
Chapter 13
Convergence of Measures

One focus of probability theory is distributions that are the result of an interplay of
a large number of random impacts. Often a useful approximation can be obtained
by taking a limit of such distributions, for example, a limit where the number of
impacts goes to infinity. With the Poisson distribution, we have encountered such
a limit distribution that occurs as the number of very rare events when the number
of possibilities goes to infinity (see Theorem 3.7). In many cases, it is necessary
to rescale the original distributions in order to capture the behavior of the essential
fluctuations, e.g., in the central limit theorem. While these theorems work with real
random variables, we will also see limit theorems where the random variables take
values in more general spaces such as the space of continuous functions when we
model the path of the random motion of a particle.

In this chapter, we provide the abstract framework for the investigation of con-
vergence of measures. We introduce the notion of weak convergence of probability
measures on general (mostly Polish) spaces and derive the fundamental properties.
The reader will profit from a solid knowledge of point set topology. Thus we start
with a short overview of some topological definitions and theorems.

We do not strive for the greatest generality but rather content ourselves with the
key theorems for probability theory. For further reading, we recommend [14, 82].

At first reading, the reader might wish to skip this rather analytically flavored
chapter. In this case, for the time being it suffices to get acquainted with the defini-
tions of weak convergence and tightness (Definitions 13.12 and 13.26), as well as
with the statements of the Portemanteau theorem (Theorem 13.16) and Prohorov’s
theorem (Theorem 13.29).

13.1 A Topology Primer

Excursively, we present some definitions and facts from point set topology. For de-
tails, see, e.g., [90].

In the following, let (E, τ) be a topological space with the Borel σ -algebra E =
B(E) (compare Definitions 1.20 and 1.21). We will also assume that (E, τ) is a

A. Klenke, Probability Theory, Universitext, DOI 10.1007/978-1-4471-5361-0_13,
© Springer-Verlag London 2014

245

http://dx.doi.org/10.1007/978-1-4471-5361-0_13


246 13 Convergence of Measures

Hausdorff space; that is, for any two points x, y ∈ E with x �= y, there exist disjoint
open sets U,V such that x ∈ U and y ∈ V .

For A ⊂ E, we denote by A the closure of A, by A◦ the interior and by ∂A the
boundary of A. A set A ⊂ E is called dense if A = E.

(E, τ) is called metrizable if there exists a metric d on E such that τ is induced by
the open balls Bε(x) := {y ∈ E : d(x, y) < ε}. A metric d on E is called complete if
any Cauchy sequence with respect to d converges in E. (E, τ) is called completely
metrizable if there exists a complete metric on E that induces τ . If (E,d) is a
metric space and A,B ⊂ E, then we write d(A,B) = inf{d(x, y) : x ∈ A,y ∈ B}
and d(x,B) := d({x},B) for x ∈ E.

A metrizable space (E, τ) is called separable if there exists a countable dense
subset of E. Separability in metrizable spaces is equivalent to the existence of
a countable base of the topology; that is, a countable set U ⊂ τ with A =⋃

U∈U :U⊂A U for all A ∈ τ . (For example, choose the ε-balls centered at the points
of a countable subset and let ε run through the positive rational numbers.) A com-
pact metric space is always separable (simply choose for each n ∈ N a finite cover
Un ⊂ τ comprising balls of radius 1

n
and then take U := ⋃

n∈N Un).
A set A ⊂ E is called compact if each open cover U ⊂ τ of A (that is, A ⊂⋃

U∈U U ) has a finite subcover; that is, a finite U ′ ⊂ U with A ⊂ ⋃
U∈U ′ U . Compact

sets are closed. By the Heine–Borel theorem, a subset of Rd is compact if and only
if it is bounded and closed. A ⊂ E is called relatively compact if A is compact. On
the other hand, A is called sequentially compact (respectively relatively sequentially
compact) if any sequence (xn)n∈N with values in A has a subsequence (xnk

)k∈N that
converges to some x ∈ A (respectively x ∈ A). In metrizable spaces, the notions
compact and sequentially compact coincide. A set A ⊂ E is called σ -compact if
A is a countable union of compact sets. E is called locally compact if any point
x ∈ E has an open neighborhood whose closure is compact. A locally compact,
separable metric space is manifestly σ -compact. If E is a locally compact metric
space and if U ⊂ E is open and K ⊂ U is compact, then there exists a compact set
L with K ⊂ L◦ ⊂ L ⊂ U . (For example, for any x ∈ K , take an open ball Bεx (x)

of radius εx > 0 that is contained in U and that is relatively compact. By making
εx smaller (if necessary), one can assume that the closure of this ball is contained
in U . As K is compact, there are finitely many points x1, . . . , xn ∈ K with K ⊂
V := ⋃n

i=1 Bεxi
(xi). By construction, L = V ⊂ U is compact.)

We present one type of topological space that is of particular importance in prob-
ability theory in a separate definition.

Definition 13.1 A topological space (E, τ) is called a Polish space if it is separable
and if there exists a complete metric that induces the topology τ .

Examples of Polish spaces are countable discrete spaces (however, not Q with
the usual topology), the Euclidean spaces Rn, and the space C([0,1]) of continuous
functions [0,1] → R, equipped with the supremum norm ‖ · ‖∞. In practice, all
spaces that are of importance in probability theory are Polish spaces.
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Let (E,d) be a metric space. A set A ⊂ E is called totally bounded if, for any
ε > 0, there exist finitely many points x1, . . . , xn ∈ A such that A ⊂ ⋃n

i=1 Bε(xi).
Evidently, compact sets are totally bounded. In Polish spaces, a partial converse is
true.

Lemma 13.2 Let (E, τ) be a Polish space with complete metric d . A subset A ⊂ E

is totally bounded with respect to d if and only if A is relatively compact.

Proof This is left as an exercise. �

In the following, let (E, τ) be a topological space with Borel σ -algebra E =
B(E) := σ(τ) and with complete metric d . For measures on (E,E), we introduce
the following notions of regularity.

Definition 13.3 A σ -finite measure μ on (E,E) is called

(i) locally finite or a Borel measure if, for any point x ∈ E, there exists an open
neighborhood U 
 x such that μ(U) < ∞,

(ii) inner regular if

μ(A) = sup
{
μ(K) : K ⊂ A is compact

}
for all A ∈ E, (13.1)

(iii) outer regular if

μ(A) = inf
{
μ(U) : U ⊃ A is open

}
for all A ∈ E, (13.2)

(iv) regular if μ is inner and outer regular, and
(v) a Radon measure if μ is an inner regular Borel measure.

Definition 13.4 We introduce the following spaces of measures on E:

M(E) := {
Radon measures on (E,E)

}
,

Mf (E) := {
finite measures on (E,E)

}
,

M1(E) := {
μ ∈Mf (E) : μ(E) = 1

}
,

M≤1(E) := {
μ ∈Mf (E) : μ(E) ≤ 1

}
.

The elements of M≤1(E) are called sub-probability measures on E.
Further, we agree on the following notation for spaces of continuous functions:

C(E) := {f : E → R is continuous},
Cb(E) := {

f ∈ C(E) is bounded
}
,

Cc(E) := {
f ∈ C(E) has compact support

} ⊂ Cb(E).

Recall that the support of a real function f is f −1(R \ {0}).
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Unless otherwise stated, the vector spaces C(E), Cb(E) and Cc(E) are equipped
with the supremum norm.

Lemma 13.5 If E is Polish and μ ∈ Mf (E), then for any ε > 0, there is a compact
set K ⊂ E with μ(E \ K) < ε.

Proof Let ε > 0. For each n ∈ N, there exists a sequence xn
1 , xn

2 , . . . ∈ E with E =
⋃∞

i=1 B1/n(x
n
i ). Fix Nn ∈ N such that μ(E \ ⋃Nn

i=1 B1/n(x
n
i )) < ε

2n . Define

A :=
∞⋂

n=1

Nn⋃

i=1

B1/n

(
xn
i

)
.

By construction, A is totally bounded. Since E is Polish, A is compact. Furthermore,
it follows that μ(E \ A) ≤ μ(E \ A) <

∑∞
n=1 ε2−n = ε. �

Theorem 13.6 If E is Polish and if μ ∈ Mf (E), then μ is regular. In particular,
in this case, Mf (E) ⊂M(E).

Proof (Outer regularity) Step 1. Let B ⊂ E be closed and let ε > 0. Let d be a
complete metric on E. For δ > 0, let

Bδ := {
x ∈ E : d(x,B) < δ

}

be the open δ-neighborhood of B . As B is closed, we have
⋂

δ>0 Bδ = B . Since μ is
upper semicontinuous (Theorem 1.36), there is a δ > 0 such that μ(Bδ) ≤ μ(B)+ε.

Step 2. Let B ∈ E and ε > 0. Consider the class of sets

A := {V ∩ C : V ⊂ E open, C ⊂ E closed}.
Clearly, we have E = σ(A). It is easy to check that A is a semiring. Hence by the
approximation theorem for measures (Theorem 1.65), there are mutually disjoint
sets An = Vn ∩ Cn ∈ A, n ∈ N, such that B ⊂ A := ⋃∞

n=1 An and μ(A) ≤ μ(B) +
ε/2. As shown in the first step, for any n ∈ N, there is an open set Wn ⊃ Cn such
that μ(Wn) ≤ μ(Cn) + ε2−n−1. Hence also Un := Vn ∩ Wn is open. Let B ⊂ U :=⋃∞

n=1 Un. We conclude that μ(U) ≤ μ(A) + ∑∞
n=1 ε2−n−1 ≤ μ(B) + ε.

(Inner regularity) Replacing B by Bc , the outer regularity yields the existence
of a closed set D ⊂ B with μ(B \ D) < ε/2. By Lemma 13.5, there exists a com-
pact set K with μ(Kc) < ε/2. Define C = D ∩ K . Then C ⊂ B is compact and
μ(B \ C) < ε. Hence μ is also inner regular. �

Corollary 13.7 The Lebesgue measure λ on R
d is a regular Radon measure. How-

ever, not all σ -finite measures on R
d are regular.

Proof Clearly, Rd is Polish and λ is locally finite. Let A ∈ B(Rd) and ε > 0. There
is an increasing sequence (Kn)n∈N of compact sets with Kn ↑ R

d . Since any Kn is
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bounded, we have λ(Kn) < ∞. Hence, by the preceding theorem, for any n ∈ N,
there exists an open set Un ⊃ A ∩ Kn with λ(Un \ A) < ε/2n. Thus λ(U \ A) < ε

for the open set U := ⋃
n∈N Un.

If λ(A) < ∞, then there exists an n ∈ N with λ(A \ Kn) < ε/2. By the preced-
ing theorem, there exists a compact set C ⊂ A ∩ Kn with λ((A ∩ Kn) \ C) < ε/2.
Therefore, λ(A \ C) < ε.

If, on the other hand, λ(A) = ∞, then for any L > 0, we have to find a compact

set C ⊂ A with λ(C) > L. However, λ(A∩Kn)
n→∞−→ ∞; hence there exists an n ∈N

with λ(A ∩ Kn) > L + 1. By what we have shown already, there exists a compact
set C ⊂ A ∩ Kn with λ((A ∩ Kn) \ C) < 1; hence λ(C) > L.

Finally, consider the measure μ = ∑
q∈Q δq . Clearly, this measure is σ -finite;

however, it is neither locally finite nor outer regular. �

Definition 13.8 Let (E,dE) and (F, dF ) be metric spaces. A function f : E →
F is called Lipschitz continuous if there exists a constant K < ∞, the so-called
Lipschitz constant, with dF (f (x), f (y)) ≤ K · dE(x, y) for all x, y ∈ E. Denote by
LipK(E;F) the space of Lipschitz continuous functions with constant K and by
Lip(E;F) = ⋃

K>0 LipK(E;F) the space of Lipschitz continuous functions on E.
We abbreviate LipK(E) := LipK(E;R) and Lip(E) := Lip(E;R).

Definition 13.9 Let F ⊂ M(E) be a family of Radon measures. A family C of
measurable maps E → R is called a separating family for F if, for any two measures
μ,ν ∈F , the following holds:

(∫

f dμ =
∫

f dν for all f ∈ C ∩L1(μ) ∩L1(ν)

)

=⇒ μ = ν.

Lemma 13.10 Let (E,d) be a metric space. For any closed set A ⊂ E and any
ε > 0, there is a Lipschitz continuous map ρA,ε : E → [0,1] with

ρA,ε(x) =
{

1, if x ∈ A,

0, if d(x,A) ≥ ε.

Proof Let ϕ : R → [0,1], t �→ (t ∨ 0) ∧ 1. For x ∈ E, define ρA,ε(x) = 1 −
ϕ(ε−1d(x,A)). �

Theorem 13.11 Let (E,d) be a metric space.

(i) Lip1(E; [0,1]) is separating for M(E).
(ii) If, in addition, E is locally compact, then Cc(E)∩ Lip1(E; [0,1]) is separating

for M(E).

Proof (i) Assume μ1,μ2 ∈ M(E) are measures with
∫

f dμ1 = ∫
f dμ2 for all

f ∈ Lip1(E; [0,1]). If A ∈ E , then μi(A) = sup{μi(K) : K ⊂ A is compact} since
the Radon measure μi is inner regular (i = 1,2). Hence, it is enough to show that
μ1(K) = μ2(K) for any compact set K .
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Now let K ⊂ E be compact. Since μ1 and μ2 are locally finite, for every x ∈ K ,
there exists an open set Ux 
 x with μ1(Ux) < ∞ and μ2(Ux) < ∞. Since K is
compact, we can find finitely many points x1, . . . , xn ∈ K such that K ⊂ U :=⋃n

j=1 Uxj
. By construction, μi(U) < ∞; hence 1U ∈ L1(μi) for i = 1,2. Since

Uc is closed and since Uc ∩ K = ∅, we get δ := d(Uc,K) > 0. Let ρK,ε be the
map from Lemma 13.10. Hence 1K ≤ ρK,ε ≤ 1U ∈ L1(μi) if ε ∈ (0, δ). Since

ρK,ε
ε→0−→ 1K , we get by dominated convergence (Corollary 6.26) that μi(K) =

limε→0
∫

ρK,ε dμi . However, ερK,ε ∈ Lip1(E; [0,1]) for all ε > 0; hence, by as-
sumption,

∫

ρK,ε dμ1 = ε−1
∫

(ερK,ε) dμ1 = ε−1
∫

(ερK,ε) dμ2 =
∫

ρK,ε dμ2.

This implies μ1(K) = μ2(K); hence μ1 = μ2.
(ii) If E is locally compact, then in (i) we can choose the neighborhoods Ux to be

relatively compact. Hence U is relatively compact; thus ρK,ε has compact support
and is thus in Cc(E) for all ε ∈ (0, δ). �

Exercise 13.1.1

(i) Show that C([0,1]) has a separable dense subset.
(ii) Show that the space (Cb([0,∞)),‖ · ‖∞) of bounded continuous functions,

equipped with the supremum norm, is not separable.
(iii) Show that the space Cc([0,∞)) of continuous functions with compact support,

equipped with the supremum norm, is separable.

Exercise 13.1.2 Let μ be a locally finite measure. Show that μ(K) < ∞ for any
compact set K .

Exercise 13.1.3 (Lusin’s theorem) Let Ω be a Polish space, let μ be a σ -finite
measure on (Ω,B(Ω)) and let f : Ω → R be a map. Show that the following two
statements are equivalent:

(i) There is a Borel measurable map g : Ω → R with f = g μ-almost everywhere.
(ii) For any ε > 0, there is a compact set Kε with μ(Ω \ Kε) < ε such that the

restricted function f |Kε is continuous.

Exercise 13.1.4 Let U be a family of intervals in R such that W := ⋃
U∈U U has

finite Lebesgue measure λ(W). Show that for any ε > 0, there exist finitely many
pairwise disjoint sets U1, . . . ,Un ∈ U with

n∑

i=1

λ(Ui) >
1 − ε

3
λ(W).

Hint: Choose a finite family U ′ ⊂ U such that
⋃

U∈U ′ U has Lebesgue measure at
least (1 − ε)λ(W). Choose a maximal sequence U ′′ (sorted by decreasing lengths)
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of disjoint intervals and show that each U ∈ U ′ is in (x − 3a, x + 3a) for some
(x − a, x + a) ∈ U ′′.

Exercise 13.1.5 Let C ⊂ R
d be an open, bounded and convex set and assume that

U ⊂ {x + rC : x ∈ R
d, r > 0} is such that W := ⋃

U∈U U has finite Lebesgue mea-
sure λd(W). Show that for any ε > 0, there exist finitely many pairwise disjoint sets
U1, . . . ,Un ∈ U such that

n∑

i=1

λd(Ui) >
1 − ε

3d
λ(W).

Show by a counterexample that the condition of similarity of the open sets in U is
essential.

Exercise 13.1.6 Let μ be a Radon measure on R
d and let A ∈ B(Rd) be a μ-null

set. Let C ⊂ R
d be bounded, convex and open with 0 ∈ C. Use Exercise 13.1.5 to

show that

lim
r↓0

μ(x + rC)

rd
= 0 for λd -almost all x ∈ A.

Conclude that if F is the distribution function of a Stieltjes measure μ on R and if
A ∈ B(R) is a μ-null set, then d

dx
F (x) = 0 for λ-almost all x ∈ A.

Exercise 13.1.7 (Fundamental theorem of calculus) (Compare [37].) Let f ∈
L1(Rd), μ = f λd and let C ⊂ R

d be open, convex and bounded with 0 ∈ C. Show
that

lim
r↓0

μ(x + rC)

rdλd(C)
= f (x) for λd -almost all x ∈R

d .

For the case d = 1, conclude the fundamental theorem of calculus:

d

dx

∫

[0,x]
f dλ = f (x) for λ-almost all x ∈R.

Hint: Use Exercise 13.1.6 with

μq(dx) = (f (x) − q)+λd(dx) for q ∈ Q,

as well as the inequality

μ(x + rC)

rdλd(C)
≤ q + μq(x + rC)

rdλd(C)
.

Exercise 13.1.8 Similarly as in Corollary 13.7, show the following: Let E be a σ -
compact polish space and let μ be a measure on E. Then μ is a Radon measure if
and only if μ(K) < ∞ for any compact K ⊂ E.
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13.2 Weak and Vague Convergence

In Theorem 13.11, we saw that integrals of bounded continuous functions f de-
termine a Radon measure on a metric space (E,d). If E is locally compact, it is
enough to consider f with compact support. This suggests that we can use Cb(E)

and Cc(E) as classes of test functions in order to define the convergence of mea-
sures.

Definition 13.12 (Weak and vague convergence) Let E be a metric space.

(i) Let μ,μ1,μ2, . . . ∈ Mf (E). We say that (μn)n∈N converges weakly to μ,

formally μn
n→∞−→ μ (weakly) or μ = w-limn→∞ μn, if

∫

f dμn
n→∞−→

∫

f dμ for all f ∈ Cb(E).

(ii) Let μ,μ1,μ2, . . . ∈ M(E). We say that (μn)n∈N converges vaguely to μ,

formally μn
n→∞−→ μ (vaguely) or μ = v-limn→∞ μn, if

∫

f dμn
n→∞−→

∫

f dμ for any f ∈ Cc(E).

Remark 13.13 If E is Polish, then by Theorems 13.6 and 13.11, the weak limit is
unique. The same holds for the vague limit if E is locally compact. ♦

Remark 13.14

(i) In functional analysis the notion of weak convergence is somewhat different.
Starting from a normed vector space X (here the space of finite signed mea-
sures with the total variation norm), consider the space X′ of continuous linear
functionals X → R. The sequence (μn) in X converges weakly to μ ∈ X, if

Φ(μn)
n→∞−→ Φ(μ) for every Φ ∈ X′. In the case of finite signed measures this

is equivalent to: (μn) is bounded and μn(A)
n→∞−→ μ(A) for any measurable

A (see [38, Theorem IV.9.5]). Comparing this to Theorem 13.16(vi), we see
that the functional analysis notion of weak convergence is stronger than ours
in Definition 13.12.

(ii) Weak convergence (as introduced in Definition 13.12) induces on Mf (E) the
weak topology τw . This is the coarsest topology such that for all f ∈ Cb(E), the
map Mf (E) → R, μ �→ ∫

f dμ is continuous. In functional analysis, τw cor-
responds to the so-called weak∗-topology. Starting from a normed vector space
X (here X = Cb(E) with the norm ‖ · ‖∞), we define the weak∗-topology

on the dual space X′ by writing μn
n→∞−→ μ if and only if μn(x)

n→∞−→ μ(x)

for all x ∈ X. Clearly, each μ defines a continuous linear form on Cb(E) by
f �→ μ(f ) := ∫

f dμ. Hence Mf (E) ⊂ Cb(E)′. This implies that τw is the
trace of the weak∗-topology on Mf (E).
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(iii) If E is separable, then it can be shown that (Mf (E), τw) is metrizable; for
example, by virtue of the so-called Prohorov metric. This is defined by

dP (μ, ν) := max
{
d ′
P (μ, ν), d ′

P (ν,μ)
}
, (13.3)

where

d ′
P (μ, ν) := inf

{
ε > 0 : μ(B) ≤ ν

(
Bε

) + ε for any B ∈ B(E)
}
, (13.4)

and where Bε = {x : d(x,B) < ε}; see, e.g., [14, Appendix III, Theorem 5].
(It can be shown that d ′

P (μ, ν) = d ′
P (ν,μ) if μ,ν ∈ M1(E).) If E is locally

compact and Polish, then (Mf (E), τw) is again Polish (see [136, p. 167]).
(iv) Similarly, the vague topology τv on M(E) is the coarsest topology such that

for all f ∈ Cc(E), the map M(E) → R, μ �→ ∫
f dμ is continuous. If E is

locally compact, then (M(E), τv) is a Hausdorff space. If, in addition, E is
Polish, then (M(E), τv) is again Polish (see, e.g., [82, Section 15.7]). ♦

While weak convergence implies convergence of the total masses (since 1 ∈
Cb(E)), with vague convergence a mass defect (but not a mass gain) can be ex-
perienced in the limit.

Lemma 13.15 Let E be a locally compact Polish space and let μ,μ1,μ2, . . . ∈
M(E) be measures such that μn

n→∞−→ μ vaguely. Then

μ(E) ≤ lim inf
n→∞ μn(E).

Proof Let (fN)N∈N be a sequence in Cc(E; [0,1]) with fN ↑ 1. Then

μ(E) = sup
N∈N

∫

fN dμ

= sup
N∈N

lim
n→∞

∫

fN dμn

≤ lim inf
n→∞ sup

N∈N

∫

fN dμn

= lim inf
n→∞ μn(E). �

Clearly, the sequence (δ1/n)n∈N of probability measures on R converges weakly
to δ0; however, not in total variation norm. Indeed, for the closed set (−∞,0],
we have limn→∞ δ1/n((−∞,0]) = 0 < 1 = δ0((−∞,0]). Loosely speaking, at the
boundaries of closed sets, mass can immigrate but not emigrate. The opposite is true
for open sets: limn→∞ δ1/n((0,∞)) = 1 > 0 = δ0((0,∞)). Here mass can emigrate
but not immigrate. In fact, weak convergence can be characterized by this property.
In the following theorem, a whole bunch of such statements will be hung on a coat
hanger (French: portemanteau).
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For measurable g : Ω → R, let Ug be the set of points of discontinuity of g.
Recall from Exercise 1.1.3 that Ug is Borel measurable.

Theorem 13.16 (Portemanteau) Let E be a metric space and let μ,μ1,μ2, . . . ∈
M≤1(E). The following are equivalent.

(i) μ = w-limn→∞ μn.
(ii)

∫
f dμn

n→∞−→ ∫
f dμ for all bounded Lipschitz continuous f .

(iii)
∫

f dμn
n→∞−→ ∫

f dμ for all bounded measurable f with μ(Uf ) = 0.
(iv) lim infn→∞ μn(E) ≥ μ(E) and lim supn→∞ μn(F ) ≤ μ(F) for all closed

F ⊂ E.
(v) lim supn→∞ μn(E) ≤ μ(E) and lim infn→∞ μn(G) ≥ μ(G) for all open

G ⊂ E.
(vi) limn→∞ μn(A) = μ(A) for all measurable A with μ(∂A) = 0.

If E is locally compact and Polish, then in addition each of the following is equiv-
alent to the previous statements.

(vii) μ = v-limn→∞ μn and μ(E) = limn→∞ μn(E).
(viii) μ = v-limn→∞ μn and μ(E) ≥ lim supn→∞ μn(E).

Proof “(iv) ⇐⇒ (v)=⇒(vi)” This is trivial.
“(iii) =⇒(i)=⇒(ii)” This is trivial.
“(ii) =⇒(iv)” Convergence of the total masses follows by using the test function

1 ∈ Lip(E; [0,1]). Let F be closed and let ρF,ε be as in Lemma 13.10. Then

lim sup
n→∞

μn(F ) ≤ inf
ε>0

lim
n→∞

∫

ρF,ε dμn = inf
ε>0

∫

ρF,ε dμ = μ(F)

since ρF,ε(x)
ε→0−→ 1F (x) for all x ∈ E.

“(viii) =⇒(vii)” This is obvious by Lemma 13.15.
“(i) =⇒(vii)” This is clear since Cc(E) ⊂ Cb(E) and 1 ∈ Cb(E).
“(vii) =⇒(v)” Let G be open and ε > 0. Since μ is inner regular (Theorem 13.6),

there is a compact set K ⊂ G with μ(G)−μ(K) < ε. As E is locally compact, there
is a compact set L with K ⊂ L◦ ⊂ L ⊂ G. Let δ := d(K,Lc) > 0 and let ρK,δ be as
in Lemma 13.10. Then 1K ≤ ρK,δ ≤ 1L; hence ρK,δ ∈ Cc(E) and thus

lim inf
n→∞ μn(G) ≥ lim inf

n→∞

∫

ρK,δ dμn =
∫

ρK,δ dμ ≥ μ(K) ≥ μ(G) − ε.

Letting ε → 0, we get (v).
“(vi) =⇒(iii)” Let f : E → R be bounded and measurable with μ(Uf ) = 0. We

make the elementary observation that for all D ⊂R,

∂f −1(D) ⊂ f −1(∂D) ∪ Uf . (13.5)

Indeed, if f is continuous at x ∈ E, then for any δ > 0, there is an ε(δ) > 0 with
f (Bε(δ)(x)) ⊂ Bδ(f (x)). If x ∈ ∂f −1(D), then there are y ∈ f −1(D) ∩ Bε(δ)(x)
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and z ∈ f −1(Dc) ∩ Bε(δ)(x). Therefore, f (y) ∈ Bδ(f (x)) ∩ D �= ∅ and f (z) ∈
Bδ(f (x)) ∩ Dc �= ∅; hence f (x) ∈ ∂D.

Let ε > 0. Evidently, the set A := {y ∈ R : μ(f −1({y})) > 0} of atoms of the
finite measure μ ◦ f −1 is at most countable. Hence, there exist N ∈ N and y0 ≤
−‖f ‖∞ < y1 < . . . < yN−1 < ‖f ‖∞ < yN such that

yi ∈ R \ A and |yi+1 − yi | < ε for all i.

Let Ei = f −1([yi−1, yi)) for i = 1, . . . ,N . Then E = ⊎N
i=1 Ei and by (13.5),

μ(∂Ei) ≤ μ
(
f −1({yi−1}

)) + μ
(
f −1({yi}

)) + μ(Uf ) = 0.

Therefore,

lim sup
n→∞

∫

f dμn ≤ lim sup
n→∞

N∑

i=1

μn(Ei) · yi =
N∑

i=1

μ(Ei) · yi

≤ ε +
∫

f dμ.

We let ε → 0 and obtain lim supn→∞
∫

f dμn ≤ ∫
f dμ. Finally, consider (−f ) to

obtain the reverse inequality lim infn→∞
∫

f dμn ≥ ∫
f dμ. �

Definition 13.17 Let X,X1,X2, . . . be random variables with values in E. We say

that (Xn)n∈N converges in distribution to X, formally Xn
D−→ X or Xn

n→∞=⇒ X,
if the distributions converge weakly and hence if PX = w-limn→∞ PXn . Sometimes

we write Xn
D−→ PX or Xn

n→∞=⇒ PX if we want to specify only the distribution PX

but not the random variable X.

Theorem 13.18 (Slutzky’s theorem) Let X,X1,X2, . . . and Y1, Y2, . . . be random

variables with values in E. Assume Xn
D−→ X and d(Xn,Yn)

n→∞−→ 0 in probability.

Then Yn
D−→ X.

Proof Let f : E → R be bounded and Lipschitz continuous with constant K . Then

∣
∣f (x) − f (y)

∣
∣ ≤ Kd(x, y) ∧ 2‖f ‖∞ for all x, y ∈ E.

Dominated convergence yields lim supn→∞ E[|f (Xn) − f (Yn)|] = 0. Hence we
have

lim sup
n→∞

∣
∣E

[
f (Yn)

] − E
[
f (X)

]∣
∣

≤ lim sup
n→∞

∣
∣E

[
f (X)

] − E
[
f (Xn)

]∣
∣ + lim sup

n→∞
∣
∣E

[
f (Xn) − f (Yn)

]∣
∣ = 0. �
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Corollary 13.19 If Xn
n→∞−→ X in probability, then Xn

D−→ X, n → ∞. The con-
verse is false in general.

Example 13.20 If X,X1,X2, . . . are i.i.d. (with nontrivial distribution), then triv-

ially Xn
D−→ X but not Xn

n→∞−→ X in probability.
Recall the definition of a distribution function of a probability measure from

Definition 1.59. ♦

Definition 13.21 Let F,F1,F2, . . . be distribution functions of probability mea-
sures on R. We say that (Fn)n∈N converges weakly to F , formally Fn

n→∞=⇒ F ,

Fn
D−→ F or F = w-limn→∞ Fn, if

F(x) = lim
n→∞Fn(x) for all points of continuity x of F. (13.6)

If F,F1,F2, . . . are distribution functions of sub-probability measures, then we de-
fine F(∞) := limx→∞ F(x) and for weak convergence require in addition F(∞) ≥
lim supn→∞ Fn(∞).

Note that (13.6) implies F(∞) ≤ lim infn→∞ Fn(∞). Hence, if Fn
D−→ F , then

F(∞) = limn→∞ Fn(∞).

Example 13.22 If F is the distribution function of a probability measure on R and
Fn(x) := F(x +n) for x ∈ R, then (Fn)n∈N converges pointwise to 1. However, this
is not a distribution function, as 1 does not converge to 0 for x → −∞. On the other
hand, if Gn(x) = F(x − n), then (Gn)n∈N converges pointwise to G ≡ 0. However,
G(∞) = 0 < lim supn→∞ Gn(∞) = 1; hence we do not have weak convergence
here either. Indeed, in each case, there is a mass defect in the limit (in the case of
the Fn on the left and in the case of the Gn on the right). However, the definition
of weak convergence of distribution functions is constructed so that no mass defect
occurs in the limit. ♦

Theorem 13.23 Let μ,μ1,μ2, . . . ∈ M≤1(R) with corresponding distribution
functions F,F1,F2, . . . . The following are equivalent.

(i) μ = w-limn→∞ μn.

(ii) Fn
D−→ F .

Proof “(i)=⇒(ii)” Let F be continuous at x. Then μ(∂(−∞, x]) = μ({x}) = 0. By

Theorem 13.16, Fn(x) = μn((−∞, x]) n→∞−→ μ((−∞, x]) = F(x).
“(ii)=⇒(i)” Let f ∈ Lip1(R; [0,1]). By Theorem 13.16, it is enough to show that

∫

f dμn
n→∞−→

∫

f dμ. (13.7)
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Let ε > 0. Fix N ∈ N and choose N + 1 points of continuity y0 < y1 < . . . < yN of
F such that F(y0) < ε, F(yN) > F(∞) − ε and yi − yi−1 < ε for all i. Then

∫

f dμn ≤ (
Fn(y0) + Fn(∞) − Fn(yN)

)

+
N∑

i=1

(
f (yi) + ε

)(
Fn(yi) − Fn(yi−1)

)
.

By assumption, limn→∞ Fn(∞) = F(∞) and Fn(yi)
n→∞−→ F(yi) for every i =

0, . . . ,N ; hence

lim sup
n→∞

∫

f dμn ≤ 3ε +
N∑

i=1

f (yi)
(
F(yi) − F(yi−1)

) ≤ 4ε +
∫

f dμ.

Therefore,

lim sup
n→∞

∫

f dμn ≤
∫

f dμ.

Replacing f by (1 − f ), we get (13.7). �

Corollary 13.24 Let X,X1,X2, . . . be real random variables with distribution
functions F,F1,F2, . . . . Then the following are equivalent.

(i) Xn
D−→ X.

(ii) E[f (Xn)] n→∞−→ E[f (X)] for all f ∈ Cb(R).

(iii) Fn
D−→ F .

How stable is weak convergence if we pass to image measures under some
map ϕ? Clearly, we need a certain continuity of ϕ at least at those points where
the limit measure puts mass. The following theorem formalizes this idea and will
come in handy in many applications.

Theorem 13.25 (Continuous mapping theorem) Let (E1, d1) and (E2, d2) be met-
ric spaces and let ϕ : E1 → E2 be measurable. Denote by Uϕ the set of points of
discontinuity of ϕ.

(i) If μ,μ1,μ2, . . . ∈ M≤1(E1) with μ(Uϕ) = 0 and μn
n→∞−→ μ weakly, then

μn ◦ ϕ−1 n→∞−→ μ ◦ ϕ−1 weakly.
(ii) If X,X1,X2, . . . are E1-valued random variables with P[X ∈ Uϕ] = 0 and

Xn
D−→ X, then ϕ(Xn)

D−→ ϕ(X).

Proof First note that Uϕ ⊂ E1 is Borel measurable by Exercise 1.1.3. Hence the
conditions make sense.
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(i) Let f ∈ Cb(E2). Then f ◦ ϕ is bounded and measurable and Uf ◦ϕ ⊂ Uϕ ;
hence μ(Uf ◦ϕ) = 0. By Theorem 13.16,

lim
n→∞

∫

f d
(
μn ◦ ϕ−1) = lim

n→∞

∫

(f ◦ ϕ)dμn

=
∫

(f ◦ ϕ)dμ =
∫

f d
(
μ ◦ ϕ−1).

(ii) This is obvious since Pϕ(X) = PX ◦ ϕ−1. �

Exercise 13.2.1 Recall d ′
P from (13.4). Show that dP (μ, ν) = d ′

P (μ, ν) = d ′
P (ν,μ)

for all μ,ν ∈M1(E).

Exercise 13.2.2 Show that the topology of weak convergence on Mf (E) is coarser
than the topology induced on Mf (E) by the total variation norm (see Corol-

lary 7.45). That is, ‖μn − μ‖TV
n→∞−→ 0 implies μn

n→∞−→ μ weakly.

Exercise 13.2.3 Let E =R and μn = 1
n

∑n
k=0 δk/n. Let μ = λ|[0,1] be the Lebesgue

measure restricted to [0,1]. Show that μ = w-limn→∞ μn.

Exercise 13.2.4 Let E = R and λ be the Lebesgue measure on R. For n ∈ N, let
μn = λ|[−n,n]. Show that λ = v-limn→∞ μn but that (μn)n∈N does not converge
weakly.

Exercise 13.2.5 Let E = R and μn = δn for n ∈ N. Show that v-limn→∞ μn = 0
but that (μn)n∈N does not converge weakly.

Exercise 13.2.6 (Lévy metric) For two probability distribution functions F and G

on R, define the Lévy distance by

d(F,G) = inf
{
ε ≥ 0 : G(x − ε) − ε ≤ F(x) ≤ G(x + ε) + ε for all x ∈R

}
.

Show the following:

(i) d is a metric on the set of distribution functions.
(ii) Fn

n→∞=⇒ F if and only if d(Fn,F )
n→∞−→ 0.

(iii) For every P ∈ M1(R), there is a sequence (Pn)n∈N in M1(R) such that each
Pn has finite support and such that Pn

n→∞=⇒ P .

Exercise 13.2.7 We can extend the notions of weak convergence and vague conver-
gence to signed measures; that is, to differences ϕ := μ+ − μ− of measures from
Mf (E) and M(E), respectively, by repeating the words of Definition 13.12 for
these classes. Show that the topology of weak convergence is not metrizable in gen-
eral.

Hint: Consider E = [0,1].
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(i) For n ∈ N, define ϕn = δ1/n − δ2/n. Show that, for any C > 0, (Cϕn)n∈N con-
verges weakly to the zero measure.

(ii) Assume there is a metric that induces weak convergence. Show that then there
would be a sequence (Cn)n∈N with Cn ↑ ∞ and 0 = w-limn→∞(Cnϕn).

(iii) Choose an f ∈ C([0,1]) with f (2−n) = (−1)nC
−1/2
n for any n ∈N, and show

that (
∫

f d(Cnϕn))n∈N does not converge to zero.
(iv) Use this construction to contradict the assumption of metrizability.

Exercise 13.2.8 Show that (13.3) defines a metric on M1(E) and that this metric
induces the topology of weak convergence.

Exercise 13.2.9 Show the implication “(vi)=⇒(iv)” of Theorem 13.16 directly.

Exercise 13.2.10 Let X,X1,X2, . . . and Y1, Y2, . . . be real random variables. As-

sume PYn =N0,1/n for all n ∈N. Show that Xn
D−→ X if and only if Xn+Yn

D−→ X.

Exercise 13.2.11 For each n ∈ N, let Xn be a geometrically distributed random
variable with parameter pn ∈ (0,1). How must we choose the sequence (pn)n∈N in
order that PXn/n converges weakly to the exponential distribution with parameter
α > 0?

Exercise 13.2.12 Let X,X1,X2, . . . be real random variables with Xn
n→∞=⇒ X.

Show the following.

(i) E[|X|] ≤ lim infn→∞ E[|Xn|].
(ii) Let r > p > 0. If supn∈N E[|Xn|r ] < ∞, then E[|X|p] = limn→∞ E[|Xn|p].

Exercise 13.2.13 Let F,F1,F2, . . . be probability distribution functions on R, and
assume Fn

n→∞=⇒ F . Let F−1(u) = inf{x ∈ R : F(x) ≥ u}, u ∈ (0,1), be the left
continuous inverse of F (see the proof of Theorem 1.104). Show that

F−1
n (u)

n→∞−→ F−1(u) at every point of continuity u of F−1.

Conclude that F−1(u)
n→∞−→ F−1(u) for Lebesgue almost all u ∈ (0,1).

Exercise 13.2.14 Let μ,μ1,μ2, . . . ∈ M1(R) with μn
n→∞−→ μ weakly. Show that

there exists a probability space (Ω,A,P) and real random variables X,X1,X2, . . .

on (Ω,A,P) with distributions PX = μ and PXn = μn, n ∈N, such that

Xn
n→∞−→ X P-a.s.

Hint: Use Exercise 13.2.13.
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Exercise 13.2.15 Let (E,d) be a metric space and let μ,μ1,μ2, . . . be probability
measures on E. A measurable map f : E → R is called uniformly integrable with
respect to (μn)n∈N, if

inf
a>0

sup
n∈N

∫

{|f |>a}
|f |dμn = 0.

Let f be continuous and uniformly integrable with respect to (μn)n∈N and assume

that μn
n→∞−→ μ weakly. Show that

∫ |f |dμ < ∞ and that
∫

f dμn
n→∞−→

∫

f dμ.

Hint: Apply Exercise 13.2.14 to the image measures μn ◦ f −1.

13.3 Prohorov’s Theorem

In the following, let E be a Polish space with Borel σ -algebra E . A fundamental
question is: When does a sequence (μn)n∈N of measures on (E,E) converge weakly
or does at least have a weak limit point? Evidently, a necessary condition is that
(μn(E))n∈N is bounded. Hence, without loss of generality, we will consider only
sequences in M≤1(E). However, this condition is not sufficient for the existence of
weak limit points, as for example the sequence (δn)n∈N of probability measures on R

does not have a weak limit point (although it converges vaguely to the zero measure).
This example suggests that we also have to make sure that no mass “vanishes at
infinity”. The idea will be made precise by the notion of tightness.

We start this section by presenting as the main result Prohorov’s theorem [136].
We give the proof first for the special case E = R and then come to a couple of
applications. The full proof of the general case is deferred to the end of the section.

Definition 13.26 (Tightness) A family F ⊂ Mf (E) is called tight if, for any
ε > 0, there exists a compact set K ⊂ E such that

sup
{
μ(E \ K) : μ ∈F

}
< ε.

Remark 13.27 If E is Polish, then by Lemma 13.5, every singleton {μ} ⊂ Mf (E)

is tight and thus so is every finite family. ♦

Example 13.28

(i) If E is compact, then M1(E) and M≤1(E) are tight.
(ii) If (Xi)i∈I is an arbitrary family of random variables with

C := sup
{
E

[|Xi |
] : i ∈ I

}
< ∞,

then {PXi
: i ∈ I } is tight. Indeed, for ε > 0 and K = [−C/ε,C/ε], by

Markov’s inequality, PXi
(R \ K) = P[|Xi | > C/ε] ≤ ε.
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(iii) The family (δn)n∈N of probability measures on R is not tight.
(iv) The family (U[−n,n])n∈N of uniform distributions on the intervals [−n,n], re-

garded as measures on R, is not tight. ♦

Recall that a family F of measures is called weakly relatively sequentially com-
pact if every sequence in F has a weak limit point (in the closure of F ).

Theorem 13.29 (Prohorov’s theorem (1956)) Let (E,d) be a metric space and
F ⊂ M≤1(E). Then:

(i) F is tight =⇒ F is weakly relatively sequentially compact.
(ii) If E is Polish, then also the converse holds:

F is tight ⇐= F is weakly relatively sequentially compact.

Corollary 13.30 Let E be a compact metric space. Then the sets M≤1(E) and
M1(E) are weakly sequentially compact.

Corollary 13.31 If E is a locally compact separable metric space, then M≤1(E)

is vaguely sequentially compact.

Proof Let x1, x2, . . . be dense in E. As E is locally compact, for each n ∈ N, there
exists an open neighborhood Un 
 xn whose closure Un is compact. Hence, also
Vn := ⋃n

i=1 Vi is relatively compact for each n ∈ N. This implies that N(K) :=
min{m : K ⊂ Vm} is finite for any compact K ⊂ E. Inductively define W1 := V1
and Wn+1 := WN(V n), n ∈ N. Then Wn is open, Wn is compact, and Wn ⊂ Wn+1
for all n ∈N. Furthermore, we have Wn ↑ E.

Applying Prohorov’s theorem (i.e., Corollary 13.30) to the measures
(μk1Wn

)k∈N, for each n ∈ N, we can choose a sequence (kn
l )l∈N and a measure

μ̃n := w-liml→∞ μkn
l
1Wn

whose support lies in Wn. We may assume that the se-

quences (kn
l )l∈N were chosen successively such that (kn+1

l ) is a subsequence of (kn
l ).

Note that we have μ̃n(Wn) ≤ μ̃n+1(Wn), but equality does not hold in general.
For f ∈ Cc(E), there exists an n0 ∈ N such that the support of f is contained in

Wn0 . Hence, for m ≥ n ≥ n0, we have
∫

f dμ̃n = lim
l→∞

∫

f 1Wn
dμkn

l

= lim
l→∞

∫

f 1Wn
dμkm

l

= lim
l→∞

∫

f 1Wm
dμkm

l
=

∫

f dμ̃m

and thus
∫

f dμ̃n = lim
m→∞

∫

f dμkm
m
.
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This implies that for any measurable relatively compact set A ⊂ E, we have

μ̃m(A) = μ̃N(A) for any m ≥ N(A).

For any measurable set A ⊂ E, define

μ(A) := sup
n∈N

sup
m>n

μ̃m(A ∩ Wn) = sup
n∈N

μ̃n+1(A ∩ Wn).

It is easy to check that μ is a lower semicontinuous content and is hence a measure
(see Theorem 1.36). By construction, for any f ∈ Cc(E), we infer

∫

f dμ = lim
n→∞

∫

f dμkn
n
.

Concluding, we have μ = v-limn→∞ μkn
n
. �

Remark 13.32 The implication (ii) in Theorem 13.29 is less useful but a lot simpler
to prove. Here we need that E is Polish since clearly every singleton is weakly
compact but is tight only under additional assumptions; for example, if E is Polish
(see Lemma 13.5). ♦

Proof of Theorem 13.29(ii) We start as in the proof of Lemma 13.5. Let
{x1, x2, . . .} ⊂ E be dense. For n ∈ N, define An,N := ⋃N

i=1 B1/n(xi). Then An,N ↑
E for N → ∞ for all n ∈ N. Let

δ := sup
n∈N

inf
N∈N sup

μ∈F
μ

(
Ac

n,N

)
.

Then there is an n ∈ N such that for any N ∈N, there is a μN ∈F with μN(Ac
n,N ) ≥

δ/2. As F is weakly relatively sequentially compact, (μN)N∈N has a weakly con-
vergent subsequence (μNk

)k∈N whose weak limit will be denoted by μ ∈M≤1(E).
By the Portemanteau theorem (Theorem 13.16(iv)), for any N ∈ N,

μ
(
Ac

n,N

) ≥ lim inf
k→∞ μNk

(
Ac

n,N

) ≥ lim inf
k→∞ μNk

(
Ac

n,Nk

) ≥ δ/2.

On the other hand, Ac
n,N ↓ ∅ for N → ∞; hence μ(Ac

n,N )
N→∞−→ 0. Thus δ = 0.

Now fix ε > 0. By the above, for any n ∈ N, we can choose an N ′
n ∈ N such that

μ(Ac
n,N ′

n
) < ε/2n for all μ ∈F . By construction, the set A := ⋂∞

n=1 An,N ′
n

is totally
bounded and hence relatively compact. Further, for every μ ∈ F ,

μ
(
(A)c

) ≤ μ
(
Ac

) ≤
∞∑

n=1

μ
(
Ac

n,N ′
n

) ≤ ε.

Hence F is tight. �

The other implication in Prohorov’s theorem is more difficult to prove, especially
in the case of a general metric space. For this reason, we first give a proof only for
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the case E = R and come to applications before proving the difficult implication in
the general situation.

The problem consists in finding a candidate for a weak limit point. For distribu-
tions on R, the problem is equivalent to finding a weak limit point for a sequence
of distribution functions. Here Helly’s theorem is the tool. It is based on a diagonal
sequence argument that will be recycled later in the proof of Prohorov’s theorem in
the general case.

Let

V = {F : R →R is right continuous, monotone increasing and bounded}
be the set of distribution functions of finite measures on R.

Theorem 13.33 (Helly’s theorem) Let (Fn)n∈N be a uniformly bounded sequence
in V . Then there exists an F ∈ V and a subsequence (Fnk

)k∈N with

Fnk
(x)

k→∞−→ F(x) at all points of continuity of F.

Proof We use a diagonal sequence argument. Choose an enumeration of the rational
numbers Q = {q1, q2, q3, . . .}. By the Bolzano–Weierstraß theorem, the sequence
(Fn(q1))n∈N has a convergent subsequence (Fn1

k
(q1))k∈N. Analogously, we find a

subsequence (n2
k)k∈N of (n1

k)k∈N such that (Fn2
k
(q2))k∈N converges. Inductively, we

obtain subsequences (n1
k) ⊃ (n2

k) ⊃ (n3
k) ⊃ . . . such that (Fnl

k
(ql))k∈N converges for

all l ∈ N. Now define nk := nk
k . Then (Fnk

(q))k∈N converges for all q ∈ Q. Define
F̃ (q) = limk→∞ Fnk

(q) and

F(x) = inf
{
F̃ (q) : q ∈ Q with q > x

}
.

As F̃ is monotone increasing, F is right continuous and monotone increasing.
If F is continuous at x, then for every ε > 0, there exist numbers q−, q+ ∈ Q,

q− < x < q+ with F̃ (q−) ≥ F(x) − ε and F̃ (q+) ≤ F(x) + ε. By construction,

lim sup
k→∞

Fnk
(x) ≤ lim

k→∞Fnk

(
q+) = F̃

(
q+) ≤ F(x) + ε.

Hence lim supk→∞ Fnk
(x) ≤ F(x). A similar argument for q− yields

lim infk→∞ Fnk
(x) ≥ F(x). �

Proof of Theorem 13.29(i) for the case E = R Assume F is tight and (μn)n∈N is
a sequence in F with distribution functions Fn : x �→ μN((−∞, x]). By Helly’s
theorem, there is a monotone right continuous function F : R → [0,1] and a sub-

sequence (Fnk
)k∈N of (Fn)n∈N with Fnk

(x)
k→∞−→ F(x) at all points of continuity x

of F . By Theorem 13.23, it is enough to show that F(∞) ≥ lim supk→∞ Fnk
(∞).

As F is tight, for every ε > 0, there is a K < ∞ with Fn(∞) − Fn(x) <

ε for all n ∈ N and x > K . If x > K is a point of continuity of F , then
lim supk→∞ Fnk

(∞) ≤ lim supk→∞ Fnk
(x) + ε = F(x) + ε ≤ F(∞) + ε. �
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We come to a first application of Prohorov’s theorem. The full strength of that
theorem will become manifest when suitable separating classes of functions are at
our disposal. We come back to this point in more detail in Chapter 15.

Theorem 13.34 Let E be Polish and let μ,μ1,μ2, . . . ∈ M≤1(E). Then the fol-
lowing are equivalent.

(i) μ = w-limn→∞ μn.
(ii) (μn)n∈N is tight, and there is a separating family C ⊂ Cb(E) such that

∫

f dμ = lim
n→∞

∫

f dμn for all f ∈ C. (13.8)

Proof “(i)=⇒(ii)” By the simple implication in Prohorov’s theorem (Theo-
rem 13.29(ii)), weak convergence implies tightness.

“(ii)=⇒(i)” Let (μn)n∈N be tight and let C ⊂ Cb(E) be a separating class with
(13.8). Assume that (μn)n∈N does not converge weakly to μ. Then there are ε > 0,
f ∈ Cb(E) and (nk)k∈N with nk ↑ ∞ and such that

∣
∣
∣
∣

∫

f dμnk
−

∫

f dμ

∣
∣
∣
∣ > ε for all k ∈ N. (13.9)

By Prohorov’s theorem, there exists a ν ∈ M≤1(E) and a subsequence (n′
k)k∈N of

(nk)k∈N with μn′
k
→ ν weakly. Due to (13.9), we have | ∫ f dμ−∫

f dν| ≥ ε; hence
μ �= ν. On the other hand,

∫

hdμ = lim
k→∞

∫

hdμn′
k
=

∫

hdν for all h ∈ C;

hence μ = ν. This contradicts the assumption and thus (i) holds. �

We want to shed some more light on the connection between weak and vague
convergence.

Theorem 13.35 Let E be a locally compact Polish space and let μ,μ1,μ2, . . .

∈Mf (E). Then the following are equivalent.

(i) μ = w-limn→∞ μn.
(ii) μ = v-limn→∞ μn and μ(E) = limn→∞ μn(E).

(iii) μ = v-limn→∞ μn and μ(E) ≥ lim supn→∞ μn(E).
(iv) μ = v-limn→∞ μn and {μn,n ∈ N} is tight.

Proof “(i) ⇐⇒ (ii) ⇐⇒ (iii)” This follows by the Portemanteau theorem.
“(ii) =⇒(iv)” It is enough to show that for any ε > 0, there is a compact set

K ⊂ E with lim supn→∞ μn(E \ K) ≤ ε. As μ is regular (Theorem 13.6), there is
a compact set L ⊂ E with μ(E \ L) < ε. Since E is locally compact, there exists
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a compact set K ⊂ E with K◦ ⊃ L and a ρL,K ∈ Cc(E) with 1L ≤ ρL,K(x) ≤ 1K .
Therefore,

lim sup
n→∞

μn(E \ K) ≤ lim sup
n→∞

(

μn(E) −
∫

ρL,K dμn

)

= μ(E) −
∫

ρL,K dμ ≤ μ(E \ L) < ε.

“(iv) =⇒(i)” Let L ⊂ E be compact with μn(E \ L) ≤ 1 for all n ∈ N. Let
ρ ∈ Cc(E) with ρ ≥ 1L. Since

∫
ρ dμn converges by assumption, we thus have

sup
n∈N

μn(E) ≤ 1 + sup
n∈N

μn(L) ≤ 1 + sup
n∈N

∫

ρ dμn < ∞.

Hence also

C := max
(
μ(E), sup

{
μn(E) : n ∈ N

})
< ∞,

and we can pass to μ/C and μn/C. Thus, without loss of generality assume that
all measures are in M≤1(E). As Cc(E) is a separating class for M≤1(E) (see
Theorem 13.11), (i) follows by Theorem 13.34. �

Proof of Prohorov’s Theorem, Part (i), General Case There are two main routes
for proving Prohorov’s theorem in the general situation. One possibility is to show
the claim first for measures on R

d . (We have done this already for d = 1, see
Exercise 13.3.4 for d ≥ 2.) In a second step, the statement is lifted to sequence
spaces RN. Finally, in the third step, an embedding of E into R

N is constructed. For
a detailed description, see [12] or [83].

Here we follow the alternative route as described in [13] (and later [14]) or [44].
The main point of this proof consists in finding a candidate for a weak limit point
for the family F . This candidate will be constructed first as a content on a count-
able class of sets. From this an outer measure will be derived. Finally, we show
that closed sets are measurable with respect to this outer measure. As you see, the
argument follows a pattern similar to the proof of Carathéodory’s theorem.

Let (E,d) be a metric space and let F ⊂M≤1(E) be tight. Then there exists an
increasing sequence K1 ⊂ K2 ⊂ K3 ⊂ . . . of compact sets in E such that μ(Kc

n) < 1
n

for all μ ∈F and all n ∈ N. Define E′ := ⋃∞
n=1 Kn. Then E′ is a σ -compact metric

space and therefore in particular, separable. By construction, μ(E \ E′) = 0 for all
μ ∈F . Thus, any μ can be regarded as a measure on E′. Without loss of generality,
we may hence assume that E is σ -compact and thus separable. Hence there exists a
countable base U of the topology τ |E on E; that is, a countable set U of open sets
such that A = ⋃

U∈U ,U⊂A U for any open A ⊂ E. Define

C′ := {U ∩ Kn : U ∈ U , n ∈N}
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and

C :=
{

N⋃

n=1

Cn : N ∈N and C1, . . . ,CN ∈ C′
}

.

Clearly, C is a countable set of compact sets in E, and C is stable under formation
of unions. Any Kn possesses a finite covering with sets from U ; hence Kn ∈ C.

Now let (μn)n∈N be a sequence in F . By virtue of the diagonal sequence argu-
ment (see the proof of Helly’s theorem, Theorem 13.33), we can find a subsequence
(μnk

)k∈N such that for all C ∈ C, there exists the limit

α(C) := lim
k→∞μnk

(C). (13.10)

Assume that we can show that there is a measure μ on the Borel σ -algebra E of E

such that

μ(A) = sup
{
α(C) : C ∈ C with C ⊂ A

}
for all A ⊂ E open. (13.11)

Then

μ(E) ≥ sup
n∈N

α(Kn) = sup
n∈N

lim
k→∞μnk

(Kn)

≥ sup
n∈N

lim sup
k→∞

(

μnk
(E) − 1

n

)

= lim sup
k→∞

μnk
(E).

Furthermore, for open A and for C ∈ C with C ⊂ A,

α(C) = lim
k→∞μnk

(C) ≤ lim inf
k→∞ μnk

(A),

hence μ(A) ≤ lim infk→∞ μnk
(A). By the Portemanteau theorem (Theorem 13.16),

μ = w-limk→∞ μnk
; hence F is recognized as weakly relatively sequentially com-

pact. It remains to show that there exists a measure μ on (E,E) that satisfies (13.11).
Clearly, the set function α on C is monotone, additive and subadditive:

α(C1) ≤ α(C2), if C1 ⊂ C2,

α(C1 ∪ C2) = α(C1) + α(C2), if C1 ∩ C2 = ∅,

α(C1 ∪ C2) ≤ α(C1) + α(C2).

(13.12)

We define

β(A) := sup
{
α(C) : C ∈ C with C ⊂ A

}
for A ⊂ E open

and

μ∗(G) := inf
{
β(A) : A ⊃ G is open

}
for G ∈ 2E.
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Manifestly, β(A) = μ∗(A) for any open A. It is enough to show (Steps 1–3 below)
that μ∗ is an outer measure (see Definition 1.46) and that (Step 4) the σ -algebra
of μ∗-measurable sets (see Definition 1.48 and Lemma 1.52) contains the closed
sets and thus E . Indeed, Lemma 1.52 would then imply that μ∗ is a measure on
the σ -algebra of μ∗-measurable sets and the restricted measure μ := μ∗|E fulfills
μ(A) = μ∗(A) = β(A) for all open A. Hence Eq. (13.11) holds.

Evidently, μ∗(∅) = 0 and μ∗ is monotone. In order to show that μ∗ is an outer
measure, it only remains to check that μ∗ is σ -subadditive.

Step 1 (Finite subadditivity of β) Let A1,A2 ⊂ E be open and let C ∈ C with
C ⊂ A1 ∪ A2. Let n ∈ N with C ⊂ Kn. Define two sets

B1 := {
x ∈ C : d(

x,Ac
1

) ≥ d
(
x,Ac

2

)}
,

B2 := {
x ∈ C : d(

x,Ac
1

) ≤ d
(
x,Ac

2

)}
.

Evidently, B1 ⊂ A1 and B2 ⊂ A2. As x �→ d(x,Ac
i ) is continuous for i = 1,2, the

closed subsets B1 and B2 of C are compact. Hence d(B1,A
c
1) > 0. Thus there ex-

ists an open set D1 with B1 ⊂ D1 ⊂ D1 ⊂ A1. (One could choose D1 as the union
of the sets of a finite covering of B1 with balls of radius d(B1,A

c
1)/2. These balls,

as well as their closures, are subsets of A1.) Let UD1 := {U ∈ U : U ⊂ D1}. Then
B1 ⊂ D1 = ⋃

U∈UD1
U . Now choose a finite subcovering {U1, . . . ,UN } ⊂ UD1 of

B1 and define C1 := ⋃N
i=1 Ui ∩ Kn. Then B1 ⊂ C1 ⊂ A1 and C1 ∈ C. Similarly,

choose C2 ∈ C with B2 ⊂ C2 ⊂ A2. Thus

α(C) ≤ α(C1 ∪ C2) ≤ α(C1) + α(C2) ≤ β(A1) + β(A2).

Hence also

β(A1 ∪ A2) = sup
{
α(C) : C ∈ C with C ⊂ A1 ∪ A2

}

≤ β(A1) + β(A2).

Step 2 (σ -subadditivity of β) Let A1,A2, . . . be open sets and let C ∈ C with C ⊂⋃∞
i=1 Ai . As C is compact, there exists an n ∈ N with C ⊂ ⋃n

i=1 Ai . As shown
above, β is subadditive; thus

α(C) ≤ β

(
n⋃

i=1

Ai

)

≤
∞∑

i=1

β(Ai).

Taking the supremum over such C yields

β

( ∞⋃

i=1

Ai

)

= sup

{

α(C) : C ∈ C with C ⊂
∞⋃

i=1

Ai

}

≤
∞∑

i=1

β(Ai).
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Step 3 (σ -subadditivity of μ∗) Let G1,G2, . . . ∈ 2E . Let ε > 0. For any n ∈ N

choose an open set An ⊃ Gn with β(An) < μ∗(Gn)+ε/2n. By the σ -subadditivity
of β ,

μ∗
( ∞⋃

n=1

Gn

)

≤ β

( ∞⋃

n=1

An

)

≤
∞∑

n=1

β(An) ≤ ε +
∞∑

n=1

μ∗(Gn).

Letting ε ↓ 0 yields μ∗(
⋃∞

n=1 Gn) ≤ ∑∞
n=1 μ∗(Gn). Hence μ∗ is an outer mea-

sure.
Step 4 (Closed sets are μ∗-measurable) By Lemma 1.49, a set B ⊂ E is μ∗-
measurable if and only if

μ∗(B ∩ G) + μ∗(Bc ∩ G
) ≤ μ∗(G) for all G ∈ 2E.

Taking the infimum over all open sets A ⊃ G, it is enough to show that for every
open B and every open A ⊂ E,

μ∗(B ∩ A) + μ∗(Bc ∩ A
) ≤ β(A). (13.13)

Let ε > 0. Choose C1 ∈ C with C1 ⊂ A∩Bc and α(C1) > β(A∩Bc)− ε. Further,
let C2 ∈ C with C2 ⊂ A ∩ Cc

1 and α(C2) > β(A ∩ Cc
1) − ε. Since C1 ∩ C2 = ∅ and

C1 ∪ C2 ⊂ A, we get

β(A) ≥ α(C1 ∪ C2)

= α(C1) + α(C2) ≥ β
(
A ∩ Bc

) + β
(
A ∩ Cc

1

) − 2ε

≥ μ∗(A ∩ Bc
) + μ∗(A ∩ B) − 2ε.

Letting ε → 0, we get (13.13). This completes the proof of Prohorov’s theorem.
�

Exercise 13.3.1 Show that a family F ⊂ Mf (R) is tight if and only if there ex-
ists a measurable map f : R → [0,∞) such that f (x) → ∞ for |x| → ∞ and
supμ∈F

∫
f dμ < ∞.

Exercise 13.3.2 Let L ⊂R× (0,∞) and let F = {Nμ,σ 2 : (μ,σ 2) ∈ L} be a family
of normal distributions with parameters in L. Show that F is tight if and only if L

is bounded.

Exercise 13.3.3 If P is a probability measure on [0,∞) with mP := ∫
xP (dx) ∈

(0,∞), then we define the size-biased distribution P̂ on [0,∞) by

P̂ (A) = m−1
P

∫

A

xP (dx). (13.14)

Now let (Xi)i∈I be a family of random variables on [0,∞) with E[Xi] = 1. Show
that (P̂Xi

)i∈I is tight if and only if (Xi)i∈I is uniformly integrable.
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Exercise 13.3.4 (Helly’s theorem in R
d ) Let x = (x1, . . . , xd) ∈ R

d and y =
(y1, . . . , yd) ∈ R

d . Recall the notation x ≤ y if xi ≤ yi for all i = 1, . . . , d . A map
F : Rd → R is called monotone increasing if F(x) ≤ F(y) whenever x ≤ y. F is
called right continuous if F(x) = limn→∞ F(xn) for all x ∈R

d and every sequence
(xn)n∈N in R

d with x1 ≥ x2 ≥ x3 ≥ . . . and x = limn→∞ xn. By Vd denote the set of
monotone increasing, bounded right continuous functions on R

d .

(i) Show the validity of Helly’s theorem with V replaced by Vd .
(ii) Conclude that Prohorov’s theorem holds for E =R

d .

13.4 Application: A Fresh Look at de Finetti’s Theorem

(After an idea of Götz Kersting.) Let E be a Polish space and let X1,X2, . . . be an
exchangeable sequence of random variables with values in E. As an alternative to
the backwards martingale argument of Section 12.3, here we give a different proof
of de Finetti’s theorem (Theorem 12.26). Recall that de Finetti’s theorem states that
there exists a random probability measure Ξ on E such that, given Ξ , the random
variables X1,X2, . . . are independent and Ξ -distributed. For x = (x1, x2, . . .) ∈ EN,
let ξn(x) := 1

n

∑n
l=1 δxl

be the empirical distribution of x1, . . . , xn. Let

μn,k(x) := ξn(x)⊗k = n−k
n∑

i1,...,ik=1

δ(xi1 ,...,xik
)

be the distribution on Ek that describes k-fold independent sampling with replace-
ment (respecting the order) from (x1, . . . , xn). Let

νn,k(x) := (n − k)!
n!

n∑

i1,...,ik=1
#{i1,...,ik }=k

δ(xi1 ,...,xik
)

be the distribution on Ek that describes k-fold independent sampling without re-
placement (respecting the order) from (x1, . . . , xn). For all x ∈ EN,

∥
∥μn,k(x) − νn,k(x)

∥
∥

TV ≤ Rn,k := k(k − 1)

n
.

Indeed, the probability pn,k that we do not see any ball twice when drawing k balls
(with replacement) from n different balls is

pn,k =
k−1∏

l=1

(1 − l/n)

and thus Rn,k ≥ 2(1 − pn,k). We therefore obtain the rather intuitive statement that
as n → ∞ the distributions of k-samples with replacement and without replacement,
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respectively, become the same:

lim
n→∞ sup

x∈EN

∥
∥μn,k(x) − νn,k(x)

∥
∥

TV = 0.

Now let f1, . . . , fk ∈ Cb(E) and F(x1, . . . , xk) := f1(x1) . . . fk(xk). As the se-
quence X1,X2, . . . is exchangeable, for any choice of pairwise distinct numbers
1 ≤ i1, . . . , ik ≤ n,

E
[
F(X1, . . . ,Xk)

] = E
[
F(Xi1, . . . ,Xik )

]
.

Averaging over all choices i1, . . . , ik , we get

E
[
f1(X1) . . . fk(Xk)

] = E
[
F(X1, . . . ,Xk)

] = E
[∫

F dνn,k(X)

]

.

Hence
∣
∣
∣
∣E

[
f1(X1) . . . fk(Xk)

] − E
[∫

f1 dξn(X) . . .

∫

fk dξn(X)

]∣
∣
∣
∣

=
∣
∣
∣
∣E

[∫

F dνn,k(X)

]

− E
[∫

F dμn,k(X)

]∣
∣
∣
∣

≤ ‖F‖∞Rn,k
n→∞−→ 0.

We will exploit the following criterion for tightness of subsets of M1(M1(E)).

Exercise 13.4.1 Show that a subset K ⊂ M1(M1(E)) is tight if and only if, for
any ε > 0, there exists a compact set K ⊂ E with the property

μ̃
({

μ ∈ M1(E) : μ(
Kc

)
> ε

})
< ε for all μ̃ ∈ K.

Since E is Polish, PX1 is tight. Hence, for any ε > 0, there exists a compact set
K ⊂ E with P[X1 ∈ Kc] < ε2. Therefore,

P
[
ξn(X)

(
Kc

)
> ε

] ≤ ε−1E
[
ξn(X)

(
Kc

)] = ε−1P
[
X1 ∈ Kc

] ≤ ε.

Hence the family (Pξn(X))n∈N is tight. Let Ξ∞ be a random variable (with values
in M1(E)) such that PΞ∞ = w-liml→∞ Pξnl

(X) for a suitable subsequence (nl)l∈N.
The map ξ �→ ∫

F dξ = ∫
f1 dξ . . .

∫
fk dξ is bounded and (as a product of con-

tinuous maps) is continuous with respect to the topology of weak convergence on
M1(E); hence it is in Cb(M1(E)). Thus

E
[∫

F dΞ⊗k∞
]

= lim
l→∞ E

[∫

f1 dξnl
(X) . . .

∫

fk dξnl
(X)

]

= E
[
f1(X1) . . . fk(Xk)

]
.
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Note that the limit does not depend on the choice of the subsequence and is thus
unique. Summarising, we have

E
[
f1(X1) . . . fk(Xk)

] = E
[∫

f1 dΞ∞ . . .

∫

fk dΞ∞
]

.

Since the distribution of (X1, . . . ,Xk) is uniquely determined by integrals of the

above type, we conclude that P(X1,...,Xk) = P
Ξ⊗k∞ . In other words, (X1, . . . ,Xk)

D=
(Y1, . . . , Yk), where, given Ξ∞, the random variables Y1, . . . , Yk are independent
with distribution Ξ∞.

Exercise 13.4.2 Show that a family (Xn)n∈N of random variables is exchangeable
if and only if, for every choice of natural numbers 1 ≤ n1 < n2 < n3 < . . . , we have

(X1,X2, . . .)
D= (Xn1 ,Xn2, . . .).

Warning: One of the implications is rather difficult to show.
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