Chapter 8
Conditional Expectations

If there is partial information on the outcome of a random experiment, the proba-
bilities for the possible events may change. The concept of conditional probabilities
and conditional expectations formalizes the corresponding calculus.

8.1 Elementary Conditional Probabilities

Example 8.1 We throw a die and consider the events

A := {the face shows an odd number},

B := {the face shows three or smaller}.
Clearly, P[A] = % and P[B] = % However, what is the probability that A occurs if
we already know that B occurs?

We model the experiment on the probability space (£2,.A4,P), where 2 =
{1,...,6}, A=2% and P is the uniform distribution on £2. Then

A=1{1,3,5) and B={1,2,3}.

If we know that B has occurred, it is plausible to assume the uniform distribution
on the remaining possible outcomes; that is, on {1, 2, 3}. Thus we define a new
probability measure P on (B, 25) by

#C
Pp[C]=— forC CB.
#B

By assigning the points in £2 \ B probability zero (since they are impossible if B
has occurred), we can extend Pg to a measure on £2:

#(C N B)
PIC|B]:=P5[CNBl=——— forCCQ.
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In this way, we get

P[A 31—7#{1’3} _2
| T#{1,2,3) 3 0

Motivated by this example, we make the following definition.

Definition 8.2 (Conditional probability) Let (£2, .A, P) be a probability space and
B € A. We define the conditional probability given B for any A € A by

PIAOB] it P[B] > 0,
P[A|B]={ P& 5] 8.1)
0, otherwise.

Remark 8.3 The specification in (8.1) for the case P[B] = 0 is arbitrary and is of no
importance. O

Theorem 8.4 [fP[B] > 0, then P[ - | B] is a probability measure on (£2, A).
Proof This is obvious. O
Theorem 8.5 Ler A, B € Awith P[A],P[B] > 0. Then

A, B are independent <— P[A|B]=P[A] <= P[B|A]=P[B].

Proof This is trivial! O

Theorem 8.6 (Summation formula) Let I be a countable set and let (B;);cy be
pairwise disjoint sets with P[l4); ., Bi1 = 1. Then, for any A € A,

iel

P[A]=) P[A|B/IP[B;]. (8.2)

iel

Proof Due to the o -additivity of P, we have

P[A] =P[L+J(A N B,-)i| =Y P[ANB;]=) P[A|B;IP[B;].

iel iel iel

Theorem 8.7 (Bayes’ formula) Let I be a countable set and let (B;)c1 be pair-
wise disjoint sets with P[\+),_; Bi]1 = 1. Then, for any A € A with P[A] > 0 and
anykel,

iel

P[A| Bi]P[By]
> i1 PIA|B/IP[B;]

P[Bi|A] = (8.3)
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Proof We have
P[B. N A] P[A|B]P[B]
P[A] P[A]
Now use the expression in (8.2) for P[A]. O

P[Bi|A] =

Example 8.8 In the production of certain electronic devices, a fraction of 2 % of
the production is defective. A quick test detects a defective device with probability
95 %; however, with probability 10 % it gives a false alarm for an intact device.

If the test gives an alarm, what is the probability that the device just tested is
indeed defective?

We formalize the description given above. Let

A :={device is declared as defective},
B := {device is defective},
and
P[B] =0.02, P[B¢] =0.98,
P[A|B]=0.95, P[A|B‘]=0.1.
Bayes’ formula yields

P[A|B]P[B]
P[A|BIP[B] + P[A| B]P[B‘]

P[B|A] =

_ 0.95-0.02 _ 19 ~0.162.
0.95-0.02+0.1-098 117

On the other hand, the probability that a device that was not classified as defective
is in fact defective is

0.05-0.02 1
P[B| A‘]= = — ~0.00113. O
0.05-0.0240.9-0.98 883

Now let X € LI (P). If A € A, then clearly also 14X € £!(P). We define

E[X; A]:= E[14X]. (8.4)

If P[A] > O, then P[-|A] is a probability measure. Since 14X € EI(P), we have
X e L1(P[ -] A)). Hence we can define the expectation of X with respect to P[ - | A].

Definition 8.9 Let X € £1(P) and A € A. Then we define

ElLiX] * ifp[A] > 0,
E[X|A] ::/X(co)P[dw|A]={ pra - TPLAL> (8.5)

0, else.

Clearly, P[B|A] =E[1p]|A] for all B € A.
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Consider now the situation that we studied with the summation formula for con-
ditional probabilities. Hence, let I be a countable set and let (B;);c; be pairwise
disjoint events with 4);.; Bi = £2. We define F := o (B;,i € I).For X € L(P), we
define a map E[X | F]: £2 — R by

E[X|Fl(w)=E[X|B;]] <<= Bi>w. (8.6)

Lemma 8.10 The map E[X | F] has the following properties.

(i) E[X|F] is F-measurable.
(i) E[X|F] e L'(P), and for any A € F, we have

fE[X|F]dP=fXdP.
A A

Proof (i) Let f be the map f : £2 — I with
flw)=i <+ Bi>w.

Further, let g : I — R, i — E[X| B;]. Since I is discrete, g is measurable. Since f
is F-measurable, E[ X | F] = g o f is also F-measurable.

(i) Let Ae Fand J C I with A=1#,.;B;. Let J' :={i € J : P[B;] > 0}.
Hence

jel

/E[X|]-"]dP=ZP[B,-]E[X|B,-]=ZE[]lBiX]=/XdP.
A

el el A O

Exercise 8.1.1 (Lack of memory of the exponential distribution) Let X > 0 be a
strictly positive random variable and let 6 > 0. Show that X is exponentially dis-
tributed if and only if

PIX>t4+s5|X>s]=P[X>t] foralls,t>0.

In particular, X ~ exp if and only if P[X >t 45| X > 5] = e 9 foralls,t>0.

Exercise 8.1.2 Consider a theater with n seats that is fully booked for this evening.
Each of the n people entering the theater (one by one) has a seat reservation. How-
ever, the first person is absent-minded and takes a seat at random. Any subsequent
person takes his or her reserved seat if it is free and otherwise picks a free seat at
random.

(1) What is the probability that the last person gets his or her reserved seat?
(i) What is the probability that the kth person gets his or her reserved seat?

8.2 Conditional Expectations

Let X be a random variable that is uniformly distributed on [0, 1]. Assume that if we
know the value X = x, the random variables Y1, ..., Y, are independent and Ber,-
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distributed. So far, with our machinery we can only deal with conditional probabil-
ities of the type P[ | X € [a, b]], a < b (since X € [a, b] has positive probability).
How about P[Y; =...=Y, =1 |X = x]? Intuitively, this should be x". We thus
need a notion of conditional probabilities that allows us to deal with conditioning
on events with probability zero and that is consistent with our intuition. In the next
section, we will see that in the current example this can be done using transition
kernels. First, however, we have to consider a more general situation.

In the following, F C A will be a sub-o-algebra and X € £!(£2, A, P). In anal-
ogy with Lemma 8.10, we make the following definition.

Definition 8.11 (Conditional expectation) A random variable Y is called a con-
ditional expectation of X given F, symbolically E[X | F]:=7, if:

(i) Y is F-measurable.
(ii) Forany A € F, we have E[X14] =E[Y14].

For B € A, P[B|F] :=E[1p|F] is called a conditional probability of B given
the o -algebra F.

Theorem 8.12 E[X | F] exists and is unique (up to equality almost surely). ‘

Since conditional expectations are defined only up to equality a.s., all equalities
with conditional expectations are understood as equalities a.s., even if we do not say
so explicitly.

Proof Uniqueness. LetY and Y’ be random variables that fulfill (i) and (ii). Let
A ={Y > Y'} € F. Then, by (ii),

0=E[Y14] —E[Y'14] =E[(Y — Y)14].
Since (Y — Y")14 > 0, we have P[A] = 0; hence Y < Y’ almost surely. Similarly,
we get Y > Y’ almost surely.
Existence. Let Xt =Xv0and X~ =X* — X.By
+ — +
0~ (A) = E[X ]lA] forall A € F,

we define two finite measures on (§2, F). Clearly, Qi < P; hence the Radon—
Nikodym theorem (Corollary 7.34) yields the existence of F-measurable densities
Y+ such that

0%(4) = / Y*dP=E[Y*1,].
A
Now defineY =Y+t — Y. O

Definition 8.13 If Y is arandom variable and X € £'(P), then we define E[X | Y] :=
E[X|o(Y)].
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Theorem 8.14 (Properties of the conditional expectation) Let (§2, A, P) and let
X be as above. Let G C F C A be o-algebras and let Y € L1(2, A, P). Then:

(1) (Linearity) E[AX 4+ Y |F]=AE[X|F]+E[Y|F].
(i) (Monotonicity) IfX >Y a.s., then E[X|F] > E[Y |F].
(i) IfE[|XY|] < oo and Y is measurable with respect to F, then

E[XY|F]=YE[X|F] and E[Y|F]=E[Y|Y]=Y.

(iv) (Tower property) E[E[X|F]|G]=E[E[X|G]|F]=E[X|F].
(v) (Triangle inequality) E[|X]| |]-'] > |E[X | F]|.
(vi) (Independence) Ifo(X) and F are independent, then E[X | F] = E[X].
(vii) IfP[A] € {0, 1} for any A € F, then E[X | F]=E[X].
(viii) (Dominated convergence) Assume Y € LYP), Y > 0 and (X)neN is a
sequence of random variables with |X,| <Y for n € N and such that
Xn "Z%° X a.s. Then

lim E[X,|F]=E[X|F] as.andin L'(P). 8.7)

n—o0

Proof (i) The right-hand side is F-measurable; hence, for A € F,
E[14(AE[X|F]+E[Y|F])] = AE[1AE[X | F]] + E[14E[Y | F]]
=AE[14X]+E[147]
=E[14(AX +Y)].

(i) Let A = {E[X|F] < E[Y|F]} € F. Since we have X > Y, we get
E[14(X —Y)] > 0 and thus P[A] =0.

(iii) First assume X > 0 and Y > 0. For n € N, define Y,, =27"|2"Y|. Then
Y, 1Y and Y, E[X|F] 1 YE[X|F] (since E[X | F] > 0 by (ii)). By the monotone
convergence theorem (Lemma 4.6(ii)),

n—oQo

E[14Y,E[X|F]] — E[14YE[X|F]].

On the other hand,

k

=Y E[1aLyy,—p-nk2 " X]

o0

E[14Y,E[X | F]] =) E[1aLy,—42-nk2 "E[X | F]]

=1

o0

E[
k=1

n—oo

=E[14Y,X] — E[1.YX].

Hence E[14YE[X | F]] = E[14Y X]. In the general case, write X = X™ — X~ and
Y =Yt — Y~ and exploit the linearity of the conditional expectation.
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(iv) The second equality follows from (iii) with ¥ = E[X |G] and X = 1. Now let
A € G. Then, in particular, A € F; hence

E[14E[E[X | F]|G]] =E[14E[X | F]] =E[14X] =E[14E[X|G]].

(v) This follows from (i) and (i) with X = X+ — X .

(vi) Trivially, E[ X] is measurable with respect to F. Let A € F. Then X and 14
are independent; hence E[E[X | F]14] =E[X14] =E[X]E[14].

(vii) For any A € F and B € A, we have P[A N B] =0 if P[A] =0, and
P[A N B] = P[B] if P[A] = 1. Hence F and A are independent and thus F is
independent of any sub-o-algebra of A. In particular, F and o (X) are independent.
Hence the claim follows from (vi).

(viii) Let | X,,| <Y for any n € N and X, "Z5° X almost surely. Define Z,, :=
Sup;s, | Xx — X|. Then 0 < Z, <2Y and Z, 2%0. By Corollary 6.26 (dominated

convergence), we have E[Z,,] = 0; hence, by the triangle inequality,

n—oo

E[|E[X,|F]-E[X|F]|]<E[E[IX, — X|| F]] =E[IX, — X|] <E[Z,] — 0.

However, this is the Ll(P)-convergence in (8.7). As (Z,)nen is decreasing, by (ii)
also (E[Z, |]—' Dnen decreases to some limit, say, Z. By Fatou’s lemma,

E[Z] < lim E[E[Z,|F]]= lim E[Z,]=0.
n—>oo n—>oo

Hence Z =0 and thus E[Z,, | F] "% 0 almost surely. However, by (v),
|E[X, | F1-E[X | F]| <E[Z,| F]. O

Remark 8.15 Intuitively, E[ X | F] is the best prediction we can make for the value
of X if we only have the information of the o -algebra F. For example, if o0 (X) C F
(that is, if we know X already), then E[X | F] = X, as shown in (iii). At the other
end of the spectrum is the case where X and F are independent; that is, where
knowledge of F does not give any information on X. Here the best prediction for X
is its mean; hence E[X] = E[X | F], as shown in (vi).

What exactly do we mean by “best prediction”? For square integrable random
variables X, by the best prediction for X we will understand the F-measurable
random variable that minimizes the L2-distance from X. The next corollary shows
that the conditional expectation is in fact this minimizer. O

Remark 8.16 Let X : §2 — R be a random variable such that X~ € £!(P). We can
define the conditional expectation as the monotone limit

E[X |F]:= gngoE[anf],

where — X~ < X and X,, 1 X. Due to the monotonicity of the conditional expec-
tation (Theorem 8.14(ii)) it is easy to show that the limit does not depend on the
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choice of the sequence (X,) and that it fulfills the conditions of Definition 8.11.
Analogously, we can define the conditional expectation X+ € £!(P). For this gen-
eralization of the conditional expectation, we still have E[X | F] < E[Y | F] a.s. if
Y > X a.s. (see Exercise 8.2.1). O

Corollary 8.17 (Conditional expectation as projection) Let F C A be a o-algebra
and let X be a random variable with E[X?] < co. Then E[X | F] is the orthogonal
projection of X on L*(82, F,P). That is, for any F-measurable Y with E[Y?] < 00,

E[(X — V)?] = E[(X — E[X|F])’]
with equality if and only if Y = E[X | F].

Proof First assume that E[E[X | F 121 < oo. (In Theorem 8.20, we will see that we
have E[E[X | F 1*1 < E[X?], but here we want to keep the proof self-contained.)
Let Y be F-measurable and assume E[Y?] < co. Then, by the Cauchy—Schwarz in-
equality, we have E[| XY|] < oo. Thus, using the tower property, we infer E[XY] =
E[E[X |F]Y] and E[XE[X | F]] = E[E[XE[X | F] |]—']] = E[E[X | F]?]. Summing
up, we have

E[(X — ¥)*] —E[(X —E[X|F])’]
=E[X? - 2XY +Y? — X? + 2XE[X | F] - E[X | F]*]
=E[Y? - 2YE[X|F] +E[X |F]*]

—E[(Y —E[X|F])’] = 0.

For the case E[E[X | F]?] < oo, we are done. Hence, it suffices to show that this
condition follows from the assumption E[ X 2] < 00. For N € N, define the truncated
random variables | X| A N. Clearly, we have E[E[|X| A N | F1?1 < N2. By what we
have shown already (with X replaced by |X| A N and with Y =0 € £2(£2, F,P)),
and using the elementary inequality a® < 2(a — b)> 4 2b%, a, b € R, we infer

E[E[IX| AN | FI'] < 2E[((IX| A N) —E[IX| A N | F])*] + 2E[(1X| A N)’]
<4E[(1X] A N)’] < 4E[X?].
By Theorem 8.14(ii) and (viii), we get E[| X| AN | F]1 1 E[|X]| | F] for N — c0. By

the triangle inequality (Theorem 8.14(v)) and the monotone convergence theorem
(Theorem 4.20), we conclude

E[ELX | FP] <E[E[IX|| F]'] = lim E[E[IX|AN | F]] <4E[X’] <oo.

This completes the proof. g
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Example 8.18 Let X, Y e L' (P) be independent. Then
E[X+Y|Y]=E[X|Y]+E[Y|Y]=E[X]+Y. O

Example 8.19 Let X1, ..., Xy be independent with E[X;]=0,i=1,..., N. For
n=1,...,N, define F,, . =0(Xy,...,X,) and S, := X1 + ... + X,,. Then, for
n>m,

=X +...4+ X +E[Xpi1]+... +E[X,]
=Sm.

By Theorem 8.14(iv), since o (S,;) C F;,;, we have
E[Sn|Sm]ZE[E[Sn|-Fm]|Sm] =E[Sy|Snl= Sn. O

Next we show Jensen’s inequality for conditional expectations.

Theorem 8.20 (Jensen’s inequality) Let I C R be an interval, let ¢ : I — R
be convex and let X be an I-valued random variable on (82, A, P). Further, let
E[|X|] < oo and let F C A be a o-algebra. Then

0o > E[p(X) | F| = ¢(E[X | F]).

Proof For the existence of E[¢(X) |F] with values in (—o00, oo] note that (X))~ €
L£'(P) and see Remark 8.16. By Exercise 8.2.2, we have E[X | F] € I a.s., hence
o (E[X | F]) is well-defined.

(Recall from Definition 1.68 the jargon words “almost surely on A”.) Note that
X =E[X | F] on the event {E[ X | F] is a boundary point of I}; hence here the claim
is trivial. Indeed, without loss of generality, assume O is the left boundary of I and
A = {E[X|F]=0}. As X assumes values in I C [0, 00), we have 0 < E[X14] =
E[E[X |F]14] =0; hence X1 4 = 0. The case of a right boundary point is similar.

Hence4 now consider the event B := {E[X | F] is an interior point of /}. For ev-
ery interior point x € I, let D" ¢(x) be the maximal slope of a tangent of ¢ at x; i.e.,
the maximal number ¢ with ¢(y) > (y — x)t + ¢(x) for all y € I (see Theorem 7.7).

For each x € I°, there exists a P-null set N such that, for every w € B \ N, we
have

E[¢p(X) | F](®) = ¢(x) + E[DT(x)(X — x) | F]()
= ¢(x) + DTo(x) (E[X| Fl(@) — x) = ¥(x).  (8.8)

Let V:=QnNI° Then N :=|J,.y Ny is a P-null set and (8.8) holds for every
weB\Nandeveryx e V.
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The map x — DV(x) is right continuous (by Theorem 7.7(iv)). Therefore
X > ¥, (x) is also right continuous. Hence, for every w € B\ N, we have

¢(E[X| F](@)) = Vo (E[X | F(@))
< sup i, (x) = sup ¥, (x) < E[p(X) | F](w). O
xeV

xel°
Corollary 8.21 Let p € [1, oo] and let F C A be a sub-o-algebra. Then the map
LP(2,AP)— LP(2,F,P), X E[X|F],

is a contraction (that is, ||[E[X|F]ll, < I X|lp) and thus continuous. Hence, for
n—>oo

X, X1,X2,...€ LP(2, A, P) with | X, — X||, — O,

n—o00

|E[X, | F]—E[X|F] ||p =0.

Proof For p €[1, 00), use Jensen’s inequality with ¢(x) = |x|?. For p = oo, note
that [E[X | F]| < E[|X|| F] < E[| Xloo | F1= [ Xlcc- O

Corollary 8.22 Let (X;,i € I) be uniformly integrable and let (F;,j € J) be a
family of sub-o-algebras of A. Define X; ; = E[X; | F;]. Then (X, j,(,j) €
I x J) is uniformly integrable. In particular, for X € L'(P), the family (E[X [ Fl,
j € J) is uniformly integrable.

Proof By Theorem 6.19, there exists a monotone increasing convex function f with
the property that f(x)/x — 00, x — oo and L := sup;.; E[ f(|X;])] < oc. Then
x = f(|x]) is convex; hence, by Jensen’s inequality,

E[f(|Xi,j|)] =E[f(|E[Xi |fj]|)] <L <oo.

Thus (X; j, (i, j) € I x J) is uniformly integrable by Theorem 6.19. 0

Example 8.23 Let p and v be finite measures with v < . Let f = dv/du be the
Radon-Nikodym derivative and let / = {F C A: F is a o-algebra}. Consider the
measures /,L|]__ and v ’}_ that are restricted to . Then v ‘}_ LU ’}_ (since in F there
are fewer p-null sets); hence the Radon—Nikodym derivative fr :=d v|]__ /d ,ui]__
exists. Then (fr : F € I) is uniformly integrable (with respect to ). (For finite
o-algebras F, this was shown in Example 7.39.) Indeed, let P = o/ (£2) and
Q=v/u(82). Then fr= dQ|]__/dP|]__. For any F € F, we thus have E[ frlfr] =

[r fFdP=Q(F) = [, fdP=E[f1F]; hence fr =E[f|F]. By the preceding
corollary, (fr : F € I) is uniformly integrable with respect to P and thus also with
respect to L. O

Exercise 8.2.1 Show the assertions of Remark 8.16.



8.2 Conditional Expectations 179

Exercise 8.2.2 Let / C R be an arbitrary interval and let X € £'(£2, A,P) be a
random variable such that X € I a.s. For F C A, show that E[X|F] € I a.s.
Is this statement still true if we require only X~ € L£($2, A, P) instead of X €
L£1(£2,A,P)?

Exercise 8.2.3 (Bayes’ formula) Let A € A and B € F C .A. Show that

P[A|F]dP
P[B|A] = M.
fP[A | F1dP
If F is generated by pairwise disjoint sets By, Ba, ..., then this is exactly Bayes’

formula of Theorem 8.7.
Exercise 8.2.4 Give an example for E[E[X | F]|G] # E[E[X |G]| F].

Exercise 8.2.5 Show the conditional Markov inequality: For monotone increasing
f:10,00) — [0, 00) and ¢ > 0 with f(e) >0,

E[f(XD[F]

P[|X|>¢| F] < 1)

Exercise 8.2.6 Show the conditional Cauchy—Schwarz inequality: For square inte-
grable random variables X, Y,

E[XY|F|* <E[X*| F]E[Y* | F].

Exercise 8.2.7 Let X1, ..., X,, be integrable i.i.d. random variables. Let S, = X +
...+ X,. Show that

1
E[X;|S,]=-S, foreveryi=1,...,n.
n

Exercise 8.2.8 Let X and X, be independent and exponentially distributed with
parameter 6 > 0. Compute E[ X1 A X2 | X1].

Exercise 8.2.9 Let X and Y be real random variables with joint density f and let
h : R — R be measurable with E[|#(X)|] < co. Denote by X the Lebesgue measure
on R.

(i) Show that almost surely

_ [h(G) f(x,Y)A(dx)
Epeo Y] == San

(i1) Let X and Y be independent and expy-distributed for some 6 > 0. Compute
E[X|X+Y]and P[X <x|X + Y] forx >0.
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8.3 Regular Conditional Distribution

Let X be a random variable with values in a measurable space (E, £). With our ma-
chinery, so far we can define the conditional probability P[A | X] for fixed A € A
only. However, we would like to define for every x € E a probability measure
P[.| X = x] such that for any A € A, we have P[A|X]=P[A|X =x] on {X = x}.
In this section, we show how to do this.

For example, we are interested in a two-stage random experiment. At the first
stage, we manipulate a coin at random such that the probability of a success (i.e.,
“head”) is X. At the second stage, we toss the coin n times independently with
outcomes Yi,...,Y,. Hence the “conditional distribution of (Y1,...,Y,) given
{X = x)” should be (Ber,)®".

Let X be as above and let Z be a o (X)-measurable real random variable. By
the factorization lemma (Corollary 1.97 with f = X and g = Z), there is a map
¢ : E — R such that

¢ is £ — B(R)-measurable and ¢(X)=Z. (8.9)

If X is surjective, then ¢ is determined uniquely. In this case, we denote Z o X ! :=
¢ (even if the inverse map X ! itself does not exist).

Definition 8.24 Let Y € £1(P) and X : (2, A) — (E, E). We define the condi-
tional expectation of Y given X = x by E[Y | X = x] := ¢(x), where ¢ is the func-
tion from (8.9) with Z = E[Y | X].

Analogously, define P[A|X =x] =E[14 | X = x] for A € A.

For a fixed set B € A with P[B] > 0, the conditional probability P[-|B] is a
probability measure. Is this true also for P[-|X = x]? The question is a bit tricky
since for every given A € A, the expression P[A | X = x] is defined for almost all x
only; that is, up to x in a null set that may, however, depend on A. Since there are
uncountably many A € A in general, we could not simply unite all the exceptional
sets for any A. However, if the o -algebra A can be approximated by countably many
A sufficiently well, then there is hope.

Our first task is to give precise definitions. Then we present the theorem that
justifies our hope.

Definition 8.25 (Transition kernel, Markov kernel) Let (£21, 41), (£22, A>) be
measurable spaces. A map « : 21 x Ay — [0, oo] is called a (o -)finite transition
kernel (from £21 to £27) if:

(1) w1 k(wy, Ap) is Aj-measurable for any A, € A;.
(i1) Az~ « (w1, Ap) is a (o-)finite measure on (§27, Ay) for any w; € £2;.

If in (ii) the measure is a probability measure for all w; € §21, then « is called a
stochastic kernel or a Markov kernel. If in (ii) we also have k (w1, £22) < 1 for any
w1 € §21, then « is called sub-Markov or substochastic.
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Remark 8.26 1t is sufficient to check property (i) in Definition 8.25 for sets A from
a w-system & that generates .4, and that either contains £2, or a sequence E, 1 §2;.
Indeed, in this case,

D:= {AZ e Ay w1 k(w1, Ap) is A1-measurable}

is a A-system (exercise!). Since £ C D, by the w—A theorem (Theorem 1.19), D =
o (&) =A,. O

Example 8.27
(i) Let (£21, A1) and (£22, A>) be discrete measurable spaces and let (K;;) ice; be

jes2
a matrix with nonnegative entries and finite row sums

K; = Z Kij <oo forie 2.
JES2
Then we can define a finite transition kernel from £2; to £2; by «(i, A) =
ZjeA Kij. « is stochastic if K; =1 for all i € £21. Itis substochastic if K; <1
forall i € £24.
(ii) If u, is a finite measure on £2;, then « (wy, +) = w7 is a finite transition kernel.
(iii) «(x, +) = Poi, is a stochastic kernel from [0, 0c0) to Ny (note that x — Poi, (A)
is continuous and hence measurable for all A C Np).
(iv) Let u be a distribution on R” and let X be a random variable with Py = u.
Then k(x, -) =P[X + x € -] = §, * u defines a stochastic kernel from R” to
R”". Indeed, the sets (—oo, y], y € R” form an N-stable generator of B(R") and
x = k(x, (—o0, y]) = u((—oo, y — x]) is left continuous and hence measur-
able. Hence, by Remark 8.26, x > « (x, A) is measurable for all A € B(R").0

Definition 8.28 Let Y be a random variable with values in a measurable space
(E, &) and let F C A be a sub-o-algebra. A stochastic kernel ky r from (£2, F)
to (E, &) is called a regular conditional distribution of Y given F if

ky F(w, B)=P[{Y € B} | F(w)

for P-almost all w € 2 and for all B € &; that is, if
f]lB(Y)]lAsz /Ky)]:(', B)1,dP forallAe F,Bef. (8.10)

Consider the special case where F = o (X) for a random variable X (with values in
an arbitrary measurable space (E’, £')). Then the stochastic kernel

(x, A) > ky x (x, A) =P[{Y € A} | X =x] = ky.o00) (X (x), A)

(the function from the factorization lemma with an arbitrary value for x & X (£2)) is
called a regular conditional distribution of ¥ given X.



182 8 Conditional Expectations

Theorem 8.29 (Regular conditional distributions in R) Let Y : (22, 4) —
(R, B(R)) be real-valued. Then there exists a regular conditional distribution ky r
of Y given F.

Proof The strategy of the proof consists in constructing a measurable version of
the distribution function of the conditional distribution of Y by first defining it for
rational values (up to a null set) and then extending it to the real numbers.

For r € Q, let F(r,-) be a version of the conditional probability P[Y €
(—oo,r]|F]. For r <s, clearly L{ye(—oo,r)} < L{re(—oco,s}j. Hence, by Theo-
rem 8.14(ii)) (monotonicity of the conditional expectation), there is a null set
A, € F with

F(row)<F(s,w) forallwe 2\ A, ;. (8.11)

By Theorem 8.14(viii) (dominated convergence), there are null sets (B,),cq € F
and C € F such that

1
lim F(r—l——,a)):F(r,w) forallw € 2\ B, (8.12)
n— 00 n
as well as
ingF(—n, w)=0 and supF(n,w)=1 forallwe 2\C. (8.13)
ne

neN

Let N := (UMEQ Arg)U (UreQ B,)UC.Forw € 2\ N, define
F(z,0):=inf{F(r,w):r e Q,r >z} forallzeR.

By construction, F (-, w) is monotone increasing and right continuous. By (8.11)
and (8.12), we have

F(z,w)=F(z,w) forallzeQandwe 2\N. (8.14)

Therefore, by (8.13), F(-,w) is a distribution function for any w € 2 \ N. For
w € N, define F (-, w) = Fy, where Fj is an arbitrary but fixed distribution function.

For any w € £2, let k (w, -) be the probability measure on (£2, .4) with distribu-
tion function f’( -, ). Then, for r € Q and B = (—o0, r],

wr> k(w, B) =F(r,w)lyc(w) + Fo(r)ly(w) (8.15)

is F-measurable. Now {(—oo,r],r € Q} is a m-system that generates B(R). By
Remark 8.26, measurability holds for all B € B(R) and hence « is identified as a
stochastic kernel.

We still have to show that « is a version of the conditional distribution. For
AeF,reQand B=(—o0,r], by (8.15),

/K(u),B)P[dw]:/P[YeB|]-']dP=P[Aﬂ{YeB}].
A A
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As functions of B, both sides are finite measures on B(R) that coincide on the N-
stable generator {(—oo, r], r € Q}. By the uniqueness theorem (Lemma 1.42), we
thus have equality for all B € B(R). Hence P-a.s. (-, B) = P[Y € B|.F] and thus
K =Ky F. O

Example 8.30 Let Z1, Z> be independent Poisson random variables with parame-
ters A1, A2 > 0. One can show (exercise!) that (with Y = Z| and X = Z| + Z»)

PlZ\=k|Z+Zy=n]=by pk) fork=0,...,n,

where p = M{\F]?»z' O
This example could still be treated by elementary means. The full strength of the
result is displayed in the following examples.

Example 8.31 Let X and Y be real random variables with joint density f (with
respect to Lebesgue measure A% on R?). For x € R, define

fX(X)=/Rf(x,y)l(dy)-

Clearly, fx(x) > 0 for Px-a.a. x € R and fy Uis the density of the absolutely con-
tinuous part of the Lebesgue measure A with respect to Px. The regular conditional
distribution of ¥ given X has density

P[Yedy|X:x]:f x y)':f(xyy)
dy )

Indeed, by Fubini’s theorem (Theorem 14.16), the map x +— f 5 Jrix(x, y)A(dy) is
measurable for all B € B(R) and for A, B € B(R), we have

for Px[dx]-a.a. x e R. (8.16)

/ PIX € dx] / Frix (. AY)
A B
- /A PIX € dx]fx(x)"" /B £ yAdy)
=/ x(dx)/ £ y)Ady)
A B

= fdi*=P[X €A,Y € B].
AxB <>

Example 8.32 Let w1, u2 € R, 01,020 > 0 and let Z;, Z, be independent and

N i ,2-distributed (i = 1, 2). Then there exists a regular conditional distribution

PlZie-|Z1+Zy=x] forxeRR.
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If we define X =Z1+ Z> and Y = Zy, then (X, Y) ~ ./\fﬂ,g is bivariate normally

distributed with covariance matrix

and with

Note that

2
-1 _ (.2 n—1 [ 0] —0q _ (2 n—1,T
T =(of o3) (_012 012_,_022)—(01 o3) BB,

where B = (7 "7'). Hence (X, ) has the density (see Example 1.105(ix))

0 oy

B (x —(u1 + M2)) H2>
y— ii

1
f(x,y)=detQr x)"!/? exp<—T
20{0;

_ (4n%0202) P exp (_ oy = (x —p2))* + 03 (y — p)?

20'120’22
= Cy exp(_(y - Mx)2/203)~

Here C, is a normalising constant and

of 2 ojo3
ux=p1+—F——@—pnr—pn2) and oy =——->.
oy +o; oy +o;

By (8.16), P[Z; € - | Z1 + Z, = x] has the density

_ Cx (y_ﬂx)z
y'—>fY|X(x,y)—fX(x)eXP<— 207 )

hence

P(Zi € - |Z1+ Zy =x] =./\/MX’UX2 for almost all x € R.

)

O

Example 8.33 If X and Y are independent real random variables, then for Pyx-

almost all x e R

PIX+Y € -|X =x] =8, *Py.

O

The situation is not completely satisfying as we have made the very restrictive
assumption that Y is real-valued. Originally we were also interested in the situation
where Y takes values in R” or in even more general spaces. We now extend the

result to a larger class of ranges for Y.
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Definition 8.34 Two measurable spaces (E, £) and (E’, £’) are called isomorphic
if there exists a bijective map ¢ : E — E’ such that ¢ is £ — £ -measurable and
the inverse map ¢! is £ — £-measurable. Then we say that ¢ is an isomorphism
of measurable spaces. If in addition u and u’ are measures on (E, &) and (E’, £’)
and if ' = j1 0 ¢!, then ¢ is an isomorphism of measure spaces, and the measure
spaces (E, &€, ) and (E’, £, u') are called isomorphic.

Definition 8.35 A measurable space (E, &) is called a Borel space if there exists a
Borel set B € B(R) such that (E, £) and (B, B(B)) are isomorphic.

A separable topological space whose topology is induced by a complete metric is
called a Polish space. In particular, R4, 74 RN, (C{0, 1D, 1l * lloo) and so forth are
Polish. Closed subsets of Polish spaces are again Polish. We come back to Polish
spaces in the context of convergence of measures in Chapter 13. Without proof, we
present the following topological result (see, e.g., [37, Theorem 13.1.1]).

Theorem 8.36 Let E be a Polish space with Borel o-algebra €. Then (E, &) is a
Borel space.

Theorem 8.37 (Regular conditional distribution) Let F C A be a sub-o -algebra.
Let Y be a random variable with values in a Borel space (E, £) (hence, for exam-
ple, E Polish, E = RY, E=R>®, E = C([0, 1]), etc.). Then there exists a regular
conditional distribution ky r of Y given F.

Proof Let B € B(R) and let ¢ : E — B be an isomorphism of measurable spaces.
By Theorem 8.29, we obtain the regular conditional distribution «y’ 7 of the real
random variable Y/ = ¢ o Y. Now define ky r(w, A) = ky' r(w, p(A)) for A e £.00

To conclude, we pick up again the example with which we started. Now we can
drop the quotation marks from the statement and write it down formally. Hence,
let X be uniformly distributed on [0, 1]. Given X = x, let (¥1,...,Y;) be inde-
pendent and Ber,-distributed. Define ¥ = (Y1,...,Y,). By Theorem 8.37 (with
E ={0, 1}" c R"), a regular conditional distribution exists:

kyx(x,)=P[Y e -|X=x] forxel0,1].
Indeed, for almost all x € [0, 1],
P[Y € - | X = x] = (Ber,)®".

Theorem 8.38 Let X be a random variable on (52, A, P) with values in a Borel
space (E,E). Let F C A be a o-algebra and let kx r be a regular conditional dis-
tribution of X given F. Further, let f : E — R be measurable and E[| f (X)|] < oo.
Then

E[f(X) | .7:] (w) = [ fkx Flw,dx) for P-almost all w. (8.17)
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Proof We check that the right-hand side in (8.17) has the properties of the condi-
tional expectation.

It is enough to consider the case f > 0. By approximating f by simple functions,
we see that the right-hand side in (8.17) is F-measurable (see Lemma 14.20 for a
formal argument). Hence, by Theorem 1.96, there exist sets Ay, As,... € £ and
numbers o1, o, ... > 0 such that

n
—>00
&n :=Za,~1Ai =7
i=1
Now, for any n € Nand B € F,

E[g,(X)15] =) o;P[{X € A;} N B]

i=1

=Y [ P[{X € A;} | F]Pldw]
i=1 VB

=>"a [ wxr(@. ADPidol
i=1 VB

= [ Y wiwrr@. A0Pidol

i=1

= fB ( / gn(x)xx,f<w,dx)>P[dw1.

By the monotone convergence theorem, for almost all w, the inner integral converges
to [ f(x)kx F(w,dx). Applying the monotone convergence theorem once more,
we get

BLACO15] = lim Blg,(015] = [ [ fex (o, doPidol.

Exercise 8.3.1 Let (E, £) be a Borel space and let i« be an atom-free measure (that
is, u({x}) =0 for any x € E). Show that for any A € £ and any n € N, there exist
pairwise disjoint sets Aq, ..., A, € £ with L*.’JZ=1 Ar = A and u(Ag) = u(A)/n for
anyk=1,...,n.

Exercise 8.3.2 Let p,q € (1, 00) with % + ; =1andlet X € LP(P) and Y €
L4(w). Let F C A be a o-algebra. Use the preceding theorem to show the con-
ditional version of Holder’s inequality:

E[|xY||F] <E[Ix|” | F]"PE[)Y|? | F]"? almost surely.
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Exercise 8.3.3 Assume the random variable (X, Y) is uniformly distributed on the
disc B:={(x,y) € R?:x2 + y2 <1}andon [—1, 1]2, respectively.

(i) In both cases, determine the conditional distribution of ¥ given X = x.
(ii) Let R :=+/X2+ Y2 and © = arctan(Y/X). In both cases, determine the con-
ditional distribution of ® given R =r.

Exercise 8.3.4 Let A C R" be a Borel measurable set of finite Lebesgue measure
A(A) € (0,00) and let X be uniformly distributed on A (see Example 1.75). Let
B C A be measurable with A(B) > 0. Show that the conditional distribution of X
given {X € B} is the uniform distribution on B.

Exercise 8.3.5 (Borel’s paradox) Consider the Earth as a ball (as widely accepted
nowadays). Let X be a random point that is uniformly distributed on the surface.
Let ® be the longitude and let @ be the latitude of X. A little differently from the
usual convention, assume that ® takes values in [0, 7) and @ in [—, 7). Hence,
for fixed ©®, a complete great circle is described when @ runs through its domain.
Now, given ®, is @ uniformly distributed on [—m, 7)? One could conjecture that
any point on the great circle is equally likely. However, this is not the case! If we
thicken the great circle slightly such that its longitudes range from & to ® + ¢ (for
a small ¢), on the equator it is thicker (measured in meters) than at the poles. If we
let ¢ — 0, intuitively we should get the conditional probabilities as proportional to
the thickness (in meters).

(i) Show that P[{® € -}|©® = 0] for almost all 6 has the density JT' cos(¢)| for
¢ el—m, ).
(ii) Show that P[{® € -}|® = ¢] =U|p, ) for almost all ¢.
Hint: Show that ® and @ are independent, and compute the distributions of ®
and @.

Exercise 8.3.6 (Rejection sampling for generating random variables) Let E be a
countable set and let P and Q be probability measures on E. Assume there is a
¢ > 0 with

for all e € E with P({e}) > 0.

Let X1, X5, ... be independent random variables with distribution P.Let Uy, Ua, ...
be i.i.d. random variables that are independent of X1, X5, ... and that are uniformly
distributed on [0, 1]. Let N be the smallest (random) nonnegative integer n such that
U, < f(Xyn)/c and define Y := X y.

Show that Y has distribution Q.

Remark. This method for generating random variables with a given distribution
Q is called rejection sampling, as it can also be described as follows. The random
variable X is a proposal for the value of Y. This proposal is accepted with proba-
bility f(X1)/c and is rejected otherwise. If the first proposal is rejected, the game
starts afresh with proposal X, and so on.
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Exercise 8.3.7 Let E be a Polish space and let P, Q € M{(R). Let ¢ > 0 with

f= % < ¢ P-almost surely. Show the statement analogous to Exercise 8.3.6.

Exercise 8.3.8 Show that (R, B(R)) and (R", B(R")) are isomorphic. Conclude
that every Borel set B € B(R") is a Borel space.
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