Chapter 15
Characteristic Functions and the Central Limit
Theorem

The main goal of this chapter is the central limit theorem (CLT) for sums of inde-
pendent random variables (Theorem 15.37) and for independent arrays of random
variables (Lindeberg—Feller theorem, Theorem 15.43). For the latter, we prove only
that one of the two implications (Lindeberg’s theorem) that is of interest in the ap-
plications.

The ideal tools for the treatment of central limit theorems are so-called charac-
teristic functions; that is, Fourier transforms of probability measures. We start with
a more general treatment of classes of test functions that are suitable to charac-
terize weak convergence and then study Fourier transforms in greater detail. The
subsequent section proves the CLT for real-valued random variables by means of
characteristic functions. In the fifth section, we prove a multidimensional version of
the CLT.

15.1 Separating Classes of Functions

Let (E, d) be a metric space with Borel o-algebra &€ = B(E).
Denote by C = {u +iv : u, v € R} the field of complex numbers. Let

Re(u +iv)=u and Im(u+iv)=v

denote the real part and the imaginary part, respectively, of z=u +iv e C. Let7 =
u — iv be the complex conjugate of z and |z| = ~/u2 + v2 its modulus. A prominent
role will be played by the complex exponential function exp : C — C, which can be
defined either by Euler’s formula exp(z) = exp(u)(cos(v) +i sin(v)) or by the power
series exp(z) = Y oo 2" /n!. Itis well-known that exp(z] + z2) = exp(z1) - exp(z2).
Note that Re(z) = (z +7)/2 and Im(z) = (z — 7)/2i imply

eix + efix ) eix _ efix
cos(x) = ——— and sin(x)= ———— forallx e R.
2 2i
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A map f: E — Cis measurable if and only if Re(f) and Im(f) are measurable
(see Theorem 1.90 with C = R2). In particular, any continuous function £ — C is
measurable. If u € M(E), then we define

/ fdp = f Re(f)dp+i / Im(f)dp

if both integrals exist and are finite. Let C,(E; C) denote the Banach space of con-
tinuous, bounded, complex-valued functions on E equipped with the supremum
norm || f|lec = supf{| f(x)| : x € E}. We call C C Cp(E; C) a separating class for
My (E) if for any two measures u, v € M ¢(E) with u # v, there is an f € C such
that [ fdu # [ f dv. The analogue of Theorem 13.34 holds for C C C»(E; C).

Definition 15.1 Let K=R or K= C. A subset C C Cp(E; K) is called an algebra
if

(i 1eC,
(i) if f,g€C, then f-gand f + g are in C, and
(iii) if f € C and o € K, then («f) isin C.

We say that C separates points if for any two points x, y € E with x # y, there is an

feCwith f(x)# f(y).

Theorem 15.2 (Stone—WeierstraB3) Let E be a compact Hausdorff space. Let
K=RorK=C.LetC C Cp(E; K) be an algebra that separates points. I[f K = C,
then in addition assume that C is closed under complex conjugation (that is, if
f €C, then the complex conjugate function f is also in C).

Then C is dense in Cp(E; K) with respect to the supremum norm.

Proof We follow the exposition in Dieudonné [34, Chapter VIL.3]. First consider
the case K = R. We proceed in several steps.

Step 1. By Weierstral}’s approximation theorem (Example 5.15), there is a se-
quence (p,)nen of polynomials that approach the map [0, 1] — [0, 1], # — /1t uni-
formly. If f € C, then also

[F1= 11 lloo Jim pu(£2/1£13)

is in the closure C of C in Cp(E; R). _ B
Step 2. Applying Step 1 to the algebra C yields that, for all f, g € C,

1 1
fvg=§(f+g+|f—gl) and ng=§(f+g—|f—gl)

are also in C. _
Step 3. For any f € Cp(E; R), any x € E and any ¢ > 0, there exists a g, € C
with g, (x) = f(x) and gx(y) < f(y) + ¢ forall y € E. As C separates points, for
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any z € E \ {x}, there exists an H, € C with H,(z) # H (x) = 0. For such z, define
h, €C by
= f@+ L2 Ty ) poraty e £,
H:(2)

In addition, define i, := f. Then h (x) = f(x) and h,(z) = f(z) for all z € E.
Since f and h, are continuous, for any z € E, there exists an open neigh-
borhood U, > z with h(y) < f(y) 4+ ¢ for all y € U,. We construct a finite
covering Uy, ..., U, of E consisting of such neighborhoods and define g, =
min(hy,, ..., h;,). By Step 2, we have g, € C.

Step 4. Let f € Cp(E; R), ¢ > 0 and, for any x € E, let g, be as in Step 3. As
f and g, are continuous, for any x € E, there exists an open neighborhood Vy > x
with g, (y) > f(y) — ¢ for any y € V. We construct a finite covering Vy,, ..., Vy,
of E and define g := max(gy,, ..., &x,). Then g € CbyStep2and ||g — flloo <€
by construction. Letting & |, 0, we get C = C(E; R).

Step 5. Now consider K = C. If f € C, then by assumption Re(f) = (f + f)/2
and Im(f) = (f — f)/2i are in C. In particular, Cy := {Re(f) : f € C} C C is a real
algebra that, by assumption, separates points and contains the constant functions.
Hence Cy is dense in Cp(E; R). Since C = Cy + iCyp, C is dense in Cp(E; C). O

Corollary 15.3 Let E be a compact metric space. Let K=R or K=C. Let C C
Cp(E; K) be a family that separates points; that is, stable under multiplication and
that contains 1. If K = C, then in addition assume that C is closed under complex
conjugation.

Then C is a separating family for M ¢ (E).

Proof Let pi, u2 € My(E) with [gduy = [gdu, for all g € C. Let C’ be the
algebra of finite linear combinations of elements of C. By linearity of the integral,

[gdui = [gdusforal geC'.
For any f € Cp(E,R) and any ¢ > 0, by the Stone—Weierstral} theorem, there
exists a g € C' with || f — glloo < €. By the triangle inequality,

Vfdm—/fduz /fdm—[gderngm—/gduz
+’/gduz—/fdm

<e(u1(E) + pua(E)).

=<

Letting ¢ | 0, we get equality of the integrals and hence p; = wo (by Theo-
rem 13.11). O

The following theorems are simple consequences of Corollary 15.3.

Theorem 15.4 The distribution of a bounded real random variable X is character-
ized by its moments.
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Proof Without loss of generality, we can assume that X takes values in E := [0, 1].
For n € N, define the map f;, : [0, 1] — [0, 1] by f;, : x + x". Further, let fo = 1.
The family C = { f,,, n € Np} separates points and is closed under multiplication;
hence it is a separating class for M ¢(E). Thus Py is uniquely determined by its
moments E[X"] = [ x"Px(dx),n € N. O

Example 15.5 (due to [73]) In the preceding theorem, we cannot simply drop
the assumption that X is bounded without making other assumptions (see Corol-
lary 15.32). Even if all moments exist, the distribution of X is, in general, not
uniquely determined by its moments. As an example consider X := exp(Y), where
Y ~ No,1. The distribution of X is called the log-normal distribution. For every
n € N, nY is distributed as the sum of n? independent, standard normally distributed

random variables n¥ 2 Yi+...+7Y,2. Hence, forn e N,

E[X"] — E[e”Y] — E[eY1+"‘+Yn2] — HE[eYi] — E[eY]n
i=1 (15.1)

2

o n
:(/ (Zn)_l/zeye_yz/zdy> — "2,

—00

We construct a whole family of distributions with the same moments as X. By the
transformation formula for densities (Theorem 1.101), the distribution of X has the
density

fx)= x ! exp(—% 10g(x)2> for x > 0.

1
V2
For o € [—1, 1], define probability densities f, on (0, co) by

fa(¥) = f(x)(1 4 asin(27 log(x))).

In order to show that f, is a density and has the same moments as f, it is enough to
show that, for all n € Ny,

o0
m(n) = / x"f(x) sin(2n log(x)) dx =0.
0
With the substitution y = log(x) — n, we get (note that sin(2z (y 4+ n)) = sin(2wy))

o0
mn) = f ™ Q) 2=t 2 gin (2 (y + m)) dy

—00

o
= Qn)" 12 f e’ 2 sin@ry)dy =0,

—00

where the last equality holds since the integrand is an odd function. O



15.1 Separating Classes of Functions 299

Theorem 15.6 (Laplace transform) A finite measure . on [0, 00) is characterized
by its Laplace transform

L, (L) ::/ef)‘xu(dx) for A > 0.

Proof We face the problem that the space [0, 0co) is not compact by passing to the
one-point compactification E = [0, oo]. For A > 0, define the continuous function
£ 1[0, 00] = [0, 1] by fi(x) =e ¥ if x < 00 and f; (00) = lim,_, o, e . Then
C = {f», A = 0} separates points, fo =1¢€C and f, - fo = fu+s € C. By Corol-
lary 15.3, C is a separating class for M ¢ ([0, oo]) and thus also for M ¢ ([0, 00)). [

Definition 15.7 For e My (R9), define the map O R? — C by

Qut) == / e u(dx).

@, is called the characteristic function of .

Theorem 15.8 (Characteristic function) A finite measure u € M f(Rd ) is char-
acterized by its characteristic function.

Proof Let i, 2 € Ms(RY) with g, () = ¢, (t) for all t € RY. By Theo-
rem 13.11(ii), CC(Rd) is a separating class for Mf(Rd). Hence, it is enough to
show that [ fdu; = [ fdus forall f e C.(RY).

Let f:RY — R be continuous with compact support and let & > 0. Assume that
K > 0 is large enough such that f(x) =0 for x & (—K /2, K/2)? and such that
wi(RY\ (=K, K)¥) <€, i=1,2. Consider the rorus E :=R?/(2KZ?) and define
f:E—Rby

f(x+2KZ% = f(x) forxe[-K,K)".

Since the support of f is contained in (—K, K )‘1, f is continuous.
For m € Z¢ define

gn:R'>C, xm— exp(i(nm/K,x)).

Let C be the algebra of finite linear combinations of the g,,. For g € C, we have
g(x)=g(x+2Kn) forall x € R4 and n € Z4. Hence, the map

§:E—C, gx+2K2%) =gx)

is well-defined, continuous and bounded. Furthermore, C := {g:6€CCCHp(E;C)
is an algebra that separates points and is closed under complex conjugation. As E is
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compact, by the Stone—Weierstral theorem, thereis a g € C such that ||g — f loo < €.
We infer

ICf =1 _kkpllo <
and

1(f = @) gay—x k10 | oo < 18lloo = 181l < | fllco + &= fllow + &

By assumption of the theorem, [ gdu; = [ gdus. Hence, using the triangle in-
equality, we conclude

Vfdm—/fduz Sflf—glder/If—glduz

< (20 flloo + 26 + 1 (RY) + 2 (RY)).

As ¢ > 0 was arbitrary, the integrals coincide. 0

Corollary 15.9 A finite measure jn on Z¢ is uniquely determined by the values
— i(r,x) d
@u(t) _/e uldx), tel—m,m)".

Proof This is obvious since ¢, (t +2wk) = ¢, (t) forall k € Vi g

While the preceding corollary only yields an abstract uniqueness statement, we
will profit also from an explicit inversion formula for Fourier transforms.

Theorem 15.10 (Discrete Fourier inversion formula) Let u € M f(Zd) with char-
acteristic function ¢,,. Then, for every x € 74,

u(ix)) = @m)~? [ e g, (1 dr.

[—7,m)d

Proof By the dominated convergence theorem,

/[ L= f[ )de—"<”x>(ngr;.10 Ze”””u({y}))dt
—7,7T -7, 7T

lyl=n
= lim ir.x) PAURY n({y})d
n—oo [—j'[,?'[)d }|Z<n
=S uon [
[—m,7)d

yezZd
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The claim follows since, for y € Zd,

ei(l,y—x) dt = (zﬂ)d, ifx = v,
[—7m,m)d 0, else. O

Similar inversion formulas hold for measures 1 on R?. Particularly simple is the
case where p possesses an integrable density f := Z—’)f with respect to d-dimensional
Lebesgue measure A. In this case, we have the Fourier inversion formula,

Ffx)=Qn)™¢ fRd e g (1)A(dr). (15.2)

Furthermore, by Plancherel’s theorem, f € £2(3) if and only if ¢, € £2(1). In this
case, || fll2 = llell2.

Since we will not need these statements in the following, we only refer to
the standard literature (e.g., [173, Chapter VI.2] or [54, Theorem XV.3.3 and
Eq. (XV.3.8)]).

Exercise 15.1.1 Show that, in the Stone—Weierstral} theorem, compactness of E is
essential. Hint: Let E = R and use the fact that C;(R) = Cp(R; R) is not separable.
Construct a countable algebra C C Cp(RR) that separates points.

Exercise 15.1.2 Let d € N and let 1 be a finite measure on [0, c0)?. Show that y is
characterized by its Laplace transform £, (1) = f e~ M%) (dx), » € [0, 00)4.

Exercise 15.1.3 Show that, under the assumptions of Theorem 15.10, Plancherel’s
equation holds:

Yot} =en [ ol

xezd

Exercise 15.1.4 (Mellin transform) Let X be a nonnegative real random variable.
For s > 0, define the Mellin transform of Py by

mx(s) =E[X*]

(with values in [0, o0]).

Assume there is an g9 > 0 with my(gp) < oo (respectively my (—egp) < 00).
Show that, for any ¢ > 0, the distribution Py is characterized by the values m x (s)
(respectively mx (—s)), s € [0, €].

Hint: For continuous f : [0, c0) — [0, 00), let

dr(2) = /0 7 f (0 dt

for those z € C for which the integral is well-defined. By a standard result
of complex analysis if ¢f(s) < oo for an s > 1, then ¢ is holomorphic in
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{z€C:Re(z) € (1,5)} (and is thus uniquely determined by the values ¢ ¢ (r), r €
(1, 1 + &) for any ¢ > 0). Furthermore, for all r € (1, s),

1 © .
f@)= %/ =0 G o (r +ip)dp.

—00

(i) Conclude the statement for X with a continuous density.
(ii) For § > 0, let Y5 ~ Uj1—s,1) be independent of X. Show that XY;s has a contin-
uous density.
(iii) Compute m xy;, and show that mxy, — myx for § | 0.
(iv) Show that XYs =— X for é | 0.

Exercise 15.1.5 Let X, Y, Z be independent nonnegative random variables such
that P[Z > 0] > 0 and such that the Mellin transform myxz(s) is finite for some
s > 0.
. D D
Show thatif XZ =Y Z holds, then X =Y.

Exercise 15.1.6 Let u be a probability measure on R with integrable characteristic
function ¢,, and hence ¢,, € L'(1), where A is the Lebesgue measure on R. Show
that p is absolutely continuous with bounded continuous density f = ‘jl—’)f given by

I [ _
fx) = —/ e, (t)dt forall x € R.
27 J_oo

Hint: Show this first for the normal distribution Ny, ¢ > 0. Then show that
u * Ny ¢ is absolutely continuous with density f;, which converges pointwise to f
(as e — 0).

Exercise 15.1.7 Let (£2, 7) be a separable topological space that satisfies the T, 1
separation axiom: For any closed set A C £2 and any point x € §2 \ A, there exists
a continuous function f : £ — [0, 1] with f(x) =0 and f(y) =1 for all y € A.
(Note in particular that every metric space is a T 1 -space.)

Show that o (Cp(£2)) = B(£2); that is, the Borel o-algebra is generated by the
bounded continuous functions 2 — R.

15.2 Characteristic Functions: Examples

Recall that Re(z) is the real part of z € C. We collect some simple properties of
characteristic functions.
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Lemma 15.11 Let X be a random variable with values in R? and characteristic
function x (1) = E[e!"X)]. Then:

() lpx(t)| <1 forallt e R? and px(0) = 1.

(i) @axip(t) =ox(at)e'®) forall a € R and b € RY.
(iii)) Px =P_x if and only if ¢ is real-valued.
(iv) If X and Y are independent, then ¢x+y = ¢x - ¢y.

(v) 0<1—Re(px(2t)) <4(1 —Re(px (1)) forall t € RY.

Proof (1) and (ii) are trivial.

(i) @x (1) = @x (—1) = p_x (1).
(iv) As €/t:X) and ¢¢-Y) are independent random variables, we have

ox+y (1) =E[e! 1) O E[e OV TE[ 1] = x (Dpy ().
(v) By the addition theorem for trigonometric functions,
1 —cos((2t, X)) =2(1 — (cos((z, X)))?) <4(1 — cos({t, X))).
Now take the expectations of both sides. m

In the next theorem, we collect the characteristic functions for some of the most
important distributions.

Theorem 15.12 (Characteristic functions of some distributions) For some distri-
butions P with density x — f(x) on R or weights P ({k}), k € Ny, the characteristic
function ¢(t) is given explicitly in Table 15.1.

Proof (1) (Normal distribution) By Lemma 15.11, it is enough to consider the case
w=0ando?=1. By virtue of the differentiation lemma (Theorem 6.28) and using
partial integration, we get

d Oo itx:. —x2/2
—o(t) = e'ixe dx = —tp(1).
dt o0
This linear differential equation with initial value ¢ (0) = 1 has the unique solution
o) = e 12,

(i) (Uniform distribution) This is immediate.

(iii) (Triangle distribution) Note that Triy =U[_a/2,4/2] * U[—a/2,a/2]; hence

sin(at /2)? 1 — cos(at)
a2z a’t?

2
(pTria (t) = (pZ/{[,u/zyu/z] (t) = 4
Here we used the fact that by the addition theorem for trigonometric functions

1 — cos(x) = sin(x/2)? + cos(x/2)% — cos(x) = 2sin(x/2)>.
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Table 15.1 Characteristic functions of some distributions

Distribution Char. fct.
Name Parameter on Density / Weights o(t)
Symbol

2 . 2.2
Normal neR R 1 . exp(_(xz_#z)) oI L g0 122
Ny o2 62>0 e ’
Uniform a>0 [0, a] 1/a ei‘;;;l
Ujo.a)
Uniform a>0 [—a,a] 1/2a Si'g—;”)
Ul—q,a]
Triangle a>0 [—a,a] %(1 —|x|/a)* 2%
Tri,
N.N. a>0 R 1 Locos(an) A=t /a)*
Gamma 0>0 [0, 00) X le 0 (1—it/9)~"
Iy, r r>0

: —0 0
Exponential 6>0 [0, c0) e * P
€XPg
Two-sided 6=>0 R %e*m"‘ m
exponential
expg
Cauchy a>0 R # m e—all
Cau, ’
Binomial neN {0,...,n} (Z) pr(1 = pyrk (1-p)+
by, p pelo0,1] pe')"
. —r

Negative r>0 No ( « >(—1)kpr(1 -pt (ﬁ)r
binomial pe(0,1]
brp . 4
Poisson A>0 Ny e % exp(h(elf —1))
POiA

(iv) (N.N.) This can either be computed directly or can be deduced from (iii) by
using the Fourier inversion formula (Eq. (15.2)).

(v) (Gamma distribution) Again it suffices to consider the case 6 = 1. For 0 <
b<c<ooandt€R,letyp,, be the linear path in C from b —ibt to ¢ —ict, let
dp,: be the linear path from b to b — ibt and let €. be the linear path from ¢ — ict
to c. Substituting z = (1 — it)x, we get

1 © : 1—in™"
() = —/ X le e dx = i/ 7 le 4z
ra) Jo Iy Jyses

Hence, it suffices to show that fyo - 71 exp(—z)dz =1T(r).
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The function z — z'~!exp(—z) is holomorphic in the right complex plane.
Hence, by the residue theorem for 0 < b < ¢ < 00,

C
/ x’_lexp(—x)dxzf z’_lexp(—z)dz
b Vb,c,t

—i—/ 7! exp(—z)dz—i—/ 7 “lexp(—2)dz.
‘Sb‘r

5(:,t

Recall that fooo X1 exp(—x)dx =: I'(r). Hence, it is enough to show that the inte-
grals along 8, ; and €. ; vanish if b — 0 and ¢ — oo.

However, |z Lexp(—z)| < (1 +2)=D/2pr=Lexp(—b) for z € 8p,;. As the path
8p, has length b|t|, we get the estimate

f 7 letdz
bt
/ r—1 -z
7T etdz
€c,t

(vi) (Exponential distribution) This follows from (v) since expy = I3, 1.
(vii) (Two-sided exponential distribution) If X and Y are independent expy-
distributed random variables, then it is easy to check that X — Y ~ expé. Hence

r/2

§b’e_b(1 +t2) — 0 forb—0.

Similarly,

"2 _50 fore— oo.

< cref"(l + tz)

1 1 1
1—it/01+it/0 14 (t/0)?

(viii) (Cauchy distribution) This can either be computed directly using residue
calculus or can be inferred from the statement for the two-sided exponential distri-
bution by the Fourier inversion formula (Eq. (15.2)).

(ix) (Binomial distribution) By the binomial theorem,

wexpg @)= Pexpy (f)(/’expg (=)=

n

o)=Y (Z)(l —p)" K (pe") = (1= p+ pe'")".

k=0

(X) (Negative binomial distribution) By the generalized binomial theorem (Lem-
ma 3.5), for all x € C with |x| <1,

]

(=07 =3 (7)ot

k=0

Using this formula with x = (1 — p)e’ gives the claim.
(xi) (Poisson distribution) Clearly,

00 .
A .
(pPoi;L(l) = Zeiku — e)»(e ’—1).
n! -
n=0



306 15 Characteristic Functions and the Central Limit Theorem

Corollary 15.13 The following convolution formulas hold.

1) NMIJ? *Nﬂzﬁzz ZNMI+M2,012+022f0r w1, w2 € R and 012,022 > 0.
(1)) Ty, *Tps=1Tprysfor6,r,s>0.

(iii) Cau, * Caup = Caugyp fora, b > 0.

(i) by, p * by, p =bpyyn,p form,n e Nand p € [0, 1].

) b;p *b;p = br_ﬂ’pfor r,s >0and p € (0, 1].

(vi) Poiy, * Poiy =Poiy 1, for A, u > 0.

Proof This follows by Theorem 15.12 and by ¢4, = ¢, ¢, (Lemma 15.11). O

The following theorem gives two simple procedures for calculating the charac-
teristic functions of compound distributions.

Theorem 15.14

(i) Let p1, pu2,... € My (RY) and let py, pa, ... be nonnegative numbers with
3% | Puttn(RY) < 00. Then the measure 1 :=Y o2 | pupin € Ms(R?) has
characteristic function

o0
Ou=)  PnPus- (15.3)
n=1

(i1) Let N, X1, X2, ... be independent random variables. Assume X1, X2, ... are
identically distributed on R¢ with characteristic function ¢x . Assume N takes
values in No and has the probability generating function fyn. Then Y :=
Zf:/:l X, has the characteristic function y (t) = fn(px(1)).

(iii) In particular, if we let N ~ Poi,_in (ii), then ¢y (t) = exp(A(px () — 1)).

Proof (i) Define v, = Zzzl Pikik. By the linearity of the integral, ¢,, =
Zzzl Pk Py, - By assumption, i = w-lim,,_, o0 v, hence also ¢, (1) = limy, . o0 @y, (1).
(ii) Clearly,

o
¢Y(t) — ZP[N — n]E[el'<l,X1+‘..+X,,)]
n=0

= ZP[N =nlox®)" = fn(e@®)).

n=0
(iii) In this special case, fy(z) = @D for z € C with |z] < 1. O
Example 15.15 Let n € N, and assume that the points 0 =aqp <aj < ... < a, and

1=y0>y1 >...>Yy, =0 are given. Let ¢ : R — [0, 00) have the properties
that

e p(ay) = yi for all k =0,...,n and ¢ is linearly interpolated between the
points a,
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~+

—ay —as —a2 —ai a1 az as aq

Fig. 15.1 The characteristic function ¢ from Example 15.15 with n =4

e ¢(x)=0 for |x| > a,, and
e ¢ iseven (thatis, p(x) = @(—x)).

Assume in addition that the y; are chosen such that ¢ is convex on [0, 00). This is
equivalent to the condition that m| < mj < ... <m, <0, where my := % i
the slope on the kth interval. We want to show that ¢ is the characteristic function
of a probability measure p € M (R).

Define py = ax(mp+1 —my) fork=1,...,n.

Let px € M (R) be the distribution on R with density 1 1=5@T) By Theo-

T agx? :
rem 15.12, pu has the characteristic function ¢, (1) = (1 — %)4' The characteristic

function ¢, of p:=3 }_, pkux is then

on® =" pe(1—1rl/ar)".

k=1

This is a continuous, symmetric, real function with ¢, (0) = 1. It is linear on each
of the intervals [ax—1, ax]. See Fig. 15.1 for an example with n = 4. By partial
summation, for all k =1, ..., n (since m,+1; =0),

n + n
oular) =Y ar(msr — mk)(l - Z—i) =Y (ax — a) (mes1 — my)
k=l

k=1

=[(an — apmuy1 = (@ — apm;] = Y (ax — ax—1)mi
k=Il+1

=— > k—w-1) =y =0).

k=I+1

Hence ¢, = ¢. O
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Example 15.16 Define the function ¢ : R — [0, 1] for ¢t € [—m, ) by ¢(t) =
1 — 2|t|/m, and assume ¢ is periodic (with period 2m). By the discrete Fourier
inversion formula (Theorem 15.10), ¢ is the characteristic function of the probabil-
ity measure u € M (Z) with u({x}) = 27)~! ffn cos(tx)¢(t)dt. In fact, in order
that i be a measure (not only a signed measure), we still have to show that all of
the masses w({x}) are nonnegative. Clearly, u({0}) = 0. For x € Z \ {0}, use partial
integration to compute the integral,

/ﬂ cos(tx)p(t)dt = 2/‘7r cos(tx)(1 —2t/m)dt
0

—TT
4 2\ . 4 . 4 [T .
=—|1——)sin(rx) — —sin(0) + —/ sin(zx) dt
T X X Jo

X
4
= m(l — COS(JT)C)).

Summing up, we have

#, if x is odd,

M({X}) - [O else.

Since u(Z) = ¢(0) = 1, u is indeed a probability measure. O

Example 15.17 Define the function ¥ : R — [0, 1] for r € [-7/2,7/2) by ¥ (¢) =
1 —2]t|/m. Assume ¥ is periodic with period 7. If ¢ is the characteristic function of
the measure u from the previous example, then clearly ¥ (¢) = |¢(¢)]. On the other
hand, ¥ (¢) = % + %(p(Zt). By Theorem 15.14 and Lemma 15.11(ii), we infer that
is the characteristic function of the measure v with v(A) = %SO(A) + %M(A /2) for
A C R. Hence,

5, ifx=0,
v({(x}) =1 2=, if§€Zisodd,
0, else. %

Example 15.18 Let ¢(t) = (1 — 2|t|/m)™ be the characteristic function of the dis-
tribution “N.N.” from Theorem 15.12 (with a = 7/2) and let v be the characteris-
tic function from the preceding example. Note that ¢(t) = v (¢) for |¢| < /2 and
@(t) =0 for |t| > /2; hence 9> = ¢ - . Now let X,Y, Z be independent real
random variables with characteristic functions ¢y = ¢y = ¢ and ¢z = ¥. Then

OxQy = ¢x¢@z; hence X +Y D X + Z. However, the distributions of Y and Z do
not coincide. O

Exercise 15.2.1 Let ¢ be the characteristic function of the d-dimensional random
variable X. Assume that ¢(¢) = 1 for some ¢ # 0. Show that P[X € H;] = 1, where
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H, = {x eR?: (x,t) € 2nZ}
={y+z-Q2nt/lItl3) : z € Z, y e R with (y,1) = 0}.
Infer that ¢(t +5) = ¢(s) forall s € RY.

Exercise 15.2.2 Show that there are real random variables X, X’ and Y, Y’ with the
properties (i) X Dx andy 2 Y’, (ii) X’ and Y’ are independent, (iii) X + Y 2
X’ +Y’,and (iv) X and Y are not independent.

Exercise 15.2.3 Let X be a real random variable with characteristic function ¢.
X is called lattice distributed if there are a,d € R such that P[X € a +dZ] = 1.
Show that X is lattice distributed if and only if there exists a u % 0 such that

lp@)| =1.

Exercise 15.2.4 Let X be a real random variable with characteristic function ¢.
Assume that there is a sequence (f,),en of real numbers such that |#,| | 0 and
|@(t,)| = 1 for any n. Show that there exists a b € R such that X = b almost surely.
If in addition, ¢(z,) = 1 for all i, then X = 0 almost surely.

15.3 Lévy’s Continuity Theorem

The main statement of this section is Lévy’s continuity theorem (Theorem 15.23).
Roughly speaking, it says that a sequence of characteristic functions converges
pointwise to a continuous function if and only if the limiting function is a charac-
teristic function and the corresponding probability measures converge weakly. We
prepare for the proof of this theorem by assembling some analytic tools.

Lemma 15.19 Let u € M (RY) with characteristic function ¢. Then
o) — 9(9)|” <2(1 —Re(p(t —5))) forall s, € R

Proof By the Cauchy—Schwarz inequality,

2
o) —p)|* = ‘ /R e — !0 u(d)

2

/d(ei([—s,x) _ 1)€i<s’x>ﬂ(dx)
R

< |ei<t—5’x) _ 1|2;,L(dx) / |ei(s,x>|2'u(dx)
R R?

— \/Rd(ei(t—s,x) _ 1)(e—i(t—s,x) _ 1)M(d.x)

=2(1 —Re(p(t —9))). O
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Definition 15.20 Let (E, d) be a metric space. A family (f;,i € I) of maps E — R
is called uniformly equicontinuous if, for every € > 0, there exists a § > 0 such that
|fi(t) — fi(s)|<eforalli el andall s,t € E withd(s,t) <3d.

Theorem 15.21 If F ¢ M (RY) is a tight family, then {ou - u € F} is uniformly
equicontinuous. In particular, every characteristic function is uniformly continuous.

Proof We have to show that, for every ¢ > 0, there exists a § > 0 such that, for all
reR? all s € R with |t — s| < & and all u € F, we have

lou () — pu(s)| <e.
As F is tight, there exists an N € N with ([—N, N1%) > 1 —¢?/6 forall u € F.

Furthermore, there exists a 8§ > 0 such that, for x € [-N, N]¢ and u € R? with
lu| <8, we have |1 — e!0¥)| < 82/6. Hence we get for all u € F

1 —Re(pu(u)) 5/ 11— ei<”’x>|u(dx)
R4

IA

&2 ;
——i—/ 1 — €' | u(dx)
[=N.NJ

IA
o
1o

& n e &2
376 2
Thus, for |t —s| < 6 by Lemma 15.19, |¢, (t) — ¢.(s)| <e&. O

Lemma 15.22 Let (E, d) be a metric space and let f, f1, f2,... be maps E — R
with f, gy f pointwise. If (fu)neN is uniformly equicontinuous, then f is uni-
formly continuous and (f;)nen converges to f uniformly on compact sets; that is,
for every compact set K C E, we have

n—oo

sup| f(s) — f(s)| — 0.
seK

Proof Fix ¢ > 0, and choose § > 0 such that | f;,(#) — f,(s)| < ¢ for all n € N and
all s,t € E with d(s, t) < §. For these s, ¢, we thus have

[f&) = f@)| = lim |fu(s) = fu®O] <e.

Hence, f is uniformly continuous.

Now let K C E be compact. As compact sets are totally bounded, there exists
an N € N and points #1,...,ty € K with K C va=1 B;(t;). Choose ng € N large
enough that | f,(#;) — f(#;))| <eforalli=1,..., N and n > ny.

Now let s € K and n > ng. Choose a t; with d(s, t;) < §. Then
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| fa($) = £ < | fa($) = fuD| + [ fu @) = FD| + | f 1) = f(9)] < 3.

As ¢ > 0 was arbitrary, we infer that f; = f uniformly on K. O

A map f: RY — R is called partially continuous at x = (x1,...,xq) if, for
any i = 1,...,d, the map y; — f(x1,...,Xi—1, Vi, Xi+1,--.,Xq) 1S continuous at
Yi =Xi.

Theorem 15.23 (Lévy’s continuity theorem) Let P, P(, P>, ... € M, (RYY with
characteristic functions ¢, @1, @2, . ...

1) If P =w-limy,_, o Py, then ¢, = @ uniformly on compact sets.

@Gi) If ¢n = f pointwise for some f :R? — C that is partially continuous
at 0, then there exists a probability measure Q such that og = f and Q =
w-limy,—s 00 Py.

Proof (i) By the definition of weak convergence, we have ¢, = @ pointwise. As
the family (P,),en is tight, by Theorem 15.21, (¢, )nen is uniformly equicontinu-
ous. By Lemma 15.22, this implies uniform convergence on compact sets.

(i) By Theorem 13.34, it is enough to show that the sequence (P),eN is
tight. For this purpose, it suffices to show that, for every k = 1,...,n, the se-
quence (P,f),,eN of kth marginal distributions is tight. (Here P,’f = Pyom, 1, where
7 : R? — R is the projection on the kth coordinate.) Let ¢; be the kth unit vector
in R?. Then Ppk (t) = @ (teg) is the characteristic function of P,]f. By assumption,

Qpk = fx pointwise for some function f that is continuous at 0. We have thus
reduced the problem to the one-dimensional situation and will henceforth assume
d=1.

As ¢,(0) = 1forall n € N, we have f(0) = 1. Define the map / : R — [0, co) by
h(x) = 1—sin(x)/x for x # 0 and #(0) = 0. Clearly, 4 is continuously differentiable
on R. Itis easy to see that o := inf{i(x) : |[x| > 1} =1 —sin(1) > 0. Now, for K > 0,
compute (using Markov’s inequality and Fubini’s theorem)

Po(l—K. KT) <o / h(x/K) Py(dx)
[-K.K]¢

<a”! / h(x/K)P,(dx)
R

1
:a_]/(/ (1 —cos(tx/K))dt)Pn(dx)
R 0
1
:a’I/ </ (l—cos(tx/K))Pn(dx)) dt
0 R

1
=a—1/ (1 —Re(pa(t/K)))dt.
0
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Using dominated convergence, we conclude that

1
limsup P, ([—K, K1°) <o 'lim sup/ (1 —Re(pn(t/K)))dt
0

1
=o' / ( lim (1 — Re(gx (t/K)))) dt
0 n—0oo

1
=a_1/ (1 —Re(f(t/K)))dt.
0

As f is continuous and f(0) = 1, the last integral converges to 0 for K — ooc.
Hence (P,),en is tight. O

Applying Lévy’s continuity theorem to Example 15.15, we get a theorem of
Pdlya.

Theorem 15.24 (Pdlya) Let f : R — [0, 1] be continuous and even with
f(0) = 1. Assume that f is convex on [0, 00). Then f is the characteristic function
of a probability measure.

Proof Define f;, by f,(k/n) := f(k/n)fork =0, ..., n%, and assume f,, is linearly
interpolated between these points. Furthermore, let f,, be constant to the right of n
and for x <0, define f;,(x) = f,,(—x). This is an approximation of f on [0, co) by
convex and piecewise linear functions. By Example 15.15, every f; is a character-
istic function of a probability measure wu,. Clearly, f, = f pointwise; hence f
is the characteristic function of a probability measure y = w-lim, 5o t, on R. [J

Corollary 15.25 For everya € (0, 1] andr > 0, ¢y r(t) = e~ 111" is the character-
istic function of a symmetric probability measure |1, , on R.

Remark 15.26 In fact, ¢y, is a characteristic function for every o € (0, 2] (o =2
corresponds to the normal distribution), see Section 16.2. The distributions (i, are
the so-called a-stable distributions (see Definition 16.20): If Xy, X5, ..., X, are
independent and pq -distributed, then ¢x, 1+ +x, () = ox ()" = ¢x (n'/*r); hence

D
X +...+X,=n"2X,. O

The Stone—Weierstrall theorem implies that a characteristic function determines
a probability distribution uniquely. P6lya’s theorem gives a sufficient condition for
a symmetric real function to be a characteristic function. Clearly, that condition is
not necessary, as, for example, the normal distribution does not fulfill it. For general
education we present Bochner’s theorem that formulates a necessary and sufficient
condition for a function ¢ : R — C to be the characteristic function of a probability
measure.
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Definition 15.27 A function f : R¢ — C is called positive semidefinite if, for all
neN,als,... 1, eRY and all yq, ..., y, € C, we have

n
Z Yy f (e — 1) = 0,

k=1

in other words, if the matrix (f (tx — #;))k,1=1,....n 1S positive semidefinite.

Lemma 15.28 If © € M f(Rd) has characteristic function @, then ¢ is positive
semidefinite.

Proof We have

n n
> wdietc—tn) =Y Wi [ ¥ 1 (dx)

k=1 k,l=1

n
:f > e yei i p(dx)

k=1

n 2
Z ykeixtk
In the case d = 1, the following theorem goes back to Bochner (1932) [19].

u(dx) = 0.

k=1

Theorem 15.29 (Bochner) A continuous function ¢ : R — C is the characteris-
tic function of a probability distribution on R? if and only if ¢ is positive semidef-
inite and (0) = 1.

The statement still holds if R? is replaced by a locally compact Abelian group.

Proof For the case d = 1 see [19, Section 20, Theorem 23] or [54, Chapter XIX.2,
p. 622]. For the general case, see, e.g., [71, p. 293, Theorem 33.3]. O

Exercise 15.3.1 (Compare [50] and [4]) Show that there exist two exchangeable

sequences X = (X;)nen and Y = (¥)nen of real random variables with Py # Py
but such that

n n
Y xe2Y v forallneN. (15.4)
k=1 k=1
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Hint:

1

m and

(i) Define the characteristic functions (see Theorem 15.12) ¢ (t) =
@2(t) = (1 —t/2)™. Use Pélya’s theorem to show that

ei1(®), ifjt =1,

= {wzm, it > 1,

and
(@), ifl <1,

VA= {wl 0., il > 1,

are characteristic functions of probability distributions on R.

(ii) Define independent random variables X, ;, ¥, ;,n €N,i=1,2,and ©,,n € N
such that X, ; has characteristic function ¢;, Y, ; has characteristic function ;
and P[®, =1]=P[O, =—-1]= % Define X, = X9, and ¥,, =Y, o, . Show
that (15.4) holds.

(iii) Determine E[e!1X1712X2] and E[e!1V1Hi02Y2] for £ = % and #, = 2. Conclude

that (X1, X») 2 (Y1, Y2) and thus Py # Py.

Exercise 15.3.2 Show that for any § > 0 and ¢ > 0, there is a C < oo such that for
any u € M1 (R) with characteristic function ¢, we have

n([-8.81°)<C /05(1 —Re(p(1))dt.

For ¢ < 3 one can choose C = 12/8283.
Hint: Proceed as in the proof of Lévy’s continuity theorem.

Exercise 15.3.3 Let (11,,),en be a sequence of probability measures on R and de-
note by (¢n)neN the corresponding characteristic functions. Assume that

©n(t) "1 for t in a neighborhood of 0. Use Exercise 15.3.2 to show that
Un = 0.

15.4 Characteristic Functions and Moments

We want to study the connection between the moments of a real random variable X
and the derivatives of its characteristic function ¢y . We start with a simple lemma.

Lemma 15.30 Fort € R andn € N, we have

: s oyn—1 n
N it T
1! n—D!~ n
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Proof As the nth derivative of ¢!’ has modulus 1, this follows by Taylor’s for-
mula. 0

Theorem 15.31 (Moments and differentiability) Let X be a real random variable
with characteristic function .

(1) IfE[|X|"] < oo, then ¢ is n-times continuously differentiable with derivatives
(p(k)(t) = E[(iX)kei’X] fork=0,....n

(i) In particular, ifE[Xz] < 00, then

@(t) =1+itE[X] — 5t PE[X?] + e(n)r?

with e(t) — 0 for t — 0.
(iii) Let h € R. Iflim;,— o Wiw =0, then, for every t € R,

[ N
o+ =) %E[e”XXk].

k=0

In particular, this holds if E[e/"X1] < co.

Proof (i) Fort e R,he R\ {0} and k € {1,...,n}, define

k—1
Yi(t,h,x)=k\h™ —k ltx( ih (lhx)l>

=0

Then

k—1 I
E[Ye(t. h, )] = kth ™ (W +h) — @) - ZE[ei’X(iX)l]%).

=1

If the limit @i () := lim,—. o E[Yx (¢, h, X)] exists, then ¢ is k-times differentiable at
t with o® (1) = @i (1).

However (by Lemma 15.30 with n = k + 1), Yi(¢, h, x) e (ix)ke'™ for all
x € R and (by Lemma 15.30 with n = k) |Yx(, h, x)| < |x|*. As E[|X|*] < oo by
assumption, the dominated convergence theorem implies

E[Yi(t, h, X)] —)E[(lX)k i1X] = ® ().

Applying the continuity lemma (Theorem 6.27) yields that ¢® is continuous.
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(i1) This is a direct consequence of (i).
(iii) By assumption,

n—1 .. k n
h ; h
ot +h)— k§ 0 %E[e”XXk] = m|E[Y,,(t, h, X)]|

n n
< EIXP e
n:

Corollary 15.32 (Method of moments) Let X be a real random variable with

1
a = limsup —E[|X|”]l/n <00
n—oo N
Then the characteristic function ¢ of X is analytic and the distribution of X is
uniquely determined by the moments E[X"], n € N. In particular, this holds if
E[¢'X1] < 0o for some t > 0.

Proof By Stirling’s formula,

.1 _
lim —n"e "V2nn=1.
n—o0 p!

Thus, for |k| < 1/(Bw),

limsupE[[X["] - [k" /n! = limsup~/2rrn (E[|X|"]"""

n—oo n—o00

-|hl-e/n)"

<limsup~2mn(e/3)" =0.

n—o0

Hence the characteristic function can be expanded about any point # € R in a power
series with radius of convergence at least 1/(3«). In particular, it is analytic and is
hence determined by the coefficients of its power series about r = 0; that is, by the
moments of X. O

Example 15.33
(i) Let X ~ NW,z. Then, for every ¢ € R,

Be¥] = (2no?) " [ et g

—0Q
o0
=eut+t202/2(2n02)_1/2/ e—(x—ﬂ—t02)2/202 dx
—0o0

2.2
:eut+t /2 < 00.



15.4 Characteristic Functions and Moments 317

Hence the distribution of X is characterized by its moments. The character-
istic function ¢(t) = /M e=7°/2 that we get by the above calculation with ¢
replaced by iz is indeed analytic.

(i) Let X be exponentially distributed with parameter 6 > 0. Then, for ¢ € (0, 9),

© 0
E[e'x] = 0/ eFe % dx = T < 00.
0 _

Hence the distribution of X is characterized by its moments. The above calcula-
tion with ¢ replaced by it yields ¢(t) = 6/(6 — it), and this function is indeed
analytic. The fact that in the complex plane ¢ has a singularity at t = —if
implies that the power series of ¢ about 0 has radius of convergence 6. In par-
ticular, this implies that not all exponential moments are finite. This is reflected
by the above calculation that shows that, for > 6, the exponential moments
are infinite.

(iii) Let X be log-normally distributed (see Example 15.5). Then E[X"] = ¢/, In
particular, here o = oo. In fact, in Example 15.5, we saw that here the moments
do not determine the distribution of X.

(iv) If X takes values in No and if B := limsup,_, . E[X"]'/" < 1, then by
Hadamard’s criterion ¥y (z) := Y g P[X = k]zF < 0o for |z| < 1/B. In par-
ticular, the probability generating function X is characterized by its derivatives
w(") (1), n € N, and thus by the moments of X. Compare Theorem 3.2(iii). ¢

Theorem 15.34 Let X be a real random variable and let ¢ be its characteristic
function. Let n € N, and assume that ¢ is 2n-times differentiable at 0 with derivative
9@ (0). Then E[X*"] = (—1)" ¢ (0) < c0.

Proof We carry out the proof by induction on n € Ny. For n = 0, the claim is triv-
ially true. Now, let n € N, and assume ¢ is 2n-times (not necessarily continuously)
differentiable at 0. Define u(¢#) = Re(¢(¢)). Then u is also 2n-times differentiable at
0and u®*~D(0)=0fork=1,...,n since u is even. Since ¢*" (0) exists, ¢>*~1
is continuous at 0 and ¢®*~V(¢) exists for all 7 € (—¢, ¢) for some & > 0. Further-
more, (p(k) exists in (—e¢, €) and is continuous on (—¢, ¢) forany k =0, ..., 2n — 2.
By Taylor’s formula, for every ¢ € (—¢, ¢),

| |2n71

u(t) — Zu(zk)(O) sup [u@ D (@r)|. (15.5)

(2k)" ~ (@n—=D!oeon
Define a continuous function f;,, : R — [0, 00) by f,,(0) =1 and

n—1 2k
Ju(x) = (=D"@2n)lx~2" |:005(x) — Z(_ )k 50

k=0

:| for x £ 0.
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By the induction hypothesis, E[X?] = u®(0) for all k =1,...,n — 1. Using
(15.5), we infer

2
E[£X)X*] <= sup [ D@0)] < galt)
1] o011
lu@=D (61)]
:=2n Su _—
0e(0,1] 0t]
Now Fatou’s lemma implies

E[ X% =E[ £,(0)X?"] < liminfE[ £, (t X)X *"
[X*"] =E[f(0)X™] < imin [t X)X*]

< liminf g, (1) = 2n]u®(0)| < oo.
t—

By Theorem 15.31, this implies E[X?"] = (—1)"u®" (0) = (—1)"¢? (0). O

Remark 15.35 For odd moments, the statement of the theorem may fail (see, e.g.,
Exercise 15.4.4 for the first moment). Indeed, ¢ is differentiable at 0 with derivative
im for some m € R if and only if xP[|X| > x] —> 0 and E[X1{x|<y}] —> m.
(See [54, Chapter XVII.2a, p. 565].) O

Exercise 15.4.1 Let X and Y be nonnegative random variables with

limsuplE[|X|”]]/” < 00, lim sup lE[|Y|”]1/" < 00,

n—oo N n—oo N
and
E[X"Y"]| =E[X"]E[Y"] forallm,n e Ny.

Show that X and Y are independent.
Hint: Consider the random variable Y with respect to the probability measure
X"P[-]/E[X™], and use Corollary 15.32 to show that

E[X"14(Y)]/E[X"] =P[Y € A] forall A € B(R) and m € Ny.

Now apply Corollary 15.32 to the random variable X with respect to the probability
measure P[- | Y € A].

Exercise 15.4.2 Let r,s > 0 and let Z ~ I'| 45 and B ~ B, be independent (see
Example 1.107). Use Exercise 15.4.1 to show that the random variables X := BZ
and Y := (1 — B)Z are independent with X ~ [ , and ¥ ~ I 5.

Exercise 15.4.3 Show that, for « > 2, the function ¢, (1) = e~ 1" is not a charac-
teristic function.

Hint: Assume the contrary and show that the corresponding random variable
would have variance zero.
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Exercise 15.4.4 Let X, X», ... be i.i.d. real random variables with characteristic
function ¢. Show the following.

(1) If ¢ is differentiable at 0, then ¢’(0) = im for some m € R.

(i) ¢ is differentiable at O with ¢’(0) = im if and only if (X1 +...+X,)/n S m
in probability.

(iii) Assume that ¢ is differentiable at 0 and that X| > O almost surely. Then
E(X{]=—-i¢'(0) < co.
Hint: Use (ii) and the law of large numbers.

(iv) The distribution of X can be chosen such that ¢ is differentiable at 0 but
E[|X1]] = co.

Exercise 15.4.5 Let X, X», ... be real random variables. For r > 0 let M, (X,,) =
E[|X,|"] be the rth absolute moment. For k € N let m;(X,) = E[Xﬁ] be the kth
moment if My (X,) < oo.

(i) Assume that X is a real random variable and that (X,,);cn is a subsequence
such that

PXn, lﬁf Px weakly.

Assume further that there is an r > 0 such that sup, .y M, (X,) < co. Show
that for any k € NN (0, r) and s € (0, r) we have M (X) < oo as well as

My (X)) 23 My(X) and my(Xp) = me(X).
(i1) Assume that for any k € N the limit
my = lim mg(X,)
n—0oo

exists and is finite (note that finitely many of the my (X,) may be undefined for
any k). Show that there exists a real random variable X with my = m(X) for
all k € N and a subsequence (X, );eN such that

PXn, lﬁf Px weakly.

(iii) Show the theorem of Fréchet—Shohat: If in (ii) the distribution of X is deter-
mined by its moments my (X), k € N (see Corollary 15.32), then

PX,, niio PX weakly.

Exercise 15.4.6 Let X, X5, ... bei.i.d. real random variables with E[X;] = 0 and
E[|X|¥] < oo forall k € N.

(i) Show that there exist finite numbers (di)ren (depending on the distribution
Py, ) such that for any k, n € N we have

[E[(X1+...+ X < dyin*™!
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and

!
E[(X)+...+ X)*] - (zzk—];)!'E[Xﬂknk < dyen* 1.

Hint: Expand the bracket expression, sort the terms by the different mixed
moments and compute by combinatorial means the number of each type of
summand. The number of summands of the type E[X 121 X lzk] (for different
l1, ..., lx) is of particular importance.

(i) Let Y ~ MNp,1. Use Theorem 15.31(i) to show that for any k € N we have

_ (2k)!
T kg

(iii) Let S = (X1 + ...+ X,)/+/nVar[X]. Use Exercise 15.4.5 to infer the state-
ment of the central limit theorem (compare Theorem 15.37)

E[r*71]=0 and E[r¥]

n—o0

Pg: —> No.1  weakly.

15.5 The Central Limit Theorem

In the strong law of large numbers, we saw that, for large », the order of magnitude
of the sum S, = X1 + ...+ X,, of i.i.d. integrable random variables is n - E[X]. Of
course, for any n, the actual value of §,, will sometimes be smaller than n - E[ X ]
and sometimes larger. In the central limit theorem (CLT), we study the size and
shape of the typical fluctuations around n - E[X1] in the case where the X; have a

finite variance.
We prepare for the proof of the CLT with a lemma.

Lemma 15.36 Ler X1, X3, ... be i.i.d. real random variables with E[X1] = u and
Var[X;] =02 € (0, 00). Let

1 n
Sii= = ) (Xi— )
Vno?
be the normalized nth partial sum. Then
lim gs« () ="/ forallt €R.
n—oo "
Proof Let ¢ = ¢x,_,,. Then, by Theorem 15.31(ii),
2
oty =1- %tz +e),

where the error term £(¢) goes to 0 if + — 0. By Lemma 15.11(iv) and (ii),

t n
gosn() w( l’l0'2>



15.5 The Central Limit Theorem 321

<l 12 t
nll— — — -

2 n—o00 2
Now (1 — )" — ™' /2 and

1 l2 n t n
2n ¢ nol

() =0
n—s:le| — .
~ no?| \Vno?
(Note that |u" — v"*| < |u — v| - n - max(|u|, |v|)"~! for all u, v € C.) O

Theorem 15.37 (Central limit theorem (CLT)) Let X, X», ... be i.i.d. real ran-
dom variables with u := E[X] € R and o%:=Var[X;] e (0, 00). For n € N, let
Ski= A" (X; — ). Then

o2n

n—oo

Ps: — No,1  weakly.

For —00 < a < b < +00, we have lim,_,» P[S} € [a, b]] = \/Lz_n fab =12 dx.

Proof By Lemma 15.36 and Lévy’s continuity theorem (Theorem 15.23), (Ps:)

converges to the distribution with characteristic function ¢(t) = e 12, By Theo-
rem 15.12(i), this is Mo i. The additional claim follows by the Portemanteau theo-
rem (Theorem 13.16) since Ny | has a density; hence Mo 1(9[a, b]) = 0. O

Remark 15.38 If we prefer to avoid the continuity theorem, we could argue as fol-
lows: For every K > 0 and n € N, we have P[|S}| > K] < Var[S;z"]/K2 =1/K?
hence the sequence (Pgx) is tight. As characteristic functions determine distribu-
tions, the claim follows by Theorem 13.34. O

We want to weaken the assumption in Theorem 15.37 that the random variables
are identically distributed. In fact, we can even take a different set of summands
for every n. The essential assumptions are that the summands are independent, each
summand contributes only a little to the sum and the sum is centered and has vari-
ance 1.

Definition 15.39 Foreveryn e N,letk, € Nandlet X, 1, ..., X, , be real random
variables. We say that (X, ;) = (X,;,[ =1,...,k,,n € N) is an array of random
variables. Its row sum is denoted by S, = X, 1 + ...+ X, . The array is called

e independent if, for every n € N, the family (X, ;);=1,... x, is independent,
e centered if X, | € Ll (P) and E[X,, ;] =0 for all n and [, and
o normed if X, ; € L2(P) and Y} Var[X,, ;] = 1 forall n € N.

A centered array is called a null array if its individual components are asymptoti-
cally negligible in the sense that, for all ¢ > 0,

lim max P[|X,;|>¢]=0.

n—>00 1<i<ky,
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Definition 15.40 A centered array of random variables (X, ;) with X, ; € L2(P)

foreveryn e Nand!/ =1, ..., k, is said to satisfy the Lindeberg condition if, for all
>0,
1 &
Ly(e) = Var(S] » E[Xn’lﬂ{x’a]»zvﬂ[sn]}] —0. (15.6)

=1
The array fulfills the Lyapunov condition if there exists a § > 0 such that

k

: - 2487 _
i S e L H ) =0 157

Lemma 15.41 The Lyapunov condition implies the Lindeberg condition.

Proof For x € R, we have x?Ljy~¢) < (6") 0 |x [P0y )mery < ()70 |x >, Let-

ting &’ := e/ Var[S, ], we get
k

1 n
L < - - El1Xx 246 )
n(€) <e Var[Sn]1+(5/2) ; [| nil ] B

Example 15.42 Let (Y,),en be ii.d. with E[Y,] =0 and Var[Y,] = 1. Let k, =n

and X,; = % Then (X,;) is independent, centered and normed. Clearly,

P[|X, | > el =P[|Y1| > en] = 0; hence (X,,) is a null array. Furthermore,

L,(e)= E[lejl{lyl ‘>€ﬁ}] = 0; hence (X, ;) satisfies the Lindeberg condition.
If Y; € £23(P) for some § > 0, then

n
S E[1X, P = n Ry 2] 0,
=1

In this case, (X, ) also satisfies the Lyapunov condition. O

The following theorem is due to Lindeberg (1922, see [108]) for the implication
(i)==(ii) and is attributed to Feller (1935 and 1937, see [51, 52]) for the converse
implication (ii)==>(i). As most applications only need (i)==>(ii), we only prove that
implication. For a proof of (ii))==(i) see, e.g., [154, Theorem II1.4.3].

Theorem 15.43 (Central limit theorem of Lindeberg—Feller) Let (X, ;) be an in-
dependent centered and normed array of real random variables. For every n € N,
let Sy = Xn1 + ...+ Xnk,. Then the following are equivalent.

(i) The Lindeberg condition holds.

(i) (Xn,) is a null array and Pg, "2 Mot

We prepare for the proof of Lindeberg’s theorem with a couple of lemmas.
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Lemma 15.44 [f (i) of Theorem 15.43 holds, then (X, 1) is a null array.

Proof For ¢ > 0, by Chebyshev’s inequality,

kn kn
D PlIXuil > el <e72 Y E[X] 1x, o61] = La(e) =3 0.

=1 =1 O

In the following, ¢, ; and ¢, will always denote the characteristic functions of
X, and S,.

Lemma 15.45 Foreveryn e Nandt € R, we have

kn 2

Y = gnin)] = %

=1

Proof For every x € R, we have |e/* — 1 —itx| < % Since E[X,, ;] =0,

kn

n
S loni ) = 1] = 3 [E[e¥n — 1]

=1 =1
kil
<> E[|e"* —itX, = 1|]+ |Eli X, ]|
=1
kil

t2 5 12
<> SEx =7
=1
Lemma 15.46 If (i) of Theorem 15.43 holds, then

lim
n—0o0

kn
log ¢, (1) — ZE[e”X"J — 1]’ =0.
=1

Proof Let m, :=max;=1,.k, |¢n,1(t) — 1|. Note that, for all ¢ > 0,

,,,,,

2,2
itx_1|§ 2x< /e, ?f|x|>8,
&t, if |x| <e.

This implies

|@na (1) — 1] <E[|e"Xn — 1|1y x, 1<) ] + E[|" ¥ — 1]Ly1x,, 1561 ]

<et +2e2E[X; L(ix, e ]
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Hence, for all ¢ > 0,

limsupm, <limsup(et +2e %Ly (e)) = et,
n—oo n—oo
and thus lim,,_, oo m,, = 0. Now |log(1 +x)—x| < x2 for all x € C with x| < 5. 1If
n is sufficiently large that m, < 5, then

ko
loggn(t) = Y E[e"*n —1]| = — B[l 1]

=1

kn

Z%z(t)—l

kn

<mu Y | o) = 1|

=1

< —mpt> (by Lemma 15.45)

Nl'—‘

— 0 forn— oo. O

The fundamental trick of the proof, which is worth remembering, consists in the
introduction of the function

14+x2 (ei[x — 1= itx ) if x 0
fi =1 % E (15.8)
—%, ifx=0,

and the measures i, v, € Ms(R),n €N,
kn 2

kn
v, (dx) := szPXn’l(dx) and w,(dx):= Z

=1 =1

1 Tx 2P)(”l(d)c)

Lemma 1547 Foreveryt € R, we have f; € Cp(R).

Proof For all |x| > 1, we have 1;‘2 < 2: hence

1+x2> <4420

| fio)] < 2<|e”xy
We have to show that f; is continuous at 0. By Taylor’s formula (Lemma 15.30), we
get

o . 252
=1+itx — - + R(tx),
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where the error term is bounded by |R(x)| < %ltx |>. Hence, for fixed ¢,

1 . 1 l‘2x2 l2
hm ft(x) hm 032 itx(1 = —— | = —— + R(tx) | = —=.
0x

1+x 2

Lemma 15.48 If (i) of Theorem 15.43 holds, then v, '—> 8¢ weakly.

Proof For every n € N, we have v, € M| (R) since

ko o
vy (R) = foszm, (dx) = ZVar[xn,l] =1.
=1 =1

. n— o0 n—>0oo
However, for ¢ > 0, we have v, ((—¢, £)°) = L,,(¢) — 0; hence v, —> Jy.

Lemma 15.49 [f (i) of Theorem 15.43 holds, then

n—oo 1

1 2
/ft(x)ﬂn(dX)—i-it/—,un(dx) =%
X 2

Proof Since (x — f;(x)/(1 +x2)) € Cp(R), by Lemma 15.48,

2

/ Fr (O (dx) = / O e 2vn<czx)”ii°ft(<)) ’2

Now (x > x/(1 + x2)) € Cp(R) and E[X,, ;] =0 for all n and [/; hence

[ Fmian= ZE[HnXl ] ZE[HnXl _X"’l]

=1 =1

__ZE[X 1+X }

X
:—/H—xzvn(dx) 0.
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O

Proof of Theorem 15.43 “(i)==(ii)” We have to show that lim,,_, o, log ¢, () = —%

for every t € R. By Lemma 15.46, this is equivalent to

kn ¢ 2

Jim > (om0 = 1) ==

=1

ilx_l_ ztx

Now fl Tix2

=14 . Hence
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kn kn X2 i[)C
E((pn’l(t) ~1)= ;/(ft(x)—l e ti o +x2)PXn,l(d)C)
. 1
:[ﬁdﬂn+ll/;lln(dx)
N
— - (by Lemma 15.49). O

As an application of the Lindeberg—Feller theorem, we give the so-called three-
series theorem, which is due to Kolmogorov.

Theorem 15.50 (Kolmogorov’s three-series theorem) Let X1, X2, ... be indepen-
dent real random variables. Let K > 0 and Y,, := X, 1(x, <k} for all n e N.
The series Y oo X, converges almost surely if and only if each of the following
three conditions holds:

@ 352, PlIXy| > K] < 0.

(i) Y02 E[Yy,] converges.
(iii) Y 02, Var[Y,] < co.

Proof “<=" Assume that (i), (ii) and (iii) hold. By Exercise 7.1.1, since (iii) holds,
the series Z;’lozl(Yn — E[Y,]) converges a.s. As (ii) holds, Zzozl Y, converges al-
most surely. By the Borel-Cantelli lemma, there exists an N = N(w) such that
|X,| < K;hence X, =Y, foralln > N.Hence Y oo | X, = Zfl\:]l Xn+ Yoy Ya
converges a.s.

“=—=" Assume that Z;jo:] X, converges a.s. Clearly, this implies (i) (otherwise,
by the Borel-Cantelli lemma, | X,| > K infinitely often, contradicting the assump-
tion).

We assume that (iii) does not hold and produce a contradiction. To this end, let
o} = Y i—; Var[Y;] and define an array (X, ;;[=1,...,n,n e N) by X,,; = (¥; —
E[Y;])/oy. This array is centered and normed. Since o,% = oo, for every ¢ > 0 and
for sufficiently large n € N, we have 2K < g0,,; thus | X, ;| <eforalll=1,...,n.
This implies L, (¢) e 0, where L,(g) = Z?:l E[szl 1LiX,12¢}] is the quantity
of the Lindeberg condition (see (15.6)). By the Lindebe}g—Feller theorem, we then
get Sy =Xy1+ ...+ Xun = No.1. As shown in the first part of this proof,
almost sure convergence of Y - | X,, and (i) imply that

o0
Z Y, converges almost surely. (15.9)
n=1

In particular, 7, := (Y1 + ...+ Yy)/on "=20. Thus, by Slutzky’s theorem, we also

n—oo

have (S, — T,,) = MNj.1. On the other hand, for all n € N, the difference S,, — T,
is deterministic, contradicting the assumption that (iii) does not hold.
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Now that we have established (iii), by Exercise 7.1.1, we see that Z;’;l Y, —
E[Y,]) converges almost surely. Together with (15.9), we conclude (ii). O

As a supplement, we cite a statement about the speed of convergence in the cen-
tral limit theorem (see, e.g., [ 154, Chapter III, Section 11] for a proof). With different
bounds (instead of 0.8), the statement was found independently by Berry [10] and
Esseen [46].

Theorem 15.51 (Berry—Esseen) Let X1, X2, ... be independent and identically
distributed with E[X,] = 0, E[X?] = 02 € (0, 00) and y = E[|X]}] < oo. Let

Sx= ﬁ(Xl +...+X,) and let @ : x —~ \/% ffoo e~"12dt be the distribution
function of the standard normal distribution. Then, for alln € N,
0.8y
P[Si<x|—o < :
uplPls =] -0l = 55

Example 15.52 Let o € (0, 1). Consider the distribution i, on R with density

|
fa0) = 5—Ix] O 1y

o
Let X1, X3, ..., be i.i.d. random variables with distribution py. Then E[X{] =0
and 62 := Var[X ] = 1/(1 — 2a) < 00 if @ < 1/2. Let F,, denote the distribution
function of S} and Fg the distribution function of the standard normal distribution.

The closer F;,, and Fg are, the closer lie the points (F(;l(t), Fn_1 (1)) on the di-
agonal {(x,x) : x € R}. A graphical representation of the points (Fg ! ), an1 1),
t € R is called Q-Q-plot or quantile-quantile-plot.

As o« approaches 1/2, the distribution py has less and less moments. Hence we
expect the convergence in the central limit theorem to be slower. For fixed n, we
expect the deviation of F,, from Fg to be larger for larger . The graphs in Fig. 15.2
illustrate this. O

Exercise 15.5.1 The argument of Remark 15.38 is more direct than the argument
with Lévy’s continuity theorem but is less robust: Give a sequence X1, X», ... of
independent real random variables with E[| X},|] = oo for all n € N but such that

X1+...+Xn n—oo
- - EEEEN
N

Exercise 15.5.2 Let Yy, Y,,... be iid. with E[Y;] = 0 and E[Yl.z] = 1. Let
Z1,7Z3, ... be independent random variables (and independent of Y1, Y3, ...) with

NO,l-

1

. L1 1
P[Z; =i]=P[Z;=—i]= 5(1 —P[Z;=0])= 37

Fori,ne N, define X; :=Y; +Z;and S, = X1 + ...+ X,,.
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44 Fip(t) 44 Fip(t)
2 24
0 0
-2 o]
-4 -4
F;l(t) Fyl(t)
4 2 0 2 4 4 2 0 2 4
a=04 o =048

Fig. 15.2 Q-Q-plots for S’l"00 from Example 15.52 with o = 0.4 (left) and o = 0.48 (right). The
abscissa shows the quantiles of the standard normal distribution. For convenience, also the diago-
nal is drawn

n—oo

Show that n~1/2s, == MNo.1 but that (X;);en does not satisfy the Lindeberg
condition.
Hint: Do not try a direct computation!

Exercise 15.5.3 Let X, X», ... be i.i.d. random variables with density

1
fx)= WJIR\[—I,I](X)-

Then E[Xlz] = 00 but there are numbers A, As, ..., such that

Xi1+...+ Xy nooo
.. TR —

Noi.
A, 0,1

Determine one such sequence (A, ),eN explicitly.

15.6 Multidimensional Central Limit Theorem

We come to a multidimensional version of the CLT.

Definition 15.53 Let C be a (strictly) positive definite symmetric real d x d matrix
and let u € R?. A random vector X = (X1,..., X7 is called d-dimensional nor-
mally distributed with expectation u and covariance matrix C if X has the density

1
Juc(x) = (x—p 7l - u))) (15.10)

1
V@) exp(_i

for x € RY. In this case, we write X ~ Nuc.
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Theorem 15.54 Let ;1 € R? and let C be a real positive definite symmetric d x d
matrix. If X ~ N, c, then the following statements hold.

() E[Xil=w; foralli=1,...,d.
(ii) COV[Xi,Xj] =Ci,jf0rall i,j= 1, ...,d.
(i) (A, X) ~ N .00 for every € RY.
(iv) ¢(@t) :=E[e X)) = eitt) g=3(1.C1) for everyt e RY.

Moreover, X ~ N, ¢ <= (iil)) <= (iv).

Proof (1) and (ii) follow by simple computations. The same is true for (iii) and (iv).
The implication (iii)==>(iv) is straightforward. The family

{fiixr A eRd}

is a separating class for M (R?) by the Stone—WeierstraB theorem. Hence ¢ deter-
mines the distribution of X uniquely. 0

Remark 15.55 For one-dimensional normal distributions, it is natural to define the
degenerate normal distribution by N, o := §,,. For the multidimensional situation,
there are various possibilities for degeneracy depending on the size of the kernel
of C.If C is only positive semidefinite (and symmetric, of course) We define NV, ¢

as that distribution on R” with characteristic function ¢(r) = /" e™2 3 (.t ), O

Theorem 15.56 (Cramér—Wold device) Let X, = (X,.1,..., Xp.a)T € RY, neN,
be random vectors. Then, the following are equivalent:

n—oo

(i) There is a random vector X such that X,, — X.
(ii) Forany A € R?, there is a random variable X* such that (., X,,)

n—oo

X*.

If () and (ii) hold, then X)‘ (A, X) forall » e R?,

Proof Assume (i). Let A € R? and s € R. The map R? — C, x > ¢***) is con-
tinuous and bounded; hence we have E[e!s(*+Xn)] e E[¢!$*X)]. Thus (ii) holds
with X* := (A, X).

Now assume (ii). Then (P, ,)nen is tight forevery l =1, ..., d. Hence (Px, )neN
is tight and thus relatively sequentially compact (Prohorov’s theorem). For any weak
limit point Q for (Px,),en and for any A € R4, we have

/Q(dx)e =E[X].

Hence the limit point Q is unique and thus (Px,),en converges weakly to Q. That
is, (i) holds.
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If (ii) holds, then the distributions of the limiting random variables X* are
uniquely determined and by what we have shown already, X* = (A, X) is one pos-

sible choice. Thus X* 2 (x, X). O

Theorem 15.57 (Central limit theorem in R?) Let (X)neN be iid. random
vectors with E[X,, ;1 =0 and E[X,;X, ;1= Cij, i,j=1,...,d. Let S :=

Xi+..4+X,
= Then

Pg: e No.c  weakly.

Proof Let ) € R?. Define X* = (A, X,), S} = (,S}) and Sx ~ No.c. Then
E[X ,kl] =0 and Var[X ,)1‘] = (A, CA). By the one-dimensional central limit theorem,

we have PS’,} = M, o,cny =P s,y By Theorem 15.56, this yields the claim. [J

Exercise 15.6.1 Let « € R, let C be a symmetric positive semidefinite real d x d
matrix and let X ~ N, ¢ (in the sense of Remark 15.55). Show that AX ~
Ny acar forevery m € N and every real m x d matrix A.

Exercise 15.6.2 (Cholesky factorization) Let C be a positive definite symmetric
real d x d matrix. Then there exists a real d x d matrix A = (ay;) with A- AT =C.
The matrix A can be chosen to be lower triangular. Let W := (W1, ..., W), where
Wi, ..., Wy are independent and N | -distributed. Define X := AW + u. Show that
X ~N, w,C-
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