transforms this estimate into one for u on a subset U’ of U. Since £2 is bounded,
052 is compact and can thus be covered by finitely many such neighborhoods U’.
The resulting estimates, together with the interior estimate of Theorem 13.2.1,
applied to the complement §2y of those neighborhoods in 2, yield the claim of
Theorem 13.2.2.

Corollary 13.2.1. In addition to the assumptions of Theorem 13.2.2, suppose that
c(x) <0in $2. Then

lull c2aqay < €16 (I1f lco@) + 1€llcraca)) - (13.2.33)

Proof. Because of ¢ < 0, the maximum principle (see, e.g., Theorem 3.3.2) implies

sup |u| < max |uf 4-¢17 sup | f| = max |g| 4 c17sup [ f].
Q 982 Q 982 Q

Therefore, the L2-norm of u can be estimated in terms of the C°-norms of f and g,
and the claim follows from (13.2.21). O

13.3 Existence Techniques I'V: The Continuity Method

In this section, we wish to study the existence problem

Lu=f in§£2,
u=g onoas2,
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in a C>%-region 2 with f € C%(2), g € C**(£2). The starting point for our
considerations will be the corresponding result for the Poisson equation, Kellogg’s
theorem:

Theorem 13.3.1. Let §2 be a bounded domain of class C* in R?, f e C*(R2),
g € C>%(2). The Dirichlet problem

Au=f inf2,
(13.3.1)
u=g onoas2,

then possesses a unique solution u of class C*%(82).

Proof. Uniqueness follows from the maximum principle (see Corollary 3.1.1). For
the existence proof, we first assume that f and g are of class C*°. The variational
methods of Sect. 10.3 yield a weak solution, which then is of class C*°(£2) by
Theorem 11.3.1. Moreover, by Corollary 13.2.1,

lullczaqay < 1 (1f lco@) + 1gllcraqe)) - (13.3.2)

We now return to the C%%-case. We approximate f and g by C*-functions f,
and g, that are defined on 2. Let u, be the solution of the corresponding Dirichlet
problem

Au, = f, in £,
u, =g, onoas2.

For n > m, u,, — u,, then satisfies (13.3.2) on £2, i.e.,
1ty = tmllc2ay < €1 (1o = fullcaqay + 180 — gmllc2eq)) - (13.3.3)

Here, the constant ¢; does not depend on the solutions; it depends only on the C2*-
geometry of the domain. We assume that f, convergesto f in C%(£2),and g, to g
in C>%(£2), and so the u, constitute a Cauchy sequence in C*%(£2) and therefore
converge towards some u € C>%(£2) that satisfies

Au= f in$2,
u=g onds2,
and the estimate (13.3.2). O

We now state the main existence result of this chapter:

Theorem 13.3.2. Let 22 be a bounded domain of class C® in R?. Let the
differential operator

d

L= Z a’(x)

ij=1

2

0
oxiox/

i

d
+ Zbi(x)% + ¢(x) (13.3.4)
i=1
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satisfy (A) and (B) from Sect. 13.2, and in addition,
c(x) <0 inS2. (13.3.5)

Forany f € C%(82), g € C>%(82) there then exists a unique solution u € C>%(£2)
of the Dirichlet problem

Lu=f in$2,
(13.3.6)
u=g onas2.

Remark. Tt is quite instructive to compare this result and its assumptions with
Theorem 11.4.4.

Proof. Considering, as usual, u = u — g in place of u, we may assume g = 0, as
our problem is equivalent to

Li= f:=f—LgeC%R),
u=0 ondsf2.
We thus assume g = 0 (and write u in place of u). We consider the family of
equations
Liu=f for0<t<l1,
(13.3.7)
u=0 onas2,
with
Ly =tL+ (1-1)A. (13.3.8)

The differential operators L, satisfy the structural conditions (A) and (B) with
A =min(1,4), K, = max(l, K). (13.3.9)
We have Ly = A, L = L. By Theorem 13.3.1, we can solve (13.3.7) for t = 0.
We intend to show that we may then also solve this equation for all z € [0, 1], in
particular for # = 1. The latter is what is claimed in the theorem.
The operator

L B :=C*™@)N{u:u=0 ond} - C*R)=:B,

is a bounded linear operator between the Banach spaces B; and B;. Let u, be a
solution of L,;u; = f, u; = 0 on 952. By Corollary 13.2.1,

luellcraqey < 2 1f lcaqey »
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i.e.,
lullp, < callLiulp, . (13.3.10)

for all u € B;. Here, the constant ¢, does not depend on 7, because by (13.3.9), the
structure constants A,, K, of the operators L; can be controlled independently of ¢.
We want to show that for any f € B, there exists a solution u, of (13.3.7), i.e., of
L;u, = f,in By. In other words, we want to show that the operators L; : By — B;
are surjective for 0 < ¢ < 1. This, however, follows from the general result stated as
the next theorem. With that result, we then conclude the proof of Theorem 13.3.2.

Theorem 13.3.3. Let Ly, L : By — B, be bounded linear operators between the
Banach spaces B, B,. We put

L= —-t)Lo+1tL; forO<t <1.
We assume that there exists a constant ¢ that does not depend on t, with

lullg, <clLiullg, forallue B. (13.3.11)

If then Ly is surjective, so is L.

Proof. Let L. be surjective for some t € [0, 1]. By (13.3.11), L, then is injective
as well, and thus bijective. We therefore have an inverse operator

L7": B, — B.

For ¢t € [0, 1], we rewrite the equation

Liu=f forfebB (13.3.12)
as

Liu=f+ (L, —Lu=f+(t—1)(Lou— Lu),
or
u=L'f+ (@t —1)L7"(Lo— L\)u=: Au.
Thus, for solving (13.3.12), we need to find a fixed point of the operator A : B; —
B,. By the Banach fixed point theorem, such a fixed-point exists if we can find some
q < 1 with
[Au—Av|p, = qllu—vp, .

We have

| Au—Av] < [ LT Lol + DLaD e = ol = v
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By (13.3.11),

LT_l || < c. Therefore, it suffices to choose

1 _
It =7l = 5 (€ (lLoll + IIL1ID) f=ip

for obtaining the desired fixed point. This means that if L,u = f is solvable, so is
L,u = f forall t with |t — 7| < 7. Since Ly is surjective by assumption, L, then is
surjective for 0 <t < n. Repeating the preceding argument, this time for t = 7, we
obtain surjectivity for n <t < 2n. Iteratively, all L, for¢ € [0, 1], and in particular
L, are surjective. O

Basic references about Schauder’s approach are [2, 12]. Our treatment of the
fundamental C“-estimate for the Poisson equation uses scaling relations in place
of the usual weighted Holder spaces and is hopefully a little simpler.

Summary

A solution of the Poisson equation
Au=f

with a-Holder continuous f is contained in the space C 2oy je., it possesses -
Holder continuous second derivatives for 0 < o < 1. (This is no longer true for
a = 0 or o = 1. For example, if f is only continuous, a solution need not be twice
continuously differentiable.) By linear coordinate transformations this result can be
easily extended to linear elliptic differential equations with constant coefficients.
Schauder then succeeded in extending these results to solutions of elliptic equations

0%u(x)
oxiox/

Lu(x) := Z a’ (x)

i.j

D
+3 b (x)a—;li +e(@ulx) = f(x)

with o-Holder continuous coefficients, by considering such an operator L as a local
perturbation of an operator with constant coefficients a/, b’ , c.
The continuity method reduces the solution of

Lu=f
to that of the Poisson equation

Au=f
by considering the operators

Lii=tL+(1-0)A
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for 0 <t < 1, and showing that the set of ¢ € [0, 1] for which
Ltu = f

can be solved is open and closed (and nonempty, because the Poisson equation can
be solved). The proof of closedness rests on Schauder’s estimates.

Exercises

13.1. Let K C R¢ be bounded, f, : K — R (n € N) a sequence of functions with
| fullce(xy < const  (independent of n),
for some 0 < o < 1. (Here and in the next exercise, in the case « = 1, we consider

the space C*! of Lipschitz continuous functions.) Show that ( f;),en has to contain
a uniformly convergent subsequence.

13.2. Is it true that for all domains 2 C RY, 0 <o < B <1,
CP(R2) c c¥()?
13.3. Letu € CK%(£2) satisfy
Lu=f

for some f € CK%(2) (k € N,0 < o < 1). Here, we assume that the operator L
from (13.2.1) satisfies the ellipticity condition (A) as well as

Haij Hck-a(g)’ b’ ”c’w(m ’ ||C||ck-“(9) =K

forall i, j. Show that u € C¥+2%(£2) for any 29 CC £2, and

lullcitzaigy < cUlf llcra@) + lull2(@)-

with a constant ¢ depending on K and the quantities of Theorem 13.2.1.
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