
Chapter 3
Description of Continuous-Time
Systems in State-Space

The so-called state-equations are widely used in the scientific and engineering fields
for the description of dynamical systems. The necessity for this kind of description
is explained in different ways. Perhaps the easiest way is the recognition that the
operation of a wide class of complex dynamical systems can be modeled with
relatively high precision by the first order vector differential equations

dx tð Þ
dt

¼ _x tð Þ ¼ f x tð Þ; u tð Þ½ �
y tð Þ ¼ g x tð Þ; u tð Þ½ �

ð3:1Þ

The state variables of the system as scalar components are collected in a vector x
called the state vector. The system input is u, and the output is y. The dimension of
x is called the degree or the order of the system. The function f x; uð Þ represents the
varying “speed” of the state vector as the function of the states and the input signal.
The function g x; uð Þ is called sensor or measurement function since it provides the
output of the system. Let’s call attention here to the fact that f x; uð Þ and g x; uð Þ do
not depend on time in an explicit way. (But here we emphasize that nevertheless the
signals of the state-equations obviously depend on time!) This kind of system is
called a time-invariant system. The state variables contain the information about the
past of the system, and the future values of the signals can be predicted, therefore
the state vector behaves like the memory of the system.

In engineering systems the state vectors are often related to the basic physical
processes, where the relations necessary to describe the storage of the mass, flow,
impulse, and power, have to be determined. (It has to be noted, however, that in
certain fields, e.g. in chemistry, the definition of the state vector is different from the
above general system-theoretical concept: it mostly reflects the variables—like
pressure, temperature, composition, etc.—representing the physico-chemical state
of the investigated material, mixture, compound, etc.)
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The state variables as coordinates define a space (state-space). The state vector
x tð Þ is interpreted in this space. The motion of the end point of the vector represents
the motion of the system. The curve described by the motion of the end point of the
state vector gives the state-trajectory.

A special class of the non-linear dynamical systems is given by the Eq. (3.1),
whose possible equilibrium state xo; uoð Þ (where _x ¼ 0) is obtained from the
equation

f xo; uoð Þ ¼ 0: ð3:2Þ

(Remark: In general, several equilibrium states can be obtained. These equi-
librium states can provide different stable states. The performance of these states
requires the investigation of the second order derivatives of f x; uð Þ.)

The static systems can be described by degenerate state-equations, since they do
not have memory, or the corresponding states, so they can be described by the
second equation of (3.1) by itself

y ¼ g uð Þ ð3:3Þ

Taking the TAYLOR-expansion at the point uo, we get

y ¼ g uoð Þþ dg uoð Þ
du

u� uoð Þþ � � � ¼ g uoð Þþ g0 uoð Þ u� uoð Þþ � � � ð3:4Þ

and the linearized model

y� yo ¼ Dy ¼ y� g uoð Þ ¼ g0 uoð Þ u� uoð Þ ¼ g0 uoð ÞDu ð3:5Þ

can be obtained from the first order term of (3.4).
The linearized model replaces the original curve with its tangent at the operating

point uo and establishes a static linear connection between the changes Dy;Duð Þ
around the operating point.

Actually the linearization of the state-space Eq. (3.1) can also be given in a very
similar way.

With the following notation, valid for changes around the equilibrium state
xo; uoð Þ, i.e.

x ¼ xo þDx; u ¼ uo þDu; y ¼ yo þDy ð3:6Þ

let us calculate the first order linearized approach of (3.1)

dx
dt

¼ f xo þDx; uo þDuð Þ � f xo; uoð Þþ df xo; uoð Þ
dxT

Dxþ df xo; uoð Þ
du

Du

y ¼ g xo þDx; uo þDuð Þ � g xo; uoð Þþ dg xo; uoð Þ
dxT

Dxþ dg xo; uoð Þ
du

Du
ð3:7Þ
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Let us use the fact that at the equilibrium point f xo; uoð Þ ¼ 0 and let us introduce
the notation yo ¼ g xo; uoð Þ, so the linearized model valid for small changes takes
the form

d x� xoð Þ
dt

¼ dDx
dt

¼ A x� xoð Þþ b u� uoð Þ ¼ ADxþ bDu

y� yo ¼ Dy ¼ cT x� xoð Þþ d u� uoð Þ ¼ cTDxþ dDu
ð3:8Þ

where the following notations are employed

A ¼ df xo; uoð Þ
dxT

; b ¼ df xo; uoð Þ
du

cT ¼ dg xo; uoð Þ
dxT

; d ¼ dg xo; uoð Þ
du

ð3:9Þ

The obtained model is a linear time-invariant (LTI) system, i.e. it does not
change in time. It is a widely used practice that the original variables x; u; y are used
instead of the small changes Dx;Du;Dyð Þ for simplicity, but they are considered as
the changes around the operating point. In this way we arrive at the linear, constant
parameter (LTI) state-space equation of the system generally applied in the theory
of systems and control,

dx tð Þ
dt

¼ Ax tð Þþ bu tð Þ

y tð Þ ¼ cTx tð Þþ du tð Þ
or simply

dx
dt

¼ Axþ bu

y ¼ cTxþ du

ð3:10Þ

Here the parameter matrices of the system are A; b; cT; d. Since in this book
single-input single-output (SISO) systems are considered, in the n-order case, A is
an n� nð Þ square matrix, which is the so called state matrix, b is an n� 1ð Þ column
vector, cT is a row vector of dimensions 1� nð Þ, and d is a scalar. The block
diagram of the state-Eq. (3.10) can be seen in Fig. 3.1.

Fig. 3.1 Block diagram of the linear time invariant system
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3.1 Solution of the State-Equations in the Complex
Frequency Domain

The state-equations can be transferred to the complex frequency domain by the
LAPLACE transformation of (3.10). Let us denote the transformed time functions
x; u; y by X sð Þ;U sð Þ; Y sð Þ. Taking the rules of transformation of derivatives into
account we get

sX sð Þ ¼ AX sð Þþ bU sð Þþ x 0ð Þ ¼ AX sð Þþ bU sð Þþ Ix 0ð Þ
Y sð Þ ¼ cTX sð Þþ dU sð Þ ð3:11Þ

In the first equation, the vector of the initial conditions x 0ð Þ can be considered as
an input which has an effect on the system via the identity matrix I. From the first
equation we get

X sð Þ ¼ sI � Að Þ�1 bU sð Þþ x 0ð Þ½ � ¼ sI � Að Þ�1bU sð Þþ sI � Að Þ�1x 0ð Þ: ð3:12Þ

According to the rules of matrix inversion

sI � Að Þ�1¼ adj sI � Að Þ
det sI � Að Þ ¼ adj sI � Að Þ

A sð Þ ¼ W sð Þ
A sð Þ ¼ U sð Þ: ð3:13Þ

Here W sð Þ ¼ adj sI � Að Þ is the transpose of a matrix whose elements are the
signed sub-determinants belonging to the corresponding elements of the matrix
sI � Að Þ. The determinant of that matrix, det sI � Að Þ is the denominator of the
transfer function, and is an n-degree polynomial in s:

A sð Þ ¼ sn þ k1s
n�1 þ � � � þ kn�1sþ kn ¼ P

n

i�1
s� kið Þ ¼ det sI � Að Þ: ð3:14Þ

A sð Þ is the so-called characteristic polynomial of the matrix A. The roots
k1; . . . kn of the characteristic equation A sð Þ ¼ 0 are the eigenvalues of A, called
the poles of the system.

The elements of the matrix in the numerator of (3.13) are also polynomials in s,
but since they come from an n� 1ð Þ order sub-determinant, they can have at most
order n� 1ð Þ, consequently the quotients of each element and A sð Þ represent
strictly proper transfer functions.

According to (3.12) the motion of the state vector is determined by the initial
condition x 0ð Þ and the input signalU sð Þ. Since the characteristic polynomial is in the
denominators of all the elements depending on x 0ð Þ, as a consequence of the
expansion theorem, their time functions are exclusively determined by the poles of the
system. This part of the solution describes the motion of a un-excited system from any
initial position to its equilibrium point and it exclusively depends on one of the
parameters, i.e., on the state matrix A both in the frequency and time domains.
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In the case of excitation, in each element of the solution depending on U sð Þ, the
denominator contains not only A sð Þ but also the denominator polynomial of U sð Þ,
so the time functions depend not only on the poles of the system but also on the
poles of the input. This part of the solution gives the motion of the excited system.

From Eqs. (3.11) and (3.12), the output is

Y sð Þ ¼ cT sI � Að Þ�1 bU sð Þþ x 0ð Þ½ � þ dU sð Þ: ð3:15Þ

The output of the excited motion, when x 0ð Þ ¼ 0 is

Y sð Þ ¼ cT sI � Að Þ�1bþ d
h i

U sð Þ: ð3:16Þ

Thus the transfer function of the system is

P sð Þ ¼ Y sð Þ
U sð Þ ¼ cT sI � Að Þ�1bþ d

��
d¼0¼ cT sI � Að Þ�1b ¼ B sð Þ

A sð Þ : ð3:17Þ

The first term of P sð Þ is strictly proper since it consists of a linear combination of
only proper elements (see (3.13), i.e., the order of the adjoint is always lower than
that of the determinant). Thus if d ¼ 0, then P sð Þ is strictly proper, the order of the
numerator being lower by at least one than that of the denominator. If d 6¼ 0, then
P sð Þ is proper, i.e. the order of the numerator is equal to that of the denominator.
The physical meaning of d is how the input directly influences the output without
any dynamics. Note, that this effect does not disappear even for very high fre-
quencies, thus P jx ! 1ð Þ ¼ d. This means, at the same time, that the jump of the
transfer function at time t ¼ 0 is v t ¼ 0ð Þ ¼ d. In practice the case d 6¼ 0 is usually
traced back to the case d ¼ 0 by introducing a new output ~y ¼ y� du. The case
d 6¼ 0 can also be considered as an imperfect linearization which needs a certain
correction.

Example 3.1 Let the parameter matrices of the system be

A ¼ �3 �2
1 0

� �
; b ¼ 1

0

� �
; cT ¼ 2 2½ �;

and compute the transfer function using (3.17).

P sð Þ ¼ B sð Þ
A sð Þ ¼ cT sI � Að Þ�1b ¼ 1

s2 þ 3sþ 2
2 2½ � s �2

1 sþ 3

� �
1

0

� �

¼ 1
s2 þ 3sþ 2

2sþ 2 �4þ 2sþ 6½ � 1

0

� �
¼ 2sþ 2

s2 þ 3sþ 2
¼ sþ 1

0:5s2 þ 1:5sþ 1

■
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3.2 Solution of the State-Equations in the Time Domain

The solution of the state-Eq. (3.10) in time domain can also be given in closed form

x tð Þ ¼ eAtx 0ð Þþ
Z t

0

eA t�sð Þbu sð Þds ¼ eAtx 0ð Þþ
Z t

0

eA t�sð Þu sð Þds
2
4

3
5b: ð3:18Þ

The first term represents the motion of the un-excited system starting from the
initial point x 0ð Þ, the second term is the convolution integral, i.e., the excited
motion starting from the initial point x 0ð Þ ¼ 0.

To check (3.18), let us differentiate the above equation with respect to time:

dx tð Þ
dt

¼ AeAtx 0ð Þþ
Z t

0

AeA t�sð Þbu sð Þdsþ bu tð Þ ¼ Ax tð Þþ bu tð Þ; ð3:19Þ

which proves the correctness of (3.18). (See the detailed derivation in Chap. A.3.1
of Appendix A.5.) Here, eAt is the fundamental matrix of the system, which is
defined by its TAYLOR-series, convergent for all t, as is valid for matrix functions in
general.

eAt ¼ IþAtþ 1
2

Atð Þ2 þ � � � þ 1
n!

Atð Þn þ � � � : ð3:20Þ

By differentiating the equation, a very interesting and important feature of the
fundamental matrix can be obtained.

deAt

dt
¼ AþA2tþ 1

2
A3t2 þ � � � þ 1

n� 1ð Þ!A
ntn�1 þ � � �

¼ A IþAtþ 1
2

Atð Þ2 þ � � � þ 1
n!

Atð Þn þ � � �
� �

¼ AeAt ¼ eAtA
ð3:21Þ

Comparing (3.12) and (3.18), the LAPLACE-transform of the fundamental matrix
for U sð Þ ¼ 0 is

L eAt
� � ¼ sI � Að Þ�1¼ U sð Þ; ð3:22Þ

which provides a new relationship for the computation of the fundamental matrix:

eAt ¼ L�1 sI � Að Þ�1
n o

¼ L�1 U sð Þf g ð3:23Þ
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Combining (3.10) and (3.18) shows that the output of the system is

y tð Þ ¼ cTeAtx 0ð Þþ cT
Z t

0

eA t�sð Þu sð Þds
2
4

3
5bþ du tð Þ ð3:24Þ

In the case of zero initial conditions x 0ð Þ ¼ 0ð Þ and d ¼ 0, the weighting
function of the system for the excitation u tð Þ ¼ d tð Þ can be easily obtained from the
last equation

w tð Þ ¼ cTeAtb ¼ cTL�1 sI � Að Þ�1
n o

b ¼ L�1 cT sI � Að Þ�1b
n o

¼ L�1 cTU sð Þb� � ¼ L�1 P sð Þjd¼0

� � ð3:25Þ

See the details for the weighting function computation in Chap. A.3.2 of
Appendix A.5.

As a consequence of matrix function operations and the CAYLEY-HAMILTON

theorem the fundamental matrix can also be computed in the form of finite sum:

eAs ¼ ao sð ÞIþ a1 sð ÞAþ � � � þ an�1 sð ÞAn�1 ð3:26Þ

since the state matrix A satisfies its characteristic equation, i.e.

A Að Þ ¼ 0: ð3:27Þ

(See the proofs in A.3.3 of Appendix A.5.)

3.3 Transformation of the State-Equations,
Canonical Forms

The input and output signals of a system are usually certain physical variables. The
state variables, however, depend on the chosen coordinate system. The parameter
matrices A; b; cT also depend on the coordinate system. Introduce the new state
vector z, which can be obtained from x by a linear transformation z ¼ Tx where T is
regular. Using (3.10) the new state-equations are

dz
dt

¼ T Axþ buð Þ ¼ TAT�1zþTbu ¼ ~Azþ ~bu

y ¼ cTxþ du ¼ cTT�1zþ du ¼ ~cTzþ ~du
ð3:28Þ
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where

~A ¼ TAT�1; ~b ¼ Tb; ~cT ¼ cTT�1; ~d ¼ d: ð3:29Þ

It is easy to check that the weighting function and the transfer function of the
system are invariant under linear transformations:

w tð Þ ¼ ~cTe
~At~b ¼ cTT�1eTAT

�1tTb ¼ cTeAtb ð3:30Þ

H sð Þ ¼ ~cT sI � ~A
	 
�1~b ¼ cTT�1 sI � TAT�1	 
�1

Tb ¼ cT sI � Að Þ�1b ð3:31Þ

In (3.30) the following simple identity (obtained by TAYLOR series of ex) was
employed

e TAT�1ð Þt ¼ TeAtT�1: ð3:32Þ

It is well known, that a linear transformation has certain special directions in
which the vectors keep their directions, only their lengths change by a factor of ki,
i.e.

Avi ¼ kivi; i ¼ 1; . . .; n: ð3:33Þ

Here vi is the eigenvector of A, and ki is its eigenvalue. The eigenvalue problem
can also be formulated in a different way, i.e. as a homogeneous system equations
in n unknown variables

kiI � Að Þv ¼ 0; ð3:34Þ

where the variables are the components of v. This system of equations has a
solution different from the trivial one v ¼ 0ð Þ if the condition

det kiI � Að Þ ¼ A kið Þ ¼ 0 ð3:35Þ

is satisfied, i.e. the eigenvalues ki are the roots of the characteristic polynomial. If
the roots are single, then the total number of the eigenvalues is n, and each has only
one eigenvector of unit length.

3.3.1 Diagonal Canonical Form

In the case of single eigenvalues, by choosing a special transformation matrix Td,
one can make TdA Tdð Þ�1 diagonal:
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~Ad ¼ TdA Tdð Þ�1¼ K ¼
k1 0 . . . 0
0 k2 . . . 0
..
. ..

. . .
. ..

.

0 0 . . . kn

2
6664

3
7775 ¼ Ad ¼ diag k1; k2; . . .; kn½ �:

ð3:36Þ

The necessary transformation matrix Td is the inverse of the matrix of the
eigenvectors

Td ¼ v1; v2; . . .; vn½ ��1: ð3:37Þ

The canonical state-equation (canonical form) obtained by the diagonal trans-
formation is

dz
dt

¼

k1 0 . . . 0

0 k2 . . . 0

..

. ..
. . .

. ..
.

0 0 . . . kn

2
66664

3
77775zþ

b1
b2

..

.

bn

2
66664

3
77775u ¼ Kzþ bu

y ¼ c1 c2 . . . cn½ �zþ du ¼ cTzþ du

ð3:38Þ

The transfer function of the transformed system is

P sð Þ ¼
Xn
i¼1

bici
s� ki

þ d: ð3:39Þ

Thus the transfer function can be obtained in partial fraction form from the
canonical one. Note that the eigenvalues of A appear in the denominator. The
transfer function remains unchanged if the product of bi and ci remains constant.
Thus there are a great many canonical forms which are different in the matrices b
and cT but have the same transfer function.

In the case of single poles, the state-equation system in the canonical coordinates
consists of n independent first order differential equations. Each individual state
variable can be assigned to an individual pole of the system.

If the characteristic equation has multiple roots, the matrix Ad can be diago-
nalized only in exceptional cases, but its JORDAN-form, in general, can be given by

J ¼
J1 0 . . . 0
0 J2 . . . 0
..
. ..

. . .
. ..

.

0 0 . . . Jm

2
6664

3
7775: ð3:40Þ
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Here, each Ji is a square matrix (a JORDAN block) of dimension equal to the
multiplicity of the eigenvalue ki, whose main diagonal contains the eigenvalues and
there are ones in the first off-diagonal right from the main diagonal, all the other
elements are zeros. If, e.g., k1 is a triple eigenvalue, the sub-matrix J1 has the form

J1 ¼
k1 1 0
0 k1 1
0 0 k1

2
4

3
5: ð3:41Þ

(The number of ones depends on how many linearly independent eigenvectors
can be found for the multiple eigenvalue k1. If only one such an eigenvector exists
—which is the normal case corresponding to (3.38)—then all elements of the
off-diagonal are ones. If the number of the independent eigenvectors has increased
by one compared to the previous case, then the number of ones decreases by one. If
there exists the same number of independent eigenvectors as the multiplicity, the
JORDAN block is diagonal. In other cases, finding the transformation matrix needs
special considerations, which are not discussed here.)

3.3.2 Controllable Canonical Form

It is the most common practice in modeling to directly derive the state-equations
from the differential equations formulated for the physical variables. In many cases,
however, the initial information is a transfer function, or a linear differential
equation of order n. This procedure is often called the description or construction
(reconstruction) of the state-equations. Suppose that the operation of the system is
described by the differential equation

dny
dtn

þ a1
dn�1y
dtn�1 þ � � � þ any ¼ b1

dn�1u
dtn�1 þ � � � þ bnu: ð3:42Þ

The equation valid for the LAPLACE-transforms is

Y sð Þ ¼ b1sn�1 þ � � � þ bn�1sþ bn
sn þ a1sn�1 þ � � � þ an�1sþ an

U sð Þ ¼ B sð Þ
A sð ÞU sð Þ ¼ P sð ÞU sð Þ: ð3:43Þ

Introduce the following state variables with their LAPLACE-transforms

X1 sð Þ ¼ sn�1

A sð ÞU sð Þ

X2 sð Þ ¼ sn�2

A sð ÞU sð Þ ¼ 1
s
X1 sð Þ dx2

dt
¼ x1

..

. ..
.

Xn sð Þ ¼ 1
A sð ÞU sð Þ ¼ 1

s
Xn�1 sð Þ dxn

dt
¼ xn�1

ð3:44Þ
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On this basis,

sX1 sð Þ ¼ �a1X1 sð Þ � � � � � anXn sð ÞþU sð Þ dx1
dt

¼ �a1x1 � � � � � anxn þ u

Y sð Þ ¼ b1X1 sð Þþ � � � þ bnXn sð Þ y ¼ b1x1 þ � � � þ bnxn
ð3:45Þ

Thus the resulting state-equations are

dx
dt

¼

�a1 �a2 . . . �an�1 �an
1 0 . . . 0 0

0 1 . . . 0 0

..

. ..
. . .

. ..
. ..

.

0 0 . . . 1 0

2
6666664

3
7777775
xþ

1

0

0

..

.

0

2
6666664

3
7777775
u

y ¼ b1 b2 . . . bn�1 bn½ �x

ð3:46Þ

This form with its special system matrices is called the controllable canonical
form or phase-variable form

Ac ¼

�a1 �a2 . . . �an�1 �an
1 0 . . . 0 0
0 1 . . . 0 0
..
. ..

. . .
. ..

. ..
.

0 0 . . . 1 0

2
66664

3
77775; bc ¼

1
0
0
..
.

0

2
66664

3
77775; c

T
c ¼ b1 b2 . . . bn�1 bn½ �:

ð3:47Þ

The special feature of this form is that every state variable, except the last one, is
the derivative of the next state variable in the action direction, and all state variables
are fed back to the first one. The feedback factors are the negative coefficients of the
characteristic equation which appear in the first row of matrix A. The input has
effect only on x1. The feedforward factors representing the output are the coeffi-
cients of the numerator of the transfer function.

If P sð Þ is not strictly proper, i.e., B sð Þ ¼ b0os
n þ b01s

n�1 þ � � � þ b0n�1sþ b0n, the
d ¼ b0o also occurs in the state-equation. In this case new coefficients bi must be
computed from the original coefficients b0i by the following decomposition

P sð Þ ¼ B sð Þ
A sð Þ ¼

b0os
n þ b01s

n�1 þ � � � þ b0n�1sþ b0n
sn þ a1sn�1 þ � � � þ an�1sþ an

¼ bo þ b1sn�1 þ � � � þ bn�1sþ bn
sn þ a1sn�1 þ � � � þ an�1sþ an

: ð3:48Þ
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The second term is already strictly proper and the coefficients of the numerator
can be computed by the relationships bi ¼ b0i � b0oai ¼ b0i � boai bo ¼ b0o

	 

.

The characteristic polynomial of the controllable canonical form is

A sð Þ ¼ det

sþ a1 a2 . . . an�1 an
�1 s . . . 0 0
0 �1 . . . 0 0
..
. ..

. . .
. ..

. ..
.

0 0 . . . �1 s

2
66664

3
77775 ¼ An sð Þ ¼ sAn�1 sð Þþ an; ð3:49Þ

where a recursive relationship is obtained by decomposing the last row. It is
obvious that

An sð Þ ¼ sn þ a1s
n�1 þ . . .þ an�1sþ an ¼ A sð Þ ð3:50Þ

i.e. the characteristic polynomial is the denominator of the transfer function.
Therefore the special matrix Ac is called the accompanying (complementary) matrix
of A sð Þ.

Note that the parameter matrix selection

�Ac ¼

0 1 . . . 0 0
..
. ..

. . .
. ..

. ..
.

0 0 . . . 1 0
0 0 . . . 0 1

�an �an�1 . . . �a2 �a1

2
66664

3
77775;

�bc ¼

0
0
0
..
.

1

2
66664

3
77775; �c

T
c ¼ bn bn�1 . . . b2 b1½ �

ð3:51Þ

also provides the controllable canonical form, where the serial number of the state
variables is the opposite of what appeared in the form (3.47).

3.3.3 Observable Canonical Form

To create this form, let us introduce the state variables with their LAPLACE-trans-
forms according to the recursions

X1 sð Þ ¼ Y sð Þ
sX1 sð Þ ¼ �a1X1 sð ÞþX2 sð Þþ b1U sð Þ dx1

dt
¼ �a1x1 þ x2 þ b1u

sX2 sð Þ ¼ �a2X1 sð ÞþX3 sð Þþ b2U sð Þ dx2
dt

¼ �a2x1 þ x3 þ b2u

..

. ..
.

sXn sð Þ ¼ �anX1 sð Þþ bnU sð Þ dxn
dt

¼ �anx1 þ bnu

ð3:52Þ
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where Y sð Þ corresponds to (3.43). Based on the relationships above the following
state-equations can be written

dx
dt

¼

�a1 1 0 . . . 0

�a2 0 1 . . . 0

..

. ..
. ..

. . .
.

0

�an�1 0 0 . . . 1

�an 0 0 . . . 0

2
66666664

3
77777775
xþ

b1
b2

..

.

bn�1

bn

2
66666664

3
77777775
u

y ¼ 1 0 . . . 0 0½ �x

ð3:53Þ

This form with its special system matrices

Ao ¼

�a1 1 0 . . . 0
�a2 0 1 . . . 0
..
. ..

. ..
. . .

. ..
.

�an�1 0 0 . . . 1
�an 0 0 . . . 0

2
666664

3
777775
; bo ¼

b1
b2
..
.

bn�1

bn

2
666664

3
777775
; cTo ¼ 1 0 . . . 0 0½ �

ð3:54Þ

is called observable canonical form. The special feature of this form is that its
output is the state variable x1 itself, which is fed back to the inputs of all the state
variables. The feedback factors are the negative coefficients of the characteristic
equation, and thus they appear in the first column of Ao. Note that the parameter
matrix selection

�Ao ¼

0 . . . 0 0 �an
1 . . . 0 0 �an�1

..

. . .
. ..

. ..
. ..

.

0 . . . 1 0 �a2
0 . . . 0 1 �a1

2
666664

3
777775
; �bo ¼

bn
bn�1

..

.

b2
b1

2
666664

3
777775
; �cTo ¼ 0 0 . . . 0 1½ �

ð3:55Þ

also provides the observable canonical form, where the serial number of the state
variables is the opposite to what appeared in (3.53).

If P sð Þ is not strictly proper, d ¼ bo also appears in the state-equation and the
statements made in connection with (3.48) are also valid.

(If the poles and the partial fractional forms of the transfer function are known,
then further canonical forms can be constructed.)
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3.4 The Concepts of Controllability and Observability

A very important question of control is how to influence arbitrarily all state vari-
ables by the input. This question can be answered by the controllability theorem
introduced by KALMAN.

A system is state controllable if its state vector can be driven from an initial state
x toð Þ to an arbitrary final state x tvð Þ in a finite time tv � toð Þ by a control signal u. If
this definition is fulfilled only for the output, then the system is output controllable.
In the case of linear time invariant systems, the starting time is chosen to ¼ 0ð Þ, and
the initial state can be given as x 0ð Þ. By this definition, the controllability is
connected to the system. If the controllability exists for a certain initial state, then it
remains for any initial state, since from any x 0ð Þ the system can be driven to x tvð Þ
by an appropriate control signal.

Controllability can best be explained in canonical coordinates. If in the canonical
form (3.38) bi is zero for a state variable, then this state can not be controlled. This
means, that there is no parallel component, but only a perpendicular component, of
any control to the eigenvector belonging to the eigenvalue ki, thus the effect of the
control always remains in the plane perpendicular to the eigenvector. (As a con-
sequence of the canonical form the system can only be controlled if the poles of the
canonical coordinates are different.)

If the system is not state controllable, the output, however, may be controllable if
at least one state variable is controllable and the ci belonging to it is not zero [see
(3.39)].

In coordinates different from the canonical ones, the above conditions can not be
directly recognized because of the relationships between the state variables,
therefore they have to be replaced by more general criteria.

For simplicity, choose the initial condition x 0ð Þ ¼ 0. Then the solution of the
state-Eq. (3.18) has the form

x tð Þ ¼
Z t

0

eA t�sð Þu sð Þds
2
4

3
5b ¼

Z t

0

eAsu t � sð Þds
2
4

3
5b ð3:56Þ

and using the finite sum form of the fundamental matrix [see (3.26)], it can be
written as

eAs ¼ ao sð ÞIþ a1 sð ÞAþ � � � þ an�1 sð ÞAn�1 ð3:57Þ

The solution of the state-equation is obtained in closed form as

x tð Þ ¼ b
Z t

0

ao sð Þu sð ÞdsþAb
Z t

0

a1 sð Þu sð Þdsþ � � � þAn�1b
Z t

0

an�1 sð Þu sð Þds:

ð3:58Þ
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Thus the right-hand side of the equation is a linear combination of the columns
of the controllability matrix

Mc ¼ b Ab . . . An�1b
� � ð3:59Þ

Thus the condition of that each point of the state-space be reachable means that
Mc must have n linearly independent columns, i.e. Mc must be invertible and
regular. Since Mc depends on A and b, the controllability of the pair A; b is a quite
accepted convention.

If the above statements are referred to the output, then the condition of output
controllability is that at least one element of

mT
c ¼ cTb cTAb . . . cTAn�1b

� � ð3:60Þ

must be non zero.
The controllability matrix of the controllable form (3.46) has the special form

Mc
c ¼

1 a1 a2 . . . an�1

0 1 a1 . . . an�2

..

. ..
. ..

. . .
. ..

.

0 0 0 . . . a1
0 0 0 . . . 1

2
666664

3
777775

�1

; ð3:61Þ

which can be seen very easily by taking the product Mc
c Mc

c

	 
�1

bc Acbc . . . Acð Þn�1bc
� �

1 a1 a2 . . . an�1

0 1 a1 . . . an�2

..

. ..
. ..

. . .
. ..

.

0 0 0 . . . a1
0 0 0 . . . 1

2
66666664

3
77777775

¼ wo w1 w2 . . . wn�1½ �

ð3:62Þ

Based on the special construction of the state matrices Ac and bc [see (3.47)], it
can be seen that

wo ¼ bc
w1 ¼ a1bc þAcbc

..

.

wn�1 ¼ an�1bc þ an�2Acbc þ � � � þ Acð Þn�1bc

ð3:63Þ
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where the following recursive relationship holds:

wk ¼ akbc þAcwk�1: ð3:64Þ

The use of the recursive relationship

wo w1 w2 . . . wn�1½ � ¼

1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0
..
. ..

. ..
. . .

. ..
.

0 0 0 . . . 1

2
66664

3
77775 ¼ I ð3:65Þ

proves the validity of (3.61).
The special matrix Mc

c obtained by the controllable canonical form—which is
always derived from the transfer function—is regular, since it is the inverse of a
regular matrix. (The determinant of a triangular matrix is the product of its diagonal
elements, which is now equal to one.) The name of this canonical form comes from
the above features, where only the observability (see later) can be investigated by
the pair Ac; cTc .

It is an interesting question how the linear transformation z ¼ Tx influences the
controllability matrix. Based on (3.29), one can write

~b ¼ Tb
~A~b ¼ TAT�1Tb ¼ TAb

..

.

~A
n�1~b ¼ TAn�1b

ð3:66Þ

on the basis of which it follows that

~Mc ¼ ~b ~A~b . . . ~A
n�1~b� ¼ T b Ab . . . An�1b

� � ¼ TMc

h
ð3:67Þ

Based on the above form of the controllability matrix, any controllable systems
can be rewritten into controllable canonical form by using the transformation matrix
Tc ¼ Mc

c Mcð Þ�1.
The controllability matrix, however, is not always derived from the transfer

function. In this case, of course, the direct investigation of the controllability matrix
Mc is required.
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u

S

S

Fig. 3.2 A non-controllable
system

Example 3.2 The complete state-equation of a system (see the block diagram in
Fig. 3.2) consisting of identical first order sub-systems is

dx
dt

¼ �1 0
0 �1

� �
xþ 1

1

� �
u ¼ Axþ bu: ð3:68Þ

The controllability matrix is

Mc ¼ b Ab½ � ¼ 1 �1
1 �1

� �
ð3:69Þ

which is singular, so the system is not controllable. ■
An other essential question of control is, whether each state variable can be

observed by measuring the output. This question can be answered by the observ-
ability theorem introduced by KALMAN.

Observability—being related to the controllability—gives an answer to the
question, whether the initial state at the starting point of the measurements can be
reconstructed by measuring the input and output signals of a system of unknown
state during a certain time. The system is observable if x toð Þ can be determined from
the signals y tð Þ and u tð Þ observed in the interval to\t\tv.

It is enough to perform the investigation only for u tð Þ � 0, i.e., for the motion
generated by the initial values. Observability can be diagnosed in the most easiest
way in canonical coordinates. Two criteria have to be fulfilled: the signal y must
depend on all canonical state variables; and the poles of the systems must be
different. Thus if any ci in (3.38) is zero, the output does not have any information
concerning the given canonical state variable, so it cannot be reconstructed from the
measurements. This means that there is no observation which would have parallel
component, to the eigenvector belonging to the eigenvalue ki, only perpendicular
component, so the effect of the observation always remains in the plane perpen-
dicular to the eigenvector.
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In coordinates different from the canonical ones, the above conditions can not
directly be recognized due to the interrelationships between the state variables,
therefore they have to be replaced by more general criteria.

In the discussion of controllability, the controllability of the state variables was
investigated and the output was disregarded. Here in the discussion of observability,
the input is disregarded, as was mentioned earlier. Consider the following system.

dx
dt

¼ Ax

y ¼ cTx
ð3:70Þ

By consecutive differentiations of the output the equation

y;
dy
dt

; . . .;
dn�1y
dtn�1

� �T
¼

cT

cTA
..
.

cTAn�1

2
664

3
775x ð3:71Þ

is obtained and the state vector can be unambiguously determined from the output
and its derivatives, if the observability matrix

Mo ¼
cT

cTA
..
.

cTAn�1

2
664

3
775 ð3:72Þ

has n linearly independent rows. Thus Mo must be invertible and regular. Since Mo

depends on A and cT, this problem is used to be cited as the observability of the pair
A; cT. (In (3.71)—due to the CAYLEY-HAMILTON theorem—there is no need to
compute derivates of higher order than n� 1ð Þ, see A.3.3 of Appendix 5.).

The observability matrix of the observable canonical form is very special

Mo
o ¼

1 0 . . . 0 0
a1 1 . . . 0 0

a2 a1 . .
.

0 0
..
. ..

.
. . . 1 0

an�1 an�2 . . . a1 1

2
666664

3
777775

�1

ð3:73Þ

which can be seen very easily, if the product Mo
o

	 
�1Mo is computed, i.e.
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1 0 . . . 0 0
a1 1 . . . 0 0

a2 a1 . .
.

0 0
..
. ..

.
. . . 1 0

an�1 an�2 . . . a1 1

2
666664

3
777775

cTo
cToAo

..

.

cTo Aoð Þn�1

2
6664

3
7775 ¼

wT
o

wT
1

..

.

wT
n�1

2
6664

3
7775 ð3:74Þ

Based on the special construction [see (3.54)] of the system matrices, one has

wT
o ¼ cTo

wT
1 ¼ a1cTo þ cToAo

..

.

wT
n�1 ¼ an�1cTo þ an�2cToAo þ . . .þ cTo Aoð Þn�1

ð3:75Þ

where there exists the following recursive relationship

wT
k ¼ akcTo þwT

k�1Ao ð3:76Þ

Using this recursive relationship

wT
o

wT
1

..

.

wT
n�1

2
6664

3
7775 ¼

1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0
..
. ..

. ..
. . .

. ..
.

0 0 0 . . . 1

2
66664

3
77775 ¼ I ð3:77Þ

which proves the validity of (3.73).
The special Mo

o obtained by the observable canonical form—which is always
derived from the transfer function—is always regular, since it is the inverse of a
regular matrix. (The determinant of a triangle matrix is the product of the diagonal
elements, which is now equal to one.) The name of this canonical form comes from
the above features, where only the controllability can be investigated by the pair
Ao; bo.

It is an interesting question how the linear transformation z ¼ Tx influences the
observability matrix. Based on (3.29), one has that

~cT ¼ cTT�1

~cT~A ¼ cTT�1TAT�1 ¼ cTAT�1

..

.

~cT~A
n�1 ¼ cTAn�1T�1

ð3:78Þ

In matrix form, this is
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~Mo ¼
~cT

~cT~A
..
.

~cT~A
n�1

2
6664

3
7775 ¼

cT

cTA
..
.

cTAn�1

2
664

3
775T�1 ¼ MoT�1 ð3:79Þ

Based on the above form of the observability matrix, any observable system can
be rewritten in observable canonical form by using the transformation matrix T�1

o ¼
Moð Þ�1Mo

o (i.e., To ¼ Mo
o

	 
�1Mo).
The observability matrix, however, is not always derived from the transfer

function. In this case, of course, the direct investigation of the observability matrix
Mo is required.

Example 3.3 The complete state-equation of a system consisting of identical first
order subsystems (see the block diagram in Fig. 3.3) is

dx
dt

¼ �1 0

0 �1

� �
x ¼ Ax

y ¼ 1 1½ � ¼ cTx

ð3:80Þ

The observability matrix is

Mo ¼ 1 1
�1 �1

� �
ð3:81Þ

which is singular, thus the system is not observable. ■

Fig. 3.3 A non-observable
system
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3.4.1 The KALMAN Decomposition

The concepts of controllability and observability make it possible to understand the
structure of a linear system. Remember that the space of controllable states is the
sub-space defined by the columns of the controllability matrix. If its dimension is n, then
the whole space is controllable. Let us introduce the notation xc for the controllable
states, and x�c for the non-controllable states. In this case the state-equation is

d
dt

xc
x�c

� �
¼ A11 A12

0 A22

� �
xc
x�c

� �
þ b1

0

� �
u ð3:82Þ

where it can be clearly seen from the structure that the states x�c cannot be influenced
by u. Similarly, let us introduce the notation xo for the observable states and x�o for
the non-observable states. Then the state-equation

d
dt

xo
x�o

� �
¼ A11 0

A21 A22

� �
xo
x�o

� �

y ¼ cT1 0T
� � xo

x�o

� � ð3:83Þ

is obtained, where it can be well seen, that there is no component in the output for
the states x�o.

A linear system can be decomposed into four sub-systems:

– Sco controllable and observable xco
– Sc�o controllable and non-observable xc�o
– S�co non-controllable and observable x�co
– Sco non-controllable and non-observable xco

where the corresponding state variables are also presented (the entering arrows
mean the effect of the input and the regarding state sub-system). The complete
KALMAN decomposition of the linear system is

d
dt

xco
xc�o
x�co
xco

2
6664

3
7775 ¼

A11 0 A13 0

A21 A22 A23 A24

0 0 A33 0

0 0 A43 A44

2
6664

3
7775

xco
xc�o
x�co
xco

2
6664

3
7775þ

b1
b2
0

0

2
6664

3
7775u ¼ Axþ bu

y ¼ cT1 0T cT2 0T
� �

x

ð3:84Þ

The block diagram representing each sub-system is shown in Fig. 3.4. Following
the arrows of the block diagram it can be seen that the input influences the
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sub-systems Sco and Sc�o, but the output depends only on the sub-systems Sco and
S�co. The sub-system Sco does not belong either to the input or to the output.

The transfer function of the entire system can be obtained by simple computation

P sð Þ ¼ cT1 sI � A11ð Þ�1b1; ð3:85Þ

i.e., it is completely determined by the sub-system Sco. In contrast it can be stated
that only the controllable and observable sub-system of the whole system can be
determined from the transfer function.

3.4.2 The Effect of Common Poles and Zeros

A very old problem of control, namely the canceling of poles and zeros, can be
explained by the KALMAN decomposition. To illustrate it let us consider the fol-
lowing example.

Example 3.4 Let the transfer function of the process be

P sð Þ ¼ Y sð Þ
U sð Þ ¼

s� 1
s� 1

¼ 1; ð3:86Þ

i.e., the numerator and the denominator have common roots, thus one zero and one
pole are equal. In this case a common root, at the same time, means also an unstable
pole. It can be seen easily that the following differential equation corresponds
formally to the transfer function (3.86):

+

+

y
Sco

Sco Sc o

Sc o 

u
Fig. 3.4 KALMAN

decomposition of the linear
system
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dy
dt

� y ¼ du
dt

� u: ð3:87Þ

The solution obtained by integration of the differential equation is

y tð Þ ¼ u tð Þþ cet ð3:88Þ

where c is a constant. In the method of canceling, it must never be forgotten that the
complete solution of the state-equation is performed according to (3.18), which
contains also the initial condition, whose dynamics (an un-excited system) depends
on the poles of the whole system, even also on the possibly cancelled pole. If this
pole is unstable, then its non-disappearing effect occurs unpleasantly in the solution.

The trivial system y tð Þ ¼ u tð Þ obtained from (3.86) after the pole cancellation is
obviously not equal to (3.88). The Eq. (3.86) can be brought to the following form

P sð Þ ¼ bo þ b1
s� 1

¼ dþ b1
s� 1

¼ 1þ 0
s� 1

ð3:89Þ

Based on this the controllable canonical form can be easily written as

dx1
dt

¼ x1 þ u; y ¼ u ð3:90Þ

which is not observable, and an observable canonical form can also be defined as

dx2
dt

¼ x2; y ¼ x2 þ u ð3:91Þ

which is not controllable. ■
The KALMAN-form of the whole system corresponding to Eqs. (3.90) and (3.91)

is shown in Fig. 3.5, which consists of the sub-systems Sc�o, S�co and Sco. The Sco is a
static system with transfer function P sð Þ ¼ 1. The Sc�o is a non-observable but
controllable subsystem, while S�co is not controllable, but is an observable
sub-system.

Fig. 3.5 The complete
KALMAN-form of the system of
transfer function (3.86)
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Note that if the transfer function of the system is given, then first the common
divisors of the numerator and denominator have to be investigated. The common
factor can only be a common root. It is reasonable to continue the simplification
until there are no more common divisors. Such polynomials are called relatively
prime. A transfer function P sð Þ ¼ B sð Þ=A sð Þ is called irreducible (i.e., can not be
simplified) if the polynomials A sð Þ and B sð Þ are relatively prime, which is an
algebraic condition for the special DIOPHANTINE (or BEZOUT) equation

A sð ÞX sð ÞþB sð ÞY sð Þ ¼ 1 ð3:92Þ

to have a solution, i.e., the corresponding SILVESTER matrix must be regular (see
more details in Chap. 9).

If a transfer function is not reducible, the related state-equation corresponds to
the controllable and observable sub-system Sco of the KALMAN-form and the other
sub-systems do not exist.

Equations (3.90) and (3.91) can be generalized to the case when the controllable
and observable system Sco A; b; cT ; df g is irreducible, and the numerator and also
the denominator of the transfer function P sð Þ are extended by a common factor
(s� p) referring to a real pole. For this general case the state-equation of the
redundant non-controllable and non-observable system can be given as

_xr ¼
_x
_x1
_x2

2
4

3
5 ¼

A 0 0
0T p 0
0T 0 p

2
4

3
5 x

x1
x2

2
4

3
5þ

b
1
0

2
4

3
5u ¼ Arxr þ bru

y ¼ cT 0 1
� �

xr þ du ¼ cTr xr þ du

: ð3:93Þ

Example 3.5 Assume that the transfer function of the process is

P sð Þ ¼ 2 sþ 1ð Þ
sþ 1ð Þ sþ 2ð Þ ¼

2sþ 2
s2 þ 3sþ 2

¼ b1sþ 2
s2 þ 3sþ 2

:

It is easy to form the parameter matrices of the controllable canonical form,
which are

Ac ¼ �3 �2
1 0

� �
; bc ¼ 1

0

� �
and cTc ¼ 2 2½ �:

The controllability matrix of this canonical form is

Mc
c ¼ bc Acbc½ � ¼ 1 �3

0 1

� �
:
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It is easy to check that the determinant of this matrix is det Mc
c

	 
 ¼ 1, as a
consequence the process is controllable. The observability matrix of this canonical
form is

Mc
o ¼ cTc

cTcAc

� �
¼ 2 2

�4 �4

� �
:

Note that the determinant of this matrix is det Mc
o

	 
 ¼ 0; as a consequence the
process is not observable.

Now form the parameter matrices of the observable canonical form, which are

Ao ¼ �3 1
�2 0

� �
; bo ¼ 2

2

� �
and cTo ¼ 1 0½ �:

The controllability matrix of this canonical form is

Mo
c ¼ bo Aobo½ � ¼ 2 �4

2 �4

� �
:

It is easy to check that the determinant of this matrix is det Mo
c

	 
 ¼ 0; as a
consequence the process is not controllable. The observability matrix of this
canonical form is

Mo
o ¼ cTo

cToAo

� �
¼ 1 0

�3 1

� �
:

Note that the determinant of this matrix is det Mo
o

	 
 ¼ 1; as a consequence the
process is observable. This example shows and explains very nicely the meaning of
the above matrices.

Observe and check that the irreducible equivalent transfer function

l

mg

α

Fig. 3.6 Scheme of the
inverted pendulum
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P sð Þ ¼ 2 sþ 1ð Þ
sþ 1ð Þ sþ 2ð Þ ¼

2
sþ 2

is already controllable and observable. ■

3.4.3 The Inverted Pendulum

Next the simplest case of the moving inverted pendulum shown in Chap. 2.6 is
investigated, i.e., when the suspension of the pendulum is fixed. Via this example
almost all of the methods of this Chapter from the linear modeling to the investi-
gation of the controllability and observability issues can be demonstrated.

In order to determine the state-equation of the inverted pendulum, given in a
simple schematic form in Fig. 3.6, introduce the following state variables: x2 ¼
da=dt and x1 ¼ a (the angular velocity and the angular position). From the equality
of the moments calculated for the center of the angular position it follows that

J
d2a
dt2

¼ mglsin að Þþmuglcos að Þ; ð3:94Þ

where it is assumed that the mass m is concentrated at the end of an ideal,
weightless pendulum of length l, the inertia relating to the center of the rotation is
denoted by J. The actuating signal is the horizontal acceleration of the value
ug (measured in g), the output is the angular position a. The non-linear state-
equation is obtained as

dx
dt

¼ _x ¼ f x; uð Þ ¼
da=dt

mgl
J

sin da=dtð Þþ mglu
J

cos að Þ

2
4

3
5 ¼ x2

sin x1ð Þþ ucos x1ð Þ

� �

y ¼ a ¼ x1

ð3:95Þ

where choosing
ffiffiffiffiffiffiffiffiffiffiffiffi
J=mgl

p
as a time unit, the last, normalized form in Eq. (3.95)

results. Thus the state-equation is a nonlinear, time-invariant, second order vector
differential equation.

Let us linearize the equation in the case of zero actuating signal. The equilibrium
point is

_x ¼ 0 ¼ f u ¼ 0ð Þ ¼ x2
sin x1ð Þ

� �
¼ 0

0

� �
;

x2 ¼ da=dt ¼ 0
sin x1ð Þ ¼ sin að Þ ¼ 0

ð3:96Þ

where a ¼ 0 and a ¼ p. At the first equilibrium point the pendulum is in the
position upside, but in the second it is in down-side. Determining the derivatives
with respect to x and u of the function f x; uð Þ yields
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df x; uð Þ
d x

¼ 0 1
cos x1ð Þ � usin x1ð Þ 0

� �
and

df x; uð Þ
d u

¼ 0
cos x1ð Þ

� �
: ð3:97Þ

Evaluating the derivates at the upper point (u ¼ 0; x1 ¼ 0 and x2 ¼ 0) the
parameter matrices

A ¼ 0 1
1 0

� �
; b ¼ 0

1

� �
and cT ¼ 1 0½ � ð3:98Þ

are obtained. Computing the transfer function (by using A.1.10) yields

G sð Þ ¼ cT sI � Að Þ�1b ¼ 1

det
s �1

�1 s

� � 1 0½ � s 1

1 s

� �
0

1

� �

¼ 1
s2 � 1

s 1½ � 0

1

� �
¼ 1

s2 � 1
¼ 1

sþ 1ð Þ s� 1ð Þ

ð3:99Þ

The root s ¼ 1 shows that at this operating point the system is unstable. It can be
easily checked that the controllability matrix

Mc ¼ 0 1
1 0

� �
ð3:100Þ

is regular, thus the system is controllable. In this case the observability matrix,
which is

Mo ¼ 1 0
0 1

� �
: ð3:101Þ

is also regular, thus the system is observable. Coming from the simplicity of the
above task, the DT control of the inverted pendulum is a typical and spectacular
laboratory example all over the world for controlling an unstable process. (The
complexity of the task increases drastically by placing more pendulums on top of
each other.)

Evaluating the derivates in the lower point (u ¼ 0; x1 ¼ p and x2 ¼ 0), the
parameter matrices

A ¼ 0 1
�1 0

� �
; b ¼ 0

�1

� �
and cT ¼ 1 0½ � ð3:102Þ

are obtained. Calculate the transfer function [by using (A.1.10)] yields
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G sð Þ ¼ cT sI � Að Þ�1b ¼ 1

det
s �1

1 s

� � 1 0½ � s 1

�1 s

� �
0

�1

� �

¼ 1
s2 þ 1

s 1½ � 0

�1

� �
¼ �1

s2 þ 1
¼ �1

sþ jð Þ s� jð Þ

ð3:103Þ

The roots on the imaginary axis indicate that at this operating point the process is
an oscillating system without any damping. Do not forget that no kind of damping
(e.g., air or ordinary friction) is taken into consideration in the model. Simple
computations similar to the above show that even at this operating point the system
is controllable and observable.
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