Chapter 8

Conditional Probability Mass
Functions

8.1 Introduction

In Chapter 4 we discussed the concept of conditional probability. We recall that a
conditional probability P[A|B] is the probability of an event A, given that we know
that some other event B has occurred. Except for the case when the two events are
independent of each other, the knowledge that B has occurred will change the prob-
ability P[A]. In other words, P[A|B] is our new probability in light of the additional
knowledge. In many practical situations, two random mechanisms are at work and
are described by events A and B. An example of such a compound experiment was
given in Example 4.2. To compute probabilities for a compound experiment it is
usually convenient to use a conditioning argument to simplify the reasoning. For
example, say we choose one of two coins and toss it 4 times. We might inquire
as to the probability of observing 2 or more heads. However, this probability will
depend upon which coin was chosen, as for example in the situation where one coin
is fair and the other coin is weighted. It is therefore convenient to define conditional
probability mass functions, px[k|coin 1 chosen] and px[k|coin 2 chosen], since once
we know which coin is chosen, we can easily specify the PMF. In particular, for
this example the conditional PMF is a binomial one whose value of p depends upon
which coin is chosen and with k denoting the number of heads (see (5.6)). Once
the conditional PMF's are known, we have by the law of total probability (see (4.4))
that the probability of observing k heads for this experiment is given by the PMF

px[k] = px[k|coin 1 chosen]P[coin 1 chosen]
+px[k|coin 2 chosen]P[coin 2 chosen).
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Therefore, the desired probability of observing 2 or more heads is

PX>2] = ) pxlk]

+ px|[k|coin 2 chosen]P[coin 2 chosen]).

The PMF that is required depends directly on the conditional PMFs (of which there
are two). The use of conditional PMFs greatly simplifies our task in that given
the event, i.e., the coin chosen, the PMF of the number of heads observed readily
follows. Also, in many problems, including this one, it is actually the conditional
PMFs that are specified in the description of the experimental procedure. It makes
sense, therefore, to define a conditional PMF and study its properties. For the most

part, the definitions and properties will mirror those of the conditional probabillity
P[A|B], where A and B are events defined on Sx y.

8.2 Summary

The utility of defining a conditional PMF is illustrated in Section 8.3. It is especially
appropriate when the experiment is a compound one, in which the second part of
the experiment depends upon the outcome of the first part. The definition of the
conditional PMF is given in (8.7). It has the usual properties of a PMF, that of
being between 0 and 1 and also summing to one. Its properties and relationships
are summarized by Properties 8.1-8.5. The conditional PMF is related to the joint
PMF and the marginal PMFs by these properties. They are also depicted in Figure
8.4 for easy reference. If the random variables are independent, then the conditional
PMTF reduces to the usual marginal PMF as shown in (8.22). For general probability
calculations based on the conditional PMF one can use (8.23). In Section 8.5 it is
shown how to use conditioning arguments to simplify the derivation of the PMF for
Z = g(X,Y). The PMF can be found using (8.24), which makes use of the condi-
tional PMF. In particular, if X and Y are independent, the procedure is especially
simplified with examples given in Section 8.5. The mean of the conditional PMF is
defined by (8.30). It is computed by the usual procedures but uses the conditional
PMF as the “averaging” PMF. It is next shown that the mean of the unconditional
PMF can be found by averaging over the means of the conditional PMFs as given
by (8.35). This simplifies the computation. Generation of realizations of random
vectors (X,Y’) can be simplified using conditioning arguments. An illustration and
MATLAB code segment is given in Section 8.7. Finally, an application of condi-
tioning to the modeling of human learning is described in Section 8.8. Utilizing the
posterior PMF, which is a conditional PMF, one can demonstrate that “learning”
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takes place as the result of observing the outcomes of repeated experiments. The
degree of learning is embodied in the posterior PMF.

8.3 Conditional Probability Mass Function

We continue with the introductory example to illustrate the utility of the conditional
probability mass function. Summarizing the introductory problem, we have an
experimental procedure in which we first choose a coin, either coin 1 or coin 2. Coin
1 has a probability of heads of p;, while coin 2 has a probability of heads of ps. Let
X be the discrete random variable describing the outcome of the coin choice so that

¥ = 1 if coin 1 is chosen
1 2 ifcoin 2 is chosen.

Since Sx = {1,2}, we assign a PMF to X of

. «a 1=1
px[2]={ l—o iz2 (8.1)

where 0 < o < 1. The second part of the experiment consists of tossing the chosen
coin 4 times in succession. Call the outcome of the number of heads observed
as Y and note that Sy = {0,1,2,3,4}. Hence, the overall set of outcomes of the
compound experiment is Sx,y = Sx X Sy, which is shown in Figure 8.1. The overall
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Figure 8.1: Mapping for coin toss example, = denotes the coin chosen while y denotes
the number of heads observed.

outcome is described by the random vector (X,Y’), where X is the coin chosen and
Y is the number of heads observed for the 4 coin tosses. If we wish to determine
the probability of 2 or more heads, then this is the probability of the set A shown
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in Figure 8.1. It is given mathematically as

P[A] = > pxylij]

{(@.9):(3,5)€A}
2 4
= Y Y pxylidl (8.2)
=1 j=2

Hence, we need only specify the joint PMF to determine the desired probability. To
do so we make use of our definition of the joint PMF as well as our earlier concepts
from conditional probability (see Chapter 4). Recall from Chapter 7 the definitions
of the joint PMF and marginal PMF as

px,y[z',j] = P[X =14Y =j]
pxlil = P[X =il

By using the definition of conditional probability for events we have

pxyli,j] = PX=4Y =j] (definition of joint PMF)
= P[Y =j|X =1]P[X =1] (definition of conditional prob.)
PlY =j|X =i]px][i] (definition of marginal PMF). (8.3)

From (8.1) we have px[i] and from the experimental description we can determine
P[Y = j|X =1]. When X = 1, we toss a coin with a probability of heads p;, and
when X = 2, we toss a coin with a probability of heads ps. Also, we have previously
shown that for a coin with a probability of heads p; that is tossed 4 times, the
number of heads observed has a binomial PMF. Thus, for : = 1,2

4\ .
PlY = j|X =] = (]) pl(l—-p)*7  §=0,1,2,3,4. (8.4)

Note that the probability depends on the outcome X = i via p;. Also, for a given
value of X = ¢, the probability has all the usual properties of a PMF. These prop-
erties are

0<PlY =jX =i <1

4
Y Py =j|X=i]=1.
=0

It is therefore appropriate to define P[Y = j|X = 1] as a conditional PMF. We will
denote it by

py|x[jli] = PlY = j|X =1] j=0,1,2,3,4.
Examples are plotted in Figure 8.2 for p; = 1/4 and ps = 1/2. Returning to our
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Figure 8.2: Conditional PMFs given by (8.4).

problem we can now determine the joint PMF. Using (8.3) we have

px,yli,j] = pyix[ililpxi] (8.5)

and using (8.4) and (8.1) the joint PMF is
.o 4 j 4—j . .
pxyli,j] = j P(l1-p)* a i=1;5=0,1,2,3,4
4\ .
N (j)p%(l“Pz)Ll—J(l_a) 1=235=0,1,2,3,4.

Finally the desired probability is from (8.2)

4 4
PlA] = Y pxy[Li+ ) pxyl27]
=2 =2

4

- > (4o _p1)4—fa+j§; (4) i -pt0- ).

=2

As an example, if p; = 1/4 and pp = 3/4, we have for a = 1/2, that P[A] = 0.6055,
but if @ = 1/8, then P[A] = 0.8633. Can you explain this?
Note from (8.5) that the conditional PMF is also expressed as

pX,Y[iaj]

pyixlit] = P2
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and is only a renaming for the conditional probability of the event that A; = {s:
Y (s) = j} given that B; = {s: X(5) = ¢}. To make this connection we have

prxlil] = PIY =jix =i = 2mr =
P[Aj N Bi]
P[B;]
= P[A;|B;]

and hence py|x[j]i] is a conditional probability for the events A; and B;.

8.4 Joint, Conditional, and Marginal PMF's

As evidenced by (8.6), there are relationships between the joint, conditional, and
marginal PMFs. In this section we describe these relationships. To do so we rewrite
the definition of the conditional PMF in slightly more generality as

X,y [T, yj)
(] = XY I5]
pY|X[yJ| il px[zi]

(8.7)
for a sample space Sx,y which may not consist solely of integer two-tuples. It is
always assumed that px|[z;] # 0. Otherwise, the definition does not make any sense.
The conditional PMF, although appearing to be a function of two variables, z; and
y;, should be viewed as a family or set of PMFs. Each PMF in the family is a valid
PMF when z; is considered to be a constant. In the example of the previous section,
we had py|x[j|1] and py|x[j|2]. The family is therefore {py|x[j|1], py|x[j|2]} and
each member is a valid PMF, whose values depend on j. Hence, we would expect
that (see Problem 8.4)

Z pyx[7l1]

=1
j=-—00
o0
> pyixlil2l = 1
j=—00

but not 772 py|x[jli] = 1 (see also Problem 4.9). Before proceeding to list the
relationships between the various PMFs, we give an example of the calculation of
the conditional PMF based on (8.7).

Example 8.1 — Two dice toss

Two dice are tossed with all outcomes assumed to be equally likely. The number of
dots observed on each die are added together. What is the conditional PMF of the
sum if it is known that the sum is even? We begin by letting Y be the sum and define
X =1 if the sum is even and X = 0 if the sum is odd. Thus, we wish to determine
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py|x[j|1] and pyx[j|0] for all j. The sample space for ¥V is Sy = {2,3,...,12}
as can be seen from Table 8.1, which lists the sum of the two dice outcomes as a
function of the outcomes for each die. The boldfaced entries are the ones for which

j=1]1j=2|j=3|j=4]|j=5|j=6
i=1] 2 3 4 5 6 7
i=2| 3 4 5 6 7 8
i=3| 4 5 6 7 8 9
i=4] 5 6 7 8 9 10
i=5| 6 7 8 9 10 | 11
i=6| 7 8 9 10 | 11 | 12

Table 8.1: The sum of the number of dots observed for two dice — boldface indicates
an even sum.

the sum is even and therefore comprise the sample space for py|x[j|1]. Note that

each outcome (7,7) has an assumed probability of occurring of 1/36. Now, using

(8.7)

pX,Y[l)j]
px|[1]

where px y[1, 7] is the probability of the sum being even and also equaling j. Since we
assume in (8.8) that j is even (otherwise py|x[j|1] = 0), we have that px y[1,j] =
pylj] for j = 2,4,6,8,10,12. Also, there are 18 even outcomes, which results in
px[1] = 1/2. Thus, (8.8) becomes

pylj]
1/2
N;(1/36)
1/2

1
= —N;
187/

py|xlill] =

where N; is the number of outcomes in Sxy for which the sum is j. From Table
8.1 we can easily find N; so that

i J=2
% J=4
5 .
. 18 J=6
pyixbill =4 5 ° (8.9)
5 J=8
& j=10
[ & =12
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Note that as expected _; py|x[j|1] = 1. The reader is asked to verify by a similar
calculation that (see Problem 8.7)

r% ji=3
5 J=5
pyixlil0] =14 § J=7 (8.10)
& i=9
[ & j=1L

These conditional PMFs are shown in Figure 8.3. Also, note that py|x[j|0] #
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Figure 8.3: Conditional PMFs for Example 8.1.

1 — py|x[j|1]. Each conditional PMF is generally different.
¢

There are several relationships between the joint, marginal, and conditional PMFs.
We now summarize these as properties.

Property 8.1 — Joint PMF yields conditional PMFs.
If the joint PMF px y|[zi,y;] is known, then the conditional PMFs are found as

PX,Y [T, yj]
. _pxy[zi Y] 8.11
PY|X[yJ| il Eij,Y[mi’yj] ( )
Ty Y4
pxylzily;] T .

Yipxyli,yj]
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Proof: Since the marginal PMF px[z;] is found as 3, px,v|zi, y;], the denominator
of (8.7) can be replaced by this to yield (8.11). The equation (8.12) is similarly
proven.

|
Hence, we see that the conditional PMF is just the joint PMF with z; fixed and then
normalized by 37, px,y |z, y;] so that it sums to one. In Figure 8.3a, the conditional
PMF py|x[j|1] evaluated at j = 8 is just px,y[l,8] = 5/36 divided by the sum of
the probabilities px y[1,:] = 18/36, where “” indicates all possible values of j. This
yields py|x[8]1] = 5/18.

Property 8.2 — Conditional PMF's are related.

pyxy;|zilpx[zi]

P zily;] = 8.13
X|Y[ ll .7] py[yj] ( )
Proof: By interchanging X and Y in (8.7) we have
Py, x [y %]
pxjylzily] = ==
xiy [eilys] py[y;]
but
pY,X[yjaxi] = P[Y = y]aX = iIIz]
P[X =z;,Y = yj] (since ANB=BNA)
= pxyl[zi, v
and therefore : |
PX,Y|Zi,Yj
p T;ly;] = ———=. 8.14
X|Y[ 7‘| ]] pY[yj] ( )

Using px v, y;] = py|x[yjlzilpx[z:] from (8.7) in (8.14) yields the desired result
(8.13).

O

Property 8.3 — Conditional PMF is expressible using Bayes’ rule.

pxy [=ilyslpy [y;]
py|x[yjlz] = 8.15
el = o el ) (519
Proof: From (8.11) we have that
X,Y | Tiy Yj

py|x[yjlzi] = Pxy(zi,yj] (8.16)

> Px.y[®i, y5]

and using (8.14) we have

px.y (i, y5] = px|y[Tilys]lpy [ys) (8.17)
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which when substituted into (8.16) yields the desired result.
a

Property 8.4 — Conditional PMF and its corresponding marginal PMF
yields the joint PMF.

px,y[Ti,y;] = PY|X[yj|$i]pX[$i] (8.18)
pxy[Ti, Yl = px|ylzilylpy(y;] (8.19)

Proof: (8.18) follows from definition of conditional PMF (8.7) and (8.19) is just
(8.17).
O

Property 8.5 — Conditional PMF and its corresponding marginal PMF
yields the other marginal PMF.

pyly] = prx[yjlmz‘]px[xi] (8.20)

Proof: This is just the law of total probability in disguise or equivalently just
pyly;] = Y, px,y[zi,y;] (marginal PMF from joint PMF).

O
These relationships are summarized in Figure 8.4. Notice that the joint PMF can
be used to find all the marginals and conditional PMFs (see Figure 8.4a). The
conditional PMF and its corresponding marginal PMF can be used to find the
joint PMF (see Figure 8.4b). Finally, the conditional PMF and its corresponding
marginal PMF can be used to find the other conditional PMF (see Figure 8.4c). As
emphasized earlier, we cannot determine the joint PMF from the marginals. This
is only possible if X and Y are independent random variables since in this case

px,y[zi, y;] = px[z]py [y;]- (8.21)
In addition, for independent random variables, the use of (8.21) in (8.7) yields
s .
pyixlysle = EXEIPVI _ g (8.22)
px|zi]

or the conditional PMF is the same as the unconditional PMF. There is no change
in the probabilities of Y whether or not X is observed. This is of course consistent
with our previous definition of statistical independence.

Finally, for more general conditional probability calculations we sum the appro-
priate values of the conditional PMF to yield (see Problem 8.14)

PYeAX =z]= Y pyxlyjlzl (8.23)
{j:yjeA}
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Px =D, PXY PY =D o PXY pX Py

(8.11) (6.12) PX,Y = Py|xPX
PX)y = Px|yPy
_ _pPx\y pPX,
PYIX = 5 pxy px|y = -2% Py|x Px|y

(a) (b)

_ Py|xPx
Py|x PX)Y = —py

(c) (Can also interchange X
and Y for similar results)

Figure 8.4: Conditional PMF relationships.

8.5 Simplifying Probability Calculations using
Conditioning

As alluded to in the introduction, conditional PMFs can be used to simplify prob-
ability calculations. To illustrate the use of this approach we once again consider
the determination of the PMF for Z = X + Y, where X and Y are independent
discrete random variables that take on integer values. We have already seen that the
solution is pz = px *py, where * denotes discrete convolution (see (7.22)). To solve
this problem using conditional PMFs, we ask ourselves the question: Could I find
the PMF of Z if X were known? If so, then we should be able to use conditioning
arguments to first find the conditional PMF of Z given X, and then uncondition
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the result to yield the PMF of Z. Let us say that X is known and that X =i. As
a result, we have that conditionally Z = i + Y, where ¢ is just a constant. This is
sometimes denoted by Z|(X = ¢). But this is a transformation from one discrete
random variable Y to another discrete random variable Z. We therefore wish to
determine the PMF of a random variable that has been summed with a constant.
It is not difficult to show that if a discrete random variable U has a PMF py[j],
then U + 4 has the PMF py[j — i] or the PMF is just shifted to the right by 7 units.
Thus, the conditional PMF of Z evaluated at Z = j is pz|x[j|i] = py|x[j —ili]. Now
to find the unconditional PMF of Z we use (8.20) with an appropriate change of
variables to yield

pzlil = > pzxlililpxli]

1=—00

and since pz|x[j|i] = py|x[j — i|i], we have

pzlil = > pyixli — ildpxli]-

1=—00

But X and Y are independent so that py|x = py and therefore we have the final
result

pzlil = Y pyli —ilpxli]

1=—00
which agrees with our earlier one. Another example follows.

Example 8.2 — PMF for Z = max(X,Y)

Let X and Y be discrete random variables that take on integer values. Also, assume
independence of the random variables X and Y and that the marginal PMFs of X
and Y are known. To find the PMF of Z we use (8.20) or the law of total probability
to yield

pzlkl = Y pzx[klilpx[i] (8.24)

1=—00

Now px is known so that we only need to determine pz x for X =i. But given that
X =1, we have that Z = max(7,Y) for which the PMF is easily found. We have
thus reduced the original problem, which is to determine the PMF for the random
variable obtained by transforming from (X,Y) to Z, to determining the PMF for
a function of only one random variable. Letting g(Y) = max(i,Y) we see that the
function appears as shown in Figure 8.5. Hence, using (5.9) for the PMF of a single
transformed discrete random variable we have

pzixlklil = Y pyix[ilil-
{4:9(5)=k}
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Figure 8.5: Plot of the function ¢g(y) = max(s,y).

Solving for j in g(j) = k (refer to Figure 8.5) yields no solution for k¥ < i, the
multiple solutions j = ...,7 — 1,4 for £ = 4, and the single solution j = k for
k=14+1,14+2,.... This produces

0 k= 1—2,1—1
pzixlkld] = Yj=_wPyixlili] k=i (8.25)
py|x [kli] k=i+1,i4+2,....

Using this in (8.24) produces

k-1
pzlk]l = > pzxlklilpx[il + pzx[klklpx k] + Z pzx[klilpx[i] (break up sum)

1=—00 i=k+1
k-1

= Y pyixlklilpx[i] + Z pyix[ilklpx[k] +0 (use (8.25))
i=—00 j=—00

= Z py[klpx|i] Z py[7lpx (k] (since X and Y are independent)
e k-1 J——°° k

= py[k] Y pxli] +px[k] Y pr[i.

1=—00 j=-—00

Note that due to the independence assumption this final result can also be written
as

pzlk] = Z px,yli, k] + Z px,ylk, J]
1=—00 j=—o0
so that the PMF of Z is obtained by summing all the points of the joint PMF
shown in Figure 8.6 for k¥ = 2, as an example. These point comprise the set {(z,y) :
max(z,y) = 2 and z =4,y =j}. It is now clear that we could have solved this
problem in a more direct fashion by making this observation. As in most problems,
however, the solution is usually trivial once it is known!
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Figure 8.6: Points of joint PMF to be summed to find PMF of Z = max(X,Y’) for
k=2.

¢
As we have seen, a general procedure for determining the PMF for Z = ¢(X,Y)

when X and Y are independent is as follows:
1. Fix X = z; and let Z|(X = z;) = g(=;,Y)

2. Find the PMF for Z|X by using the techniques for a transformation of a single
random variable Y into another random variable Z. The formula is from (5.9),
where the PMFs are first converted to conditional PMFs

pzix(zklz] = > pyxlyjlz]  for each z;
{d:9(ziyj)=2k}

= E Py [y;] for each z; (due to independence).
{5:9(ziy;)=2k}

3. Uncondition the conditional PMF to yield the desired PMF

pzl2k] = szm[zklzi]:vx [zi].

(3

In general, to compute probabilities of events it is advantageous to use a condi-
tioning argument, whether or not X and Y are independent. Where previously we
have used the formula

Py eAl= ) pyly]
{i:y;€A}
to compute the probability, a conditioning approach would replace py[y;] by
> Py xyjlzilpx[z:] to yield

Ply e A= Y ) pyixlyjlzilpx(z:] (8.26)
{i:yj€A} 1
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to determine the probability. Equivalently, we have that

Py eAl=> | Y pyixlyled| pxle] - (8.27)
t R {5:y;€4} | _unconditioning

~”

conditioning

In this form we recognize the conditional probability of (8.23), which is

PlY € A|X =z;] = Z Py|x[yjlzi]
{7:y€A}

and the unconditional probability

PlY € A]=) _P[Y € A|X = z;]px|[zi] (8.28)
i
with the latter being just a restatement of the law of total probability.

8.6 Mean of the Conditional PMF

Since the conditional PMF is a PMF, it exhibits all the usual properties. In particu-
lar, we can determine attributes such as the expected value of a random variable Y,
when it is known that X = z;. This expected value is the mean of the conditional
PMF py\x. Its definition is the usual one

> yipy xlysled (8.29)
J

where we have replaced py by py|x. It should be emphasized that since the con-
ditional PMF depends on z;, so will its mean. Hence, the mean of the conditional
PMF is a constant when we set z; equal to a fixed value. We adopt the notation for
the mean of the conditional PMF as Ey|x[Y|z;]. This notation includes the sub-
script “Y'|X” to remind us that the averaging PMF is the conditional PMF py|x.
Also, the use of “Y'|z;” as the argument will remind us that the averaging PMF is
the conditional PMF that is specified by X = z; in the family of conditional PMFs.
The mean is therefore defined as

Eyix[Ylzi] =) yipyixlyslzil. (8.30)
J

Although we have previously asserted that the mean is a constant, here it is to be
regarded as a function of ;. An example of its calculation follows.
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Example 8.3 — Mean of conditional PMF — continuation of Example 8.1

We now compute all the possible values of Ey|x[Y|z;] for the problem described
in Example 8.1. There z; = 1 or z; = 0 and the corresponding conditional PMF's
are given by (8.9) and (8.10), respectively. The means of the conditional PMFs are
therefore

Eyix[Y[1] = 2 (%) +4 (%) +6 (%) +8 (%) +10 (%) +12 (%) =7
Eyix[Y]0] = 3 (%) +5 (%) +7 (%) +9 (%) +11 (%) =7

and are shown in Figure 8.3. In this example the means of the conditional PMF's
are the same, but will not be in general. We can expect that g(z;) = Ey|x[Y]|zi]
will vary with x;.

¢

We could also compute the variance of the conditional PMFs. This would be

2
var(Yz;) = Y (y; — Byix[Yz))” pyxlysled). (8.31)
J
The reader is asked to do this in Problem 8.22. (See also Problem 8.23 for an

alternate expression for var(Y'|z;).) Note from Figure 8.3 that we do not expect
these to be the same.

A What is the “conditional expectation”?

The function g(z;) = Ey|x[Y|z;] is the mean of the conditional PMF py|x[y;|z:].
Alternatively, it is known as the conditional mean. This terminology is widespread
and so we will adhere to it, although we should keep in mind that it is meant to
denote the usual mean of the conditional PMF. It is also of interest to determine
the expectation of other quantities besides Y with respect to the conditional PMF.
This is called the conditional ezpectation and is symbolized by Ey|x[g(Y)|z;]. The
latter is called the conditional expectation of g(Y). For example, if g(Y) = Y2,
then it becomes the conditional expectation of Y2 or equivalently the conditional
second moment. Lastly, the reader should be aware that the conditional mean is the
optimal predictor of a random variable based on observation of a second random
variable (see Problem 8.27).

We now give another example of the computation of the conditional mean.

Example 8.4 — Toss one of two dice.
There are two dice having different numbers of dots on their faces. Die 1 is the
usual type of die with faces having 1,2, 3,4, 5, or 6 dots. Die 2 has been mislabled
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with its faces having 2,3,2,3,2, or 3 dots. A die is selected at random and tossed.
Each face of the die is equally likely to occur. What is the expected number of dots
observed for the tossed die? To solve this problem first observe that the outcomes
will depend upon which die has been tossed. As a result, the conditional ezpectation
of the number of dots will depend upon which die is initially chosen. We can view
this problem as a conditional one by letting

X = 1 if die 1 is chosen
1 2 ifdie 2 is chosen

and Y is the number of dots observed. Thus, we wish to determine Ey|x[Y[|1] and
Ey|x[Y|2]. But if die 1 is chosen, the conditional PMF is

: 1 .
pY|X[.7|1] = 6 J= 172a3’4,5,6 (832)

and if die 2 is chosen )

pyix[il2] = 3 J=2,3. (8.33)

The latter conditional PMF is due to the fact that for die 2 half the sides show 2
dots and the other half of the sides show 3 dots. Using (8.30) with (8.32) and (8.33),
we have that

6
ByVl] = Y jpvixlilt] =
j=1
3
ByxlVl2] = Y jpyixlii = o (5.34)

=2

An example of typical outcomes for this experiment is shown in Figure 8.7. For
50 trials of the experiment Figure 8.7a displays the outcomes for which die 1 was
chosen and Figure 8.7b displays the outcomes for which die 2 was chosen. It is
interesting to note that the estimated mean for Figure 8.7a is 3.88 and for Figure
8.7b it is 2.58. Note that from (8.34) the theoretical conditional means are 3.5 and
2.5, respectively.

¢
In the previous example, we have determined the conditional means, which are the
means of the conditional PMFs. We also might wish to determine the unconditional
mean, which is the mean of Y. This is the number of dots observed as a result
of the overall experiment, without first conditioning on which die was chosen. In
essence, we wish to determine Ey[Y]. Intuitively, this is the average number of
dots observed if we combined Figures 8.7a and 8.7b together (just overlay Figure
8.7b onto Figure 8.7a) and continued the experiment indefinitely. Hence, we wish
to determine Ey[Y] for the following experiment:
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Figure 8.7: Computer simulated outcomes of randomly selected die toss experiment.

1. Choose die 1 or die 2 with probability of 1/2.
2. Toss the chosen die.

3. Count the number of dots on the face of tossed die and call this the outcome of
the random variable Y.

A simple MATLAB program to simulate this experiment is given as

for m=1:M
if rand(1,1)<0.5
y(m,1)=PMFdata(1,[1 2 3 4 5 6]’,[1/6 1/6 1/6 1/6 1/6 1/6]1’);
else
y(m,1)=PMFdata(1,[2 3]°,[1/2 1/2]°);
end
end

where the subprogram PMFdata.m is listed in Appendix 6B. After the code is ex-
ecuted there is an array y, which is M x 1, containing M realizations of Y. By
taking the sample mean of the elements in the array y, we will have estimated
Ey[Y]. But we expect about half of the realizations to have used the fair die and
the other half to use the mislabled die. As a result, we might suppose that the
unconditional mean is just the average of the two conditional means. This would be
(1/2)(7/2) + (1/2)(5/2) = 3, which turns out to be the true result. This conjecture
is also strengthened by the results of Figure 8.7. By overlaying the plots we have
50 outcomes of the experiment for which the sample mean is 3.25. Let’s see how to
verify this.
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To determine the theoretical mean of Y, i.e., the unconditional mean, we will
need py[j]. But given the conditional PMF and the marginal PMF we know from
Figure 8.4c that the joint PMF can be found. Hence, from (8.32) and (8.33) and
px[i] =1/2 for i = 1,2, we have

pxy[i,j] = pyxlililpxli]
% i=17=1,234,56
1 1=27=2,3.

To find py[j] we use

2
prlil = ) pxyli,Jl
=1

_ {pX,Y[l,j]=11—2 o j=1,4,56
pxy[Lil+pxy2il=F%+i=3% =23

Thus, the unconditional mean becomes

By[Y] = iéjPYU]
j=1
- 1(%)+2(%)+3(3)+4<%>+5<%)+6(%)
- 3.

This value is sometimes called the unconditional exzpectation. Note that for this
example, we have upon using (8.34)

Ey[Y] = Ey|x[Yl]px[1] + By x[Y|2]px[2]

or the unconditional mean is the average of the conditional means. This is true in
general and is summarized by the relationship

Ey[Y] = Byix[Y |silpx[z:] (8:35)

To prove this relationship is straightforward. Starting with (8.35) we have
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> Byx[Ylzilpx[ai]

i

= Z Zyjpy| x[yjlzi] | px[zi] (definition of conditional mean)
i J

= Z Z ]p X, Y[[ b Ys ] x[2] (definition of conditional PMF)
p

z;]
= Zyj > pxyleiy;]
] i
= Z Y0y [y5] (marginal PMF from joint PMF)
= EylY].

In (8.35) we can consider g(z;) = Eyx[Y|z;] as the transformed outcome of the
coin choice part of the experiment, where X = z; is the outcome of the coin choice.
Since before we choose the coin to toss, we do not know which one it will be, we
can consider g(X) as a transformed random variable whose values are g(z;). By this
way of viewing things, we can define a random variable as g(X) = Ey|x[Y|X] and
therefore rewrite (8.35) as

Ey[Y] = Ex[g(X)]

or explicitly we have that
By[Y] = Ex[Byx[Y|X]] (8.36)

In effect, we have computed the expectation of a random variable in two steps.
Step 1 is to compute a conditional expectation Ey|x while step 2 is to undo the
conditioning by averaging the result with respect to the PMF of X. An example is
the previous coin tossing experiment. The utility in doing so is that the conditional
PMF's were easily found and hence also the means of the conditional PMFs, and
finally the averaging with respect to px is easily carried out to yield the desired
result. We illustrate the use of (8.36) with another example.

Example 8.5 — Random number of coin tosses

An experiment is conducted in which a coin with a probability of heads p is tossed
M times. However, M is a random variable with M ~ Pois()\). For example, if a
realization of M is generated, say M = 5, then the coin is tossed 5 times in succes-
sion. We wish to determine the average number of heads observed. Conditionally
on knowing the value of M, we have a binomial PMF for the number of heads Y.
Hence, for M = i we have upon using the binomial PMF (see (5.6))

pynM[atz]=<j)p’(1—p)” i=0,1,...,456=0,1,....
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Now using (8.36) and replacing X with M we have
Ey[Y] = Em[Ey|u[Y|M]]
and for a binomial PMF we know that Ey|y[Y |¢] = ip so that
Ey[Y] = En[Mp] = pEy[M].
But for a Poisson random variable Ej[M] = A, which yields the final result
Ey[Y] = Ap.

It can be shown more generally that Y ~ Pois(Ap) (see Problem 8.26) so that our
result for the mean of Y follows directly from knowledge of the mean of a Poisson
random variable.

o

8.7 Computer Simulation Based on Conditioning

In Section 7.11 we discussed a simple method for generating realizations of jointly
distributed discrete random variables (X,Y’) using MATLAB. To do so we required
the joint PMF. Using conditioning arguments, however, we can frequently simplify
the procedure. Since px,v[zi,y;] = py|x[yj|z:]px[zs], a realization of (X,Y) can
be obtained by first generating a realization of X according to its marginal PMF
px[z;]. Then, assuming that X = z; is obtained, we next generate a realization of
Y according to the conditional PMF py|x[y;|zi]. (Of course, if X and Y are inde-
pendent, we replace the second step by the generation of Y according to py[y;] since
in this case py|x[yj|=:] = py[y;].) This is also advantageous when the problem de-
scription is formulated in terms of conditional PMFs, as in a compound experiment.
To illustrate this approach with the one described previously we repeat Example
7.15.

Example 8.6 — Generating realizations of jointly distributed random
variables — Example 7.15 (continued)

The joint PMF of Example 7.15 is shown in Figure 8.8, where the solid circles
represent the sample points and the values of the joint PMF are shown to the right
of the sample points. To use a conditioning approach we need to find px and Py|x-
But from Figure 8.8, if we sum along the columns we obtain

. t=0
px[i] = {

1=1

NN
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Figure 8.8: Joint PMF for Example 8.6.

and using the definition of the conditional PMF, we have

py|x[j10] = p“—);;[[gi ]

1/8 1

_ 174~ 2
- 1/8 1
2

and .

4 pxyll, gl
pyixlill] = %[1]—

Y4 _
. {3/4—

0
1/2 1

J
J

W |~

3/4 —

The MATLAB segment of code shown below generates M realizations of (X,Y)
using this conditioning approach.

for m=1:M
ux=rand(1,1);
uy=rand(1,1);
if ux<=1/4; 7 Refer to px[il
x(m,1)=0;
if uy<=1/2 % Refer to pylx[jl0]
y(m,1)=0;
else
y(m,1)=1;
end
else
x(m,1)=1; 7% Refer to px[il
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if uy<=1/3 % Refer to pylx[jl1]
y(m,1)=0;
else
y(m,1)=1;
end
end
end

The reader is asked to test this program in Problem 8.29.
¢

8.8 Real-World Example — Modeling Human Learning

A 2 year-old child who has learned to walk can perform tasks that not even the
most sophisticated robots can match. For example, a 2 year-old child can easily
maneuver her way to a favorite toy, pick it up, and start to play with it. Robots,
powered by machine vision and mechanical grippers, have a hard time performing
this supposedly simple task. It is not surprisingly, therefore, that one of the holy
grails in cognitive science and also machine learning is to figure out how a child
does this. If we were able to understand the thought processes that were used
to successfully complete this task, then it is conceivable that a machine might be
built to do the same thing. Many models of human learning employ a Bayesian
framework [Tenenbaum 1999]. This approach appears to be fruitful in that using
Bayesian modeling we are able to discriminate with more and more accuracy as
we repeatedly perform an experiment and observe the outcome. This is analogous
to a child attempting to pick up the toy, dropping it, picking it up again after
having learned something about how to pick it up, dropping it, etc., until finally
she is successful. Each time the experiment, attempting to pick up the toy, is
repeated the child learns something or equivalently narrows down the number of
possible strategies. In Bayesian analysis, as we will show next, the width of the
PMF decreases as we observe more outcomes. This is in some sense saying that
our uncertainty about the outcome of the experiment decreases as it is performed
more times. Although not a perfect analogy, it does seem to possess some critical
elements of the human learning process. Therefore, we illustrate this modeling with
the simple example of coin tossing.

Suppose we wish to “learn” whether a coin is fair (p = 1/2) or is weighted
(p # 1/2). One way to do this is to repeatedly toss the coin and count the number
of heads observed. We would expect that our certainty about the conclusion, that
the coin is fair or not, would increase as the number of trials increases. In the
Bayesian model we quantify our knowledge about the value of p by assuming that
p is a random wvariable. Our particular coin, however, has a fixed probability of
heads. It is just that we do not know what it is and hence our belief about the value
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of p is embodied in an assumed PMF. This is a slightly different interpretation of
probability than our previous relative frequency interpretation. To conform to our
previous notation we let the probability of heads be denoted by the random variable
Y and its values by y;. Then, we determine its PMF. Our state of knowledge will be
high if the PMF is highly concentrated about a particular value, as for example in
Figure 8.9a. If, however, the PMF is spread out or “diffuse”, our state of knowledge
will be low, as for example in Figure 8.9b. Now let’s say that we wish to learn the
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Yj Yj
(a) Y = probability of heads — state of (b) Y = probability of heads — state of
knowledge is high. knowledge is low.

Figure 8.9: PMFs reflecting state of knowledge about coin’s probability of heads.

value of the probability of heads. Before we toss the coin we have no idea what it
is, and therefore it is reasonable to assume a PMF that is uniform, as, for example,
the one shown in Figure 8.9b. Such a PMF is given by

pyly;] = for y; =O,ﬁ,%,...,%,l (8.37)

M+1
for some large M (in Figure 8.9b M = 11). This is also called the prior PMF since
it summarizes our state of knowledge before the experiment is performed. Now
we begin to toss the coin and examine our state of knowledge as the number of
tosses increases. Let N be the number of coin tosses and X denote the number of
heads observed in the N tosses. We know that the PMF of the number of heads
is binomially distributed. However, to specify the PMF completely, we require
knowledge of the probability of heads. Since this is unknown, we can only specify
the PMF of X conditionally or if Y = y; is the probability of heads, then the
conditional PMF of the number of heads for X =i is

. N i —i .
pavlisl = (7 )0 -w)¥ =01 (8.35)
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Since we are actually interested in the probability of heads or the PMF of Y after
observing the outcomes of N coin tosses, we need to determine the conditional PMF
py|x[yjli]. The latter is also called the posterior PMF, since it is to be determined
after the experiment is peformed. The reader may wish to compare this terminology
with that used in Chapter 4. The posterior PMF contains all the information about
the probability of heads that results from our prior knowledge, summarized by py,
and our “data” knowledge, summarized by px|y. The posterior PMF is given by
Bayes’ rule (8.15) with z; = ¢ as

eyl = pxy[ily;lpy [y;]
Y| X Yj > px|y lilyilpy y;]

Using (8.37) and (8.38) we have

N) i AN—i_1
o (N)we e |
pyixlyild = 73 — yj =0,1/M,...,1;i=0,1,...,N
j=0(i)yj(1—yj) B ves)
or finally,
. Yy (1 —y)N ,
pyix[yjli] = =7 ] y; =0,1/M,...,1;4=0,1,...,N. (8.39)

M - s
> im0 ¥ (1 —y)N !

Note that the posterior PMF depends on the number of heads observed, which is
. To understand what this PMF is saying about our state of knowledge, assume
that we toss the coin N = 10 times and observe i = 4 heads. The posterior PMF
is shown in Figure 8.10a. For N = 20, ¢ = 11 and N = 40, i = 19, the posterior
PMFs are shown in Figures 8.10b and 8.10c, respectively. Note that as the number
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(a) N=10,i=4 (b) N=20,i=11 (c) N=40,i=19

Figure 8.10: Posterior PMFs for coin tossing analogy to human learning — coin
appears to be fair. The y;’s are possible probability values for a head.
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Figure 8.11: Posterior PMFs for coin tossing analogy to human learning — coin
appears to be weighted. The y;’s are possible probability values for a head.

of tosses increases the posterior PMF becomes narrower and centered about the
value of 0.5. The Bayesian model has “learned” the value of p, with our confidence
increasing as the number of trials increases. Note that for no trials (just set N =0
and hence ¢ = 0 in (8.39)) we have just the uniform prior PMF of Figure 8.9b.
From our experiments we could now conclude with some certainty that the coin
is fair. However, if the outcomes were N = 10,4 = 2, and N = 20,7 = 5, and
N =40, « = 7, then the posterior PMFs would appear as in Figure 8.11. We would
then conclude that the coin is weighted and is biased against yielding a head, since
the posterior PMF is concentrated about 0.2. See [Kay 1993] for futher descriptions
of Bayesian approaches to estimation.
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Problems

8.1 (w) A fair coin is tossed. If it comes up heads, then X = 1 and if it comes
up tails, then X = 0. Next, a point is selected at random from the area A
if X =1 and from the area B if X = 0 as shown in Figure 8.12. Note that
the area of the square is 4 and A and B both have areas of 3/2. If the point
selected is in an upper quadrant, we set Y = 1 and if it is in a lower quadrant,
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we set Y = 0. Find the conditional PMF py|x[jli] for all values of ¢ and j.
Next, compute P[Y = 0].

Figure 8.12: Areas for Problem 8.1.

8.2 (.-) (w) A fair coin is tossed with the outcome mapped into X = 1 for a head
and X = 0 for a tail. If it comes up heads, then a fair die is tossed. The
outcome of the die is denoted by Y and is set equal to the number of dots
observed. If the coin comes up tails, then we set Y = 0. Find the conditional
PMF pyx[jlé] for all values of i and j. Next, compute P[Y = 1].

8.3 (w) A fair coin is tossed 3 times in succession. All the outcomes (i.e., the
3-tuples) are equally likely. The random variables X and Y are defined as

X - 0 if outcome of first toss is a tail
- 1 if outcome of first toss is a head

Y = number of heads observed for the three tosses

Determine the conditional PMF py|x[jli] for all 5 and j.
8.4 (t) Prove that 3222 py|x[y;lz:] =1 for all z;.
8.5 (.-) (w) Are the following functions valid conditional PMFs
a. pyxlilei]l = (1 — =)z j=1,2,...;2, = 1/4,1/2,3/4
b. pyixliled = (V) 2l(1—s)¥9  j=0,1,..., Nz = ~1/2,1/2
c. pyxlilzi] = cmg Jj=2,3,...;z; =2 for ¢ some constant?

8.6 (o) () If

t i=0,j=0

1 . .
.. 3 1=0,7=1
l) = . .

ti=1j=1
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find py|x and px|y.
8.7 (f) Verify the conditional PMF given in (8.10).

8.8 (.- ) (f) For the sample space shown in Figure 8.1 determine py|x and px|y if
all the outcomes are equally likely. Explain your results.

8.9 (w) Explain the need for the denominator term in (8.11) and (8.12).
8.10 (w) If py|x and py are known, can you find px y?

8.11(.-) (w) A box contains three types of replacement light bulbs. There is an
equal proportion of each type. The types vary in their quality so that the
probability that the light bulb fails at the jth use is given by

pyixlill] = (0.99)’7'0.01
pyix[il2] = (0.9Y7'0.1
pyix[il3] = (0.8)"70.2
for j =1,2,.... Note that py|x[j]i] is the PMF of the bulb failing at the jth

use if it is of type 4. If a bulb is selected at random from the box, what is the
probability that it will operate satisfactorily for at least 10 uses?

8.12 (f) A joint PMF px y|[i, ] has the values shown in Table 8.2. Determine the
conditional PMF py|x. Are the random variables independent?

Jj=1|j=21j=3
i= 1 1 2
10 10 10
i = 1 1 1
20 20 10
i = 3 L 1
10 20 20

Table 8.2: Joint PMF for Problem 8.12.

8.13 (=) (w) A random vector (X,Y) has a sample space shown in Figure 8.13
with the sample points depicted as solid circles. The four points are equally
probable. Note that the points in Figure 8.13b are the corners of the square
shown in Figure 8.13a after rotation by +45°. For both cases compute Py|x
and py to determine if the random variables are independent.

8.14 (t) Use the properties of conditional probability and the definition of the con-
ditional PMF to prove (8.23). Hint: Let A = U;{s: Y(s) = y;} and note that
the events {s: Y (s) = y;} are mutually exclusive.
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1/vV2T

(a) (b)
Figure 8.13: Joint PMF's — each point is equally probable.

8.15(w) If X and Y are independent random variables, find the PMF of Z =
|X —Y/|. Assume that Sx = {0,1,...} and Sy = {0,1,...}. Hint: The answer
is

palk] = { Yoo pxlilpy[i] k=0
Y20 (oylilpx[i + k) + pxlilpyi + k) k=1,2,... .

As an intermediate step show that

. [4] k=0
pzixkli] = { i:ﬁ[l + k) +pyli —k] k#O.

8.16 (w) Two people agree to meet at a specified time. Person A will be late by
i minutes with a probability px[i] = (1/2)**! for i = 0,1, ..., while person B
will be late by j minutes with a probability of py[j] = (1/2)7+! for j = 0, 1,....
The persons arrive independently of each other. The first person to arrive will
wait a maximum of 2 minutes for the second person to arrive. If the second
person is more than 2 minutes late, the first person will leave. What is the
probability that the two people will meet? Hint: Use the results of Problem
8.15.

8.17(..) (w) If X and Y are independent random variables, both of whose PMFs
take on values {0,1,...}, find the PMF of Z = min(X,Y).

8.18 (w) If X and Y have the joint PMF
pxyli,jl =pip2(1 =p1)'(L—p2)  i=0,1,...;5=0,1,...

where 0 < p; <1, 0<py <1, find P[Y > X] using a conditioning argument.
In particular, make use of (8.23) and P[Y > X|X =i] = P[Y > i|X =1].
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8.19 (f) If X and Y have the joint PMF given in Problem 8.6, find Ey|x[Y |z;].
8.20 (f) If X and Y have the joint PMF

pxyli,j] = <§> eXP(“A)j

find Ey|X[Y]’L] for all 1.

i=0,1,...;5=0,1,...

8.21 (.- ) (f) Find the conditional mean of Y given X if the joint PMF is uniformly
distributed over the points Sx y = {(0,0), (1,0), (1,1),(2,0),(2,1),(2,2)}.

8.22 (.») (f) For the joint PMF given in Problem 8.21 determine var(Y |z;) for all
z;. Explain why your results appear to be reasonable.

8.23 (t) Prove that var(Y|z;) = Ey|x[Y?|z] — E12/|X[Y|$i] by using (8.31).

8.24 (f) Find Ey[Y] for the joint PMF given in Problem 8.21. Do this by using
the definition of the expected value and also by using (8.36).

8.25 (t) Prove the extension of (8.36) which is
Ey[g(Y)] = Ex [Ey|x[g(Y)|X]]

where h(X) = Ey|x[g9(Y)|X] is a function of the random variable X which
takes on values

h(z;) = Byix[g(Y)la:d = 9(y5)py x[yslzil.
j

This says that Ey[g(Y)] can be computed using the formula

Ey[g(Y)] =) I:Z g(yj)leX[yj|$i]:| px[zi].
i J

8.26 (t) In this problem we prove that if M ~ Pois()\) and Y conditioned on M

is a binomial PMF with parameter p, then the unconditional PMF of Y is
Pois(Ap). This means that if

pulm] = exp(~X)

m=20,1,...
and
. _[m ; m—j .
pY|M[]Im]*(]>p](1_p) ]‘Oala"',m

then

(p)!
;!

py[j] = exp(—Ap) 3=0,1,....
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To prove this you will need to derive the characteristic function of Y and show
that it corresponds to a Pois(Ap) random variable. Proceed as follows, making
use of the results of Problem 8.25

¢y(w) = Eylexp(jwY)]
= Ey [Ey|M[exp(ij)|M]
= Bu [[pexp(jw) + (1 - p)]¥]
and complete the derivation.

8.27 (t) In Chapter 7 the optimal linear predictor of Y based on X = z; was found.
The criterion of optimality was the minimum mean square error, where the
mean square error was defined as Ex y[(Y — (aX +b))?]. In this problem we
prove that the best predictor, now allowing for nonlinear predictors as well, is
given by the conditional mean Ey|x[Y|z;]. To prove this we let the predictor

be ¥ = g(X) and minimize
ExylY —9(X))] = Y > (i — 9(z:)’px,vzi, il
iJ

= DD — 9(z:))?pyixlyslzd | pxlea).
i J
But since px|[z;] is nonnegative and we can choose a different value of g(z;)
for each z;, we can equivalently minimize

> (s — 9(=:))*py x[yjlzi]
J
where we consider g(z;) = ¢ as a constant. Prove that this is minimized for
9(%i) = Ey|x[Y|z;]. Hint: You may wish to review Section 6.6.

8.28 (.- ) (f) For random variables X and Y with the joint PMF

L G,5) = (-1,0)

prvli) =4 & 6=
’ 2 (4,5) =(0,1)
i (,5)=(,0)

we wish to predict Y based on our knowledge of the outcome of X. Find the
optimal predictor using the results of Problem 8.27. Also, find the optimal
linear predictor for this problem (see Section 7.9) and compare your results.
Draw a picture of the sample space using solid circles to indicate the sample
points in a plane and then plot the prediction for each outcome of X = i for
i1 = —1,0,1. Explain your results.
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8.29 (c) Test out the MATLAB program given in Section 8.7 to generate realiza-
tions of the vector random variable (X,Y’) whose joint PMF is given in Figure
8.8. Do so by estimating the joint PMF or px y|[i,j]. You may wish to review
Section 7.11.

8.30 (.- ) (w,c) For the joint PMF given in Figure 8.8 determine the conditional
mean Ey|x[j]i] and then verify your results using a computer simulation. Note
that you will have to separate the realizations (Z,,¥ym) into two sets, one in
which z,, = 0 and one in which z,, = 1, and then use the sample average of
each set as your estimator.

8.31 (w,c) For the joint PMF given in Figure 8.8 determine Ey[Y]. Then, verify
(8.36) by using your results from Problem 8.30, and computing

By[Y] = Byx[Y101px[0] + By x [V]1]px[1]

where Ey?(-[? |0] and EYTX[\Y |1] are the values obtained in Problem 8.30. Also,
the PMF of X ,which needs to be estimated, can be done so as described in
Section 5.9.

8.32 (w,c) For the posterior PMF given by (8.39) plot the PMF for i = N/2,
M = 11 and increasing N, say N = 10, 30,50, 70. What happens as N becomes
large? Explain your results. Hint: You will need a computer to evaluate and
plot the posterior PMF.
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