Chapter 16
Infinitely Divisible Distributions

For every n, the normal distribution /\/'l 1.2 18 the nth convolution power of a prob-
ability measure (namely, of J\/M /n,a2/n)- This property is called infinite divisibility
and is shared by other probability distributions such as the Poisson distribution and
the Gamma distribution. In the first section, we study which probability measures
on R are infinitely divisible and give an exhaustive description of this class of dis-
tributions by means of the Lévy—Khinchin formula.

Unlike the Poisson distribution, the normal distribution is the limit of rescaled
sums of i.i.d. random variables (central limit theorem). In the second section, we
investigate briefly which subclass of the infinitely divisible measures on R shares
this property.

16.1 Lévy-Khinchin Formula

For the sake of brevity, in this section, we use the shorthand “CFP” for “character-
istic function of a probability measure on R”.

Definition 16.1 A measure u € M| (R) is called infinitely divisible if, for every
n €N, there is a u, € M;(R) such that ©*" = u. Analogously, a CFP ¢ is called

infinitely divisible if, for every n € N, there is a CFP ¢, such that ¢ = ¢]}. A real
random variable X is called infinitely divisible if, for every n € N, there exist i.i.d.

random variables X, 1, ..., X, , such that X 2 Xp1+...+Xnn-

Manifestly, all three notions of infinite divisibility are equivalent, and we will use
them synonymously. Note that the uniqueness of w, and ¢,, respectively, is by no
means evident. Indeed, n-fold divisibility alone does not imply uniqueness of the
nth convolution root ;*1/" := 1, or of ¢,, respectively. As an example for even 7,
choose a real-valued CFP ¢ for which |¢| # ¢ is also a CFP (see Examples 15.16
and 15.17). Then ¢" = |p|" is n-fold divisible; however, the factors are not unique.

By virtue of Lévy’s continuity theorem, one can show that (see Exercise 16.1.1)
@(t) # 0 for all r € R if ¢ is infinitely divisible. The probabilistic meaning of this
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332 16 Infinitely Divisible Distributions

fact is that as a continuous function log(¢(#)) is uniquely defined and thus there
exists only one continuous function ¢!/ = exp(log(¢)/n). The nth convolution
roots are thus unique if the distribution is infinitely divisible.

Example 16.2

(1) §y is infinitely divisible with 8;‘7}1 =4, forevery n € N.

(ii) The normal distribution is infinitely divisible with A/, jo = N*" .

> m/n,c%/n

(iii) The Cauchy distribution Cau, with density x > (a7)~! (1 + (x /51)2)_1 is in-
finitely divisible with Cau, = Cau’, . Indeed, Cau, has CFP @,(t) = e—altl,
hence <pZ/n =@,.

(iv) Every symmetric stable distribution with index o € (0, 2] and scale param-
eter y > 0 (that is, the distribution with CFP g, , () = ¢~17I") is infinitely
divisible. Indeed, (pzy J1/a = Pa,y- (To be precise, we have shown only for
a € (0, 1] (in Corollary 15.25) and for o = 2 (normal distribution) that ¢y,
is in fact a CFP. In Section 16.2, we will show that this is true for all « € (0, 2].
For a > 2, ¢4, is not a CFP, see Exercise 15.4.3.)

(v) The Gamma distribution Iy, with CFP ¢y ,(t) = exp(ri/g(t)), where
Yo (t) =log(l —it/6), is infinitely divisible with Iy , = F(;’;/n.

(vi) The Poisson distribution is infinitely divisible with Poi, = Poi;t? -

(vii) The negative binomial distribution b;p({k}) = (_kr)(—l)kp’(l — p)¥, k e Ny,
with parameters r > 0 and p € (0, 1), is infinitely divisible with b;p =
(b;/n’p)*". Indeed, ¢, , (1) = e"Vr D where

¥p(6) =log(p) — log(1 — (1 — p)e™).

(viii) Let X and Y be independent with X NN(),UZ andY ~ Iy ,, where 02,0,r>0.
It can be shown that the random variable Z := X/+/Y is infinitely divisi-
ble (see [65] or [131]). In particular, Student’s z-distribution with £ € N de-
grees of freedom is infinitely divisible (this is the case where o = 1 and
0=r=k/2).

(ix) The binomial distribution b, , with parameters n € N and p € (0, 1) is not
infinitely divisible (why?).

(x) Somewhat more generally, there is no nontrivial infinitely divisible distribu-
tion that is concentrated on a bounded interval. O

A main goal of this section is to show that every infinitely divisible distribution can
be composed of three generic ones:

e the Dirac measures 5, with x € R,
o the normal distributions \V,, ;> with u € R and 6 > 0, and
o (limits of) convolutions of Poisson distributions.

As convolutions of Poisson distributions play a special role, we will consider them
separately.
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If v e M{(R) with CFP ¢, and if 1 > 0, then one can easily check that ¢(t) =
exp(A(py(t) — 1)) is the CFP of u) = Z,‘:io e ’,\c, v**. Hence, formally we can
write iy, = e**(V=%) Indeed, u;, is infinitely divisible with ) = yj?n We want to
combine the two parameters A and v into one parameter Av. For v € M ¢(R), we can
define v*" = v(R)" (v/v(R))*" (and v*" = 0 if v = 0). In both cases, let v*0 := 5.
Hence we make the following definition.

Definition 16.3 The compound Poisson distribution with intensity measure v €
M (R) is the following probability measure on R:

(= (R)So) ® NV

: e ,k(v—r 0) «— —V

CPoi, :=¢ =e E -
n=0

The CFP of CPoi, is given by

ou(t) = exp(/(ei'x - l)v(dx)). (16.1)

In particular, CPoi, = CPoi, * CPoi,; hence CPoi, is infinitely divisible.
Example 16.4 For every measurable set A C R\ {0} and every r > 0,

0 k—1,,%k
A
r1CPoi, (4) = e B y(4) 4 E® ki() 40

k=2

25 v(A).

We use this in order to show that b; »= CPoi,, for some v € M ¢(N). To this end,
for k € N, we compute

_ Nk
rr+1).,.0r +k 1)pr(l_p)kr_¢0>(1 P)_

b (1) = il k

If we had b;p = CPoi,, for some v € M ¢(N), then we would have v({k}) =
(1 — p)*/ k. We compute the CFP of CPoi,., for this v,

00 1— itk_ 1— k -
gow(r):exp(rz(( pet) ~d-p) ):p’(l—a—p)e")

k=1 k

However, this is the CFP of br_ i hence indeed brf »= CPoi, . O

Not every infinitely divisible distribution is of the type CPoi,, however we have
the following theorem.

Theorem 16.5 A probability measure o on R is infinitely divisible if and only if
there is a sequence (Vp)neN in M p(R\ {0}) such that CPoi,, ey u.
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Since every CPoi,,, is infinitely divisible, on the one hand we have to show that
this property is preserved under weak limits. On the other hand, we show that, for
infinitely divisible 1, the sequence v, = nu*!/” does the trick. We prepare for the
proof of Theorem 16.5 with a further theorem.

Theorem 16.6 Let (¢,)qen be a sequence of CFPs. Then the following are equiva-
lent.

(i) Foreveryt € R, the limit ¢(t) =lim,_, @) (t) exists and ¢ is continuous at 0.
(ii) For everyt € R, the limit W (t) = lim,— oo n(@, (t) — 1) exists and  is contin-
uous at 0.

If (1) and (ii) hold, then ¢ = eV isa CFP.

Proof The proof is based on a Taylor expansion of the logarithm,
1 5 . 1
|10g(z)—(z—1)|§§|z—1| forze(Cw1th|z—1|<§_

In particular, for (z;,),en in C,

limsupn|z, — 1| <o < limsup|nlog(zn)| < 00, (16.2)
n—od n— 00

and lim;,, 0o n(z,, — 1) = lim,,_, 5, nl0g(z,,) if one of the limits exists.

Applying this to z,, = ¢, (¢), we see that (ii) implies (i). On the other hand, (i) im-
plies (ii) if liminf,,_, oo nlog(|, (t)|) > —oco and hence if ¢(¢) 7 0 for all r € R.

Since ¢ is continuous at 0 and since ¢(0) = 1, there is an ¢ > 0 with |¢(?)| > %
for all ¢ € [—¢, €]. Since ¢ and ¢, are CFPs, |¢|> and |¢,|? are also CFPs. Thus,
since |@, (1)|*" converges to lp(t)? pointwise, Lévy’s continuity theorem implies
uniform convergence on compact sets. Now apply (16.2) with z,, = |, (¢)|*. Thus
(n(1 = |@n()]*))nen is bounded for r € [—¢, £]. Hence, by Lemma 15.11(v), n(1 —
lon (20)]?) < 4n(1 — |@,(1)|?) also is bounded; thus

2. 2 2\4

[p@0]” = timinfexp(4n(|en ()] = 1)) = (le])"
Inductively, we get |p(?)| > 2-G for || < 2¥e. Hence there is a y > 0 such that

1
()] > Ee—y'z forall r € R. (16.3)
If (i) and (ii) hold, then
loge(t) = lim nlog(wn (t)) = lim n(gan(t) — 1) =y ().
n— oo n— oo

By Lévy’s continuity theorem, as a continuous limit of CFPs, ¢ is a CFP. U

Corollary 16.7 If the conditions of Theorem 16.6 hold, then ¢" is a CFP for every
r > 0. In particular, ¢ = (¢'/™)" is infinitely divisible.
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Proof 1f @, is the CFP of p, € M;(R), then @~ is the CFP of CPoi,,,,,.
Being a limit of CFPs that is continuous at 0, by Lévy’s continuity theorem,
¢ =€V =lim,_ e ¥~V is a CFP. Letting r = L we get that ¢ = (p!/")"

n

is infinitely divisible. g

Corollary 16.8 Let ¢ : R — C be continuous at 0. ¢ is an infinitely divisible CFP
if and only if there is a sequence (¢,)nen of CFPs such that ¢} (t) — ¢(t) for all
teR.

Proof One implication has been shown already in Corollary 16.7. Hence, let ¢ be
an infinitely divisible CFP. Then ¢, = ¢!/" serves the purpose. 0

Corollary 16.9 If (i,)nenN is a (weakly) convergent sequence of infinitely divisible
probability measures on R, then p = lim,,_, 5, W, is infinitely divisible.

Proof Apply Theorem 16.6, where @, is the CFP of /", O

Corollary 16.10 If u € M (R) is infinitely divisible, then there exists a continuous
convolution semigroup (ii;)r>0 with (1 = and a stochastic process (X;)i>o with
independent, stationary increments X; — X5 ~ [i—s fort > s.

Proof Let ¢ be the CFP of u. The existence of the convolution semigroup follows
by Corollaries 16.8 and 16.7 if we define u, by ¢”. Since ¢" (¢) #0 for all r € R,
we have ¢” — 1 for r — 0 and thus the semigroup is continuous. Finally, Theo-
rem 14.47 implies the existence of the process X. U

Corollary 16.11 If ¢ is an infinitely divisible CFP, then there exists a y > 0 with
lo()| > %e"”z for all t € R. In particular, for o > 2, t — ¢~ "* is not a CFP.

Proof This is a direct consequence of (16.3). 0

Proof of Theorem 16.5 As every CPoi,, is infinitely divisible, by Corollary 16.9,
the weak limit is also infinitely divisible.
Now let p be infinitely divisible with CFP ¢. Fix probability measures u, with

CFP ¢, as in Corollary 16.8. By Theorem 16.6, ¢"@n—D "5 ¢ hence we have

. n—oo
CPoi,;,, — v. O

Without proof, we quote the following strengthening of Corollary 16.8 that relies
on a finer analysis using the arguments from the proof of Theorem 16.6.

Theorem 16.12 Let (¢, 151 =1, ..., ks, n € N) be an array of CFPs with the prop-
erty

sup limsup sup sup |<pn,1(t) — 1‘ =0. (16.4)
L>0 n—>00 re[—L,L]I=1,...k,
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Assume that, for every t € R, the limit ¢(t) ;= lim,_, o ]_[;11 ©n.1(t) exists and that
@ is continuous at 0. Then ¢ is an infinitely divisible CFP.

Proof See, e.g., [54, Chapter XV.7]. O

In the special case where for every n, the individual ¢, ; are equal and where

kn =5 00, Eq. (16.4) holds automatically if the product converges to a continuous

function. Thus, the theorem is in fact an improvement of Corollary 16.8.

The benefit of this theorem will become clear through the following observation.
Let (X, ;;/=1,...,k,,n € N) be an array of real random variables with CFPs ¢, ;.
This array is a null array if and only if (16.4) holds. In fact, if P[|X,, ;| > ¢] < 8,
then we have |, ;(t) — 1| <2e+é forallt € [—1/¢, 1/¢]. Hence (16.4) holds if the

array (X, ;) is a null array. On the other hand, (16.4) implies ¢, , "% 1 for every

sequence (I,,) with [, <k,. Hence X, ;, "ZF0in probability.
From these considerations and from Theorem 16.12, we conclude the following
theorem.

Theorem 16.13 Let (X, ;1 =1, ..., ky,n € N) be an independent null array of
real random variables. If there exists a random variable S with

n—oo

Xp1+ ...+ Xk, S,

then S is infinitely divisible.

As a direct application of Theorem 16.5, we give a complete description of the
class of infinitely divisible probability measures on [0, co) in terms of their Laplace
transforms. The following theorem is of independent interest. Here, however, it is
primarily used to provide familiarity with the techniques that will be needed for the
more challenging classification of the infinitely divisible probability measures on R.

Theorem 16.14 (Lévy—Khinchin formula on [0, 00)) Let u € M ([0, 00)) and
letu :[0,00) = [0,00), t —~ — logfe’”‘u(dx) be the log-Laplace transform 1.
W is infinitely divisible if and only if there exists an o« > 0 and a o -finite measure
v e M((0, 00)) with

/(1 A x)(dx) < 00 (16.5)
and such that
u(t):ozt+/(l —e ™)vdx) fort>0. (16.6)

In this case, the pair («, v) is unique. v is called the canonical measure or Lévy
measure of |, and o is called the deterministic part.
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Proof “=" First assume p is infinitely divisible. The case u = § is trivial. Now
let i # 8¢; hence u(1) > 0.
By Theorem 16.5, there exist v, v, ... € M (R \ {0}) with CPoi,, "= . Ev-

idently, we can assume v, ((—oo, 0)) = 0. If we define u, (¢) := f(l — e ™,(dx),
n—oo

then (as in (16.1)) u,(t) — u(¢) for all ¢+ > 0. In particular, u, (1) > 0 for suffi-
1—e™

ciently large n. Define v, € M ([0, 0c0)) by v, (dx) := u_n_ﬂ;v” (dx). Hence, for all
t >0,

/e—tx‘-}n(dx) _ un(t +1) —un (1) n—>co u(t+1) —u(z)

un(1l) u(l)
Therefore, the weak limit v := w-lim v, in M ([0, 00)) exists and is uniquely de-
termined by u. Let o := V({0})u(1) and define v € M ((0, 00)) by

v(dx) =u(1) (1= ™) " 1(0,00) (X)(dx).
Since 1 Ax <2(1 —e™) for all x > 0, clearly
/(1 Ax)v(dx) < 2/(1 - efx)v(dx) <2u(l) < co.
For all ¢ > 0, the function (compare (15.8))

l_e__’;, if x >0,
fi:[0,00) = [0,00), x+>{ 1-¢
t, ifx=0,

is continuous and bounded (by ¢ A 1). Hence we have
u(t) = lim u,(t) = lim u,(1) / frdvy
n— oo n— oo
=u(l) / fidb=at + /(l —e ) (dx).

“«<—=" Now assume that « and v are given. Define the intervals Io = [1, c0)
and Iy =[1/(k + 1),1/k) for k € N. Let X¢, X1, ... be independent random vari-
ables with Py, = CPoi(vll yfork=0,1,...,and let X :=a + Z/fio Xy For ev-

k
ery k € N, we have E[X;] = flk xv(dx); hence Y ;2 E[X;] = f(o 1y Xv(dx) < oo,

n—oo

Thus X < 0o almost surely and o + )y _( Xy = X. Therefore,
oo
—logE[e_’X] =ot — ZlogE[e_[X"] =at + f(l - e_’x)v(dx).
k=0

Example 16.15 For an infinitely divisible distribution p on [0, 00), we can compute
the Lévy measure v by the vague limit

v = v-limnp*/" (16.7)

n—o00 (O,oo).
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Often « is also easy to obtain (e.g., via the representation from Exercise 16.1.3). For
example, for the Gamma distribution, we get @ = 0 and

el/n 3 L
nrg’l/”(A):W/ (]/Vl) 1 exd n—>00 Ax ]e Gde’

hence v(dx) = x " le= % dx. O

For infinitely divisible distributions on R, we would like to obtain a description
similar to that in the preceding theorem. However, an infinitely divisible real ran-
dom variable X is not simply the difference of two infinitely divisible nonnegative
random variables, as the normal distribution shows. In addition, we have more free-
dom if, as in the last proof, we want to express X as a sum of independent random
variables Xy.

Hence we define the real random variable X as the sum of independent random
variables,

oo
X=b+X"+Xo+ Y (Xi — ). (16.8)
k=1
where b e R, XV = N(),oz for some o2 > 0 and Py, = CPoi,, with intensity mea-
sure v that is concentrated on I := (—1/k, —1/(k+ D]JU[1/(k + 1), 1/k) (with
the convention 1/0 = 00), k € Ny. Furthermore, oy = E[X;] = fka(dx) fork > 1.
In order for the series to converge almost surely, it is sufficient (and also necessary,
as a simple application of Kolmogorov’s three-series theorem shows) that

Z Var[X;] < co. (16.9)

(In contrast to the situation in Theorem 16.14, here it is not necessary to have
Z,fo 1 E[1Xx — ai|] < oo. This allows for greater freedom in the choice of v than
in the case of nonnegative random variables.) Now Var[X;] = f x“vr(dx). Hence,
if we let v = Zk:o Vi, then (16.9) is equivalent to f(fl’])x v(dx) < 00. As vg is

always finite, this in turn is equivalent to f (x2 A D(dx) < oo.

Definition 16.16 A o -finite measure v on R is called a canonical measure if
v({0}) =0 and

/(x2 A1)v(dx) < oo. (16.10)
If 62 > 0and b € R, then (02, b, v) is called a canonical triple.

To every canonical triple, by (16.8) there corresponds an infinitely divisible ran-
dom variable. Define

wo(t)zlogE[e”XO]:/ (" = 1)v(dx).

Iy
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For k e N, let

wk(t)zlogE[eit(X"_“")]z/ (e — 1 —itx)v(dx).
I

Hence
o? >
o itX1_ 2 .2 .
¥ (1) :=logE[e"X] = o7+ ibi+ > )
k=0
satisfies the Lévy—Khinchin formula

2
U(t) = —%tz +ibt + /(e”x — 1 — itxTjy <1y ) v(dx). (16.11)

Theorem 16.17 (Lévy—Khinchin formula) Let u € M (R) and
V() = log/ " u(dx).

w is infinitely divisible if and only if there exists a canonical triple (62, b, v) such
that (16.11) holds. By (16.11), this triple is uniquely determined.

Again, v is called the Lévy measure of u, o2 is called the Gaussian coefficient
and b is called the centering constant.

Proof We have shown already that via (16.11) every canonical triple (62, b, v) cor-
responds to an infinitely divisible distribution p. It remains to show:

(i) A canonical triple is uniquely determined by (16.11).
(ii) For every infinitely divisible distribution, there exists a canonical triple such
that (16.11) holds.

(1) Uniqueness. Define g;(x) = eitr — 1 — itx1yx<1). For every x # 0, we have

& (x)
12(1 A x2)

t—00

Since (16.10) holds, by the dominated convergence theorem,

Y b [ s )
fim =gt im s+ lim [ (i )(AFvEn

o
=——. (16.12)
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This implies the uniqueness of o>. Thus we can and will assume o> = 0 in the
following. Define

o 1 t+1
W(t)zw(t)—if Vs (16.13)
t7

Then

1
E(z):/ e"”‘<1 —%f ei”ds>v(dx)=/e”xh(x)v(dx), (16.14)
R —

1

where h(x) = 1 — ¥ for x 2 0 and /(0) = 0. Define /i(x) = h(x)/(1 A x?) for
x #0and fz(O) =1/6. Clearly, & and h are bounded and continuous and

A 3
0<1—sin(l) <h(x) < 3 for all x € R.
¥ is the characteristic function of ¥ € M £(R), where V(dx) = h(x)v(dx). Hence v
is uniquely determined by v. Since v(dx) = (L{xz0}/ h(x))V(dx), v is also uniquely

determined by ¥. Now the number b is the difference of the remaining terms.
(i) Existence of a canonical triple. Let u be infinitely divisible and let

0 =10g/e”xu(dx).

Clearly, Im (/) is odd and Re(v/ (1)) < O for all # € R. Hence ¥ (0) > 0 (with ¥ from
(16.13)) and ¥ (0) = 0 if Re y (f) = forall f € [—1, ]. By Exercise 15.2.4, this is the
case if and only if u = §p for some b € R. In this case, (0, b, 0) is the corresponding
canonical triple.

Now assume v (0) > 0. By Theorem 16.5, there exists a sequence (V,)nen in

M (R) with CPoi,, e w and v, ({0}) = 0 for any n € N. Define
b, =/xﬂ{|x|<1}vn(dx).
Then, by (16.1) and with g; from (i),
Y (1) := log/ ¢!"*CPoi,, (dx) = f(e”x — 1), (dx) = / g dvy, + ib,t.
Asin (16.14), we have

_ 1 t+1 )
v, () = %(0—5/ 1 lﬁn(S)dS=/e”xh(X)vn(dX)-
t_

As ¥, e Y converges uniformly on compact sets (Theorem 15.23(i)), and since
V¥ is continuous and thus locally bounded, we have v/, iy 4 pointwise. There-
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fore,
/e”Xh(x)vn(dx) V0. (16.15)

In particular, v/,(0) > 0 for large n. If we let U,(dx) = (h(x)/¥,(0)v,(dx) €
M (R), then [ ¢, (dx) "= 3 (1)/¥(0) and the right-hand side is continuous.
Hence, by Lévy’s continuity theorem, there is a v € M (R) with v, "5 and

T =70 / ¢ (dx).

Leto?:= —6v(0)5({0}) and define a canonical measure v by
¥ (0) -
v(dx) = mﬂ_{x;é()}\}(dx).
The map (compare (15.8))

& (x) :
fiiR>C, x>{"®’ fx#0,
—32, ifx=0,

is bounded and continuous. By construction, we have

2
/gtdun=$n(0)ff,dan ”i‘i"J(O)ff,da:_%zM/g,dv.

Hence also the limit

n—oo

2
ith:= lim ith, = lim (1//,,(t) —/g,dvn> =y@)+ G—fz —/g,dv
n—oo 2
exists, and we have

o2 5 .
w(t)=—7t +lbt+/g,dv. O

Remark 16.18 There are many versions of the Lévy—Khinchin formula

o? :
v(t) = —7t2 +ibt + /(e”x —1—itf(x))v(dx)

that differ in the function izf(x) that is subtracted for the centering in the in-
tegral. We chose f(x) = x1x<1; since this fits best to the construction with
the random variables X;. However, for a given canonical measure v, any func-
tion f for which [|f — f |dv < oo holds is possible; that is, every f for which
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| £ (x) — f(xX)]/(1 A x2) is bounded. One common function is, e.g., f(x) = sin(x).
The Lévy measure and the Gaussian coefficient o2 do not change but the b differs:

E—b:/(f—f)dv.

If v is a measure that is concentrated on (0, c0) and such that f (1 Ax)v(dx) < o0
holds, then this f is integrable with respect to v and can thus be replaced by f =0.
Hence we recover Theorem 16.14 as a special case. However, condition (16.10) is
weaker than f (1 Ax)v(dx) < oo and thus describes a larger class of measures than
is considered in Theorem 16.14. This implies that to a canonical triple (b, 0, v) with
v((—00,0)) =0 and f (1 A x)v(dx) = oo, there corresponds an infinitely divisible
probability distribution w that is not concentrated on [0, c0), no matter how b is
chosen. O

For a given infinitely divisible distribution x, we can compute the canonical mea-
sure v as the vague limit

v = vlimnp*/" (16.16)

n—o00 |(O,oo)'
Example 16.19 For the Cauchy distribution Cau, with ¥ (t) = —a|t|, by symmetry,

we get b =0 and, by (16.12), 62 = —21lim;_, oo ¥ (t)/1> = 0. Finally, if A C R with
(—e,e) N A =0 for some ¢ > 0, then

Cauy/n(A) 1/ LR R
a =— | ———dx — — [ —dx.
-t 7 Ja 1+ (nx)? * 7 Jax2 *

Hence Cau; has the canonical triple (0, 0, (rx3)~ldx). O

Exercise 16.1.1 Use a variance argument to show that an infinitely divisible distri-
bution that is concentrated on a bounded interval is a Dirac measure.

Exercise 16.1.2 Let ¢ be infinitely divisible, and for every n € N, let ¢,, be a CFP
. P . . n—oo .

with ¢); = ¢. Use Lévy’s continuity theorem to show that ¢, — 1 uniformly on

compact sets ¢, "5 1. Conclude that o(t) #0forall r e R.

Exercise 16.1.3 Under the conditions of Theorem 16.14, show that

a =sup{x >0: ([0, x)) =0}.

16.2 Stable Distributions

A distribution © on the real numbers is called stable if for any n € N, the n-fold
convolution p** equals u up to an affine linear transformation. Hence stability can
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be interpreted as self-similarity. We first show that the class of stable distributions
is rather simple and can easily be parameterized. Then we quote results which say
that stable distributions are exactly those distributions that occur as limits of sums
of i.i.d. random variables.

Symmetric Stable Distributions

For a € (0, 2), let

2 (—a)cos(an/2), ifa#l,

T, ifa=1.

O :=/(1—cos(x))|x|*°’*‘dx=
R

(Note that the integral diverges for « € R\ (0,2).) Then vy (dx) = 6, '|x| % !dx
18 a canonical measure since

/(1 AP ve(dx) =20, (@' + 2 —a)7!) < oo

Let v, be the logarithm of the characteristic function that corresponds to the in-
finitely divisible measure o, with canonical triple (0, 0, vy). By the Lévy—Khinchin
formula, we have

o0
1//a(t)=./ (e — 1 —itxLye <10, x| ™ dx
—0o0

o0
=—9;‘/ (1 —cos(tx)) x|~ " dx

—0o0
= —|r]%.
Hence ¢, (1) := e~ "" is the characteristic function of the infinitely divisible mea-
sure (4, which is called the symmetric stable distribution with index «. The name

is due to the fact that, for i.i.d. random variables X, X, ... that are u,-distributed,
we have

X1 4.4+ X, 20X, forallneN. (16.17)

General Stable Distributions

Motivated by equation (16.17), we present a somewhat more general notion of sta-
bility of a distribution.
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Definition 16.20 (Stable distribution) Let 1 € M (R) be a probability distribution
on the real numbers that is not concentrated in one point. Assume that X1, X», ...
are i.i.d. random variables with distribution . The distribution w is said to be stable
in the broad sense if there exist nonnegative numbers aj, az, ... and real numbers
dy,d>, ... such that

Xi+...+X,2a,X,+d, forallneN. (16.18)

u is called stable (in the strict sense), if (16.18) holds withdy =d, =... =0.

w is called stable in the broad sense with index « € (0, 2], if (16.18) holds with
a, =n/®, n e N. It is called stable (in the strict sense) with index « € (0, 2], if in
addition, we can choose di =dp = ... =0.

Remark 16.21 If p is stable in the broad sense, then it is infinitely divisible. O

Theorem 16.22 Let | be stable in the broad sense.

(i) There is an a € (0, 2] such that p is stable in the broad sense with index .
(i) If « =2, then w is a normal distribution.
(i) If @ € (0, 2), then the Lévy measure v of u has the density

v(dx) c (=)™ ifx <0,
dx | cetx—o !, ifx >0,

(16.19)

for some ¢~ ¢ct>0,c +ct>0.

(iv) If a # 1, then there exists a b € R such that ju x §_p is stable with index «.

V) Ifa=1,thend, = (c™ —c )nlog(n), n e N. If c™ =™, then p is a Cauchy
distribution.

Remark 16.23 If p is infinitely divisible with Lévy measure v given by (16.19),
then ¥ (1) :=log [ ¢'"* u(dx) is given by
"o { [t I (—a)[(ct +c)cos(5FE) +i(cT —cT)sin(5)], a#1,

—tl(cT 4+ eD)[5 +isign@)(ct — ) log(|t])], a=1. ¢
(16.20)

Lemma 16.24 Let (v be infinitely divisible with canonical triple (02, b, v); that is,
with log-characteristic function ¥ (t) := log(f e'"™ u(dx)) given by

2
v(t) = —%tz +ibt + /(e”x —-1- itx]l{|x|<1})v(dx).

Further,leta >0,d e R,n e Nand let X, X1, ..., X, be i.id. random variables
with distribution .

(1) The canonical triple of X1+ ...+ X, is (no2, nb, nv).
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(ii) The canonical triple of aX + d is (a%02,b,v o m(;l), where m, : R — R,
X > ax is the multiplication by a and

b:=ab+d +af(1{\x|<1/a} — Lyxj<1p)xv(dx). (16.21)

Proof (i) The log-characteristic function of X1 + ...+ X, is ny.
(ii) The log-characteristic function of a X + d is

Yax+a(t) = ¥(at) +idt

a’o?

__ 2" 2+i(ab+d)t+/(ei“’x — | —iatxTjg<n)v(dx)

a’o?

=— > 1? +ibt +/(6iatx —-1- iatx]l{‘x|<1/a})v(dx)

a’o? - ,
= —th—i—ibl +/(e”x — 1 —itx1yy<1y)v o my ' (dx). O

Lemma 16.25 (Scaling of the canonical triple) Under the assumptions of Theo-
rem 16.22, let (62, b, v) be the canonical triple of 1.
(i) We have
(a,% —n)cr2=0 foralln e N (16.22)

and (with mg, as in Lemma 16.24)
nv=vom,' forallneN. (16.23)
(i) Ifv=0, then a, =n'/? for alln € N and
dy =b(n—n'?). (16.24)

(ili) Assume that « € (0,2), a, =n'/*, and that v is given by (16.19). Then we have

ct—c™ Vey
dn=<b+ p— )(n—n ) ifa#1, (16.25)
and
d, = (c+ — c_)nlog(n) ifa=1. (16.26)

Proof (i) Let (aﬁaz, bp,v o ma_nl) be the canonical triple of @, X + d, as deter-
mined in the preceding lemma and let (no'2, nb, nv) be the canonical triple of X| +
...+ X,. By (16.18) and due to the uniqueness of the canonical triple (Theo-

rem 16.17), we infer ago2 =no?, b, =nbandvo m;”l =nv.
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(i) If v =0, then o2 > 0, since by assumption, y is not concentrated in one
point. Hence, by (16.22), we get a, = n'/?. By virtue of Lemma 16.24(ii), we have
nb = b, = bn'/? + d, and thus (16.24) holds.

(i) Using (16.21), we compute b, more explicitly:

nb=b, =bn'* +d, —n'* / Lip-1/a < <)XV (dX)

1
:bnl/“+dn—n1/°‘(c+—cf)-/ x%dx

n—1/a

nlog(n), ifa=1.
Rearranging terms yields (16.25) and (16.26). O
Proof of Theorem 16.22 We distinguish the cases liminf,_, o azn~ Y% < 0o and

6‘: w’?
Case 1. Assume that liminf,_, o a,n /2 < 00. Let C €[1, 00) and let (1ny)renN

be a subsequence such that ankn,;l/2 < C for any k € N. Then for any x € R \ {0},
we have

-1 2 .2
n, (1 Ana; x°)
k IAx

Using (16.23) and (16.10), the dominated convergence theorem yields
-1 2.2
o0 ®n, (1Aasx N
/ (1 Ax?)v(dx) :/ M@ A ) vdx) =20,
oo oo 1 Ax2

That is, we have v = 0. By Lemma 16.25(ii), we see that u * §_p is stable with
index 2. This shows (ii).
Case 2. Assume that
ann 1?25 0. (16.27)

By (16.22), we have o2 =0 and hence v # 0. We define the function
v([x, 00)), if x > 0,
F(x)=
v((—o0,x]), ifx <O.

Since we have v # 0, there is an xg € R\ {0} such that F(xg) > 0. By symmetry, we
may assume that xo > 0. Using (16.23), we infer

nF(x)=F(x/a,) foranyxeR\{0},neN,

an+1 k n k
Fil— ) x )= F(xop) foranykeZ.
a, n—+1

and thus
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We can rephrase this as
F(x) = (x/x0) * F(xo) foranyux e {(a,,+1/a,,)kxo keZ},

where o, :=log((n + 1)/n)/log(an+1/a,). Since F is monotone decreasing and
since F(x) e 0, we have «;, > 0 for all n € N, and

—y F 1 —Qp
_m o~ < ) < nt X forx >0, m,neN.
m+1 X0 F (x0) n X0

Letting x — 0o, we obtain «,, > «,. By symmetry, we also get o, < «;,. Hence,
we define o := o1 > 0 and get a, = n'/% for all n € N (note that (16.18) implies
a; = 1). By the assumption (16.27), we have o« < 2. This shows (i).

We have F (1) = x{ F(xo) > 0 and F(x) =x~%F(1) for all x > 0. Similarly, we
get F(x) = (—x)"“F(—1) for x < 0 (with the same « € (0, 2) since it is determined

by the sequence (a,),en). Defining ¢ = av([1, 00)) and ¢~ := av((—o0, —1]), we
get (16.19) and thus (iii) and (i).
The statements (iv) and (v) are immediate consequences of Lemma 16.25. O

Convergence to Stable Distributions

To complete the picture, we cite theorems from [54, Chapter XVIL.5] (see also [62]
and [128]) that state that only stable distributions occur as limiting distributions of
rescaled sums of i.i.d. random variables X1, X», ....

In the following, let X, X1, X», ... be i.i.d. random variables and for n € N, let
S =X1+...+X,.

Definition 16.26 (Domain of attraction) Let u € M (R) be nontrivial. The domain
of attraction Dom(u) C M (R) is the set of all distributions Py with the property
that there exist sequences of numbers (a,),en and (d,),en With

Sn - dn n;;o L.
dn

If u is stable (in the broader sense) with index o € (0, 2], then Py is said to be in
the domain of normal attraction if we can choose a, = n'/?.

Theorem 16.27 Let i € M (R) be nontrivial. Then Dom(u) # @ if and only if n
is stable (in the broader sense). In this case, i € Dom(t).

In the following, an important role is played by the function

Ux) :=E[X*1(x=q]. (16.28)
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A function H : (0, 0c0) — (0, 00) is called slowly varying at oo if

im 2Oox)
m =
x—o0o H(x)

1 forally >0.

In the following, we assume that there exists an « € (0, 2] such that
U(x)x"‘_2 is slowly varying at oo. (16.29)

Theorem 16.28

(1) If Py is in the domain of attraction of some distribution, then there exists an
o € (0, 2] such that (16.29) holds.
(ii) In the case a = 2, we have: If Px is not concentrated at one point, then (16.29)
implies that Py is in the domain of attraction of some distribution.
(iii) In the case o € (0,2), we have: Px is in the domain of attraction of some
distribution if and only if (16.29) holds and the limit

P[X > x]

= lim —————  exists. (16.30)
x—o0 P[|X] = x]

p:
Theorem 16.29 Let Px be in the domain of attraction of an a-stable distribution
(that is, assume that condition (ii) or (iii) of Theorem 16.28 holds), and assume that
(an)neN is such that
U
C:= lim nU (@)

n—o0 grzl

€ (0, 00)

exists. Further, let v be the stable distribution with index o whose characteristic
function is given by (16.20) with ¢ = Cp and ¢~ = C(1 — p).

(i) In the case @ € (0, 1), let b, = 0.
(ii) In the case o =2 and Var[X] < oo, let E[X] = 0.
(iii) In the case a € (1, 2], let d, = nE[X] for all n € N.
@iv) In the case a =1, let d, = na,E[sin(X/a,)] for all n € N.

Then

Sﬂ - dl’l n—>oo
dn

Corollary 16.30 If Py is in the domain of attraction of a stable distribution with

index a, then E[|X|P] < oo forall B € (0, ) and E[|X|P1= 00 if B > a and a < 2.

Exercise 16.2.1 Let © be an «-stable distribution and let ¢ be its characteristic
function.

(i) Show by a direct computation using only the definition of stability that
() — 1] < C|t]|* for t close to O (for some C < o0).
(i) Use Exercise 15.3.2 to infer that u = &g if o > 2.
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(iii) Modify the argument in order to show that for « > 2, the «-stable distributions
in the broad sense are also necessarily trivial.

Exercise 16.2.2 Show that the distribution on R with density

— cos(x)

1
f@)=—23

X
is not infinitely divisible.

Exercise 16.2.3 Let @ be the distribution function of the standard normal distribu-
tion Np 1 and let F : R — [0, 1] be defined by

21— o (x~ Y2y, ifx >0,
F(x)=
0, else.

Show the following.

(i) F is the distribution function of a %-stable distribution.
1

@i1) If X{, X», ... are i.i.d. with distribution function F, then . ZZ:O Xy diverges
almost surely for n — oo.

Hint: Compute the density of F, and show that the Laplace transform is given by
A e V2

Exercise 16.2.4 Which of the following distributions is in the domain of attraction
of a stable distribution and for which parameter?

(1) The distribution on R with density

QHLOJXW, ifx <—1,
fx)= (I—Q)ﬁxﬂ, ifx>1,
0, else.

Here o, 8 < —1 and g € [0, 1].

(i1) The exponential distribution exp, for 6 > 0.

(iii) The distribution on N with weights cn® if n is even and cn® if n is odd. Here
o, B < —1and ¢ = 2% (—a) + (1 — 28)c(—p))~! (¢ is the Riemann zeta
function) is the normalization constant.
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