Chapter 12
Backwards Martingales and Exchangeability

With many data acquisitions, such as telephone surveys, the order in which the data
come does not matter. Mathematically, we say that a family of random variables is
exchangeable if the joint distribution does not change under finite permutations. De
Finetti’s structural theorem says that an infinite family of E-valued exchangeable
random variables can be described by a two-stage experiment. At the first stage,
a probability distribution & on E is drawn at random. At the second stage, i.i.d.
random variables with distribution & are implemented.

We first define the notion of exchangeability. Then we consider backwards mar-
tingales and prove the convergence theorem for them. This is the cornerstone for the
proof of de Finetti’s theorem.

12.1 Exchangeable Families of Random Variables

Definition 12.1 Let / be an arbitrary index set and let E be a Polish space. A family
(Xi)ier of random variables with values in E is called exchangeable if

L[(Xo@)ier] = L[(Xi)ier]
for any finite permutation o : I — 1.

Recall that a finite permutation is a bijection o : I — I that leaves all but finitely
many points unchanged.
Remark 12.2 Clearly, the following are equivalent.

(i) (Xi)ies is exchangeable.
(i) Letn € N and assume i1, ..., i, € I are pairwise distinct and ji, ..., j, € [ are
pairwise distinct. Then we have L[(X;,, ..., X; )] = L[(X};,..., X},)].

In particular (n = 1), exchangeable random variables are identically distributed. ¢
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Example 12.3

(1) If (Xi)ies isii.d., then (X;);es is exchangeable.
(i1) Consider an urn with N balls, M of which are black. Successively draw without
replacement all of the balls and define

1, if the nth ball is black,

X, =
" 0, else.
Then (X,,),=1,....n is exchangeable. Indeed, this follows by elementary combi-
natorics since for any choice x1,...,xy € {0, 1} with x; + ... +xy = M, we
have

1
YNy
()
This formula can be derived formally via a small computation with conditional
probabilities. As we will need a similar computation for Pélya’s urn model in

Example 12.29, we give the details here. Let sy = x1+...+x; fork=0,..., N
and let

PXi=x1,....Xn=xp§]=

(x) = M — s, ifx=1,
SV =AN M 45, —k, ifx=0.

Then P[ X1 =x1] = go(x1)/N and

P Xir1 =xk11 | X1 =x1,..., Xk =xk]=% fork=1,...,N — 1.

Clearly, gx(0) = N — M — [, where | = #{i <k : x; = 0}. Therefore,

P[X|=xy,..., Xy =xpn]

N—1
=P[X; =x1] l_[ P Xip1 =xp11 | X1 =x1, ..., X = x¢]
k=1
1 M 1
= [Taw =5 TT & [T 20
k=0 kixp=1 k:xp=0
M-—1 N-—1
1 MI(N — M)!
= ll_([)(M—l)ll_!)(N—M—l)zT.

(iii) Let Y be a random variable with values in [0, 1]. Assume that, given Y, the
random variables (X;);c; are independent and Bery-distributed. That is, for
any finite J C I,

P[X;=1forall jeJ|Y]=Y".
Then (X;);e; is exchangeable. O
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Let X = (X,)nen be a stochastic process with values in a Polish space E.
Let S(n) be the set of permutations ¢ : {1,...,n} — {1,...,n}. We consider o
also as a map N — N by defining o(k) = k for k > n. For po € S(n) and x =
(x1,...,%,) € E", denote x° = (x,(1), ..., Xo(n)). Similarly, for x € EN, denote
x€ = (Xo(1) Xo(2), - - -) € EN. Let E’ be another Polish space. For measurable maps
f:E"— E' and F : EN — E’, define the maps f¢ and F@ by fo(x) = f(x?)
and F?(x) = F(x?). Further, we write f(x) = f(xy,...,x,) for x € E" and for
x e EN

Definition 12.4

(i) Amap f: E" — E’is called symmetric if f¢ = f forall o € S(n).
(ii) A map F: EN — E’is called n-symmetric if F¢ = F for all o € S(n). F is
called symmetric if F is n-symmetric for all n € N.

Example 12.5

(i) For x € RN, define the nth arithmetic mean by a,(x) = % Y oi_ xi. Clearly, a,
is an n-symmetric map (but not m-symmetric for any m > n). Furthermore,
a(x) :=limsup,_, ., a,(x) defines a symmetric map RN — R U {—o00, +00}.

(i) The map s : RN — [0, 0], x > Zﬁl |x;| is symmetric. Unlike a, the value of
s depends on every coordinate if it is finite.

(iii) For x € EN, define the nth empirical distribution by &, (x) = % >or 1 8y, (recall
that éx; is the Dirac measure at the point x;). Clearly, &, is an n-symmetric
map.

(iv) Letk € Nand let ¢ : EX — R be a map. The nth symmetrized average

1

. N

An(@) BT >R, x> Y 9(x9) (12.1)
o0eS(n)

is an n-symmetric map. O

Definition 12.6 Let X = (X,,),eN be a stochastic process with values in E. For
n € N, define

& =o (F : F: EN — R is measurable and n-symmetric)

andlet &, := X! (&) be the o -algebra of events that are invariant under all permu-
tations o € S(n). Further, let

o
&= m &, =0 (F:F:EY — Ris measurable and symmetric)
n=1

and let &, := ﬂ:oz] E, = X~1(&') be the o-algebra of exchangeable events for X,
or briefly the exchangeable o -algebra.
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Remark 12.7 If A € 0(X,,n € N) is an event, then there is a measurable B C EN
with A = {X € B}. If we denote A® = {X? € B} for o € S(n), then &, = {A :
A? = A for all p € S(n)}. This justifies the name “exchangeable event”. O
Remark 12.8 If we write 2, (w) := &, (X (w)) = 1 Y1 8x, (w) for the nth empirical

n

distribution, then, by Exercise 12.1.1, &, = o (&)). O

Remark 12.9 Denote by 7 = (), 0 (Xn+1, Xn42,...) the tail o-algebra. Then
T C &, and strict inclusion is possible.

Indeed, evidently o (X, 11, X;42,...) C &, for n € N; hence 7 C £. Now let
E = {0, 1} and let X1, X5, ... be independent random variables with P[X,, = 1] €
(0, 1) for all n € N. The random variable S := 2311 X, is measurable with respect
to £ but not with respect to 7. O

Theorem 12.10 Let X = (X,)nen be exchangeable. If ¢ : EN — R is measurable
and if E[|p(X)|] < oo, then for alln € N and all o € S(n),

E[o(X) | ] =E[p(X9) | &4]- (12.2)
In particular,
1
E[p(X) | &]=An(p) := —~ > (x0). (12.3)
" 0eS(m)

Proof Let A € &,. Then there exists a B € &, such that A = X~ '(B). Let F = 13.
Then F o X = 14. By the definition of &,, the map F : EN — R is measurable,
n-symmetric and bounded. Therefore,

E[p(X)F(X)]| =E[p(X?)F(X°)]=E[p(X?)F(X)].

Here we used the exchangeability of X in the first equality and the symmetry of F
in the second equality. From this (12.2) follows. However, A, (¢) is £,-measurable
and hence

E[p(X) | €] = E[% Z 0 (Xx°)

" 0eS(n)

sn}:% T p(x2).

" 0eS(n) O

Heuristic for the Structure of Exchangeable Families

Consider a finite exchangeable family X1, ..., Xy of E-valued random variables.
For n < N, what is the conditional distribution of (X1, ..., X,,) given Zx? For any
measurable A C E, {X; € A} occurs for exactly NEy(A) of the i € {1,..., N},
where the order does not change the probability. Hence we are in the situation of
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drawing colored balls without replacement. More precisely, let the pairwise distinct
points eq, ..., ex € E be the atoms of &y and let Ny, ..., Ny be the corresponding
absolute frequencies. Hence Zy = Zi‘: {(N;/N)é,;. We thus deal with balls of &
different colors and with N; balls of the ith color. We draw n of these balls without
replacement but respecting the order. Up to the order, the resulting distribution is
thus the generalized hypergeometric distribution (see (1.19) on page 44). Hence, for
pairwise disjoint, measurable sets Ay, ..., Ay with Lﬂle Ay =E, foriy,...,i, €
{1, ..., k}, pairwise distinct ji, ..., j, € {l,..., N} and with the convention m; :=
#{re {1,...,n}.1r [} forl €{l,...,k}, we have

P[X; € A; forallr=1,...,n| &y

k
= (N) ]—[ NEy(AD)" (12.4)
" i=1

Here we defined (n); :=n(n —1)...(n — 1+ 1).

What happens if we let N — oco? For simplicity, assume that forall/ =1, ..., k,
the limit &y (A;) = limy_. oo En(A;) exists in a suitable sense. Then (12.4) for-
mally becomes

k
PX; €A forallr =1,....n| el = [ | EcclAD™. (12.5)
=1

Drawing without replacements thus asymptotically turns into drawing with replace-
ments. Hence the random variables X1, X5, ... are independent with distribution
Exo given Eo.

For a formal proof along the lines of this heuristic, see Section 13.4.

In order to formulate (and prove) this statement (de Finetti’s theorem) rigorously
in Section 12.3, we need some more technical tools (e.g., the notion of conditional
independence). A further tool will be the convergence theorem for backwards mar-
tingales that will be formulated in Section 12.2. For further reading on exchangeable
random variables, we refer to [4, 33, 98, 105].

Exercise 12.1.1 Let n € N. Show that every symmetric function f : E" — R can be
written in the form f(x) = g(% Y1 8x,), where g has to be chosen appropriately
(depending on f).

Exercise 12.1.2 Derive equation (12.4) formally.

Exercise 12.1.3 Let X1, ..., X,, be exchangeable, square integrable random vari-
ables. Show that

1
Cov[X, X2] > — 1Var[Xl]. (12.6)
n—
For n > 2, give a nontrivial example for equality in (12.6).

Exercise 12.1.4 Let X, X, X3... be exchangeable, square integrable random
variables. Show that Cov[X |, X»2] > 0.
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Exercise 12.1.5 Show that for all n € N\ {1}, there is an exchangeable family of

random variables X1, ..., X, that cannot be extended to an infinite exchangeable
family X1, Xo,....

12.2 Backwards Martingales

The concepts of filtration and martingale do not require the index set / (interpreted
as time) to be a subset of [0, c0). Hence we can consider the case I = —Nj.

Definition 12.11 (Backwards martingale) Let IF = (F,),c—n, be a filtration and
let X = (X;,)ne—n, be an F-martingale. Then X = (X_,)neN, is called a back-
wards martingale.

Remark 12.12 A backwards martingale is always uniformly integrable. This fol-
lows from Corollary 8.22 and the fact that X_, = E[Xo | F—,] foranyn e Ng. ¢

Example 12.13 Let X1, X3, ... be exchangeable real random variables. For n € N,
let 7_, =&, and

1 n
Yo, = ;XEX,-.
1=

We show that (Y_,),en is an F-backwards martingale. Clearly, Y is adapted. Fur-
thermore, by Theorem 12.10 (with k = n and ¢(X1,..., X;) = 5 (X1 + ... +
Xn—l))’

1 1
E[Y_nt1 |f—n]:_' Z m(Xg(l)—i-...—f-XQ(n_l)):Y_,,.

" 0eS(n)

Now replace F by the smaller filtration G = (G,),c—nN that is defined by G_, =
o(Y_p, Xut1, Xny2,..)=0¥_p,Y_,_1,Y_,—2,...) for n € N. This is the filtra-
tion generated by Y'; thus Y is also a G-backwards martingale (see Remark 9.29). ¢

Leta < b and n € N. Let U“? be the number of upcrossings of X over [a, b] be-

—n
tween times —n and 0. Further, let U%? = lim,,_, oo U f’nb. By the upcrossing inequal-
ity (Lemma 11.3), we have E[Uf’,f’] < ﬁE[(XO —a)t]; hence P[U%? < 00] = 1.
As in the proof of the martingale convergence theorem (Theorem 11.4), we infer the
following.

Theorem 12.14 (Convergence theorem for backwards martingales) Let
(Xn)ne—nN, be a martingale with respect to F = (Fp)ne—N,. Then there exists
X _ oo = limy 0 X, almost surely and in LY. Furthermore, X_o = E[X0 |
F_ool, where F_og = (oo Fn.
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Example 12.15 Let X1, X3, ... be exchangeable, integrable random variables. Fur-
ther, let 7 = ﬂ;’;l o (X, m > n) be the tail o-algebra of X1, X»,... and let £ be
the exchangeable o -algebra. Then E[X| | T]=E[X | £] a.s. and

1 & N
_in e E[X;|&] as.andin L'
n

i=1

Indeed, if we let Y_,, := % Z:’:l X, then (by Example 12.13) (Y_,),en is a back-
wards martingale with respect to (F,,),e—N = (6—;)ne—N and thus

n—o00

Y., — Y_o=E[X||E] as.andinL'.

Now, by Example 2.36(ii), Y_ is T -measurable; hence (since 7 C £ and by virtue
of the tower property of conditional expectation) Y_o = E[X{ | T]. O

Example 12.16 (Strong law of large numbers) If Z;, Z,, ... are real and i.i.d. with
E[|Z1]|] < oo, then

1 & =
— ZZi e E[Z;] almost surely.
n

i=1

By Kolmogorov’s 0-1 law (Theorem 2.37), the tail o-algebra 7T is trivial; hence we
have

E(Z, | T]1=E[Z;] almost surely.
In Corollary 12.19, we will see that in the case of independent random variables,

£ is also P-trivial. This implies E[Z | £] = E[Z]. O

We close this section with a generalization of Example 12.15 to mean values
of functions of k € N variables. This conclusion from the convergence theorem for
backwards martingales will be used in an essential way in the next section.

Theorem 12.17 Let X = (X;)nen be an exchangeable family of random vari-
ables with values in E. Assume that k € N and let ¢ : EF — R be measurable
with E[|lo(X1, ..., Xr)|] < 0o. Denote ¢(X) = ¢(X1,..., Xr) and let A,(p) :=
4 Y oes(mn 9(X©). Then

E[lp(X) | E]=E[p(X) | T] = lim A,(¢p) a.s. and in L. (12.7)

Proof By Theorem 12.10, A, (¢) = E[o(X) | £,]. Hence (A_, (¢)),>k is a back-
wards martingale with respect to (€_,),e—N. Hence, by Theorem 12.14,

An(p) = E[p(X) | €] as.andin L' (12.8)
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As for the arithmetic mean (Example 12.16), we can argue that lim,_, o A, (@) is
T -measurable. Indeed,

, #oeSn):0 (i) <l forsomeic{l,..., k}}
lim sup

n— 00 n!

=0 foralll eN.

Thus, for large n, the dependence of A, (¢) on the first [ coordinates is negligible.
Together with (12.8), we get (12.7). O

Corollary 12.18 Let X = (X,),eN be exchangeable. Then, for any A € & there
existsa B € T with P[A A B] =0.

Note that 7" C &; hence the statement is trivially true if the roles of £ and T are
interchanged.

Proof Since £ C 0(X1, X3, ...), by the approximation theorem for measures, there
exists a sequence of measurable sets (Ag)ren With Ax € (X1, ..., Xx) and such

that P[A A Ag] kiio 0. Let Cy € EX be measurable with
A ={(X1,..., X) € Ci}
for all k € N. Letting ¢ := 1¢,, Theorem 12.17 implies that
14 =E[1, | €] :E[ lim g (X) | 5] = lim E[pc(X) | €]
k— 00 k— 00
= lim E[(pk (X) | T] =:v¢ almost surely.
k—o00

Hence there is a 7 -measurable function y with ¢ = 14 almost surely. We can
assume that ¢ = 1 g for some B € T. O

As a further application, we get the 0—1 law of Hewitt and Savage [72].
Corollary 12.19 (0-1 law of Hewitt—Savage) Let X1, X», ... be i.i.d. random vari-
ables. Then the exchangeable o-algebra is P-trivial; that is, P[A] € {0, 1} for all
Aeé.

Proof By Kolmogorov’s 0-1 law (Theorem 2.37), T is trivial. Hence the claim
follows immediately from Corollary 12.18. O

12.3 De Finetti’s Theorem

In this section, we show the structural theorem for countably infinite exchangeable
families that was heuristically motivated at the end of Section 12.1. Hence we shall
show that a countably infinite exchangeable family of random variables is an i.i.d.
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family given the exchangeable o -algebra £. Furthermore, we compute the condi-
tional distribution of the individual random variables. As a first step, we define con-
ditional independence formally (see [25, Chapter 7.3]).

Definition 12.20 (Conditional independence) Let (§2,F,P) be a probability
space, let A C F be a sub-o-algebra and let (A;);c; be an arbitrary family of
sub-o -algebras of F. Assume that for any finite J C I, any choice of A; € A; and
forall j € J,

P[ﬂ Y ‘ A} =] Pia; 1Al almost surely. (12.9)

jedJ jeJ

Then the family (A;);¢; is called independent given A.

A family (X;);e; of random variables on (§2, F, P) is called independent (and
identically distributed) given A if the generated o -algebras (o (X;));<s are indepen-
dent given A (and the conditional distributions P[X; € - | A] are equal).

Example 12.21 Any family (.Al-)ie 1 of sub-o -algebras of F is independent given F.

Indeed, letting A =), A

PA| Fl=14= HJIA —HP | F] almost surely.
jeJ jeJ <>

Example 12.22 1f (A;);<; is an independent family of o -algebras and if A is trivial,
then (A;);cs is independent given A. O

Example 12.23 There is no “monotonicity” for conditional independence in the fol-
lowing sense: If F, 5, and F3 are o-algebras with | C F, C F3 and such that
(Aj)ier is independent given F as well as given F3, then this does not imply inde-
pendence given J>.

In order to illustrate this, assume that X and Y are nontrivial independent real
random variables. Let 1 = {#, 2}, Fo =0 (X +Y) and F3 =0 (X, Y). Then o (X)
and o (Y) are independent given F; as well as given J3 but not given J,. O

Let X = (X;)nen be a stochastic process on a probability space (§2, F, P) with
values in a Polish space E. Let £ be the exchangeable o-algebra and let T be the
tail o-algebra.

Theorem 12.24 (de Finetti) The family X = (X,,)neN is exchangeable if and only
if there exists a o -algebra A C F such that (X,)nen is i.i.d. given A. In this case,
A can be chosen to equal the exchangeable o -algebra & or the tail-o -algebra T .
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Proof “=" Let X be exchangeable and let A =& or A=T. For any n € N, let
fn : E — R be a bounded measurable map. Let
k
Ok(X1, ..., x0) = Hf,-(x,-) for any k € N.
i=1

Let A, (¢) be the symmetrized average from Theorem 12.17. Then

An«ak_l)An(fk)— Y e (X0) - kaom

QES(’I)

=- Z ok (X®) + Rk = An(@r) + Ruks

QES(ﬂ)
where
Rkl = 2l @p—tlloo - I filloo - -5 Z Zﬂ{ze{g(l) ,,,,, o(k—1)}}
! QES(n)z 1
—1 o0

= 2llor=tlloo - I filloo - —— —

Together with Theorem 12.17, we conclude that

n—oo

An(@—DAR(f) — E[gx(X1,....Xx) | A] as.andinL'.

On the other hand, again by Theorem 12.17,

An(pr—1) = Elgr—1(X1, ... Xkm1) | A]

and

An(f) "= E[ fru(X1) | A].
Hence

E[pc(X1,.... X0) | A] = E[gx—1(X1, ..., Xe—1) | AJE[ fr(X1) | A].

Thus we get inductively

k k

E|:Hﬁ(Xi) ‘A] :HE[ﬁ(Xl) | A

Therefore, X is i.i.d. given A.
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“«<=" Now let X be i.i.d. given A for a suitable o-algebra A C F. For any
bounded measurable function ¢ : E" — R and for any o € S(n), we have E[¢(X) |
Al =E[p(X?) | A]. Hence

E[¢(X)] =E[E[p(X) | A]] = E[E[¢(x°) | A]] = E[¢(X?)],

whence X is exchangeable. O

Denote by M (E) the set of probability measures on E equipped with the
topology of weak convergence (see Definition 13.12 and Remark 13.14). That
is, a sequence (Un)neN in M(E) converges weakly to a u € M (E) if and
only if [ fdun e [ fdu for any bounded continuous function f : E — R.
We will study weak convergence in Chapter 13 in greater detail. At this point,
we use the topology only to make M (E) a measurable space, namely with the
Borel o-algebra B(M(E)). Now we can study random variables with values in
M (E), so-called random measures (compare also Section 24.1). For x € E N Jet

Ef0) =131 5, e My(E).

Definition 12.25 The random measure
1 n
&, =&,(X):=— Sx.
n é:n( ) n ; Xi

is called the empirical distribution of X1, ..., X,.

Assume the conditions of Theorem 12.24 are in force.

Theorem 12.26 (de Finetti representation theorem) The family X = (X,),eN is
exchangeable if and only if there is a o-algebra A C F and an A-measurable
random variable B : 2 — M (E) with the property that given Eso, (X;)neN is
iid with L[X| | Beol = Exo. In this case, we can choose A=E or A=T.

Proof ““<=" This follows as in the proof of Theorem 12.24.

“=" Let X be exchangeable. Then, by Theorem 12.24, there exists a o -algebra
A C F such that (X,),en is i.i.d. given A. As E is Polish, there exists a regu-
lar conditional distribution (see Theorem 8.37) & := L[X | A]. For measurable
Ai,...,A, CE,wehave P[X; € A; | Al = Ex(A;) foralli =1, ..., n; hence

P|:ﬂ{X,~ e )| Eooi| —E P|:ﬂ{X,~ e | A:| Em}
i=1 L Li=1

[ n n
Eoo] =[] Ex(An.
i=1

=E|[ [ Ze(Ai)
Therefore, L[X | Ex] = E8N. O

Li=1
%)
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Remark 12.27

(i) In the case considered in the previous theorem, by the strong law of large num-
bers, for any bounded continuous function f : E — R,

n—o0

/ fdE, — / fdEs almost surely.

If in addition E is locally compact (e.g., E = R%), then one can even show that

n—oo
n —> Es almost surely.

(1)

(ii) For finite families of random variables there is no perfect analog of de Finetti’s
theorem. See [33] for a detailed treatment of finite exchangeable families. ¢

Example 12.28 Let (X,),en be exchangeable and assume X, € {0, 1}. Then there
exists a random variable Y : 2 — [0, 1] such that, for all finite J C N,

P[X;=1forall jeJ|Y]=Y".

In other words, (X,),eN is independent given Y and Bery-distributed. Compare
Example 12.3(iii). O

Example 12.29 (P6lya’s urn model) (See Example 14.38, compare also [17, 58,
135].) Consider an urn with a total of N balls among which M are black and M — N
are white. At each step, a ball is drawn and is returned to the urn together with an
additional ball of the same color. Let

1, if the nth ball is black,
X, =

0, else,

andlet S, =) 7, X;. Then

Snfl‘l‘M
PIX,=1|X,Xy,.... X {]=——.
[ n | 1 2 n 1] N+n—1
Inductively, for xy, ..., x, € {0, 1} and sk:Zf-;lx,-,we get

P[X; =x; foranyi=1,...,n]

1—[ M+Si_1 1—[ N+i_l_M_S,'_1
N+i—-1 N+i—-1

i<n:xj=I i<n:x;=0

N =D! (M4, — DUN =M — 1+ (n—s,))!
T (N—=1+n! M-1)! (N—M—1)!
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The right-hand side depends on s,, only and not on the order of the x, ..., x;,. Hence
(Xn)nen 1s exchangeable. Let

1
Z = lim -§,.

n—oon
Then (X,)nen is 1.i.d. Berz-distributed given Z. Hence (see Example 12.28)
E[Z"|=E[P[X,=...=X,=1|Z]]
=P[S, =n]

_(N=D!(M+n—1)!

=MD Ntn D) for all n € N.

By Exercise 5.1.2, these are the moments of the Beta distribution 87 y— on [0, 1]
with parameters (M, N — M) (see Example 1.107(ii)). A distribution on [0, 1] is
uniquely characterized by its moments (see Theorem 15.4). Hence Z ~ By n—m- O
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