Chapter 14

Continuous N-Dimensional
Random Variables

14.1 Introduction

This chapter extends the results of Chapters 10-13 for one and two continuous
random variables to N continuous random variables. Our discussion will mirror
Chapter 9 quite closely, the difference being the consideration of continuous rather
than discrete random variables. Therefore, the descriptions will be brief and will
serve mainly to extend the usual definitions for one and two jointly distributed con-
tinuous random variables to an N-dimensional random vector. One new concept
that is introduced is the orthogonality principle approach to prediction of the out-
come of a random variable based on the outcomes of several other random variables.
This concept will be useful later when we discuss prediction of random processes in
Chapter 18.

14.2 Summary

The probability of an event defined on an N-dimensional sample space is given by
(14.1). The most important example of an N-dimensional PDF is the multivariate
Gaussian PDF, which is given by (14.2). If the components of the multivariate
Gaussian random vector are uncorrelated, then they are also independent as shown
in Example 14.2. Transformations of random vectors yield the transformed PDF
given by (14.5). In particular, linear tranformations of Gaussian random vectors
preserve the Gaussian nature but change the mean vector and covariance matrix as
discussed in Example 14.3. Expected values are described in Section 14.5 with the
mean and variance of a linear combination of random variables given by (14.8) and
(14.10), respectively. The sample mean random variable is introduced in Example
14.4. The joint moment is defined by (14.13) and the joint characteristic function
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by (14.15). Joint moments can be found from the characteristic function using
(14.17). The PDF for a sum of independent and identically distributed random
variables is conveniently determined using (14.22). The prediction of the outcome
of a random variable based on a linear combination of the outcomes of other random
variables is given by (14.24). The linear prediction coefficients are found by solving
the set of simultaneous linear equations in (14.27). The orthogonality principle
is summarized by (14.29) and illustrated in Figure 14.3. Section 14.9 describes
the computer generation of a multivariate Gaussian random vector. Finally, section
14.10 applies the results of this chapter to the real-world problem of signal detection
with the optimal detector given by (14.33).

14.3 Random Vectors and PDFs

An N-dimensional random vector will be denoted by either (Xi, Xs,...,Xn) or
X =[X; Xo...Xn]7. It is defined as a mapping from the original sample space of
the experiment to a numerical sample space Sx, x,,... Xy = RN, Hence, X takes on
values in the N-dimensional Euclidean space RN so that

[ X]_(S)

X(s) = X2.(5)

X (s)

will have values _

z1
T2

TN

where x is a point in RY. The number of possible values is uncountably infinite. As
an example, we might observe the temperature on each of N successive days. Then,
the elements of the random vector would be X; (s) = temperature on day 1, X5(s) =
temperature on day 2, ..., Xn(5) = temperature on day N, and each temperature
measurement would take on a continuum of values.

To compute probabilities of events defined on Sx, x,,. x, we will define the
N-dimensional joint PDF (or more succinctly just the PDF) as

PX1,Xz,, Xy (T1,%2,. .., ZN)

and sometimes use the more compact notation px(x). The usual properties of a
joint PDF must be valid

le,Xz,...,XN(wlam2""7xN) Z 0

o0 o0 o0
/ / / PX1,Xs,.. Xy (T1,22,...,ZN)dT1dZ2 ... doy = 1.
—00 v —0O0 —00
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Then the probability of an event A defined on RY is given by

PlA] = / / / PXs Ko (31,82, - 2)d1 s ... day. (14.1)
A

The most important example of an N-dimensional joint PDF is the multivariate
Gaussian PDF. This PDF is the extension of the bivariate Gaussian PDF described
at length in Chapter 12 (see (12.35)). It is given in vector/matrix form as

1
(2m)N/2 det/?(C)

px(x) = e [-px- WO -] 142)

where p = [y 2 ... pun]7 is the N x 1 mean vector so that

Ex, [X1]
pxix) = | P,
Bxy[X]
and C is the N x N covariance matrix defined as
var(Xi) cov(X1,X2) ... cov(Xy1,XnN)
B cov(Xa, X1) var(X3) ... cov(Xsg, XN)
cov(Xn, X1) cov(Xw,Xa) ... var(Xw)

Note that C is assumed to be positive definite and so it is invertible and has det(C) >
0 (see Appendix C). If the random variables have the multivariate Gaussian PDF,
they are said to be jointly Gaussian distributed. Note that the covariance matrix
can also be written as (see (Problem 9.21))

C=Ex [X-pX-pT].

To denote a multivariate Gaussian PDF we will use the notation M'(u, C). Clearly,
for N = 2 we have the bivariate Gaussian PDF. Evaluation of the probability of
an event using (14.1) is in general quite difficult. Progress can, however, be made
when A is a simple geometric region in RN and C is a diagonal matrix. An example
follows.

Example 14.1 — Probability of a point lying within a sphere

Assume N = 3 and let X ~ N(0,0%I). We will determine the probability that
an outcome falls within a sphere of radius R. The event is then given by A =
{(z1,72,23) : ¥2 + 23 + 23 < R?}. This event might represent the probability that
a particle with mass m and random velocity components V;,Vy,V, has a kinetic
energy £ = (1/2)m(V2 + V;f + V2) less than a given amount. This modeling is
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used in the kinetic theory of gases [Resnick and Halliday 1966] and is known as the
Maxwellian distribution. From (14.2) we have with 4 =0, C = 0%I, and N = 3

1 1 T/ 21\—-1
PlA] = ///A @72 4t P (oT) exp [—Ex (o°T) x] dz; dzo dz3
1 1
- ///AWGXP [—'2—55(‘”% + 35+ mg)] dz dza dzs

since det(c?I) = (02)% and (0%I)~! = (1/02)I. Next we notice that the region of
integration is the inside of a sphere. As a result of this and the observation that
the integrand only depends on the squared-distance of the point from the origin, a
reasonable approach is to convert the Cartesian coordinates to spherical coordinates.
Doing so produces the inverse transformation

1 = rcosfsing
o = rsinfsing
T3 = 7rcos¢

wherer > 0,0 <0 < 27, 0 < ¢ < 7. We must be sure to include in the integral over
r,0, ¢ the absolute value of the Jacobian determinant of the inverse transformation
which is r2sin ¢ (see Problem 14.5). Thus,

R pm 2w 1 1 ) 5 .
P[A] = /0' /0 /0 Wexp (—FT )’I" Sln¢d0d¢d""
R pm 1 ) 1 0 .
= ; ; W?" exp —ﬁr 27TSln¢d¢d7'
J— /R 1 2 1 2 2 ( s¢)|7l’ d
—Jo (271'02)3/2T P\ To02" ﬂ_Co,_O/ "
2
R
_ 4 2 1 4
= /0 ——(2ﬂ02)3/2r exp (—@r )dr
2 [Ry2 1,
= Vi )y 2P (‘ﬁ’" )d’*
To evaluate the integral
R 2
T 1,
I=/0 a—z-exp (*FT')d’f'

we use integration by parts (see Problem 11.7) with U = r and hence dU = dr and
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dV = (r/o?) exp[—r2/(20%)]dr so that V = — exp[—r2/(202)]. Then

R R
. +/0 exp [—%r2/02] dr
- R
= —Rexp _—%R2/02] + v27ra2/0 \/2;7@(;) [—%72/02] dr
— _Rexp —%R2/02] + V2 [Q(0) — Q(R/)].

[ 1
I = —rexp —-57‘2/02]

Finally, we have that
P = [ - Rexp |- 372/0] + VERa (Q0) - QE/o))|

— 1-2Q(R/o) - \/%Rexp (—%RZ/&) .
&

The marginal PDF's are found by integrating out the other variables. For exam-
ple, if px, (z1) is desired, then

o0 o0 o0
px, (21) =/ / / PX1, X2, Xy (Z1,Z2,...,ZN)dzo dz3 ... dTN.
—00 —00 —00

As an example, for the multivariate Gaussian PDF it can be shown that X; ~
N (ui,02), where o2 = var(X;) (see Problem 14.16). Also, the lower dimensional
joint PDF's are similarly found. To determine px, x, (z1,zn) for example, we use

o0 o0 o0
Px,,xn(Z1,ZN) =/ / / DPX1,Xs,... Xy (T1,22, ..., ZN)dT2dz3 ... dTN_1.
—00 —00 —00

The random variables are defined to be independent if the joint PDF factors into
the product of the marginal PDFs as

DPX1, X2, Xy (Z1, T2, -+, ZN) = px, (21)Px, (22) - .. DXy (ZN). (14.3)

An example follows.
Example 14.2 — Condition for independence of multivariate Gaussian
random variables

If the covariance matrix for a multivariate Gaussian PDF is diagonal, then the
random variables are not only uncorrelated but also independent as we now show.
Assume that

C = diag (a%,ag, e ,a?v)
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then it follows that
det(C)

1 1 1
C_1 == dla.g (—2, BULEERE —2) .
01 03 ON

Using these results in (14.2) produces

I
=
Q

@.m

P (zw)N/a(lN_la?)W o [—%(x_” )Tdiag(

|~

1 1
,U_%,...,E) (x—u)]

Lol V]

o

1 N
T ui)Q/a?]

exp [—
[LL; /2mo? i=1

N
= Hsz‘ (zi)

where X; ~ N (s, 01-2). Hence, if a random vector has a multivariate Gaussian PDF
and the covariance matriz is diagonal, which means that the random variables are

uncorrelated, then the random variables are also independent.

¢

A Uncorrelated implies independence only for multivariate Gaus-
sian PDF even if marginal PDFs are Gaussian!

Consider the counterexample of a PDF for the random vector (X,Y’) given by

T SN S S
2om/i-p2 T 21— pryTy
1 1 1
(m2+2pxy+y2)] (14.4)

b exp |
2oyl p2 T [ 2(1-p?)
for 0 < p < 1. This PDF is shown in Figure 14.1 for p = 0.9. Clearly, the random
variables are not independent. Yet, it can be shown that X ~ A (0,1), Y ~ N (0, 1),

and X and Y are uncorrelated (see Problem 14.7). The difference here is that the
joint PDF is not a bivariate Gaussian PDF.

pX,Y(xa y) =
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px,y(T,y)

(a) Joint PDF (b) Constant PDF contours

Figure 14.1: Uncorrelated but not independent random variables with Gaussian
marginal PDFs.

A joint cumulative distribution function (CDF') can be defined in the N-dimensional
case as

FX1,X2,...,XN($1aw2)"'awN) = P{Xl S xlaXZ S Z2,... ,XN S IL'N]

It has the usual properties of being between 0 and 1, being monotonically increasing
as any of the variables increases, and being “right continuous”. Also,

Fx, x,.,%xy(—00,—00,...,—00) = 0
Fx, x,,..xy (+00,4+00,...,+00) = 1.

The marginal CDFs are easily found by letting the undesired variables be evaluated
at +oo. For example, to determine the marginal CDF for X7, we have

FX1 (ml) = FXl,X%---,XN (171, 400, +00,..., +OO).

14.4 Transformations
We consider the transformation from X to Y where

1 = g1(X1,Xo,...,XnN)
Y2 = gg(Xl,Xz,...,XN)

YN = gN(Xl,X2,...,XN)
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and the transformation is one-to-one. Hence Y is a continuous random vector having
a joint PDF (due to the one-to-one property). If we wish to find the PDF of a subset
of the Y;’s, then we need only first find the PDF of Y and then integrate out the
undesired variables. The extension of (12.22) for obtaining the joint PDF of two
transformed random variables is

le,Yz,...,YN (yla Y2,... ayN)
— — — 8(.’1,‘1,.'132 :IIN)
= px1, X0, Xn (97 (7), 95 (¥), - -, g5 (¥)) |det ( 3 2 (14.5)
N N —r N—— (ylay27"'ayN)
T xr2 TN
where
oz Oz 9z
8y  dy2 " Oyn
o] o) J5)
Oor,an.yan) _ | B B2 22
a(ylay2a,yN)
dzy  dzn dzn
o By " Oyn

is the inverse Jacobian matrix. An example follows.
Example 14.3 — Linear transformation of multivariate Gaussian random

vector

If X ~N(u,C) and Y = GX, where G is an invertible N x N matrix, then we
have from y = Gx that

x = Gly
ox -1
% = G

Hence, using (14.5) and (14.2)

py(y) = px(G_ly) ldet(G_1)|
1 1 B )
= (27r)N/2 detl/z(c) exp [_E(G ly _ [.L)TC I(G 1y . H)]

_1
| det(G)]

1 1 B
(2m) V2 det 72(GCGT) [_i(y - Gp)"(GCGT) ™ (y - Gu)]

(see Section 12.7 for details of matrix manipulations) so that Y ~ M (Gu, GCGT).
This result is the extension of Theorem 12.7 from 2 to N jointly Gaussian random
variables. See also Problems 14.8 and 14.15 for the case where G is M x N with
M < N. It is shown there that the same result holds.

¢
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14.5 Expected Values

The expected value of a random vector is defined as the vector of the expected values
of the elements of the random vector. This says that we define

X1 Ex, [X1]
X2 EX [Xg]

EX[X] = EX1,X2,...,XN . = 2: . (146)
XN EXN [XN]

We can view this definition as “passing” the expectation “through” the left bracket
of the vector since Ex, x,,..xy[Xi] = Ex;[X;]. A particular expectation of interest
is that of a scalar function of X1, X»,..., Xy, say g(X1,X2,...,Xn). Similar to
previous results (see (12.28)) this is determined using

EXI,XZ,M,XN [g(Xl’X2, e aXN)]

o0 oo o0
=/ / / 9(z1,T2,.. ., TN)PX, X, Xy (Z1,Z2, ..., ZN)dT1 dT2 . .. dTN.
—00 J —0O0 —00

(14.7)
Some specific results of interest are the linearity of the expectation operator or

N N
Ex, Xz, Xy [Z aiXi:| = Z a; Ex;[X;] (14.8)
=1 =1

and in particular if a; = 1 for all 4, then we have

EX, Xy...Xn [ZX] ZEX [X;]. (14.9)

=1

The variance of a linear combination of random variables is given by

N N N
ar (Z aiX,-> = Z Zaiaicov(Xi,Xj) = aTCXa (14.10)
=1

=1 j=1

where Cx is the covariance matrix of X and a = [a; a3 ...ay]T. The derivation of
(14.10) is identical to that given in the proof of Property 9.2 for discrete random
variables. If the random variables are uncorrelated so that the covariance matrix is
diagonal or

Cx = diag(var(X;),var(Xa2)...,var(Xy))

then (see Problem 14.10)

N N
ar (E aiXi) = Z a?var(X;). (14.11)
i=1 i=1
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If furthermore, a; = 1 for all 4, then

N N
var <Z X,-) = var(X;). (14.12)
=1 =1

An example follows.

Example 14.4 — Sample mean of independent and identically distributed
random variables

Assume that Xi,Xs,...,Xy are independent random variables and each ran-
dom variable has the same marginal PDF. When random variables have the same
marginal PDF, they are said to be identically distributed. Hence, we are assuming
that the random variables are independent and identically distributed (IID). As a
consequence of being identically distributed, Ex,[X;] = u and var(X;) = o? for all
1. It is of interest to examine the mean and variance of the random variable that we
obtain by averaging the X;’s together. This averaged random variable is

. 1 X
X=N;Xi

and is called the sample mean random variable. We have previously encountered
the sample mean when referring to an average of a set of outcomes of a repeated
experiment, which produced a number. Now, however, X is a function of the random
variables X7, Xo,..., XN and so is a random variable itself. As such we may consider
its probabilistic properties such as its mean and variance. The mean is from (14.8)
with a; = 1/N

N
- 1
Ex Xa,...xy[X] = N ZEXi [Xi] = u
i=1

and the variance is from (14.11) with a; = 1/N (since X;’s are independent and
hence uncorrelated)

var(X) = Zﬁlgvar(Xi)

Note that on the average the sample mean random variable will yield the value p,
which is Ehe expected value of each X;. Also as N — oo, var(X) — 0, so that the
PDF of X will become more and more concentrated about y. In effect, as N — oo,

we have that X — p. This says that the sample mean random variable will converge
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to the true expected value of X;. An example is shown in Figure 14.2 in which the
marginal PDF of each X; is A'(2,1). In the next chapter we will prove that X does
indeed converge to Ex,[X;] = p.

2 2
B : : : : ! = : ; : :
m 15 ......... ......... ......... ......... ..... Q‘ 15 ..... ., ....... - - ....... ......... 4
o : : : : o
QQ H H . % a [}
B glssdaesnadiinnlaasings =B | TECTI TR RURet || | | PR
£ : : : : £
T : 5 : ] b : : : :
B Qf it H H ..... s o Y O PIRIRRRTTER 1| e SR R
L colll . llliln
0 1 2 3 4 0 1 2 3 4
T T
(a) N=10 (b) N =100

Figure 14.2: Estimated PDF for sample mean random variable, X.

14.6 Joint Moments and the Characteristic Function

The joint moments corresponding to an N-dimensional PDF are defined as

1 yla In
EXl;X27---aXN [Xl D, S XN ]

:/ / / TITS . TRDPX X, Xy (T1,Z2, ..., ZN)dT1 dTo . . . dTN.

—00

(14.13)
As usual, if the random variables are independent, the joint PDF factors and there-
fore

Exy X, xy [XUXYP . XW] = Ex, [ XD Ex,[X2]. .. Ex, [X%]. (14.14)
The joint characteristic function is defined as

X1, X2, Xn (W1, W2y o, WN) = Ex; X, xy [€xplf (w1 X1 + w2 X2 + -+ + wn XN)]]
(14.15)
and is evaluated as

¢X1,X2,...,XN (wl,(.UQ, e ,WN)
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0o o] o0 |
— / / / exp[j(wlxl +w2$2+"'+WN$N)]
—00 J —00 —0o0
PX1,X2,..Xy (1,2, .., EN)dT1 dE3 .. . dT.

In particular, for independent random variables, we have (see Problem 14.13)

¢X1,X2,...,XN (wlana e awN) = ¢X1 (w1)¢X2 (w2) v d)XN (WN)

Also, the joint PDF can be found from the joint characteristic function using the
inverse Fourier transform as

PX1, X2, Xy (Z1,Z2, ..., TN)

o0 o0 o0
= / / / dx1,Xs,... Xy (W1, w2, ..., wWN)
—00 —00 —00

. dwi dw dw
-exp[—j(wiz1 +w2x2+---+waN)]—1 2 N

— =, 14.16
2 27 2 ( )

All the properties of the 2-dimensional characteristic function extend to the general
case. Note that once ¢x, x,, . xy(wi,ws,...,wy) is known, the characteristic func-
tion for any subset of the X;’s is found by setting w; equal to zero for the ones not in
the subset. For example, to find px, x,(z1,22), we can let w3 =ws =--- =wy =0
in the joint characteristic function to yield (see Problem 14.14)

dw1 dwg

(o] o0
Px1,x, (%1, %2) =/ / DX1,Xs,... Xy (W1, w2,0,...,0) exp[—j (w121 +w2$2)]§——-
—oo J—o0 ™ ~ z T 27

dx1,X (W1,w2)

As seen previously, the joint moments can be obtained from the characteristic func-
tion. The general formula is

1 yvla In
Ex, X xn [ X1 X5 X3 ]

1 Hlitlet+in
= jll+l2+“'+lN Owllawb Bwl"’ ¢X1,X2,---,XN (w1>w2a cee 7wN)
1 2 N w1=wo=+-=wn=0
(14.17)

An example follows.

Example 14.5 — Second-order joint moments for multivariate Gaussian
PDF

In this example we derive the second-order moments Ex, x;[X;Xj;] if X ~ N(0, C).
The characteristic function can be shown to be [Muirhead 1982]

¢x (w) = exp (—%wTCw>
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where w = [wy ws...wn]T. We first let

N N
Qw) =w"Cw=>">" wnwn[Clmn (14.18)

m=1n=1

and note that it is a quadratic form (see Appendix C). Also, we let [Clmn = cmn to
simplify the notation. Then from (14.17) with [; = I; = 1 and the other I’s equal to
zero, we have

Bxox, XX = 2 - e (~L o)

Carrying out the partial differentiation produces
dexp[—(1/2)Qw)] _ _10Q(w) 1
Bwi N 2 Bwi exp 2Q(w)
0% exp[-(1/2)Q(w)] _ 10Q(w)9Q(w) 1
Bwiawj N Z sz- awj exp <—§Q(w)>
160%Q(w) 1
But
0Q(w) g Owpwn,
= m (from (14.18))
= ZN: g: w o " Conn + W O
= 2 mazmn nalcmn
m=1n= w=0
=0 (14.20)
and also NN
’Q(w) 0% wWrnwn
= mn 14.21
O0w;0w; | 4o Tnzzl’r; Ow;Ow; weo ( )
But
P wmwn, — w 6& tw Owm,
0wi o m 3&)1' n Bwi

= WmOni + Wnlms

where §;; is the Kronecker delta, which is defined to be 1 if i = j and 0 otherwise.

Hence 9
0 wWwn

Fadhag  (ioni T it
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and 0,;0n; equals 1 if (m,n) = (j,4) and equals 0 otherwise, and 0nj0m; equals 1 if
(m,n) = (4,7) and equals 0 otherwise. Thus,

0°Q(w)

8w1- ow '

¢ji + cij (from (14.21))
w=0 :
= 2cj (recall that CT = C).

Finally, we have the expected result from (14.19) and (14.20) that
1 10%Q(w) 1
XX = = -2 -
EX“X][ .7] j2 [ 9 awzawj €Xp 2Q(w) w=0
1 1
= 5 (—§> (2¢ij) = ¢ij = [Clij-
%

Lastly, we extend the characteristic function approach to determining the PDF for
a sum of IID random variables. Letting Y = Ef;l X, the characteristic function of
Y is defined by

¢y (w) = Ey[exp(jwY)]
and is evaluated using (14.7) with g(Xi,Xo,...,XnN) = exp[jw Zf;l X;] (the real
" and imaginary parts are evaluated as separate integrals) as

N
dy(w) = Ex;x,,.. Xy [exp (ijXi)]

=1

N
= EXI,X27"~)XN [H exp(]wXZ)] .

=1
Now using the fact that the X;’s are IID, we have that

N
dy(w) = HEXi[exp(iji)] (independence)

i1=vl
= H ¢x;(w)
=1

= [px(w)]¥ (identically distributed)

where ¢x(w) is the common characteristic function of the random variables. To
finally obtain the PDF of the sum random variable we use an inverse Fourier trans-

form to yield
pr(y)= | [ox(w)]" exp(—jwy) . (14.22)
oo T
This formula will form the basis for the exploration of the PDF of a sum of IID
random variables in Chapter 15. See Problems 14.17 and 14.18 for some examples

of its use.
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14.7 Conditional PDF's

The discussion of Section 9.7 of the definitions and properties of the conditional PMF
also hold for the conditional PDF. To accommodate continuous random variables we
need only replace the PMF notation of the “bracket” with that of the PDF notation
of the “parenthesis.” Hence, we do not pursue this topic further.

14.8 Prediction of a Random Variable Outcome

We have seen in Section 7.9 that the optimal linear prediction of the outcome of Y’
when X = z is observed to occur is

5 cov(X,Y)
Y = Ey[Y] + ar(X)

(z — Ex[X]). (14.23)
If (X,Y) has a bivariate Gaussian PDF, then the linear predictor is also the optimal
predictor, amongst all linear and nonlinear predictors. We now extend these results
to the prediction of a random variable after having observed the outcomes of several
other random variables. In doing so the orthogonality principle will be introduced.
Our discussions will assume only zero mean random variables, although the results
are easily modified to yield the prediction for a nonzero mean random variable. To
do so note that (14.23) can also be written as

S _cov(X,Y)

Y—Ey[Y]— var(X) ((L‘—Ex[X])

But if X and Y had been zero mean, then we would have obtained

- cov(X,Y)
=00
var(X)

It is clear that the modification from the zero mean case to the nonzero mean case
is to replace each z; by z; — Ex,[X;] and also Y by Y — Ey [Y].

Now consider the p + 1 continuous random variables {Xi, X»,...,Xp, Xpi11}
and say we wish to predict X,;; based on the knowledge of the outcomes of
Xi1,Xs,...,X,. Letting X; = z1,X2 = z2...,X, = z, be those outcomes, we
consider the linear prediction

p
Xpy1 =) aiwi (14.24)
=1

where the a;’s are the linear prediction coefficients, which are to be determined. The
optimal coefficients are chosen to minimize the mean square error (MSE)

mse = EXI,XZ,"'aXp-}-l [(XP+1 - Xp+1)2]
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or written more explicitly as

p 2
mse = Ex, X,,.. X 11 (X,,+1 = a,-Xi> : (14.25)
=1

We have used Y_?_; a;X;, which is a random variable, as the predictor in order that
the error measure be the average over all predictions. If we now differentiate the
MSE with respect to a; we obtain

aEXl,Xz,---,Xp+1 [(Xp+1 - Z?.—.l a'iXi)2]
80,1

0 P (interchange integration
= -_— X - i X;)? . ot
Exy, Xz Xp11 [Bal( pH z;‘“Xl) ] and differentiation)
1=

p
= Ex; X3, Xpi1 [—2(Xp+1 - ZaiXi)Xl] =0. (14.26)
=1

This produces

P
Ex, Xs,..Xp41 [X1Xpt1] = Exy X5, Xpi1 [Z ainxi]
i=1
or
P
Exy Xp41 [X1Xp11] = Z a; Ex, x;[X1Xi).
i=1

Letting c;; = Ex; x;[XiX;] denote the covariance (since the X;’s are zero mean) we
have the equation
P
Z C1iG; = C1p+1-
i=1

If we differentiate with respect to the other coefficients, similar equations are ob-
tained. In all, there will be p simultaneous linear equations given by

p
chiai:ck,pﬂ k=1,2,...,p
=1

that need to be solved to yield the a;’s. These equations can be written in vec-
tor/matrix form as

Ci1 €12 ... Cip a C1,p+1
C21 C22 ... C2p a2 C2,p+1

. . . = . (14.27)
Lt G2 ... Cpp ]| Gp Cpp+1

c c
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We note that C is the covariance matrix of the random vector [X; X2 .. .X,,]T and
c is the vector of covariances between X,.; and each X; used in the predictor.
The linear prediction coefficients are found by solving these linear equations. An
example follows.

Example 14.6 — Linear prediction based on two random variable out-
comes

Consider the prediction of X3 based on the outcomes of X; and X7 so that X3 =
a1z1 + agx2, where p = 2. If we know the covariance matrix of X = [X; X» X3]T
say Cx, then all the c;;’s needed for (14.27) are known. Hence, suppose that

Ci11 Ci12 (i3 1 2/3 ]./3
CX = C21 C22 C23 = 2/3 1 2/3
C31 C32 C33 1/3 2/3 1

Thus, X3 is correlated with X5 with a correlation coefficient of 2/3 and X3 is
correlated with X; but with a smaller correlation coefficient of 1/3. Using (14.27)
with p = 2 we must solve

ESSINEEL

By inverting the covariance matrix we have the solution
alopt _ 1 [ 1 _2/3 ] 1/3
20, 1-1(2/3)2 | —2/3 1 2/3

[

Due to the larger correlation of X3 with X5, the prediction coefficient ay is larger.
Note that if the covariance matrix is Cx = oI, then c¢i3 = c23 = 0 and Q1o =
a2,,, = 0. This results in X3 = 0 or more generally for random variables with
nonzero means, X3 = Ex,[X3], as one might expect. See also Problem 14.24 to see
how to determine the minimum value of the MSE.
¢
As another simple example, observe what happens if p = 1 so that we wish to
predict X5 based on the outcome of X;. In this case we have that X5 = ay71 and
from (14.27), the solution for a; is ai,,, = ci2/c11 = cov(Xy, X)/var(X;). Hence,
Xy = [cov(X1, X2)/var(X1)]z: and we recover our previous results for the bivariate
case (see (14.23) and let Ex[X] = Ey[Y] = 0) by replacing X; with X, z; with z,
and X9 with Y.
An interesting and quite useful interpretation of the linear prediction procedure
can be made by reexamining (14.26). To simplify the discussion let p = 2 so that
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the equations to be solved are

EX1,X2,X3[(X3 —a1 Xy — 02X2)X1] =0
EXl,Xz,Xa[(X3 —a1 Xy — a2X2)X2] = 0. (14.28)

Let the predictor error be denoted by €, which is explicitly € = X3 — a1 X7 — a2 Xo.
Then (14.28) becomes

EXl,X2,X3[€X1] =0

which says that the optimal prediction coefficients a1, as are found by making the
predictor error uncorrelated with the random variables used to predict X3. Presum-
ably if this were not the case, then some correlation would remain between the error
and X1, X, and this correlation could be exploited to reduce the error further (see
Problem 14.23).

A geometric interpretation of (14.29) becomes apparent by considering X;, Xo,
and X3 as vectors in a Euclidean space as depicted in Figure 14.3a. Since X3 =

(a) (b)

Figure 14.3: Geometrical interpretation of linear prediction.

a1X1 +as X, f(3 can be any vector in the shaded region, which is the X;-X5 plane,
depending upon the choice of a; and as. To minimize the error we should choose
X3 as the orthogonal projection onto the plane as shown in Figure 14.3b. But this
is equivalent to making the error vector e orthogonal to any vector in the plane. In
particular, then we have the requirement that

e L Xl
e L X, (14.30)
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where L denotes orthogonality. To relate these conditions back to those of (14.29) we
define two zero mean random variables X and Y to be orthogonal if Ex y[XY] = 0.
Hence, we have that (14.30) is equivalent to

Ex,,x2,Xs [eXl] =0
EXI ,»X2,X3 [€X2] = O

or just the condition given by (14.29). (Since € depends on (X, X2, X3), the ex-
pectation reflects this dependence.) This is called the orthogonality principle. It
asserts that to minimize the MSE the error “vector” should be orthogonal to each of
the “data vectors” used to predict the desired “vector”. The “vectors” X and Y are
defined to be orthogonal if Ex y[XY] = 0, which is equivalent to being uncorrelated
since we have assumed zero mean random variables. See also Problem 14.22 for the
one-dimensional case of the orthogonality principle.

14.9 Computer Simulation of Gaussian
Random Vectors

The method described in Section 12.11 for generating a bivariate Gaussian random
vector is easily extended to the N-dimensional case. To generate a realization of
X ~ N(u, C) we proceed as follows:

1. Perform a Cholesky decomposition of C to yield the N x N nonsingular matrix
G, where C = GGT.

2. Generate a realization u of an N x 1 random vector U whose PDF is A/(0,I).
3. Form the realization of X as x = Gu + p.

As an example, if g4 = 0 and

1 2/3 1/3
C=12/3 1 2/3 (14.31)
1/3 2/3 1
then
1 0 0

G = | 0.6667 0.7454 0
0.3333 0.5963 0.7303

We plot 100 realizations of X in Figure 14.4. The MATLAB code is given next.
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Figure 14.4: Realizations of 3 x 1 multivariate Gaussian random vector.

c=[1 2/3 1/3;2/3 1 2/3;1/3 2/3 1];
G=chol(C)’; % perform Cholesky decomposition
% MATLAB produces C=A’*A so G=A’

M=200;
for m=1:M J, generate realizations of x

u=[randn(1,1) randn(1,1) randn(1,1)]’;

x(:,m)=G*u; % realizations stored as columns of 3 x 200 matrix
end

14.10 Real-World Example — Signal Detection

An important problem in sonar and radar is to be able to determine when an object,
such as a submarine in sonar or an aircraft in radar, is present. To make this decision
a pulse is transmitted into the water (sonar) or air (radar) and one looks to see if a
reflected pulse from the object is returned. Typically, a digital computer is used to
sample the received waveform in time and store the samples in memory for further
processing. We will denote the received samples as X1, Xo,...,Xn. If there is no
reflection, indicating no object is present, the received samples are due to noise only.
If, however, there is a reflected pulse, also called an echo, the received samples will
consist of a signal added to the noise. A standard model for the received samples is to
assume that X; = W;, where W; ~ N(0,0?) for noise only present and X; = s; + W;
for a signal plus noise present. The noise samples W; are usually also assumed to be
independent and hence they are IID. With this modeling we can formulate the signal



14.10. REAL-WORLD EXAMPLE - SIGNAL DETECTION 477

detection problem as the problem of deciding between the following two hypotheses

Hw @ X;=W,; 1=1,2,...,N
Heew @ Xi=s+W; 1=1,2,...,N.

It can be shown that a good decision procedure is to choose the hypothesis for which
the received data samples have the highest probability of occurring. In other words,
if the received data is more probable when H ,w is true than when Hw is true,
we say that a signal is present. Otherwise, we decide that noise only is present. To
implement this approach we let px(x; Hw) be the PDF when noise only is present
and px(x;Hs+w) be the PDF when a signal plus noise is present. Then we decide
a signal is present if

px (%5 Hssw) > px (35 Hw). (14.32)

But from the modeling we have that X = W ~ N(0, 0?I) for no signal present and
X = s+ W ~ N(s,0%I) when a signal is present. Here we have defined the signal
vector as s = [s1 52...sx|7. Hence, (14.32) becomes from (14.2)

1 exp [— L (x—s) 1 xTx
)% P 202 (2%02)% xp 202

(2mo? i

x—s)| >
An equivalent inequality is

—(x-s)T(x—s)>—xTx

since the constant 1/(27c2)N/2 is positive and the exponential function increases
with its argument. Expanding the terms we have

—xTx +xTs+sTx —sTs > —xTx
and since s”x = xT's we have
T, l.r
X'S> =88
2

or finally we decide a signal is present if

N 1 N

> misi> 5 Z s2. (14.33)

=1 =1
This detector is called a replica correlator [Kay 1998] since it correlates the data
z1,%2,...,TN with a replica of the signal s;,s2,...,sy. The quantity on the right-

hand-side of (14.33) is called the threshold. If the value of Zf\;l z;8; exceeds the
threshold, the signal is declared as being present.

As an example, assume that the signal is a “DC level” pulse or s; = A for
i=1,2,...,N and that A > 0. Then (14.33) reduces to

N 1
Ain > —2-NA2

=1
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and since A > 0, we decide a signal is present if

N
1 A
N>
=1

Hence, the sample mean is compared to a threshold of A/2. To see how this detector
performs we choose A = 0.5 and 02 = 1. The received data samples are shown in
Figure 14.5a for the case of noise only and in Figure 14.5b for the case of a signal plus
noise. A total of 100 received data samples are shown. Note that the noise samples

-3 : . . . -3

0 20 40 60 80 100 0 20 40 60 80 100
Sample, i Sample, i
(a) Noise only (b) Signal plus noise

Figure 14.5: Received data samples. Signal is s; = A = 0.5 and noise consists of
IID standard Gaussian random variables.

generated are different for each figure. The value of the sample mean (1/N) Zfil x;

is shown in Figure 14.6 versus the number of data samples N used in the averaging.
For example, if N = 10, then the value shown is (1/10) Z}gl x;, where z; is found
from the first 10 samples of Figure 14.5. To more easily observe the results they
have been plotted as a continuous curve by connecting the points with straight lines.
Also, the threshold of A/2 = 0.25 is shown as the dashed line. It is seen that as the
number of data samples averaged increases, the sample mean converges to the mean
of X; (see also Example 14.4). When noise only is present, this becomes Ex[X] = 0
and when a signal is present, it becomes Ex[X] = A = 0.5. Thus by comparing the
sample mean to the threshold of A/2 = 0.25 we should be able to decide if a signal
is present or not most of the time (see also Problem 14.26).
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1 0.5
a % 04t R e R R AN
g qé signal plus noise
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o) 2
- o, AR YR AN S S S S
& g
g B 0.2f
n « . .
noise only......oo
2 . . . . 0 N . N . .
0 20 40 60 80 100 70 75 80 85 90 95 100
Number of samples, NV Number of samples, NV
(a) Total view (b) Expanded view for 70 < N < 100

Figure 14.6: Value of sample mean versus the number of data samples averaged.
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Problems

14.1 (o) (w,f) Y = X; + X3 + X3, where X ~ N (u, C) and

1
po= |2
| 3
[ 1 1/2 1/4
cC = |12 1 1/2
| 1/4 1/2 1

find the mean and variance of Y.

14.2 (w,c) If [X; Xo]T ~ N(0,0%1), find P[X? + X2 > R?|. Next, let 02 = 1 and
R =1 and lend credence to your result by performing a computer simulation
to estimate the probability.
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14.3 (f) Find the PDF of Y = X? + X2 + X2 if X ~ N(0,I). Hint: Use the results
of Example 14.1. Note that you should obtain the PDF for a x3 random
variable.

14.4 (w) An airline has flights that depart according to schedule 95% of the time.
This means that they depart late 1/2 hour or more 5% of the time due to
mechanical problems, traffic delays, etc. (for less than 1/2 hour the plane is
considered to be “on time”). The amount of time that the plane is late is
modeled as an exp()) random variable. If a person takes a plane that makes
two stops at intermediate destinations, what is the probability that he will
be more than 1 1/2 hours late? Hint: You will need the PDF for a sum of
independent exponential random variables.

14.5 (f) Consider the transformation from spherical to Cartesian coordinates. Show
that the Jacobian has a determinant whose absolute value is equal to 72 sin ¢.

14.6 (.- ) (w) A large group of college students have weights that can be modeled
as a N (150,30) random variable. If 4 students are selected at random, what
is the probability that they will all weigh more than 150 1bs?

14.7 (t) Prove that the joint PDF given by (14.4) has N (0,1) marginal PDFs and
that the random variables are uncorrelated. Hint: Use the known properties
of the standard bivariate Gaussian PDF.

14.8 (t) Assume that X ~ A (0,C) for X an N x 1 random vector and that Y =
GX, where G is an M x N matrix with M < N. If the characteristic function
of X is ¢x(w) = exp (—3w? Cw), find the characteristic function of Y. Use
the following

¢v(w) = By[exp(jw"Y)] = Ex[exp(jw” GX)] = Ex[exp(j(G"w)"X)].
Based on your results conclude that Y ~ A (0, GCGT).

14.9 () (f) IfY = X; + X5 + X3, where X ~ N(0,C) and C = diag(0?, 02,0%),
find the PDF of Y. Hint: See Problem 14.8.

14.10 (f) Show that if Cx is a diagonal matrix, then alCxa = Zf\il a?var(X;).

14.11 (c) Simulate a single realization of a random vector composed of IID random
variables with PDF X; ~ N (1,2) for s = 1,2,...,N. Do this by repeating an
experiment that successively generates X ~ A/(1,2). Then, find the outcome
of the sample mean random variable and discuss what happens as N becomes
large.

14.12 (.- ) (w,c) An N x1random vector X has Ex,[X;] = u and var(X;) = io? for
1 =1,2,...,N. The components of X are independent. Does the sample mean
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random variable converge to u as N becomes large? Carry out a computer
simulation for this problem and explain your results.

14.13 (t) Prove that if X;,X5,..., Xy are independent random variables, then
DxX1, X, Xy (W1, W2, ... ,WN) = IV, éx:(wi)-

14.14 (t) Prove that ¢x, x,,.. xy(W1,w2,0,0...,0) = ¢dx, x,(w1,w2).

14.15 (t) If X ~ N (p, C) with X an N x 1 random vector, prove that the charac-
teristic function is

¢x (w) = exp (ijp, — %wTCw) .

To do so note that the characteristic function of a random vector distributed
according to N(0,C) is exp (—3wTCw). With these results show that the
PDF of Y = GX for G an M x N matrix with M < N is N (Gpu, GCGT).

14.16 (t) Prove that if X ~ AM(u,C) for X an N x 1 random vector, then the
marginal PDFs are X; ~ N(u;,0?). Hint: Examine the PDF of Y = eiTX,
where e; is the N x 1 vector whose elements are all zeros except for the ith
element, which is a one. Also, make use of the results of Problem 14.15.

14.17 (f) Prove that if X; ~ N (0,1) for i = 1,2..., N and the X;’s are IID, then
SV X? ~ x%. To do so first find the characteristic function of X2. Hint:
You will need the result that

S | 122
———exp|—-— |dz =1
/—'—oo 2mc p( 2 C)

for ¢ a complex number. Also, see Table 11.1.

14.18 (t) Prove that if X; ~ exp()\) and the X;’s are IID, then ZfilXi has an
Erlang PDF. Hint: See Table 11.1.

14.19 (.. ) (w,c) Find the mean and variance of the random variable

12

Y= (U;i-1/2)

1=1

where U; ~ U(0,1) and the U;’s are IID. Estimate the PDF of Y using a
computer simulation and compare it to a standard Gaussian PDF. See Section
15.5 for a theoretical justification of your results.
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14.20 (w) Three different voltmeters measure the voltage of a 100 volt source. The
measurements can be modeled as random variables with

Vi ~ N(100,1)
Va ~ N(100,10)
Vs ~ N(100,5).

Is it better to average the results or just use the most accurate voltmeter?

14.21 (.-) (f) If a 3 x 1 random vector has mean zero and covariance matrix
3 21
Cx=|[2 3 2
1 2 3

find the optimal prediction of X3 given that we have observed X; = 1 and
X9 =2.

14.22 (t) Consider the prediction of the random variable Y based on observing that
X = z. Assuming (X,Y) is a zero mean random vector, we propose using the
linear prediction ¥ = az. Determine the optimal value of a (being the value
that minimizes the MSE) by using the orthogonality principle. Explain your
results by drawing a diagram.

14.23 (f) If a 3 x 1 random vector X has a zero mean and covariance matrix

1 p p?
Cx=]p 1 p
P op 1

determine the optimal linear prediction of X3 based on the observed outcomes
of X; and X;. Why is a1,,, = 07 Hint: Consider the covariance between
€ = X3 — pXao, which is the predictor error for X3 based on observing only X,
and X 1.

14.24 (.-) (t,f) Explain why the minimum MSE of the predictor X3 = A1 X1 +
azothQ iS

msemin = Ex; xp,Xs [(X3 — 105, X1 — 024, X2)?]
Ex, X33 [(X3 — G105, X1 — a2,,, X2) X3]

€33 = G144, C13 — A2, C23-

Next use this result to find the minimum MSE for Example 14.6.
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14.25 (.- ) (c) Use a computer simulation to generate realizations of the random
vector X described in Example 14.6. Then, predict X3 based on the outcomes
of X; and X5 and plot the true realizations and the predictions. Finally,
estimate the average predictor error and compare your results to the theoretical
minimum MSE obtained in Problem 14.24.

14.26 (w) For the signal detection example described in Section 14.9 prove that
the probability of saying a signal is present when indeed there is one goes to
1as A — oo.

14.27 (¢) Generate on a computer 1000 realizations of the two different random
variables Xy ~ N(0,1) and X,.w ~ N(0.5,1). Next plot the outcomes of
the sample mean random variable versus IV, the number of successive samples
averaged, or Ty = (1/N) Zf\_]___l z;. What can you say about the sample means
as N becomes large? Explain what this has to do with signal detection.
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