Chapter 21
Brownian Motion

In Example 14.45, we constructed a (canonical) process (X;):c[0,00) With indepen-
dent stationary normally distributed increments. For example, such a process can
be used to describe the motion of a particle immersed in water or the change of
prices in the stock market. We are now interested in properties of this process X
that cannot be described in terms of finite-dimensional distributions but reflect the
whole path t — X;. For example, we want to compute the distribution of the func-
tional F(X) := sup,po 1) X:. The first problem that has to be resolved is to show
that F(X) is a random variable.

In this chapter, we investigate continuity properties of paths of stochastic pro-
cesses and show how they ensure measurability of some path functionals. Then we
construct a version of X that has continuous paths, the so-called Wiener process or
Brownian motion. Without exaggeration, it can be stated that Brownian motion is
the central object of probability theory.

For further reading, we recommend, e.g., [86, 118, 144, 151].

21.1 Continuous Versions

A priori the paths of a canonical process are of course not continuous since every
map [0, co) — R is possible. Hence, it will be important to find out which paths are
P-almost surely negligible.

Definition 21.1 Let X and Y be stochastic processes on (£2, A, P) with time set /
and state space E. X and Y are called

(i) modifications or versions of each other if, for any ¢ € I, we have
X;=Y; P-almost surely,

(i) indistinguishable if there exists an N € A with P[N] = 0 such that
{(X: #A#Y;}C N foralltel.
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Clearly, indistinguishable processes are modifications of each other. Under cer-
tain assumptions on the continuity of the paths, however, the two notions coincide.

Definition 21.2 Let (E,d) and (E’,d’) be metric spaces and y € (0, 1]. A map
¢ : E — E'is called Holder-continuous of order y (briefly, Holder-y -continuous)
at the point » € E if there exist € > 0 and C < oo such that, for any s € E with
d(s,r) < e, we have

d'(p(r), p(s)) < Cd(r,s)". 21.1)

¢ is called locally Holder-continuous of order y if, for every ¢ € E, there exist ¢ > 0
and C = C(t, ¢) > 0 such that, for all s, € E with d(s,t) < e and d(r,t) < ¢, the
inequality (21.1) holds. Finally, ¢ is called Holder-continuous of order y if there
exists a C such that (21.1) holds for all s, 7 € E.

In the case y = 1, Holder continuity is Lipschitz continuity (see Definition 13.8).
Furthermore, for E =R and y > 1, every locally Holder-y-continuous function is
constant. Evidently, a locally Holder-y -continuous map is Holder-y -continuous at
every point. On the other hand, for a function ¢ that is Holder-y -continuous at a
given point ¢, there need not exist an open neighborhood in which ¢ is continuous.
In particular, ¢ need not be locally Holder-y -continuous.

We collect some simple properties of Holder-continuous functions.

Lemma 21.3 Let I C R and let f : I — R be locally Holder-continuous of order
y € (0, 1]. Then the following statements hold.

(1) f is locally Holder-continuous of order y' for every y' € (0, y).
(1) If I is compact, then f is Holder-continuous.
(iii) Let I be a bounded interval of length T > 0. Assume that there exists an € > (
and an C(g) < oo such that, for all s,t € I with |t — s| < e, we have

|f() = f()| =C@)t—s]”.
Then f is Holder-continuous of order y with constant C := C(g)[T /] 77 .
Proof (i) This is obvious since |t — s|¥ < |t — s|V/ forall s, € I with |t —s| < 1.

(@i)Fortelande > 0,letUc(t) :={s el :|s—t| <e}. Forevery t € I, choose
g(t) > 0 and C(t) < oo such that

|f(r) = f&)|=C@)-Ir—s¥ forallr,s €U :=Usq(t).

There exists a finite subcovering ' = {Uy,, ..., U, } of the covering i := {U;, t € I}
of I. Let ¢ > 0 be a Lebesgue number of the covering $I'; that is, ¢ > 0 is such that,
for every t € I, there exists a U € il such that U,(¢) C U. Define

C:=max{C(t1),...,C(ta). 2]l flloc0 ™7 }.
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Fors,t € I with |t —s| < g, thereisani € {1,...,n} with s, € U;,. By assumption,

we have | f(t) — f(s)| < C(t)|t —s|Y <C|t —s|”.Now lets,t € I with |s —t| > o.
Then

—_s\’ _
|f(t)—f(S)}52|If||oo<|th|> <Clt —sl|".

Hence f is Holder-continuous of order y with constant C.
_rT . |t—
(iii) Let n = [+ 1. For s, # € I, by assumption,
FGENIGIEDS

ns‘ < ¢ and thus
f(s—l—(t—s)E)—f(s—l—(t—s)k_l)‘
= n n

<CEn't—sY =Clt —s|. O

n

Definition 21.4 (Path properties) Let / C R and let X = (X;,t € I) be a stochastic
process on some probability space (§2, A, P) with values in a metric space (E, d).
Let y € (0, 1]. For every w € 2, we say that the map I — E, t — X,(w) is a path
of X.

We say that X has almost surely continuous paths, or briefly that X is a.s. con-
tinuous, if for almost all w € §2, the path ¢ — X;(w) is continuous. Similarly, we
define locally Holder-y -continuous paths and so on.

Lemma 21.5 Let X and Y be modifications of each other. Assume that one of the
following conditions holds.

(1) I is countable.
(i) I C R is a (possibly unbounded) interval and X and Y are almost surely right
continuous.

Then X and Y are indistinguishable.

Proof Define N, := {X; # Y;} for t € I and N = U,e; Ni. By assumption,
P[N;] =0 for every ¢ € 1. We have to show that there exists an N € A with NCN
and P[N]=0.
(i) If I is countable, then N := N is measurable and P[N] < 2,61 P[N:]=0.
(i) Now let I C R be an interval and let X and Y be almost surely right continu-
ous. Define

R := {X and Yare right continuous}

and choose an R € A with R C R and P[R] = 1. Define

~ Qni, if I is open to the right,
(@QNI)Umax/, iflI isclosed to the right,
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and N := UreTNV' By (i), we have P[ﬁ] = 0. Furthermore, for every f € I,

NnRc | ) W.nRCN.

r>trel
Hence
NcRU|[JN,CRUN=:N,
tel
and thus P[N] < P[R¢] + P[N]=0. O

We come to the main theorem of this section.

Theorem 21.6 (Kolmogorov—Chentsov) Let X = (X;,t € [0,00)) be a real-
valued process. Assume for every T > 0, there are numbers o, B, C > 0 such that

E[|X; — X,|*] = Clt —s|"*F  foralls,t €[0,T]. (21.2)

Then the following statements hold.

(1) There is a modification X= (g,,t € [0, 00)) of X whose paths are locally
Holder-continuous of every order y € (0, g)

(i) Let y € (O, g) For every ¢ > 0 and T < oo, there exists a number K < 00

that depends only on ¢, T, o, B, C, vy such that

P[IX; — X;| < K|t —s|”,5,t €[0,T]] > 1 —e. (21.3)

Proof (i) It is enough to show that, for any 7' > 0, the process X on [0, T'] has a
modification X7 that is locally Holder-continuous of any order y € (0, 8/c). For
S, T > 0, by Lemma 21.5, two such modifications X Sand X7 are indistinguishable
on [0, S A T]; hence

$25,7 = {thereisat € [0, S A T] with X[ # X} }

is a null set and thus also £ := (g 7¢y $2s.7 is a null set. Therefore, defin-
ing )~(t (@) = XN (w), t >0, for v € 2\ 20, We get that Xisa locally Holder-
continuous modification of X on [0, 00).

Without loss of generality, assume 7 = 1. We show that X has a continuous
modification on [0, 1]. By Chebyshev’s inequality, for every ¢ > 0,

P[IX, — Xs| > ¢] < Ce™|t —s|'*P. (21.4)
Hence
X, 223 X, in probability. (21.5)

The idea is first to construct X on the dyadic rational numbers and then to extend
it continuously to [0, 1]. To this end, we will need (21.5). In particular, for y > 0,
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neNandke{l,...,2"}, we have
P[|Xp2n — Xgopypn| = 277" < c27HFmer),
Define

Ap = Ap(y) i={max{| X — Xg_1ypnl. ke {l,...,2"}} = 277"}

and
o o
B, = U Ap and N :=limsupA, = ﬂ B,.
m=n =00 n=1
It follows that, for every n € N,
271
P[A,] < ZP[|X,<27” — X(g—1y20] = 277" < c27"Fmev),
k=1
Now fix y € (0, 8/«) to obtain
o0
2—B—ayy
P(B,]< ) PlAn] < CT—r—5 =5 0. (21.6)

m=n

hence P[N] = 0. Now fix w € 2 \ N and choose ny = ng(w) such that o ¢
o2 A,. Hence

n=ng
| Xp2-n (@) = Xp—1yp-n(@)| <277 forke{l,...,2"}, n=>ny. (21.7)

Define the sets of finite dyadic rationals D,, = {k27", k=0, ...,2"},and let D =
Umeny Dm- Any t € Dy, has a unique dyadic expansion

m
t=> bi(t)27" forsomeb;(t) €{0,1},i =0,....m.
i=0

Letm>n>ngands,t € D,,,s <t with |s —t| <27". Let u := max(D,, N[0, s]).
Then

u<s<u-+2" and u<t<u+2""
and hence b;(t —u) = b;(s —u) =0 for i < n. Define

I
tlzu—l—Zbi(t—u)Z_i forl=n—-1,...,m.

i=n
Then, we have t,,_; = u and t,, = t. Furthermore, ¢; € D; forl =n, ..., m and

t—t—1 <27 forl=n,...,m.
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Hence, by (21.7),

m

m 2—yn
[Xi(@) = Xu(@)] < 3| Xy (@) = Xy @) <Y 27" < .

I=n I=n
Analogously, we obtain | X (w) — X, (w)| <277*(1 —277)~!, and thus

—yn
1—2-7v"

| X (@) — Xy (w)| <2 (21.8)
Define Co =217 (1 —277)~! < 00. Let s, 7 € D with |s — t| < 27"0. By choos-
ing the minimal n > ng such that |t — 5| > 27", we obtain by (21.8),

| X (w) — Xs(@)| < Colt —s]”. (21.9)
As in the proof of Lemma 21.3(iii), we infer (with K := COZ(I_V)”O)
| Xi(0) — Xs(@)| < K|t —s|” foralls,t € D. (21.10)

In other words, for dyadic rationals D, X () is (globally) Holder-y -continuous. In
particular, X is uniformly continuous on D; hence it can be extended to [0, 1]. For
t € D, define X; := X;. For t € [0, 1]\ D and {s,,n € N} C D with s, —> 1, the
sequence (X, (w))neN is a Cauchy sequence. Hence the limit

X, (w) = lim X, () (21.11)

exists. Furthermore, the statement analogous to (21.10) holds not only for s, € D:
| X/(@) — X(@)| < K|t —s|” foralls,z€[0,1]. (21.12)

Hence )?Nis locally Holder-continuous of 0r~der y. By (21.5) and (21.11), we have
P[X,; # X;] =0 for every ¢ € [0, 1]. Hence X is a modification of X.
(ii) Let ¢ > 0 and choose n € N large enough that (see (21.6))

2—(B—ay)n
P[B,]=C

1— 205 < e.
For w ¢ B, we conclude that (21.10) holds. However, this is exactly (21.3) with
T = 1. For general T, the claim follows by linear scaling. g

Remark 21.7 The statement of Theorem 21.6 remains true if X assumes values in
some Polish space (E, ¢) since in the proof we did not make use of the assumption
that the range was in R. However, if we change the time set, then the assumptions
have to be strengthened: If (X;), s is a process with values in E, and if, for certain
o, B>0,all T >0 and some C < oo, we have
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E[o(X,, X,)*] <Cllt —sI5F foralls,r e [-T, TV, (21.13)
then for every y € (0, 8/«), there is a locally Holder-y -continuous version of X. ¢
Exercise 21.1.1 Show the claim of Remark 21.7.

Exercise 21.1.2 Let X = (X;);>0 be a real-valued process with continuous paths.
Show that, for all 0 <a < b, the map @ f ab X;(w) dt is measurable.

Exercise 21.1.3 (Optional sampling/stopping) Let F be a filtration and let (X;);>0
be an F-supermartingale with right continuous paths. Let o and t be bounded stop-
ping times with o < 7. Define ¢” :=27"[2"¢] and t" :=27"[2"].

n—oo

(i) Show that E[X,m | F,n] —> E[X.m | F,] almost surely and in L' as well as
X, =3 X, almost surely and in L'

(i1) Infer the optional sampling theorem for right continuous supermartingales by
using the analogous statement for discrete time (Theorem 10.11); thatis, X; >
E[X: | 751].

(iii) Show that if Y is adapted, integrable and right continuous, then Y is a martin-
gale if and only if E[Y;] = E[Y)] for every bounded stopping time .

(iv) Assume that X is uniformly integrable and that o < t are finite (not necessarily
bounded) stopping times. Show that X, > E[X | F,].

(v) Now let T be an arbitrary stopping time. Deduce the optional stopping theorem
for right continuous supermartingales: (X;a;);>0 1S a right continuous super-
martingale.

Exercise 21.1.4 Let X = (X,);>0 be a stochastic process on (§2, F, P) with values
in the Polish space E and with right continuous paths. Show the following.

(i) The map (w, t) — X,(w) is measurable with respect to F Q@ B([0, c0)) — B(E).
(ii) If in addition X is adapted to the filtration F, then for any ¢ > 0, the map
2 x[0,t] > E, (w,s) — Xs(w) is F; ® B([0, t]) — B(E) measurable.
(iii) If t is an F-stopping time and X is adapted, then X, is an JFr-measurable
random variable.

21.2 Construction and Path Properties

Definition 21.8 A real-valued stochastic process B = (B;,t € [0, 00)) is called a
Brownian motion if

(i) By=0,

(i1) B has independent, stationary increments (compare Definition 9.7),
(iii) B, ~ Np, forall ¢ > 0, and
(iv) t+— B, is P-almost surely continuous.
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Fig. 21.1 Computer simulation of a Brownian motion

See Fig. 21.1 for a computer simulation of a Brownian motion.

Theorem 21.9 There exists a probability space (2, A, P) and a Brownian motion
B on (82, A, P). The paths of B are a.s. locally Holder-y -continuous for every
1

Proof As in Example 14.45 or Corollary 16.10 there exists a stochastic process
X that fulfills (i), (ii) and (iii). Evidently, X; — X 2 Vit —5X1 ~ No—s for all
t > s > 0. Thus, for every n € N, writing C,, := E[X%”] = !

2"n!

E[(X; — X)*"| =E[(Vt —sXD)™] = Cult —s/".

< 00, we have

Now let n > 2 and y € (0, %). Theorem 21.6 yields the existence of a version B
of X that has Holder-y -continuous paths. Since all continuous versions of a process
are equivalent, B is locally Holder-y -continuous for every y € (0, %) and every

n > 2 and hence for every y € (0, %). O

Recall that a stochastic process (X; )¢y is called a Gaussian process if, for every
neNandforallt,...,t, €, we have that
(X#y,...,Xy,) is n-dimensional normally distributed.
X is called centered if E[X;] = O for every t € I. The map
I'(s,t):=Cov[Xy, X;] fors,tel

is called the covariance function of X.
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Remark 21.10 The covariance function determines the finite-dimensional distribu-
tions of a centered Gaussian process since a multidimensional normal distribution
is determined by the vector of expectations and by the covariance matrix. O

Theorem 21.11 Let X = (X;):e[0,00) be a stochastic process. Then the following
are equivalent:

(i) X is a Brownian motion.
(i) X is a continuous centered Gaussian process with Cov[ X, X;] = s At for all
s, t>0.

Proof By Remark 21.10, X is characterized by (ii). Hence, it is enough to show
that, for Brownian motion X, we have Cov[X;, X;] = min(s, ¢). This is indeed true
since for ¢ > s, the random variables X and X, — X are independent; hence

Cov[X;, X;]=Cov[X,, X; — X;] + Cov[ X, X;] = Var[X] =s. O

Corollary 21.12 (Scaling property of Brownian motion) If B is a Brownian motion
and if K # 0, then (K ' Bg2,)1>0 is also a Brownian motion.

Example 21.13 Another example of a continuous Gaussian process is the so-
called Brownian bridge X = (X;):¢[0,1] that is defined by the covariance function
I'(s,t) =s At — st. We construct the Brownian bridge as follows.

Let B = (B;,t €0, 1]) be a Brownian motion and let

X; = Bl —IB]

Clearly, X is a centered Gaussian process with continuous paths. We compute the
covariance function I" of X,

I'(s,t) =Cov[X;, X;]=Cov[B; — sBi, B; — tBi]
= Cov[By, B;] — sCov[By, B;] — tCov|[ By, B1] + stCov[B;, B;]
=min(s, t) — st — st + st = min(s, t) — st. O

Theorem 21.14 Let (B;):>0 be a Brownian motion and

tBiy, ift>0,

X t = .
0, ift =0.
Then X is a Brownian motion.

Proof Clearly, X is a Gaussian process. For s, ¢ > 0, we have

Cov[Xy, X;1=ts - Cov[By s, Bi;:] =tsmin(s~', ¢~ ') = min(s, 1).
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Clearly, t — X; is continuous at every point ¢ > 0. To show continuity at ¢t = 0,
consider

1
limsup X; = limsup — B,
t0 —>0o0

1 1
<limsup — B, + limsup — sup{B, — By, 1 € [n,n + 1]}.

n—oo N n—oo N

By the strong law of large numbers, we have lim,,_, o %B,, =0 a.s. Using a gener-
alization of the reflection principle (Theorem 17.15; see also Theorem 21.19), for
x > 0, we have (using the abbreviation B, ) := {B; : t € [a, b]})

P[sup B[, n+1] — By > x]1 =P[sup Bjp,1] > x] =2P[B; > x]

—u?/2 du < le—x2/2.

2 o
= — e
2 /x X
In particular, Z?f:l P[sup Bin,n+1] — Bn > n°] < oo for every € > 0. By the Borel-

Cantelli lemma (Theorem 2.7), we infer

1
limsup — sup{B; — By,t € [n,n+1]} =0 almost surely.

n—oo N

Hence X is also continuous at 0. O

Theorem 21.15 (Blumenthal’s 0-1 law, see [18]) Let B be a Brownian motion
and let F = (F;);>0 = 0 (B) be the filtration generated by B. Further, let .7-'8' =
(=0 Fi- Then .7:6“ is a P-trivial o -algebra.

Proof Define Y" = (By-n1; — By-n)se0,2-7]> » € N. Then (¥Y"),en is an indepen-
dent family of random variables (with values in C([0,27"])). By Kolmogorov’s 0—1
law (Theorem 2.37), the tail o -algebra T = ﬂneN o (Y™, m > n) is P-trivial. On the
other hand, o (Y, m > n) = F,-a+1; hence

Fo=F=()Frw=T

>0 neN

is P-trivial. g
Example 21.16 Let B be a Brownian motion. For every K > 0, we have

P[inf{t > 0: B, > K</1} =0] = 1. (21.14)
To check this, define A, := {inf{r > 0: B, > K/t} <s} and

A:={inf(t >0: B, > K/1} =0} =) A, e Fy.

s>0
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Then P[A] € {0, 1}. By the scaling property of Brownian motion,

P[A] = in;f)P[As] >P[B1>K]>0
5>
and thus P[A] = 1. O

The preceding example shows that, for every ¢ > 0, almost surely B is not
Hélder—%—continuous at t. Note that the order of quantifiers is subtle. We have not
shown that almost surely B was not Hélder—%—continuous atany ¢ > 0 (however, see
Remark 22.4). However, it is not too hard to show the following theorem, which for
the case y =1 is due to Paley, Wiener and Zygmund [126]. The proof presented
here goes back to an idea of Dvoretzky, Erdos and Kakutani (see [40]).

Theorem 21.17 (Paley—Wiener—Zygmund (1933)) For every y > %, almost surely
the paths of Brownian motion (B;);>o are not Holder-continuous of order y at any
point. In particular, the paths are almost surely nowhere differentiable.

Proof Lety > % It suffices to consider B = (B;)¢[0,1]- Denote by H,, ; the set of
maps [0, 1] — R that are Holder-y -continuous at ¢ and define H,, := U,E[O,l] Hy, ;.
The aim is to show that almost surely B ¢ H,, .

If t €[0,1) and w € Hy,;, then for every § > 0 there exists a ¢ = ¢(§, w) with
the property |wy — w;| < c|s — t|¥ for every s € [0, 1] with |s — 7] < §. Choose a
k € Nwith k > 2)/2—_1 Then, forn €e Nwithn >ng:=[(k+1)/8],i = [tn]+ 1 and
1e€{0,...,k—1}, we get

[W(i+i+1)/n — Wi+hy/nl S N WEti+1)/m — Wil + W1 /n — Wy

<2ck+1D¥n77Y.
Hence, for N > 2c(k + 1)7, we have w € Ay i, where

k-1
AN = m{w W(iti41)/n — Withyml < Nn77}
=0

Define Ay, =Jj_; An,ni, Ay =liminf, oo Ay, and A = J3_; An. Clearly,
H, C A. Owing to the independence of increments and since the density of the
standard normal distribution is bounded by 1, we get

P[B € Ay i1 =P[|Bijul < Nn 7] =P[|Bi| < Nn 7 +1/2]

< Nkpk(=r+1/2),
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By the choice of k and since the increments of B are stationary, we have

P[B € Ay]= lim P[ﬂ AN,,,} <limsupP[Ay ] <11msupZP[AN,”]

n—00 n—oo0 ST

I+k(=y+1/2) _ ().

m>=n

<limsupnP[B € Ay 5.1] < NK limsupn
n—oo n—oo

Thus P[B € A] = 0. Therefore, we almost surely have B ¢ H,, . O

Exercise 21.2.1 Let B be a Brownian motion and let A be the Lebesgue measure
on [0, 00).

(i) Compute the expectation and variance of fol Bg ds. (For the measurability of
the integral see Exercise 21.1.2.)
(i) Show that almost surely A({r : B =0}) =0.
(iii) Compute the expectation and variance of

1 1 2
/ (BI — f BS ds) dt.
0 0

Exercise 21.2.2 Let B be a Brownian motion. Show that (Bl2 — t);>0 1S a martin-
gale.

Exercise 21.2.3 Let B be a Brownian motion and o > 0. Show that the process
(exp(o By — %zt))tzo is a martingale.

Exercise 21.2.4 Let B be a Brownian motion, @ < 0 < b. Define the stopping time
7, p =inf{t > 0: B; € {a, b}}.

Show that almost surely 7, < 0o and that P[B,, = b] = —b“Ta. Furthermore,
show (using Exercise 21.2.2) that E[7, ;] = —ab.

Exercise 21.2.5 Let B be a Brownian motion, » > 0 and 7, = inf{t > 0: B, = b}.
Show the following.

(i) E[e™*™]= e~V for 1 > 0.
Hint: Use Exercise 21.2.3 and the optional sampling theorem.
(ii) 7, hasa 5 -stable distribution with Lévy measure

v(dx) = (b/(V2m))x 73 Lx= gy dax.

(iii) The distribution of 7, has density fp(x) = \/LTT e=b?/(2x) x=3/2,

Exercise 21.2.6 Let B be a Brownian motion, a € R, » > 0 and 7 = inf{t > 0 :
B; = at + b}. For A > 0, show that
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E[e "] = exp(—ba — bv/a? + 24).

Conclude that P[t < ool =1 A e 2ba,

21.3 Strong Markov Property

Denote by P, the probability measure such that B = (B;);>0 is a Brownian motion
started at x € R. To put it differently, under Py, the process (B; — x);>0 is a standard
Brownian motion. While the (simple) Markov property of (B, (P,),er) is evident,
it takes some work to check the strong Markov property.

Theorem 21.18 (Strong Markov property) Brownian motion B with distributions
(Py)xer has the strong Markov property.

Proof Let F = o(B) be the filtration generated by B and let t < oo be an F-
stopping time. We have to show that, for every bounded measurable F : R[%-%) —
R, we have:

E([F((Bi+)i=0) | F:] =Eg,[F(B)]. (21.15)

It is enough to consider continuous bounded functions F that depend on only
finitely many coordinates ?1,...,¢y since these functions determine the distri-
bution of (B;+¢):>0. Hence, let f : RY — R be continuous and bounded and
F(B) = f(By, ..., B:y). Manifestly, the map x = E,[F(B)] =Eo[f(B;, +x, ...,
By, 4 x)] is continuous and bounded. Now let 7" :=27"|2"7t 4 1] for n € N. Then

" is a stopping time and t” | t; hence By» "Z%° B, almost surely. Now every

T
Markov process with countable time set (here all positive rational linear combina-
tions of 1,¢1,...,ty) is a strong Markov process (by Theorem 17.14); hence we
have

Ex[F((Br"th)IZO) | ]:t”] =E, [f(Bf"+zl PRRE) Br"+tN) | ]:1:”]
= EBrn [f(Btls B BIN)]

n—oo

— Eg [f(By...., B,N)] =Ep [F(B)]. (21.16)

As B is right continuous, we have F((Bfn+,),>o) F((B,+,),>o) almost
surely and in L' and thus

E[|E[F((Ber11)i=0) | Fen | — Ex[F((Br)i=0) | Fer ]

]

< E[|F((Beri)iz0) = F((Bris)i=0)|] =3 0. 21.17)
Furthermore,
Fon § Fey = N Fo D Fr.

o0 >7 is a stopping time
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By (21.16) and (21.17), using the convergence theorem for backwards martingales
(Theorem 12.14), we get that in the sense of L!-limits

Ep [F(B)] = lim Ec[F((Berii)iz0) | Fer]

= nlggo E, [F((Bt-i-t)tzO) | ]:t”] = Ex[F((Bt-H)tzO) | -7:'[+]~

The left-hand side is F;-measurable. The tower property of conditional expectation
thus yields (21.15). O

Using the strong Markov property, we show the reflection principle for Brownian
motion.

Theorem 21.19 (Reflection principle for Brownian motion) For every a > 0 and
T >0,

P[sup{B,:1€[0,T1} > a] =2P[Br > a] < %é /2T

Proof By the scaling property of Brownian motion (Corollary 21.12), without loss
of generality, we may assume 7 = 1. Let t :=inf{t > 0: B; > a} A 1. By symmetry,
we have P, [Bi_; > a] = % if T < 1; hence

P[B; >a]l=P[By>a |17 <1]P[t < 1]

1
=P,[Bi_: >alP[t < 1] = EP[‘L’ < 1].
For the inequality compute

P[B| > a] = \/_/ e 12 dx
11

2 2
<—- xe X Pdx = ———¢79/2,
_\/ZJTa-/a V2ma O

As an application of the reflection principle we derive Paul Lévy’s arcsine law
[107, p. 216] for the last time a Brownian motion visits zero.

Theorem 21.20 (Lévy’s arcsine law) Let T > 0 and {7 :=sup{t < T : B, = 0}.
Then, fort €0, T],

Pi¢r <t]= %arcsin(\/t/T).
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Proof Without loss of generality, assume 7 =1 and ¢ = ¢;. Let B be a further,
independent Brownian motion. By the reflection principle,

P[; <t]=P[By#0foralls €[z, 1]]

o
=/ P[Bs #0foralls er, 1] ’ B; =a]P[Bt eda]

—00

o
= / Pyi[B; > O forall s € [0, 1 —¢]|P[B; € da]

/ |Bl l|<|a|] [B: € da]
=P[|Bi_| < |B]].

If X and Y are independent and N ;-distributed, then

(B:, Bi—y) 2 (V1X,J/1—=1Y).

Hence
P[¢ <t]1=P[V1—1|Y| < V1|X]]

=P[r? <t(X*+7?)]
1

)
o dx/ dye™" w2 L2 i (a2 y2))-

Passing to polar coordinates, we obtain

1 [ P 2 .
Pl; <t]= E/o rdre™""/ /0 Ao Liginy < = ;arcsm(\/E). O

Exercise 21.3.1 (Hard problem!) Let P, be the distribution of Brownian motion
started at x € R. Let a > 0 and 7 = inf{r > 0 : B; € {0, a}}. Use the reflection prin-
ciple to show that, for every x € (0, a),

P.r>T]= Y (=1)'P.[Br € [na, (n+ 1)a]]. (21.18)

n=—oo

If f is the density of a probability distribution on R with characteristic function ¢
and sup, g x2 f(x) < oo, then the Poisson summation formula holds,

oo oo

Z f(s+n)= Z o(k)e¥™™s  foralls € R. (21.19)

n=—00 k=—00
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Use (21.18) and (21.19) (compare also (21.37)) to conclude that
=1

4
Pt >T]=— —exp(

2
T = 2k +1 2a a

2.2
_(2k+1) b4 T)Sin((Zk—i-l)nx). (21.20)

21.4 Supplement: Feller Processes

In many situations, a continuous version of a process would be too much to expect,
for instance, the Poisson process is generically discontinuous. However, often there
is a version with right continuous paths that have left-sided limits. At this point,
we only briefly make plausible the existence theorem for such regular versions of
processes in the case of so-called Feller semigroups.

Definition 21.21 Let E be a Polish space. A map f : [0, c0) — E is called RCLL
(right continuous with left limits) or cadlag (continue a droit, limites a gauche) if
f(@) = f@t+) :=limg, f(s) for every t > 0 and if, for every ¢ > 0, the left-sided
limit f(¢z—) :=limy4, f(s) exists and is finite.

Definition 21.22 A filtration F = (F;);>0 is called right continuous if F = F+,
where F;" =, , Fs. We say that a filtration F satisfies the usual conditions (from
the French conditions habituelles) if F is right continuous and if Fg is P-complete.

Remark 21.23 If F is an arbitrary filtration and ;™" is the completion of F;", then
F+* satisfies the usual conditions. O

Theorem 21.24 (Doob’s regularization) Let IF be a filtration that satisfies the usual
conditions and let X = (X;);>0 be an IF-supermaLtingale such that t — E[X,] is
right continuous. Then there exists a modification X of X with RCLL paths.

Proof Fora,be Q%,a <band I C [0, c0), let U?’b be the number of upcrossings
of (X¢):es over [a, b]. By the upcrossing inequality (Lemma 11.3), for every N > 0

and every finite set I C [0, N], we have E[U?’b] < (E[|Xn|]+ la])/(b — a). Define
ULt = U&’fﬂ o.n)- Then E[US"] < (E[IXy ) + |al)/(b — a). By Exercise 11.1.1,
for A > 0, we have

AP[sup{[X/|:t € QT N[0, N]} > A]
= Asup{P[sup{|X;|:t € I} > 1]: 1 Q" N[0, N] finite}
< 12E[|Xo|] + 9E[|X v |].
Consider the event

A:=m< m {Ul‘f,’b<oo}ﬂ{sup{|Xt|:te(@+ﬂ[0,N]}<oo}>.

NeN © apeQt
0<a<b<N
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We have P[A] = 1; hence A € F; for every t > 0 since [ satisfies the usual condi-
tions. For w € A, for every ¢ > 0, the limit

X(w) = lim X,(w)

Qtoslt,s>t

exists and is RCLL. For w € A€, we define )?, (w) = 0. As F satisfies the usual
conditions, X is F-adapted. As X is a supermartingale, for every N, the family
(Xs)s<n is uniformly integrable. Hence, by assumption,

E[X,]= lim E[X;]=E[X,].

Qtaslt,s>t

However, since X is a supermartingale, for every s > ¢, we have

+ ~ ~
X, =EX, | F1Y 2 RIR, | F1=8, inLl.
Therefore, X; = X ¢ almost surely and hence X is a modification of X. O

Corollary 21.25 Let (v;);>0 be a continuous convolution semigroup and assume
that f |x|v1(dx) < 00. Then there exists a Markov process X with RCLL paths and
with independent stationary increments Px, _x = v;_g forall t > s.

Let E be a locally compact Polish space and let Co(E) be the set of (bounded)
continuous functions that vanish at infinity. If « is a stochastic kernel from E to E
and if f is measurable and bounded, then we define kf (x) = [k (x, dy) f(y).

Definition 21.26 A Markov semigroup (k;);>0 on E is called a Feller semigroup if

fx)= lir%/clf(x) forallx € E, f € Co(E)
t—
and «; f € Co(E) for every f € Co(E).

Let X be a Markov process with transition kernels (k;);>0 and with respect to a
filtration IF that satisfies the usual conditions.
Let g € Co(E), g > 0. Let h = [~ e 'k, g dt. Then

o0 o0
e Sksh = e_S/ e kg g dt = / e 'k;gdt <h.
0 s

Hence X8 := (e 'h(X,)),>0 is an F-supermartingale.

The Feller property and Theorem 21.24 ensure the existence of an RCLL ver-
sion X¢ of X8. It takes a little more work to show that there exists a countable set
G C Cyp(E) and a process X that is uniquely determined by Xs, g € G, and is an
RCLL version of X. See, e.g., [146, Chapter IIL.7ff].
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Let us take a moment’s thought and look back at how we derived the strong
Markov property of Brownian motion in Section 21.3. Indeed, there we needed only
right continuity of the paths and a certain continuity of the distribution as a func-
tion of the starting point, which is exactly the Feller property. With a little more
work, one can show the following theorem (see, e.g., [146, Chapter I11.8ff] or [144,
Chapter III, Theorem 2.7]).

Theorem 21.27 Let (k;);>0 be a Feller semigroup on the locally compact Polish
space E. Then there exists a strong Markov process (X;):>0 with RCLL paths and
transition kernels (k;)s>0.

Such a process X is called a Feller process.

Exercise 21.4.1 (Doob’s inequality) Let X = (X;);>( be a martingale or a nonneg-
ative submartingale with RCLL paths. For T > 0, let | X|7 = sup, ¢ 771 X:|. Show
Doob’s inequalities:

(i) Forany p > 1 and A > 0, we have )J’P[|X|’; > A <E[|X7|"].
(i) Forany p > 1, we have E[|X7|”] <E[(IX|})"] < (%)”E[IXTIPI

Construct a counterexample that shows that right continuity of the paths of X is
essential.

Exercise 21.4.2 (Martingale convergence theorems) Let X be a stochastic pro-
cess with RCLL paths. Use Doob’s inequality (Exercise 21.4.1) to show that the
martingale convergence theorems (a.s. convergence (Theorem 11.4), a.s. and L'-
convergence for uniformly integrable martingales (Theorem 11.7) and the LP?-
martingale convergence theorem (Theorem 11.10)) hold for X.

Exercise 21.4.3 Let p > 1 and let X 1 x2 x3, ... be LP-integrable martingales.

Assume that, for every ¢ > 0, there exists an X ¢+ € LP(P) such that X7} X ¢
in LP.

(i) Show that ()~( ¢)r>0 1S a martingale.

(i) Use Doob’s inequality to show the following. If p > 1 and if X! X2, ... areas.
continuous, then there is a continuous martingale X with the following proper-
ties: X is a modification of X and X7 e X, in L? for every t > 0.

Exercise 21.4.4 Let X be a stochastic process with values in a Polish space E and
with RCLL paths. Let F = ¢ (X) be the filtration generated by X and define F+ :=
(]-",J“),Zo by Fr= ﬂDt Fs.Let U C E be open and let C C E be closed. For every
set A C E, define 74 :=inf{t > 0: X, € A}. Show the following.
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(i) tc is an F-stopping time (and an FT-stopping time).
(ii) Ty is an F*-stopping time but in general (even for continuous X) is not an
F-stopping time.

Exercise 21.4.5 Show the statement of Remark 21.23. Conclude that if [ is a fil-
tration and if B is a Brownian motion that is an F-martingale, then B is also an
F**-martingale.

21.5 Construction via L2-Approximation

We give an alternative construction of Brownian motion by functional analytic
means as an L2-approximation. For simplicity, as the time interval we take [0, 1]
instead of [0, c0).

Let H = L?([0, 1]) be the Hilbert space of square integrable (with respect to
Lebesgue measure 1) functions [0, 1] — R with inner product

(fog) = / F)g (M)
[0,1]

and with norm || f|| = +/(f, f) (compare Section 7.3). Two functions f, g € H are
considered equal if f = g A-a.e. Let (b,),enN be an orthonormal basis (ONB) of H;
that is, (b, by) = Lm=n) and

n

£ =Y (. bumdbm

m=1

lim
n—oo

=0 forall feH.

In particular, for every f € H, Parseval’s equation

L2 =) (fobm)? (21.21)
m=1
holds and for f,g € H
(f,8)=) (fsbm)(g: bm)- (21.22)

m=1

Now consider an i.i.d. sequence (&,),en of No,-random variables on some proba-
bility space (£2, A, P). Forn € N and ¢ € [0, 1], define

X; = [ 1[0,,](3)(2 smbm<s)>x(ds) = &n(Lj0.). bm).
m=1 m=1
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Clearly, for n > m,

E[(X?—X?)2]=E[< Zn: i (L0.11. bi) )( Y & b) )}

k=m+1 I=m+1
n o
= Z (Lj0,11, br)* < Z (Lj0.11, br)*.
k=m+1 k=m+1

Since Y22 (Lj0.¢1, bk)? = [ 1[0.|I> =t < 00, we have X" € L*(P) and

lim sup E[(X}" — X?)z]:O.

m— 00 n>m

Hence (X7}'),en is a Cauchy sequence in L2(P) and thus (since L2(P) is complete,
see Theorem 7.3) has an L2-limit X;. Thus, for N e Nand 0 <17,...,ty <1,

N
. n_ 2|
lim E[X;(Xti Xy,) } =0.
1=
In particular, (X ;’1, .. ) = (X5 ..., Xsy) in P-probability.
Manifestly, (X7, fo- X" ) is normally distributed and centered. For s, t € [0, 1],
we have

Cov[ X}, X]] |:(Z‘§k (110,51, bk )(Z&(ﬂ[o,t]’bﬁ)}
=1

= > El&&1 (1.0, bi) (L., br)

k=1

n
=Y (10,51 be) (Lj0.1- bx)
k=1

n—>oo

—> (10,51, Ljo,r1) = min(s, 7).
Hence (X;)se[0,1] is a centered Gaussian process with

Cov[X;, X,] = min(s, 7). (21.23)

Lévy Construction of Brownian Motion

Up to continuity of paths, X is thus a Brownian motion. A continuous version of X
can be obtained via the Kolmogorov—Chentsov theorem (Theorem 21.6). However,



21.5 Construction via L?-Approximation 477

0.57

0.0 T ¥ T T

-0.51 \

~1.01 v

-1.5-

Fig. 21.2 The processes X", n =0, 1,2, 3, 10 of the Lévy construction of Brownian motion

by a clever choice of the ONB (b,,),,cN, We can construct X directly as a continuous
process. The Haar functions b, j are one such choice: Let by, =1 and for n e N
andk=1,...,2" ! let

2(n—1)/2’ if 2k2;2 <t< 21{2;] ,
by () =3 —20=D72if 22l <p < 2K
0, else.

Then (b, k) is an orthonormal system: (b, k, by.1) = L{on,k)=(n,1)}- It is easy to check
that (b, x) is a basis (exercise!). Define the Schauder functions by

Bus (1) = /O b ($)2(ds) = (L1017, bu)-
[0,7]

Let &0,1, (51.4)pen.k=1.... -1 be independent and Np, i -distributed. Let

.....

n om—1

X" = 50,130,1 + Z Z %m,kBm,ka

m=1 k=1

and define )~(, as the L?(P)-limit )~(, =L% —lim,_ o X}'. See Fig. 21.2 for a com-
puter simulation of X", n =0, 1,2, 3, 10.
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Theorem 21.28 (Brownian motion, L>-approximation) There is a continuous ver-
sion X of X. X is a Brownian motion and we have

lim HX” -X ||oo =0 P-almost surely. (21.24)

n—o0

Proof By (21.24), we have X, = X, a.s. for all t € [0, 1]. As uniform limits of
continuous functions are continuous, (21.24) implies that X is continuous. Hence,
by (21.23) (and Theorem 21.11), X is a Brownian motion. Therefore, it is enough
to prove the existence of an X such that (21.24) holds.

Since (C([0, 1]), ]| « loo) is complete, it suffices to show that P-almost surely
(X™) is a Cauchy sequence in (C ([0, 1]), || - [|oo). Note that || By x|loo <2~ "+D/2 if
neNand B, B, =0if k #1. Hence

| X" — x| <27 2 max{ (g, k], k=1,...,2" 7).

Therefore,
2n71
P[“X" _ Xﬂ—l HOO - 2—n/4] < ZP[|§n,k| > 2(i’l+2)/4]
k=1
2 o0 2
__~n—1 —X /2d
N2 2<n+z)/4e *

<2 exp(—2"/2).

Evidently, > o2 | P[[| X" — X"~ !|oo > 27"/4] < 00; hence, by the Borel-Cantelli
lemma,

P[IX" — X" !oc >27"/* only finitely often] = 1.

We conclude that limy,— oo Sup,,,>, | X" — X" || c = 0 P-almost surely. O

Brownian Motion and White Noise

The construction of Brownian motion via Haar functions has the advantage that
continuity of the paths is straightforward. For some applications, however, a de-
composition in trigonometric functions is preferable. Here as the orthonormal basis
of Lz([O, 1]) we use bgp =1 and

b, (x) = \/zcos(nnx) forn € N.

Fort € [0, 1] and n € Ny, define

t
B, (1) = / by (s)A(ds);
0
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1.0

0.5

0.0t
0

Fig. 21.3 The processes X", n =0, 1,4, 64,8192 from the Fourier Construction of Brownian
motion

that is, By(t) =t and

2
B,(t) = :z/_n_ sin(nt) forn eN.

Let &,, n € Ny, be independent standard normally distributed random variables.
Define Ag = &g and

2
An:—f

=—¢&, forneN.
n

Finally, let

n
X":= &By;
k=0
that is,

X"(t) =&t + Y _ Agsin(knt).
k=1

See Fig. 21.3 for a computer simulation of X", n =0, 1,4, 64, 8192.
As shown above, the sequence (X") converges in Lz([O, 1]) towards a process X,
which (up to continuity of paths) has all properties of Brownian motion:

X, =&t + Z n—fén sin(nrwt).

n=1
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This representation of the Brownian motions goes back to Paley and Wiener who
also show that along a suitable subsequence the series converges uniformly almost
surely and hence the limit X is indeed continuous, see [125, Theorem XLIII, p. 148].
The representation is also sometimes called Karhunen-Loeve expansion. More pre-
cisely, up to the first summand, it is the Karhunen-Loeve expansion of the Brownian
bridge (X; — tX1):¢[0,1] (see, e.g., [1, Chapter 3.3]).

Taking the formal derivative

) d >
X, = EXI =&+ «/EZE,, cos(nrmt)

n=1

we get independent identically distributed Fourier coefficients for all frequencies.
Hence, the formal object X is often referred to as white noise as opposed to colored
noise where the coefficients for the different frequencies have different distributions.

The Fourier basis is not too well suited to showing continuity of paths. For ex-
ample, the sufficient criterion of absolute summability of coefficients (A,) fails (see
Exercise 21.5.5).

Example 21.29 (Stochastic integral a la Paley—Wiener) Assume that (§,),eN is an
i.i.d. sequence of N -distributed random variables. Let (b,),en be an orthonor-
mal basis of Lz([O, 1]) such that W, :=1lim,,_, o ZZ:] & (Ljo,r, br), t €10,1],1s a
Brownian motion. For f € L2([0, 1]), define

oo
I(f) =) Eulfrbn).
n=1
By Parseval’s equation and the Bienaymé formula, we have

]

LF1I3 =D _(f. bu)? = Var[I1()] =E[I()*].
n=1
Hence
1:L%([0,1]) — L*(P), f+ I(f) isanisometry. (21.25)
We call

t
/o f&)dW:=1(flp.). t€[0,1], feL*([0.1]),

the stochastic integral of f with respect to W. In the special case of the Fourier
basis bo(x) = 1 and b, (x) = v/2cos(nmx), n € N, this construction goes back to
Paley and Wiener [125, Theorem XLV, p. 154].
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The process X; := fé f(s)dWs, t € [0, 1], is centered Gaussian with covariance
function

SNt
Cov[X,, X,]= / £ ) du.
0

In fact, it is obvious that X is centered and Gaussian (since it is a limit of the Gaus-
sian processes of partial sums) and has the given covariance function. Furthermore,
the existence of a continuous version can be obtained as for Brownian motion by em-
ploying the fourth moments of the increments, which for normal random variables
can be computed from the variances (compare Theorem 21.9). In the following we
will assume for the stochastic integral that such a continuous version is chosen.

In the special case, f = ZLI a1y, for some n € N and 0 =1 <
HH<...<tpband ap,...,a, € R, we obtain

1 n
f F&)AWs =Y ai(Wy, — W_,).
0 i=1 0

Exercise 21.5.1 Use the representation of Brownian motion (W;);¢[0,1] as a ran-
dom linear combination of the Schauder functions (B, ) to show that the Brownian
bridge Y = (Y1):ef0.1] = (Wr — tW1)seqo,1] 18 a continuous, Gaussian process with
covariance function Cov[Y;, Yi] = (s A t) — st. Further, show that

Py =1imP|W e .| W; € (—¢,8)]|.
Yelf(}[ | W1 € (—¢,8)]

Exercise 21.5.2 (Compare Example 8.32) Fix T € (0, 1). Use an orthonormal ba-
sis bo,1, (Cn k), (dn ) of suitably modified Haar functions (such that the ¢, ; have
support [0, T'] and the d,  have support [T, 1]) to show that a regular conditional
distribution of W7 given W is defined by

P(Wre-|Wi=x]=Nrx 1.

Exercise 21.5.3 Define Y := (¥;)¢[0,1] by Y1 =0 and
t
Y,=(1-— t)/ 1—s)"'dw, forrel0,1).
0

Show that Y is a Brownian bridge.
Hint: Show that Y is a continuous Gaussian process with the correct covariance
function. In particular, it has to be shown that lim;41 ¥; = 0 almost surely.

Exercise 21.5.4 Let d € N. Use a suitable orthonormal basis on [0, 1]¢ to show:

(i) There is a Gaussian process (W;),¢[o, ¢ With covariance function

d
Cov[We, Wsl = [ [ nsi).

i=1
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(i) There is a modification of W such that # — W; is almost surely continuous (see
Remark 21.7).

A process W with properties (i) and (ii) is called a Brownian sheet.

Exercise 21.5.5 Consider the coefficients (A, ),cn, of the Fourier basis of the con-
struction of Brownian motion. Show the following statements:

(i) Y, A2 < 0o almost surely.

(i) Y po|An| = oo almost surely.

(iii) Y"y_ Ak, n € N converges almost surely.

Hint: Kolmogorov’s three-series theorem (Theorem 15.50).

Exercise 21.5.6 Letz € (0, 1) and fy(x) :=1t as well as

2 si t
fa(x) = M cos(nwx) forneN, x €[0,1].
nmw

Show that Y00y f,(x) = Lo, (x) for x € (0, 1) \ {z}.

21.6 The Space C([0, o0))

Are functionals that depend on the whole path of a Brownian motion measurable?
For example, is sup{X;, ¢ € [0, 1]} measurable? For general stochastic processes,
this is false since the supremum depends on more than countably many coordinates.
However, for processes with continuous paths, this is true, as we will show in this
section in a somewhat more general framework.

We may consider Brownian motion as the canonical process on the space §2 :=
C ([0, 00)) of continuous paths.

We start by collecting some properties of the space 22 = C ([0, o0)) C RI?:%),
Define the evaluation map

X2 >R, o o), (21.26)

that is, the restriction of the canonical projection RI%* — R to £2.
For f, g € C([0,00)) and n € N, let d,(f, g) := I(f =8| gyl M1 and
,n

d(f,8) = _27"du(f. ). (21.27)

n=1

Theorem 21.30 d is a complete metric on $2 := C([0, 00)) that induces the topol-
ogy of uniform convergence on compact sets. The space (§2,d) is separable and
hence Polish.
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Proof Clearly, every d,, is a complete metric on (C([0, n]), || * ||co). Thus, for ev-
ery Cauchy sequence (fx) in (§2,d) and every n € N, there exists a g, € §2 with

dn(fn, &n) N:go 0. Evidently, g, (x) = g (x) for every x < m A n; hence there ex-
ists a g € £2 with g(x) = g, (x) for every x < n for every n € N. Hence, clearly,

d(fn,g) Njo 0, and thus d is complete.
The set of polynomials with rational coefficients is countable and by the Weier-
straf3 theorem, it is dense in any (C ([0, n]), || « ||lco); hence it is dense in (£2,d). U

Theorem 21.31 With respect to the Borel o-algebra B(§2, d), the canonical pro-
Jjections X;, t € [0,00) are measurable. On the other hand, the X; generate
B(82,d). Hence

(B®)®™ | =0 (X, €[0,00)) = B(&2,d).

Proof The first equation holds by definition. For the second one, we must show the
mutual inclusions.

“C” Clearly, every X, : 2 — R is continuous and hence (B(£2,d) — B(R))-
measurable. Thus o (X, t € [0, 00)) C B(£2,d).

“>” We have to show that open subsets of (£2,d) are in A := (B(R))®0:>),
Since (£2, d) is separable (Theorem 21.30), every open set is a countable union of
e-balls. Hence it suffices to show that for fixed wg € §2, the map w +— d(wp, ®)
is A-measurable. To this end it is enough to show that for any n € N, the map
o> Yy () :=d,(wy, w) (see (21.27)) is A-measurable. However, the map

> Zi(0) = | X(@) — X (wo)| A
is A-measurable. Since each w is continuous, Y, is a countable supremum

Yo= sup Z;
t€[0,n]NQ

and is hence A-measurable. O
In the following, let A := 0o (X;,t € [0, 00)).

Corollary 21.32 The map F; : 2 — [0,00), w > sup{w(t) : t € [0, 1]} is A-
measurable.

Proof F) is continuous with respect to d and hence B(S2, d)-measurable. U

If B is a Brownian motion (on some probability space (.Q A P)) then there
exists an Q2ecA with P[.Q] =1 and B(w) € C([0,o0)) for every w € £2. Let
A=A |Q and P=P |A' Then B : 2 —> C([0, c0)) is measurable with respect
to (A, A). With respect to the image measure P = Po B~ on £2 = C([0, >0)), the
canonical process X = (X;, t € [0, 00)) on C ([0, 00)) is a Brownian motion.



484 21 Brownian Motion

Definition 21.33 Let P be the probability measure on 2 = C([0, co)) with re-
spect to which the canonical process X is a Brownian motion. Then P is called the
Wiener measure. The triple (§2, A, P) is called the Wiener space, and X is called
the canonical Brownian motion or the Wiener process.

Remark 21.34 Sometimes we want a Brownian motion to start not at Xg = ONbut
at an arbitrary point x. Denote by P that measure on C([0, 00)) for which X =
(X; —x,t €[0,00)) is a Brownian motion (with X¢o = 0). O
Exercise 21.6.1 Show that the map

Foo: 2 —[0,00], w>suplw():te[0,00)},

is A-measurable.

21.7 Convergence of Probability Measures on C ([0, c0))

Let X and (X"),,en be random variables with values in C ([0, c0)) (i.e., continuous
stochastic processes) with distributions Py and (Px»)enN.

Definition 21.35 We say that the finite-dimensional distributions of (X") converge
to those of X if, forevery k e Nand 7y, ..., #; € [0, 00), we have

n—-oo

(XZXZ) Xiys-oos Xn)-
In this case, we write

X=X or Pxn =5Py.

fdd fdd
Lemma 21.36 P,"—3" P and P,"=3" Q imply P = Q.
fdd fdd

Proof By Theorem 14.12(iii), the finite-dimensional distributions determine P uni-
quely. 0

Theorem 21.37 Weak convergence in M (82, d) implies fdd-convergence:

n—0o0 n—oo

P, — P =— P, — P.
fdd

Proof LetkeNand1t,...,t €[0,00). The map

9:C([0,00) > R, o (o), ..., 00))



21.7 Convergence of Probability Measures on C([0, c0)) 485

is continuous. By the continuous mapping theorem (Theorem 13.25 on p. 257), we

have P, 09! "=5° P oo~ !; hence P,"=3° P. O
fdd

The converse statement in the preceding theorem does not hold. However, we
still have the following.

Theorem 21.38 Let (P,),eN and P be probability measures on C([0, 00)). Then
the following are equivalent:
(i) P,"=3°P and (Py)nen is tight.
fdd
(i) P, e p weakly.

Proof “(ii) = (1)” This is a direct consequence of Prohorov’s theorem (Theo-
rem 13.29 with £ = C ([0, 00))).

“(i) = (ii)” By Prohorov’s theorem, (P,),¢N is relatively sequentially compact.

Let Q be a limit point for (P, )xen along some subsequence (nx). Then Py, E 0,

k — oo. By Lemma 21.36, we have P = Q. 0

Next we derive a useful criterion for tightness of sets {P,} C M1(C([0, 00))).
We start by recalling the Arzela—Ascoli characterization of relatively compact sets
in C([0, 00)) (see, e.g., [37, Theorem 2.4.7] or [173, Theorem II1.3]).

For N,§ > 0 and w € C([0, 00)), let

VV(®,8) :=sup{|o(®) —w(s)|: |t —s| <8, s, <N}.

Theorem 21.39 (Arzela—Ascoli) A set A C C([0, 00)) is relatively compact if and
only if the following two conditions hold.

(1) {w(0),w € A} C R is bounded.

(ii) For every N, we have limg o Sup,,c 4 V¥ (w,8) =0.

Theorem 21.40 A family (P;,i € I) of probability measures on C ([0, 00)) is
weakly relatively compact if and only if the following two conditions hold.

(1) (P;o XO_I, i € 1) is tight; that is, for every € > 0, there is a K > 0 such that
Pi({w:|w©)|>K})<e foralliel. (21.28)
(i) Foralln,e >0and N € N, there is a 5 > 0 such that
Pi({o:VN(@,8) >n}) <e foralliel. (21.29)

Proof “=" By Prohorov’s theorem (Theorem 13.29), weak relative compactness
of (P;,i € I) implies tightness of this family. Thus, for every ¢ > 0, there exists a
compact set A C C([0, 00)) with P;(A) > 1 — ¢ for every i € I. Using the Arzela—
Ascoli characterization of the compactness of A, we infer (i) and (ii).
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“«=" Now assume that (i) and (ii) hold. Then, for ¢ > 0 and k, N € N, choose
numbers K, and 8y x . such that

sup P ({w: |0 (0)| > K.}) <
iel

N ™

and

1
supP,({a): VN(a),SN,k,S) > —}) < 2~ N—k=lg
iel k
Define
1
CnNe= {a): ’a)(O)} < K., VN(a),(SN,k,E) < % forall k € N}.

By the Arzela—Ascoli theorem, C := () ~ven Cn e is relatively compactin C([0, 00))
and we have

P; (Cg) <

| ™

oo
+ Z Pi({w: VN(w,8ne) > 1/k}) <& foralliel.
k,N=1

Hence the claim follows. g
Corollary 21.41 Let (X;,i € I) and (Y;,i € I) be families of random variables in
C([0, 00)). Assume that (Px,,i € I) and (Py,,i € I) are tight. Then (Px, yy,,i € I)
is tight.

Proof Apply the triangle inequality in order to check (i) and (ii) in the preceding
theorem. O

The following is an important tool to check weak relative compactness.

Theorem 21.42 (Kolmogorov’s criterion for weak relative compactness) Let
(X',i € I) be a sequence of continuous stochastic processes. Assume that the
following conditions are satisfied.

(1) The family (P[Xf) € -l,i € I) of initial distributions is tight.
(i) For any N > 0 there are numbers C, o, B > 0 such that, for all s,t € [0, N]
and every i € I, we have

E[|xi - Xxi{|*] < C|s —t/fH1.

Then the family (Pyi,i € I) = (L[X1),i € 1) of distributions of X" is weakly rel-
atively compact in M1 (C([0, 00))).

Proof We check the conditions of Theorem 21.40. The first condition of Theo-
rem 21.40 is exactly (i).
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Let N > 0. By the Kolmogorov—Chentsov theorem (Theorem 21.6(ii)), for ¢ > 0
and y € (0, B/a), there exists a K such that, for every i € I, we have

P[|X! — X!| < K|t —s| foralls,t € [0, N]] > 1 —e.

This clearly implies (21.29) with § = (n/K)'/7. O

21.8 Donsker’s Theorem

Let Yy, Y,, ... be i.i.d. random VaLiables with E[Y;] = 0 and Var[Y;] = o2 > 0.
For t > 0, let S = Z.L'”J Y; and S" = Jl_ . By the central limit theorem, for

n—0o0

t>s >0, we have L[S — S”] — Nos—s-
Let B = (B;,t > 0) be a Brownian motion. Then

L[S -3

]Vl‘)OO

L[B; — Bg] foranyt > s >0.

For NeNand 0 =1 <t < ... <ty, the random variables §" — St" 0=
1,..., N, are independent, and hence, we have

c[(Sp-5p,..

e S = S0 )T LBy — By By~ By )]
We infer that

L[S, ..., S")] "= L[(Byys -, Biy))- (21.30)
We now define 5" as S” but linearly interpolated:

|nt] I_th

n __
S \/Tn Z 1+ n YI_ntJ+1

(21.31)

Then, for ¢ > 0,

P[5 - 57| > e] < e 2E[(S7 - §1)°]
1 1 1 15
=2, OZE[YI] -

By Slutzky’s theorem (Theorem 13.18), we thus have convergence of the finite-
dimensional distributions to the Wiener measure Py :

P;, =3 Py. (21.32)

The aim of this section is to strengthen this convergence statement to weak con-
vergence of probability measures on C ([0, 00)). The main theorem of this section
is the functional central limit theorem, which goes back to Donsker [35]. Theorems
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of this type are also called invariance principles since the limiting distribution is the
same for all distributions ¥; with expectation 0 and the same variance.

Theorem 21.43 (Donsker’s invariance principle) In the sense of weak conver-
gence on C([0, 00)), the distributions of S" converge to the Wiener measure,

n—oo

L[5"]" = Py. (21.33)

Proof Owing to (21.32) and Theorem 21.38, it is enough to show that (L[8™1,
n € N) is tight. To this end, we want to apply Kolmogorov’s moment criterion.
However, as in the proof of existence of Brownian motion, second moments are not
enough; rather we need fourth moments in order that we can choose > 0. Hence
the strategy is to truncate the ¥; to obtain fourth moments.

For K > 0, define

Y® =Yy, <k/2 — ElYilyy, <k /2] and
zf=v,—vK forieN

Then E[YX]=E[ZX] =0 and Var[ZK] “=5°0 as well as Var[¥X] < o2, i €N,
Clearly, |Yl.K | < K for every i. Define

n n
K .= ZYiK and UK := ZZ,K forn e N.

i=1 i=1
Let 75" and UX" be the linearly interpolated versions of

~ 1 ~ 1
75" = ET{’;J and US" = EU{EIJ fort > 0.
Evidently, §" = TX» 4+ X", By Corollary 21.41, it is enough to show that,
for a sequence (K,),en (chosen later), the families (LUK n e N) and
(L[TX»"], n € N) are tight.
We consider first the remainder term. As UX is a martingale, Doob’s inequality
(Theorem 11.2) yields

.....

Now, if K, 1 00, n — 00, then for every N > 0, we have

- N
P[ sup |05 > 8] < ﬁVar[ZlK"
1e[0,N] £°0

hence UX»" "=3°0 in C([0, 00)). In particular, (LUK n eN) is tight.
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Next, for N > 0 and s, t € [0, N], we compute the fourth moments of the differ-
ences Tlﬁ"s’n — 7,5 for the main term. In the following, let K,, = n'/*. Fix n € N.
We distinguish two cases:

Case 1:t <n~ Y. Letk := [(t 4+ s)n]. If sn > k, then

tn YK"

/no_z k+1°

= Kp.n ~Knpn __
Tt+’s _Tsn -

If sn < k, then

. _ 1
7" — TKnn = ﬁ(((t +9n — k)Y + (k= smy ).

In either case, we have

T =1 < S

+|Yklir"1

),

hence

. _ 2t4
E[(]}{:’:’;n _ TsKnyn)4] < nO.—4(2Kn)2E[(|Y]Kn + |Y2Kn

2
)]
16n%/%t* 16
< TVar[YIK”] < ﬁﬁ/z. (21.34)

Case2:t>n"1L, Using the binomial theorem, we get (note that the mixed terms
with odd moments vanish since E[YlK "1=0)

E[(7,)"] = nE[({") ] + 3n(n — DE[(v[)']

<nK2c%+3n(n—1)o*. (21.35)

Note that, for independent real random variables X, Y with E[X] =E[Y] =0
and E[X*], E[Y*] < oo and for a € [—1, 1], we have

E[(aX +Y)']| =a’E[X*] + 6a’E[X*|E[Y*] + E[Y?]
<E[X']+ 6E[X*|E[Y?] +E[r*] =E[(X + 1)*].

We apply this twice (with a = [(¢ 4+ s)n] — (t + s)n and a = sn — |sn]) and obtain
(using the estimate [(t + s)n| — |sn| <tn + 2 < 3tn) from (21.35) (since t < N)
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T Kp, K, 4 — n\4
E[(T5" = 7)) ] <n 20 E[(T}; [(t+s)n] TLIs{nJ) ]

2 _ n 4
=n 20 4E[(Tl((t+s)n]—tsnj) ]

3rnK? 3
< Z 24182 = 21812
n<o o
3 3
< SP2 4187 < <—2 + 18«/N>t3/2. (21.36)
o (o2

By (21.34) and (21.36), for every N > 0, there existsa C = C(N, 02) such that, for
every n € Nand all s, t € [0, N], we have

B[(TAy" 75 < Con

Hence, by Kolmogorov’s moment criterion (Theorem 21.42 with o« = 4 and
B =1/2), (LITX»"], n e N) is tight in M1 (C ([0, 00))). O

Exercise 21.8.1 Let X, X», ... be i.i.d. random variables with continuous distri-
bution function F. Let G, : [0,1] = R, t > n=1/23""_ (L0.,)(F(X;)) — t) and
M, = |Gyl - Further, let M = sup, o 17 |B:|, where B is a Brownian bridge.

(i) Show that E[G, ()] =0 and Cov[G,(s), G,(t)]=s At — st for s, t € [0, 1].
(ii) Show that E[(G,(t) — Gn(s))*] < C((t — 5) + |t — s|/n) for some C > 0.
(iii) Conclude that a suitable continuous version of G, converges weakly to B. For
example, choose

Hay()) =n""2Y " (ha(F(Xi) — 1) — ga (1)),

i=1

where h, is a suitable smoothed version of 1(_« 0], for example hy(s) =
1 —(s/en vV 0) A1 for some sequence ¢, |, 0, and g, (?) := fo h,(t —u)du.

n—-oo

(iv) Finally, show that M,, — M.

Remark: The distribution of M can be expressed by the Kolmogorov—Smirnov for-
mula ([101] and [156]; see, e.g., [133])

P[M > x] 22( 1yr=le=2n%x? (21.37)

Compare (21.20). Using the statistic M},, one can test if random variables of a known
distribution are independent. Let X1, X5, ... and X 1 X 2, ... be independent random
variables with unknown continuous distribution functions F and F and with empir-
ical distribution functions F;, and 15,,. Further, let

D, = sup‘Fn(t) — Fn(t)].
teR
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Under the assumption that F = F holds, +/n /2D, converges in distribution to M.
This fact is the basis for nonparametric tests on the equality of distributions.

21.9 Pathwise Convergence of Branching Processes*

In this section, we investigate the convergence of rescaled Galton—Watson processes
(branching processes). As for sums of independent random variables, we first show
convergence for a fixed time point to the distribution of a certain limiting process.
The next step is to show convergence of finite-dimensional distributions. Finally,
using Kolmogorov’s moment criterion for tightness, we show convergence in the
path space C([0, 00)).

Consider a Galton—Watson process (Z,),eN, With geometric offspring distribu-
tion

p(k)=2"%"1" fork e Ny.

That is, let X, ;, n, i € Ng be i.i.d. random variables on Ng with P[X,, ; = k] = p(k),
k € Np, and based on the initial state Z( define inductively

Zn
Zny1 = Z Xn,i-
i=1

Thus Z is a Markov chain with transition probabilities p(i, j) = p*/(j), where p*!

is the ith convolution power of p. In other words, if Z, Z Loz are independent
copies of our Galton—Watson process, with Zp =i and Zé =...=Z,=1,then
z27' 4. 4+ 7. (21.38)

We consider now the probability generating function of X1, ¥ (s) := ¢ (s) :=
E[sX1.1], s € [0, 1]. Denote by w(”) = w("_l) o ¢ its nth iterate for n € N. Then,
by Lemma 3.10,

E[s%]=Ei[s%] = (¥ ™).
For the geometric offspring distribution, ¥ can be computed explicitly.
Lemma 21.44 For the branching process with critical geometric offspring distri-
bution, the nth iterate of the probability generating function is

) _n—(n—l)s
V) = n+1—ns

Proof Compute

o 1
s) = pk=lgk — .
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In order to compute the iterated function, first consider general linear rational func-
tions of the form f(x) = Z)’fis For such f, define the matrix My = ( ) For two
linear rational functions f and g, we have Mo, = My - M. The powers of M are

easy to compute:

_(0 1 2 _ (-1 2 3 (-2 3
w=(fa) (20 m=(50)

and inductively

—(n—1) n
M = .
4 ( —n n—+1 .
If we let s = ¢, then we get the Laplace transform of Z,,,
Ei [ef)LZ,l] — w(n) (ef)\)l"

By Example 6.29, we can compute the moments of Z,, by differentiating the Laplace
transform. That is, we obtain the following lemma.

Lemma 21.45 The moments of Z,, are

E[Z]=(- Dkd)\k W™ (™)), (21.39)

In particular, the first six moments are

Ei[Z,]=1,

E;[2}] =2in +i%,

E:[Z]=6in* +6i’n +i’,

Ei[Z}] =24in> + 36i’*n (12;‘3 +2i)n + i, (21.40)
E:[Z]] = 120in* + 240i*n (1201'3 +30i)n* + (20i* + 10i*)n +i°,

E;[ 28] = 720in’ + 1800i*n* + (1200i° + 360i)n’

+ (300i* +240i%)n* + (30i° + 30i° + 2i)n + i°.
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Hence, Z is a martingale, and the first six centered moments are

(21.41)
= 720in° + 1080i%n* + (120i° + 360i)n*
+ 60i%n® + 2in.

Proof The exact formulas for the first six moments are obtained by tenaciously
computing the right-hand side of (21.39). 0

Now consider the following rescaling: Fix x > 0, start with Zo = |nx] individu-
als and consider Zt” = % for t > 0. We abbreviate

Lo[Z"] = Liai[(" Zina)) 1) (21.42)
Evidently, Ex[Zf] = L"n—” < x for every n; hence (EX[Z;’], n € N) is tight. By con-
sidering Laplace transforms, we obtain that, for every A > 0, the sequence of distri-

butions converges:

lim E.[e"*%] = lim
n—oo n—o0

— (nt — e */M\"™*
nﬁoo nt+1—nte=*/n
1 —eH/n e
= lim(1-—
n—00 n(l —e *myr 41

_ lim xn(l —e M)
R = T Ry vy

g i) (=r/m) )

=eXP( A+1/t( /)> =¥ (V)" (21.43)

However, the function v} is the Laplace transform of the compound Poisson distri-
bution CPoi(x/t)expl/t (see Definition 16.3).

Consider the stochastic kernel «; (x, dy) := CP0i(x /1) exp, p (dy). This is the kernel
on [0, o) whose Laplace transform is given by

/ ooKt(xv dy)e™ =y, ()" (21.44)
0
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Lemma 21.46 (x;);>0 is a Markov semigroup and there exists a Markov process
(Y1):>0 with transition kernels Py [Y; € dy]l = k;(x, dy).

Proof 1t suffices to check that the Chapman—Kolmogorov equation k; - kg = Ks4¢
holds. We compute the Laplace transform for these kernels. For A > 0, applying
(21.44) twice yields

A
/ / (e dy)is (v, dz)e ™ = f Kt(x’dy)exp(‘ﬁ>

. AX
= X _—
Pl +9 +1

= / Kips(x, dz)e 2. 0

Next we show that Y has a continuous version. To this end, we compute some of
its moments and then use the Kolmogorov—Chentsov theorem (Theorem 21.6).

Lemma 21.47 The first k moments of Y; can be computed by differentiating the
Laplace transform,

k
E[14] = (k2

Tk (v)¥)

[x=0"

where

A
I/ft()\)ZQXP(_M_i_ 1)-

In particular, we have

E.[Yi]=x,
EX[YZZ] =2xt+ xz,
Ex[Yt3] = 6x1% + 6x°t + x3,
(21.45)
E.[Y] =24xt? +36x% + 12271 + 1%,
E.[¥]] = 120xt* + 240x21% 4 120x°1% + 20x*r + x°,
E.[Y?] = 720xt” + 1800x%* + 1200x#* + 300x*1* + 30x7¢ + x°.
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Hence Y is a martingale, and the first centered moments are

E [(Y; —x)7] =2xt,

E.[(Y; —x)*] = 6x¢?,

E.[(Y; —x)*] = 24x> + 122712, (21.46)
E.[(Y; — x)°] = 120xr* 4 120x%73,

E.[(Y; —x)°] = 720x#> 4 1080x*t* + 120x7¢

Theorem 21.48 There is a continuous version of the Markov process Y with tran-
sition kernels (k;);>0 given by (21.44). This version is called Feller’s (continuous)
branching diffusion.

See Fig. 26.4 for a computer simulation of Feller’s branching diffusion.
Proof For fixed N >0 and s, 7 € [0, N], we have

Ec[(Yigs — Y] = B [Ey, [(V: — Y0)!]]
=E,[24Y,1} + 12Y71?]
=24xt> + 12(2sx +x2)t2
< (48Nx + 12x7)1%,
Thus Y satisfies the condition of Theorem 21.6 (Kolmogorov—Chentsov) with « = 4
and g =1. O
Remark 21.49

(1) By using higher moments, it can be shown that the paths of Y are Holder-
continuous of any order y € (0, %).

(i1) It can be shown that Y is the (unique strong) solution of the stochastic (Itd-)
differential equation (see Examples 26.11 and 26.31)

dY[Z\/ 2Y[th, (2147)

where W is a Brownian motion. O

n—o0

Theorem 21.50 We have L.[Z"]"=S" L. [Y].
fdd
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Proof Asin (21.43) for 0 <11 <t2, A1, A2 >0 and x > 0, we get

. — (M ZP A 20
lim E,[e”"1%12%)]
n—oo

= lim El[B[e72%Z;]e %]

)\. ~ _ on
= lim E,|exp ——ZZI” e M4
n—00 ha(—t)+11

A
_exp<— (Gom=msr TAx )
- A

=E.[exp(—(h1 Yy +22Yy))].

Hence, we obtain
Li[MZ] 40028 "=5 Li[n Yy, + A2V,

Using the Cramér—Wold device (Theorem 15.56), this implies

n—o0

[’x[(Z?l’ Ztnz)] - L:X[(Yll > le)]-

Iterating the argument, for every k e Nand 0 <t; <, <... <1, we get

n—oo

E’x[(ZZ)i:I,...,k] — L[ (Yi)i=1....k]-

Howeyver, this was the claim. O

The final step is to show convergence in path space. To this end, we have to mod-
ify the rescaled processes so that they become continuous. Assume that (Z}');en,»
n € N is a sequence of Galton—Watson processes with Zj = |nx]. Define the lin-
early interpolated processes

i} B 1
Z? = (t —n 1Lth)(Zrthnj+l - ZrthnJ) + ;thnj'

Theorem 21.51 (Lindvall (1972), see [109]) Asn — o0, in the sense o_f weak con-
vergence in M (C([0, 00))), the rescaled Galton—Watson processes Z" converge
to Feller’s diffusion Y :

n—o00

Li[Z"] = LyIY).

Proof We have shown already the convergence of the finite-dimensional distribu-
tions. By Theorem 21.38, it is thus enough to show tightness of (£:[Z"],n € N)
in M(C([0, 00))). To this end, we apply Kolmogorov’s moment criterion (Theo-
rem 21.42 with « =4 and 8 = 1). Hence, for fixed N > 0, we compute the fourth
moments Ex[(Z;er - Z;’)“] for s,t € [0, N]. We distinguish two cases:
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Case I: t < % Let k = [(t 4+ s)n]. First assume that |[sn| = k. Then (by
Lemma 21.45)

E[(Z1ys = Z0) = n~tam) B [0 — 20)]
= ("B [242] +12(20)? + 22}
=t*(26nx] + 24| nx |k + |nx]?)
<26x1> 4 24xs1? 4 x*?
< (50Nx +x?)*
In the case |sn] =k — 1, we get a similar estimate. Therefore, there is a constant

C = C(N, x) such that

, 1
E[(Z', - Z")' ] <ci® foralls,re[0, N]withs < — (21.48)

Case 2: t > % Define k := [(t + s)n] — [sn] <tn + 1 < 2tn. Then (by

Lemma 21.45)

E[(Z - 20)"]
ELMJ [( L(t+s)n] — rLlsnj)4]
EL”XJ [EZLMJ [(ZZ - 28)4]]

=n"Eu [242]

Lsn

K+ 12(Z0,,) K2 4220, ]

n4 (24)cn(2tn)3 + (24xnsn + 12x2n2) (2tn) + 4xtn2)

< 192xt3 + (96xs + 48)(2)1‘2 +4xn~ 12

< (292Nx +48x?)12, (21.49)

Combining the estimates (21.48) and (21.49), the assumptions of Kolmogorov’s
moment criterion for tightness (Theorem 21.42) are fulfilled with « =4 and 8 = 1.
Hence the sequence (L [Z"], n € N) is tight. O

21.10 Square Variation and Local Martingales

By the Paley—Wiener-Zygmund theorem (Theorem 21.17), the paths ¢ = W; of
Brownian motion are almost surely nowhere differentiable and hence have locally
infinite variation. In particular, the stochastic integral fol f(s)dW; that we intro-
duced in Example 21.29 cannot be understood as a Lebesgue—Stieltjes integral.
However, as a preparation for the construction of integrals of this type for larger



498 21 Brownian Motion

classes of integrands and integrators (in Chapter 25), here we investigate the path
properties of Brownian motion and, somewhat more generally, of continuous local
martingales in more detail.

Definition 21.52 Let G : [0, c0) — R be a continuous function. For any ¢ > 0, de-
fine the variation up to t by

n—1
viG) ::sup{Z|GtiH —Gy:0=t<t1<...<t,=t,neN}.
i=0

We say that G has locally finite variation if th (G) < oo forall r > 0. We write Cy for
the vector space of continuous functions G with continuous variation ¢ th (G).

Remark 21.53 Clearly, VI(F + G) < VI(F) + V!(G) and V!(aG) = |«|V(G)
for all continuous F, G : [0, o0) — R and for all « € R. Hence C, is indeed a vector
space. O

Remark 21.54

(i) If G is of the form G; = fot f(s)ds for some locally integrable function f,

then we have G € Cy with V/(G) = ;| f(s)| ds.
(i) If G = GT — G~ is the difference of two continuous monotone increasing
functions G and G, then

VIG) - VNG = (G — G+ (G —Gy) forallt>s,  (21.50)

hence we have G € Cy. In (21.50), equality holds if G~ and G “do not grow
on the same sets”; that is, more formally, if G~ and G7 are the distribution
functions of mutually singular measures 1~ and ™. The measures = and pu*
are then the Jordan decomposition of the signed measure p = ™ — = whose
distribution function is G. Then the Lebesgue—Stieltjes integral is defined by

t
/ F(s)dGy :=/ Fd,u+—/ Fdu~. (21.51)
0 [0,7] [0,7]

(iii) If G € Cy, then clearly

1 1
G = E(VZI(G) +G;) and G; := E(th(G) - Gy)

is a decomposition of G as in (ii). O
The fact that the paths of Brownian motion are nowhere differentiable can be used

to infer that the paths have infinite variation. However, there is also a simple direct
argument.
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Theorem 21.55 Let W be a Brownian motion. Then th (W) = oo almost surely for
everyt > (.

Proof Tt is enough to consider t = 1 and to show
277
Yn = Z |W[2—n — W(i—l)Z’”| ni))o oo a.s. (2152)
i=1

We have E[Y,] = 2"/?E[|W,|] = 2"/>/2/7 and Var[Y,] = | — 2/n. By Cheby-
shev’s inequality,

2)1

iP Y, < L2 f2/m <i2n_4:2n—4<oo
n=1 "_2 - .

n=1

Using the Borel-Cantelli lemma, this implies (21.52). g

Evidently, the variation is too crude a measure to quantify essential path properties
of Brownian motion. Hence, instead of the increments (in the definition of the vari-
ation), we will sum up the (smaller) squared increments. For the definition of this
square variation, more care is needed than in Definition 21.52 for the variation.

Definition 21.56 A sequence P = (P"),en of countable subsets of [0, 00),
24 ={to,t1,12,...} withO=rn<tj<n<...,

is called an admissible partition sequence if

i P'cP’c..,
(i1) supP" = oo forevery n € N, and
(iii) the mesh size

|77”| :=sup min |s—¢]
tepn SEP" s#t

tends to 0 as n — o0.

If 0 < S < T, then define
Psr=P'NI[S,T) and Pr:=P"NI[0,T).
Ift =1, € P}, thenlett' :=t;41 AT =min{s € P} U{T}:s5 > t}.

Example 21.57 P"={k27":k=0,1,2,...}. O
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Definition 21.58 For continuous F, G : [0,00) — R and for p > 1, define the
p-variation of G (along P) by

P, . p
Vi (G)=Vp P(G) = lim > Gy =G| forT =0

n
tePr

if the limit exists. In particular, (G) := V2(G) is called the square variation of G.
If7T+— VTz(G) is continuous, then we write G € Cqy := Cg.
If, for every T > 0, the limit

Vi (. G) = lim " (Fy = F)(Gy = Gy)

n
tePr

exists, then we call (F, G) := V2(F, G) .= VP’Z(F, G) the quadratic covariation
of F and G (along P).

Remark 21.59 1f p' > p and VI (G) < oo, then V{’/(G) = 0. In particular, we have
(G) =0 if G has locally finite variation. O

Remark 21.60 By the triangle inequality, we have

> Gy =Gil= Y |Gy —Gy| forallneN, T >0.

n
reppt! 1Py

Hence in the case p = 1, the limit always exists and coincides with VH(G) from
Definition 21.52 (and is hence independent of the particular choice of P). A similar
inequality does not hold for V2 and thus the limit need not exist or may depend
on the choice of P. In the following, we will, however, show that, for a large class
of continuous stochastic processes, V2 exists almost surely along a suitable subse-
quence of partitions and is almost surely unique. O

Remark 21.61

(1) If (F 4+ G)r and (F — G)r exist, then the covariation (F, G)r exists and the
polarization formula holds:

1
(F.G)r = Z(<F +G)r — (F = G)r).

@) If (F)7, (G)r and (F, G)r exist, then by the Cauchy—Schwarz inequality, we
have for the approximating sums

Vr((F,G)) <V(F)r(G)r. 0
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Remark 21.62 If f € C'(R) and G € Cqv, then (exercise!) in the sense of the
Lebesgue—Stieltjes integral

T
(F@) = fo (f(Gy)*d(G)s. o

Corollary 21.63 If F has locally finite square variation and if (G) =0 (hence, in
particular, if G has locally finite variation), then (F, G) =0 and (F 4+ G) = (F).

Theorem 21.64 For Brownian motion W and for every admissible sequence of par-
titions, we have

(Wyr=T forallT >0 a.s.

Proof We prove this only for the case where
(0.¢]
Y|P < oo (21.53)
n=1

For the general case, we only sketch the argument.

Accordingly, assume (21.53). If (W) exists, then T + (W)7 is monotone in-
creasing. Hence, it is enough to show that (W)y exists for every T € Qt =
QN [0, c0) and that almost surely (W)r = T. Since (Wt)tzo = (T_l/ZWIT)tZ() is
a Brownian motion, and since ( W)l =T"YW)r, itis enough to consider the case
T=1.

Define

Yyi= Y (Wy—W)? forallneN.
1eP}

Then E[Y,] = ZtePf (' —1t)=1and

VarlY,1= Y Var[(W, — Wp)?] =2 (/' —1)* <2/P".
tePy tePy
By assumption (21.53), we thus have Y oo, Var[¥,] <2> °° |P"| < co; hence
Y, 571 almost surely.
If we drop the assumption (21.53), then we still have Var[Y,] = 0; hence
Y, " 1in probability. However, it is not too hard to show that (Y},),cn is a back-

wards martingale (see, e.g., [140, Theorem 1.28]) and thus converges almost surely
to 1. Il

Corollary 21.65 If W and W are independent Brownian motions, then we have
(W, W)r =0.
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Proof The continuous processes (W + VT/) / ﬁ) and (W — VT/) / ﬂ) have inde-
pendent normally distributed increments. Hence they are Brownian motions. By
Remark 21.61(i), we have

MW, W)r = (W + W)r — (W — W)
=2((W + W)/V2), —2((W — W)/V2),
=27 — 2T =0. O

Clearly, (W; W,) ¢>0 18 a continuous martingale. Now, by Exercise 21.4.2, the pro-
cess (sz — t);>0 is also a continuous martingale. Thus, as shown above, the pro-
cesses W2 — (W) and WW — (W, VT/) are martingales. We will see (Theorem 21.70)
that the square variation (M (w)) of a square integrable continuous martingale M al-
ways exists (for almost all w) and that the process (M) is uniquely determined by
the property that M? — (M) is a martingale.

In order to obtain a similar statement for continuous martingales that are not
square integrable, we make the following definition.

Definition 21.66 (Local martingale) Let F be a filtration on (£2, F,P) and let
be an F-stopping time. An adapted real-valued stochastic process M = (M;);>o is
called a local martingale up to time t if there exists a sequence (7,),eN of stopping
times such that t, 1 v almost surely and such that, for every n € N, the stopped
process M™ = (M, )i=0 1s a uniformly integrable martingale. Such a sequence
(Tw)nen 1s called a localising sequence for M. M is called a local martingale if M
is a local martingale up to time t = oo. Denote by Mg . the space of continuous
local martingales.

Remark 21.67 Let M be a continuous adapted process and let T be a stopping time.
Then the following are equivalent:

(i) M is alocal martingale up to time .
(i1) There is a sequence (7,),eN Of stopping times with 7, 1 T almost surely and
such that every M™ is a martingale.
(iii) There is a sequence (7,),eN Of stopping times with 7, 1 T almost surely and
such that every M™ is a bounded martingale.

Indeed, (iii)==(i)==(ii) is trivial. Hence assume that (ii) holds, and define t;, by
t,:=inf{t >0:|M,| = n} forallneN.

Since M is continuous, we have 7, 1 co. Hence (0)neN := (Ty A T,,)nen is a local-
ising sequence for M such that every M°" is a bounded martingale. O

Remark 21.68 A bounded local martingale M is a martingale. Indeed, assume that
|M;| < C < oo almost surely for all # > 0 and that (7,),cN is a localising sequence
for M.Lett >s>0and A € F;. Then AN {1, <s} € F;, s and hence

E[Mr,,AlﬂAﬂ{rngs}] = E[Mt,,AsﬂAﬂ{r,, gs}]~
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Since 7, 1 0o, the dominated convergence theorem (Corollary 6.26) yields
E[M;14]1=E[M;14].
Hence E[M; | F;] = M, and thus M is a martingale. O

Example 21.69

(i) Every martingale is a local martingale.

(i) In Remark 21.68, we saw that bounded local martingales are martingales. On
the other hand, even a uniformly integrable local martingale need not be a
martingale: Let W = (W!, W2, W3) be a three-dimensional Brownian motion
(that is, wl, w2 and W3 are independent Brownian motions) that starts at
Wo=x € R3\ {0}. Let

u(y)=lyll”" foryeR>\{0}.

It is easy to check that u is harmonic; that is, Au(y) = 0 for all y # 0. We
will see later (Corollary 25.34) that this implies that M := (u(W;));>0 is a local
martingale. Define a localising sequence for M by

T, =inf{t > 0: M; >n}=inf{r > 0: |W;|| <1/n}, neN.

An explicit computation with the three-dimensional normal distribution shows
t . . . . .
E[M;] < :~'/2"Z50; hence M is integrable but is not a martingale. Since

M, "Z20in L', M is uniformly integrable. O

Theorem 21.70 Let M be a continuous local martingale.

(i) There exists a unique continuous, monotone increasing, adapted process
(M) = ((M);)s>0 with (M)o = 0 such that

(Mt2 — (M )t) is a continuous local martingale.

t>0

(i) If M is a continuous square integrable martingale, then M* — (M) is a mar-
tingale.
(iii) For every admissible sequence of partitions P = (P"),eN, we have

Uy = Z (My — M,)? e (M)t in probability for all T > 0.

tePr

The process (M) is called the square variation process of M.

Remark 21.71 By possibly passing in (iii) to a subsequence P’ (that might depend

on T), we may assume that Uz gty (M)r almost surely. Using the diagonal se-
quence argument, we obtain (as in the proof of Helly’s theorem) a sequence of par-

titions such that U7, e (M)7 almost surely for all T € Q*. Since both T+ U}
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and T + (M) are monotone and continuous, we get Uy = (M) forall T >0

almost surely. Hence, for this sequence of partitions, the pathwise square variation
almost surely equals the square variation process:

(M(@) = V(M () = (M) (). ¢

Proof of Theorem 21.70 Step 1. First let |M,| < C almost surely for all + > 0 for
some C < oo. Then, in particular, M is a martingale (by Remark 21.68). Write
Ur = M% — Mg — N7, where

Np=2) MMy —My), T=z0,

us
tePy

is a continuous martingale. Assume that we can show that, for every T > 0, (U %) neN
is a Cauchy sequence in L2(P). Then also (N;),LGN is a Cauchy sequence, and we
can define Ny as the L2-limit of (N7)nen- By Exercise 21.4.3, N has a continuous

modification N, and we have N¥ e Nt in L? for all T > 0. Thus there exists a
continuous process (M) with

n =00

U= (Myr inL? forall T >0, (21.54)

and N = M? — Mg — (M) is a continuous martingale.
It remains to show that, for all 7 > 0,

(U?)HEN is a Cauchy sequence in L2 (21.55)
For m e N, let

Ly = max{(M, — MS)2 csePf te st,,n zm}.

Since M is almost surely uniformly continuous on [0, T'], we have Z,, "0 al-
most surely. As Z,, <4C 2 we infer

E[z2] ™= 0. (21.56)
For n € N and numbers ay, . .., a,, we have
n—1 n—1
(an —ao)® =Y (a1 —ax)* =2y (ax — ao)(@rs1 — ax).
k=0 k=0

In the following computation, we apply this to each summand in the outer sum to
obtain form e Nand n > m
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U7m - U;‘ = Z ((Ms’ - Ms)2 - Z (M, — M[)Z)

sePF teP;"S,
=23 Y (M, — MMy — M)). (21.57)
sePp teP:”S,

Since M is a martingale, for 51,52 € P} and t| € P:‘l RS CRS 73;’2 o with 1] < 1, we
21 2

have
E[(M,, — M )My — My, ) (M, — My, ) (M — My,)]

=E[(My, — My))(My — My)(My, — My,)E[M;, — My, | F1,]] =0.

If we use (21.57) to compute the expectation of (U3’ — U ;5)2, then the mixed terms
vanish and we get (using the Cauchy—Schwarz inequality in the third line)

E[(Up —Up)’] = 4E[ o> (M- M) (M, - Mt)z}

m n
sePy tePH,

< 4E[zm > My — Mt)z]

n
tePy

241/2
54E[z,2,,]“2E[(Z(M,,_Mt)2> ] . (21.58)

tePy.

For the second factor,

o{(Zon-m7)]

tePy
= E[ >y - M,>4]
tePy
+ ZE[ My — M)t Y (My - Mt)z]. (21.59)
sePr tePy

The first summand in (21.59) is bounded by

4C2E|: >y - M,)z] = 4C?E[(Mr — Mp)*] < 16C*.

tePy
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The second summand in (21.59) equals

2E[ DMy — Ms)2E[ D My —M)?| fﬂ

n n
sePr ’EP;/,T

= ZE[ > (My — Mo)’E[(Mr — My)? | f«]}
sePy

< 8CE[(Mr — Mp)*] < 32C*.

Together with (21.58) and (21.56), we obtain

2 m—00

sup E[(U} — U')*] < 16v/3C?E[22]'/* =5 0.

n>m
This shows (21.55).
Step 2. Now let M € Mo and let (ti)yen be a localising sequence such that
every M™ is a bounded martingale (see Remark 21.67). By Step 1, for T > 0 and
N € N, we have

N.,n . 2 n—>oo 2
Up™ = (MY — M) "= (M™), in L%,
tePy
Since UN = UNJrl "if T < 1y, there is a continuous process U with UN n e
Ur in probablhty ifT <ty. Thus (M™)r = (M)r :=Urif T < 1pn. Slnce ™ 1 oo
almost surely, for all 7 > 0,
U=’ (M)r in probability.
As ((M;"’)2 — (M™)7)Tr>0 is a continuous martingale and since (M™) = (M)™,
we have M2 — (M) € Mioc.c-

Step 3. It remains to show (ii). Let M be a continuous square integrable martin-
gale and let (t,),en be a localising sequence for the local martingale M? — (M).
Let T > 0 and let T < T be a stopping time. Then MT ar < E[M | Fz,Az] since
M? is a nonnegative submartingale. Hence (Mrn Az )neN 1s uniformly integrable and
thus (using the monotone convergence theorem in the last step)

E[M]]= lim E[M; , ]= lim E[(M)r:]+E[M]
=E[(M).] + E[Mj].

Thus, by the optional sampling theorem, M? — (M) is a martingale.

Step 4 (Uniqueness). Let A and A’ be continuous, monotone increasing, adapted
processes with Ag = A{, such that M? — A and M? — A’ are local martingales. Then
also N = A — A’ is a local martingale, and for almost all w, the path N(w) has
locally finite variation. Thus (N) = 0 and hence N 2 _(N) = N? is a continuous
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local martingale with No = 0. Let (7,),en be a localising sequence for N 2. Then

E[N%mt] =0 for any n € N and ¢ > 0; hence ernm = 0 almost surely and thus
N? =lim,— ern A; = 0 almost surely. We conclude A = A’. O

Corollary 21.72 Let M be a continuous local martingale with (M) = 0. Then
M; = My for all t > 0 almost surely. In particular, this holds if the paths of M
have locally finite variation.

Corollary 21.73 Let M,N € Miocc. Then there exists a unique continuous
adapted process (M, N) with almost surely locally finite variation and (M, N)o =0
such that

MN — (M, N) is a continuous local martingale.

(M, N) is called the quadratic covariation process of M and N . For every admissible
sequence of partitions P and for every T > 0, we have

(M,N)r = lim Z (My — My)(Ny — Ny)  in probability. (21.60)
n—oo

n
tePr

Proof Existence. Manifestly, M + N, M — N € My .. Define
1
(M, N) =2 ((M+N) = (M= N)).

As the difference of two monotone increasing functions, (M, N) has locally finite
variation. Using Theorem 21.70(iii), we get (21.60). Furthermore,

1 2 1 2
MN = (M N) = 2((M+N)” = (M +N)) = 2 ((M = N)’ = (M = V)

is a local martingale.

Uniqueness. Let A and A" with A9 = Aj; = 0 be continuous, adapted and with
locally finite variation such that MN — A and MN — A’ are in My .. Then
A — A’ € Mjgc, . have locally finite variation; hence A — A’ = 0. U

Corollary 21.74 If M € Mioc and A are continuous and adapted with (A) =0,
then (M + A) = (M).

If M is a continuous local martingale up to the stopping time 7, then M* € Mo ¢,
and we write (M), := (M"), fort < t.

Theorem 21.75 Let t be a stopping time, M be a continuous local martingale up
to T and Ty < T a stopping time with E[{M),] < co. Then E[M] = E[My], and
M™ is an L?-bounded martingale ifE[Mg] < 00.
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Proof Let 1, 1 T be a localising sequence of stopping times for M such that ev-
ery M™ is even a bounded martingale (see Remark 21.67). Then M™"™ is also a
bounded martingale, and for every ¢ > 0, we have

E[MZ . ]| =E[M}] +E[(M)qren] <E[MJ]+E[(M)g] <oo. (21.61)

70

Hence ((Mynz,Ar), n € N, t > 0) is bounded in L? and is thus uniformly integrable.
Therefore, by the optional sampling theorem for uniformly integrable martingales,

E[My] = lim E[May,]=E[Mol,
and, for ¢t > s,

E[M" | 7] =E[ lim M?""

n—00

)

= lim E[M/*"™ | F]

n—oo

= lim M = M0,
n—o0

Hence M™ is a martingale. O

Corollary 21.76 If M € Mo with E[Mg] < 0o and E[{M);] < oo for every
t >0, then M is a square integrable martingale.

Exercise 21.10.1 Show that the random variables (Y,),cN from the proof of Theo-
rem 21.64 form a backwards martingale.

Exercise 21.10.2 Let f : [0, 00) — R be continuous and let X € CZ; for the admis-
sible sequence of partitions P. Show that

T
/ f(s)d(X)s = lim Z F(O(Xy —X)? forall T >0.
0 n—oo

7
tePr

Exercise 21.10.3 Show by a counterexample that if M is a continuous local mar-
tingale with My = 0 and if 7 is a stopping time with E[(M).] = oo, then this does
not necessarily imply E[M?] = oo.



	Chapter 21: Brownian Motion
	21.1 Continuous Versions
	21.2 Construction and Path Properties
	21.3 Strong Markov Property
	21.4 Supplement: Feller Processes
	21.5 Construction via L2-Approximation
	Lévy Construction of Brownian Motion
	Brownian Motion and White Noise

	21.6 The Space C([0,infty))
	21.7 Convergence of Probability Measures on C([0,infty))
	21.8 Donsker's Theorem
	21.9 Pathwise Convergence of Branching Processes*
	21.10 Square Variation and Local Martingales


