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Introduction This chapter considers survival data in which each subject
can experience only one of several different types of events
over follow-up. This situation contrasts with the topic of
the preceding chapter in which subjects could experience
more than one event of a given type. When only one of
several different types of event can occur, we refer to the
probabilities of these events as “competing risks,” which
explains the title of this chapter.

Modeling competing risks survival data can be carried out
using a Cox model, a parametric survival model, or models
that use the cumulative incidence (rather than survival).
In this chapter, we mainly consider the Cox model because
of its wide popularity and also because of the availability of
computer programs that use the Cox model for analysis
of competing risks.

The typical (“cause-specific”) approach for analyzing com-
peting risks data is to perform a survival analysis for each
event type separately, where the other (competing) event
types are treated as censored categories. There are two
primary drawbacks to the above method. One problem is
that the above method requires the assumption that com-
peting risks are independent. The second problem is that
the generalized Kaplan–Meier (KM)-based product-limit
survival curve obtained from fitting separate Cox models
for each event type has questionable interpretation when
there are competing risks.

Unfortunately, if the independence assumption is incorrect,
there is no direct methodology available for analyzing com-
peting risks simultaneously. The only “indirect” method for
addressing this problem involves carrying out a “sensitivity
analysis” that treats subjects with events from competing
risks as all being event-free or as all experiencing the event
of interest. An example of this “sensitivity” approach is
provided.
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The primary alternative summary curve to the KM-based
survival curve is the “cumulative incidence curve (CIC),”
which estimates the “marginal probability” of an event
(both terms are defined in this chapter). This CIC is not
estimated using a product-limit formulation, and its
computation is not included in mainstream statistical
packages. Moreover, the independence of competing risks
is still required when a proportional hazard model is used
to obtain hazard ratio estimates for individual competing
risks as an intermediate step in the computation of a CIC.
Nevertheless, the CIC has a meaningful interpretation in
terms of treatment utility regardless of whether competing
risks are independent. A variation of the CIC, called the
“conditional probability curve (CPC),” provides a risk
probability conditional on an individual not experiencing
any of the other competing risks by time t.

An equivalent approach to the cause-specific method for
analyzing competing risks is called the Lunn–McNeil (LM)
approach. The LM approach allows only one model to
be fit rather than separate models for each event type
and, moreover, allows flexibility to perform statistical
inferences about simpler versions of the LM model. This
approach has added appeal in that competing events are
not considered as simply being censored. Nevertheless, as
with the cause-specific approach, the LM method assumes
the independence of competing risks.
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Abbreviated
Outline

The outline below gives the user a preview of the material
covered by the presentation. A detailed outline for review
purposes follows the presentation.

I. Overview (page 430)

II. Examples of Competing Risks Data
(pages 430–432)

III. Byar Data (pages 433–434)

IV. Method 1: Separate Models for Different
Event Types (pages 434–437)

V. The Independence Assumption (pages 437–443)

VI. Cumulative Incidence Curves (CIC)
(pages 444–453)

VII. Conditional Probability Curves (CPC)
(pages 453–455)

VIII. Method 2—The Lunn-McNeil (LM) Approach
(pages 455–461)

IX. Method 2a: Alternative Lunn–McNeil (LMalt)
Approach (pages 461–464)

X. Method 1 (Separate Models) versus
Method 2 (LM Approach) (pages 465–468)

XI. Summary (pages 468–473)
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Objectives Upon completing this chapter, the learner should be able to:

1. State or recognize examples of competing risks
survival data.

2. Given competing risks data, outline the steps needed
to analyze such data using separate Cox models.

3. Given computer output from the analysis of
competing risk data, carry out an analysis to assess
the effects of explanatory variables on one or more of
the competing risks.

4. State or describe the independence assumption
typically required in the analysis of competing
risks data.

5. Describe how to carry out and/or interpret a
“sensitivity analysis” to assess the independence
assumption about competing risks.

6. State why a survival function obtained from
competing risk data using the Cox model has a
questionable interpretation.

7. State or describe the “cumulative incidence” approach
for analyzing competing risks data.

8. Given competing risk data, describe how to calculate a
CIC and/or a CPC curve.

9. Given competing risks data, outline the steps needed
to analyze such data using the Lunn–McNeil method.

10. Given computer output from fitting either a LM or
LMalt model, carry out an analysis to assess the effect
of explanatory variables on one or more of the
competing risks.
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Presentation

I. Overview In this chapter, we consider survival data in
which each subject can experience only one
of different types of events over follow-up.
The probabilities of these events are typically
referred to as competing risks. We describe
how to use the Cox PH model to analyze such
data, the drawbacks to this approach, and some
approaches for addressing these drawbacks.

II. Examples of Competing
Risks Data

Competing risks occur when there are at least
two possible ways that a person can fail, but
only one such failure type can actually occur.
For example,

1. A person can die from lung cancer or from a
stroke, but not from both (although he can
have both lung cancer and atherosclerosis
before he dies);

2. Patients with advanced-stage cancer may
die after surgery before their hospital stay
is long enough for them to get a hospital
infection;

3. Soldiers in war may die during combat or
may die by (e.g., traffic) accident;

4. In a clinical trial, patientswithnonmetastatic
limbsarcomaundergoing chemotherapyand
surgery might develop a local recurrence,
lung metastasis, or other metastasis after
follow-up.

For each of the above examples, the possible
events of interest differ, but only one such
event can occur per subject. Note, however, if
at least one of the possible event types does not
involve death, it is also possible that such events
can recur over follow-up. Thus, although the
analysis of recurrent events that also involves
competing risks may be required, this more
complex topic is beyond the scope of this chapter
(see Tai et al., 2001).

FOCUS Different types of
events: A B C . . .
(competing risks)
are possible, but only
one of these can
occur per subject

1. Dying from either lung cancer
or stroke

2. Advanced cancer patients
either dying from surgery or
getting hospital infection

3. Soldiers dying in accident or in
combat

4. Limb sarcoma patients
developing local recurrence,
lung metastasis, or other
metastasis over follow-up

Each example above allows only
one event out of several possible
events to occur per subject

If event not death, then recurrent
events are possible

Competing risksþ recurrent events
beyond scope of this chapter
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A logical objective for competing risks data is
to assess the relationship of relevant predictors
to the failure rate or corresponding survival
probability of any one of the possible events
allowing for the competing risks of the other
ways to fail.

We might also want to compare the failure
rates (e.g., using a hazard ratio) for two or
more possible events, controlling for relevant
predictors.

In the lung cancer versus stroke example
above, we might ask whether the lung cancer
death rate in “exposed” persons is different
from the lung cancer rate in “unexposed” per-
sons, allowing for the possibility that subjects
could have died from a stroke instead.

We might also want to know if the lung cancer
death rate differs from the stroke death rate
controlling for predictors of interest.

In the second example, the competing risks are
death from surgery versus development of a
hospital infection. For infection control inves-
tigators, the hospital infection event is of pri-
mary interest. Nevertheless, the occurrence of
death from surgery reduces the burden of hos-
pital infection control required. Thus, the esti-
mation of hospital infection rates are
complicated by the competing risk of death
from surgery.

The third example involves competing risks of
death from either combat or accident in a com-
pany of soldiers. Here, primary interest con-
cerns the hazard ratio for combat death
comparing two exposure groups. Suppose the
entire company dies at time t in a helicopter
accident on their way to a combat area.
Because no one died in combat by time t, the
survival probability of not dying in combat is
one, even though no combat took place.

Objective: assess

X1, X2,. . ., Xp ) Failure rate
(survival probability)

for any one event allowing for
competing risks from other possi-
ble events

Another objective
Compare hazard rate for event A
with hazard rate for event B

Lung Cancer vs. Stroke (1)

HRLC(E vs. not E) ¼ 1?
(allowing for competing risk from
stroke)

HR(LC vs. Stroke) ¼ 1?
(controlling for predictors)

Surgery Death vs. Hospital
Infection (2)

HRHOSPINF(E vs. not E)¼ 1? (allow-
ing for competing risk fromsurgery)

Note: death from surgery reduces
number of hospital infections to be
treated

Accidental Death vs. Combat
Death (3)

HRCOMBAT (E vs. not E) (allowing
competing risk of accidental death)

Suppose entire company dies at
accident time t before entering combat

+
SCOMBAT(t) ¼ P(TCOMBAT > t) ¼ 1

where TCOMBAT¼ time to combat death
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However, if we define the outcome of interest
as death from either combat or accident, the
“event free” survival probability is zero after
the accident occurred (at time t).

Moreover, the KM survival probability for
combat death at time t is undefined because
no one was at risk for a combat death at time t.

This example points out that when there are
competing risks, the interpretation of a sur-
vival curve may be difficult or questionable
(more on this issue later).

In the fourth example involving limb sarcoma
patients, the competing risks are the three fail-
ure types shown at the left.

In this study, the investigators wanted hazard
ratios for each failure type, allowing for com-
peting risks from the other two failure types.

It was also of interest to compare the failure
rates for lung metastasis versus local recur-
rence (or any other two of the three failure
types), controlling for relevant predictors.

Because none of the failure types involves
death, recurrent events are possible for any of
the three failure types. If, however, the infor-
mation on only the first failure is targeted, the
classical competing risk methodology described
in this chapter can be applied.

However,

TCþA ¼ combat or accidental death

+
“event free” SCþA(t) ¼ P(TCþA > t) ¼ 0

Moreover,

SKM(TCOMBAT > t)

is undefined because the risk set is
empty at time t

Competing Risks Data Survival
Curve Interpretation?

Limb sarcoma patients (4)

Competing risks
1¼ local recurrence, 2¼ lungmeta-
stasis, or 3 ¼ other metastasis

HRc(E vs. not E), c ¼ 1, 2, 3 (allow-
ing for competing risk from other
two failure types)

HR(Lung Metastasis vs. Local
Recurrence)? Controlling for
Predictors

No failure types involve death

+
Recurrent events possible

But can use classical competing
risk methods if focus on only first
failure
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III. Byar Data We now introduce an example of competing
risks survival analysis of data from a rando-
mized clinical trial (Byar and Green, 1980)
comparing treatments for prostate cancer. We
henceforth refer to this as the Byar data.
Patients with Stages III (local extension
beyond the prostate gland) and IV (distant
metastases, elevated acid phosphatase, or
both) prostate cancer were randomized to
receive either a placebo or one of three
dose levels of the active treatment diethylstil-
bestrol (DES).

In this study, patients could die from prostate
cancer, cardiovascular disease, or other
causes. Covariate information was also col-
lected to account for the possible influence of
predictors on survival. These data have been
analyzed extensively (Byar and Corle, 1977,
Kay, 1986, and Lunn and McNeil, 1995).
Some grouping of the predictors was consid-
ered to be clinically meaningful.

Key risk factors related to the primary outcome
of interest (cancer deaths) and the appropriate
grouping is shown at the left.

Primary interest was to assess the effect of
treatment (Rx) adjusted for relevant risk fac-
tors in the presence of the competing risks.
Notice from the table that the Rx variable is
grouped into a binary variable by coding sub-
jects receiving the placebo or 0.2 mg of DES as
0 and coding subjects receiving 1.0 or 5.0 mg of
DES as 1.

� Randomized clinical trial
� Compare treatments for Stage

III and IV prostate cancer
� Rx status: placebo or one of

3 dose levels of DES

Competing risks: deaths from

Cancer (main focus)
CVD
Other

Covariate information collected

Some predictors grouped

Predictors Value Category

Treatment (Rx) 0 Placebo, 0.2 mg
DES

1 1.0,5 mg DES
Age at diagnosis 0 �74 years
Diagnosis (Age) 1 75–79 years

2 �80 years
Standardizeda 0 �100
weight (Wt) 1 80–99

2 >80
Performance 0 Normal
status (PF) 1 Limitation of

activity
History of 0 No
CVD (Hx) 1 Yes

Hemoglobin (Hg) 0 � 12 g/100 ml
1 9.0–11.9 g/100 ml
2 <9 g/100 ml

Size of the 0 <30 cm2

primary 1 �30 cm2

lesion (SZ)
Gleeson 0 �10
Scoreþ(SG) 1 >10

a weight (kg) – height (cm) þ 200
þ index of tumor invasiveness/
aggressiveness
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From a clinical perspective, these three
competing risks can be considered to be inde-
pendent (e.g., failure from heart disease and/
or other causes of death is unrelated to risk of
failure from prostate cancer). We discuss this
“independence assumption” in more detail in a
subsequent section of this chapter.

We now describe the approach typically used
to analyze competing risks data. This approach
assumes that competing risks are indepen-
dent. We illustrate this approach using the
Byar data.

IV. Method 1: Separate
Models for Different
Event Types

The typical approach for analyzing competing
risks data uses the Cox (PH) model to sepa-
rately estimate hazards and corresponding
hazard ratios for each failure type, treating
the other (competing) failure types as censored
in addition to those who are censored from loss
to follow-up or withdrawal. We refer to this
approach as Method 1 because we later
describe an alternative approach (Method 2)
that requires only a single model to be fit.

If only one failure type is of primary interest,
then the analysis might be restricted to esti-
mating hazards or hazard ratios for that type
only (but still treating the competing failure
types as censored).

To describe this method mathematically, we
define the cause-specific hazard function
shown at the left. The random variable Tc

denotes the time-to-failure from event type c.
Thus, hc(t) gives the instantaneous failure rate
at time t for event type c, given not failing from
event c by time t.

Using a Cox PH model that considers predic-
tors X ¼ (X1, X2,. . ., Xp), the cause-specific
hazard model for event type c has the form
shown at the left. Note that bic, the regression
coefficient for the ith predictor, is subscripted
by c to indicate that the effects of the predictors
may be different for different event types.

Independence assumption (dis-
cussed later)
Next

Analysis of competing risks
survival data

Assume independent competing
risks

� Use Cox (PH) model
� Estimate separate hazards or

HRs for each failure type
� Other (competing) failure types

are treated as censored
� Persons lost to follow-up or

withdrawal are also censored

If only one failure type of interest

+
Estimate only one hazard or HR

Cause-specific hazard function

hc(t) ¼ lim
Dt!0

P t � Tc < tþ DtjTc � tð Þ=Dt

where Tc ¼ time-to-failure from
event c
c ¼ 1, 2, . . ., C (# of event types)

Cox PH cause-specific model
(event-type c):

hc t,Xð Þ ¼ h0cðtÞ exp
Xp
i¼1

bicXi

" #
;

c ¼ 1; . . . ;C

bic allows effect of Xi to differ by
event-type
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We illustrate the above model using the Byar
data involving the three competing risks and
the eight predictors.

A no-interaction cause-specific model for
Cancer death (Ca) is shown at the left. From
this model, the hazard ratio for the effect of Rx
controlling for the other variables is exp[b1Ca].

Because Cancer is the event-type of interest,
the two competing event-types,CVD andOther,
need to be treated as censored in addition to
usual censored observations (i.e., for persons
who are either lost to follow-up or withdraw
from the study).

Similarly, if CVD is the event-type of interest,
the cause-specific no-interaction hazard model
and the hazard ratio formula for the effect of
treatment is shown at the left, and the event
types Cancer and Other would be treated as
censored.

And finally, ifOther is the event-type of interest,
the cause-specific no-interaction hazard model
and the hazard ratio formula for the effect of
treatment is shown at the left, and the event
types Cancer and CVD would be treated as
censored.

Edited output for each of the above three
cause-specific models is now presented.

First, we show the results for the event type
Cancer, treating CVD and Other as censored

Byar Data Example

Competing Risks:Cancer, CVD, Other

Cause-specific model: Cancer
No-interaction model:

hCa(t, X) ¼ h0Ca(t)exp[b1CaRx þ b2CaAge
þ b3CaWt þ b4CaPF þ b5CaHx
þ b6CaHG þ b7CaSZ þ b8CaSG]

HRCa(RX ¼ 1 vs. RX ¼ 0) ¼ exp[b1Ca]

CVD and Other deaths are censored

Cause-specific model: CVD

hCVD(t,X) ¼ h0CVD(t)exp[b1CVDRx þ b2CVDAge
þ b3CVDWt þ b4CVDPF þ b5CVDHx
þ b6CVDHG þ b7CVDSZ þ b8CVDSG]

HRCVD(RX ¼ 1 vs. RX ¼ 0) ¼ exp[b1CVD]

Cancer and Other are censored

Cause-specific model: Other

HOTH(t,X) ¼ h0OTH(t)exp[b1OTHRx þ b2OTHAge

þ b3OTHWt þ b4OTHPF þ b5OTHHx

þ b6OTHHG þ b7OTHSZ þ b8OTHSG]

Cancer and CVD are censored

Table 9.1. Edited Output for Cancer
with CVD and Other Censored

Var DF Coef
Std.
Err. p > |z|

Haz.
Ratio

Rx 1 �0.550 0.170 0.001 0.577
Age 1 0.005 0.142 0.970 1.005
Wt 1 0.187 0.138 0.173 1.206
PF 1 0.253 0.262 0.334 1.288
Hx 1 �0.094 0.179 0.599 0.910
HG 1 0.467 0.177 0.008 1.596
SZ 1 1.154 0.203 0.000 3.170
SG 1 1.343 0.202 0.000 3.830

Log likelihood ¼ � 771.174
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From this output, the adjusted cHR for the effect
of Rx is 0.577 (¼1/1.73).

The P-value for a two-tailed Wald test is 0.001;
thus Rx has a significant positive effect on sur-
vival for Cancer death with competing risks
from CVD and Other deaths.

Also, the 95% confidence interval for this HR is
(0.413, 0.807) ¼ (1/2.43, 1/1.24).

We next provide edited output when the event-
type is CVD, treating Cancer and Other as
censored.

Here, the adjusted cHR for the effect ofRx is1.425.

The P-value for a two-tailed Wald test is 0.042;
thus, Rx has a significant (P< .05) but negative
effect on survival for CVD death with compet-
ing risks from Cancer and Other deaths.

The 95% confidence interval for this HR is
(1.013, 2.004).

Last, we provide edited output when the event-
type is Other, treating Cancer and CVD as
censored.

cHRCa RX ¼ 1 vs. RX ¼ 0ð Þ
¼ expð�0:550Þ ¼ 0:577

Wald ChiSq ¼ (�.550/.170)2

¼ 10.345 (P ¼ 0.001)

Signif. below .01 level

95% CI for exp[b1Ca]:
exp[�0.550 � 1.96(0.170)]

¼ (0.413, 0.807)

cHRCVD RX ¼ 1 vs. RX ¼ 0ð Þ
¼ expð0:354Þ ¼ 1:425

Wald ChiSq ¼ (.354/.174)2

¼ 4.220 (P ¼ 0.042)
Signif. at .05 level

95% CI for exp[b1CVD]:
exp.[0.354 � 1.96(0.174)]
¼ (1.013, 2.004)

Table 9.2. Edited Output for CVD with
Cancer and Other Censored

Var DF Coef
Std.
Err. p > |z|

Haz.
Ratio

Rx 1 0.354 0.174 0.042 1.425
Age 1 0.337 0.134 0.012 1.401
Wt 1 0.041 0.150 0.783 1.042
PF 1 0.475 0.270 0.079 1.608
Hx 1 1.141 0.187 0.000 3.131
HG 1 0.018 0.202 0.929 1.018
SZ 1 �0.222 0.364 0.542 0.801
SG 1 �0.023 0.186 0.900 0.977

Log likelihood ¼ �763.001

Table 9.3. Edited Output for Other with
Cancer and CVD Censored

Var DF Coef
Std.
Err. p > |z|

Haz.
Ratio

Rx 1 �0.578 0.279 0.038 0.561
Age 1 0.770 0.204 0.000 2.159
Wt 1 0.532 0.227 0.019 1.702
PF 1 0.541 0.422 0.200 1.718
Hx 1 0.023 0.285 0.935 1.023
HG 1 0.357 0.296 0.228 1.428
SZ 1 0.715 0.423 0.091 2.045
SG 1 �0.454 0.298 0.127 0.635

Log likelihood ¼ �297.741
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Here. the adjusted ĤR for the effect of Rx is
0.561 (¼ 1/ 1.78).

The P-value for a two-tailed Wald test is .038;
thus, Rx has a significant (P < .05) protective
effect on survival for Other deaths with com-
peting risks from Cancer and CVD deaths.

The 95% confidence interval for this HR is
(0.325,0.969), which is somewhat imprecise.

We have thus completed a competing risk
analysis af the Byar data assuming that a no-
interaction Cox PH model is appropriate. We
haven’t actually checked the PH assumption
for any of the variables in the model nor have
we assessed whether there is significant inter-
action between Rx and the other variables
being controlled. Typically, these situations
should be explored to ensure a more appropri-
ate analysis.

V. The Independence
Assumption

At the beginning of this text in Chapter 1, we
introduced the concept of censoring as a major
concern for the analysis of survival data. We
distinguished between right- and left-censoring
and indicated our focus in the text would be on
right-censoring, which occurs more often.

We also introduced in Chapter 1 an important
assumption about censoring that is typically
assumed for all approaches/models for analyz-
ing survival data described up to this point,
including data with competing risks. This
assumption is often stated as follows: censor-
ing is independent.

In addition, we distinguished (in Chapter 1)
“independent” censoring from two other
assumptions: “random” censoring and “non-
informative” censoring, but emphasized the
importance of the independence assumption.

ĤROTH(RX ¼ 1 vs. RX ¼ 0)
¼ exp(�0.580)¼ 0.560

Wald ChiSq ¼ (�.578/.279)2

¼4.29 (P¼0.038)
Signif. at .05 level

95% CI for exp[b1OTH):
exp[�0.578þ�1 .96(0.279)]
¼(0.325, 0.969)

Not assessed in the above analysis:

PH assumption

Interaction of Rx with control vari-
ables

Censoring: a major concern in
survival analysis

Right-censoring vs. left-censoring
#

� more often
� our focus

Typical assumption:
Censoring is Independent

� Required for all approaches/
models described to this point

� Relevant for competing risks

Two other (different) assumptions
Random censoring
Non-informative censoring
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InChapter1,wedefined independentcensoring
in a context that assumed the absence of
competing risks as follows:

Within any subgroup of interest, subjects who are
censored at time t should be representative of all
subjects in that subgroup who remained at risk at
time t with respect to their survival experience.

Non-independent censoring unfortunately can
lead to biased results in a survival analysis.
A bias can result if people who get censored are
more likely to fail than those not censored. Thus,
the estimated survival probability at any time
tmay over-estimate the true survival probability
at time t if a large proportion of those with
unknown status (i.e., censored) actually failed.

When the survival analysis problem involves
competing risks, the requirement of indepen-
dent censoring has the additional complication
that there aredifferent types of censoring that are
possible. That is, when focusing on the cause-
specific hazard for event-type A, say, competing
risksother thanAarealso consideredas censored
in addition to standard censorship from lost-
to-follow-up, withdrawal or ending of the study.

For example, in the Byar data set, there were
three competing risks of interest, Cancer, CVD,
orOther deaths. What, then, must we assume if
censoring in this study were independent?

Suppose censoring is independent and we
focus on cause-specific deaths for Cancer,
then any subject (e.g., Harry) in the risk set at
time t with a given set (G) of covariates who is
censored at time t is presumed to have the
same failure rate as any noncensored subject
in the risk set with the same set of covariates
regardless of whether the reason for censoring
is either a CVD or Other death, withdrawal
from study, or lost-to-follow-up.

On the other hand, suppose censoring were
not independent, then if Harry was censored
at time t because he died from CVD or Other
causes at time t, Harry’s (unknown) failure rate
at time t for dying of Cancer would differ from
the Cancer failure rate for noncensored sub-
jects at time t (who didn’t previously die of
Cancer, CVD, or Other causes prior to time t).

Independent censoring:

Chapter 1 context: no competing risks

h(t | G, Ce) ¼ h(t | G, NCe) where

G denotes any subgroup of subjects
at risk at time t

h(t | G, Ce) denotes hazard for cen-
sored subjects in subgroup G

h(t |G,NCe) denoteshazard fornon-
censored subjects in subgroup G

Bias possible:
Ŝ(t) may over-estimate S(t)

if
largeproportionof subjects censored

at time t actually fail after time t

Independent censoring with
competing risks

+
Different types of censoring:

� failure from competing risks
� lost-to-follow-up
� withdrawal
� end of study

EXAMPLE (Byar data)

3 competing risks:
Cancer, CVD, or Other deaths

Independent censoring?

Suppose censoring is independent
and Harry censored at time t

+
hCa(t | G, Ce) ¼ hCa(t | G, NCe)

Suppose censoring is not
independent and Harry died from
CVD or Other Cause at time t

+
hCa(t | G, Ce) 6¼ hCa(t | G, NCe)
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The important message at this point when
analyzing competing risks survival data is that
it is typically assumed that censoring is inde-
pendent regardless of the different ways that
censoring can occur, including failure from
competing risks other than the cause-specific
event-type of interest. A synonymous expres-
sion is to say that competing risks are inde-
pendent, which we henceforth adopt in our
remaining discussion of this topic.

So, if we typically require that competing risks
are independent, (1) how can we determine
whether this assumption is satisfied and (2) how
can we proceed with the analysis to consider the
possibility that the assumption is not satisfied?

Unfortunately, the answer to the first question is
that we can never explicitly prove that compet-
ing risks are or are not independent for a given
dataset. For example, in the Byar dataset, we
cannot determine for certain whether a subject
who died from, say, CVD at time t would have
died from Cancer if he hadn’t died from CVD.

In otherwords, dying fromCancer at time t is an
unobservable outcome for a subject who died
from CVD at or before time t. More generally,
failure from a competing risk at time t is unob-
servable for a subject who has already failed
from a different competing risk up to time t.

Because we can never fully determine whether
competing risks are independent, how can we
proceed with the analysis of competing risks
survival data? The answer is that there are sev-
eral alternative strategies, but no one strategy
that is always best.

Important assumption for
competing risks

Censoring is independent
regardless of different types of cen-
soring possible

Synonym: Competing risks are
independent

Questions about independence
assumption

1. How can we determine whether
this assumption is satisfied?

2. How can we proceed with the
analysis to consider the
possibility that the assumption
is not satisfied?

Answer to 1:
We can never explicitly prove the
assumption is satisfied for given
data.

For example, Byar data: Cancer
death
Then can’t determine would have
died from Cancer if hadn’t died
from CVD.

CVD death
+

Cancer death unobservable

In general
Failure from competing risk A

+
Failure from competing risk B

unobservable

Answer to 2:
Alternative strategies available

but no strategy is always best
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One strategy is to decide on clinical/biological/
other groundswithout any data analysis that the
independence assumption is satisfied and then
carry out the analysis assuming independence.

For example, suppose the two competing risks
are Cancer deaths and CVD deaths. Then you
may decide that the assumption of indepen-
dent competing risks is reasonable if at any
time t, subjects who were censored because of
CVD death were no more or less likely to have
died from Cancer.

A second strategy is to measure those variables
that are common risk factors for competing
risks being considered and then include those
variables in the survival model. For example,
with Cancer and CVD, perhaps including age
and smoking status in the survival model might
remove common effects on competing risks.

A criticism of each of the above strategies is
that they both rely on assumptions that cannot
be verified with the observed data.

Another strategy (3) that can be used is a sensi-
tivity analysis. As with Strategies 1 and 2, a sen-
sitivity analysis cannot explicitly demonstrate
whether the independence assumption is satis-
fied. However, this strategy allows the estima-
tion of parameters by considering “worst-case”
violations of the independence assumption.

Thus, using a sensitivity analysis, the investigator
can determine extreme ranges for the estimated
parameters in one’s model under violation of the
independence assumption.

If such “worst-case” results do not meaningfully
differ from results obtained under the indepen-
dence assumption, then the investigator may
conclude that at most a small bias can result
from an analysis that assumes independence.

Strategy 1
Decide assumption satisfied on
clinical/biological/other grounds

EXAMPLE OF STRATEGY

1—CANCER VS. CVD

Decide independence if subjects who
were censored because of CVD death
were no more or less likely to have
died from Cancer.

Strategy 2
Include common risk factors for
competing risks in survivalmodel

EXAMPLE OF STRATEGY

2—CANCER VS. CVD

Include age smoking in model to
remove the common effects of these
variables on competing risks.

Criticism of Strategies 1 and 2
Assumptions cannot be verified
with observed data

Strategy 3
Use a sensitivity analysis

� Considers “worst-case”
violations of the independence
assumption

Sensitivity analysis

� Determines extreme ranges for
estimated parameters of one’s
model

If “worst-case” not meaningfully
different from independence

then
at most a small bias when
assuming independence
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If, on the other hand, the sensitivity analysis
provides results that meaningfully differ from
results obtained under the independence
assumption, the investigator learns only the
extremes to which the results could be biased
without adjusting for the actual bias.

We now illustrate how a sensitivity analysis can
be carried out using the Byar data, where we
focus on the cause-specific survival for Cancer
deaths, treating CVD and Other deaths as cen-
sored in addition to usual censoring.

The following two worst-case situations are
considered. (1) All subjects that are censored
because of CVD or Other deaths are assumed
to die of cancer instead. (2) All subjects that are
censored because of CVD or Other deaths sur-
vive as long as the largest survival time
observed in the study.

Table 9.4 and Table 9.5 give edited output for
the above two scenarios followed by a repeat of
the output previously shown (Table 9.1) under
the independence assumption.

To carry out worst-case scenario (1), the Status
variable (indicating whether a subject failed
or was censored) was changed in the dataset
from 0 to 1 for each subject that had a CVD or
Other death.

For worst-case scenario (2), the longest survival
time observed in the study was 76 weeks. Thus,
the survival time for each subject that had a
CVD orOther death was changed in the dataset
from the actual time of death to 76 weeks.

To evaluate the results of the sensitivity analy-
sis, we need to compare the output inTable 9.1,
which assumes that competing risks are inde-
pendent, with output for worst-case situations
provided in Table 9.4 and Table 9.5. We focus
this comparison on the estimated coefficient of
the Rx variable.

If “worst-case” meaningfully
different from independence

then
only extreme of bias but not
actual bias is determined

EXAMPLE BYAR DATA

Cause-specific focus: Cancer
Censored: CVD deaths. Other deaths,

usual censoring

Worst-case situations:

1. CVD orOther deaths are assumed to
die of cancer instead

2. CVD or Other deaths assumed to
survive as long as the largest survival
time observed in the study

Table 9.5. Edited Output for Cancer
Worst-Case (2)

Var DF Coef Std.Err. p > |z|
Haz.
Ratio

Rx 1 �0.411 0.169 0.015 0.663
Age 1 �0.118 0.139 0.394 0.888
Wt 1 0.086 0.138 0.532 1.090
PF 1 0.125 0.254 0.622 1.133
Hx 1 �0.266 0.179 0.138 0.767
HG 1 0.314 0.169 0.063 1.369
SZ 1 0.825 0.197 0.000 2.282
SG 1 1.293 0.201 0.000 3.644

Log likelihood ¼ �839.631

Table 9.4. Edited Output for Cancer
Worst-Case (1)

var DF Coef Std.Err. p > |z|
Haz.
Ratio

Rx 1 �0.185 0.110 0.092 0.831
Age 1 0.286 0.087 0.001 1.332
Wt 1 0.198 0.093 0.032 1.219
PF 1 0.402 0.170 0.018 1.495
Hx 1 0.437 0.112 0.000 1.548
HG 1 0.292 0.120 0.015 1.339
SZ 1 0.672 0.159 0.000 1.958
SG 1 0.399 0.115 0.001 1.491

Log likelihood ¼ �1892.091
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The first line of output corresponding to the Rx
variable is shown at the left for both worst-case
scenarios together with the output obtained
from assuming independent competing risks.

These results for the RX variable show consid-
erable differences among all three scenarios.
In particular, the three estimated hazard ratios
are 0.831 (¼ 1/1.20), 0.663 (¼1/1.51), and .577
(¼1/1.73). Also, the P-values for the signifi-
cance of the effect of Rx (0.092, 0.015, .001)
lead to different conclusions about the effect
of Rx.

Note that the HR obtained from assuming
independence does not lie between the HRs
from the two worst-case scenarios. This should
not be surprising because both worst-case
scenarios assume non-independence.

These results suggest that if the competing
risks were not independent, then the conclu-
sions about the effect of Rx could be somewhat
different.

Var DF Coef Std. Err. p > |z| Haz. Ratio
Worst-Case (1):
Rx 1 �0.185 0.110 0.092 0.831
Worst-Case (2):
Rx 1 �0.411 0.169 0.015 0.663
Independent competing risks:
Rx 1 �0.550 0.171 0.001 0.577

WC(1) WC(2) Independent

dHRs 0.831 0.663 0.577
P-values 0.092 0.015 0.001

(N.S.) (<.05) (< <.01)

Independence Nonindependence
_______x_______ [ __________ ] ___

.577 .663 .831

If
competing risks not independent

then
conclusions about the effect ofRx
could be very different

Table 9.1 (Repeated). Edited Output for
Cancer with CVD and Other censored
(Assumes Competing Risks Independent)

Var DF Coef Std.Err. P>|z|
Haz.
Ratio

Rx 1 �0.550 0.170 0.001 0.577
Age 1 0.005 0.142 0.970 1.005
Wt 1 0.187 0.138 0.173 1.206
PF 1 0.253 0.262 0.334 1.288
Hx 1 �0.094 0.179 0.599 0.910
HG 1 0.467 0.177 0.008 1.596
SZ 1 1.154 0.203 0.000 3.170
SG 1 1.343 0.202 0.000 3.830

Log likelihood ¼ �771.174
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However, these results do not demonstrate
whether the independence assumption is satis-
fied, nor do they provide estimates of the
unbiased hazard ratios and corresponding
Wald tests under violation of the independent
assumption.

Worst-case (1) gives more departure from inde-
pendence than worst-case (2). It can also be
argued that worst-case (1) is more realistic
and thus should be emphasized more than
worst-case (2), because subjects who were cen-
sored because of CVD or Other deaths would
not be expected to survive the entire study if
they hadn’t died.

The previous observation suggests that the
investigator can vary the approach used to
either carry out or interpret such a sensitivity
analysis. For example, an alternative approach
would be to modify worst-case (1) by randomly
selecting a subset of 50% (or 25%) of subjects
censored with CVD or Other deaths and then
assuming that everyone in this subset dies of
Cancer instead.

In any case, the main point here is that a sensi-
tivity analysis of the type we have illustrated is
one of several strategies that can be used to
address concern about the independence
assumption. Such a sensitivity analysis allows
the investigator to evaluate how badly biased
the results could get if the independence
assumption is not satisfied.

Nevertheless, as mentioned earlier, there is no
method currently available that can directly
assess the independence assumption nor guar-
antee correct estimates when the independence
assumption is violated. Consequently, the typi-
cal survival analysis assumes that the indepen-
dence assumption is satisfied when there are
competing risks, even if this is not the case.

But,

� Have not demonstrated
whether independence
assumption satisfied

� Have not obtained correct
results under violation of
independence assumption

Worst-case (1)
More departure from indepen-

dence
More realistic
More emphasis

than

Worst-case (2)

Sensitivity analysis: approaches can
vary for example,

� Randomly select subset of 50%
(or 25%) of subjects censored
with CVD or Other deaths

� Assume everyone in subset dies
of Cancer

Main point:

Sensitivity analysis is one of sev-
eral strategies to address concern
about independence assumption

Evaluates how badly biased the
results can get if independence
not satisfied

Nevertheless

� No method to directly assess
independence assumption

� Typical analysis assumes
independence assumption is
satisfied
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VI. Cumulative Incidence
Curves (CIC)

We have previously discussed (Chapter I and
beyond) the use of survival curves to provide
summary information over time of the survival
experience of (suh) groups of interest. The
Kaplan-Meier (KM) approach (Chapter 2), also
called the product-limit approach, is a widely
used empirical method for estimating survival
culves. A generalized version of KM can be used
with a regression (e.g., Cox) model to estimate
adjusted survival curves (Chapter 3) that account
for covariates. Up to now, such survival curves
have been described only for the situation when
there is only one event- type of interest.

When competing risks are being considered,
the KM survival curve may not be as informa-
tive as with only one risk.

Consider the following hypothetical scenario:
a 5-month follow-up of 100 subjects with (say,
prostate) cancer. Suppose that at 3 months
from start of follow-up, 99 of the 100 subjects
die from CVD. And at 5 months, the 1 remain-
ing subject dies from prostate cancer.

The goal of the study is to determine the cause-
specific survival experience for cancermortality,
where a CVD death is considered as censored.

Table 9.6 summarizes the survival experience in
this hypothetical study. The first five columns
of this table show the ordered failure-time
interval number (f), the time of failure (tf), the
number in the risk set (nf), the number who fail
(mf), and the number who are censored at each
failure time (qf), assuming that a subject who
died of CVD at a given time is censored at that
time. The last column shows the KM survival
probabilities SCa(tf) for cause-specific cancer at
each failure time.

Survival curves S(t):
provide summary information over
time of survival experience

KM: empirical approach for esti-
mating survival curves

Adjusted survival curves: general-
ized version of KM using a regres-
sion model to adjust for covariates

Up to now: One event-type of
interest (no competing
risks)

Competing risks:KMmay not be as
informative as when only one risk

Hypothetical Study

� n ¼ 100 subjects
� All subjects with prostate cancer

Survt (months) # Died Cause

3 99 CVD
5 1 Cancer

Study goal: cause-specific cancer
survival
Censored: CVD deaths

Table 9.6. Hypothetical Survival Data

f tf nf mf qf SCa(tf) $ KM

0 0 100 0 0 1
1 3 100 0 99 1
2 5 1 1 – 0
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From this table, we see that there is only one
subject in the risk set at 5 months, and that this
subject fails at month 5. The conditional prob-
ability of surviving past 5 months given sur-
vival up to 5 months is (1 � 1)/1 ¼ 0, so that
the KM survival probability at 5 months is 0.

Thus, use of the KMCa curve in the presence
of competing risks (for CVD), suggests that
the 5-month risk for cancer death is 1; that is,
1�SCa (t¼ 5).Nevertheless, because 99 patients
died of CVD instead of cancer, the proportion of
the initial 100 subjects who died of cancer is .01,
a very small “risk” in contrast to the KM-based
“risk” of 1.

A natural question at this point is, howmany of
the 99 patients who died of CVD at 3 months
would have died of cancer by 5 months instead
if they hadn’t died of CVD?

Unfortunately, we cannot ever answer this
question because those dying of CVD cannot
be observed further once they have died.

Butwe can consider a sensitivity-type of analysis
to see whatmight happen under certain alterna-
tive scenarios. Suppose, for example, that all
99 subjects who died of CVD at 3 months
would have died of cancer at 5 months if they
hadn’t died of CVD. Also assume as before that
the 100th subject survived up to 5 months but
then immediately died. The survival experience
for this situation is shown in Table 9.7. Notice
that the KM survival probability at month 5 is 0,
which is the same value as obtained in the
original dataset.

Risk set at tf ¼ 5: 1 subject

Pr(T > 5 | T � 5) ¼ (1 � 1)/2 ¼ 0

KMCa: SCa (t ¼ 5)

¼ S t ¼ 4ð Þ � Pr T > 5jT � 5ð Þ
¼ 1 � 0

¼ 0

KMCa ¼ 0 ) RiskCa (T � 5)
¼ 1 � 0 ¼ 1

Nevertheless,

1 cancer death

100 initial subjects
¼ 0:01 smallð Þ

Question:
How many of the 99 CVD deaths
would have died of cancer at t¼ 5
if they hadn’t died ofCVDat t¼ 3?

Cannot answer: unobservable

Table 9.7. Hypothetical Survival Data
Sensitivity Analysis A (99 CVD Deaths of
Cancer at t ¼ 5)

f tf nf mf qf SCa(tf)$KM

0 0 100 0 0 1
1 3 100 0 0 1
2 5 100 100 0 0
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The reason why Tables 9.6 and 9.7 give the
same 5-month survival probability (¼0) is that
the KM method assumes independent censor-
ing. For the original data (Table 9.6), indepen-
dent censoring requires that those who were
censored at month 3 were as likely to have died
from cancer atmonth 5 as those whowere in the
risk set at month 5. Because the one person in
the risk set atmonth5 actually died fromcancer,
then the KM method assumes that all 99 CVD
deaths being viewed as censored would have
been cancer deaths at month 5, which is what
is represented in Table 9.7.

Now let’s consider a different version (B) of a
sensitivity analysis. Suppose that all 99 sub-
jects who died of CVD at 3 months would not
have died of cancer at 5 months if they hadn’t
died of CVD. Also assume as before that the
100th subject survived up to 5 months but
then immediately died. The survival experience
for this situation is shown in Table 9.8.

The KM survival probability at month 5 is 0.99
(i.e., close to 1), which is very different from the
value of 0 obtained in the original dataset
(Table 9.6).

If we then focus on 1 � S(t) instead of S(t),
sensitivity analysis B suggests that the 5-month
risk for cancer death is 0.01 (i.e., 1 � 0.99).

We thus see that the KM-based risk of 1 com-
puted from the actual data (Table 9.6) is quite
different from the KM-based risk of .01 com-
puted in Table 9.8, where the latter derives
from a sensitivity analysis that does not use
the actual data. Note, however, that a “risk”
of .01 for cancer death can be derived directly
from the actual data by treating the CVD
deaths as cancer survivors. That is, .01 is the
proportion of all subjects who actually devel-
oped cancer regardless of whether they died
from CVD. This proportion is an example of
what is called a marginal probability.

KM method assumes non-
informative (i.e., independent) cen-
soring

+
Pr(T > 5|censored at month 3)

¼
Pr(T> 5|survived to month 5)¼ 0

+
99 CVDs deaths would have
been cancer deaths at month 5

Table 9.8. Hypothetical Survival Data
Sensitivity Analysis B (99 CVD Deaths of
survive past t ¼ 5)

f tf nf mf qf SCa(tf)$KM

0 0 100 0 0 1
1 3 100 0 0 1
2 5 100 1 99 0.99

Table 9.8: SCa(t ¼ 5) ¼ 0.99
different from

Table 9.6: SCa(t ¼ 5) ¼ 0

Focus on 1 � S(t) ¼ Risk:
RiskCa(T � 5) ¼ 1 � 0.99 ¼ 0.01

Table 9.6: RiskCa(T � 5) ¼ 1
derived from the data

Table 9.8: RiskCa(T � 5) ¼ 0.01
derived from sensitivity analysis

but also derived directly from
data as a marginal probability
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So which of these two “risk” estimates (1 vs. 01)
is more informative? Actually, they are both
informative in different ways.

The “risk” of .01 is informative from the stand-
point of treatment utility for cancer because in
these data, the proportion of cancer patients
needing treatment is quite small when allowing
for competing risks.

On the other hand, the “risk” of 1, correspon-
ding to the survival probability of 0, is informa-
tive from an etiologic standpoint providing
competing risks are independent; for example,
cancer patients who don’t die of CVD would be
expected to die from their cancer by 5 months;
that is, cancer survival is unlikely after 5months.

The main point of the above illustration is
that when there are competing risks, the KM
survival curve may not be very informative
because it is based on an independence assum-
ption about competing risks that cannot be
verified.

This has led to alternative approaches to KM
for competing risk data. One such alternative,
called theCumulative Incidence Curve (CIC),
involves the use of marginal probabilities
as introduced above. (Kalbfleisch and Prentice,
1980).

In the simplest case, if there is only one risk,
the CIC is (1 - KM). With competing risks,
however, the CIC is derived from a cause-
specific hazard function, provides estimates
of the “marginal probability” of an event in
the presence of competing events, and does
not require the assumption that competing
risks are independent.

Which is more informative,

RiskCa(T � 5) ¼ 1 or 0.01?

Answer: both informative

“Risk” of .01 considers treatment
utility

for example, proportionof cancer
patients needing treatment

“Risk” of 1 considers etiology,
providing competing risks are
independent

for example, cancer survival is
unlikely after 5 months

Main point

KM survival curve may not be very
informative

� Requires independence
assumption about competing
risks

� Independence assumption
cannot be verified

Alternative to KM: Cumulative
Incidence Curve (CIC) uses
marginal probabilities

Only one risk: CIC ¼ 1 � KM

CIC with competing risk

� Derived from cause-specific
hazard function

� Estimates marginal
probability when competing
risks are present

� Does not require independence
assumption
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Such marginal probabilities are relevant to
clinicians in cost-effectiveness analyses in which
risk probabilities are used to assess treatment
utility. For example, the 0.01 (5-month)marginal
probability for cancer derived from the hypothet-
ical data in Table 9.6 illustrates small treatment
utility for cancer.

How does one construct a CIC? We first esti-
mate the hazard at ordered time points tf when
the event of interest occurs. This hazard esti-
mate is simply the number of events that occur
at tf divided by the number at risk at tf (analo-
gous to the KM estimate). We can write this as

ĥc(tf) ¼ mcf/nf where the mcf denotes the num-
ber of events for risk c at time tf and nf is the
number of subjects at that time. Thus, at any
particular time, mcf/nf is the estimated propor-
tion of subjects failing from risk c.

To be able to fail at time tf, the subject needs to be
“around to fail”, i.e., he must have survived the
previous timewhen a failure occurred. The prob-
ability of surviving the previous time tf-1 is
denoted S(tf-1), where S(t) denotes the overall
survival curve rather than the cause-specific sur-
vival curve Sc(t). Wemust consider “overall” sur-
vival here, since the subject must have survived
all other competing events.

The probability (i.e., incidence) of failing from
event-type c at time tf is then simply the pro-
bability of surviving the previous time period
multiplied by ĥc(tf).

The cumulative incidence (CICc) for event-
type c at time tf is then the cumulative sum up
to time tf (i.e., from f0¼1 to f0¼f) of these inci-
dence values over all event-type c failure times.

Although, as previously mentioned, the CIC is
equal to 1 � KM when there are no competing
risks, formula 4 for CICc(tf) differs from 1 -KMc

when there are competing risks. In particular,
the CIC formula (4) uses the overall survival
function S(t) that counts events from competing
risks in addition to the event-type of interest as
failures. In contrast, the formula for 1 � KMc

uses the event-type-specific survival function
Sc(t), which treats failures from competing risks
as censored observations; this formula has been
called the censor method (Arriagada et al.,1992).

Marginal probabilities:

� useful to assess treatment utility
in cost-effectiveness analyses

� example: 0.01 ¼ 5-month
marginal probability for
Cancer (Table 9.6)

Steps to construct CIC:

1. Estimate hazard at ordered
failure times tf for event-type
(c) of interest:

ĥcðtfÞ ¼ mcf=nf

where
mcf ¼ # of events for event-type

c at time tf
nf¼ # of subjects at risk at time tj

2. Estimate
S(tf�1) ¼ overall survival

probability of
surviving previous
time (tf�1)

overall ) subject survives all
other competing
events

3. Compute estimated incidence
of failing from event-type c at
time tf:

ÎcðtfÞ ¼ Ŝðtf�1Þ � ĥcðtfÞ

4.

CICcðtfÞ ¼
Xf

f0¼1

Îcðtf0 Þ ¼
Xf

f0¼1

Ŝðtf0�1Þĥcðtf0 Þ

CIC ¼ 1 � KM$ no competing risks

but

CICc(tf) 6¼ 1 � KMc $ competing risks

since

1�KMc ¼
Xf

f0¼1

Ŝcðtf0�1Þĥcðtf0 Þ
(censor method)
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We illustrate the calculation of a CIC through
an example.

Consider another hypothetical study involving
24 individuals receiving radiotherapy (XRT)
for the treatment of head and neck cancer.
Patients may either die of the disease (cancer),
other causes or still be alive at the time of
analysis.

The data are shown on the left.

The calculations required for the cumulative
incidence curve CICca for the event-type
“death from cancer (i.e., ca)” are shown in
Table 9.9.

From the table, we can see that the highest CIC
probability of 0.536 is reached when t¼ 20.3
weeks when the last observed event occurred.
Thus, the cumulative risk (i.e., marginal prob-
ability) for a Cancer death by week 20 is about
53.6% when allowing for the presence of com-
peting risks for CVD and Other Deaths.

Because the CIC curve describes “cumulative
incidence”, a plot of the curve starts at 0 when
t¼0 and is a nondecreasing function up until
the latest time of individual follow-up (t¼24.4).
We show on the left the graphs of both the
CICca and 1 � KMca. Notice that 1 � KMca

overestimates the probability of failure for the
event-type “death from cancer (ca).”

Table 9.9. CIC calculation Hypothetical
data

tf nf mf ĥca(tf) Ŝ (tf�1) Îca(tf) CICca(tf)

0 24 0 0 - 0 0

0.7 24 1 0.042 1.000 0.042 0.042

1.5 23 0 0 0.958 0 0.042

2.8 22 0 0 0.916 0 0.042

3.0 21 1 0.048 0.875 0.042 0.083

3.2 20 0 0 0.833 0 0.083

3.8 19 0 0 0.833 0 0.083

4.7 18 0 0 0.789 0 0.083

4.9 17 1 0.059 0.745 0.044 0.127

6 16 2 0.125 0.702 0.088 0.215

6.9 14 1 0.071 0.614 0.044 0.259

7.0 13 0 0 0.570 0 0.259

7.6 12 0 0 0.526 0 0.259

10 11 1 0.091 0.526 0.048 0.307

10.8 7 1 0.143 0.383 0.055 0.361

11.0 6 0 0 0.328 0 0.361

11.2 5 0 0 0.328 0 0.361

15 4 0 0 0.262 0 0.361

17.1 3 1 0.333 0.262 0.087 0.449

20.3 2 1 0.5 0.175 0.087 0.536

24.4 1 0 0 0.087 0 0.536

Example of CIC calculation

� n ¼ 24 subjects
� all subjects receive treatment

XRT for head and neck
cancer

Survival time in (months)

Died of disease: 0.7, 3, 4.9, 6, 6, 6.9,
10, 10.8, 17.1, 20.3

Died of other causes: 1.5, 2.8, 3.8,
4.7, 7, 10, 10, 11.2

Censored: 3.2, 7.6, 10, 11, 15, 24.4
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Hypothetical study: CICca vs. 1-KMca
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CICca

1-KMca
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Thus, as the example illustrates, the “marginal
probability” estimated by the CIC does not use
a product-limit (i.e., KM) formulation. More-
over, the computation of a CIC is currently not
included in mainstream commercially available
statistical packages.

As mentioned earlier, the assumption of inde-
pendent competing risks is not required for the
calculation of the CIC, in contrast to the KM
survival curve, which requires this assumption.

Nevertheless, the CIC does require that the
overall hazard is the sum of the individual
hazards for all the risk types (Kalbfleisch and
Prentice, 1980). The latter assumption will
be satisfied, however, whenever competing
risks are mutually exclusive and events are
nonrecurrent, i.e., one and only one event can
occur at any one time and only once over time.

Gray (1988) developed a test to compare two or
more CICs. This test is analogous to the log-
rank test. The independence assumption is not
required. However, this test does not adjust for
covariates.

The plot shown on the left gives theCICs for the
two treatments for the Byar data that we origi-
nally introduced in Section III of this chapter.

CIC Summary

� Gives marginal probability.
� Does not use product limit

formulation
� Not included in mainstream

commercially avilable
statistical packages (e.g., SAS,
STATA, SPSS)

Independence of competing risks
not required for CIC approach.

Nevertheless, CIC requires

hðtÞ ¼ hc1ðtÞ þ hc2ðtÞ þ . . .þ hckðtÞ
where

h tð Þ ¼ overall hazard

hc tð Þ ¼ hazard for event type c

Note: Satisfied if

� Mutually exclusive event types
� Nonrecurrent events

Comparing CIC’s for two or more
groups:

� Statistical test available (Gray,
1989)

� Analogous to log-rank test
� No independence assumption
� Does not adjust for covariates
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Using Gray’s test to compare the two CICs
shown in the plot, we find the two curves to
be significantly different (P¼0.01).

So far, we have described the CIC without
considering (Cox PH) models that account for
covariates. However, when a PH model is
used to obtain hazard ratio estimates for indi-
vidual competing risks as an intermediate step
in the computation of a CIC, the indepen-
dence of competing risks is required. In any
case, the CIC has a meaningful interpretation
in terms of treatment utility regardless of
whether competing risks are independent.

Fine and Gray (1999) provide methodology for
modeling the CIC with covariates using a pro-
portional hazards assumption. They refer to
the CIC curves as subdistribution functions.
Software is available that allows for such
models to be fitted (Accord, 1997).

The CIC models developed by Fine and Gray
are analogous to the Cox PHmodel but, for any
failure type, they model a hazard function
(also called a sub-distribution hazard) derived
from a CIC. The results from fitting these
models have a similar interpretation regarding
the effects of predictors in the model as can be
derived from the (standard) Cox PH model
approach for competing risks data.

The (sub-distribution) hazard function for
event-type c used in the Fine and Gray method
is defined by hc,CIC(t) on the left. This function,
based on the CIC, gives the hazard rate for
a cause-specific event at time t based on the
risk set that remains at time t after accounting
for all previously occurring event-types (i.e.,
including competing risks).

In the above hazard formula, the expression
defined by B to the right of the conditioning
symbol (|) in the formula conditions on a sub-
ject’s surviving from event-type c past time t or
on a subject’s failing from a different event-type
(e.g., c0) at or before time t; this accounts for the
occurrence of all event-types prior to time t.

Gray’s test results: w2¼ 6.6, df ¼ 1
P-value: 0.01

PH model used to obtain CIC
+

Independence of competing risks
required
(but CIC meaningful for treatment
utility)

Modeling CICwith covariates using
PH model: Fine and Gray (1999)

(CIC also called subdistribution
function)

Software available (Accord, 1997)

Fine and Gray model analogous to
Cox PH model:

� use a hazard function defined
from a CIC

� effects of predictors (e.g., HRs)
have similar interpretation

Sub-distribution hazard function
(for event-type c):

hc;CICðtÞ ¼ limD!0
Prðt < Tc < tþ Dt Bj Þ

Dt

Where B = {Tc > t or Tc¢ £ t, c¢ ¹ c

either
survival > t from event-type c

or

failure £ t from a different event-type (c¢)
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An equivalent mathematical expression for
hc,CIC(t) is shown on the left, where dCICc(t)/dt
is the derivative of the CIC function for event-
type c at time t.

This expression for hc,CIC(t) is analogous to a
similar expression shown on the left for the
hazard function h(t) when there are no com-
peting risks (see Chapter 7, Section II). In the
latter case, h(t) is equal to the probability
density function f(t) divided by the survival
function S(t) shown on the left.

To clarify the analogy further, the term in
dCICc(t)/dt in the numerator of the formula
for hc,CIC(t) corresponds to the density function
f(t) in the numerator of h(t). Note that f(t)
is equal to dF(t)/dt, where F(t) is cumulative
distribution function F(t); in other words, the
derivative of CICc(t) in hc,CIC(t) corresponds to
the derivative of F(t), which is f(t) in the expres-
sion for h(t).

Also, when there are no competing risks, S(t)
equals 1 � F(t), which is analogous to the
denominator 1 � CICc(t) of hc,CIC(t). Strictly
speaking, however, 1 � CICc(t) is not directly
equivalent to a survival curve for event-type c,
since the formula CICc(t) treats the occurrence
of events from other event-types as failures
rather than as censored observations.

The CIC model developed by Fine and Gray is
shown on the left. This model is analogous to
a Cox model, except that the model considers
the subdistribution hazard function hc,CIC(t)
instead of the hazard function h(t).

The model shown here satisfies the PH assump-
tion for the subpopulation hazard being mod-
eled, i.e., the general HR formula is essentially
the same as for the Cox model, except that the
b’s in the Cox PHmodel are now replaced by g’s
in the Fine and Gray model.

The Fine and Gray model can be extended to
allow for variables not satisfying the PH,
including time-dependent variables.

Equivalent formula for hc,CIC(t):

hc;CICðtÞ ¼ dCICcðtÞ=dt
1� CICcðtÞ
analogous to

Hazard when no competing risks:

hðtÞ ¼ fðtÞ
SðtÞ

where f(t) ¼ probability density function

¼ lim
Dt!0

Pr½t � T < tþ Dt�
Dt

The analogy:

Competing Risks No Competing Risks

hc,CIC(t) h(t)

dCICc(t)/dt f(t) ¼ dF(t)/dt
where
F(t) ¼ Pr(T � t)

1�CICc(t) S(t) ¼ 1 � F(t)

Note: 1 � CICc(t) is not strictly a survival
curve since the formula for CICc(t) uses
overall survival S(t) in its calculation
rather than survival from event-type c,
i.e., Sc(t)

Fine and Gray’s CIC model:

hc;CICðtÞ ¼ h0c;CICðexpÞ½
Xp
i¼1

giXi�

PH assumption satisfied in above
model:

HRc;CICðX	;XÞ ¼ exp½
Xp
i¼1

giðX	
i �XiÞ

analogous to

HRCoxPHðX	;XÞ ¼ exp½
Xp
i¼1

biðX	
i �XiÞ

Can use “extended” Fine and
Gray model to account for time-
dependent variables.
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For the Byar data, the fitted Fine and Gray CIC
model that focuses on cancer deaths as the
event type of interest is shown in Table 9.10
below which we have repeated in Table 9.1,
which uses the standard competing risks Cox
PH model approach.

Although corresponding coefficient estimates
and standard errors are different in the two
outputs, both outputs are reasonably similar.

For example, the estimated coefficient of Rx is
�0.414 in Table 9.10 vs. �0.550 in Table 9.1.
The corresponding hazard ratio estimates (eb̂)
are 0.661 (¼1/1.513) and 0.577 (¼1/1.733),
respectively, so that the strength of the associ-
ation is slightly weaker using the Fine and Gray
approach for these data, although both hazard
ratios are highly significant.

VII. Conditional
Probability Curves
(CPC)

Another approach to competing risks is called
the cumulative conditional probability or
CPC. CPCs provide a third summary measure,
in addition to (1 - KM) and CIC, of the risk of
failure of an event in the presence of competing
risks. Put simply, the CPCc is the probability of
experiencing an event c by time t, given that an
individual has not experienced any of the other
competing risks by time t.

Fine and Gray CIC
(Table 9.10)

Standard Cox PH
(Table 9.1)

b̂Rx : �0.414 �0.550

ĤRRx : 0.661 ¼ ð 1
1:513Þ 0.577 ¼ ð 1

1:733Þ
P-value : 0.008 0.001

A third measure of failure risk: CPC
(Other measures: 1-KM and CIC)

CPCc ¼ Pr(Tc� t | T�t)

where Tc¼ time until event c occurs
T ¼ time until any compet-

ing risk event occurs

Table 9.1. (Repeated). Edited Output for
Cancer with CVD and Other Censored
(Standard Cox PH approach)

Var DF Coef Std.Err. p > |z|
Haz.
Ratio

Rx 1 �0.550 0.170 0.001 0.577
Age 1 0.005 0.142 0.970 1.005
Wt 1 0.187 0.138 0.173 1.206
PF 1 0.253 0.262 0.334 1.288
Hx 1 �0.094 0.179 0.599 0.910
HG 1 0.467 0.177 0.008 1.596
SZ 1 1.154 0.203 0.000 3.170
SG 1 1.343 0.202 0.000 3.830

Log likelihood ¼ �771.174

Table 9.10. Edited Output for Cancer
with CVD and Other censored Byar data
(Fine and Gray CIC approach)

Var DF Coef Std.Err. P>|z|
Haz.
Ratio

Rx 1 �0.414 0.171 0.008 0.661
Age 1 �0.112 0.145 0.221 0.894
Wt 1 0.088 0.146 0.274 1.092
PF 1 0.126 0.260 0.313 1.135
Hx 1 �0.256 0.182 0.080 0.774
HG 1 0.321 0.191 0.046 1.379
SZ 1 0.841 0.207 0.001 2.318
SG 1 1.299 0.198 0.001 3.665

�2 LOG L ¼ 1662.766546
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For event-type c, the CPC is defined by CICc

divided by (1 - CICc0), where CICc0 is the cumu-
lative incidence of failure from risks other than
risk c (i.e., all other risks considered together).

Graphs of CPC curves can be obtained from
CIC curves and have been studied by Pepe-
Mori (1993) and Lunn (1998). Pepe-Mori pro-
vide a test to compare two CPC curves. Lunn
(1998) extended this test to g-groups and allow
for strata.

We illustrate the calculation of a CPC using the
previously described hypothetical study data
involving 24 individuals receiving radiotherapy
(XRT) for the treatment of head and neck can-
cer (ca). For these data, the calculations for the
CICca were given in previous Table 9.9, below
which was shown the graph of the CICca curve.

Table 9.11 on the left gives the calculation of
the CPC for the event-type “death from can-
cer”. A graph of the CPCca curve is shown
below the table.

From the CPCca curve, we can see, for example,
that at 10 months, the probability of dying from
cancer given that no other type of event has
occurred is 0.455. Similarly, at 20.3 months,
the probability of dying of cancer given that no
other type of event has occurred is 0.860.

Table 9.11 CPC calculation—
Hypothetical data

tf nf CICca(tf) CICoth(tf)

CPCc

¼ CICc/(1�CICc0)

0 24 0 0 0

0.7 24 0.042 0 0.042

1.5 23 0.042 0.042 0.043

2.8 22 0.042 0.083 0.045

3.0 21 0.083 0.083 0.091

3.2 20 0.083 0.083 0.091

3.8 19 0.083 0.127 0.095

4.7 18 0.083 0.171 0.101

4.9 17 0.127 0.171 0.153

6 16 0.215 0.171 0.259

6.9 14 0.259 0.171 0.312

7.0 13 0.259 0.215 0.330

7.6 12 0.259 0.215 0.330

10 11 0.307 0.311 0.445

10.8 7 0.361 0.311 0.524

11.0 6 0.361 0.311 0.524

11.2 5 0.361 0.376 0.579

15 4 0.361 0.376 0.579

17.1 3 0.449 0.376 0.719

20.3 2 0.536 0.376 0.860

24.4 1 0.536 0.376 0.860

CPCc ¼ CICc/(1-CICc0)

where CICc0 ¼ CIC from risks other
than c

GraphsofCPC’s obtained fromCIC’s

Tests to compare CPC’s:
Pepe and Mori (1993) �2 curves
Lunn (1998) �g curves

Example of CPC calculation

� n ¼ 24 subjects
� all subjects receive treatment

XRT for head and neck cancer
� CICca previously calculated

(Table 9.9)

24181280

1.0
Cumulative Conditional Probability Curve

Months
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P
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Returning to the Byar dataset originally
introduced in Section III of this chapter, the
plot shown here gives the CPC curves compar-
ing the two DES treatments. These curves give
the probability of an event (death) from pros-
tate cancer at any particular time given that the
patient is alive at this time to experience the
event.

(Note: the Fine and Gray approach has not
been extended to model the CPCs in a regres-
sion framework.)

The Pepe-Mori test shows a significant differ-
ence between these two CPC curves.

VIII. Method 2—The
Lunn-McNeil (LM)
Approach

We have previously (Section IV) described an
approach (called Method 1) for analyzing com-
peting risks data that uses the Cox (PH) model
to separatelyestimate hazards and correspon-
ding hazard ratios for each failure type,
treating the other(competing) failure types as
censored in addition?to those not failing from
any event-type.

We now describe Method 2, called the Lunn-
McNeil (LM) approach, that allows only one
Cox PH model to be fit rather than separate
models for each event-type (i,e., Method I
above). This approach, depending on the vari-
ables put in the model, can give identical
results to those obtained from separatemodels.
Moreover, the LM approach allows flexihility
to perform statistical inferences about various
features of the competing risk models that can
not be conveniently assessed using Method 1.

Example: Byar Data

Cumulative Conditional Probability

0 12 24 36 48 60
Months
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Placebo, 0.2mg DES

1.0, 5.0mg DES

Test for equality: p-value ¼ .01 (Pepe-Mori)

Method I: separate estimates for
each failure type, treating the com-
peting failure types as censored

Method 2: LM Approach

� Uses a single Cox (PH) model
� Gives identical results as

obtained from Method 1
� Allows flexibility to perform

statistical inferences not
available from Method 1
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To carry out the LM approach, the data layout
must be augmented. If there are C competing
risks, the original data must be duplicated
C times, one row for each failure type as
shown in Table 9.12 for the ith subject with
survival time ti in the table. Also, C dummy
variables D1, D2, D3,. . ., DC are created as
shown in the table. The value of the status
variable ec, with c going from 1 to C, equals 1
if event type c occurs at time c, and equals 0 if
otherwise. The Xs in the table denote the pre-
dictors of interest and, as shown in the table,
are identical in each row of the table.

The dummy variables D1, D2, D3,. . .,DC are
indicators that distinguish the C competing
risks (i.e., event-types).

Thus, the dummy variable Dc equals 1 for
event-type c and 0 otherwise.

For example, for event type 1, the Ds are D1¼ 1,
D2 ¼ 0, D3 ¼ 0, . . ., DC ¼ 0; for event-type 2, the
Ds are D1 ¼ 0, D2 ¼ 1, D3 ¼ 0, . . ., DC ¼ 0; and
for event-type 3, the Ds are D1 ¼ 0, D2 ¼ 0, D3 ¼
1, . . ., DC ¼ 0.

Table 9.13 shows observations for subject #s 1,
14, 16, and 503 from the Byar dataset. The CA,
CVD, and OTH columns denote the C ¼ 3
dummy variables D1, D2, and D3, respectively.
The last three columns, labeled Rx, Age, and
Wt give values for three of the eight predictors.

In this table, there are three lines of data for each
subject, which correspond to the three compet-
ing risks, Cancer death, CVD death, and Other
death, respectively. The survival time (Stime)
for subject 1 is 72, for subject 14 is 49, for subject
16 is 3, and for subject 503 is 41.

Definition
Dc equals 1 for event-type c and

0 otherwise, c ¼ 1, 2, . . ., C

for example,

Event-type 1: D1 ¼ 1, D2 ¼ 0,
D3 ¼ 0, . . ., DC ¼ 0

Event-type 2: D1 ¼ 0, D2 ¼ 1,
D3 ¼ 0, . . ., DC ¼ 0

Event-type 3: D1 ¼ 0, D2 ¼ 0,
D3 ¼ 1, . . ., DC ¼ 0

Table 9.13. Augmented Data for Sub-
jects 1, 14, 16, and 503 from Byar Data
Using LM Approach
Subj Stime Status CA CVD OTH Rx Age Wt

1 72 0 1 0 0 0 1 2

1 72 0 0 1 0 0 1 2

1 72 0 0 0 1 0 1 2

14 49 1 1 0 0 0 0 0

14 49 0 0 1 0 0 0 0

14 49 0 0 0 1 0 0 0

16 3 0 1 0 0 1 2 1

16 3 1 0 1 0 1 2 1

16 3 0 0 0 1 1 2 1

503 41 0 1 0 0 0 1 0

503 41 0 0 1 0 0 1 0

503 41 1 0 0 1 0 1 0

Table 9.12. Augmented Data for ith Sub-
ject at Time ti Using LM Approach
Subj Stime Status D1 D2 D3 . . . DC X1 . . . Xp

i ti e1 1 0 0 . . . 0 Xi1 . . . Xip

i ti e2 0 1 0 . . . 0 Xi1 . . . Xip

i ti e3 0 0 1 . . . 0 Xi1 . . . Xip

·
·
·

·
·
·

·
·
·

·
·
·

·
·
·

. . .

. . .

. . .

. . .

. . .

. . .
i ti eC 0 0 0 . . . 1 Xi1 . . . Xip

D1, D2, D3,. . ., DC: indicators for event-types
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From the Status and Event (i.e., CA, CVD,
OTH) columns, we can see that subject 1 was
censored, subject 14 died of Cancer, subject 16
died of CVD, and subject 503 died from Other
causes.

For subject 1, the values for the predictors Rx,
Age, and Wt, were 0, 1, and 2, respectively.
These values appear identically in the last
three columns of the three rows for this sub-
ject. Similarly, for subject 16, the predictor
values for Rx, Age, and Wt, are 1, 2, and 1,
respectively.

To use the LM approach with augmented data
to obtain identical results from fitting separate
models (Method 1), an interaction version of a
stratified Cox PH model is required. A general
form for this model based on the notation used
for the column heading variables in Table 9.12
is shown at the left.

Recall that the X1, X2,. . ., Xp denote the p pre-
dictors of interest. D2, D3,. . ., DC are C � 1
dummy variables that distinguish the C event-
types. Note that event-type 1 (g ¼ 1) is the
referent group, so variable D1 is omitted from
the model. Thus, the first row in the exponen-
tial formula contains the Xs, the second row
contains product terms involving D2 with each
of the Xs, and so on, with the last (Cth) row
containing product terms of DC with each of
the Xs. The strata (g ¼ 1, . . ., C) are the C event-
types.

For event-type 1 (g ¼ 1), the above stratified
Cox model simplifies to the expression shown
at the left. Note that because g ¼ 1, the values
of the dummy variables D2, D3,. . ., DC are all 0.

Subject 1: Censored
Subject 14: died of Cancer
Subject 16: died of CVD
Subject 503: died from OTH

Rx Age Wt
Subject 1 0 1 2
Subject 16 1 2 1

General Stratified Cox LM Model

g ¼ 1, 2,. . ., C

h	g t;Xð Þ ¼ h	0g tð Þ
� exp b1X1 þ b2X2 þ 
 
 
 þ bpXp

h
þ d21D2X1 þ d22D2X2 þ 
 
 
 þ d2pD2Xp

þ d31D3X1 þ d32D3X2 þ 
 
 
 þ d3pD3Xp

þ 
 
 

þdC1DCX1 þ dC2DCX2 þ 
 
 
 þ dCpDCXp

�

1st row: predictors X1, X2,. . ., Xp

2nd row: product terms
D2X1, D2X2,. . ., D2Xp

Cth row: product terms
DCX1, DCX2,. . ., DCXp

LM Hazard Model for
Event–Type 1

h	1 t;Xð Þ ¼ h	01 tð Þ
� exp b1X1 þ b2X2 þ 
 
 
 þ bpXp

h i
D2 ¼ D3 ¼ 
 
 
 ¼ DC ¼ 0ð Þ
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Thus, for g ¼ 1, if X1 is a (0,1) variable, the
other Xs are covariates, and there are no prod-
uct terms XjX1 in the model, the formula for
the HR for the effect of X1 adjusted for the
covariates is exp[b1]. The more general expo-
nential formula described in Chapter 3 would
need to be used instead to obtain adjusted HRs
if there are interaction terms in the model of
the form XjX1.

For any g greater than 1, the general hazard
model simplifies to a hazard function formula
that contains only those product terms involv-
ing the subscript g, because Dg ¼ 1 and Dg0 ¼
0 for g0 not equal to g.

With a little algebra we can combine coeffi-
cients of the same predictor to rewrite this
hazard model as shown here.

Thus, for g > 1, if X1 is a (0,1) variable, the other
Xs are covariates, and there are no product
terms XjX1 in the model, the formula for the
HR for the effect of X1 adjusted for the covari-
ates is exp[b1þ dg1]. This HR expression would
again need to bemodified if themodel contains
product terms of the form XjX1.

We now illustrate the above general LM model
formation using the Byar data.

Recall that usingMethod 1, the separate models
approach, the Cox hazard formula used to fit a
separatemodel forCancerdeaths, treatingCVD
andOther deaths as censored is repeated here.

Also shown is the formula for the hazard ratio
for the effect of the Rx variable, adjusted for
other variables in the model.

No product terms in model:

HRg¼1(X1 ¼ 1 vs. X1 ¼ 0) ¼ exp[b1]

Product terms XjX1 in model:

HRg¼1(X1 ¼ 1 vs. X1 ¼ 0)
¼ exp[b1 þ SbjXj]

LM Hazard Model for
Event-Type g (> 1)

h	g t;Xð Þ ¼ h	0g tð Þ
� exp b1X1 þ b2X2 þ 
 
 
 þ bpXp

h
þdg1X1 þ dg2X2 þ 
 
 
 þ dgpXp

�
¼ h	0g tð Þ exp b1 þ dg1

� �
X1 þ b2 þ dg2

� �
X2

�
þ 
 
 
 þ bp þ dgp

� �
Xp

i

No product terms XjX1 in the
model and g > 1:

HRg(X1 ¼ 1 vs. X1 ¼ 0)
¼ exp[(b1 þ dg1)]

Product terms XjX1 in the model
and g > 1:

HRg(X1 ¼ 1 vs. X1 ¼ 0)
¼ exp[(b1 þ dg1)

þ S(bj þ dgjXj)]

EXAMPLE OF LM MODEL FOR

BYAR DATA

Separate models approach (Method 1):
Cause-specific model: Cancer
CVD and Other deaths censored

No-interaction model

hCa(t,X) ¼ h0Ca(t)exp[b1CaRx
þ b2CaAge þ b3CaWt þ
b4CaPF þ b5CaHx þ b6CaHG

þ b7CaSZ þ b8CaSG]

HRCa(RX ¼ 1 vs. RX ¼ 0) ¼ exp[b1Ca]

458 9. Competing Risks Survival Analysis



Using the general LM data layout given in
Table 9.11, the stratified Cox LM model for
the Byar data that incorporates C ¼ 3 event-
types is shown at the left. The strata, denoted
by g ¼ 1, 2, 3, identify the three event-types as
Cancer, CVD, and Other, respectively.

Notice that in the exponential part of the model,
there are 3 rows of terms that correspond to the
3 event-types of interest. The first row contains
p ¼ 8 predictors Rx, Age, Wt, PF, HX, HG, SZ,
SG. The second row contains product terms of
the dummy variable D2 (the CVD indicator)
with each of the 8 predictors. Similarly, the
third row contains product terms of D3 (the
Other indicator) with each of the predictors.

From the above model, it follows that the haz-
ard ratio formulas for the effects of Rx corres-
ponding to each event-type are as shown at the
left. Notice that for CVD and Other deaths,
the coefficient dg1 of the product term DgRx,
g ¼ 2, 3, is added to the coefficient b1 of Rx in
the exponential term.

Table 9.14 shows edited output obtained from
fitting the above LM model.

The first eight rows of output in this table are
identical to the corresponding eight rows of out-
put in the previously shown Table 9.1 obtained
from Method 1, which fits a separate model for
Cancer deaths only. This equivalence results
because the first eight rows of the LM output
correspond to the reduced version of the LM
model when D2 ¼ D3 ¼ 0, which identifies
Cancer as the event of interest.

However, the remaining 16 rows of LM output
are not identical to the corresponding 8 rows
of Table 9.2 (for CVD) and 8 rows of Table 9.3
(for Other). Note that the remaining 16 coeffi-
cients in the LM output identify the dgj co-
efficients in the LM model rather than the
sum (b1 þ dgj) required for computing the HR
when g ¼ 2 and 3.

LM SC Model for Byar Data

g ¼ 1, 2, 3

h	g t;Xð Þ ¼ h0g tð Þ
� exp b1RXþ b2Ageþ 
 
 
 þ b8SG½
þ d21D2Rxþ d22D2Ageþ 
 
 
 þ d28D2SG

þd31D3Rxþ d32D3Ageþ 
 
 
 þ d38D3SG�
1st row: predictors

Rx, Age, Wt, PF,. . ., SG
2nd row: products

D2Rx, D2Age, . . ., D2SG
3rd row: products

D3Rx, D2Age, . . ., D3SG
D2 ¼ CVD and D3 ¼ OTH are (0,1)
dummy variables that distinguish
the 3 event-types

HRCa(Rx ¼ 1 vs. Rx ¼ 0) ¼ exp[b1]
HRCVD(Rx ¼ 1 vs. Rx ¼ 0)

¼ exp[(b1 þ d21)]
HROTH(Rx ¼ 1 vs. Rx ¼ 0)

¼ exp[(b1 þ d31)]

Table 9.14. Edited Output for LMModel
(Interaction SC)-Byar Data

Var DF Coef
Std.
Err. p > |z|

Haz.
Ratio

Rx 1 �0.550 0.170 0.001 0.577
Age 1 0.005 0.142 0.970 1.005
Wt 1 0.187 0.138 0.173 1.206
PF 1 0.253 0.262 0.334 1.288
Hx 1 �0.094 0.179 0.599 0.910
HG 1 0.467 0.177 0.008 1.596
SZ 1 1.154 0.203 0.000 3.170
SG 1 1.343 0.202 0.000 3.830
RxCVD 1 0.905 0.244 0.000 2.471
AgeCVD 1 0.332 0.196 0.089 1.394
WtCVD 1 �0.146 0.203 0.472 0.864
PFCVD 1 0.222 0.377 0.556 1.248
HxCVD 1 1.236 0.259 0.000 3.441
HGCVD 1 �0.449 0.268 0.094 0.638
SZCVD 1 �1.375 0.417 0.001 0.253
SGCVD 1 �1.366 0.275 0.000 0.255
RxOth 1 �0.028 0.327 0.932 0.972
AgeOth 1 0.764 0.248 0.002 2.147
WtOth 1 0.344 0.265 0.194 1.411
PFOth 1 0.288 0.497 0.562 1.334
HxOth 1 0.117 0.337 0.727 1.125
HGOth 1 �0.111 0.345 0.748 0.895
SZOth 1 �0.439 0.470 0.350 0.645
SGOth 1 �1.797 0.360 0.000 0.166

log likelihood ¼ �1831.92

Presentation: VIII. Method 2—The Lunn-McNeil (LM) Approach 459



From Table 9.14, the adjusted cHR for the effect
of Rx when the event-type is Cancer can be
read directly off the output as 0.577. Also, the
Wald statistic for testing H0: b1 ¼ 0 is highly
significant (P ¼ .001). The corresponding 95%
confidence interval for this HR has the limits
(0.413, 0.807).

These results are identical to those obtained for
the adjusted cHR, the Wald test, and interval
estimate obtained in Table 9.1 using Method 1
to assess the effect of Rx on survival for cancer
death.

Using Table 9.14 to obtain adjusted cHR for the
Rx effect when the event-type is CVD orOther,
we must exponentiate the sum ðb̂1 þ d̂g1Þ for
g ¼ 2 and 3, respectively.

These results are shown at the left, and they
are identical to those obtained in Tables 9.2
and 9.3 using Method 1.

Note, however, that using the LM model to
obtain Wald test statistics and 95% confidence
intervals for the HRs for CVD and Other, the
mathematical formulas (shown at left for the
Wald tests) require obtaining standard errors
of the sums ðb̂1 þ d̂g1Þ for g ¼ 2 and 3, whereas
the output in Table 9.14 gives only individual
standard errors of b̂1; d̂11 and d̂21.

SAS ans STATA provide special syntax to spec-
ify the computer code for such computations:
SAS’s PHREG allows a “Contrast” statement;
STATA allows a “lincom” command.

cHRCa Rx ¼ 1 vs. Rx ¼ 0ð Þ
¼ exp �0:550½ � ¼ 0:577

¼ 1=1:733ð Þ
Wald ChiSq ¼ (� .550/.171)2

¼ 10.345(P ¼ 0.001)

95% CI for exp[b1Ca]:
exp[-0.550 � 1.96(0.171)]
¼ (0.413, 0.807)

LM results for Cancer identical to
Method 1 results for Cancer

cHRCVD Rx ¼ 1 vs. Rx ¼ 0ð Þ
¼ exp b̂1 þ d̂11

� �
¼ exp �0:550þ 0:905ð Þ
¼ exp 0:355ð Þ ¼ 1:426

cHROTH Rx ¼ 1 vs. Rx ¼ 0ð Þ
¼ exp b̂1 þ d̂21

� �
¼ exp �0:550� 0:028ð Þ
¼ exp �0:578ð Þ ¼ 0:561

LM results for CVD and Other
identical to Method 1 results for
CVD and Other

Wald test statistics for CVD and
Other

WaldCVD ¼ b̂1 þ d̂11
SEb̂1þd̂21

" #2

WaldOTH ¼ b̂1 þ d̂11
SEb̂1þd̂21

" #2

Computer packages provide for
computation of the above formulas

SAS: Contrast statement

STATA: lincom command
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Nevertheless, there is an alternative version of
the LM model that avoids the need for special
syntax. This alternative formulation, which we
call the LMalt model, results in output that is
identical to the output from the separatemodels
(Method 1) approach for analyzing competing
risk data as given in Tables 9.1 through 9.3.

IX. Method 2a:
Alternative
Lunn–McNeil (LMalt)
Approach

The data layout required to fit the LMalt model
is the same as shown earlier in Table 9.12.
However, the variables listed in the columns
of this table, namely, the dummy variables D1,
D2,. . ., DC and the predictor variables X1, X2,. . .,
Xp, serve as basic variables that are trans-
formed into product terms that define the
LMalt model.

The primary difference in the two formulas
is that the first row of the exponential term in
the LMalt model contains product terms D1X1,
D1X2,. . ., D1Xp with coefficients denoted
d011,. . .,d01p whereas the first row in the LM
model contains the predictors X1, X2, . . ., Xp

without product terms and coefficients
denoted b1, . . ., bp.

The general form of the LMalt model is shown
at the left. We have used a superscript prime (0)
to distinguish the hazard model formula for
the LMalt model from the corresponding
formula for the LM model given earlier.

Alternative LM formulation
(LMalt model)

Output identical to Method 1
(Tables 9.1, 9.2, 9.3)

� Uses same data layout as
Table 9.12

� Column headings:
∘ Dummy variables
D1, D2,. . ., DC

∘ Predictor variables
X1, X2,. . ., Xp

� Above variables are
transformed into product
terms

1st row of LMalt model:
product terms

D1 X1, D1 X2,. . ., D1Xp

coefficients d011,. . .,d01p

1st row of LM model
predictors X1, X2, . . ., Xp

coefficients b1,. . ., bp

General Stratified Cox
LMalt Model

g ¼ 1,. . ., C

h0g t;Xð Þ ¼ h00gðtÞ
� exp d011D1X1 þ d012

�
D1X2 þ 
 
 
 þ d01pD1Xp

þ d021 D2X1 þ d022D2X2 þ 
 
 
 þ d02pD2Xp

þ d031D3X1 þ d032D3X2 þ 
 
 
 þ d03pD3Xp

þ 
 
 

þd0C1DCX1 þ d0C2DCX2 þ 
 
 
 þ d0CpDCXp

i

Presentation: IX. Method 2a: Alternative Lunn–McNeil (LMalt) Approach 461



Because the LMalt model and the LMmodel are
different hazard models, their estimated
regression coefficients will not be identical.
Nevertheless, when used on the same dataset,
the estimated HRs of interest and their
corresponding test statistics and interval esti-
mates are identical even though the formulas
used to compute these statistics are different
for the two models.

For g ¼ 1 (i.e., event-type 1), the LMalt model
simplifies to the expression shown at the left.
Note that because g ¼ 1, the values of the
dummy variables are D1 ¼ 1, and D2 ¼ D3 ¼
. . .¼ DC ¼ 0.

Thus, for g ¼ 1, if X1 is a (0,1) variable, the
other Xs are covariates, and there are no prod-
uct terms of the form XjX1 in the model, the
formula for the HR for the effect of X1 adjusted
for the covariates is exp[d011].

Recall that for the LM model, the correspon-
ding HR formula also involved the coefficient
of the X1 variable, denoted as b1.

For any g greater than 1, the general hazard
model simplifies to a hazard function formula
that contains only those product terms involv-
ing the subscript g, because Dg ¼ 1 and Dg0 ¼ 0
for g0 6¼ g.

Thus, for g > 1, if X1 is a (0,1) variable, the
other Xs are covariates, and there are no pro-
ducts Xj X1 in model, the formula for the HR
for the effect of X1 adjusted for the covariates is
exp½d0g1�.

Recall that for the LM model, the exponential
in the HR formula involved the sum (b1 þ dg1).

� LMalt and LM models are
different

� Estimated regression
coefficients will not be identical

� Estimated HRs, test statistics,
and interval estimates are
identical

� Computational formulas are
different

LMalt Hazard Model for
Event-Type 1

h01 t;Xð Þ ¼ h001ðtÞ
� exp d011X1 þ d012X2 þ 
 
 
 þ d01pXp

h i
D1 ¼ 1; D2 ¼ D3 ¼ 
 
 
 ¼ DC ¼ 0ð Þ
HRg¼1 X1 ¼ 1 vs. X1 ¼ 0ð Þ ¼ exp d011

� �
(no products Xj Xi in model)

LM HR ¼ exp[b1]

LMalt Hazard Model for
Event-Type g (> 1)

h01 t;Xð Þ ¼ h00gðtÞ
� exp d0g1X1 þ d0g2X2 þ 
 
 
 þ d0gpXp

h i
Dg ¼ 1 and Dg0 ¼ 0 for g’ 6¼ g
� �
HRg X1 ¼ 1 vs. X1 ¼ 0ð Þ ¼ exp d0g1

h i

(no products XjX1 in model)

LM HR ¼ exp[b1 þ dg1]
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Thus for g > 1, statistical inferences about HRs
using the LMalt model only require use of the
standard error for d̂0g1 that is directly provided
in the output.

In contrast, the LM model requires computing
the more complicated standard error of the
sum ðb̂1 þ d̂g1Þ.

We now illustrate the above general LMalt

model formation using the Byar data.

The stratified Cox (SC) LMalt model that incor-
porates the C ¼ 3 event-types is shown at the
left. The strata, denoted by g ¼ 1, 2, 3, identify
the three event-types, Cancer, CVD, and
Other.

Notice that in the exponential part of the
model, the first row contains product terms of
the dummy variable D1 (the CA indicator) with
each of the 8 predictors Rx, Age, Wt, PF, HX,
HG, SZ, SG. Recall that in the LM version of
this model, the first row contained main effects
of the predictors instead of product terms.

The second and third rows, as in the LMmodel,
contain product terms of the dummy variable
D2 (the CVD indicator) and D3 (the OTH
indicator), respectively, with each of the 8 -
predictors.

From the above model, it follows that the HR
formulas for the effects of Rx corresponding to
each event-type are of the form expðd0g1Þ, where
d0g1is the coefficient of the product term DgRx
in the LMalt model.

Statistical inferences (i.e., Wald
test, 95% CI)

LMaltmodel: need standard error for
d̂0g1 (directly provided by output)

LM model: standard error of
ðb̂1 þ d̂g1Þ. (more complicated
computation)

Next: Byar data example of LMalt

model

LMalt SC Model for Byar Data

g ¼ 1, 2, 3

h0g t,Xð Þ ¼ h00g(t)

� exp d011D1Rxþ 
 
 
 þ d018D1SG
�

þ d021D2Rxþ 
 
 
 þ d028D2SG

+ d031D3Rxþ 
 
 
 þ d038D3SG
�

D1 ¼ CA, D2 ¼ CVD, and D3 ¼OTH
are (0,1) dummy variables for the 3
event-types

1st row: products
D1Rx, D1Age, . . ., D1SG
(LM predictors, Rx, Age,. . ., SG)

2nd row: products
D2Rx, D2Age, . . ., D2SG

3rd row: products
D3Rx, D3Age, . . ., D3SG

HRCa Rx = 1 vs. Rx ¼ 0ð Þ ¼ exp d011
� �

HRCVD Rx = 1 vs. Rx ¼ 0ð Þ
¼ exp d021

� �
HROTH Rx ¼ 1 vs. Rx ¼ 0ð Þ

¼ exp d031
� �
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Consequently, Wald test statistics (shown at
the left) and confidence intervals for these
HRs use standard errors that are directly
obtained from the standard error column
from the output obtained for the LMalt model.

Thus, the LMalt model allows the user to per-
form statistical inference procedures using the
information directly provided in the computer
output, whereas the LM model requires addi-
tional computer code to carry out more com-
plicated computations.

Table 9.15 shows edited output obtained from
fitting the above LMalt model.

The first eight rows of output in this table are
identical to the eight rows of output in the
previously shown Table 9.1 obtained from
Method 1, which fits a separate model for
Cancer deaths only, treating CVD and Other
deaths as censored.

The next eight rows in the table are identical
to the eight rows of output in the previous
Table 9.2, which fits a separate model for
CVD deaths only, treating Cancer and Other
deaths as censored.

The last eight rows in the table are identical
to the eight rows of output in the previous
Table 9.3, which fits a separate model for
Other deaths only, treating Cancer and CVD
deaths as censored.

Thus, the output in Table 9.15 using the single
LMalt model gives identical results to what is
obtained from fitting 3 separate models in
Tables 9.1, 9.2, and 9.3.

Waldg ¼
d̂0g1
SEd̂0g1

" #2

g ¼ 1 (CA), 2 (CVD), 3 (OTH)

Statistical inference information

LMalt model: directly provided by
output

LMmodel: not directly provided by
output (requires additional com-
puter code)

Table 9.15. Edited Output for
SC LMalt Model—Byar Data

Var DF Coef
Std.
Err. p > |z|

Haz.
Ratio

RxCa 1 �0.550 0.170 0.001 0.577
AgeCa 1 0.005 0.142 0.970 1.005
WtCa 1 0.187 0.138 0.173 1.206
PFCa 1 0.253 0.262 0.334 1.288
HxCa 1 �0.094 0.179 0.599 0.910
HGCa 1 0.467 0.177 0.008 1.596
SZCa 1 1.154 0.203 0.000 3.170
SGCa 1 1.343 0.202 0.000 3.830

RxCVD 1 0.354 0.174 0.042 1.429
AgeCVD 1 0.337 0.134 0.012 1.401
WtCVD 1 0.041 0.150 0.783 1.042
PFCVD 1 0.475 0.270 0.079 1.608
HxCVD 1 1.141 0.187 0.000 3.131
HGCVD 1 0.018 0.202 0.929 1.018
SZCVD 1 �0.222 0.364 0.542 0.801
SGCVD 1 �0.023 0.186 0.900 0.977

RxOth 1 �0.578 0.279 0.038 0.561
AgeOth 1 0.770 0.204 0.000 2.159
WtOth 1 0.532 0.227 0.019 1.702
PFOth 1 0.541 0.422 0.200 1.718
HxOth 1 0.023 0.285 0.935 1.023
HGOth 1 0.357 0.296 0.228 1.428
SZOth 1 0.715 0.423 0.091 2.045
SGOth 1 �0.454 0.298 0.127 0.635

log likelihood ¼ � 1831.916

Table 9.15 (LMalt) output
identical to

Tables 9.1, 9.2, 9.3 (Method 1)
output combined
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X. Method 1 (Separate
Models) versus
Method 2
(LM Approach)

The reader may have the following question at
this point: Why bother with the LM or LMalt

models as long as you can get the same results
from fitting three separate models using
Method 1? The answer is that the LM or LMalt

model formulation allows for performing
statistical inferences about various features of
the competing risk models that cannot be con-
veniently assessed when fitting three separate
models using Method 1.

We illustrate such “extra” inference-making
using the LM model previously described for
the Byar data example. This model is shown
again at the left. Equivalent inferences can be
made using the LMalt model (see Exercises at
end of this chapter).

One inference question to consider for the Byar
data is whether a no-interaction SC LM model
is more appropriate than the interaction SC
LM model defined above.

The no-interaction SC model is shown here at
the left.

This model assumes that the hazard ratio for
the effect of a single predictor (say, binary) Xi

adjusted for the other variables in the model is
the same for each event-type of interest.

For example, in the above no-interaction SC
LM model the hazard ratio for the effect of Rx
is exp[b1] for each g, where b1 is the coefficient
of Rx.

Why bother with LM or LMalt

models when you can simply fit
3 separate models?

Answer: Can perform statistical
inferences that cannot be done
when fitting 3 separate models

LM Model for Byar Data

g ¼ 1, 2, 3

h	g t;Xð Þ¼ h	0g tð Þ
�exp b1RXþb2Ageþ

 
þb8SG½
þd21D2Rxþd22D2Ageþ


þd28D2SG

þd31D3Rxþd32D3Ageþ

 
þd38D3SG�

Inference question: Byar data

No-interaction SC LM model
versus

interaction SC LM model

No-interaction SC model

g = 1, 2; 3

h	g t;Xð Þ ¼ h	0g tð Þ
� exp b1RXþ b2Ageþ 
 
 
 þ b8SG½ �

Assumes

HRCA Xið Þ ¼ HRCVD Xið Þ
¼ HROTH Xið Þ
� HR Xið Þ for anyXi variable

for example, Rx ¼ 0 vs Rx ¼ 1:

HRCA Rxð Þ ¼ HRCVD Rxð Þ
¼ HROTH Rxð Þ
¼ exp b1½ �
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To carry out the comparison of the interaction
with the no-interaction SC LMmodels, the null
hypothesis being tested is that the coefficients
of the 16 product terms (dgj) in the interaction
SC model are equal to zero.

This null hypothesis is conveniently tested
using the LM model with a likelihood ratio
test statistic obtained by subtracting �2 log L
statistics from the twomodels being compared.
The degrees of freedom being tested is 16, the
number of dgj coefficients being set equal to
zero under H0.

Table 9.16 gives the output resulting from the
no-interaction SC LMmodel for the Byar data-
set. In this table, there is one coefficient
corresponding to each of the eight predictors
in the model, as should be the case for a no-
interaction SC model. Nevertheless, baseline
hazard functions h	0g tð Þ are allowed to be differ-
ent for different g even if the coefficients are
the same for different g.

From Table 9.16, we find that the log-likelihood
statistic for the reduced (no-interaction SC)
model is �1892.091. From Table 9.14 (or 9.15),
the log-likelihood statistic for the full (interac-
tion SC) model is�1831.916.

The likelihood ratio test statistic (LR) is then
calculated to be 120.35, as shown at the left.
This statistic has an approximate chi-square dis-
tribution with 16 degrees of freedom under H0.

The P-value is less than .001, which indicates a
highly significant test result, thus supporting
use of the full-interaction SC model.

H0: all dgj ¼ 0,
g ¼ 2, 3; j ¼ 1, 2, . . ., 8

where dgj is coefficient of DgXj in
the interaction SC LM model

Likelihood Ratio Test

LR ¼� 2 log LR � �2 log LFð Þ
approx w216 under H0

R ¼ no interaction SC reducedð Þ
model

F ¼ interaction SC fullð Þ model

Table 9.16. Edited Output – No-
Interaction SC LM Model–Byar Data

Var DF Coef
Std.
Err. p > |z|

Haz.
Ratio

Rx 1 �0.185 0.110 0.092 0.831
Age 1 0.287 0.087 0.001 1.332
Wt 1 0.198 0.093 0.032 1.219
PF 1 0.402 0.170 0.018 1.495
Hx 1 0.437 0.112 0.000 1.548
HG 1 0.292 0.120 0.015 1.339
SZ 1 0.672 0.159 0.000 1.958
SG 1 0.399 0.115 0.001 1.491

log likelihood ¼ �1892.091

Table 9.16: Log likelihoodR

¼ �1892.091
Table 9.14: Log likelihoodF

¼ �1831.916

LR ¼ �2 log LR � �2 log LFð Þ
¼ �2 �1892:091ð Þ

� �2 �1831:916ð Þð Þ
¼ 120:35 approx w216 under H0

P < 0.001ð Þ

Reject H0: interaction SC model
more appropriate than
no-interaction SC model
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For the Byar dataset, the decision to reject the
no-interaction SC model makes sense when
considering that two of the competing risks
are Cancer deaths and CVD deaths. Because
Cancer and CVD are clinically very different
diseases, one would expect the effect of any of
the predictors, particularly Rx, on time to failure
to bedifferent for these different disease entities.

Suppose, however, the competing risks for a
different study had been, say, two stages of
breast cancer. Then it is plausible that the
effect from comparing two treatment regimens
might be the same for each stage. That is, a no-
interaction SC LM model may be (clinically)
reasonable depending on the (clinical) similar-
ity between competing risks.

Returning again to the Byar data example,
another variation of the LM model is shown
at the left and denoted LMU. This is a Cox PH
model applied to the augmented data of Table
9.12 that is not stratified on the competing
risks (i.e., there is no subscript g in the model
definition). We have used a superscript bullet
(�) to distinguish the LMU model from the LM
and LMalt models.

The LMU model includes the two event-type
dummy variables CVD and OTH in the
model, rather than stratifying on these vari-
ables. As for the LM model, the fit of the LMU

model is based on the augmented dataset given
in Table 9.12.

Because the LMU model is an unstratified Cox
PH model, we would want to use the methods
of Chapter 4 to assess whether the PH assump-
tion is satisfied for the CVD andOTH variables
(as well as the other variables). If the PH
assumption is found wanting, then the (strati-
fied Cox) LM model should be used instead.

Cancer and CVD very different
clinically

+
HRCa(Rx ¼ 1 vs. 0)

6¼ HRCVD(Rx ¼ 1 vs. 0)

DIFFERENT STUDY EXAMPLE

Competing risks: Stage 1 vs. Stage 2
Breast Cancer

+
HRstg1 (Rx ¼ 0 vs. 1)
¼ HRstg2 (Rx ¼ 0 vs. 1)

+
No-interaction SC Cox reasonable
depending on similarity of competing
risks

Unstratified LM model (LMU):

h	 t;Xð Þ ¼ h	0 tð Þ
� exp g1CVDþ g2OTH½

þ b�1Rxþ b�2Ageþ 
 
 
 þ b�8SG
þ d�21D2Rxþ d�22D2Ageþ 
 
 
 þ d�28D2SG

þ d�31D3Rxþ d�32D3Ageþ 
 
 
 þ d�38D3SG
�

LMU model: CVD and OTH
included in model

LM model: CVD and OTH not
included in model

(Both LMU and LM models use
augmented dataset)

LMU model: need to check PH
assumption (Chapter 4)

PH assumption not satisfied
+

Use LM instead of LMU model
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If the PH assumption is satisfied, hazard ratios
for the effects of various predictors in the LMU

model can be determined using the standard
exponential formula described in Chapter 3 for
the Cox PH model.

In particular, to obtain the hazard ratio for the
effect of Rx on Cancer survival, we would spec-
ify CVD ¼ OTH ¼ 0 in the model and then
exponentiate the coefficient of the Rx variable
in the model, as shown at the left.

Similar HR expressions (but involving g1 and
g2 also) are obtained for the effect of Rx when
CVD deaths and Other deaths are the event-
types of interest.

At this point, we omit further description of
results from fitting the LMU model to the
Byar dataset. The essential point here is that
the use of a single LM-type model with aug-
mented data allows greater flexibility for the
analysis than can be achieved when using
Method 1 to fit separate hazard models for
each event-type of interest.

XI. Summary

This chapter has considered survival data in
which each subject can experience only one of
several different types of events over follow-up.
The different events are called competing risks.

Wehavedescribedhowtomodel competing risks
survival data using a Cox PH model. The typical
approach for analyzing competing risks data is
to performa survival analysis for each event-type
separately, where the other (competing) event-
types are treated as censored categories.

PH assumption satisfied
+

Determine HRs using exponential
formula (Chapter 3)

Cancer survival (CVD¼OTH¼ 0):

HRCa Rx ¼ 1 vs. Rx ¼ 0ð Þ ¼ exp b�1
� �

CVD survival (CVD ¼ 1, OTH ¼ 0):

HRCVD Rx ¼ 1 vs. Rx ¼ 0ð Þ
¼ exp g1þb�1 þ d�21

� �
Other survival (CVD¼ 0,OTH¼ 1):

HROTH Rx ¼ 1 vs. Rx ¼ 0ð Þ
¼ exp g2þb�1 þ d�31

� �

Essential point

Use of single LM-type model offers
greater flexibility for the analysis
than allowed using Method 1

Competing Risks

Each subject can experience only
one of several different types of
events over follow-up

Typical approach

� Cox PH model
� Separate model for each event-

type
� Other (competing) event-types

treated as censored
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There are two primary drawbacks to the above
method. One problem is the requirement that
competing risks be independent. This assump-
tion will not be satisfied if those subjects cen-
sored from competing risks do not have the
same risk for failing as subjects who are not
censored from the cause-specific event of inter-
est at that same time.

A second drawback is that the estimated
product-limit survival curve obtained from fit-
ting separate Cox models for each event-type
has questionable interpretation when there are
competing risks.

Regarding the independence assumption,
several alternative strategies for addressing
this issue are described, although no single
strategy is always best.

A popular strategy is a sensitivity analysis,
which allows the estimation of parameters by
considering worst-case violations of the inde-
pendence assumption. For example, subjects
censored from competing risks might be trea-
ted in the analysis as either all being event-free
or all experiencing the event of interest.

Unfortunately, the independence assumption
is not easily verifiable. Consequently, the typi-
cal competing risks analysis assumes that the
independence assumption is satisfied even if
this is not the case.

To avoid a questionable interpretation of the
KM survival curve, the primary alternative to
using KM is the Cumulative Incidence Curve
(CIC), which estimates themarginal probabil-
ity of an event. Marginal probabilities are rele-
vant for assessing treatment utility whether
competing risks are independent.

Drawbacks

1. Require independent competing
risks that is, censored subjects
have same risk as non-censored
subjects in risk set

2. Product-limit (e.g., KM) curve
has questionable interpretation

Several alternative strategies
regarding independence assump-
tion:No single strategy is always best

Sensitivity analysis: worst-case vio-
lations of independence assumption

For example, subjects censored
from competing risks treated in
analysis as if

� All event-free
� All experience event of interest
� Independence assumption not

easily verifiable
� Typical analysis assumes

independence assumption is
satisfied

CIC Alternative to KM

� Derived from cause-specific
hazard function

� Estimates marginal
probability when competing
risks are present

� Does not require independence
assumption

� Useful to assess treatment
utility in cost-effectiveness
analyses
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The formula for the calculating theCIC is shown
at the left. The hc(tf) in the formula is the
estimated hazard at survival time tf for the
event-type (c) of interest. The term S(tf�1)
denotes the overall survival probability of previ-
ous time (tf�1),where “overall survival” indicates
a subject that survives all competing events.

As the formula indicates, the CIC is not
estimated using a product-limit formulation.
Also, its computation is not included in main-
stream commercially available standard statisti-
cal packages.

If a proportional hazard model is used to
obtain hazard ratio estimates for individual
competing risks as an intermediate step in the
computation of a CIC, the assumption of inde-
pendent competing risks is still required.

Recent work of Fine and Gray (1999) provides
methodology for modeling theCICwith covari-
ates using a proportional hazards assumption.
Software is available for this method (Gebski,
1997, Tai et al., 2001), although not in standard
commercial packages.

An alternative to the CIC is the Conditional
Probability Curve (CPC). For risk type c,
CPCc is the probability of experiencing an
event c by time t, given that an individual has
not experienced any of the other competing risks
by time t.

The CPC can be computed from the CIC
through the formula CPCc ¼ CICc/(1 � CICc0),
where CICc0 is the cumulative incidence of
failure from risks other than risk c (i.e., all
other risks considered together).

CIC t fð Þ
� � ¼ Xf

f0¼1

Îc tf0ð Þ

¼
Xf

f0¼1

Ŝ tf0�1ð Þĥc tf0ð Þ

ĥc(tf)¼ estimated hazard at ordered
failure time tf for the event-type (c)

S(tf�1) ¼ overall survival probabil-
ity of previous time (tf�1)

CIC

� Does not use product limit
formulation

� Not included in mainstream
commercially available
statistical packages (e.g., SAS,
STATA, SPSS, R)

PH model used to obtain CIC
+

Independence of competing risks
required

Modeling CICwith covariates using
PH model: Fine and Gray (1999)

Software available (Gebski, 1997)
Fine and Gray model analogous to
Cox PH model

Alternative to CIC

CPCc ¼ Pr(Tc � t |T � t)

where Tc ¼ time until event c
occurs

T ¼ time until any
competing risk event
occurs

CPCc ¼ CICc/(1 � CICc0)

where CICc0 ¼ CIC from risks other
than c
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Pepe–Mori provide a test to compare two
CPC curves. Lunn (1998) extended this test to
g-groups and allows for strata.

We have also described an alternative approach,
called the Lunn–McNeil (LM) approach, for
analyzing competing risks data. The LM
approach allows only one model to be fit rather
than separate models for each event-type
(Method 1). This method is equivalent to using
Method 1. The LM model also allows the flexi-
bility to perform statistical inferences to deter-
mine whether a simpler version of an initial LM
model is more appropriate.

To carry out the LM approach, the data layout
must be augmented. If there are C competing
risks, the original data must be duplicated C
times, one row for each failure type.

Touse theLM approachwith augmented data to
obtain identical results from fitting separate
models (Method 1), an interaction version of
a stratified Cox (SC) PH model is required.
Ageneral form for thismodel is shownat the left.

The LM model can be used to obtain Wald test
statistics and 95% confidence intervals for
HRs separately for each competing risk. These
statistics require obtaining standard errors of
the sums of estimated regression coefficients
(e.g., b̂1 þ d̂g1). Such computations require
special syntax available in standard computer
packages such as SAS, STATA, SPSS, and R.

Tests to compare CPCs:

Pepe and Mori (1993) – 2 curves
Lunn (1998) – g curves

Method 2: LM Approach

� Uses a single Cox (PH) model
� Gives identical results as

obtained from Method 1
� Allows flexibility to perform

statistical inferences not
available from Method 1

Augmented Data for ith Subject at Time t
Using LM Approach

Subj Stime Status D1 D2 D3. . .DC X1. . .Xp

i ti e1 1 0 0 . . . 0 Xi1 . . . Xip

i ti e2 0 1 0 . . . 0 Xi1 . . . Xip

i ti e3 0 0 1 . . . 0 Xi1 . . . Xip

i ti eC 0 0 0 . . . 1 Xi1 . . . Xip

g ¼ 1, 2, . . ., C

h	g t;Xð Þ ¼ h	0g tð Þ
� exp b1X1 þ b2X2 þ 
 
 
 þ bpXp

h
þ d21D2X1 þ d22D2X2 þ 
 
 
 þ d2pD2Xp

þ d31D3X1 þ d32D3X2 þ 
 
 
 þ d3pD3Xp

þ 
 
 

þdC1DCX1 þ dC2DCX2 þ 
 
 
 þ dCpDCXp

�

LM model: need standard error of

b̂1 þ d̂g1
� �
(special syntax required for com-
putation)
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Nevertheless, there is an alternative formation
of the LM model that avoids the need for spe-
cial syntax. This alternative formulation, called
the LMalt model, yields output that is identical
to the output from the separate models
(Method 1) approach for analyzing competing
risk data.

The primary difference in the two formulas is
that the first row of the exponential term in the
LMalt model contains product terms D1X1,
D1X2, . . ., D1Xp1 with coefficients denoted
d011; . . . ; d01p whereas the first row in the LM
model contains the predictors X1, X2, . . ., Xp

without product terms and coefficients
denoted b1, . . ., bp.

Using the LMalt model, Wald test statistics
(shown at the left) and confidence intervals
use standard errors that are directly obtained
from the standard error column from the out-
put obtained for the LMalt model.

Thus, the LMalt model allows the user to per-
form statistical inference procedures using the
information directly provided in the computer
output, whereas the LM model requires addi-
tional computer code to carry out more com-
plicated computations.

An advantage of using either the LM or LMalt

approach instead of fitting separate models
(Method 1) is the flexibility to perform statisti-
cal inferences that consider simpler versions of
an interaction SC LM model.

Alternative LM formulation: LMalt

model

LMalt yields output identical to
Method 1

1st row of LMalt model
+

Product terms D1X1, D1X2, . . .,
D1Xp Coefficients d011; . . . ; d01p

1st row of LM model
+

Predictors X1, X2, . . ., Xp

Coefficients b1, . . ., bp

LMalt model: Waldg ¼ d0g1
SEd̂0g1

" #2

directly obtained from output

Statistical inference information

LMalt model: directly provided by
output

LMmodel: not directly provided by
output (requires additional com-
puter code)

Advantage of LM (Method 2) over
method 1:
LM offers flexibility for statistical
inferences to consider simpler
models
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For example, one inference question to consider
is whether a no-interaction SC LM model is
more appropriate than an interaction SC
model. A different question is whether an
unstratified LM model is more appropriate
than a stratified LM model. These questions
can be conveniently addressed using a single
(i.e., LM) model instead of fitting separate mod-
els (Method 1).

Overall, in this chapter, we have shown that
competing risks data can be analyzed using
standard computer packages provided it can be
assumed that competing risks are independent.

For example,
No-interaction SC LM model

versus
interaction SC LM model

Unstratified LM model
versus

SC LM model

Overall,

� Can use standard computer
packages

� Independence assumption
required
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Detailed
Outline

I. Overview (page 430)

A. Focus: competing risks – analysis of survival
data in which each subject can experience only
one of different types of events over follow-up.

B. Analysis using Cox PH model.

C. Drawbacks to typical approach that uses Cox
model.

D. Alternative approaches for analysis.

II. Examples of Competing Risks Data
(pages 430–432)

A. Dying from either lung cancer or stroke.

1. Assess whether lung cancer death rate in
exposed” persons is different from lung can-
cer death rate in “unexposed,” allowing for
competing risks.

2. Also, compare lung cancer with stroke death
rates controlling for predictors.

B. Advanced cancer patients either dying from
surgery or getting hospital infection.

1. If focus on hospital infection failure, then
death from surgery reduces burden of hos-
pital infection control required.

C. Soldiers dying in accident or in combat.

1. Focus on combat deaths.

2. If entire company dies from accident on way
to combat, then KM survival probability for
combat death is undefined.

3. Example illustrates that interpretation of
KM curve may be questionable when there
are competing risks.

D. Limb sarcoma patients developing local recur-
rence, lung metastasis, or other metastasis.

1. None of failure types involves death, so
recurrent events are possible.

2. Can avoid problem of recurrent events if
focus only on time to first failure.

3. Analysis of recurrent events and competing
risks in same data not addressed.

III. Byar Data (pages 433–434)

A. Randomized clinical trial comparing treat-
ments for prostate cancer.

B. Three competing risks: deaths from prostate
cancer; CVD, or other causes.
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C. Covariates other than treatment are Age,
Weight (Wt), Performance Status (PF), History
of CVD (Hx), Hemoglobin (Hg), Lesion size
(SZ), and Gleeson score (SG).

D. Competing risks considered independent, for
example, death from CVD independent of
death from death from cancer.

IV. Method 1: Separate Models for Different Event
Types (pages 434–437)

A. Use Cox (PH) model to estimate separate
hazards and HRs for each failure type, where
other competing risks are treated as censored in
addition to usual reasons for censoring: loss to
follow-up, withdrawal from study, or end of
study.

B. Cause-specific hazard function:
hc(t) ¼ limDt!0P(t � Tc < t þ Dt|Tc � t)/Dt
where Tc ¼ time-to-failure from event c, c ¼ 1,
2, . . ., C (# of event types).

C. Cox PH cause-specific model (event-type c):

hc t;Xð Þ ¼ h0c tð Þ exp
Xp
i¼1

bicXi

" #

where c ¼ 1,. . ., C, and bic allows effect of Xi to
differ by event-type.

D. Byar data example: Cancer, CVD, Other Deaths
are C ¼ 3 competing risks.

1. Cause-specific (no-interaction) model for
Cancer:

hCa t;Xð Þ ¼ h0Ca tð Þ exp b1CaRxþ b2CaAge½
þ b3CaWtþ b4CaPFþ b5CaHx

þ b6CaHGþ b7CaSZþ b8CaSG�
where CVD andOther deaths treated as cen-
sored observations

HRCa(RX ¼ 1 vs. RX ¼ 0) ¼ exp[b1Ca]

2. Separate cause-specific (no-interaction)
models for CVD and Other.

3. Edited output presented for each cause-spe-
cific model:

a. Cause-specific Cancer results for RX
(with CVD and Other censored):

cHRCa RX¼ 1 vs. Rx¼ 0ð Þ¼ 0:575 P¼ 0:001ð Þ
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b. Cause-specific CVD results for RX (with
Cancer and Other censored):

cHRCVD RX¼ 1 vs. Rx¼ 0ð Þ¼ 1:429 P¼ 0:040ð Þ
c. Cause-specific Other results for RX

(with Cancer and CVD censored):

cHROTH RX¼ 1 vs. Rx¼ 0ð Þ¼ 0:560 P¼ 0:038ð Þ
V. The Independence Assumption (pages 437–443)

A. Independent censoring: h(t) for censored sub-
jects at time t is the same as for non-censored
subjects in the same subgroup at time t

1. Typical (chapter 1) context: no competing
risks;

2. Informative censoring can lead to bias
results.

B. (Independent) censoringwith competing risks.
Censored subjects in the risk set at time t with a
given set of covariates have the same failure rate
as non-censored subjects in the risk set at time
t with the same set of covariates regardless of
whether the reason for censoring is a competing
risk, withdrawal from study, or loss to follow-up.

1. Non-independent censoring: Subjects in the
risk set at time t who are censored from a
competing risk do not have the same failure
rate as non-censored subjects in the risk set
at time t.

2. Synonym:Competingrisksare independent.

C. Assessing the independence assumption.

1. No method available to directly assess the
independence assumption nor guarantee
unbiased estimates if independence
assumption is violated.

2. Consequently, the typical analysis of com-
peting risks assumes that the independence
assumption is satisfied, even if not.

3. Strategies for considering independence
assumption

a. Decide that assumption holds on clini-
cal/biological/other grounds:

b. Include in your model variables that are
common risk factors for competing
risks.

476 9. Competing Risks Survival Analysis



c. Use a frailty model containing a random
effect that accounts for competing risks.

d. Perform a sensitivity analysis by consid-
ering worst-case violations of indepen-
dence assumption.

e. All of above strategies rely on assump-
tions that cannot be verified from
observed data.

4. Example of sensitivity analysis using Byar
data.
a. Treat all subjects that die of competing

risks CVD and Other as Cancer deaths.
b. Treat all subjects that die of competing

risks CVD and Other as surviving as long
as the largest survival time in the study.

c. Results suggest that if competing risks are
not independent, then conclusions about
the effect of Rx could be very different.

d. Alternative sensitivity approach: ran-
domly select a subset (e.g., 50%) of sub-
jects who have CVD or Other deaths and
assume everyone in subset dies of Cancer.

VI. Cumulative Incidence Curves (CIC)
(pages 444–453)

A. Hypothetical study: n ¼ 100 subjects, all sub-
jects with prostate cancer

Survt (months) # Died Cause

3 99 CVD
5 1 Cancer

Study goal: cause-specific Cancer survival
Censored: CVD deaths
KMCa: SCa(t ¼ 5) ¼ 0 and RiskCa(T � 5) ¼ 1

B. How many of 99 deaths from CVD would have
died from Cancer if not dying from CVD?
1. No answer is possible because those with

CVD deaths cannot be observed further.
2. Sensitivity analysis A: 99 CVD deaths die of

Cancer at t ¼ 5.
a. KMCa: SCa(t¼ 5)¼ 0 andRiskCa(T� 5)¼ 1

because KM assumes independent cen-
soring; that is, those censored at t ¼ 3
were as likely to die from cancer at t ¼ 5
as those who were in the risk set at t ¼ 5.

b. Same KM result as obtained for actual
data.
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3. Sensitivity analysis B: 99 CVD deaths
survive past t ¼ 5.
a. KMCa: SCa(t ¼ 5) ¼ 0.99 and

RiskCa (T� 5) ¼ 0.01.
b. Different KM result than actual data.
c. Can be derived directly from actual data

as a marginal probability.
4. Main point: KM survival curve may not be

very informative.
C. Cumulative Incidence Curve (CIC): alternative

to KM for competing risks.
1. Derived fromcause-specific hazard function.
2. Estimates marginal probability.
3. Does not require independence assumption.
4. Has a meaningful interpretation in terms

of treatment utility.
5. CIC formula:

CICðtfÞ ¼
Xf

f0¼1

Îc tf0ð Þ ¼
Xf

f0¼1

Ŝ tf0�1ð Þĥc tf0ð Þ

6. Calculation of CIC for another hypothetical
dataset.

7. Tests have been developed (Pepe and Mori,
1992) for comparing the equality of CICs
for two or more groups: analogous to log
rank test.

8. When a PH model is used to obtain hazard
ratio estimates in the computation of a
CIC, the independence of competing risks
is required.

9. Fine and Gray (1999) provide methodology
for modeling the CIC (also called subdis-
tribution function) with covariates using
a proportional hazards assumption: analo-
gous to fitting Cox PH model.

10. Example of Fine andGray output compared
with Cox PH output for Byar data.

VII. Conditional Probability Curves (CPC)
(pages 453–455)

A. CPCc ¼ Pr(Tc � t|T � t) where Tc ¼ time until
event c occurs, T ¼ time until any competing
risk event occurs.

B. Formula in termsofCIC:CPCc¼CICc/(1�CICc0)
where CICc0 ¼ CIC from risks other than c.

C. Graphs of CPCs can be derived from graphs of
CICs.

D. Tests to compare CPCs: Pepe and Mori (1993) –
2 curves; Lunn (1998) – g curves.
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VIII. Method 2—The Lunn-McNeil (LM) Approach
(pages 455–461)
A. Allows only one Cox PH model to be fit rather

than fitting separate modes for each event type
(Method 1).

B. LM uses an augmented data layout.
1. for ith subject at time ti, layout has C rows of

data, where C ¼ # event-types.
2. Dummy variables D1, D2,. . ., DC are created

to distinguish the C event-types.
3. The Status variable, ec, c ¼ 1,. . ., C, equals 1

for event-type c and 0 otherwise.
4. Predictors are denoted by X1,. . ., Xp.
5. Example of data layout for Byar dataset.

C. General form of LM model (interaction SC
model).

h	g t;Xð Þ
g¼1;2;...;C

¼ h	0gðtÞexp b1X1 þ b2X2 þ 
 
 
 þ bpXp

h

þ d21D2X1 þ d22D2X2 þ 
 
 
 þ d2pD2Xp

þ d31D3X1 þ d32D3X2 þ 
 
 
 þ d3pD3Xp

þ 
 
 

þ dC1DCX1 þ dC2DCX2 þ 
 
 
 þ dCpDCXp

�
1. LM model for event-type g ¼ 1:

a. h	1 t,Xð Þ ¼ h	01 tð Þ
� exp b1X1 þ b2X2 þ 
 
 
 þ bpXp

h i
b. D2 ¼ D3 ¼ . . . ¼ DC ¼ 0

c. HRg¼1(X1 ¼ 1 vs. X1 ¼ 0) ¼ exp[b1]
2. LM model for event-type g (> 1):

a. h	g t,Xð Þ ¼ h	0g tð Þ
� exp b1 þ dg1

� �
X1 þ b2 þ dg2

� �
X2

�
þ 
 
 
 þ bp þ dgp

� �
Xp

i
b. HRg(X1 ¼ 1 vs. X1 ¼ 0 ¼ exp[(b1 þ dg1)]

D. LM model for Byar data.

1. h	g t;Xð Þ ¼ h	0gðtÞ
� exp b1 Rx + b2Ageþ 
 
 
 þ b8SG½
þ d21D2Rxþ d22D2Ageþ 
 
 
 þ d28D2SG

þd31D3Rxþ d32D3Ageþ 
 
 
 þ d38D3SG�
g ¼ 1; 2; 3

2. D2 ¼ CVD and D3 ¼ OTH are (0,1) dummy
variables for 3 event-types.
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3. HRCa(Rx ¼ 1 vs. Rx ¼ 0) ¼ exp[b1]
HRCVD(Rx ¼ 1 vs. Rx ¼ 0) ¼ exp[b1 þ d21]
HROTH(Rx ¼ 1 vs. Rx ¼ 0) ¼ exp[b1 þ d31]

4. Mathematical formulas for Wald tests and
confidence intervals require standard errors
for sums b̂1 þ d̂g1

� �
for g ¼ 2 and 3; requires

special syntax for computer.

5. Output provided and compared to output
from Method 1.

IX. Method 2a: Alternative Lunn–McNeil (LMalt)
Approach (pages 461–464)

A. An alternative LM formulation that gives iden-
tical output to that obtained from Method 1
(separate models approach).

B. Same data layout as for LM model, but only
product terms in LMalt model.

C. General form of LMalt (interaction SC) model:

g ¼ 1; . . . ;C

h0g t,Xð Þ ¼ h00g tð Þ
� exp d011D1X1 þ d012D1X2 þ 
 
 
 þ d01pD1Xp

�
þ d021D2X1 þ d022D2X2 þ 
 
 
 þ d02pD2Xp

þ 
 
 

þ d0C1DCX1 þ d0C2DCX2 þ 
 
 
 þ d0CpD2Xp

�
D. Hazard ratio formula involves only coefficients

of product terms for all g:

HRg X1 ¼ 1 vs. X1 ¼ 0ð Þ ¼ exp d0g1
� �

; g ¼ 1, 2, 3

a. Statistical inference information directly
provided by LMalt output.

E. Example of output for LMalt model using Byar
data.

X. Method 1 (Separate Models) versus
Method 2 (LM Approach) (pages 465–468)

A. LM andLMaltmodels allow flexibility to perform
statistical inferences about features of competing
risks model not conveniently available using
separate models (Method 1) approach.

B. LM and LMalt models can assess whether a no-
interaction SC model is more appropriate than
the initial interaction SC LM model.

480 9. Competing Risks Survival Analysis



C. Example of comparison of no-interaction with
interaction SC model using Byar data.

D. LM and LMalt models can assess whether an
unstratified LM model (called LMU) is more
appropriate than a stratified LM model.

E. Example of LMU model involving Byar data.

XI. Summary (pages 468–473)

A. Competing risks survival data can be analyzed
using Cox PH models and standard computer
packages.

B. There are two alternative methods that use a
Cox PH model formulation.
1. Fit separate models for each cause-specific

event type, treating the remaining event
types as censored.

2. Use the Lunn–McNeil (LM) approach to fit
a single model that incorporates the analysis
for each cause-specific event.

C. Each of the above approaches requires that
competing risks be independent (i.e., indepen-
dent censoring).

D. Without the independence assumption, methods
for competing risks analysis are unavailable.

E. The Cumulative Incidence Curve (CIC) or the
Conditional Probability Curve (CPC) are
alternatives to the KM curve, when use of a
KM curve has questionable interpretation.

Practice
Exercises

Answer questions 1 to 15 as true or false (circle T or F).

T F 1. A competing risk is an event-type (i.e., failure
status) that can occur simultaneously with
another event of interest on the same subject.

T F 2. An example of competing risks survival data is
a study in which patients receiving radiother-
apy for head and neck cancer may either die
from their cancer or from some other cause of
death.

T F 3. if all competing risks in a given study are dif-
ferent causes of death, then it is possible to
have both competing risks and recurrent
events in the same study.
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T F 4. Suppose patients with advanced-stage cancer
may die after surgery before their hospital stay
is long enough to get a hospital infection. then
such deaths from surgery reduce the hospital’s
burden of infection control.

T F 5. The typical approach for analyzing competing
risks using a Cox PH model involves fitting
separate models for each competing risk ignor-
ing the other competing risks.

T F 6. Suppose that a cause-specific risk of interest is
development of lung metastasis, and a compet-
ing risk is local recurrence of a lung tumor. Then
a patient who develops a local recurrence is
treated as a failure in a competing risk analysis.

T F 7. When there are no competing risks, then any
study subject in the risk set at a given time has
the same risk for failing as any other subject in
the risk set with the same values for covariate
predictors at time t.

T F 8. If, when analyzing competing risks survival
data, it is assumed that censoring is indepen-
dent, then a subject in the risk set at time t is as
likely to fail from any competing risk as to be
lost to follow-up.

T F 9. When a sensitivity analysis indicates that a
worst-case scenario gives meaningfully differ-
ent results from an analysis that assumes inde-
pendence of competing risks, then there is
evidence that the independence assumption is
violated.

T F 10. The typical competing risk analysis assumes
that competing risks are independent even if
this assumption is not true.

T F 11. The Cumulative Incidence Curve (CIC) pro-
vides risk estimates for the occurrence of a
cause-specific event in the presence of compet-
ing risks.

T F 12. CIC ¼ 1 � KM, where KM denotes the Kaplan–
Meier curve.

T F 13. A CIC for a cause-specific event that ignores
the control of covariates does not require the
assumption of independent competing risks.

T F 14. A Cumulative Probability Curve (CPC) gives
the probability of experiencing an event c by
time t, given that an individual has experienced
any of the other competing risks by time t.
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T F 15. If CICc ¼ .4, then CPC ¼ .4/.6 ¼ .667.
T F 16. The Lunn–McNeil (LM) approach fits a single

stratified Cox model using an augmented data-
set to obtain the same results as obtained by
fitting separate Cox models for each cause-
specific competing risk.

T F 17. An advantage of the Lunn–McNeil (LM)
approach over the approach that fits separate
Cox models is that the LM approach allows for
testing whether a no-interaction SC model
might be preferable to an interaction SC
model.

T F 18. Given the LM model stratified on two cause-
specific events, Cancer and CVD:

h	g t,Xð Þ ¼ h	0g tð Þ exp b1Rxþ b2Age½
þ d1 D� Rxð Þ þ d2 D� Ageð Þ�;

g ¼ 1; 2 where

D ¼ 0 if Ca and ¼ 1 if CVD
then

HRCVD(Rx ¼ 1 vs. Rx ¼ 0) ¼ exp[b1 þ d1]
T F 19. Given the LMalt model for two cause-specific

events, Cancer and CVD:

h0g t,Xð Þ ¼ h00g tð Þ � exp d011D1Rxþ d012D1Age½
þ d021D2Rxþ d022D2Age�;

g ¼ 1; 2 where

D1 ¼ 1 if Ca or 0 if CVD, and
D2 ¼ 0 if Ca or 1 if CVD,
then

HRCVD(Rx ¼ 1 vs. Rx ¼ 0Þ ¼ exp½d021�
T F 20. The LMU model that would result if the LM

model of Question 18 were changed to an
unstratified Cox PH model can be written as
follows.

h� t,Xð Þ ¼ h�0 tð Þ exp b�1Rxþ b�2Ageþ d�21 D� Rxð Þ�
þ d�22 D� Ageð Þ�
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Consider a hypothetical study of the effect of a bone
marrow transplant for leukemia on leukemia-free survival,
where transplant failures can be of one of two types:
relapse of leukemia and nonrelapse death (without prior
relapse of leukemia). Suppose that in hospital A, 100
patients undergo such a transplant and that within the
first 4 years post-transplant, 60 die without relapse by
year 2 and 20 relapse during year 4. Suppose that in hospi-
tal B, 100 patients undergo such a transplant but post-
transplant, there are 20 non-relapse deaths by year 1, 15
relapses during year 2, 40 non-relapse deaths between
years 3 and 4, and 5 relapses during year 4.
21. What are the competing risks in this study?

22. What is the proportion of initial patients in hospitals A
and B, respectively, that have leukemia relapse by 4
years?

The following tables provide the Kaplan–Meier curves for
relapse of leukemia for each study.

23. How have both tables treated the competing risk for
nonrelapse death in the calculation of the KM prob-
abilities?

24. Why are the KM probabilities different at 4 years for
each hospital?

Hospital B

tj nj mj qj S(tj)

0 100 0 20 1
1 80 0 0 1
2 80 15 0 0.8125
3 65 0 40 0.8125
4 25 5 20 0.65

Hospital A

tj nj mj qj S(tj)

0 100 0 60 1
2 40 0 0 1
4 40 20 20 .5
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25. Compute the CIC curves for each hospital using the
following tables.

26. Why are the CIC probabilities the same at 4 years?

Consider a hypothetical study to assess the effect of a new
hospital infection control strategy for patients who
undergo heart transplant surgery in a given hospital. The
exposure variable of interest is a binary variable Group
(G): G ¼ 0 for those patients receiving heart transplants
from 1992 through 1995 when the previous hospital con-
trol strategy was used; G ¼ 1 for those patients receiving
heart transplants from 1996 through 1999 when the new
hospital infection control strategy was adopted. The pri-
mary event of interest is getting a hospital infection after
surgery. A competing risk is death during recovery from
surgery without getting a hospital infection. Control vari-
ables being considered are tissue mismatch score (TMS) at
transplant and AGE at transplant. The outcome variable of
interest is time (DAYS after surgery) until a patient devel-
oped a hospital infection.
27. State a cause-specific no-interaction Cox PH model

for assessing the effect of group status (G) on time
until a hospital infection event.

28. When fitting the model given in Question 27, which
patients should be considered censored?

29. Describe or provide a table that would show how the
data on the ith patient should be augmented for input
into a Lunn–McNeil (LM) model for this analysis.

Hospital B

tf nf mf ĥca(tf) Ŝ (tf�1) Îca(tf) CIC(tf)

0 100 0 0 – – –
1 80 0 0 1 0 0
2 80 15 – – – –
3 65 0 – – – –
4 25 5 – – – –

Hospital A

tf nf mf ĥca(tf) Ŝ (tf�1) Îca(tf) CIC(tf)

0 100 0 0 – – –
2 40 0 0 1 0 0
4 40 20 – – – –
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30. State a LMmodel that can be used with an augmented
dataset that will provide identical results to those
obtained from using the model of Question 27.

31. For the LMmodel of Question 30, what is the formula
for the hazard ratio for the group effect G, controlling
for TMS and AGE.

32. Describe how you would test whether a no-interaction
SC LM model would be more appropriate than an
interaction SC LM model.

33. State a LMalt model that can be used with an aug-
mented dataset that will provide identical results to
those obtained from using the model of Question 27.

34. For the LMalt model of Question 33, what is the for-
mula for the hazard ratio for the group effect G,
controlling for TMS and AGE?

Test The dataset shown below describes a hypothetical study of
recurrent bladder cancer. The entire dataset contained 53
patients, each with local bladder cancer tumors who are
followed for up to 30 months after transurethral surgical
excision. Three competing risks being considered are local
recurrence of bladder cancer tumor (event ¼ 1), bladder
metastasis (event ¼ 2), or other metastasis (event ¼ 3).
The variable time denotes survival time up to the occur-
rence of one of the three events or censorship from loss to
follow-up, withdrawal, or end of study. The exposure vari-
able of interest is drug treatment status (tx, 0 ¼ placebo,
1 ¼ treatment A), The covariates listed here are initial
number of tumors (num) and initial size of tumors (size)
in centimeters.

id event time tx num size

1 1 8 1 1 1
2 0 1 0 1 3
3 0 4 1 2 1
4 0 7 0 1 1
5 0 10 1 5 1
6 2 6 0 4 1
7 0 10 1 4 1
8 0 14 0 1 1
9 0 18 1 1 1
10 3 5 0 1 3
11 0 18 1 1 3
12 1 12 0 1 1
13 2 16 1 1 1
14 0 18 0 1 1
15 0 23 1 3 3

(Continued on next page)
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1. Suppose you wish to use these data to determine
the effect of tx on survival time for the cause-specific
event of a local recurrence of bladder cancer. State a
no-interaction Cox PH model for assessing this rela-
tionship that adjusts for the covariates num and size.

id event time tx num size

16 3 10 0 1 3
17 1 15 1 1 3
18 0 23 0 1 3
19 2 3 1 1 1
20 3 16 0 1 1
21 1 23 1 1 1
22 1 3 0 3 1
23 2 9 1 3 1
24 2 21 0 3 1
25 0 23 1 3 1
26 3 7 0 2 3
27 3 10 1 2 3
28 1 16 0 2 3
29 1 24 1 2 3
30 1 3 0 1 1
31 2 15 1 1 1
32 2 25 0 1 1
33 0 26 1 1 2
34 1 1 0 8 1
35 0 26 1 8 1
36 1 2 0 1 4
37 1 26 1 1 4
38 1 25 0 1 2
39 0 28 1 1 2
40 0 29 0 1 4
41 0 29 1 1 2
42 0 29 0 4 1
43 3 28 1 1 6
44 1 30 0 1 6
45 2 2 1 1 5
46 1 17 0 1 5
47 1 22 1 1 5
48 0 30 0 1 5
49 3 3 1 2 1
50 2 6 0 2 1
51 3 8 1 2 1
52 3 12 0 2 1
53 0 30 1 2 1

(Continued)

Test 487



2. When fitting the model given in Question 1, which
subjects are considered censored?

3. How would you modify your answers to Questions 1
and 2 if you were interested in the effect of tx on
survival time for the cause-specific event of finding
metastatic bladder cancer?

4. For the model considered in Question 1, briefly
describe how to carry out a sensitivity analysis to deter-
mine how badly the results from fitting this model
might be biased if the assumption of independent com-
peting risks is violated.

5. The following two tables provide information neces-
sary for calculating CIC curves for local recurrence of
bladder cancer (event ¼ 1) separately for each treat-
ment group. The CIC formula used for both tables is
given by the expression

CIC1 tfð Þ ¼
Xf

f0¼1

Î1 t0fð Þ ¼
Xf

f0¼1

Ŝ tf0 � 1ð Þĥ1 tf0ð Þ

where ĥ1(tf) ¼ m1f/nf, m1f is the number of local recur-
rent failures at time tf and S(tf�1) is the overall (event-
free) survival probability for failure from either of the
two competing risks at time tf�1.

tx ¼ 1 (Treatment A)

tf nf d1f ĥ1(tf) Ŝ(tf�1) Î1(tf) CIC1(tf)

0 27 0 0 — — —
2 27 0 0 1 0 0
3 26 0 0 .9630 0 0
4 24 0 0 .8889 0 0
8 23 1 .0435 .8889 .0387 .0387
9 21 0 0 .8116 0 .0387

10 20 0 0 .7729 0 .0387
15 17 1 .0588 .7343 .0432 .0819
16 15 0 0 .6479 0 .0819
18 14 0 0 .6047 0 .0819
22 12 1 .0833 .6047 .0504 .1323
23 11 1 .0910 .5543 .0504 .1827
24 8 1 .1250 .5039 .0630 .2457
26 7 1 .1429 .4409 .0630 .3087
28 4 0 0 .3779 0 .3087
29 2 0 0 .2835 0 .3087
30 1 0 0 .2835 0 .3087
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a. Verify the CIC1 calculation provided at failure time
tf ¼ 8 for persons in the treatment group (tx ¼ 1);
that is, use the original data to compute ĥ1(tf),
Ŝ(tf�1), Î1(tf), and CIC1(tf), assuming that the cal-
culations made up to this failure time are correct.

b. Verify the CIC1 calculation provided at failure time
tf ¼ 25 for persons in the placebo group (tx ¼ 0).

c. Interpret the CIC1 values obtained for both the
treatment and placebo groups at tf ¼ 30.

d. How can you calculate the CPC1 values for both
treatment and placebo groups at tf ¼ 30?

tx ¼ 1 (Placebo)

tf nf d1f ĥ1(tf) Ŝ(tf�1) Î1(tf) CIC1(tf)

0 26 0 0 — — —
1 26 1 .0400 1 .0400 .0400
2 24 1 .0417 .9615 .0400 .0800
3 23 2 .0870 .9215 .0801 .1601
5 21 0 0 .8413 0 .1601
6 20 0 0 .8013 0 .1601
7 18 0 0 .7212 0 .1601

10 16 0 0 .6811 0 .1601
12 15 1 .0667 .6385 .0426 .2027
14 13 0 0 .6835 0 .2027
16 12 1 .0833 .5534 .0461 .2488
17 10 1 .1000 .4612 .0461 .2949
18 9 0 0 .4150 0 .2949
21 8 0 0 .4150 0 .2949
23 7 0 0 .3632 0 .2949
25 6 1 .1667 .3632 .0605 .3554
29 4 0 0 .2421 0 .3554
30 2 1 0 .2421 0 .3554

Test 489



6. The following output was obtained using separate
models for each of the 3 event-types.

a. What is the effect of treatment on survival from
having a local recurrence of bladder cancer, and
is it significant?

b. What is the effect of treatment on survival from
developing metastatic bladder cancer, and is it sig-
nificant?

c. What is the effect of treatment on survival from
other metastatic cancer, and is it significant?

Event ¼ 1

Var DF Coef Std.Err. p > |z| Haz.ratio

tx 1 �0.6258 0.5445 0.2504 0.535
num 1 0.0243 0.1900 0.8983 1.025
size 1 0.0184 0.1668 0.9120 1.125

Event ¼ 2

Var DF Coef Std.Err. p > |z| Haz.ratio

tx 1 �0.0127 0.6761 0.9851 0.987
num 1 �0.1095 0.2281 0.6312 0.896
size 1 �0.6475 0.3898 0.0966 0.523

Event ¼ 3

Var DF Coef Std.Err. p > |z| Haz.ratio

tx 1 �0.3796 0.6770 0.5750 0.684
num 1 �0.1052 0.3135 0.7372 0.900
size 1 �0.0238 0.2177 0.9128 0.976
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7. Below is the output from fitting a LM model to the
bladder cancer data.

a. State the hazard model formula for the LM model
used for the above output.

b. Determine the estimated hazard ratios for the
effect of each of the 3 cause-specific events based
on the above output.

c. Verify that the estimated hazard ratios computed
in Part b are identical to the hazard ratios com-
puted in Question 6.

8. Below is the output from fitting a LMalt model to the
bladder cancer data.

a. State the hazard model formula for the LMalt

model used for the above output.
b. Determine the estimated hazard ratios for the

effect of each of the 3 cause-specific events based
on the above output.

c. Verify that the estimated hazard ratios computed
in Part b are identical to the hazard ratios com-
puted in Questions 6 and 7.

Var DF Coef Std.Err. p > |z| Haz.ratio

txd1 1 �0.6258 0.5445 0.2504 0.535
txd2 1 �0.0127 0.6761 0.9851 0.987
txd3 1 �0.3796 0.6770 0.5750 0.684
numd1 1 0.0243 0.1900 0.8983 1.025
numd2 1 �0.1095 0.2281 0.6312 0.896
numd3 1 �0.1052 0.3135 0.7372 0.900
sized1 1 0.0184 0.1668 0.9120 1.125
sized2 1 �0.6475 0.3898 0.0966 0.523
sized3 1 �0.0238 0.2177 0.9128 0.976

Var DF Coef Std.Err. p > |z| Haz.ratio

txd2 1 0.6132 0.8681 0.4800 1.846
txd3 1 0.2463 0.8688 0.7768 1.279
numd2 1 �0.1337 0.2968 0.6523 0.875
numd2 1 �0.1295 0.3666 0.7240 0.879
sized2 1 �0.6660 0.4239 0.1162 0.514
sized3 1 �0.0423 0.2742 0.8775 0.959
tx 1 �0.6258 0.5445 0.2504 0.535
num 1 0.0243 0.1900 0.8983 1.025
size 1 0.0184 0.1668 0.9120 1.125
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9. State the formula for a no-interaction SC LMmodel for
these data.

10. Describe how you would test whether a no-interaction
SC LM model would be more appropriate than an
interaction SC LM model.

Answers to
Practice
Exercises

1. F: Only one competing risk event can occur at a given
time.

2. T

3. F: You can die only once.

4. T

5. F: Competing risks must be treated as censored obser-
vations, rather than ignored.

6. F: A patient who develops a local recurrence will be
treated as censored.

7. F: The statement would be true providing censoring is
independent.

8. T

9. F: A sensitivity analysis can never provide explicit
evidence about whether the independence assump-
tion is satisfied; it can only suggest how biased the
results might be if the assumption is not satisfied.

10. T

11. T

12. F: The formula is correct only if there is one risk. See
Section V in the text for the general formula.

13. T

14. F: The correct statement should be: CPC gives the
probability of experiencing an event c by time t,
given that an individual has not experienced any of
the other competing risks by time t.
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15. F: the correct formula for CPC is:
CPCc ¼ CICc/(1 � CICc0) where CICc ¼ .4 and CICc0 ¼
CIC from risks other than c, where the latter is not
necessarily equal to .4.

16. T

17. T

18. T

19. T.

20. F: The correct LMU model is

h� t,Xð Þ ¼ h�0 tð Þ exp g1Dþ b�1Rxþ b�2Ageþ d�21 D� Rxð Þ�
þd�22 D� Ageð Þ�

21. The competing risks are (1) relapse of leukemia and
(2) nonrelapse death.

22. 20/100 ¼ 0.2.

23. Both tables have treated the competing risks as if they
were censored observations.

24. The KM probabilities are different for the two hospi-
tals because the competing risks contribute a different
pattern of censorship in the two hospitals.

25. The CIC curves for each hospital are calculated as
follows.

Hospital A

tf nf mf ĥca(tf) Ŝ(tf�1) Îca(tf) CIC(tf)

0 100 0 0 — — —
2 40 0 0 1 0 0
4 40 20 0.5 0.4 0.20 0.20

Hospital B

tf nf mf ĥca(tf) Ŝ(tf�1) Îca(tf) CIC(tf)

0 100 0 0 — — —
1 80 0 0 1 0 0
2 80 15 0.1875 0.8 0.15 0.15
3 65 0 0 0.65 0 0.15
4 25 5 0.20 0.25 0.05 0.20
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26. The CIC probabilities are the same at 4 years because
they give marginal probabilities that are not influ-
enced by the pattern of censorship of the competing
risks that are treated as censored. In hospital B, for
example, the marginal probability of 0.15 at year 2 is
given by the proportion of the initial risk set of 100
subjects that had a relapse of leukemia by year 2,
regardless of the number of nonrelapse deaths prior
to year 2. Similarly for hospital B, the marginal prob-
ability of .20 at year 4 adds to the marginal probability
at year 2 the proportion of the initial risk set of 100
subjects that had a relapse between year 2 and year 4,
regardless of the number of nonrelapse deaths that
occurred between year 2 and 4.

27. hHI(t,X) ¼ h0(t) exp[b1HIG þ b2HITMS þ b3HIAGE]
where HI denotes a hospital infection event

28. Patients who die after surgery without developing a
hospital infection are censored. Also censored are any
patients who are either lost to follow-up or withdraw
from the study, although such patients are unlikely.

29. Augmented Data for LM Approach

where e1i ¼ 1 if the ith subject develops a hospital
infection, 0 otherwise

e2i ¼ 1 if ith subject dies after surgery,
0 otherwise

D1 ¼ indicator for hospital infection event
D2 ¼ indicator for death after surgery event

30. h	g t;Xð Þ
g¼1; 2

¼ h	0g tð Þ exp b1 Gþ b2 TMSþ b3 AGE½

þd21D2Gþ d22D2TMSþ d23D00
2AGE�

31. HRHI(RX ¼ 1 vs. RX ¼ 0) ¼ exp[b1]

Subj Stime Status D1 D2 G TMS AGE

i ti e1i 1 0 Gi TMSi AGEi

i ti e2i 0 0 Gi TMSi AGEi
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32. Carry out a likelihood ratio test to compare the follow-
ing two models. Full (SC Interaction LM) model:

h	g t;Xð Þ
g¼1; 2

¼ h	0g tð Þ exp b1 Gþ b2 TMSþ b3 AGE½

þd21D2Gþ d22D2TMSþ d23D2AGE�
Reduced (no-interaction SC LM) model:

h	g t;Xð Þ
g¼1; 2

¼ h	0g tð Þ exp b1 Gþ b2 TMSþ b3 AGE½ �

LR test statistic ¼ �2 ln LR � (�2 ln LF) is distributed
w23 under H0: no-interaction model

33. h0g t;Xð Þ
g¼1; 2

¼ h00g tð Þ exp d011 D1Gþ d012 D1TMSþ d013 D1AGE½
þd021D2Gþ d022D2TMS +d023D2AGE

�
34. HRHI RX ¼ 1 vs. Rx ¼ 0ð Þ ¼ exp d011

� �
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