Chapter 11

Expected Values for Continuous
Random Variables

11.1 Introduction

We now define the expectation of a continuous random variable. In doing so we
parallel the discussion of expected values for discrete random variables given in
Chapter 6. Based on the probability density function (PDF) description of a con-
tinuous random variable, the expected value is defined and its properties explored.
The discussion is conceptually much the same as before, only the particular method
of evaluating the expected value is different. Hence, we will concentrate on the
manipulations required to obtain the expected value.

11.2 Summary

The expected value E[X] for a continuous random variable is motivated from the
analogous definition for a discrete random variable in Section 11.3. Its definition is
given by (11.3). An analogy with the center of mass of a wedge is also described.
For the expected value to exist we must have E[|X|] < oo or the expected value of
the absolute value of the random variable must be finite. The expected values for
the common continuous random variables are given in Section 11.4 with a summary
given in Table 11.1. The expected value of a function of a continuous random
variable can be easily found using (11.10), eliminating the need to find the PDF of
the transformed random variable. The expectation is shown to be linear in Example
11.2. For a mixed random variable the expectation is computed using (11.11). The
variance is defined by (11.12) with some examples given in Section 11.6. It has
the same properties as for a discrete random variable, some of which are given in
(11.13), and is a nonlinear operation. The moments of a continuous random variable
are defined as E[X"] and can be found either by using a direct integral evaluation as
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in Example 11.6 or by using the characteristic function (11.18). The characteristic
function is the Fourier transform of the PDF as given by (11.17). Central moments,
which are the moments about the mean, are related to the moments by (11.15).
The second central moment is just the variance. Although the probability of an
event cannot in general be determined from the mean and variance, the Chebyshev
inequality of (11.21) provides a formula for bounding the probability. The mean and
variance can be estimated using (11.22) and (11.23). Finally, an application of mean
estimation to test highly reliable software is described in Section 11.10. It is based
on importance sampling, which provides a means of estimating small probabilities
with a reasonable number of Monte Carlo trials.

11.3 Determining the Expected Value

The expected value for a discrete random variable X was defined in Chapter 6 to
be

B[X] =} zipx(zi] (11.1)

where px[z;] is the probability mass function (PMF) of X and the sum is over all i
for which the PMF px[z;] is nonzero. In the case of a continuous random variable,
the sample space Sx is not countable and hence (11.1) can no longer be used. For
example, if X ~ U(0,1), then X can take on any value in the interval (0, 1), which
consists of an uncountable number of values. We might expect that the average
value is E[X] = 1/2 since the probability of X being in any equal length interval
in (0,1) is the same. To verify this conjecture we employ the same strategy used
previously, that of approximating a uniform PDF by a uniform PMF, using a fine
partitioning of the interval (0,1). Letting

1 .
pxlz;] = i z; = iAz

for:=1,2,...,M and with Az = 1/M, we have from (11.1)
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and as M — oo or the partition of (0, 1) becomes infinitely fine, we have E[X] — 1/2,
as expected. To extend these results to more general PDFs we first note from (11.2)
that

M

EX] = Y ziP[zi—Az/2< X <3+ Az/?]
=1
M Plzi— Az/2 < X <z + Az/2)
= Zz, Ay Az.

i=1

But

Plz; — Az/2 < X <z; + Az/2) 1/M

Az Az

and as Az — 0, this is the probability per unit length for all small intervals centered

about z;, which is the PDF evaluated at = z;. In this example, px (z;) does not

depend on the interval center, which is z;, so that the PDF is uniform or px(z) = 1
for 0 < x < 1. Thus, as Az — 0

1

M
E[X] — inpX(-'L'i)Am

1=1

and this becomes the integral

1
E[X] =/0 zpx(z)dz

where px(z) =1 for 0 < z < 1 and is zero otherwise. To confirm that this integral
produces a result consistent with our earlier value of E[X] = 1/2, we have

EX] = /Oxpx(x)da:

1 12
= ]_d = —
/Om TRt

In general, the expected value for a continuous random variable X is defined as

L |
02.

E[X] = / ” px(@)dz (11.3)

—00
where px (z) is the PDF of X. Another example follows.

Example 11.1 — Expected value for random variable with a nonuniform
PDF

Consider the computation of the expected value for the PDF shown in Figure 11.1a.
From the PDF and some typical outcomes shown in Figure 11.1b the expected value
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Figure 11.1: Example of nonuniform PDF and its mean.

should be between 1 and 2. Using (11.3) we have

E[X] = /023:(%90)@
4
E]

132
Al

which appears to be reasonable.

&

As an analogy to the expected value we can revisit our Jarlsberg cheese first de-
scribed in Section 10.3, and which is shown in Figure 11.2. The integral

CM = /02 zm(z)dz (11.4)

is the center of mass, assuming that the total mass or f02 m(z)dz, is one. Here,
m(z) is the linear mass density or mass per unit length. The center of mass is the
point at which one could balance the cheese on the point of a pencil. Recall that
the linear mass density is m(z) = z/2 for which CM = 4/3 from Example 11.1. To
show that CM is the balance point we first note that f02 m(z)dz = 1 so that we can
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Figure 11.2: Center of mass (CM) analogy to average value.
write (11.4) as
2
/ zm(z)de —CM = 0
0

/0 * em(z)dz — OM /0 @)z = 0

2
/ (x —CM) m(z)dr = 0.
S\ufr'n‘momen’c arm mass

Since the “sum” of the mass times moment arms is zero, the cheese is balanced at
z=CM = 4/3.
By the same argument the expected value can also be found by solving

/_ ” (& = BIX))px (z)dz = 0 (11.5)

for E[X]. If, however, the PDF is symmetric about some point z = a, which is to
say that px(a 4+ u) = px(a —u) for —0o < u < oo, then (see Problem 11.2)

oo
/ (z —a)px(z)dz =0 (11.6)
—0o0

and therefore E[X] = a. Such was the case for X ~ (0, 1), whose PDF is symmetric
about a = 1/2. Another example is the Gaussian PDF which is symmetric about
a = p as seen in Figures 10.8a and 10.8c. Hence, E[X] = u for a Gaussian random
variable (see also the next section for a direct derivation). In summary, if the PDF
is symmetric about a point, then that point is E[X]. However, the PDF need not
be symmetric about any point as in Example 11.1.
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A Not all PDFs have expected values.

Before computing the expected value of a random variable using (11.3) we must
make sure that it exists (see similar discussion in Section 6.4 for discrete random
variables). Not all integrals of the form ffooo zpx (z)dz exist, even if ffooo px(z)dz =
1. For example, if

1
— >1
px(z) =3 2032 °7
0 r<l1
then 0 1 L jeo
-3/24.. _ _
- dr=—-——| =1
A vl
but

o0 1 0o
/ xix"3/2dx = \/5|1 — 00.

1
A more subtle and somewhat surprising example is the Cauchy PDF. Recall that it
is given by

1
px(z) = —0 <z < 0.

(1l + x2)
Since the PDF is symmetric about = 0, we would expect that E[X] = 0. However,

if we are careful about our definition of expected value by correctly interpreting the
region of integration in a limiting sense, we would have

E[X]= lim_ LO zpx(z)dz + lim OU zpx (z)dz.
But for a Cauchy PDF
0 v 1
E[X] = LEIPOO i wmdw + Uh—IE;o ; mmdw

0 U

= lim il In(1 + z?2)

L——o00 4T

+ lim iln(l + z?)
2

L U—oo

0

1 1

= lim ——1 2 im — 2
Lo 2m n(1+L)+Uh—I>I;o27rln(1+U)

= —o00+4+o00="?

Hence, if the limits are taken independently, then the result is indeterminate. To
make the expected value useful in practice the independent choice of limits (and not
L = U) is necessary. The indeterminancy can be avoided, however, if we require
“absolute convergence” or

/jo |z|px (z)dz < co.
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Hence, E[X] is defined to exist if E[|X|] < co. This surprising result can be “ver-
ified” by a computer simulation, the results of which are shown in Figure 11.3. In

40 T T T T 10
Pl SERRERERE .......... .......... st ......... .......... ..........
G.) . N . . X . . .
g : :
S ofluete le, e
o l : :
20
_40 i ; i i -10 ; i i H
10 20 30 40 50 0 2000 4000 6000 . 8000 10000
Trial number Total number of trials
(a) First 50 outcomes (b) Sample mean

Figure 11.3: Illustration of nonexistence of Cauchy PDF mean.

Figure 11.3a the first 50 outcomes of a total of 10,000 are shown. Because of the
slow decay of the “tails” of the PDF or since the PDF decays only as 1/z2, very
large outcomes are possible. As seen in Figure 11.3b the sample mean does not
converge to zero as might be expected because of these infrequent but very large
outcomes (see also Problem 12.41). See also Problem 11.3 on the simulation used in
this example and Problems 11.4 and 11.9 on how to make the sample mean converge

by truncating the PDF.

Finally, as for discrete random variables the expected value is the best guess of the
outcome of the random variable. By “best” we mean that the use of b = E[X] as
our estimator. This estimator minimizes the mean square error, which is defined as
mse = E[(X — b)?] (see Problem 11.5).

11.4 Expected Values for Important PDF's

We now determine the expected values for the important PDFs described in Chapter
10. Of course, the Cauchy PDF is omitted.
11.4.1 Uniform

If X ~ U(a,b), then it is easy to prove that E[X] = (a + b)/2 or the mean lies at
the midpoint of the interval (see Problem 11.8).
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11.4.2 Exponential
If X ~ exp(A), then

EX] = /Ooox)\exp(—-)\x)dx

= [—-x exp(—Az) — §exp(—-)\z)] = ; (11.7)

0
Recall that the exponential PDF spreads out as A decreases (see Figure 10.6) and
hence so does the mean.

11.4.3 Gaussian or Normal

If X ~ N(p,0?), then since the PDF is symmetric about the point z = y, we know
that E[X] = p. A direct appeal to the definition of the expected value yields

E[X] = /_Zx\/%exp [—%(x—uf] dx

2
- /_Z(w —#)ﬁ exp [*%(m - #)2] dz
+/oo p— = exp [——(172—(27~#)2] dz.

- 2o

Letting u = z — p in the first integral we have

EX])= Oou ! exp ———1—--u2 du +p g exp —i(ar:—u)2 dz =
—00  V2mo? 202 —00 V2102 202 e

J

~

0 =1

The first integral is zero since the integrand is an odd function (g(—u) = —g(u), see
also Problem 11.6) and the second integral is one since it is the total area under the
Gaussian PDF.

11.4.4 Laplacian

The Laplacian PDF is given by

px(z) = %exp [_\/—ai;mll —00 <z <00 (11.8)

and since it is symmetric about z = 0 (and the expected value ezists — needed to
avoid the situation of the Cauchy PDF), we must have E[X] = 0.
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11.4.5 Gamma
If X ~I'(a, A), then from (10.10)

E[X] = /000 xf‘%xa‘l exp(—Az)dz.

To evaluate this integral we attempt to modify the integrand so that it becomes the
PDF of a I'(¢/, \') random variable. Then, we can immediately equate the integral
to one. Using this strategy

\a [0 ya+l F(a+1)
EIX] = 55 /0 Marn)” PG
_ FE\C;‘—(Z)I) (integrand is I'(a + 1, \) PDF)
_ a?gg; (using Property 10.3)
.
= 3

11.4.6 Rayleigh

It can be shown that E[X] = y/(m0?)/2 (see Problem 11.16).
The reader should indicate on Figures 10.6-10.10, 10.12, and 10.13 where the
mean OCCurs.

11.5 Expected Value for a Function of a Random Vari-
able

If Y = g(X), where X is a continuous random variable, then assuming that Y is
also a continuous random variable with PDF py(y), we have by the definition of
expected value of a continuous random variable

o0
E[Y] = / ypy (y)dy. (11.9)
—0Q0
Even if Y is a mixed random variable, its expected value is still given by (11.9),
although in this case py(y) will contain impulses. Such would be the case if for
example, Y = max(0,X) for X taking on values —oo < z < oo (see Section 10.8).
As in the case of a discrete random variable, it is not necessary to use (11.9) directly,

which requires us to first determine py(y) from px(z). Instead, we can use for
Y = g(X) the formula

Ejg(X)] = /00 9(z)px (z)dz. (11.10)

—00
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A partial proof of this formula is given in Appendix 11A. Some examples of its use
follows.

Example 11.2 — Expectation of linear (affine) function
If Y = aX + b, then since g(z) = az + b, we have from (11.10) that

Blo(0) = [ (s +bpx(o)is

—00

= a/oo me(w)d$+b/_:pX(w)da:

—00

= aE[X]+b

or equivalently
ElaX +b] = aE[X] + b.

It indicates how to easily change the expectation or mean of a random variable. For
example, to increase the mean value by b just replace X by X + b. More generally,
it is easily shown that

Ela191(X) + a292(X)] = a1E[g1(X)] + a2 E[g2(X)].

This says that the expectation operator is linear.

Example 11.3 — Power of N(0,1) random variable

If X ~N(0,1) and Y = X?, consider E[Y] = E[X?]. The quantity E[X?] is the
average squared value of X and can be interpreted physically as a power. If X is
a voltage across a 1 ohm resistor, then X2 is the power and therefore E[X?] is the
average power. Now according to (11.10)

E[X?] = /oo 132L exp (—lx2) dz
—o0 V2T 2
= 2 /oo :cz——L ex (— 1x2> dx (integrand is symmetric about z = 0)
To evaluate this integral we use integration by parts ([ UdV = UV — [VdU, see
also Problem 11.7) with U = z, dU = dz, dV = (1/v/27)z exp[—(1/2)z?]dz and
therefore V = —(1/v/2r) exp[—(1/2)2?] to yield
1 1 o *° 1 1
E[X? = 2 [—x —ex <——m2> —/ —— (——a;2) dx]
[X7] =P\ 737 )|, ", 5z eXP (=3
= 0+1=1

The first term is zero since

lim zexp [ —=z? ) = lim —r _ lim ———1——0
T—00 p 2 sy exp (%xfl) e T exp (%182) -
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using L’Hospital’s rule and the second term is evaluated using

o 1, 1
—e — z°|dr = Why?).
o G T

Example 11.4 — Expected value of indicator random variable
An indicator function indicates whether a point is in a given set. For example, if
the set is A = [3,4], then the indicator function is defined as

1 3<x<4
IA@:):{ <2<

0 otherwise
and is shown in Figure 11.4. The subscript on I refers to the set of interest. The
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Figure 11.4: Example of indicator function for set A = [3,4].

indicator function may be thought of as a generalization of the unit step function
since if u(z) = 1 for x > 0 and zero otherwise, we have that

Ijo,00)(7) = u(x).
Now if X is a random variable, then I4(X) is a transformed random variable that
takes on values 1 and 0, depending upon whether the outcome of the experiment lies

within the set A or not, respectively. (It is actually a Bernoulli random variable.)
On the average, however, it has a value between 0 and 1, which from (11.10) is

ElI4(X)] = / " Li(@)px (@)dx

—00

= / 1-px(z)dx (definition)
{z:zcA}

= / px (x)dz
{z:zcA}
= PIJA].
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Therefore, the ezpected value of the indicator random variable is the probability of the
set or event. As an example of its utility, consider the estimation of P[3 < X < 4].
But this is just E[I4(X)] when I4(z) is given in Figure 11.4. To estimate the
expected value of a transformed random variable we first generate the outcomes of X,
say T1,Z2,...,ZM, then transform each one to the new random variable producing
fori=1,2,...,.M

1 3<z;<4

0 otherwise

Iata) = {

and finally compute the sample mean for our estimate using
BIAX] = 37 3 ale:).

However, since P[A] = E[I4(X)], we have as our estimate of the probability
PlA] = Z Ta(m:).

But this is just what we have been using all along, since Zlﬂil I4(z;) counts all
the outcomes for which 3 < z < 4. Thus, the indicator function provides a means
to connect the expected value with the probability. This is a very useful for later
theoretical work in probability.

¢

Lastly, if the random variable is a mixed one with PDF

px (@) = pe(z) + 3 pid(x — )

=1

where p.(z) is the continuous part of the PDF, then the expected value becomes

ElX] = /_Zw<pc(w)+ipi6(w—xi)> dz
= /ooxpc( dw+[ pr, (z — z;)d

—0o0

= /oo zp(z)dz + Zp,- /oo zd(z — z;)dx

—o0 =1 -

- /oo zpe(z)dz + ) zip; (11.11)

- i=1

since ffooo 9(z)é(z — z;)dz = g(z;) for g(x) a function continuous at z = z;. This
is known as the sifting property of a Dirac delta function (see Appendix D). A
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Values PDF E[X] | var(X) dx (w)
Y o
Uniform | a<a<b L sorn | Gl | expUub o)
Exponential z>0 Xexp(—Azx) % Xlg X —/\j 5
_ 2 N2
Gaussian —00<L <00 exp| (1/\52‘;0)2)(9” )] m o2 expljwp—o2w? /2]
2
Laplacian —00<T<00 J;?exp(—\/ 2/0?|z]) 0 o Eﬁ%%
Gamma T Z 0 %xa_lexp(—)\m) % % W
- [Johnson
Rayleigh x>0 “yexp|-z2/(20%)] \/ 55 | (2-7/2)0? et al 1994]
Table 11.1: Properties of continuous random variables.

summary of the means for the important PDF's is given in Table 11.1. Lastly, note
that the expected value of a random variable can also be determined from the CDF
as shown in Problem 11.28.

11.6 Variance and Moments of a Continuous
Random Variable

The variance of a continuous random variable, as for a discrete random variable,
measures the average squared deviation from the mean. It is defined as var(X) =
E[(X — E[X])?] (exactly the same as for a discrete random variable). To evaluate
the variance we use (11.10) to yield

var(X) = / " (& = BIX)*px (x)ds. (11.12)

—00

As an example, consider a N (u,0?) random variable. In Figure 10.9 we saw that
the width of the PDF increases as o2 increases. This is because the parameter o2
is actually the variance, as we now show. Using (11.12) and the definition of a
Gaussian PDF

[ @ EXP s exp |- (o - P s

= /oo (z — ,u)2\/2_;§ exp [—%(m - ,u)Q] dzx (recall that E[X] = p).

—0

var(X) =




356 CHAPTER 11. EXPECTED VALUES

Letting u = (z — p)/o produces (recall that o = Vo2 > 0)

(o] 1 1
_ 2,2 2
i) = [T o e [ ods
— o2 /oo u2iexp [_lu2:| du (see Example 11.3)
x—OO \% 27r 2 S

= 0'2.
Hence, we now know that a A/ (u1, 02) random variable has a mean of 4 and a variance
of 2.

It is common to refer to the square-root of the variance as the standard deviation.
For a N(u,0?) random variable it is given by . The standard deviation indicates
how closely outcomes tend to cluster about the mean. (See Problem 11.29 for an
alternative interpretation.) Again if the random variable is A (u,o?), then 68.2%
of the outcomes will be within the interval [y — o, + o], 95.5% will be within
(v — 20,1 + 20], and 99.8% will be within [u — 30,4 + 30]. This is illustrated in
Figure 11.5. Of course, other PDFs will have concentrations that are different for
E[X] £ ky/var(X). Another example follows.

05 0, 0.5

S o

0.3 P03

SH SH
02 02
0.1 0.1
%44—&-!012345 =5 -4 -3 -2 -1 0 1 2 3 4 5 26—4-3-&-1012345

T T I

(a) 68.2% for 1 standard (b) 95.5% for 2 standard (c) 99.8% for 3 standard
deviation deviations deviations

Figure 11.5: Percentage of outcomes of A'(1,1) random variable that are within
k = 1,2, and 3 standard deviations from the mean. Shaded regions denote area
within interval y — ko < z < u + ko.

Example 11.5 — Variance of a uniform random variable
If X ~U(a,b), then

var(X) = / ” (o = E[X])?px (z)ds

—00

= /ab(x—%(a+b))2biadx
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and letting u = z — (a + b) /2, we have

1 (b—a)/2
var(X) = / uldu
b—a J_(p-a)/2
(b—a)/2

1 -l—u
b—a 3
(b —a)?

12

3

~(b-a)/2

o

A summary of the variances for the important PDFs is given in Table 11.1. The
variance of a continuous random variable enjoys the same properties as for a discrete
random variable. Recall that an alternate form for variance computation is

var(X) = E[X?] — E?[X]

and if ¢ is a constant then

var(c) = 0
var(X +¢) = var(X)
var(cX) = c2var(X). (11.13)

Also, the variance is a nonlinear type of operation in that

var(g1(X) + g2(X)) # var(g1(X)) + var(g2(X))

(see Problem 11.32). Recall from the discussions for a discrete random variable that
E[X] and E[X?] are termed the first and second moments, respectively. In general,
E[X™] is termed the nth moment and it is defined to exist if E[|X|?] < oo. If it
is known that E[X°] exists, then it can be shown that E[X"] exists for r < s (see
Problem 6.23). This also says that if E[X"] is known not to exist, then E[X?] cannot
exist for s > r. An example is the Cauchy PDF for which we saw that E[X] does
not exist and therefore all the higher order moments do not exist. In particular,
the Cauchy PDF does not have a second-order moment and therefore its variance

does not exist. We next give an example of the computation of all the moments of
a PDF.

Example 11.6 — Moments of an exponential random variable
Using (11.10) we have for X ~ exp()) that

oo
E[X"]=/0 z" N exp(—Az)dz.

To evalute this we first show how the nth moment can be written recursively in terms
of the (n — 1)st moment. Since we know that E[X] = 1/), we can then determine
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all the moments using the recursion. We can begin to evaluate the integral using
integration by parts. This will yield the recursive formula for the moments. Letting
U = z" and dV = Aexp(—Az)dz so that dU = nz" 'dz and V = —exp(—Az), we
have

o0
E[X"] = —x"eXP(—Ax)I?—/ —exp(—A\z)nz" " ldz
- 0
= 0+n/ " L exp(—\z)dz
0

= E/ "\ exp(—Az)dz
A Jo

n
= SE[X™1.
S EX

Hence, the nth moment can be written in term of the (n — 1)st moment. Since we
know that E[X] = 1/), we have upon using the recursion that

et - 2 -21-2
i) = fmcr- 5252
etc.
and in general
B[X"] = :—; (11.14)

The variance can be found to be var(X) = 1/A? using these results.

¢
In the next section we will see how to use characteristic functions to simplify the
complicated integration process required for moment evaluation.

Lastly, it is sometimes important to be able to compute moments about some
point. For example, the variance is the second moment about the point E[X]. In
general, the nth central moment about the point E[X] is defined as E[(X — E[X])"].
The relationship between the moments and the central moments is of interest. For
n = 2 the central moment is related to the moments by the usual formula E[(X —
E[X])?] = E[X?] — E?[X]. More generally, this relationship is found using the
binomial theorem as follows.

E[(X -EX)"] = E [Z (Z) Xk(—E[X])n—k}
k=0
= y (:) E[X*|(~E[X]))™* (linearity of expectation operator)
k=0



11.7. CHARACTERISTIC FUNCTIONS 359

or finally we have that

B[(X - E[X)"] = Y (-1 (7)) (BIX])"* B[X*) (11.15)
k=0

11.7 Characteristic Functions

As first introduced for discrete random variables, the characteristic function is a
valuable tool for the calculation of moments. It is defined as

$x (w) = Blexp(jwX)] (11.16)

and always exists (even though the moments of a PDF may not). For a continuous
random variable it is evaluated using (11.10) for the real and imaginary parts of
Elexp(jwX)], which are E[cos(wX)] and E[sin(wX)]. This results in

bx@) = [ expljualpx @)da

—0o0

or in more familiar form as

$x(w) = / ” px(z) expljwe)da. (11.17)

—00

The characteristic function is seen to be the Fourier transform of the PDF, although
with a +7 in the definition as opposed to the more common —j. Once the charac-
teristic function has been found, the moments are given as

E[Xn] — i dn¢X(w)

11.1
7 dn (11.18)

w=0
An example follows.

Example 11.7 — Moments of the exponential PDF
Using the definition of the exponential PDF (see (10.5)) we have

ox(w) = /Ooo)\exp(—)\m)exp(jwm)da:

= /000 Aexp[—(A — jw)z]dz

o0

exp[— (A — juw)a]
A0 w)

0

= 52 (xRl = oo - 1),
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But exp[—(\ — jw)z] — 0 as £ — oo since A > 0 and hence we have

¢x (W) = _’\jw. (11.19)

To find the moments using (11.18) we need to differentiate the characteristic function
n times. Proceeding to do so

dpx(w) _ d i)~
“a = @
= A1) - jw)"2(=5)
2
%ﬁﬂ(“) = AD(=2) — jw) 3 (—j)?
T 12 (~m) - jeo) " (=)
= A"nl(\ = jw) !
and therefore
By = o T
= An! ()‘_jw)_n_1|w=0
n!
Y

which agrees with our earlier results (see (11.14)).

& Moment formula only valid if moments exist

Just because a PDF has a characteristic function, and all do, does not mean that
(11.18) can be applied. For example, the Cauchy PDF has the characteristic function
(see Problem 11.40)

¢x (w) = exp(—|w])

(although the derivative does not exist at w = 0). However, as we have already
seen, the mean does not exist and hence all higher order moments also do not exist.
Thus, no moments exist at all for the Cauchy PDF.

The characteristic function has nearly the same properties as for a discrete random
variable, namely
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1. The characteristic function always exists.

2. The PDF can be recovered from the characteristic function by the inverse Fourier
transform, which in this case is
o0 . dw
px(z) = dx (w) exp(—ywa:)z—. (11.20)
—o0 s

3. Convergence of a sequence of characteristic functions ¢()?)(w) forn=1,2,...toa
given characteristic function ¢(w) guarantees that the corresponding sequence

of PDFs pg?) (z) for n =1,2,... converges to p(z), where from (11.20)

* . Jdw
pa) = [ 4w exp(—jum) 2=
—o0 s
(See Problem 11.42 for an example.) This property is also essential for proving
the central limit theorem described in Chapter 15.

A slight difference from the characteristic function of a discrete random variable
is that now ¢x(w) is not periodic in w. It does, however, have the usual proper-
ties of the continuous-time Fourier transform [Jackson 1991]. A summary of the
characteristic functions for the important PDFs is given in Table 11.1.

11.8 Probability, Moments, and the Chebyshev Inequal-
ity

The mean and variance of a random variable indicate the average value and variabil-
ity of the outcomes of a repeated experiment. As such, they summarize important
information about the PDF. However, they are not sufficient to determine proba-
bilities of events. For example, the PDF's

px(z) = \/%exp <—%w2> (Gaussian)
px(z) = 71—563(13 (—\/§|w|) (Laplacian)

both have E[X] = 0 (due to symmetry about z = 0) and var(X) = 1. Yet, the
probability of a given interval can be very different. Although the relationship
between the mean and variance, and the probability of an event is not a direct one,
we can still obtain some information about the probabilities based on the mean and
variance. In particular, it is possible to bound the probability or to be able to assert
that

PlX - E[X][>+] < B
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where B is a number less than one. This is especially useful if we only wish to
make sure the probability is below a certain value, without explicitly having to find
the probability. For example, if the probability of a speech signal of mean 0 and
variance 1 exceeding a given magnitude -y (see Section 10.10) is to be no more than
1%, then we would be satisfied if we could determine a v so that

P[|X — E[X]| > ~] < 0.01.

We now show that the probability for the event |X — E[X]| > -y can be bounded if
we know the mean and variance. Computation of the probability is not required and
therefore the PDF does not need to be known. Estimating the mean and variance is
much easier than the entire PDF (see Section 11.9). The inequality to be developed
is called the Chebyshev inequality. Using the definition of the variance we have

var(X) = /mw—EMmeMx

—00

(z — E[X))*px (z)dz + / (z — E[X])?px (z)dz

/{ztlz—E[X]|>’r} {z:|lz2—E[X]|<7}

v

/ (z — E[X])*px (z)dz (omitted integral is nonnegative)
{z:|lz—E[X]|>7}

v

/ viox (z)dz (since for each z, |z — E[X]| > «)
{z:le—E[X]|>7}

v? / px (z)dz
{zla—E[X]|>7}
= y*P[|X - E[X]| > 4]

so that we have the Chebyshev inequality

P[IX — E[X]| > ] < Varv(f). (11.21)

Hence, the probability that a random variable deviates from its mean by more
than + (in either direction) is less than or equal to var(X)/y2. This agrees with
our intuition in that the probability of an outcome departing from the mean must
become smaller as the width of the PDF decreases or equivalently as the variance
decreases. An example follows.

Example 11.8 — Bounds for different PDFs
Assuming E[X] = 0 and var(X) = 1, we have from (11.21)

1
Mﬂ>ﬂs?.

If v = 3, then we have that P[|X| > 3] < 1/9 =~ 0.11. This is a rather “loose”
bound in that if X ~ N(0,1), then the actual value of this probability is P[|X| >
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3] = 2Q(3) = 0.0027. Hence, the actual probability is indeed less than or equal to
the bound of 0.11, but quite a bit less. In the case of a Laplacian random variable
with mean 0 and variance 1, the bound is the same but the actual value is now

Pl|X|>3] = /_3%exp( \/_lx[ d:c+/ 75 XP \/§|:L‘|) dz

= / 75 EXP \/ix) dz (PDF is symmetric about z = 0)
= e (~f ),
— exp (—3\/5) = 0.0144.

Once again the bound is seen to be correct but provides a gross overestimation of
the probability. A graph of the Chebyshev bound as well as the actual probabilities
of P[|X| > +] versus v is shown in Figure 11.6. The reader may also wish to consider
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Figure 11.6: Probabilities P[|X| > v] for Gaussian and Laplacian random variables
with zero mean and unity variance compared to Chebyshev inequality.

what would happen if we used the Chebyshev inequality to bound P[|X| > 0.5] if
X ~ N(0,1).
¢

11.9 Estimating the Mean and Variance

The mean and variance of a continuous random variable are estimated in exactly
the same way as for a discrete random variable (see Section 6.8). Assuming that we
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have the M outcomes {z1,%32,...,Zp} of a random variable X the mean estimate
is

— 1 M

EX] = 3 ; i (11.22)

and the variance estimate is

var(X) = BX7- (EX])

1 Y L&y
iy (H zxi) . (11.23)
=1 =1
An example of the use of (11.22) was given in Example 2.6 for a A (0,1) random
variable. Some practice with the estimation of the mean and variance is provided

in Problem 11.46.

11.10 Real-World Example — Critical Software Testing
Using Importance Sampling

Computer software is a critical component of nearly every device used today. The
failure of such software can range from being an annoyance, as in the outage of a
cellular telephone, to being a catastrophe, as in the breakdown of the control system
for a nuclear power plant. Testing of software is of course a prerequisite for reliable
operation, but some events, although potentially catastrophic, will (hopefully) occur
only rarely. Therefore, the question naturally arises as to how to test software that is
designed to only fail once every 107 hours (~ 1400 years). In other words, although
a theoretical analysis might predict such a low failure rate, there is no way to test
the software by running it and waiting for a failure. A technique that is often used in
other fields to test a system is to “stress” the system to induce more frequent failures,
say by a factor of 105, then estimate the probability of failure per hour, and finally
readjust the probability for the increased stress factor. An analogous approach
can be used for highly reliable software if we can induce a higher failure rate and
then readjust our failure probability estimate by the increased factor. A proposed
method to do this is to stress the software to cause the probability of a failure to
increase [Hecht and Hecht 2000]. Conceivably we could do this by inputting data
to the software that is suspected to cause failures but at a much higher rate than is
normally encountered in practice. This means that if T" is the time to failure, then
we would like to replace the PDF of T so that P[T > ] increases by a significant
factor. Then, after estimating this probability by exercising the software we could
adjust the estimate back to the original unstressed value. This probabilitic approach
is called importance sampling [Rubinstein 1981].

As an example of the use of importance sampling, assume that X is a continuous
random variable and we wish to estimate P[X > 7]. As usual, we could generate
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realizations of X, count the number that exceed 7, and then divide this by the
total number of realizations. But what if the probability sought is 1077? Then we
would need about 10° realizations to do this. As a specific example, suppose that
X ~ N(0,1), although in practice we would not have knowledge of the PDF at
our disposal, and that we wish to estimate P[X > 5] based on observed realization
values. The true probability is known to be Q(5) = 2.86 x 10~7. The importance
sampling approach first recognizes that the desired probability is given by

r [ ()
= ——exp | —=z° | dz
5 27Tp 2

M T
5 px(z)
where pxs(z) is a more suitable PDF. By “more suitable” we mean that its prob-
ability of X’ > 5 is larger, and therefore, generating realizations based on it will
produce more occurrences of the desired event. One possibility is X’ ~ exp(1) or
px'(z) = exp(—z)u(z) for which P[X > 5] = exp(—5) = 0.0067. Using this new
PDF we have the desired probability

and is equivalent to

px'(z)dz

- [l
5 exp(—xz)

exp(—z)dzx
or using the indicator function, this can be written as

o0 1 1
I = I — — g2 , .
/0 \(5,00)(37) \/2—7reXp( 5% +x)lpx (z)dz

gz;)

Now the desired probability can be interpreted as E[g(X')], where X’ ~ exp(1). To
estimate it using a Monte Carlo computer simulation we first generate M realizations
of an exp(1l) random variable and then use as our estimate

|-
Mz

I = 9(z:)
i=1
1 1 1
= — I ) — —=z? il 11.24
17 2 oeale) oo (et +51) (11.29
weight with value 1
for z; > 5

The advantage of the importance sampling approach is that the realizations whose
values exceed 5, which are the ones contributing to the sum, are much more proba-
ble. In fact, as we have noted P[X' > 5] = 0.0067 and therefore with N = 10,000
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realizations we would expect about 67 realizations to contribute to the sum. Con-
trast this with a A(0,1) random variable for which we would expect NQ(5) =
(104)(2.86 x 10~7) ~ 0 realizations to exceed 5. The new PDF py: is called the
importance function and hence the generation of realizations from this PDF, which
is also called sampling from the PDF, is termed importance sampling. As seen from
(11.24), its success requires a weighting factor that downweights the counting of
threshold exceedances.

In software testing the portions of software that are critical to the operation of
the overall system would be exercised more often than in normal operation, thus
effectively replacing the operational PDF or px by the importance function PDF
or px:. The ratio of these two would be needed as seen in (11.24) to adjust the
weight for each incidence of a failure. This ratio would also need to be estimated in
practice. In this way a good estimate of the probability of failure could be obtained
by exercising the software a reasonable number of times with different inputs. Oth-
erwise, the critical software might not exhibit a failure a sufficient number of times
to estimate its probability.

As a numerical example, if X’ ~ exp(1), we can generate realizations using the
inverse probability transformation method (see Section 10.9) via X’ = —In(1 — U),
where U ~ U(0,1). A MATLAB computer program to estimate Z is given below.

rand(’state’,0) % sets random number generator to
% initial value
M=10000; gamma=5;% change M for different estimates

u=rand(M,1); % generates M U(0,1) realizations
x=-log(1-u); % generates M exp(l) realizations
k=0;
for i=1:M % computes estimate of P[X>gamma]
if x(i)>gamma
=k+1;

y(k,1)=(1/sqrt (2*pi))*exp(-0.5*x (i) "2+x(i)); % computes weights
% for estimate
end
end
Qest=sum(y)/M 7% final estimate of P[X>gamma]

The results are summarized in Table 11.2 for different values of M, along with the
true value of Q(5). Also shown are the number of times v was exceeded. Without

the use of importance sampling the number of exceedances would be expected to be
MQ(5) = 0 in all cases.
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M | Estimated P[X > 5] | True P[X > 5] | Exceedances
108 1.11 x 1077 2.86 x 10~7 4

104 2.96 x 10~7 2.86 x 10~7 66

10° 2.51 x 107 2.86 x 10~7 630

108 2.87 x 1077 2.86 x 1077 6751

Table 11.2: Importance sampling approach to estimation of small probabilities.
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Problems

11.1 (o) (f) The block shown in Figure 11.7 has a mass of 1 kg. Find the center
of mass for the block, which is the point along the z-axis where the block
could be balanced (in practice the point would also be situated in the depth
direction at 1/2).

Figure 11.7: Block for Problem 11.1.
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11.2 (t) Prove that if the PDF is symmetric about a point z = a, which is to say
that it satisfies px(a+u) = px(a—u) for all —oo < u < 0o, then the mean will
be a. Hint: Write the integral [*° zpx (z)dz as [* _ zpx(z)dz+ [;° zpx (z)dz
and then let © = z —a in the first integral and © = a — z in the second integral.

11.3 (c¢) Generate and plot 50 realizations of a Cauchy random variable. Do so by
using the inverse probability integral transformation method. You should be
able to show that X = tan(w(U — 1/2)), where U ~ U(0, 1), will generate the
Cauchy realizations.

11.4 (c) In this problem we show via a computer simulation that the mean of
a truncated Cauchy PDF exists and is equal to zero. A truncated Cauchy
random variable is one in which the realizations of a Cauchy PDF are set to
T = Tmax if T > Tmax and T = —Tmax if £ < —Tpmax. Generate realizations
of this random variable with zn,x = 50 and plot the sample mean versus the
number of realizations. What does the sample mean converge to?

11.5 (t) Prove that the best prediction of the outcome of a continuous random
variable is its mean. Best is to be interpreted as the value that minimizes the
mean square error mse(b) = E[(X — b)?].

11.6 (t) An even function is one for which g(—z) = g(z), as for example cos(z).
An odd function is one for which g(—z) = —g(z), as for example sin(z). First
prove that [*° g(z)dz =2 [;° g(z)dz if g(z) is even and that 22 9(z)dz =0
if g(z) is odd. Next, prove that if px(z) is even, then E[X] = 0 and also that
I px (z)dz = 1/2.

11.7 (f) Many integrals encountered in probability can be evaluated using integra-
tion by parts. This useful formula, is

/UdeUV—/VdU

where U and V are functions of z. As an example, if we wish to evaluate
J zexp(az)dz, we let U = z and dV = exp(az)dz. The function U is easily
differentiated to yield dU = dz and the differential dV is easily integrated to
yield V = (1/a) exp(az). Continue the derivation to determine the integral of
the function z exp(az).

11.8 (f) Find the mean for a uniform PDF. Do so by first using the definition and
then rederive it using the results of Problem 11.2.

11.9 (t) Consider a continuous random variable that can take on values Ty, <
z < Tmax- Prove that the expected value of this random variable must satisfy
Tmin < E[X] < Tmax. Hint: Use the fact that if M; < g(zr) < Ma, then
Mia < fabg(m)dm < Msb.
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11.10 (.- ) (w) The signal-to-noise ratio (SNR) of a random variable quantifies the
accuracy of a measurement of a physical quantity. It is defined as E?[X]/var(X)
and is seen to increase as the mean, which represents the true value, increases
and also as the variance, which represents the power of the measurement error,
i.e., X — E[X], decreases. For example, if X ~ N (y,0?), then SNR = p?/02.
Determine the SNR if the measurement is X = A + U, where A is the true
value and U is the measurement error with U ~ U(—1/2,1/2). For an SNR of
1000 what should A be?

11.11 (.-) (w) A toaster oven has a failure time that has an exponential PDF. If
the mean time to failure is 1000 hours, what is the probability that it will not
fail for at least 2000 hours?

11.12 (w) A bus always arrives late. On the average it is 10 minutes late. If the
lateness time is an exponential random variable, determine the probability
that the bus will be less than 1 minute late.

11.13 (w) In Section 1.3 we described the amount of time an office worker spends
on the phone in a 10-minute period. From Figure 1.5 what is the average
amount of time he spends on the phone?

11.14 (. ) (f) Determine the mean of a x4, PDF. See Chapter 10 for the definition
of this PDF.

11.15 (f) Determine the mean of an Erlang PDF using the definition of expected
value. See Chapter 10 for the definition of this PDF.

11.16 (f) Determine the mean of a Rayleigh PDF using the definition of expected
value. See Chapter 10 for the definition of this PDF.

11.17 (w) The mode of a PDF is the value of z for which the PDF is maximum. It
can be thought of as the most probable value of a random variable (actually
most probable small interval). Find the mode for a Gaussian PDF and a
Rayleigh PDF. How do they relate to the mean?

11.18 (f) Indicate on the PDFs shown in Figures 10.7-10.13 the location of the
mean value.

11.19 (.- ) (w) A dart is thrown at a circular dartboard. If the distance from the
bullseye is a Rayleigh random variable with a mean value of 10, what is the
probability that the dart will land within 1 unit of the bullseye?

11.20 (f) For the random variables described in Problems 2.8-2.11 what are the
means? Note that the uniform random variable is ¢(0,1) and the Gaussian
random variable is N (0, 1).
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11.21 (o) (w) In Problem 2.14 it was asked whether the mean of /U, where U ~

U(0,1), is equal to vmean of U. There we relied on a computer simulation to
answer the question. Now prove or disprove this equivalence.

11.22 (.- ) (w) A sinusoidal oscillator outputs a waveform s(t) = cos(2wFyt + ¢),
where ¢ indicates time, Fj is the frequency in Hz, and ¢ is a phase angle
that varies depending upon when the oscillator is turned on. If the phase is
modeled as a random variable with ¢ ~ U(0,27), determine the average value
of s(t) for a given t = ty. Also, determine the average power, which is defined
as E[s%(t)] for a given t = to. Does this make sense? Explain your results.

11.23 (f) Determine E[X?] for a N(u,0?) random variable.
11.24 (f) Determine E[(2X + 1)?] for a N (i, 0?) random variable.

11.25 (f) Determine the mean and variance for the indicator random variable I 4(X)
as a function of P[A].

11.26 (.-) (w) A half-wave rectifier passes a zero or positive voltage undisturbed
but blocks any negative voltage by outputting a zero voltage. If a noise sample
with PDF N(0, 0?) is input to a half-wave rectifier, what is the average power
at the output? Explain your result.

11.27 (.~ ) (w) A mixed PDF is given as

px(a) = 30(0) + ~mz exp ~ 55507 ) ulo)

What is E[X?] for this PDF? Can this PDF be interpreted physically? Hint:
See Problem 11.26.

11.28 (t) In this problem we derive an alternative formula for the mean of a non-
negative random variable. A more general formula exists for random variables
that can take on both positive and negative values [Parzen 1960]. If X can
only take on values z > 0, then

E[X] = /Ooo (1— Fx(2)) dz.

First verify that this formula holds for X ~ exp()). To prove that the formula
is true in general, we use integration by parts (see Problem 11.7) as follows.

ElX] = /°° (1 - Fx(c)) do

= / / px(t dtdm.
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Finish the proof by using lim;_,o [, $°° px (t)dt = 0, which must be true if the
expected value exists (see if this holds for X ~ exp(})).

11.29 (t) The standard deviation o of a Gaussian PDF can be interpreted as the
distance from the mean at which the PDF curve goes through an inflection
point. This means that at the points z = p+ o the second derivative of px ()
is zero. The curve then changes from being concave (shaped like a N) to being
convex (shaped like a U). Show that the second derivative is zero at these
points.

11.30 (.- ) (w) The office worker described in Section 1.3 will spend an average of
7 minutes on the phone in any 10-minute interval. However, the probability
that he will spend ezactly 7 minutes on the phone is zero since the length of
this interval is zero. If we wish to assert that he will spend between T, and
Tmax minutes on the phone 95% of the time, what should Ty, and Tiax be?
Hint: There are multiple solutions — choose any convenient one.

11.31 (w) A group of students is found to weigh an average of 150 lbs. with a stan-
dard deviation of 30 lbs. If we assume a normal population (in the probabilis-
tic sense!) of students, what is the range of weights for which approximately
99.8% of the students will lie? Hint: There are multiple solutions — choose
any convenient one.

11.32 (w) Provide a counterexample to disprove that var(g;(X) + g2(X)) =
var(g1 (X)) + var(g2(X)) in general.

11.33 (w) The SNR of a random variable was defined in Problem 11.10. Determine
the SNR for exponential random variable and explain why it doesn’t increase
as the mean increases. Compare your results to a N'(u,0?) random variable
and explain.

11.34 (f) Verify the mean and variance for a Laplacian random variable given in
Table 11.1.

11.35 (. ) (f) Determine E[X3] if X ~ N(u,02). Next find the third central
moment.

11.36 (f) An example of a Gaussian mixture PDF is
11 1 11 1
)= -—=exp |—=(z—1)?| + =—=exp |-=(z + 1 2].
px(e) = g e | (e 0| + jmemp [+
Determine its mean and variance.

11.37 (t) Prove that if a PDF is symmetric about z = 0, then all its odd-order
moments are zero.
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11.38 (.-) (f) For a Laplacian PDF with 02 = 2 determine all the moments. Hint:
Let

11 1 1
w241 2 \w-j w43/’

11.39 (f) If X ~ N(0,0?), determine E[X?] using the characteristic function ap-
proach.

11.40 (t) To determine the characteristic function of a Cauchy random variable we
must evaluate the integral

o0 1 '
/ Y exp(jwz)dz.
o0

A result from Fourier transform theory called the duality theorem asserts that
the Fourier transform and inverse Fourier transform are nearly the same if we
replace = by w and w by z. As an example, for a Laplacian PDF with o2 = 2
we have from Table 11.1 that

o | % 1 | 1
| px(@)explivn)ds = [~ Zexp(—lol) expliva)ds = 5.

The inverse Fourier transform relationship is therefore

/oo —1——ex (— ww)d—w = lex (—|z|)
oo L2 PUTIOTI G = 9 OXP '

Use the latter integral, with appropriate modifications (note that z and w are
just variables which we can redefine as desired), to obtain the characteristic
function of a Cauchy random variable.

11.41 (f) If the characteristic function of a random variable is

bt = (422

w

find the PDF. Hint: Recall that when we convolve two functions together the
Fourier transform of the new function is the product of the individual Fourier
transforms. Also, see Table 11.1 for the characteristic function of a U(—1,1)
random variable.

11.42 (.2) (w) If X ~ N(u,1/n), determine the PDF of the limiting random
variable X as n — oco. Use characteristic functions to do so.

11.43 (f) Find the mean and variance of a x3 random variable using the charac-
teristic function.
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11.44 (--) (f) The probability that a random variable deviates from its mean by
an amount <y in either direction is to be less than or equal to 1/2. What should
v be?

11.45 (f) Determine the probability that |X| > v if X ~ U[—a,a]. Next compare
these results to the Chebyshev bound for a = 2.

11.46 (.- ) (c) Estimate the mean and variance of a Rayleigh random variable with

0? = 1 using a computer simulation. Compare your estimated results to the
theoretical values.

11.47 (c) Use the importance sampling method described in Section 11.10 to de-
termine Q(7). If you were to generate M realizations of a A (0,1) random
variable and count the number that exceed v = 7 as is usually done to esti-

mate a right-tail probability, what would M have to be (in terms of order of
magnitude)?



Appendix 11A

Partial Proof of Expected Value
of Function of Continuous
Random Variable

For simplicity assume that ¥ = g(X) is a continuous random variable with PDF
py(y) (having no impulses). Also, assume that y = g(z) is monotonically increasing
so that it has a single solution to the equation y = g(z) for all y as shown in Figure
11A.1. Then

9(z)

nT-—--

]
1
1
i > T
z1 =9 ' (y1)

L

-1

Figure 11A.1: Monotonically increasing function used to derive E[g(X)].

ElY] = / ” ypy (y)dy

—0o0

oo -1
= /_ ooypx(g‘l(y))‘ig#‘d,y (from (10.30).

Next change variables from y to z using z = g~ !(y). Since we have assumed that
g(z) is monotonically increasing, the limits for y of +o0o also become +oo for z.



376 CHAPTER 11. EXPECTED VALUES

Then, since z = g~*(y), we have that ypx(g~!(y)) becomes g(z)px(z) and

dg~! dg~! )
|i(—1_y—(yl‘ dy = g—dy(y—)dy (g9 is monotonically increasing,
implies g~! is monotonically increasing,
implies derivative is positive)
dz
dy Y o

from which (11.10) follows. The more general result for nonmonotonic functions
follows along these lines.
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