Chapter 9

Discrete N-Dimensional
Random Variables

9.1 Introduction

In this chapter we extend the results of Chapters 5-8 to N-dimensional random vari-
ables, which are represented as an N x 1 random vector. Hence, our discussions will
apply to the 2 X 1 random vector previously studied. In fact, most of the concepts
introduced earlier are trivially extended so that we do not dwell on the conceptu-
alization. The only exception is the introduction of the covariance matriz, which
we have not seen before. We will introduce more general notation in combination
with vector/matrix representations to allow the convenient manipulation of N x 1
random vectors. This representation allows many results to be easily derived and is
useful for the more advanced theory of probability that the reader may encounter
later. Also, it lends itself to straightforward computer implementations, particularly
if one uses MATLAB, which is a vector-based programming language. Since many
of the methods and subsequent properties rely on linear and matrix algebra, a brief
summary of relevant concepts is given in Appendix C.

9.2 Summary

The N-dimensional joint PMF is given by (9.1) and satisfies the usual properties of
(9.3) and (9.4). The joint PMF of any subset of the N random variables is obtained
by summing the joint PMF over the undesired ones. If the joint PMF factors as
in (9.7), the random variables are independent and vice versa. The joint PMF
of a transformed random vector is given by (9.9). In particular, if the transformed
random variable is the sum of NV independent random variables with the same PMF,
then the PMF is most easily found from (9.14). The expected value of a random
vector is defined by (9.15) and the expected value of a scalar function of a random
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vector is found via (9.16). As usual, the expectation operator is linear with a special
case given by (9.17). The variance of a sum of N random variables is given by (9.20)
or (9.21). If the random variables are uncorrelated, then this variance is the sum of
the variances as per (9.22). The covariance matrix of a random vector is defined by
(9.25). It has many important properties that are summarized in Properties 9.1-
5. Particularly useful results are the covariance matrix of a linearly transformed
random vector given by (9.27) and the ability to decorrelate the elements of a
random vector using a linear transformation as explained in the proof of Property
9.5. An example of this procedure is given in Example 9.4. The joint moments and
characteristic function of an N-dimensional PMF are defined by (9.32) and (9.34),
respectively. The joint moments are obtainable from the characteristic function by
using (9.36). An important relationship is the factorization of the joint PMF into
a product of conditional PMFs as given by (9.39). When the random variables
exhibit the Markov property, then this factorization simplifies even further into the
product of first-order conditional PMFs as given by (9.41). The estimates of the
mean vector and the covariance matrix of a random vector are given by (9.44) and
(9.46), respectively. Some MATLAB code for implementing these estimates is listed
in Section 9.8. Finally, a real-world example of the use of transform coding to
store/transmit image data is described in Section 9.9. It is based on decorrelation
of random vectors and so makes direct use of the properties of the covariance matrix.

9.3 Random Vectors and Probability Mass Functions

Previously, we denoted a two-dimensional random vector by either of the equivalent
notations (X,Y) or [X Y]T. Since we now wish to extend our results to an N x 1
random vector, we shall use (X1, X>,...,Xny) or X = [X; Xa...Xn]T. Note that
a boldface character will always denote a vector or a matrix, in contrast to a scalar
variable. Also, all vectors are assumed to be column vectors. A random vector
is defined as a mapping from the original sample space S of the experiment to a
numerical sample space, which we term Sx, x,,... x,. The latter is normally referred
to as RY, which is the N-dimensional Euclidean space. Hence, X takes on values
in RY so that

Xi(s)

x() = | 2

Xn(s)

will have values

1
T2

IN
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where x is a point in the N-dimensional Euclidean space RY. A simple example is
S = {all lottery tickets} with X(s) representing the number printed on the ticket.
Then, X () is the first digit of the number, X5(s) is the second digit of the number,
..., and Xn(s) is the Nth digit of the number.

We are, as usual, interested in the probability that X takes on its possible values.
This probability is P[X; = 21, X2 = 3,..., XNy = zy] and it is defined as the joint
PMF. The joint PMF is therefore defined as

le,XZ,,,_,XN[xl,mg, .o ,iEN] = P[X1 = a:l,XQ =T2,... ,XN = .'IIN] (91)
or more succinctly using vector notation as
px[x] = P[X = x]. (9.2)

When x consists of integer values only, we will replace z; by k;. Then, the joint
PMF will be px, x,,...xy[k1,k2,...,kn] or more succintly as py[k], where k =
[k1k2...kn]T. An example of an N-dimensional joint PMF, which is of consid-
erable importance, is the multinomial PMF (see (4.19)). In our new notation the
joint PMF is

M
bXxi,Xs,... XN [kla k?v s 7kN] = (kl k'2 kN) Plflpgz .. p?VN
sy N2y 00y

where k; > 0 with 7, k; = M, and 0 < p; < 1 for all i with 3, p; = 1. That
this is a valid joint PMF follows from its adherence to the usual properties

0 S le,Xz,...,XN [kla k2’ ey kN] S 1 (93)
Zz'"Zle,Xz,...,XN[klak2a'"’kN] = 1 (94)
k1 ko kn

To prove (9.4) we need only use the multinomial expansion, which is (see Problem
9.3)

M
(a1+a2+~'-+aN)M=ZZ...Z(k E k )a’flagz...a’;\,’v (9.5)
k1 ke kn 1,R2yccy N

where N k; = M.
The marginal PMF's are obtained from the joint PMF by summing over the other
variables. For example, if px, [z1] is desired, then

pxilzl= oo Y pxuxexylEn o, 2N (9.6)

{12:11:268)(2}{(1:3::12365){3} {IN:II}NESXN}

and similarly for the other N — 1 marginals. This is because the right-hand side of
(9.6) is

PX;=z1,X5 € Sx,, X3 € Sx4,...,XN € SXN] = P[Xl = z1].
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When the random vector is composed of more than two random variables, we can
also obtain the joint PMF of any subset of the random variables. We do this by
summing over the variables that we wish to eliminate. If, say, we wish to determine
the joint PMF of X; and X, we have

pxixnELEn] =)D Y pxyxe, Xy 81,32, TN,

T2 x3 TN-1

As in the case of N = 2 the marginal PMFs do not determine the joint PMF,
unless of course the random variables are independent. In the N-dimensional case
the random variables are defined to be independent if the joint PMF factors or if

PX1,X2,., XN [T1, T2y - -, TN] = Xy [T1]Px,[22] - - . DXy [TN] (9.7)

Hence, if (9.7) holds, the random variables are independent, and if the random
variables are independent (9.7) holds. Unlike the case of N = 2, it is possible that
the joint PMF may factor into two or more joint PMFs. Then, the subsets of random
variables are said to be independent of each other. For example, if N = 4 and the
joint PMF factors as px, x, x3,x,[21, %2, 23, 24] = px, X, (21, Z2]pxs, X, (23, T4], then
the random variables (X7, X) are independent of the random variables (X3, X4).
An example of the determination of a joint PMF follows.

Example 9.1 — Joint PMF for independent Bernoulli trials

Consider an experiment in which we toss a coin with a probability of heads p,
N times in succession. We let X; = 1 if the ith outcome is a head and X; = 0
if it is a tail. Furthermore, assume that the trials are independent. As defined
in Chapter 4, this means that the probability of the outcome on any trial is not
affected by the outcomes of any of the other trials. Thus, the experiment is a
sequence of independent Bernoulli trials. The sample space is N-dimensional and
is given by Sx; x,,..xy = {(k1,k2,...,kn) : ki = 0,1 ;4 =1,2,..., N}, and since
px;[ki] = p¥i(1 — p)}~*, we have the joint PMF from (9.7)

N
PX1,Xa,., Xn K1, K25 EN] = H px; ki
=1

N
= [[sMa-p'*
i=1

N .. _N
— pZi:l kz(]_ —p)N 2121 kz. (9-8)

&

A joint cumulative distribution function (CDF) can be defined in the N-dimensional
case as

FXl,Xz,...,XN(-Ttha---;xN) = P[X1 <z1,X9<T9,..., Xy < .’L‘N].
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It has the usual properties of being between 0 and 1, being monotonically increasing
as any of the variables increases, and being “right continuous”. Also,

Fx\ x5,.. %y (—00,—00,...,—00) = 0
Fx, X,,..xy (+00,400,...,+00) = 1.

The marginal CDFs are easily found by letting the undesired variables be evaluated
at +o00. For example, to determine the marginal CDF for X, we have

FX1 {:I)l] = FX1,X2,...,XN (.’131, +00, +00,..., +OO).

9.4 Transformations

Since X is an N x 1 random vector, a transformation or mapping to a random vector
Y can yield another N x 1 random vector or an M x 1 random vector with M < N.
In the former case the formula for the joint PMF of Y is an extension of the usual
one (see (7.12)). If the transformation is given as y = g(x), where g represents an
N-dimensional function or more explicitly

1 = gi(z1,22,...,2N)
Y2 = gg(wl,mg,...,xN)
Yn = gN(ml,-’L'Z,---,-’L'N)

then

PYi Ve, w2 N = DD Y Pxy Xy xn (81,32, 2N]. (9.9)
{(zlr"azN):
gl(zl,...,mN)=y1,...,

gn(21,.-,ZN)=yn}

In the case where the transformation is one-to-one, there is only one solution for
X in the equation y = g(x), which we denote symbolically by x = g=!(y). The
transformed joint PMF becomes from (9.9) py[y] = px[g~(y)], using vector no-
tation. A simple example of this is when the transformation is linear and so can
be represented by y = Ax, where A is an N x N nonsingular matrix. Then, the
solution is x = A~y and the transformed joint PMF becomes

pyly] = px[A™'y]. (9.10)

The other case, in which Y has dimension less than N, can be solved using the
technique of auxiliary random variables. We add enough random variables to make
the dimension of the transformed random vector equal to N, find the joint PMF via



252 CHAPTER 9. DISCRETE N-DIMENSIONAL RANDOM VARIABLES

(9.9), and finally sum the N-dimensional PMF over the auxiliary random variables.
More specifically, if Y is M x 1 with M < N, we define a new N X 1 random vector

Z=[Y1Ys...Yar Zagy1 = Xngg1 Zrvge = Xz - Zn = X§|T

so that the transformation becomes one-to-one, if possible. Once the joint PMF of
Z is found, we can determine the joint PMF of Y as

le,Yz,...,YM[ylyyZa"'7yM] = Z Z "'szl,Z2,...,ZN[z1)z2)"'7zN]'

ZM+1 ZM 42 ZN

The determination of the PMF of a transformed random vector is in general not an
easy task. Even to determine the possible values of Y can be quite difficult. An
example follows that illustrates the work involved.

Example 9.2 — PMF for one-to-one transformation of N-dimensional
random vector
In Example 9.1 X has the joint PMF given by (9.8). We define a transformed
random vector as

i = X
Y = Xi+Xo
Ys = X;+ X9+ X;5.

This is a linear transformation that maps a 3 x 1 random vector X into another
3 x 1 random vector Y. It can be represented by the 3 x 3 matrix

1 00
A=]|110

111
Note that the transformed random variables are the sums of the outcomes of the first
Bernoulli trial, the first and second Bernoulli trials, and finally the sum of the first
three Bernoulli trials. As such the values of the transformed random variables must
take on certain values. In particular, y; < yo < y3 or the outcomes must increase
as the index ¢ increases. This is sometimes called a counting process and will be
studied in more detail when we discuss random processes. Some typical realizations
of the random vector Y are shown in Figure 9.1. To determine the sample space
for Y we enumerate the possible values, making sure that the values in the vector
increase or stay the same and that the increase is at most one unit from y; to ;1.
The sample space is composed of integer 3-tuples (l1,l2,13), which is given by

Svi,v2,vs = 1(0,0,0),(0,0,1),(0,1,1),(1,1,1),(0,1,2),(1,1,2),(1,2,2),(1,2,3)}.
(9.11)
These are the values of y for which py; y; y; is nonzero and are seen to be integer-
valued. Next, we need to solve for x according to (9.10). It is easily shown that the
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Figure 9.1: Typical realizations for sum of outcomes of independent Bernoulli trials.

linear transformation is one-to-one since A has an inverse (note that the determinant
of A is nonzero since det(A) = 1, and so A has an inverse), which is

1 00
Al'=| -1 1 0/|.
0 -1 1

This says that x = A~ly or 21 = y1,%2 = y2 — y1, 23 = y3 — y2. Thus, we can use
(9.10) and then (9.8) to find the joint PMF of Y, which becomes from (9.10)

Pv,Ye, v i1, 02, 13] = pxy X, X501, 12 — 11, 13 — 1]
and since from (9.8)

k1+k2+k3(1 )3—(k1+k2+k‘3)

DPX1, X, X3 k1, k2, k3] = p —p

we have that
Py yavall, b, Is) = pf3 (1 — p)* 1. (9.12)
Note that the joint PMF is nonzero only over the sample space Sy, v,,y; given in
(9.11).
¢

& Always make sure PMF values sum to one.

The result of the previous example looks strange in that the joint PMF of Y does
not depend on /1 and lp. A simple check that should always be made when working
these types of problems is to verify that the PMF values sum to one. If not, then
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there is an error in the calculation. If they do sum to one, then there could still
be an error but it is not likely. For the previous example, we have from (9.11) 1
outcome for which I3 = 0, 3 outcomes for which I3 = 1, 3 outcomes for which I3 = 2,
and 1 outcome for which I3 = 3. If we sum the probabilities of these outcomes we
have from (9.12)

1(1-p)°+3p(1—p)®> +3p*(l—p) +p° =1

and hence we can assert with some confidence that the result is correct.

AN

A transformation that is not one-to-one but that frequently is of interest is the
sum of N independent discrete random variables. It is given by

Y =) X; (9.13)

where the X;’s are independent random variables with integer values. For the case
of N = 2 and integer-valued discrete random variables we saw in Section 7.6 that
Py = Px, *PX,, Where x denotes discrete convolution. This is most easily evaluated
using the characteristic functions and the inverse Fourier transform to yield
4 . dw
py[k] = éx, (w)¢X2 (w) eXp(_JWk)g'
-7

For a sum of N independent random variables we have the similar result

dw

- N
pyli = [ T] ox. (@) exp(—juk) 32

2
=1

and if all the X;’s have the same PMF and hence the same characteristic function,
this becomes

ol = [ ) exp(- k)22 (9.19

where ¢x (w) is the common characteristic function. An example follows (see also
Problem 9.9).

Example 9.3 — Binomial PMF derived as PMF of sum of independent
Bernoulli random variables

We had previously derived the binomial PMF by examining the number of successes
in N independent Bernoulli trials (see Section 4.6.2). We can rederive this result by
using (9.14) with X; = 1 for a success and X; = 0 for a failure and determining the
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PMF of Y = Zfil X;. The random variable Y will be the number of successes in
N trials. The characteristic function of X is for a single Bernoulli trial

¢x(w) = Ex[exp(jwX)]
= exp(jw(l))p + exp(jw(0))(1 — p)
= pexp(jw) + (1 - p).

Now using (9.14) we have
ikl = [ exp(ie) + (1 - )Y exp(—jiok) o2
[ () pewtora —p sy

(use binomial theorem)

N T

= > (V) ra-p [ exsliot - mige

i=0 -

But the integral can be shown to be 0 if 4 # k£ and 1 if i = k (see Problem 9.8).
Using this result we have as the only term in the sum being nonzero the one for
which 7 = k, and therefore

N
py[k] = (k)p’“(l—p)N"“ k=0,1,...,N.

The sum of N independent Bernoulli random variables has the PMF bin(N,p) in
accordance with our earlier results.

¢

9.5 Expected Values

The expected value of a random vector is defined as the vector of the expected values
of the elements of the random vector. This is to say that we define

X Ex, [X1]
Xs Ex,[X2]

EX[X] = EleXZv"'aXN : = 2: (9‘15)
XN Exy[XnN]

We can view this definition as “passing” the expectation “through” the left bracket
of the vector since Ex, x,,. xy[Xi] = Ex,[X;]-

A particular expectation of interest is that of a scalar function of X1, X, ..., Xy,
say g(X1,X2,...,Xn). Similar to previous results (see Section 7.7) this is deter-
mined by using
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Ex, x,,...xy9(X1, X2,..., XN)]
—ZZ Zg (T1,Z2,. .., TN)PX,,Xa,.... Xn [ L1, T2y - - -, TN]- (9.16)

1 T2

As an example, if (X7, Xo,...,XnN) = Zfil X;, then

N
Ex, Xz, Xn [Z Xi]

=1

= ZZ"'E(:“+x2+"'+wN)thXz,...,XN[iEl,CL‘z,...,.'I:N]
= ZZ Zwlpxl,xz, XN [T, T2y, TN]

1 T2

+ Z Z Z x2pX1aX2’ XN [x17x2) y T ]
ot Z Z Tt ZprXI,XLm,XN [.’131, Z2,... axN]
r1 X2 N

= EXI[X1]+EX2[X2]+"'+EXN[XN].
By a slight modification we can also show that
N N
EX1,Xs,.. XN [Z az’Xi] = aiBx,[Xi] (9.17)
i=1 i=1

which says that the expectation is a linear operator. It is also possible to write
(9.17) more succinctly by defining the N x 1 vector a = [a; az...an]T to yield

Ex[aTX] = aT Ex[X]. (9.18)

We next determine the variance of a sum of random variables. Previously it was
shown that

var(X1 + X3) = var(X1) + var(X2) + 2cov(X1, X>). (9.19)
Our goal is to extend this to var( ilil X;) for any N. To do so we proceed as

follows.

(37)

N 2
= FEx (Z(Xi — Ex, [Xi])> ] (since Ex[X;] = Ex,[Xi])

=1
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and by letting U; = X; — Ex,[X;] we have

N N
= Ex ZZUJJJ}
=1 j=1

vow

= > > Ex[UiUj).

i=1 j=1

But
Ex[UiUj] = Ex[(Xi— Ex,[Xi])(X; — Ex;[X;])]

Ex,x;[(Xi — Ex,[Xi])(X; — Ex;[X;])]
cov(X;, X;)

so that we have as our final result

N N N

ar (Z Xi> = Z Zcov(X,-,Xj). (9.20)
i=1 =1 j=1

Noting that since cov(X;, X;) = var(X;) and cov(X;, X;) = cov(X;, X;), we have

for N = 2 our previous result (9.19). Also, we can write (9.20) in the alternative

form

N N N N
ar <Z Xi> = var(Xy) + DY cov(Xi, X;). (9.21)
i=1 i=1 i=1 j=1
{(@.4)5#5}

As an immediate and important consequence, we see that if all the random variables
are uncorrelated so that cov(X;, X;) = 0 for ¢ # j, then

N N
ar (Z X,-) = Zvar(Xi) (9.22)
=1 =1

which says that the variance of a sum of uncorrelated random variables is the sum
of the variances.

We wish to explore (9.20) further since it embodies some important concepts
that we have not yet touched upon. For clarity let N = 2. Then (9.20) becomes

2 2

var(X1 + Xz) = Y cov(X;, X;). (9.23)
i=1 j=1
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If we define a 2 x 2 matrix Cx as

var(X;)  cov(Xi, X2) ]
Cx =

COV(XQ,Xl) va,r(Xg)

then we can rewrite (9.23) as

var(X; + X3) = [ 11 ]CX

1
] (9.24)
1

as is easily verified. The matrix Cx is called the covariance matriz. It is a matrix
with the variances along the main diagonal and the covariances off the main diagonal.
For N = 3 it is given by

var(X;)  cov(Xy, Xa) cov(Xp,X3)
Cx = | cov(Xg,X;) var(X3)  cov(Xa,X3)
cov(X3, X1) cov(X3,Xs)  var(Xs)

and in general it becomes

var(X1) cov(X1,X2) ... cov(X1,XnN)
cov(Xsy, X var(X: .. cov(Xo, XN
Cx = ( : 2 ( ? ) ( ’ ) (9.25)
COV(XN,Xl) COV(XN,XQ) COV(XN,XN)

The covariance matrix has many important properties, which are discussed next.

Property 9.1 — Covariance matrix is symmetric, i.e., C§ = Cy.
Proof:

COV(X]',X,') = COV(X,',XJ‘) (Why")

Property 9.2 — Covariance matrix is positive semidefinite.

Being positive semidefinite means that if a is the N x 1 column vector a =
[a1 a2...aN]T, then alCxa > 0 for all a. Note that alCxa is a scalar and is
referred to as a quadratic form (see Appendix C).

Proof: Consider the case of N = 2 since the extension is immediate. Let U; =
X; — Ex;[X;], which is zero mean, and therefore we have

var(a1X1 + a2X2)
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= var(a1Uy + agUs) (since a1 X1 + a2 Xo = a1 Uy + aUs + ¢ for ¢ a constant)
Ex[(a1U1 + agU)?]  (Ex[U1] = Ex[Up] = 0)

a?Ex[U?] + a3Ex[U3] + a1a2 Ex[U1Us] + aga1 Ex[UU;]  (linearity of Ex)

= a?var(X)) + avar(X3) + ajazcov(X1, X3) + azaicov(Xa, X1)

_ var(X;)  cov(X1,Xp) ]| @
[ ay a3 ] [ cov(Xa, X1) var(Xs) ]

a2

= aTCXa.

Since var(a; X1 +a2X2) > 0 for all a; and ag, it follows that Cx is positive semidef-
inite.

a
Also, note that the covariance matrix of random variables that are not perfectly
predictable by a linear predictor is positive definite. A positive definite covariance
matrix is one for which a’Cxa > 0 for all a # 0. If, however, perfect prediction
is possible, as would be the case if for N = 2 we had a; X7 + a2 Xs +¢ =0, for ¢
a constant and for some a; and ag, or equivalently if Xo = —(a;/a2)X1 — (c/a2),
then the covariance matrix is only positive semidefinite. This is because var(a; X7 +
a3X5) = a’Cxa = 0 in this case.

Finally, with the general result that (see Problem 9.14)

N
var (Z a,-Xi) = aTCXa (9.26)
1=1

we have upon letting a =1 =[11...1]T be an N x 1 vector of ones that

N
var (Z Xi) =1TCx1

i=1

which is another way of writing (9.20) (the effect of premultiplying a matrix by 17
and postmultiplying by 1 is to sum all the elements in the matrix).

The fact that the covariance matrix is a symmetric positive semidefinite matrix
is important in that it must exhibit all the properties of that type of matrix. For
example, if a matrix is symmetric positive semidefinite, then it can be shown that
its determinant is nonnegative. As a result, it follows that the correlation coefficient
must have a magnitude less than or equal to one (see Problem 9.18). Some other
properties of a covariance matrix follow.

Property 9.3 — Covariance matrix for uncorrelated random variables is
a diagonal matrix.
Note that a diagonal matrix is one for which all the off-diagonal elements are zero.
Proof: Let cov(X;, X;) =0 for i # j in (9.25).

O
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Before listing the next property a new definition is needed. Similar to the definition
that the expected value of a random vector is the vector of expected values of the
elements, we define the expectation of a random matrix as the matrix of expected
values of its elements. As an example, if N = 2 the definition is

I:gll(X)‘ g12(X) ] _ [ Ex[gn(X)]  Ex[g12(X)]
921(X)  g22(X) Ex[g21(X)]  Ex[g22(X)] |

Property 9.4 — Covariance matrix of Y = AX, where A is an M x N
matrix (with M < N), is easily determined.
The covariance matrix of Y is

Cy = ACxAT. (9.27)

Proof:
To prove this result without having to explicitly write out each element of the various
matrices requires the use of matrix algebra. We therefore only sketch the proof and

leave some details to the problems. The covariance matrix of Y can alternatively
be defined by (see Problem 9.21)

Cy = By [(Y — By[Y])(Y - By[Y))"].
Therefore,
Cy = Ex [(AX - Ex[AX])(AX - Ex[AX])T]
BEx [A(X - BEx[X])(A(X - Ex[X]))7] (see Problem 9.22)
= AFx [(X - Ex[X]))(X - Ex[X])T] AT (see Problem 9.23)
= ACxAT.
0

This result subsumes many of our previous ones (try A = 17 =[11...1] and note
that Cy = var(Y) if M = 1, for example!).
Property 9.5 — Covariance matrix can always be diagonalized.

The importance of this property is that a diagonalized covariance matrix implies
that the random variables are uncorrelated. Hence, by transforming a random
vector of correlated random variable elements to one whose covariance matrix is
diagonal, we can decorrelate the random variables. It is exceedingly fortunate that
this transformation is a linear one and is easily found. In summary, if X has a
covariance matrix Cyx, then we can find an N x N matrix A so that Y = AX has
the covariance matrix
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The matrix A is not unique (see Problem 7.35 for a particular method). One possible
determination of A is contained within the proof given next.

Proof:

We only sketch the proof of this result since it relies heavily on linear and matrix
algebra (see also Appendix C). More details are available in [Noble and Daniel
1977]. Since Cx is a symmetric matrix, it has a set of N orthonormal eigenvectors
with corresponding real eigenvalues. Since Cx is also positive semidefinite, the
eigenvalues are nonnegative. Hence, we can find N x 1 eigenvectors {vi,va,...,VN}
so that

vai=)\ivi i=1,2,...,N

where vIv; = 0 for i # j (orthogonality), vI'v; = 1 (normalized to unit length),

and A; > 0. We can arrange the N x 1 column vectors Cxv; and also \;v; into
N x N matrices so that

[ va1 CXv2 CXvN ] = [ )\1V1 )\2V2 ANVN ] (928)

But it may be shown that for an N x N matrix A and N x 1 vectors by, bs,d;,ds,
using N = 2 for simplicity (see Problem 9.24),

[ Ab; Aby | = A[b; by ] (9.29)

[ Cldl 02d2 ] - [ d1 d2 ] [ ‘1 0 ] . (930)

Using these relationships (9.28) becomes

A1 0 0
Cx[vi vo oo ww]=[vi va o ]|} 20
v 0 0 . A
o0l
or
CxV =VA.

(The matrix V is known as the modal matrix and is invertible.) Premultiplying
both sides by V~! produces

V-ICxV = A.

Next we use the property that the eigenvectors are orthonormal to assert that V—! =
VT (a property of orthogonal matrices), and therefore

vIicxv=A (9.31)
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Now recall from Property 9.4 that if Y = AX, then Cy = ACxAT. Thus, if we
let Y = AX = VTX, we will have

Cy = VIcyV (from Property 9.4)
= A (from (9.31))

and the covariance matrix of Y will be diagonal with ith diagonal element var(Y;) =
A > 0.

O
This important result is used extensively in many disciplines. Later we will see that
for some types of continuous random vectors, the use of this linear transformation
will make the random variables not only uncorrelated but independent as well (see
Example 12.14). An example follows.

Example 9.4 — Decorrelation of random variables
We consider a two-dimensional example whose joint PMF is given in Table 9.1. We

To=-8 x3=0 z9=2 z0=06 | px,[zi]
s=-8| 0 1 0 0 i
1 =0 % 0 0 0 %
T =2 0 0 0 % %
21 =6 0 0 4 0 i
DX, [T2] i i i i

Table 9.1: Joint PMF values.

first determine the covariance matrix Cx and then A so that Y = AX consists of
uncorrelated random variables. From Table 9.1 we have that

Ex,[X1] = Ex,[Xs]=0
Ex,[X]] = Ex,[X3]=26
Ex,x,[X1X2] = 6

and therefore we have that

var(X;) = var(Xs) =26
cov(X1,X2) = 6

yielding a covariance matrix
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To find the eigenvectors we need to first find the eigenvalues and then solve (Cx —
AI)v = 0 for each eigenvector v. To determine the eigenvalues we need to solve for
A in the equation det(Cx — AI) = 0. This is

26 — A 6
det([ 6 26——)\])_0

(26 — X\)(26 — \) — 36 = 0

or

and has solutions A\; = 20 and Ay = 32. Then, solving for the corresponding

eigenvectors yields
6 61" 0
(CX - )\11)V1 = [ ] =
6 6 vy 0

which yields after normalizing the eigenvector to have unit length

%]
(©x—ava=| —6][2]2[3]

which yields after normalizing the eigenvector to have unit length
L
2
Vo = \{_ .
V2

v=lw VZ]Z[%

S S

Similarly,

[=>}

The modal matrix becomes

|
Sl
S-S

and therefore . .
A=VT= [ e } .

vz V2
Hence, the transformed random vector Y = AX is explicitly

1 1

Y1 = —=X;-—=X

v e
1 1

Y = —=X1+—=X

RV AR,
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and Y7 and Y5 are uncorrelated random variables with

Ey[Y] = Ey[AX]=AEx[X]=0
— T _ T . _ 120 0
Cy = ACxA' =V CXV—A—[ 0 32 |

It is interesting to note in this example, and in general, that A is a rotation matrix
or

cos@ —sinf
A= [ sinf cos# ]

where 6 = 7/4. The effect of multiplying a 2 x 1 vector by this matrix is to rotate
the vector 45° in the counterclockwise direction (see Problem 9.27). As seen in
Figure 9.2 the values of X, indicated by the small circles and also given in Table
9.1, become the values of Y, indicated by the large circles. One can easily verify
the rotation.

Figure 9.2: Sample points for X (small circles) and Y (large circles). The dashed
lines indicate a 45° rotation.
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9.6 Joint Moments and the Characteristic Function

The joint moments corresponding to an N-dimensional PMF are defined as

l l
Ex, X5,.. Xy [XilXé2 XY= ZZ e lele; TN DXy Xy XN (1, T2, 4, TN

1 T2 TN

(9.32)
As usual if the random variables are independent, the joint PMF factors and there-
fore

Ex, X, Xy [ XD XY ... XV = Ex, [XMEx, [X2]... Ex, [XY]. (9.33)
The joint characteristic function is defined as

DX, Xa,... Xy (W1, Wa, ... ,wN) = Ex; x,,... xy [€XP[J (w1 X1 + wa X + - + wnXN)]]
(9.34)
and is evaluated as

¢X1,X2,...,XN ((1.11,(412, e ,LUN)

= Z Z e Zexp[j(wlccl +wory + - + WNETN)|PX, Xs,..., Xx [T1, Z2, - - -, TN]-
1 T TN
In particular, for independent random variables, we have (see Problem 9.28)

X1, X, Xy (W1, W2, ..., wN) = dx, (w1)dx, (w2) ... dx, (WN)-

Also, if X takes on integer values, the joint PMF can be found from the joint
characteristic function using the inverse Fourier transform or

PX1, X2, Xn K1, K25 - kN]

s s T
= / / ¢X1,X2,~--,XN(“’1’W2,--->wN)
-7 - -

. dw, d d
-exp[—j(wiki + woke + - - + wyky) Rt il

e (9:35)

All the properties of the 2-dimensional characteristic function extend to the general
case. Note that once ¢x, x,,.. xy(wi,ws,...,wn) is known, the characteristic func-
tion for any subset of the X;’s is found by setting w; equal to zero for the ones not
in the subset. For example, to find px, x,[z1,z2], we let w3 =wy = -+ =wy =01in
the joint characteristic function to yield

4 4 . dwl de
Px1,X,[k1, ko] = Bx1,Xs,... Xy (W1,w2,0,0,...,0) exp[—j (w1 k1 +waky)] ——.
—rd_x~ — ’ 2T 27

bx1,x5(w1,w2)
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As seen previously, the joint moments can be obtained from the characteristic func-
tion. The general formula is

L ylo Iy
E'XlaX?:'--yXN [X]. X2 e XN ]

1 Hlitlet++in

N ¢X1,X2,...,XN (Wl,wQ, o awN)

= Tty l19 2
J Ow;' Ows, o Owgy w1 =Wy ==y =0

(9.36)

9.7 Conditional Probability Mass Functions

When we have an N-dimensional random vector, many different conditional PMFs
can be defined. A straightforward extension of the conditional PMF py|x encoun-
tered in Chapter 8 is the conditional PMF of a single random variable conditioned
on knowledge of the outcomes of all the other random variables. For example, it is
of interest to study px|x,,x,,..,xy_,» Whose definition is

DPX1,X2,, Xn L1 T2y« -y TN]
LN Z1,yZ2y. .. yIN-1| = . 9.37
PXy|X1,X2, XN 1[ | y L2, ’ 1] PX, o, X1 [371, Ta, ... ,-TN—I] ( )

Then by rearranging (9.37) we have upon omitting the arguments

Px1,X2,... XN = pXN|X1,X2,...,XN_1pX1,Xz,...,XN_l . (938)
If we replace N by N — 1 in (9.37), we have

_ PX1,X2,.., XN_1
pXN_1[X1,X2,...,XN_2 -
le,Xz,...,XN_z

or
PXxi1,Xs,... XN_1 =pXN_l|X1,Xz,...,XN_szI,X2,~~~,XN—2'
Inserting this into (9.38) yields
DPX1,X2,... XN :pXN|X1,X2,...,XN__1pXN_1|X1,XQ,...,XN_ngI,X2,~~~7XN—2'

Continuing this process results in the general chain rule for joint PMFs (see also
(4.10))

PX1,X2,.. XN = pXNle,Xz,...,XN_leN_l|X1,X2,...,XN_2 ce 'pX2’X1pX1' (939)

A particularly useful special case of this relationship occurs when the conditional
PMFs satisfies

DPXp|X1,X2,,Xno1 = PXp|Xnoy  forn=3,4,...,N (9.40)
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or X, is independent of X; ..., X,—2 if X,,—1 is known for all n > 3. If we view n
as a time index, then this says that the probability of the current random variable
X, is independent of the past outcomes once the most recent past outcome X, _;
is known. This is called the Markov property, which was described in Section 4.6.4.
When the Markov property holds, we can rewrite (9.39) in the particularly simple
form

PX1,X2, XN = PXn|Xn-1PXn_1|Xn—2 - - - PXa|X1PX1 (9.41)

which is a factorization of the N-dimensional joint PMF into a product of first-order
conditional PMF's. It can be considered as the logical extension of the factorization
of the N-dimensional joint PMF of independent random variables into the product
of its marginals. As such it enjoys many useful properties, which are discussed
in Chapter 22. A simple example of when (9.40) holds is for a “running” sum of
independent random variables or X, = Y .- | U;, where the U;’s are independent.
Then, we have

X1 = U
Xo = U1 +U;=X1+U,
X3 = Ui+Uy+U3z =X+ Us

Xy = Xny-1+Un.

For example, X5 is known, the PMF of X3 = X5+ Us depends only on Us and not on
X1. Also, it is seen from the definition of the random variables that Uz and U; = X;
are independent. Thus, once X3 is known, X3 (a function of U3) is independent of
X1 (a function of Uy). As a result, px,|x, x, =P X3|X, and in general

PX,|X1,X2y 0 Xno1 = PXp|Xn-1 forn=3,4,...,N

or (9.40) is satisfied. It is said that “the PMF of X,, given the past samples depends
only on the most recent past sample”. To illustrate this we consider a particular
running sum of independent random variables known as a random walk.

Example 9.5 — Random walk
Let U; for i = 1,2,..., N be independent random variables with the same PMF

_J1-p k=-1

and define
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At each “time” n the new random variable X,, changes from the old random variable
Xp—1 by %1 since X, = X1 + Uy,. The joint PMF is from (9.41)

N
pX17X27"'yXN = H an|Xn—1 (9.42)

where py, |x, is defined as px,. But px, x,_, can be found by noting that X, =
Xn_1 + U, and therefore if X,,_; = z,,_1 we have that

PXp|Xno1[Zn|Zn-1] = Pu,|xp_1[Tn — Tn-1]Tn-1] (step 1 - transform PMF)
= pu,[Tn — Tn_1] (step 2 — independence)
= pulzn — Tp-1] (Up’s have same PMF).

Step 1 results from the transformed random variable Y = X + ¢, where c is a con-
stant, having a PMF Py [yi] = px[yi — c]. Step 2 results from U, being independent
of Xp—1 = Zz_ U; since all the U;’s are independent. Finally, we have from (9.42)
N
DX, Xa, XN L1, 22, .-, TN] = HPU[ivn - Zp_1). (9.43)
n=1

A realization of the random variables for p = 1/2 is shown in Figure 9.3. As justified
by the character of the outcomes in Figure 9.3b, this random process is termed a
random walk. We will say more about this later in Chapter 16. Note that the

n
—‘I’\)

§_$b,'.ﬂ1.‘.711‘1”1711"1'1111111111
(a) Realization of Uy,’s (b) Realization of X,’s

Figure 9.3: Typical realization of a random walk.

probability of the realization in Figure 9.3b is from (9.43)

30 1 1 30
PX1,X2,X30[1, 05 .- H pUlTn — Tn-1] == (_)
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since py[—1] = py[l] = 1/2.

9.8 Computer Simulation of Random Vectors

To generate a realization of a random vector we can use the direct method described
in Section 7.11 or the conditional approach of Section 8.7. The latter uses the general
chain rule (see (9.39)). We will not pursue this further as the extension to an N x 1
random vector is obvious. Instead we concentrate on two important descriptors of
a random vector, those being the mean vector given by (9.15) and the covariance
matrix given by (9.25). We wish to see how to estimate these quantities. In practice,
the N-dimensional PMF is usually quite difficult to estimate and so we settle for
the estimation of the means and covariances. The mean vector is easily estimated
by estimating each element by its sample mean as we have done in Section 6.8. Here
we assume to have M realizations of the N x 1 random vector X, which we denote

as {xi1,X2,...,xp}. The mean vector estimate becomes
— 1 X
Ex[X] = mz_: Xm (9.44)

which is the same as estimating the ith component of Ex[X] by (1/M) Z,A,/{:l[xm]i,
where [£]; denotes the ith component of the vector £&. To estimate the N x N
covariance matrix we first recall that the vector/matrix definition is

Cx = Ex [(x — Ex[X]) (X — EX[X])T] .
This can also be shown to be equivalent to (see Problem 9.31)
Cx = Ex [XXT] — (Ex[X])(Ex[X])T. (9.45)
We can now replace Ex[X] by the estimate of (9.44). To estimate the N x N matrix
Ex [XXT]

we replace it by (1/M) Em 1 XmXL since it is easily shown that the (i,7) element
of Ex [XXT] i

[Ex[XXT]],; = Ex[X:X;] = Ex,x;[XiX;]

and
M

1 < 1
[H Z xmxﬁl Z [Xm]i[Xm];-
m=1 i

ij m:l
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Thus we have that

- 1 X 1 & g
CX———M*mexZL (Mme) ( me>
m=1 m=1
which can also be written as
— 1 M — —\\T
Cx =22 > (xm — Bx[X]) (xm — Bx[X)) (9.46)

where E/x[i] is given by (9.44). The latter form of the covariance matrix estimate
is also more easily implemented. An example follows.

Example 9.6 — Decorrelation of random variables — continued

In Example 9.4 we showed that we could decorrelate the random variable compo-
nents of a random vector by applying the appropriate linear transformation to the
random vector. In particular, if the 2 x 1 random vector X whose joint PMF is
given in Table 9.1 is transformed to a random vector Y, where

1o_L
Y:[\{i ;/f]x
vz V2

becomes the diagonal covariance matrix for Y
20 0
Cr = [ 0 32 ]

To check this we generate realizations of X, as explained in Section 7.11 and then use
the estimate of the covariance matrix given by (9.46). The results are for M = 1000
realizations

G _ [ 259080 6.1077
X = 6.1077 25.8558

oo _ [1977142 0.0261
Y 7 | 0.0261 31.9896

and are near to the true covariance matrices. The entire MATLAB program is given
next.
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% covexample.m
clear all % clears out all previous variables from workspace
rand(’state’,0); % sets random number generator to initial value
M=1000;
for m=1:M J, generate realizations of X (see Section 7.11)
u=rand(1,1);
if u<=0.25
x(1,m)=-8;x(2,m)=0;
elseif u>0.25&u<=0.5
x(1,m)=0;x(2,m)=-8;
elseif u>0.5&u<=0.75
x(1,m)=2;x(2,m)=6;

else
x(1,m)=6;x(2,m)=2;

end
end
meanx=[0 0]’; % estimate mean vector of X
for m=1:M

meanx=meanx+x(:,m)/M;
end
meanx

CX=zeros(2,2);

for m=1:M ) estimate covariance matrix of X
xbar (:,m)=x(:,m)-meanx;
CX=CX+xbar(:,m)*xbar(:,m)’/M;

end

CcX

A=[1/sqrt(2) -1/sqrt(2);1/sqrt(2) 1/sqrt(2)];

for m=1:M Y, transform random vector X
y(:,m)=A*x(:,m);

end
meany=[0 0]’; /estimate mean vector or Y
for m=1:M
meany=meany+y (: ,m) /M;
end
meany

CY=zeros(2,2);

for m=1:M Y, estimate covariance matrix of Y
ybar(:,m)=y(:,m)-meany;
CY=CY+ybar(:,m)*ybar(:,m)’/M;

end

CcY

271
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9.9 Real-World Example — Image Coding

The methods for digital storage and transmission of images is an important consid-
eration in the modern digital age. One of the standard procedures used to convert
an image to its digital representation is the JPEG encoding format [Sayood 1996].
It makes the observation that many images contain portions that do not change
significantly in content. Such would be the case for the image of a house in which
the color and texture of the siding, whether it be aluminum siding or clapboards,
is relatively constant as the image is scanned in the horizontal direction. To store
and transmit all this redundant information is costly and time consuming. Hence,
it is desirable to reduce the image to its basic set of information. Consider a gray
scale image for simplicity. Each pixel, which is a dot of a given intensity level, is
modeled as a random variable. For the house image example, note that for the
siding pixels, the random variables are heavily correlated. For example, if X; and
X2 denote neighboring pixels in the horizontal direction, then we would expect the
correlation coefficient px, x, = 1. If this is the case, then we know from Section
7.9 that X; = X5, assuming zero mean random variables in our model. There is no
economy in storing/transmitting the values X; = z1 and X3 = 29 = 1. We should
just store/transmit X; = z; and when it is necessary to reconstruct the image let
Xy = X; = ;. In this case, there is no image degradation in doing so. If, however,
lpx1,x,] < 1, then there will be an error in the reconstructed Xs. If the correlation
coefficient is close to %1, this error will be small. Even if it is not, for many images
the errors introduced are perceptually unimportant. Human visual perception can
tolerate gross errors before the image becomes unsatisfactory.

To apply this idea to image coding we will consider a simple yet illustrative
example. The amount of correlation between random variables is quantified by
the covariances. In particular, for multiple random variables this information is
embodied in the covariance matrix. For example, if N = 3 a covariance matrix of

4 0 0
Cx=|0 4 38 (9.47)
0 38 4

indicates that
PX1,Xs = PX1,x3 =0

but 3.8
PX2,X3 = — 0.95.

v4-4
Clearly, then (X, X3) or (X1, X3) contain most of the information. For more com-

plicated covariance matrices these relationships are not so obvious. For example,
if

5
5 (9.48)
0

Cx =

(S
(S
—
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it is not obvious that X3 = X; + X5 (assuming zero mean random variables). (This
is verified by showing that E[(X3 — (X1 + X2))?] = 0 (see Problem 9.33)).

The technique of transform coding [Sayood 1996] used in the JPEG encoding
scheme takes advantage of the correlation between random variables. The particular
version we describe here can be shown to be an optimal approach [Kramer and
Mathews 1956]. It is termed the Karhunen-Loeve transform and an approximate
version is used in the JPEG encoding. Transform coding operates on a random
vector X and proceeds as follows:

1. Transform the random variables into uncorrelated ones via a linear transforma-
tion Y = AX, where A is an invertible N x N matrix.

2. Discard the random variables whose variance is small relative to the others by
setting the corresponding elements of Y equal to zero. This yields a new N x 1
random vector Y. This vector would be stored or transmitted. (Of course,
the zero vector elements would not require encoding, thereby effecting data
compression. Their locations, though, would need to be specified.)

3. Transform back to X = A=Y to recover an approximation to the original ran-
dom variables (if the values Y were stored then this would occur upon retrieval
or if they were transmitted, this would occur at the receiver).

By decorrelating the random variables first it becomes obvious which components
can be discarded without significantly affecting the reconstructed vector. To accom-
plish the first step we have already determined that a suitable decorrelation matrix
is VT where V is the matrix of eigenvectors of Cx. Thus, we have that

Cy = ACxAT

vicyv
var (Y1) 0 0
= A= 0 var(Y3) 0
0 0 var(Y3)

We now carry out the transform coding procedure for the covariance matrix of
(9.48). This is done numerically using MATLAB. The statement [V Lambda]=eig(CX)
will produce the matrices V and A, as

[ 0.4082 —0.7071  0.5774
V = | 04082 —0.7071 0.5774

| 0.8165 0 —0.5774

15 0 0
A=1]030

| 0 00




274 CHAPTER 9. DISCRETE N-DIMENSIONAL RANDOM VARIABLES

Hence, var(Y3) = A3 = 0 so that we discard it by setting Y3 = 0 and therefore

o 1oo0]|"
Y=|Y"h|=|010]]|T
0 000]|,

B Y

The reconstructed random vector becomes with A = V7T

X=A"1Y = VY

= VBY
VvBVTX
and since ) -
3 73 3
vBvl'=| -1 21
1 1 2
3 3 3
we have that
[ %Xl - %XQ + %Xg
X = | -ixi+2x+1X;
3 X1+ 3X2 + 3X3
X,
= X5 (using X3 = X; + X3, see Problem 9.33)
| X1+ Xo
- X,
= | X
| X3

Here we see that the reconstructed vector X is identical to the original one. Gen-
erally, however, there will be an error. For the covariance matrix of (9.47) there
will be an error since X2 and X3 are not perfectly correlated. For that covariance
matrix the eigenvector and eigenvalue matrices are

01 0
vV = | 07071 0 0.7071
| 0.7071 0 —0.7071
(78 0 0
A =104 0
| 0 0 02
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and it is seen that the decorrelated random variables all have a nonzero variance
(recall that var(Y;) = A;). This indicates that no component of Y can be discarded
without causing an error upon reconstruction. By discarding Y3, which has the
smallest variance, we will incur the least amount of error. Doing so produces the
reconstructed random vector

A~

X = VBVTX

1 00
= |03 3|X
1 1
035 3
which becomes
X1
X: X2+X3
2
Xo+ X3
2

It is seen that the components X, and X3 are replaced by their averages. This is due
to the nearly unity correlation coefficient coefficient (px, x, = 0.95) between these
components. As an example, we generate 20 realizations of X as shown in Figure
9.4a, where the first realization is displayed in samples 1,2, 3; the second realization
in samples 4,5,6, etc. The reconstructed realizations are shown in Figure 9.4b.

4 T T T 4
ol B (| 1 S O | B (|
® ol f]v] P
°[ Y
b _______ _____
_4 N N N 1 M N H N i L i
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Sample Sample
(a) Original (b) Reconstruction
Figure 9.4: Realizations of original random vector {xj,x2,...,X20} and recon-
structed random vectors {Xi,Xz,...,%X20}. The displayed samples shown are com-

ponents of x;, followed by components of x5, etc.

Finally, the error between the two is shown in Figure 9.5. Note that the total average
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Figure 9.5: Error between original random vector realizations and reconstructed
ones shown in Figure 9.4.

squared error or the total mean square error (MSE) is given by Z?:l Ex[(X:—X:)?]
which is

Total mse = E[(X; — X1)?+ (X2 — X2)2 + (X3 — X3)2]
= E[(X2 — (X2 + X3)/2)%] + E[(Xs — (X2 + X3)/2)?]
= E[((X2 — X3)/2)’] + E[((X3 — X2)/2)?]
= SE((X: — X3

= -;—[va,r(XQ) + var(X3) — 2cov(X2, X3)]
- %[4 +4-2(3.8)] =0.2.

This total MSE is estimated by taking the sum of the squares of the values in Figure
9.5 and dividing by 20, the number of vector realizations. Also, note what the total
MSE would have been if px, x, = 1.

Finally, to appreciate the error in terms of human vision perception, we can
convert the realizations of X and X into an image. This is shown in Figure 9.6.
The grayscale bar shown at the right can be used to convert the various shades of
gray into numerical values. Also, note that as expected (see Cx in (9.47)) X is
uncorrelated with X5 and X3, while X3 and X3 are heavily correlated in the upper
image. In the lower image X, and X3 have been replaced by their average.
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-

original

reconstruction —4’

2 4 6 8 10 12 14 16 18 20

Figure 9.6: Realizations of original random vector and reconstructed random vectors
displayed as gray-scale images. The upper image is the original and the lower image
is the reconstructed image.
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Problems

9.1 () (w) A retired person gets up in the morning and decides what to do that
day. He will go fishing with probability 0.3, or he will visit his daughter with
probability 0.2, or else he will stay home and tend to his garden. If the decision
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that he makes each day is independent of the decisions made on the other days,
what is the probability that he will go fishing for 3 days, visit his daughter for
2 days, and garden for 2 days of the week?

9.2 (f,c) Compute the values of a multinomial PMF if N = 3, M =4, p; = 0.2,
and py = 0.4 for all possible k1, k2, k3. Do the sum of the values equal one?
Hint: You will need a computer to do this.

9.3 (t) Prove the multinomial formula given by (9.5) for N = 3 by the following
method. Use the binomial formula to yield

b)M afr b,
(a1 + Z Tl M k1
Then let b = a2 + a3 so that upon using the binomial formula again we have

M-k
_ . M — k) o
bM k1 — M-k — ( 1 ko M-k, kg.
(a2 + a3) ;0 Tl (M — oy — k2)!a2 ag

2:

Finally, rearrange the sums and note that k3 = M — k; — ks so that there is
actually only a double sum in (9.5) for N = 3 due to this constraint.

9.4 (- ) (f) Is the following function a valid PMF?

1 1 k1 1 ko k1=0,1,...
PX1,X2,Xs k1, k2, k3] = 3 (5) (Z) ko =0,1,...
ks = —1,0,1.
9.5 (w) For the joint PMF
ki =0,1,...
Px1, X, Xs k1, k2, ks] = (1 = a)(1 = b)(1 — c)a™ b*2c* ke =0,1,...
ks =0,1,...

where 0 <a <1,0<b<1,and 0 <c <1, find the marginal PMFs px,,px,
and px,.

9.6 (.-) (w) For the joint PMF given below are there any subsets of the random
variables that are independent of each other?

M kh=0,1,...,M
PX1,X3,Xs k1, k2, k3] = ( by k2> PipS(L—pa)ph®  ka=M -k
’ ks =0,1,...

where 0 <p; <1,p2=1-—pj,and 0 < p3 < 1.
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9.7 (f) A random vector X with the joint PMF

A]fl )\SZA];;; k]_ = 0, 1, .
pX1,X2,X3[k1’ k21 k3] = eXP[—()\l + >\2 + >\3)]—““_k oo Vea k?2 = 0, 1,
123 k3 =0,1,.

is transformed according to Y = AX where
1 00
A=|[110
1 11
Find the joint PMF of Y.

T . dw 0 kK#0
/ eXp(J“’k)%={ 1 kio.

-

9.8 (t) Prove that

Hint: Expand exp(jwk) into its real and imaginary parts and note that [(g(w)+
jh(w))dw = [ g(w)dw + j [ h(w)dw.

9.9 (t) Prove that the sum of N independent Poisson random variables with X; ~
Pois();) for ¢ = 1,2,..., N is again Poisson distributed but with parameter
A= Yiv, \i. Hint: See Section 9.4.

9.10 (.-) (W) The components of a random vector X = [X; X5... Xn]T all have
the same mean Ex[X] and the same variance var(X). The “sample mean”

random variable
B 1 N
N i=1 i

is formed. If the X;’s are independent, find the mean and variance of X. What
happens to the variance as N — co? Does this tell you anything about the
PMF of X as N — 0o?

9.11 (w) Repeat Problem 9.10 if we know that each X; ~ Ber(p). How can this
result be used to motivate the relative frequency interpretation of probability?

9.12 (f) If the covariance matrix of a 3 x 1 random vector X is

1
Cx=1|0
1

NN O
SN G

find the correlation coefficients px, x,, px,,x5, and px, x,-
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9.13 (.- ) (w) A 2 x 1 random vector is given by
U
2U

X =

where var(U) = 1. Find the covariance matrix for X. Next find the correlation
coefficient px, x,. Finally, compute the determinant of the covariance matrix.
Is the covariance matrix positive definite? Hint: A positive definite matrix
must have a positive determinant.

9.14 (t) Prove (9.26) by noting that

N N

aTCXa = z Z aiajcov(Xi, Xj).
=1 j=1

9.15 (f) For the covariance matrix given in Problem 9.12, find var(X; + Xo + X3).

9.16 (t) Is it ever possible that var(X; + X3) = var(X;) without X5 being a con-
stant?

9.17 (.. ) (w) Which of the following matrices are not valid covariance matrices
and why?

o] o[04 e Ta] e8]

9.18 (f) A positive semidefinite matrix A must have det(A) > 0. Since a covari-
ance matrix must be positive semidefinite, use this property to prove that the

correlation coefficient satisfies |px, x,| < 1. Hint: Consider a 2 X 2 covariance
matrix.

9.19 (f) If a random vector X is transformed according to

i = X
Y = Xi1+Xo
and the mean of X is
3
Ex[X] = [ ]
4

find the mean of Y = [V; Y)7.

9.20 (.- ) (f) If the random vector X given in Problem 9.19 has a covariance matrix

2 1
or= 1 2]

find the covariance matrix for Y = [Y; Y,]T.
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9.21 (t) For N = 2 show that the covariance matrix may be defined as
Cx = Ex [(X - Ex[X])(X — Ex[X])T].
Hint: Recall that the expected value of a matrix is the matrix of the expected

values of its elements.

9.22 (t) In this problem you are asked to prove that if Y = AX, where both X and
Y are N x1 random vectors and A is an N x N matrix, then Ey[Y] = AEx[X].
If we let [A]ij be the (i,7) element of A, then you will need to prove that

N

[By (Y]l =) _[Al;;[Ex[X]];.

=1
This is because if b = Ax, then b; = E;vzl a;jzj, for i =1,2,..., N where b;
is the ith element of b and a;; is the (7, 5) element of A.
9.23 (t) In this problem we prove that
Ex[AG(X)AT] = AEx[G(X)]AT

where A is an N x N matrix and G(X) is an N x N matrix whose elements
are all functions of X. To do so we note that if A,B,C,D are all N x N
matrices then D = ABC is an N x N matrix with (7,/) element

N

Dla = D [ABJik[Clx

k=
N N
= Z ( A]'LJ[B]JIC> [C]kl
k=1 \j=1
N N

= ZZ z][B Jk[C]kl

k=1 j=1

Using this result and replacing A by itself, B by G(X), and C by AT will
allow the desired result to be proven.

9.24 (f) Prove (9.29) and (9.30) for the case of N = 2 by letting

A = | o o ]
| a21 a2
T T e
by = | | by=|
< =
WOR F 42
d = | dy=| .
| 4 | | &
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and multiplying out all the matrices and vectors. Then, verify that the re-
lationships are true by showing that the elements of the resultant N x N
matrices are identical.

9.25 (c) Using MATLAB, find the eigenvectors and corresponding eigenvalues for
the covariance matrix ‘

26 6
CX_[G 26]

To do so use the statement [V Lambda]l=eig(CX).

9.26 () (f,c) Find a linear transformation to decorrelate the random vector X =
[X1 X2]T that has the covariance matrix

10 6
CX_[e 20]'

What are the variances of the decorrelated random variables?

9.27 (t) Prove that an orthogonal matrix, i.e., one that has the property UT =
U~!, rotates a vector x to a new vector y. Do this by letting y = Ux and
showing that the length of y is the same as the length of x. The length of a

vector is defined to be ||x|| = VxTx = /22 + 23 + -+ - + 7.

9.28 (t) Prove that if the random variables X7, X»,..., Xy are independent, then
the joint characteristic function factors as

X1, Xa,... Xx (W1, wa, . .. WN) = ¢x; (W1)Dx,(wW2) ... pxp (WN).

Alternatively, if the joint characteristic function factors, what does this say
about the random variables and why?

9.29 (f) For the random walk described in Example 9.5 find the mean and the
variance of X, as a function of n if p = 3/4. What do they indicate about the
probable outcomes of X7, Xo,..., Xn?

9.30 (c) For the random walk of Problem 9.29 simulate several realizations of the
random vector X = [X; X5... X N]T and plot these as z, versus n for n =

1,2,...,N = 50. Does the appearance of the outcomes corroborate your
results in Problem 9.297 Also, compare your results to those shown in Figure
9.3b.

9.31 (t) Prove the relationship given by (9.45) as follows. Consider the (i, 5) ele-
ment of Cx, which is COV(X,;,X]‘) = EXi,Xj [XzXJ] — EX,' [Xi]EXj [XJ] Then,
show that the latter is just the (7,7) element of the right-hand side of (9.45).
Recall the definition of the expected value of a matrix/vector as the ma-
trix/vector of expected values.
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9.32 (c¢) A random vector is defined as X = [X; X3... Xn]7, where each compo-
nent is X; ~ Ber(1/2) and all the random variables are independent. Since
the random variables are independent, the covariance matrix should be di-
agonal. Using MATLAB, generate realizations of X for N = 10 by using
x=floor (rand(10,1)+0.5) to generate a single vector realization. Next gen-
erate multiple random vector realizations and use them to estimate the covari-
ance matrix. Presumably the random numbers that MATLAB produces are
“pseudo-independent” and hence “pseudo-uncorrelated”. Does this appear to
be the case? Hint: Use the MATLAB command mesh(CXest) to plot the
estimated covariance matrix CXest.

9.33 (w) Prove that if X, X5, X3 are zero mean random variables, then E[(X3 —
(X1 + X3))?] = 0 for the covariance matrix given by (9.48).

9.34 (t) In this problem we explain how to generate a computer realization of a
random vector with a given covariance matrix. This procedure was used to
produce the realizations shown in Figure 9.4a. For simplicity the desired N x 1
random vector X is assumed to have a zero mean vector. The procedure is
to first generate an N x 1 random vector U whose elements are zero mean,
uncorrelated random variables with unit variances so that its covariance matrix
is I. Then transform U according to X = BU, where B is an appropriate
N x N matrix. The matrix B is obtained from the N x N matrix v/A whose
elements are obtained from the eigenvalue matrix A of Cx by taking the
square root of the elements of A, and V, where V is the eigenvector matrix of
Cx, to form B = VV/A. Prove that the covariance matrix of BU will be C X-

9.35 (.- ) (f) Using the results of Problem 9.34 find a matrix transformation B of
U = [U; Uy]T, where Cyy =1, so that X = BU has the covariance matrix

4 1
o= [11]

9.36 (.- ) (c) Generate 30 realizations of a 2 X 1 random vector X that has a zero
mean vector and the covariance matrix given in Problem 9.35. To do so use
the results from Problem 9.35. For the random vector U assume that U; and
U, are uncorrelated and have the same PMF

pulk] = {

Note that the mean of U is zero and the covariance matrix of U is I. Next
estimate the covariance matrix Cx using your realizations and compare it to
the true covariance matrix.

k=-1
k=1

N|—= D=
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