
Chapter 15
Characteristic Functions and the Central Limit
Theorem

The main goal of this chapter is the central limit theorem (CLT) for sums of inde-
pendent random variables (Theorem 15.37) and for independent arrays of random
variables (Lindeberg–Feller theorem, Theorem 15.43). For the latter, we prove only
that one of the two implications (Lindeberg’s theorem) that is of interest in the ap-
plications.

The ideal tools for the treatment of central limit theorems are so-called charac-
teristic functions; that is, Fourier transforms of probability measures. We start with
a more general treatment of classes of test functions that are suitable to charac-
terize weak convergence and then study Fourier transforms in greater detail. The
subsequent section proves the CLT for real-valued random variables by means of
characteristic functions. In the fifth section, we prove a multidimensional version of
the CLT.

15.1 Separating Classes of Functions

Let (E,d) be a metric space with Borel σ -algebra E = B(E).
Denote by C = {u + iv : u,v ∈ R} the field of complex numbers. Let

Re(u + iv) = u and Im(u + iv) = v

denote the real part and the imaginary part, respectively, of z = u + iv ∈C. Let z =
u− iv be the complex conjugate of z and |z| = √

u2 + v2 its modulus. A prominent
role will be played by the complex exponential function exp : C → C, which can be
defined either by Euler’s formula exp(z) = exp(u)(cos(v)+i sin(v)) or by the power
series exp(z) =∑∞

n=0 zn/n!. It is well-known that exp(z1 + z2) = exp(z1) · exp(z2).
Note that Re(z) = (z + z)/2 and Im(z) = (z − z)/2i imply

cos(x) = eix + e−ix

2
and sin(x) = eix − e−ix

2i
for all x ∈R.
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296 15 Characteristic Functions and the Central Limit Theorem

A map f : E → C is measurable if and only if Re(f ) and Im(f ) are measurable
(see Theorem 1.90 with C ∼= R

2). In particular, any continuous function E → C is
measurable. If μ ∈M(E), then we define

∫

f dμ :=
∫

Re(f ) dμ + i

∫

Im(f ) dμ

if both integrals exist and are finite. Let Cb(E;C) denote the Banach space of con-
tinuous, bounded, complex-valued functions on E equipped with the supremum
norm ‖f ‖∞ = sup{|f (x)| : x ∈ E}. We call C ⊂ Cb(E;C) a separating class for
Mf (E) if for any two measures μ,ν ∈Mf (E) with μ 	= ν, there is an f ∈ C such
that

∫
f dμ 	= ∫ f dν. The analogue of Theorem 13.34 holds for C ⊂ Cb(E;C).

Definition 15.1 Let K = R or K = C. A subset C ⊂ Cb(E;K) is called an algebra
if

(i) 1 ∈ C,
(ii) if f,g ∈ C, then f · g and f + g are in C, and

(iii) if f ∈ C and α ∈K, then (αf ) is in C.

We say that C separates points if for any two points x, y ∈ E with x 	= y, there is an
f ∈ C with f (x) 	= f (y).

Theorem 15.2 (Stone–Weierstraß) Let E be a compact Hausdorff space. Let
K=R or K =C. Let C ⊂ Cb(E;K) be an algebra that separates points. If K =C,
then in addition assume that C is closed under complex conjugation (that is, if
f ∈ C, then the complex conjugate function f is also in C).
Then C is dense in Cb(E;K) with respect to the supremum norm.

Proof We follow the exposition in Dieudonné [34, Chapter VII.3]. First consider
the case K =R. We proceed in several steps.

Step 1. By Weierstraß’s approximation theorem (Example 5.15), there is a se-
quence (pn)n∈N of polynomials that approach the map [0,1] → [0,1], t 
→ √

t uni-
formly. If f ∈ C, then also

|f | = ‖f ‖∞ lim
n→∞pn

(
f 2/‖f ‖2∞

)

is in the closure C of C in Cb(E;R).
Step 2. Applying Step 1 to the algebra C yields that, for all f,g ∈ C,

f ∨ g = 1

2

(
f + g + |f − g|) and f ∧ g = 1

2

(
f + g − |f − g|)

are also in C.
Step 3. For any f ∈ Cb(E;R), any x ∈ E and any ε > 0, there exists a gx ∈ C

with gx(x) = f (x) and gx(y) ≤ f (y) + ε for all y ∈ E. As C separates points, for
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any z ∈ E \ {x}, there exists an Hz ∈ C with Hz(z) 	= H(x) = 0. For such z, define
hz ∈ C by

hz(y) = f (x) + f (z) − f (x)

Hz(z)
Hz(y) for all y ∈ E.

In addition, define hx := f . Then hz(x) = f (x) and hz(z) = f (z) for all z ∈ E.
Since f and hz are continuous, for any z ∈ E, there exists an open neigh-
borhood Uz � z with h(y) ≤ f (y) + ε for all y ∈ Uz. We construct a finite
covering Uz1, . . . ,Uzn of E consisting of such neighborhoods and define gx =
min(hz1 , . . . , hzn). By Step 2, we have gx ∈ C.

Step 4. Let f ∈ Cb(E;R), ε > 0 and, for any x ∈ E, let gx be as in Step 3. As
f and gx are continuous, for any x ∈ E, there exists an open neighborhood Vx � x

with gx(y) ≥ f (y) − ε for any y ∈ Vx . We construct a finite covering Vx1 , . . . , Vxn

of E and define g := max(gx1 , . . . , gxn). Then g ∈ C by Step 2 and ‖g − f ‖∞ < ε

by construction. Letting ε ↓ 0, we get C = Cb(E;R).
Step 5. Now consider K = C. If f ∈ C, then by assumption Re(f ) = (f + f̄ )/2

and Im(f ) = (f − f̄ )/2i are in C. In particular, C0 := {Re(f ) : f ∈ C} ⊂ C is a real
algebra that, by assumption, separates points and contains the constant functions.
Hence C0 is dense in Cb(E;R). Since C = C0 + iC0, C is dense in Cb(E;C). �

Corollary 15.3 Let E be a compact metric space. Let K = R or K = C. Let C ⊂
Cb(E;K) be a family that separates points; that is, stable under multiplication and
that contains 1. If K = C, then in addition assume that C is closed under complex
conjugation.

Then C is a separating family for Mf (E).

Proof Let μ1,μ2 ∈ Mf (E) with
∫

g dμ1 = ∫ g dμ2 for all g ∈ C. Let C′ be the
algebra of finite linear combinations of elements of C. By linearity of the integral,∫

g dμ1 = ∫ g dμ2 for all g ∈ C′.
For any f ∈ Cb(E,R) and any ε > 0, by the Stone–Weierstraß theorem, there

exists a g ∈ C′ with ‖f − g‖∞ < ε. By the triangle inequality,
∣
∣
∣
∣

∫

f dμ1 −
∫

f dμ2

∣
∣
∣
∣≤
∣
∣
∣
∣

∫

f dμ1 −
∫

g dμ1

∣
∣
∣
∣+
∣
∣
∣
∣

∫

g dμ1 −
∫

g dμ2

∣
∣
∣
∣

+
∣
∣
∣
∣

∫

g dμ2 −
∫

f dμ2

∣
∣
∣
∣

≤ ε
(
μ1(E) + μ2(E)

)
.

Letting ε ↓ 0, we get equality of the integrals and hence μ1 = μ2 (by Theo-
rem 13.11). �

The following theorems are simple consequences of Corollary 15.3.

Theorem 15.4 The distribution of a bounded real random variable X is character-
ized by its moments.
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Proof Without loss of generality, we can assume that X takes values in E := [0,1].
For n ∈ N, define the map fn : [0,1] → [0,1] by fn : x 
→ xn. Further, let f0 ≡ 1.
The family C = {fn,n ∈ N0} separates points and is closed under multiplication;
hence it is a separating class for Mf (E). Thus PX is uniquely determined by its
moments E[Xn] = ∫ xnPX(dx), n ∈ N. �

Example 15.5 (due to [73]) In the preceding theorem, we cannot simply drop
the assumption that X is bounded without making other assumptions (see Corol-
lary 15.32). Even if all moments exist, the distribution of X is, in general, not
uniquely determined by its moments. As an example consider X := exp(Y ), where
Y ∼ N0,1. The distribution of X is called the log-normal distribution. For every
n ∈N, nY is distributed as the sum of n2 independent, standard normally distributed

random variables nY
D= Y1 + . . . + Yn2 . Hence, for n ∈ N,

E
[
Xn
]= E

[
enY
]= E

[
eY1+...+Y

n2
]=

n2
∏

i=1

E
[
eYi
]= E

[
eY
]n2

=
(∫ ∞

−∞
(2π)−1/2eye−y2/2 dy

)n2

= en2/2.

(15.1)

We construct a whole family of distributions with the same moments as X. By the
transformation formula for densities (Theorem 1.101), the distribution of X has the
density

f (x) = 1√
2π

x−1 exp

(

−1

2
log(x)2

)

for x > 0.

For α ∈ [−1,1], define probability densities fα on (0,∞) by

fα(x) = f (x)
(
1 + α sin

(
2π log(x)

))
.

In order to show that fα is a density and has the same moments as f , it is enough to
show that, for all n ∈N0,

m(n) :=
∫ ∞

0
xnf (x) sin

(
2π log(x)

)
dx = 0.

With the substitution y = log(x) − n, we get (note that sin(2π(y + n)) = sin(2πy))

m(n) =
∫ ∞

−∞
eyn+n2

(2π)−1/2e−(y+n)2/2 sin
(
2π(y + n)

)
dy

= (2π)−1/2en2/2
∫ ∞

−∞
e−y2/2 sin(2πy)dy = 0,

where the last equality holds since the integrand is an odd function. ♦
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Theorem 15.6 (Laplace transform) A finite measure μ on [0,∞) is characterized
by its Laplace transform

Lμ(λ) :=
∫

e−λxμ(dx) for λ ≥ 0.

Proof We face the problem that the space [0,∞) is not compact by passing to the
one-point compactification E = [0,∞]. For λ ≥ 0, define the continuous function
fλ : [0,∞] → [0,1] by fλ(x) = e−λx if x < ∞ and fλ(∞) = limx→∞ e−λx . Then
C = {fλ,λ ≥ 0} separates points, f0 = 1 ∈ C and fμ · fλ = fμ+λ ∈ C. By Corol-
lary 15.3, C is a separating class for Mf ([0,∞]) and thus also for Mf ([0,∞)). �

Definition 15.7 For μ ∈ Mf (Rd), define the map ϕμ :Rd → C by

ϕμ(t) :=
∫

ei〈t,x〉μ(dx).

ϕμ is called the characteristic function of μ.

Theorem 15.8 (Characteristic function) A finite measure μ ∈ Mf (Rd) is char-
acterized by its characteristic function.

Proof Let μ1,μ2 ∈ Mf (Rd) with ϕμ1(t) = ϕμ2(t) for all t ∈ R
d . By Theo-

rem 13.11(ii), Cc(R
d) is a separating class for Mf (Rd). Hence, it is enough to

show that
∫

f dμ1 = ∫ f dμ2 for all f ∈ Cc(R
d).

Let f : Rd → R be continuous with compact support and let ε > 0. Assume that
K > 0 is large enough such that f (x) = 0 for x 	∈ (−K/2,K/2)d and such that
μi(R

d \ (−K,K)d) < ε, i = 1,2. Consider the torus E := Rd/(2KZd) and define
f̃ : E →R by

f̃
(
x + 2KZ

d
)= f (x) for x ∈ [−K,K)d .

Since the support of f is contained in (−K,K)d , f̃ is continuous.
For m ∈ Z

d define

gm :Rd →C, x 
→ exp
(
i〈πm/K,x〉).

Let C be the algebra of finite linear combinations of the gm. For g ∈ C, we have
g(x) = g(x + 2Kn) for all x ∈R

d and n ∈ Z
d . Hence, the map

g̃ : E → C, g̃
(
x + 2KZ

d
)= g(x)

is well-defined, continuous and bounded. Furthermore, C̃ := {g̃ : g ∈ C} ⊂ Cb(E;C)

is an algebra that separates points and is closed under complex conjugation. As E is
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compact, by the Stone–Weierstraß theorem, there is a g ∈ C such that ‖g̃− f̃ ‖∞ < ε.
We infer

∥
∥(f − g)1[−K,K]d

∥
∥∞ < ε

and

∥
∥(f − g)1Rd\[−K,K]d

∥
∥∞ ≤ ‖g‖∞ = ‖g̃‖∞ ≤ ‖f̃ ‖∞ + ε = ‖f ‖∞ + ε.

By assumption of the theorem,
∫

g dμ1 = ∫ g dμ2. Hence, using the triangle in-
equality, we conclude

∣
∣
∣
∣

∫

f dμ1 −
∫

f dμ2

∣
∣
∣
∣≤
∫

|f − g|dμ1 +
∫

|f − g|dμ2

≤ ε
(
2‖f ‖∞ + 2ε + μ1

(
R

d
)+ μ2

(
R

d
))

.

As ε > 0 was arbitrary, the integrals coincide. �

Corollary 15.9 A finite measure μ on Z
d is uniquely determined by the values

ϕμ(t) =
∫

ei〈t,x〉μ(dx), t ∈ [−π,π)d .

Proof This is obvious since ϕμ(t + 2πk) = ϕμ(t) for all k ∈ Z
d . �

While the preceding corollary only yields an abstract uniqueness statement, we
will profit also from an explicit inversion formula for Fourier transforms.

Theorem 15.10 (Discrete Fourier inversion formula) Let μ ∈ Mf (Zd) with char-
acteristic function ϕμ. Then, for every x ∈ Z

d ,

μ
({x})= (2π)−d

∫

[−π,π)d
e−i〈t,x〉ϕμ(t) dt.

Proof By the dominated convergence theorem,

∫

[−π,π)d
e−i〈t,x〉ϕμ(t) dt =

∫

[−π,π)d
e−i〈t,x〉

(

lim
n→∞

∑

|y|≤n

ei〈t,y〉μ
({y})

)

dt

= lim
n→∞

∫

[−π,π)d
e−i〈t,x〉 ∑

|y|≤n

ei〈t,y〉μ
({y})dt

=
∑

y∈Zd

μ
({y})

∫

[−π,π)d
ei〈t,y−x〉 dt.



15.1 Separating Classes of Functions 301

The claim follows since, for y ∈ Z
d ,

∫

[−π,π)d
ei〈t,y−x〉 dt =

{
(2π)d, if x = y,

0, else. �

Similar inversion formulas hold for measures μ on R
d . Particularly simple is the

case where μ possesses an integrable density f := dμ
dλ

with respect to d-dimensional
Lebesgue measure λ. In this case, we have the Fourier inversion formula,

f (x) = (2π)−d

∫

Rd

e−i〈t,x〉ϕμ(t)λ(dt). (15.2)

Furthermore, by Plancherel’s theorem, f ∈ L2(λ) if and only if ϕμ ∈ L2(λ). In this
case, ‖f ‖2 = ‖ϕ‖2.

Since we will not need these statements in the following, we only refer to
the standard literature (e.g., [173, Chapter VI.2] or [54, Theorem XV.3.3 and
Eq. (XV.3.8)]).

Exercise 15.1.1 Show that, in the Stone–Weierstraß theorem, compactness of E is
essential. Hint: Let E =R and use the fact that Cb(R) = Cb(R;R) is not separable.
Construct a countable algebra C ⊂ Cb(R) that separates points.

Exercise 15.1.2 Let d ∈N and let μ be a finite measure on [0,∞)d . Show that μ is
characterized by its Laplace transform Lμ(λ) = ∫ e−〈λ,x〉μ(dx), λ ∈ [0,∞)d .

Exercise 15.1.3 Show that, under the assumptions of Theorem 15.10, Plancherel’s
equation holds:

∑

x∈Zd

μ
({x})2 = (2π)−d

∫

[−π,π)d

∣
∣ϕμ(t)

∣
∣2 dt.

Exercise 15.1.4 (Mellin transform) Let X be a nonnegative real random variable.
For s ≥ 0, define the Mellin transform of PX by

mX(s) = E
[
Xs
]

(with values in [0,∞]).
Assume there is an ε0 > 0 with mX(ε0) < ∞ (respectively mX(−ε0) < ∞).

Show that, for any ε > 0, the distribution PX is characterized by the values mX(s)

(respectively mX(−s)), s ∈ [0, ε].
Hint: For continuous f : [0,∞) → [0,∞), let

φf (z) =
∫ ∞

0
tz−1f (t) dt

for those z ∈ C for which the integral is well-defined. By a standard result
of complex analysis if φf (s) < ∞ for an s > 1, then φf is holomorphic in
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{z ∈ C : Re(z) ∈ (1, s)} (and is thus uniquely determined by the values φf (r), r ∈
(1,1 + ε) for any ε > 0). Furthermore, for all r ∈ (1, s),

f (t) = 1

2πi

∫ ∞

−∞
t−(r+iρ)φf (r + iρ) dρ.

(i) Conclude the statement for X with a continuous density.
(ii) For δ > 0, let Yδ ∼ U[1−δ,1] be independent of X. Show that XYδ has a contin-

uous density.
(iii) Compute mXYδ , and show that mXYδ → mX for δ ↓ 0.
(iv) Show that XYδ =⇒ X for δ ↓ 0.

Exercise 15.1.5 Let X,Y,Z be independent nonnegative random variables such
that P[Z > 0] > 0 and such that the Mellin transform mXZ(s) is finite for some
s > 0.

Show that if XZ
D= YZ holds, then X

D= Y .

Exercise 15.1.6 Let μ be a probability measure on R with integrable characteristic
function ϕμ and hence ϕμ ∈ L1(λ), where λ is the Lebesgue measure on R. Show
that μ is absolutely continuous with bounded continuous density f = dμ

dλ
given by

f (x) = 1

2π

∫ ∞

−∞
e−itxϕμ(t) dt for all x ∈ R.

Hint: Show this first for the normal distribution N0,ε , ε > 0. Then show that
μ ∗N0,ε is absolutely continuous with density fε , which converges pointwise to f

(as ε → 0).

Exercise 15.1.7 Let (Ω, τ) be a separable topological space that satisfies the T3 1
2

separation axiom: For any closed set A ⊂ Ω and any point x ∈ Ω \ A, there exists
a continuous function f : Ω → [0,1] with f (x) = 0 and f (y) = 1 for all y ∈ A.
(Note in particular that every metric space is a T3 1

2
-space.)

Show that σ(Cb(Ω)) = B(Ω); that is, the Borel σ -algebra is generated by the
bounded continuous functions Ω → R.

15.2 Characteristic Functions: Examples

Recall that Re(z) is the real part of z ∈ C. We collect some simple properties of
characteristic functions.
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Lemma 15.11 Let X be a random variable with values in R
d and characteristic

function ϕX(t) = E[ei〈t,X〉]. Then:

(i) |ϕX(t)| ≤ 1 for all t ∈R
d and ϕX(0) = 1.

(ii) ϕaX+b(t) = ϕX(at)ei〈b,t〉 for all a ∈R and b ∈ R
d .

(iii) PX = P−X if and only if ϕ is real-valued.
(iv) If X and Y are independent, then ϕX+Y = ϕX · ϕY .
(v) 0 ≤ 1 − Re(ϕX(2t)) ≤ 4(1 − Re(ϕX(t))) for all t ∈R

d .

Proof (i) and (ii) are trivial.
(iii) ϕX(t) = ϕX(−t) = ϕ−X(t).
(iv) As ei〈t,X〉 and ei〈t,Y 〉 are independent random variables, we have

ϕX+Y (t) = E
[
ei〈t,X〉 · ei〈t,Y 〉]= E

[
ei〈t,X〉]E

[
ei〈t,Y 〉]= ϕX(t)ϕY (t).

(v) By the addition theorem for trigonometric functions,

1 − cos
(〈2t,X〉)= 2

(
1 − (cos

(〈t,X〉))2)≤ 4
(
1 − cos

(〈t,X〉)).
Now take the expectations of both sides. �

In the next theorem, we collect the characteristic functions for some of the most
important distributions.

Theorem 15.12 (Characteristic functions of some distributions) For some distri-
butions P with density x 
→ f (x) on R or weights P({k}), k ∈ N0, the characteristic
function ϕ(t) is given explicitly in Table 15.1.

Proof (i) (Normal distribution) By Lemma 15.11, it is enough to consider the case
μ = 0 and σ 2 = 1. By virtue of the differentiation lemma (Theorem 6.28) and using
partial integration, we get

d

dt
ϕ(t) =

∫ ∞

−∞
eitxixe−x2/2 dx = −tϕ(t).

This linear differential equation with initial value ϕ(0) = 1 has the unique solution
ϕ(t) = e−t2/2.

(ii) (Uniform distribution) This is immediate.
(iii) (Triangle distribution) Note that Tria = U[−a/2,a/2] ∗ U[−a/2,a/2]; hence

ϕTria (t) = ϕU[−a/2,a/2](t)
2 = 4

sin(at/2)2

a2t2
= 2

1 − cos(at)

a2t2
.

Here we used the fact that by the addition theorem for trigonometric functions

1 − cos(x) = sin(x/2)2 + cos(x/2)2 − cos(x) = 2 sin(x/2)2.
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Table 15.1 Characteristic functions of some distributions

Distribution Char. fct.

Name
Symbol

Parameter on Density / Weights ϕ(t)

Normal
Nμ,σ 2

μ ∈ R

σ 2 > 0
R

1√
2πσ 2

exp
(− (x−μ)2

2σ 2

)
eiμt · e−σ 2t2/2

Uniform
U[0,a]

a > 0 [0, a] 1/a eiat−1
iat

Uniform
U[−a,a]

a > 0 [−a, a] 1/2a
sin(at)

at

Triangle
Tria

a > 0 [−a, a] 1
a
(1 − |x|/a)+ 2 1−cos(at)

a2t2

N.N. a > 0 R
1
π

1−cos(ax)

ax2 (1 − |t |/a)+

Gamma
Γθ,r

θ > 0
r > 0

[0,∞) θr

Γ (r)
xr−1e−θx (1 − it/θ)−r

Exponential
expθ

θ > 0 [0,∞) θe−θx θ
θ−it

Two-sided
exponential
exp2

θ

θ > 0 R
θ
2 e−θ |x| 1

1+(t/a)2

Cauchy
Caua

a > 0 R
1

aπ
1

1+(x/a)2 e−a|t |

Binomial
bn,p

n ∈ N

p ∈ [0,1]
{0, . . . , n}

(
n

k

)

pk(1 − p)n−k ((1 − p) +
peit )n

Negative
binomial
b−
r,p

r > 0
p ∈ (0,1]

N0

(−r

k

)

(−1)kpr (1 − p)k
( p

1−(1−p)eit

)r

Poisson
Poiλ

λ > 0 N0 e−λ λk

k! exp(λ(eit −1))

(iv) (N.N.) This can either be computed directly or can be deduced from (iii) by
using the Fourier inversion formula (Eq. (15.2)).

(v) (Gamma distribution) Again it suffices to consider the case θ = 1. For 0 ≤
b < c ≤ ∞ and t ∈ R, let γb,c,t be the linear path in C from b − ibt to c − ict , let
δb,t be the linear path from b to b − ibt and let εc,t be the linear path from c − ict

to c. Substituting z = (1 − it)x, we get

ϕ(t) = 1

Γ (r)

∫ ∞

0
xr−1e−xeitx dx = (1 − it)−r

Γ (r)

∫

γ0,∞,t

zr−1e−z dz.

Hence, it suffices to show that
∫
γ0,∞,t

zr−1 exp(−z) dz = Γ (r).
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The function z 
→ zr−1 exp(−z) is holomorphic in the right complex plane.
Hence, by the residue theorem for 0 < b < c < ∞,

∫ c

b

xr−1 exp(−x)dx =
∫

γb,c,t

zr−1 exp(−z) dz

+
∫

δb,t

zr−1 exp(−z) dz +
∫

εc,t

zr−1 exp(−z) dz.

Recall that
∫∞

0 xr−1 exp(−x)dx =: Γ (r). Hence, it is enough to show that the inte-
grals along δb,t and εc,t vanish if b → 0 and c → ∞.

However, |zr−1 exp(−z)| ≤ (1 + t2)(r−1)/2br−1 exp(−b) for z ∈ δb,t . As the path
δb,t has length b|t |, we get the estimate

∣
∣
∣
∣

∫

δb,t

zr−1e−z dz

∣
∣
∣
∣≤ bre−b

(
1 + t2)r/2 −→ 0 for b → 0.

Similarly,
∣
∣
∣
∣

∫

εc,t

zr−1e−z dz

∣
∣
∣
∣≤ cre−c

(
1 + t2)r/2 −→ 0 for c → ∞.

(vi) (Exponential distribution) This follows from (v) since expθ = Γθ,1.
(vii) (Two-sided exponential distribution) If X and Y are independent expθ -

distributed random variables, then it is easy to check that X − Y ∼ exp2
θ . Hence

ϕexp2
θ
(t) = ϕexpθ

(t)ϕexpθ
(−t) = 1

1 − it/θ

1

1 + it/θ
= 1

1 + (t/θ)2
.

(viii) (Cauchy distribution) This can either be computed directly using residue
calculus or can be inferred from the statement for the two-sided exponential distri-
bution by the Fourier inversion formula (Eq. (15.2)).

(ix) (Binomial distribution) By the binomial theorem,

ϕ(t) =
n∑

k=0

(
n

k

)

(1 − p)n−k
(
peit

)k = (1 − p + peit
)n

.

(x) (Negative binomial distribution) By the generalized binomial theorem (Lem-
ma 3.5), for all x ∈C with |x| < 1,

(1 − x)−r =
∞∑

k=0

(−r

k

)

(−x)k.

Using this formula with x = (1 − p)eit gives the claim.
(xi) (Poisson distribution) Clearly,

ϕPoiλ(t) =
∞∑

n=0

e−λ (λeit )n

n! = eλ(eit−1).
�



306 15 Characteristic Functions and the Central Limit Theorem

Corollary 15.13 The following convolution formulas hold.

(i) Nμ1,σ
2
1

∗Nμ2,σ
2
2

= Nμ1+μ2,σ
2
1 +σ 2

2
for μ1,μ2 ∈ R and σ 2

1 , σ 2
2 > 0.

(ii) Γθ,r ∗ Γθ,s = Γθ,r+s for θ, r, s > 0.
(iii) Caua ∗ Caub = Caua+b for a, b > 0.
(iv) bm,p ∗ bn,p = bm+n,p for m,n ∈N and p ∈ [0,1].
(v) b−

r,p ∗ b−
s,p = b−

r+s,p for r, s > 0 and p ∈ (0,1].
(vi) Poiλ ∗ Poiμ = Poiλ+μ for λ,μ ≥ 0.

Proof This follows by Theorem 15.12 and by ϕμ∗ν = ϕμϕν (Lemma 15.11). �

The following theorem gives two simple procedures for calculating the charac-
teristic functions of compound distributions.

Theorem 15.14

(i) Let μ1,μ2, . . . ∈ Mf (Rd) and let p1,p2, . . . be nonnegative numbers with∑∞
n=1 pnμn(R

d) < ∞. Then the measure μ :=∑∞
n=1 pnμn ∈ Mf (Rd) has

characteristic function

ϕμ =
∞∑

n=1

pnϕμn. (15.3)

(ii) Let N,X1,X2, . . . be independent random variables. Assume X1,X2, . . . are
identically distributed on R

d with characteristic function ϕX . Assume N takes
values in N0 and has the probability generating function fN . Then Y :=∑N

n=1 Xn has the characteristic function ϕY (t) = fN(ϕX(t)).
(iii) In particular, if we let N ∼ Poiλ in (ii), then ϕY (t) = exp(λ(ϕX(t) − 1)).

Proof (i) Define νn = ∑n
k=1 pkμk . By the linearity of the integral, ϕνn =∑n

k=1 pkϕμk
. By assumption, μ = w-limn→∞ νn; hence also ϕμ(t) = limn→∞ ϕνn(t).

(ii) Clearly,

ϕY (t) =
∞∑

n=0

P[N = n]E[ei〈t,X1+...+Xn〉]

=
∞∑

n=0

P[N = n]ϕX(t)n = fN

(
ϕ(t)

)
.

(iii) In this special case, fN(z) = eλ(z−1) for z ∈ C with |z| ≤ 1. �

Example 15.15 Let n ∈ N, and assume that the points 0 = a0 < a1 < . . . < an and
1 = y0 > y1 > . . . > yn = 0 are given. Let ϕ : R → [0,∞) have the properties
that

• ϕ(ak) = yk for all k = 0, . . . , n and ϕ is linearly interpolated between the
points ak ,
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Fig. 15.1 The characteristic function ϕ from Example 15.15 with n = 4

• ϕ(x) = 0 for |x| > an, and
• ϕ is even (that is, ϕ(x) = ϕ(−x)).

Assume in addition that the yk are chosen such that ϕ is convex on [0,∞). This is
equivalent to the condition that m1 ≤ m2 ≤ . . . ≤ mn ≤ 0, where mk := yk−yk−1

ak−ak−1
is

the slope on the kth interval. We want to show that ϕ is the characteristic function
of a probability measure μ ∈M1(R).

Define pk = ak(mk+1 − mk) for k = 1, . . . , n.
Let μk ∈ M1(R) be the distribution on R with density 1

π
1−cos(akπ)

akx
2 . By Theo-

rem 15.12, μk has the characteristic function ϕμk
(t) = (1− |t |

ak

)+. The characteristic
function ϕμ of μ :=∑n

k=1 pkμk is then

ϕμ(t) =
n∑

k=1

pk

(
1 − |t |/ak

)+
.

This is a continuous, symmetric, real function with ϕμ(0) = 1. It is linear on each
of the intervals [ak−1, ak]. See Fig. 15.1 for an example with n = 4. By partial
summation, for all k = 1, . . . , n (since mn+1 = 0),

ϕμ(al) =
n∑

k=1

ak(mk+1 − mk)

(

1 − al

ak

)+
=

n∑

k=l

(ak − al)(mk+1 − mk)

= [(an − al)mn+1 − (al − al)ml

]−
n∑

k=l+1

(ak − ak−1)mk

= −
n∑

k=l+1

(yk − yk−1) = yl = ϕ(al).

Hence ϕμ = ϕ. ♦
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Example 15.16 Define the function ϕ : R → [0,1] for t ∈ [−π,π) by ϕ(t) =
1 − 2|t |/π , and assume ϕ is periodic (with period 2π ). By the discrete Fourier
inversion formula (Theorem 15.10), ϕ is the characteristic function of the probabil-
ity measure μ ∈ M1(Z) with μ({x}) = (2π)−1

∫ π

−π
cos(tx)ϕ(t) dt . In fact, in order

that μ be a measure (not only a signed measure), we still have to show that all of
the masses μ({x}) are nonnegative. Clearly, μ({0}) = 0. For x ∈ Z \ {0}, use partial
integration to compute the integral,

∫ π

−π

cos(tx)ϕ(t) dt = 2
∫ π

0
cos(tx)(1 − 2t/π)dt

= 4

x

(

1 − 2

π

)

sin(πx) − 4

x
sin(0) + 4

πx

∫ π

0
sin(tx) dt

= 4

πx2

(
1 − cos(πx)

)
.

Summing up, we have

μ
({x})=

{
4

π2x2 , if x is odd,

0, else.

Since μ(Z) = ϕ(0) = 1, μ is indeed a probability measure. ♦

Example 15.17 Define the function ψ : R → [0,1] for t ∈ [−π/2,π/2) by ψ(t) =
1−2|t |/π . Assume ψ is periodic with period π . If ϕ is the characteristic function of
the measure μ from the previous example, then clearly ψ(t) = |ϕ(t)|. On the other
hand, ψ(t) = 1

2 + 1
2ϕ(2t). By Theorem 15.14 and Lemma 15.11(ii), we infer that ψ

is the characteristic function of the measure ν with ν(A) = 1
2δ0(A) + 1

2μ(A/2) for
A ⊂ R. Hence,

ν
({x})=

⎧
⎪⎪⎨

⎪⎪⎩

1
2 , if x = 0,

8
π2x2 , if x

2 ∈ Z is odd,

0, else. ♦

Example 15.18 Let ϕ(t) = (1 − 2|t |/π)+ be the characteristic function of the dis-
tribution “N.N.” from Theorem 15.12 (with a = π/2) and let ψ be the characteris-
tic function from the preceding example. Note that ϕ(t) = ψ(t) for |t | ≤ π/2 and
ϕ(t) = 0 for |t | > π/2; hence ϕ2 = ϕ · ψ . Now let X,Y,Z be independent real
random variables with characteristic functions ϕX = ϕY = ϕ and ϕZ = ψ . Then

ϕXϕY = ϕXϕZ ; hence X + Y
D= X + Z. However, the distributions of Y and Z do

not coincide. ♦

Exercise 15.2.1 Let ϕ be the characteristic function of the d-dimensional random
variable X. Assume that ϕ(t) = 1 for some t 	= 0. Show that P[X ∈ Ht ] = 1, where
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Ht = {x ∈R
d : 〈x, t〉 ∈ 2πZ

}

= {y + z · (2πt/‖t‖2
2

) : z ∈ Z, y ∈ R
d with 〈y, t〉 = 0

}
.

Infer that ϕ(t + s) = ϕ(s) for all s ∈R
d .

Exercise 15.2.2 Show that there are real random variables X,X′ and Y,Y ′ with the

properties (i) X
D= X′ and Y

D= Y ′, (ii) X′ and Y ′ are independent, (iii) X + Y
D=

X′ + Y ′, and (iv) X and Y are not independent.

Exercise 15.2.3 Let X be a real random variable with characteristic function ϕ.
X is called lattice distributed if there are a, d ∈ R such that P[X ∈ a + dZ] = 1.
Show that X is lattice distributed if and only if there exists a u 	= 0 such that
|ϕ(u)| = 1.

Exercise 15.2.4 Let X be a real random variable with characteristic function ϕ.
Assume that there is a sequence (tn)n∈N of real numbers such that |tn| ↓ 0 and
|ϕ(tn)| = 1 for any n. Show that there exists a b ∈ R such that X = b almost surely.
If in addition, ϕ(tn) = 1 for all n, then X = 0 almost surely.

15.3 Lévy’s Continuity Theorem

The main statement of this section is Lévy’s continuity theorem (Theorem 15.23).
Roughly speaking, it says that a sequence of characteristic functions converges
pointwise to a continuous function if and only if the limiting function is a charac-
teristic function and the corresponding probability measures converge weakly. We
prepare for the proof of this theorem by assembling some analytic tools.

Lemma 15.19 Let μ ∈ M1(R
d) with characteristic function ϕ. Then

∣
∣ϕ(t) − ϕ(s)

∣
∣2 ≤ 2

(
1 − Re

(
ϕ(t − s)

))
for all s, t ∈R

d .

Proof By the Cauchy–Schwarz inequality,

∣
∣ϕ(t) − ϕ(s)

∣
∣2 =

∣
∣
∣
∣

∫

Rd

ei〈t,x〉 − ei〈s,x〉μ(dx)

∣
∣
∣
∣

2

=
∣
∣
∣
∣

∫

Rd

(
ei〈t−s,x〉 − 1

)
ei〈s,x〉μ(dx)

∣
∣
∣
∣

2

≤
∫

Rd

∣
∣ei〈t−s,x〉 − 1

∣
∣2μ(dx) ·

∫

Rd

∣
∣ei〈s,x〉∣∣2μ(dx)

=
∫

Rd

(
ei〈t−s,x〉 − 1

)(
e−i〈t−s,x〉 − 1

)
μ(dx)

= 2
(
1 − Re

(
ϕ(t − s)

))
. �
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Definition 15.20 Let (E,d) be a metric space. A family (fi, i ∈ I ) of maps E →R

is called uniformly equicontinuous if, for every ε > 0, there exists a δ > 0 such that
|fi(t) − fi(s)| < ε for all i ∈ I and all s, t ∈ E with d(s, t) < δ.

Theorem 15.21 If F ⊂ M1(R
d) is a tight family, then {ϕμ : μ ∈ F} is uniformly

equicontinuous. In particular, every characteristic function is uniformly continuous.

Proof We have to show that, for every ε > 0, there exists a δ > 0 such that, for all
t ∈R

d , all s ∈R
d with |t − s| < δ and all μ ∈F , we have

∣
∣ϕμ(t) − ϕμ(s)

∣
∣< ε.

As F is tight, there exists an N ∈N with μ([−N,N ]d) > 1−ε2/6 for all μ ∈F .
Furthermore, there exists a δ > 0 such that, for x ∈ [−N,N ]d and u ∈ R

d with
|u| < δ, we have |1 − ei〈u,x〉| < ε2/6. Hence we get for all μ ∈F

1 − Re
(
ϕμ(u)

)≤
∫

Rd

∣
∣1 − ei〈u,x〉∣∣μ(dx)

≤ ε2

3
+
∫

[−N,N ]d
∣
∣1 − ei〈u,x〉∣∣μ(dx)

≤ ε2

3
+ ε2

6
= ε2

2
.

Thus, for |t − s| < δ by Lemma 15.19, |ϕμ(t) − ϕμ(s)| ≤ ε. �

Lemma 15.22 Let (E,d) be a metric space and let f,f1, f2, . . . be maps E → R

with fn
n→∞−→ f pointwise. If (fn)n∈N is uniformly equicontinuous, then f is uni-

formly continuous and (fn)n∈N converges to f uniformly on compact sets; that is,
for every compact set K ⊂ E, we have

sup
s∈K

∣
∣fn(s) − f (s)

∣
∣ n→∞−→ 0.

Proof Fix ε > 0, and choose δ > 0 such that |fn(t) − fn(s)| < ε for all n ∈ N and
all s, t ∈ E with d(s, t) < δ. For these s, t , we thus have

∣
∣f (s) − f (t)

∣
∣= lim

n→∞
∣
∣fn(s) − fn(t)

∣
∣≤ ε.

Hence, f is uniformly continuous.
Now let K ⊂ E be compact. As compact sets are totally bounded, there exists

an N ∈ N and points t1, . . . , tN ∈ K with K ⊂⋃N
i=1 Bδ(ti). Choose n0 ∈ N large

enough that |fn(ti) − f (ti)| ≤ ε for all i = 1, . . . ,N and n ≥ n0.
Now let s ∈ K and n ≥ n0. Choose a ti with d(s, ti) < δ. Then
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∣
∣fn(s) − f (s)

∣
∣≤ ∣∣fn(s) − fn(ti)

∣
∣+ ∣∣fn(ti) − f (ti)

∣
∣+ ∣∣f (ti) − f (s)

∣
∣≤ 3ε.

As ε > 0 was arbitrary, we infer that fn
n→∞−→ f uniformly on K . �

A map f : Rd → R is called partially continuous at x = (x1, . . . , xd) if, for
any i = 1, . . . , d , the map yi 
→ f (x1, . . . , xi−1, yi, xi+1, . . . , xd) is continuous at
yi = xi .

Theorem 15.23 (Lévy’s continuity theorem) Let P,P1,P2, . . . ∈ M1(R
d) with

characteristic functions ϕ,ϕ1, ϕ2, . . . .

(i) If P = w-limn→∞ Pn, then ϕn
n→∞−→ ϕ uniformly on compact sets.

(ii) If ϕn
n→∞−→ f pointwise for some f : Rd → C that is partially continuous

at 0, then there exists a probability measure Q such that ϕQ = f and Q =
w-limn→∞ Pn.

Proof (i) By the definition of weak convergence, we have ϕn
n→∞−→ ϕ pointwise. As

the family (Pn)n∈N is tight, by Theorem 15.21, (ϕn)n∈N is uniformly equicontinu-
ous. By Lemma 15.22, this implies uniform convergence on compact sets.

(ii) By Theorem 13.34, it is enough to show that the sequence (Pn)n∈N is
tight. For this purpose, it suffices to show that, for every k = 1, . . . , n, the se-
quence (P k

n )n∈N of kth marginal distributions is tight. (Here P k
n := Pn ◦π−1

k , where
πk : Rd → R is the projection on the kth coordinate.) Let ek be the kth unit vector
in R

d . Then ϕPk
n
(t) = ϕn(tek) is the characteristic function of P k

n . By assumption,

ϕPk
n

n→∞−→ fk pointwise for some function fk that is continuous at 0. We have thus
reduced the problem to the one-dimensional situation and will henceforth assume
d = 1.

As ϕn(0) = 1 for all n ∈ N, we have f (0) = 1. Define the map h : R→ [0,∞) by
h(x) = 1−sin(x)/x for x 	= 0 and h(0) = 0. Clearly, h is continuously differentiable
on R. It is easy to see that α := inf{h(x) : |x| ≥ 1} = 1−sin(1) > 0. Now, for K > 0,
compute (using Markov’s inequality and Fubini’s theorem)

Pn

([−K,K]c)≤ α−1
∫

[−K,K]c
h(x/K)Pn(dx)

≤ α−1
∫

R

h(x/K)Pn(dx)

= α−1
∫

R

(∫ 1

0

(
1 − cos(tx/K)

)
dt

)

Pn(dx)

= α−1
∫ 1

0

(∫

R

(
1 − cos(tx/K)

)
Pn(dx)

)

dt

= α−1
∫ 1

0

(
1 − Re

(
ϕn(t/K)

))
dt.
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Using dominated convergence, we conclude that

lim sup
n→∞

Pn

([−K,K]c)≤ α−1 lim sup
n→∞

∫ 1

0

(
1 − Re

(
ϕn(t/K)

))
dt

= α−1
∫ 1

0

(
lim

n→∞
(
1 − Re

(
ϕn(t/K)

)))
dt

= α−1
∫ 1

0

(
1 − Re

(
f (t/K)

))
dt.

As f is continuous and f (0) = 1, the last integral converges to 0 for K → ∞.
Hence (Pn)n∈N is tight. �

Applying Lévy’s continuity theorem to Example 15.15, we get a theorem of
Pólya.

Theorem 15.24 (Pólya) Let f : R → [0,1] be continuous and even with
f (0) = 1. Assume that f is convex on [0,∞). Then f is the characteristic function
of a probability measure.

Proof Define fn by fn(k/n) := f (k/n) for k = 0, . . . , n2, and assume fn is linearly
interpolated between these points. Furthermore, let fn be constant to the right of n

and for x < 0, define fn(x) = fn(−x). This is an approximation of f on [0,∞) by
convex and piecewise linear functions. By Example 15.15, every fn is a character-

istic function of a probability measure μn. Clearly, fn
n→∞−→ f pointwise; hence f

is the characteristic function of a probability measure μ = w-limn→∞ μn on R. �

Corollary 15.25 For every α ∈ (0,1] and r > 0, ϕα,r (t) = e−|rt |α is the character-
istic function of a symmetric probability measure μα,r on R.

Remark 15.26 In fact, ϕα,r is a characteristic function for every α ∈ (0,2] (α = 2
corresponds to the normal distribution), see Section 16.2. The distributions μα,r are
the so-called α-stable distributions (see Definition 16.20): If X1,X2, . . . ,Xn are
independent and μα,a-distributed, then ϕX1+...+Xn(t) = ϕX(t)n = ϕX(n1/αt); hence

X1 + . . . + Xn
D= n1/αX1. ♦

The Stone–Weierstraß theorem implies that a characteristic function determines
a probability distribution uniquely. Pólya’s theorem gives a sufficient condition for
a symmetric real function to be a characteristic function. Clearly, that condition is
not necessary, as, for example, the normal distribution does not fulfill it. For general
education we present Bochner’s theorem that formulates a necessary and sufficient
condition for a function ϕ :Rd → C to be the characteristic function of a probability
measure.
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Definition 15.27 A function f : Rd → C is called positive semidefinite if, for all
n ∈N, all t1, . . . , tn ∈R

d and all y1, . . . , yn ∈C, we have

n∑

k,l=1

ykȳlf (tk − tl) ≥ 0,

in other words, if the matrix (f (tk − tl))k,l=1,...,n is positive semidefinite.

Lemma 15.28 If μ ∈ Mf (Rd) has characteristic function ϕ, then ϕ is positive
semidefinite.

Proof We have

n∑

k,l=1

ykȳlϕ(tk − tl) =
n∑

k,l=1

ykȳl

∫

eix(tk−tl )μ(dx)

=
∫ n∑

k,l=1

yke
ixtk yleixtlμ(dx)

=
∫ ∣∣
∣
∣
∣

n∑

k=1

yke
ixtk

∣
∣
∣
∣
∣

2

μ(dx) ≥ 0.
�

In the case d = 1, the following theorem goes back to Bochner (1932) [19].

Theorem 15.29 (Bochner) A continuous function ϕ : Rd → C is the characteris-
tic function of a probability distribution on R

d if and only if ϕ is positive semidef-
inite and ϕ(0) = 1.
The statement still holds if Rd is replaced by a locally compact Abelian group.

Proof For the case d = 1 see [19, Section 20, Theorem 23] or [54, Chapter XIX.2,
p. 622]. For the general case, see, e.g., [71, p. 293, Theorem 33.3]. �

Exercise 15.3.1 (Compare [50] and [4]) Show that there exist two exchangeable
sequences X = (Xn)n∈N and Y = (Yn)n∈N of real random variables with PX 	= PY

but such that

n∑

k=1

Xk
D=

n∑

k=1

Yk for all n ∈N. (15.4)
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Hint:

(i) Define the characteristic functions (see Theorem 15.12) ϕ1(t) = 1
1+t2 and

ϕ2(t) = (1 − t/2)+. Use Pólya’s theorem to show that

ψ1(t) :=
{

ϕ1(t), if |t | ≤ 1,

ϕ2(t), if |t | > 1,

and

ψ2(t) :=
{

ϕ2(t), if |t | ≤ 1,

ϕ1(t), if |t | > 1,

are characteristic functions of probability distributions on R.
(ii) Define independent random variables Xn,i , Yn,i , n ∈N, i = 1,2, and Θn, n ∈N

such that Xn,i has characteristic function ϕi , Yn,i has characteristic function ψi

and P[Θn = 1] = P[Θn = −1] = 1
2 . Define Xn = Xn,Θn and Yn = Yn,Θn . Show

that (15.4) holds.
(iii) Determine E[eit1X1+it2X2] and E[eit1Y1+it2Y2 ] for t1 = 1

2 and t2 = 2. Conclude

that (X1,X2) 	D= (Y1, Y2) and thus PX 	= PY .

Exercise 15.3.2 Show that for any δ > 0 and ε > 0, there is a C < ∞ such that for
any μ ∈M1(R) with characteristic function ϕ, we have

μ
([−δ, δ]c)≤ C

∫ ε

0

(
1 − Re

(
ϕ(t)

))
dt.

For εδ ≤ 3 one can choose C = 12/δ2ε3.
Hint: Proceed as in the proof of Lévy’s continuity theorem.

Exercise 15.3.3 Let (μn)n∈N be a sequence of probability measures on R and de-
note by (ϕn)n∈N the corresponding characteristic functions. Assume that

ϕn(t)
n→∞−→ 1 for t in a neighborhood of 0. Use Exercise 15.3.2 to show that

μn
n→∞−→ δ0.

15.4 Characteristic Functions and Moments

We want to study the connection between the moments of a real random variable X

and the derivatives of its characteristic function ϕX . We start with a simple lemma.

Lemma 15.30 For t ∈R and n ∈ N, we have
∣
∣
∣
∣e

it − 1 − it

1! − . . . − (it)n−1

(n − 1)!
∣
∣
∣
∣≤

|t |n
n! .
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Proof As the nth derivative of eit has modulus 1, this follows by Taylor’s for-
mula. �

Theorem 15.31 (Moments and differentiability) Let X be a real random variable
with characteristic function ϕ.

(i) If E[|X|n] < ∞, then ϕ is n-times continuously differentiable with derivatives

ϕ(k)(t) = E
[
(iX)keitX

]
for k = 0, . . . , n.

(ii) In particular, if E[X2] < ∞, then

ϕ(t) = 1 + itE[X] − 1

2
t2E
[
X2]+ ε(t)t2

with ε(t) → 0 for t → 0.
(iii) Let h ∈R. If limn→∞ |h|nE[|X|n]

n! = 0, then, for every t ∈ R,

ϕ(t + h) =
∞∑

k=0

(ih)k

k! E
[
eitXXk

]
.

In particular, this holds if E[e|hX|] < ∞.

Proof (i) For t ∈R, h ∈ R \ {0} and k ∈ {1, . . . , n}, define

Yk(t, h, x) = k!h−keitx

(

eihx −
k−1∑

l=0

(ihx)l

l!

)

.

Then

E
[
Yk(t, h,X)

]= k!h−k

(

ϕ(t + h) − ϕ(t) −
k−1∑

l=1

E
[
eitX(iX)l

]hl

l!

)

.

If the limit ϕk(t) := limh→0 E[Yk(t, h,X)] exists, then ϕ is k-times differentiable at
t with ϕ(k)(t) = ϕk(t).

However (by Lemma 15.30 with n = k + 1), Yk(t, h, x)
h→0−→ (ix)keitx for all

x ∈ R and (by Lemma 15.30 with n = k) |Yk(t, h, x)| ≤ |x|k . As E[|X|k] < ∞ by
assumption, the dominated convergence theorem implies

E
[
Yk(t, h,X)

] h→0−→ E
[
(iX)keitX

]= ϕ(k)(t).

Applying the continuity lemma (Theorem 6.27) yields that ϕ(k) is continuous.
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(ii) This is a direct consequence of (i).
(iii) By assumption,

∣
∣
∣
∣
∣
ϕ(t + h) −

n−1∑

k=0

(ih)k

k! E
[
eitXXk

]
∣
∣
∣
∣
∣
= hn

n!
∣
∣E
[
Yn(t, h,X)

]∣
∣

≤ hnE[|X|n]
n!

n→∞−→ 0. �

Corollary 15.32 (Method of moments) Let X be a real random variable with

α := lim sup
n→∞

1

n
E
[|X|n]1/n

< ∞.

Then the characteristic function ϕ of X is analytic and the distribution of X is
uniquely determined by the moments E[Xn], n ∈ N. In particular, this holds if
E[et |X|] < ∞ for some t > 0.

Proof By Stirling’s formula,

lim
n→∞

1

n!n
ne−n

√
2πn = 1.

Thus, for |h| < 1/(3α),

lim sup
n→∞

E
[|X|n] · |h|n/n! = lim sup

n→∞
√

2πn
(
E
[|X|n]1/n · |h| · e/n

)n

≤ lim sup
n→∞

√
2πn(e/3)n = 0.

Hence the characteristic function can be expanded about any point t ∈ R in a power
series with radius of convergence at least 1/(3α). In particular, it is analytic and is
hence determined by the coefficients of its power series about t = 0; that is, by the
moments of X. �

Example 15.33

(i) Let X ∼ Nμ,σ 2 . Then, for every t ∈ R,

E
[
etX
]= (2πσ 2)−1/2

∫ ∞

−∞
etxe−(x−μ)2/2σ 2

dx

= eμt+t2σ 2/2(2πσ 2)−1/2
∫ ∞

−∞
e−(x−μ−tσ 2)2/2σ 2

dx

= eμt+t2σ 2/2 < ∞.
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Hence the distribution of X is characterized by its moments. The character-
istic function ϕ(t) = eiμt e−σ 2t2/2 that we get by the above calculation with t

replaced by it is indeed analytic.
(ii) Let X be exponentially distributed with parameter θ > 0. Then, for t ∈ (0, θ),

E
[
etX
]= θ

∫ ∞

0
etxe−θx dx = θ

θ − t
< ∞.

Hence the distribution of X is characterized by its moments. The above calcula-
tion with t replaced by it yields ϕ(t) = θ/(θ − it), and this function is indeed
analytic. The fact that in the complex plane ϕ has a singularity at t = −iθ

implies that the power series of ϕ about 0 has radius of convergence θ . In par-
ticular, this implies that not all exponential moments are finite. This is reflected
by the above calculation that shows that, for t ≥ θ , the exponential moments
are infinite.

(iii) Let X be log-normally distributed (see Example 15.5). Then E[Xn] = en2/2. In
particular, here α = ∞. In fact, in Example 15.5, we saw that here the moments
do not determine the distribution of X.

(iv) If X takes values in N0 and if β := lim supn→∞ E[Xn]1/n < 1, then by
Hadamard’s criterion ψX(z) :=∑∞

k=1 P[X = k]zk < ∞ for |z| < 1/β . In par-
ticular, the probability generating function X is characterized by its derivatives
ψ

(n)
X (1), n ∈ N, and thus by the moments of X. Compare Theorem 3.2(iii). ♦

Theorem 15.34 Let X be a real random variable and let ϕ be its characteristic
function. Let n ∈ N, and assume that ϕ is 2n-times differentiable at 0 with derivative
ϕ(2n)(0). Then E[X2n] = (−1)nϕ(2n)(0) < ∞.

Proof We carry out the proof by induction on n ∈ N0. For n = 0, the claim is triv-
ially true. Now, let n ∈ N, and assume ϕ is 2n-times (not necessarily continuously)
differentiable at 0. Define u(t) = Re(ϕ(t)). Then u is also 2n-times differentiable at
0 and u(2k−1)(0) = 0 for k = 1, . . . , n since u is even. Since ϕ(2n)(0) exists, ϕ(2n−1)

is continuous at 0 and ϕ(2n−1)(t) exists for all t ∈ (−ε, ε) for some ε > 0. Further-
more, ϕ(k) exists in (−ε, ε) and is continuous on (−ε, ε) for any k = 0, . . . ,2n − 2.
By Taylor’s formula, for every t ∈ (−ε, ε),

∣
∣
∣
∣
∣
u(t) −

n−1∑

k=0

u(2k)(0)
t2k

(2k)!

∣
∣
∣
∣
∣
≤ |t |2n−1

(2n − 1)! sup
θ∈(0,1]

∣
∣u(2n−1)(θ t)

∣
∣. (15.5)

Define a continuous function fn :R→ [0,∞) by fn(0) = 1 and

fn(x) = (−1)n(2n)!x−2n

[

cos(x) −
n−1∑

k=0

(−1)k
x2k

(2k)!

]

for x 	= 0.
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By the induction hypothesis, E[X2k] = u(2k)(0) for all k = 1, . . . , n − 1. Using
(15.5), we infer

E
[
fn(tX)X2n

]≤ 2n

|t | sup
θ∈(0,1]

∣
∣u(2n−1)(θ t)

∣
∣≤ gn(t)

:= 2n sup
θ∈(0,1]

|u(2n−1)(θ t)|
θ |t | .

Now Fatou’s lemma implies

E
[
X2n
]= E

[
fn(0)X2n

]≤ lim inf
t→0

E
[
fn(tX)X2n

]

≤ lim inf
t→0

gn(t) = 2n
∣
∣u(2n)(0)

∣
∣< ∞.

By Theorem 15.31, this implies E[X2n] = (−1)nu(2n)(0) = (−1)nϕ(2n)(0). �

Remark 15.35 For odd moments, the statement of the theorem may fail (see, e.g.,
Exercise 15.4.4 for the first moment). Indeed, ϕ is differentiable at 0 with derivative
im for some m ∈ R if and only if xP[|X| > x] x→∞−→ 0 and E[X1{|X|≤x}] x→∞−→ m.
(See [54, Chapter XVII.2a, p. 565].) ♦

Exercise 15.4.1 Let X and Y be nonnegative random variables with

lim sup
n→∞

1

n
E
[|X|n]1/n

< ∞, lim sup
n→∞

1

n
E
[|Y |n]1/n

< ∞,

and

E
[
XmYn

]= E
[
Xm
]
E
[
Yn
]

for all m,n ∈ N0.

Show that X and Y are independent.
Hint: Consider the random variable Y with respect to the probability measure

XmP[ ·]/E[Xm], and use Corollary 15.32 to show that

E
[
Xm1A(Y )

]
/E
[
Xm
]= P[Y ∈ A] for all A ∈ B(R) and m ∈ N0.

Now apply Corollary 15.32 to the random variable X with respect to the probability
measure P[ · | Y ∈ A].

Exercise 15.4.2 Let r, s > 0 and let Z ∼ Γ1,r+s and B ∼ βr,s be independent (see
Example 1.107). Use Exercise 15.4.1 to show that the random variables X := BZ

and Y := (1 − B)Z are independent with X ∼ Γ1,r and Y ∼ Γ1,s .

Exercise 15.4.3 Show that, for α > 2, the function φα(t) = e−|t |α is not a charac-
teristic function.

Hint: Assume the contrary and show that the corresponding random variable
would have variance zero.



15.4 Characteristic Functions and Moments 319

Exercise 15.4.4 Let X1,X2, . . . be i.i.d. real random variables with characteristic
function ϕ. Show the following.

(i) If ϕ is differentiable at 0, then ϕ′(0) = im for some m ∈ R.
(ii) ϕ is differentiable at 0 with ϕ′(0) = im if and only if (X1 + . . .+Xn)/n

n→∞−→ m

in probability.
(iii) Assume that ϕ is differentiable at 0 and that X1 ≥ 0 almost surely. Then

E[X1] = −iϕ′(0) < ∞.
Hint: Use (ii) and the law of large numbers.

(iv) The distribution of X1 can be chosen such that ϕ is differentiable at 0 but
E[|X1|] = ∞.

Exercise 15.4.5 Let X1,X2, . . . be real random variables. For r > 0 let Mr(Xn) =
E[|Xn|r ] be the r th absolute moment. For k ∈ N let mk(Xn) = E[Xk

n] be the kth
moment if Mk(Xn) < ∞.

(i) Assume that X is a real random variable and that (Xnl
)l∈N is a subsequence

such that

PXnl

l→∞−→ PX weakly.

Assume further that there is an r > 0 such that supn∈N Mr(Xn) < ∞. Show
that for any k ∈ N∩ (0, r) and s ∈ (0, r) we have Ms(X) < ∞ as well as

Ms(Xnl
)

l→∞−→ Ms(X) and mk(Xnl
)

l→∞−→ mk(X).

(ii) Assume that for any k ∈N the limit

mk := lim
n→∞mk(Xn)

exists and is finite (note that finitely many of the mk(Xn) may be undefined for
any k). Show that there exists a real random variable X with mk = mk(X) for
all k ∈ N and a subsequence (Xnl

)l∈N such that

PXnl

l→∞−→ PX weakly.

(iii) Show the theorem of Fréchet–Shohat: If in (ii) the distribution of X is deter-
mined by its moments mk(X), k ∈N (see Corollary 15.32), then

PXn

n→∞−→ PX weakly.

Exercise 15.4.6 Let X1,X2, . . . be i.i.d. real random variables with E[X1] = 0 and
E[|X1|k] < ∞ for all k ∈ N.

(i) Show that there exist finite numbers (dk)k∈N (depending on the distribution
PX1 ) such that for any k,n ∈ N we have

∣
∣E
[
(X1 + . . . + Xn)

2k−1]∣∣≤ d2k−1n
k−1
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and
∣
∣
∣
∣E
[
(X1 + . . . + Xn)

2k
]− (2k)!

2kk! E
[
X2

1

]k
nk

∣
∣
∣
∣≤ d2kn

k−1.

Hint: Expand the bracket expression, sort the terms by the different mixed
moments and compute by combinatorial means the number of each type of
summand. The number of summands of the type E[X2

l1
. . .X2

lk
] (for different

l1, . . . , lk) is of particular importance.
(ii) Let Y ∼ N0,1. Use Theorem 15.31(i) to show that for any k ∈ N we have

E
[
Y 2k−1]= 0 and E

[
Y 2k
]= (2k)!

2kk! .

(iii) Let S∗
n = (X1 + . . . + Xn)/

√
nVar[X1]. Use Exercise 15.4.5 to infer the state-

ment of the central limit theorem (compare Theorem 15.37)

PS∗
n

n→∞−→ N0,1 weakly.

15.5 The Central Limit Theorem

In the strong law of large numbers, we saw that, for large n, the order of magnitude
of the sum Sn = X1 + . . . + Xn of i.i.d. integrable random variables is n · E[X1]. Of
course, for any n, the actual value of Sn will sometimes be smaller than n · E[X1]
and sometimes larger. In the central limit theorem (CLT), we study the size and
shape of the typical fluctuations around n · E[X1] in the case where the Xi have a
finite variance.

We prepare for the proof of the CLT with a lemma.

Lemma 15.36 Let X1,X2, . . . be i.i.d. real random variables with E[X1] = μ and
Var[X1] = σ 2 ∈ (0,∞). Let

S∗
n := 1√

nσ 2

n∑

k=1

(Xk − μ)

be the normalized nth partial sum. Then

lim
n→∞ϕS∗

n
(t) = e−t2/2 for all t ∈R.

Proof Let ϕ = ϕXk−μ. Then, by Theorem 15.31(ii),

ϕ(t) = 1 − σ 2

2
t2 + ε(t)t2,

where the error term ε(t) goes to 0 if t → 0. By Lemma 15.11(iv) and (ii),

ϕS∗
n
(t) = ϕ

(
t√
nσ 2

)n

.
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Now (1 − t2

2n
)n

n→∞−→ e−t2/2 and

∣
∣
∣
∣

(

1 − t2

2n

)n

− ϕ

(
t√
nσ 2

)n∣∣
∣
∣≤ n

∣
∣
∣
∣1 − t2

2n
− ϕ

(
t√
nσ 2

)∣
∣
∣
∣

≤ n
t2

nσ 2

∣
∣
∣
∣ε

(
t√
nσ 2

)∣
∣
∣
∣

n→∞−→ 0.

(Note that |un − vn| ≤ |u − v| · n · max(|u|, |v|)n−1 for all u,v ∈ C.) �

Theorem 15.37 (Central limit theorem (CLT)) Let X1,X2, . . . be i.i.d. real ran-
dom variables with μ := E[X1] ∈ R and σ 2 := Var[X1] ∈ (0,∞). For n ∈ N, let
S∗

n := 1√
σ 2n

∑n
i=1(Xi − μ). Then

PS∗
n

n→∞−→ N0,1 weakly.

For −∞ ≤ a < b ≤ +∞, we have limn→∞ P[S∗
n ∈ [a, b]] = 1√

2π

∫ b

a
e−x2/2 dx.

Proof By Lemma 15.36 and Lévy’s continuity theorem (Theorem 15.23), (PS∗
n
)

converges to the distribution with characteristic function ϕ(t) = e−t2/2. By Theo-
rem 15.12(i), this is N0,1. The additional claim follows by the Portemanteau theo-
rem (Theorem 13.16) since N0,1 has a density; hence N0,1(∂[a, b]) = 0. �

Remark 15.38 If we prefer to avoid the continuity theorem, we could argue as fol-
lows: For every K > 0 and n ∈ N, we have P[|S∗

n | > K] ≤ Var[S∗
n]/K2 = 1/K2;

hence the sequence (PS∗
n
) is tight. As characteristic functions determine distribu-

tions, the claim follows by Theorem 13.34. ♦

We want to weaken the assumption in Theorem 15.37 that the random variables
are identically distributed. In fact, we can even take a different set of summands
for every n. The essential assumptions are that the summands are independent, each
summand contributes only a little to the sum and the sum is centered and has vari-
ance 1.

Definition 15.39 For every n ∈N, let kn ∈ N and let Xn,1, . . . ,Xn,kn be real random
variables. We say that (Xn,l) = (Xn,l, l = 1, . . . , kn, n ∈ N) is an array of random
variables. Its row sum is denoted by Sn = Xn,1 + . . . + Xn,kn . The array is called

• independent if, for every n ∈N, the family (Xn,l)l=1,...,kn is independent,
• centered if Xn,l ∈ L1(P) and E[Xn,l] = 0 for all n and l, and
• normed if Xn,l ∈ L2(P) and

∑kn

l=1 Var[Xn,l] = 1 for all n ∈N.

A centered array is called a null array if its individual components are asymptoti-
cally negligible in the sense that, for all ε > 0,

lim
n→∞ max

1≤l≤kn

P
[|Xn,l | > ε

]= 0.
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Definition 15.40 A centered array of random variables (Xn,l) with Xn,l ∈ L2(P)

for every n ∈ N and l = 1, . . . , kn is said to satisfy the Lindeberg condition if, for all
ε > 0,

Ln(ε) := 1

Var[Sn]
kn∑

l=1

E
[
X2

n,l1{X2
n,l>ε2Var[Sn]}

] n→∞−→ 0. (15.6)

The array fulfills the Lyapunov condition if there exists a δ > 0 such that

lim
n→∞

1

Var[Sn]1+(δ/2)

kn∑

l=1

E
[|Xn,l |2+δ

]= 0. (15.7)

Lemma 15.41 The Lyapunov condition implies the Lindeberg condition.

Proof For x ∈ R, we have x21{|x|>ε′} ≤ (ε′)−δ|x|2+δ1{|x|>ε′} ≤ (ε′)−δ|x|2+δ . Let-
ting ε′ := ε

√
Var[Sn], we get

Ln(ε) ≤ ε−δ 1

Var[Sn]1+(δ/2)

kn∑

l=1

E
[|Xn,l |2+δ

]
.

�

Example 15.42 Let (Yn)n∈N be i.i.d. with E[Yn] = 0 and Var[Yn] = 1. Let kn = n

and Xn,l = Yl√
n

. Then (Xn,l) is independent, centered and normed. Clearly,

P[|Xn,l | > ε] = P[|Y1| >
√

εn] n→∞−→ 0; hence (Xn,l) is a null array. Furthermore,

Ln(ε) = E[Y 2
1 1{|Y1|>ε

√
n}] n→∞−→ 0; hence (Xn,l) satisfies the Lindeberg condition.

If Y1 ∈ L2+δ(P) for some δ > 0, then

n∑

l=1

E
[|Xn,l |2+δ

]= n−(δ/2)E
[|Y1|2+δ

] n→∞−→ 0.

In this case, (Xn,l) also satisfies the Lyapunov condition. ♦

The following theorem is due to Lindeberg (1922, see [108]) for the implication
(i)=⇒(ii) and is attributed to Feller (1935 and 1937, see [51, 52]) for the converse
implication (ii)=⇒(i). As most applications only need (i)=⇒(ii), we only prove that
implication. For a proof of (ii)=⇒(i) see, e.g., [154, Theorem III.4.3].

Theorem 15.43 (Central limit theorem of Lindeberg–Feller) Let (Xn,l) be an in-
dependent centered and normed array of real random variables. For every n ∈N,
let Sn = Xn,1 + . . . + Xn,kn . Then the following are equivalent.

(i) The Lindeberg condition holds.
(ii) (Xn,l) is a null array and PSn

n→∞−→ N0,1.

We prepare for the proof of Lindeberg’s theorem with a couple of lemmas.
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Lemma 15.44 If (i) of Theorem 15.43 holds, then (Xn,l) is a null array.

Proof For ε > 0, by Chebyshev’s inequality,

kn∑

l=1

P[|Xn,l | > ε] ≤ ε−2
kn∑

l=1

E
[
X2

n,l1{|Xn,l |>ε}
]= Ln(ε)

n→∞−→ 0.
�

In the following, ϕn,l and ϕn will always denote the characteristic functions of
Xn,l and Sn.

Lemma 15.45 For every n ∈N and t ∈ R, we have

kn∑

l=1

∣
∣1 − ϕn,l(t)

∣
∣≤ t2

2
.

Proof For every x ∈R, we have |eitx − 1 − itx| ≤ t2x2

2 . Since E[Xn,l] = 0,

kn∑

l=1

∣
∣ϕn,l(t) − 1

∣
∣=

kn∑

l=1

∣
∣E
[
eitXn,l − 1

]∣
∣

≤
kn∑

l=1

E
[∣
∣eitXn,l − itXn,l − 1

∣
∣
]+ ∣∣E[itXn,l]

∣
∣

≤
kn∑

l=1

t2

2
E
[
X2

n,l

]= t2

2
.

�

Lemma 15.46 If (i) of Theorem 15.43 holds, then

lim
n→∞

∣
∣
∣
∣
∣
logϕn(t) −

kn∑

l=1

E
[
eitXn,l − 1

]
∣
∣
∣
∣= 0.

Proof Let mn := maxl=1,...,kn |ϕn,l(t) − 1|. Note that, for all ε > 0,

∣
∣eitx − 1

∣
∣≤
{

2x2/ε2, if |x| > ε,

εt, if |x| ≤ ε.

This implies

∣
∣ϕn,l(t) − 1

∣
∣≤ E

[∣
∣eitXn,l − 1

∣
∣1{|Xn,l |≤ε}

]+ E
[∣
∣eitXn,l − 1

∣
∣1{|Xn,l |>ε}

]

≤ εt + 2ε−2E
[
X2

n,l1{|Xn,l |>ε}
]
.
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Hence, for all ε > 0,

lim sup
n→∞

mn ≤ lim sup
n→∞

(
εt + 2ε−2Ln(ε)

)= εt,

and thus limn→∞ mn = 0. Now | log(1 + x) − x| ≤ x2 for all x ∈C with |x| ≤ 1
2 . If

n is sufficiently large that mn < 1
2 , then

∣
∣
∣
∣
∣
logϕn(t) −

kn∑

l=1

E
[
eitXn,l − 1

]
∣
∣
∣
∣
∣
=
∣
∣
∣
∣
∣

kn∑

l=1

log
(
ϕn,l(t)

)− E
[
eitXn,l − 1

]
∣
∣
∣
∣
∣

≤
kn∑

l=1

(
ϕn,l(t) − 1

)2

≤ mn

kn∑

l=1

∣
∣ϕn,l(t) − 1

∣
∣

≤ 1

2
mnt

2 (by Lemma 15.45)

−→ 0 for n → ∞. �

The fundamental trick of the proof, which is worth remembering, consists in the
introduction of the function

ft (x) :=
⎧
⎨

⎩

1+x2

x2 (eitx − 1 − itx

1+x2 ), if x 	= 0,

− t2

2 , if x = 0,
(15.8)

and the measures μn, νn ∈Mf (R), n ∈N,

νn(dx) :=
kn∑

l=1

x2PXn,l
(dx) and μn(dx) :=

kn∑

l=1

x2

1 + x2
PXn,l

(dx).

Lemma 15.47 For every t ∈R, we have ft ∈ Cb(R).

Proof For all |x| ≥ 1, we have 1+x2

x2 ≤ 2; hence

∣
∣ft (x)

∣
∣≤ 2

(
∣
∣eitx

∣
∣+ 1 + tx

1 + x2

)

≤ 4 + 2|t |.

We have to show that ft is continuous at 0. By Taylor’s formula (Lemma 15.30), we
get

eitx = 1 + itx − t2x2

2
+ R(tx),
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where the error term is bounded by |R(tx)| ≤ 1
6 |tx|3. Hence, for fixed t ,

lim
0	=x→0

ft (x) = lim
0	=x→0

1

x2

(

itx

(

1 − 1

1 + x2

)

− t2x2

2
+ R(tx)

)

= − t2

2
. �

Lemma 15.48 If (i) of Theorem 15.43 holds, then νn
n→∞−→ δ0 weakly.

Proof For every n ∈ N, we have νn ∈ M1(R) since

νn(R) =
kn∑

l=1

∫

x2PXn,l
(dx) =

kn∑

l=1

Var[Xn,l] = 1.

However, for ε > 0, we have νn((−ε, ε)c) = Ln(ε)
n→∞−→ 0; hence νn

n→∞−→ δ0. �

Lemma 15.49 If (i) of Theorem 15.43 holds, then

∫

ft (x)μn(dx) + it

∫
1

x
μn(dx)

n→∞−→ − t2

2
.

Proof Since (x 
→ ft (x)/(1 + x2)) ∈ Cb(R), by Lemma 15.48,

∫

ft (x)μn(dx) =
∫

ft (x)
1

1 + x2
νn(dx)

n→∞−→ ft (0) = − t2

2
.

Now (x 
→ x/(1 + x2)) ∈ Cb(R) and E[Xn,l] = 0 for all n and l; hence

∫
1

x
μn(dx) =

kn∑

l=1

E
[

Xn,l

1 + X2
n,l

]

=
kn∑

l=1

E
[

Xn,l

1 + X2
n,l

− Xn,l

]

= −
kn∑

l=1

E
[

X2
n,l · Xn,l

1 + X2
n,l

]

= −
∫

x

1 + x2
νn(dx)

n→∞−→ 0. �

Proof of Theorem 15.43 “(i)=⇒(ii)” We have to show that limn→∞ logϕn(t) = − t2

2
for every t ∈R. By Lemma 15.46, this is equivalent to

lim
n→∞

kn∑

l=1

(
ϕn,l(t) − 1

)= − t2

2
.

Now ft (x) x2

1+x2 = eitx − 1 − itx

1+x2 . Hence
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kn∑

l=1

(
ϕn,l(t) − 1

)=
kn∑

l=1

∫ (

ft (x)
x2

1 + x2
+ itx

1 + x2

)

PXn,l
(dx)

=
∫

ft dμn + it

∫
1

x
μn(dx)

n→∞−→ − t2

2
(by Lemma 15.49). �

As an application of the Lindeberg–Feller theorem, we give the so-called three-
series theorem, which is due to Kolmogorov.

Theorem 15.50 (Kolmogorov’s three-series theorem) Let X1,X2, . . . be indepen-
dent real random variables. Let K > 0 and Yn := Xn1{|Xn|≤K} for all n ∈ N.
The series

∑∞
n=1 Xn converges almost surely if and only if each of the following

three conditions holds:

(i)
∑∞

n=1 P[|Xn| > K] < ∞.

(ii)
∑∞

n=1 E[Yn] converges.

(iii)
∑∞

n=1 Var[Yn] < ∞.

Proof “⇐=” Assume that (i), (ii) and (iii) hold. By Exercise 7.1.1, since (iii) holds,
the series

∑∞
n=1(Yn − E[Yn]) converges a.s. As (ii) holds,

∑∞
n=1 Yn converges al-

most surely. By the Borel–Cantelli lemma, there exists an N = N(ω) such that
|Xn| < K ; hence Xn = Yn for all n ≥ N . Hence

∑∞
n=1 Xn =∑N−1

n=1 Xn +∑∞
n=N Yn

converges a.s.
“=⇒” Assume that

∑∞
n=1 Xn converges a.s. Clearly, this implies (i) (otherwise,

by the Borel–Cantelli lemma, |Xn| > K infinitely often, contradicting the assump-
tion).

We assume that (iii) does not hold and produce a contradiction. To this end, let
σ 2

n =∑n
k=1 Var[Yk] and define an array (Xn,l; l = 1, . . . , n, n ∈N) by Xn,l = (Yl −

E[Yl])/σn. This array is centered and normed. Since σ 2
n

n→∞−→ ∞, for every ε > 0 and
for sufficiently large n ∈ N, we have 2K < εσn; thus |Xn,l | ≤ ε for all l = 1, . . . , n.

This implies Ln(ε)
n→∞−→ 0, where Ln(ε) =∑n

l=1 E[X2
n,l1{|Xn,l |≥ε}] is the quantity

of the Lindeberg condition (see (15.6)). By the Lindeberg–Feller theorem, we then
get Sn := Xn,1 + . . . + Xn,n

n→∞=⇒ N0,1. As shown in the first part of this proof,
almost sure convergence of

∑∞
n=1 Xn and (i) imply that

∞∑

n=1

Yn converges almost surely. (15.9)

In particular, Tn := (Y1 + . . . + Yn)/σn
n→∞=⇒ 0. Thus, by Slutzky’s theorem, we also

have (Sn − Tn)
n→∞=⇒ N0,1. On the other hand, for all n ∈ N, the difference Sn − Tn

is deterministic, contradicting the assumption that (iii) does not hold.
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Now that we have established (iii), by Exercise 7.1.1, we see that
∑∞

n=1(Yn −
E[Yn]) converges almost surely. Together with (15.9), we conclude (ii). �

As a supplement, we cite a statement about the speed of convergence in the cen-
tral limit theorem (see, e.g., [154, Chapter III, Section 11] for a proof). With different
bounds (instead of 0.8), the statement was found independently by Berry [10] and
Esseen [46].

Theorem 15.51 (Berry–Esseen) Let X1,X2, . . . be independent and identically
distributed with E[X1] = 0, E[X2

1] = σ 2 ∈ (0,∞) and γ := E[|X1|3] < ∞. Let

S∗
n := 1√

nσ 2
(X1 + . . .+Xn) and let Φ : x 
→ 1√

2π

∫ x

−∞ e−t2/2dt be the distribution

function of the standard normal distribution. Then, for all n ∈ N,

sup
x∈R

∣
∣P
[
S∗

n ≤ x
]− Φ(x)

∣
∣≤ 0.8γ

σ 3
√

n
.

Example 15.52 Let α ∈ (0,1). Consider the distribution μα on R with density

fα(x) = 1

2α
|x|−1−1/α1{|x|≥1}.

Let X1,X2, . . . , be i.i.d. random variables with distribution μα . Then E[X1] = 0
and σ 2 := Var[X1] = 1/(1 − 2α) < ∞ if α < 1/2. Let Fn denote the distribution
function of S∗

n and FΦ the distribution function of the standard normal distribution.
The closer Fn and FΦ are, the closer lie the points (F−1

Φ (t),F−1
n (t)) on the di-

agonal {(x, x) : x ∈ R}. A graphical representation of the points (F−1
Φ (t),F−1

n (t)),
t ∈R is called Q-Q-plot or quantile-quantile-plot.

As α approaches 1/2, the distribution μα has less and less moments. Hence we
expect the convergence in the central limit theorem to be slower. For fixed n, we
expect the deviation of Fn from FΦ to be larger for larger α. The graphs in Fig. 15.2
illustrate this. ♦

Exercise 15.5.1 The argument of Remark 15.38 is more direct than the argument
with Lévy’s continuity theorem but is less robust: Give a sequence X1,X2, . . . of
independent real random variables with E[|Xn|] = ∞ for all n ∈N but such that

X1 + . . . + Xn√
n

n→∞=⇒ N0,1.

Exercise 15.5.2 Let Y1, Y2, . . . be i.i.d. with E[Yi] = 0 and E[Y 2
i ] = 1. Let

Z1,Z2, . . . be independent random variables (and independent of Y1, Y2, . . .) with

P[Zi = i] = P[Zi = −i] = 1

2

(
1 − P[Zi = 0])= 1

2

1

i2
.

For i, n ∈ N, define Xi := Yi + Zi and Sn = X1 + . . . + Xn.
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Fig. 15.2 Q-Q-plots for S∗
100 from Example 15.52 with α = 0.4 (left) and α = 0.48 (right). The

abscissa shows the quantiles of the standard normal distribution. For convenience, also the diago-
nal is drawn

Show that n−1/2Sn
n→∞=⇒ N0,1 but that (Xi)i∈N does not satisfy the Lindeberg

condition.
Hint: Do not try a direct computation!

Exercise 15.5.3 Let X1,X2, . . . be i.i.d. random variables with density

f (x) = 1

|x|3 1R\[−1,1](x).

Then E[X2
1] = ∞ but there are numbers A1,A2, . . ., such that

X1 + . . . + Xn

An

n→∞=⇒ N0,1.

Determine one such sequence (An)n∈N explicitly.

15.6 Multidimensional Central Limit Theorem

We come to a multidimensional version of the CLT.

Definition 15.53 Let C be a (strictly) positive definite symmetric real d × d matrix
and let μ ∈ R

d . A random vector X = (X1, . . . ,Xd)T is called d-dimensional nor-
mally distributed with expectation μ and covariance matrix C if X has the density

fμ,C(x) = 1
√

(2π)ddet(C)
exp

(

−1

2

〈
x − μ,C−1(x − μ)

〉
)

(15.10)

for x ∈ R
d . In this case, we write X ∼ Nμ,C .
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Theorem 15.54 Let μ ∈R
d and let C be a real positive definite symmetric d × d

matrix. If X ∼ Nμ,C , then the following statements hold.

(i) E[Xi] = μi for all i = 1, . . . , d .
(ii) Cov[Xi,Xj ] = Ci,j for all i, j = 1, . . . , d .

(iii) 〈λ,X〉 ∼ N〈λ,μ〉,〈λ,Cλ〉 for every λ ∈ R
d .

(iv) ϕ(t) := E[ei〈t,X〉] = ei〈t,μ〉e− 1
2 〈t,Ct〉 for every t ∈ R

d .

Moreover, X ∼ Nμ,C ⇐⇒ (iii) ⇐⇒ (iv).

Proof (i) and (ii) follow by simple computations. The same is true for (iii) and (iv).
The implication (iii)=⇒(iv) is straightforward. The family

{
ft : x 
→ ei〈t,x〉, t ∈R

d
}

is a separating class for M1(R
d) by the Stone–Weierstraß theorem. Hence ϕ deter-

mines the distribution of X uniquely. �

Remark 15.55 For one-dimensional normal distributions, it is natural to define the
degenerate normal distribution by Nμ,0 := δμ. For the multidimensional situation,
there are various possibilities for degeneracy depending on the size of the kernel
of C. If C is only positive semidefinite (and symmetric, of course), we define Nμ,C

as that distribution on R
n with characteristic function ϕ(t) = ei〈t,μ〉e− 1

2 〈t,Ct〉. ♦

Theorem 15.56 (Cramér–Wold device) Let Xn = (Xn,1, . . . ,Xn,d)T ∈ R
d , n ∈N,

be random vectors. Then, the following are equivalent:

(i) There is a random vector X such that Xn
n→∞=⇒ X.

(ii) For any λ ∈ R
d , there is a random variable Xλ such that 〈λ,Xn〉 n→∞=⇒ Xλ.

If (i) and (ii) hold, then Xλ D= 〈λ,X〉 for all λ ∈ R
d .

Proof Assume (i). Let λ ∈ R
d and s ∈ R. The map R

d → C, x 
→ eis〈λ,x〉 is con-

tinuous and bounded; hence we have E[eis〈λ,Xn〉] n→∞−→ E[eis〈λ,X∞〉]. Thus (ii) holds
with Xλ := 〈λ,X〉.

Now assume (ii). Then (PXn,l
)n∈N is tight for every l = 1, . . . , d . Hence (PXn)n∈N

is tight and thus relatively sequentially compact (Prohorov’s theorem). For any weak
limit point Q for (PXn)n∈N and for any λ ∈ R

d , we have

∫

Q(dx)ei〈λ,x〉 = E
[
eiXλ]

.

Hence the limit point Q is unique and thus (PXn)n∈N converges weakly to Q. That
is, (i) holds.
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If (ii) holds, then the distributions of the limiting random variables Xλ are
uniquely determined and by what we have shown already, Xλ = 〈λ,X〉 is one pos-

sible choice. Thus Xλ D= 〈λ,X〉. �

Theorem 15.57 (Central limit theorem in R
d ) Let (Xn)n∈N be i.i.d. random

vectors with E[Xn,i] = 0 and E[Xn,iXn,j ] = Cij , i, j = 1, . . . , d . Let S∗
n :=

X1+...+Xn√
n

. Then

PS∗
n

n→∞−→ N0,C weakly.

Proof Let λ ∈ R
d . Define Xλ

n = 〈λ,Xn〉, Sλ
n = 〈λ,S∗

n〉 and S∞ ∼ N0,C . Then
E[Xλ

n] = 0 and Var[Xλ
n] = 〈λ,Cλ〉. By the one-dimensional central limit theorem,

we have PSλ
n

n→∞−→ N0,〈λ,Cλ〉 = P〈λ,S∞〉. By Theorem 15.56, this yields the claim. �

Exercise 15.6.1 Let μ ∈ R
d , let C be a symmetric positive semidefinite real d × d

matrix and let X ∼ Nμ,C (in the sense of Remark 15.55). Show that AX ∼
NAμ,ACAT for every m ∈N and every real m × d matrix A.

Exercise 15.6.2 (Cholesky factorization) Let C be a positive definite symmetric
real d × d matrix. Then there exists a real d × d matrix A = (akl) with A · AT = C.
The matrix A can be chosen to be lower triangular. Let W := (W1, . . . ,Wd)T , where
W1, . . . ,Wd are independent and N0,1-distributed. Define X := AW +μ. Show that
X ∼ Nμ,C .
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