
Chapter 23
Large Deviations

Except for the law of the iterated logarithm, so far we have encountered two types of
limit theorems for partial sums Sn = X1 + . . .+Xn, n ∈N, of identically distributed,
real random variables (Xi)i∈N with distribution function F :

(1) (Weak) laws of large numbers state that (under suitable assumptions on the fam-
ily (Xi)i∈N), for every x > 0,

P
[∣∣Sn − nE[X1]

∣∣ ≥ xn
] n→∞−→ 0. (23.1)

From this we get immediately that the empirical distribution functions

Fn : x �→ 1

n

n∑

i=1

1(−∞,x](Xi)

converge in probability; that is, ‖Fn − F‖∞
n→∞−→ 0. In other words, for any

distribution function G �= F and any ε > 0 with ε < ‖F − G‖∞, we have

P
[‖Fn − G‖∞ < ε

] n→∞−→ 0. (23.2)

(2) Central limit theorems state that (under different assumptions on the family
(Xi)i∈N) for every x ∈R

P
[
Sn − nE[X1] ≥ x

√
n

] n→∞−→ 1 − Φ

(
x√

Var[X1]
)

. (23.3)

Here Φ : t �→N0,1((−∞, t]) is the distribution function of the standard normal
distribution.

In each case, the typical value of Sn is nE[X1]. Equation (23.3) makes a precise
statement about the average size of the deviations (which are of order

√
n) from

the typical value. A simple consequence is of course that the probability of large
deviations (of order n) from the typical value goes to 0; that is, (23.1) holds.

A. Klenke, Probability Theory, Universitext, DOI 10.1007/978-1-4471-5361-0_23,
© Springer-Verlag London 2014

521

http://dx.doi.org/10.1007/978-1-4471-5361-0_23


522 23 Large Deviations

In this chapter, we compute the speed of convergence in (23.1) (Cramér’s theo-
rem) and in (23.2) (Sanov’s theorem).

We follow in part the expositions in [31, 74].

23.1 Cramér’s Theorem

Let X1,X2, . . . be i.i.d. with PXi
=N0,1. Then, for every x > 0,

P[Sn ≥ xn] = P[X1 ≥ x
√

n] = 1 − Φ(x
√

n) = (1 + εn)
1

x
√

2πn
e−nx2/2,

where εn
n→∞−→ 0 (by Lemma 22.2). Taking logarithms, we get

lim
n→∞

1

n
log P[Sn ≥ xn] = −x2

2
for every x > 0. (23.4)

It might be tempting to believe that a central limit theorem could be used to show
(23.4) for all centered i.i.d. sequences (Xi) with finite variance. However, in gen-
eral, the limit might be infinite or might be a different function of x, as we will show
below. The moral is that large deviations depend more subtly on the tails of the dis-
tribution of Xi than the average-sized fluctuations do (which are determined by the
variance only). The following theorem shows this for Bernoulli random variables.

Theorem 23.1 Let X1,X2, . . . be i.i.d. with P[X1 = −1] = P[X1 = 1] = 1
2 . Then,

for every x ≥ 0,

lim
n→∞

1

n
log P[Sn ≥ xn] = −I (x), (23.5)

where the rate function I is given by

I (z) =
{

1+z
2 log(1 + z) + 1−z

2 log(1 − z), if z ∈ [−1,1],
∞, if |z| > 1.

(23.6)

Remark 23.2 Here we agree that 0 log 0 = 0. This makes the restriction of I to
[−1,1] a continuous function with I (−1) = I (1) = log 2. Note that I is strictly
convex on [−1,1] with I (0) = 0 and I is monotone increasing on [0,1] and is
monotone decreasing on [−1,0]. ♦

Proof of Theorem 23.1 For x = 0 and x > 1, the claim is trivial. For x = 1, we
have P[Sn ≥ n] = 2−n, and thus again (23.5) holds trivially. Hence, it is enough to
consider x ∈ (0,1). Since Sn+n

2 ∼ bn,1/2 is binomially distributed, we have

P[Sn ≥ xn] = 2−n
∑

k≥(1+x)n/2

(
n

k

)
.
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Fig. 23.1 Rate function I (z) from (23.6)

Define an(x) = �n(1 + x)/2� for n ∈ N. Since k �→ (
n
k

)
is monotone decreasing for

k ≥ n
2 , we get

Qn(x) := max

{(
n

k

)
: an(x) ≤ k ≤ n

}
=

(
n

an(x)

)
. (23.7)

We make the estimate

2−nQn(x) ≤ P[Sn ≥ xn] ≤ (n + 1)2−nQn(x). (23.8)

By Stirling’s formula

lim
n→∞

1

n!n
ne−n

√
2πn = 1,

we obtain

lim
n→∞

1

n
logQn(x)

= lim
n→∞

1

n
log

n!
an(x)! · (n − an(x))!

= lim
n→∞

1

n
log

nn

an(x)an(x) · (n − an(x))n−an(x)

= lim
n→∞

[
log(n) − an(x)

n
log

(
an(x)

) − n − an(x)

n
log

(
n − an(x)

)]

= lim
n→∞

[
log(n) − 1 + x

2

(
log

(
1 + x

2

)
+ log(n)

)

− 1 − x

2

(
log

(
1 − x

2

)
+ log(n)

)]

= −1 + x

2
log

(
1 + x

2

)
− 1 − x

2
log

(
1 − x

2

)
= −I (x) + log 2.

Together with (23.8), this implies (23.5). �
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Under certain assumptions on the distribution of X1, Cramér’s theorem [29] pro-
vides a general principle to compute the rate function I .

Theorem 23.3 (Cramér (1938)) Let X1,X2, . . . be i.i.d. real random variables
with finite logarithmic moment generating function

Λ(t) := log E
[
etX1

]
< ∞ for all t ∈ R. (23.9)

Let

Λ∗(x) := sup
t∈R

(
tx − Λ(t)

)
for x ∈ R,

the Legendre transform of Λ. Then, for every x > E[X1],

lim
n→∞

1

n
log P[Sn ≥ xn] = −I (x) := −Λ∗(x). (23.10)

Proof By passing to Xi − x if necessary, we may assume E[Xi] < 0 and x = 0.
(In fact, if X̃i := Xi − x, and Λ̃ and Λ̃∗ are defined as Λ and Λ∗ above but for X̃i

instead of Xi , then Λ̃(t) = Λ(t)− t · x and thus Λ̃∗(0) = supt∈R(−Λ̃(t)) = Λ∗(x).)
Define ϕ(t) := eΛ(t) and

� := e−Λ∗(0) = inf
t∈Rϕ(t).

By (23.9) and the differentiation lemma (Theorem 6.28), ϕ is differentiable in-
finitely often and the first two derivatives are

ϕ′(t) = E
[
X1e

tX1
]

and ϕ′′(t) = E
[
X2

1e
tX1

]
.

Hence ϕ is strictly convex and ϕ′(0) = E[X1] < 0.
First consider the case P[X1 ≤ 0] = 1. Then ϕ′(t) < 0 for every t ∈ R and � =

limt→∞ ϕ(t) = P[X1 = 0]. Therefore,

P[Sn ≥ 0] = P[X1 = . . . = Xn = 0] = �n

and thus the claim follows.
Now let P[X1 < 0] > 0 and P[X1 > 0] > 0. Then limt→∞ ϕ(t) = ∞ =

limt→−∞ ϕ(t). As ϕ is strictly convex, there is a unique τ ∈ R at which ϕ assumes
its minimum; hence

ϕ(τ) = � and ϕ′(τ ) = 0.

Since ϕ′(0) < 0, we have τ > 0. Using Markov’s inequality (Theorem 5.11), we
estimate

P[Sn ≥ 0] = P
[
eτSn ≥ 1

] ≤ E
[
eτSn

] = ϕ(τ)n = �n.

Thus we get the upper bound

lim sup
n→∞

1

n
log P[Sn ≥ 0] ≤ log� = −Λ∗(0).
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The remaining part of the proof is dedicated to verifying the reverse inequality:

lim inf
n→∞

1

n
log P[Sn ≥ 0] ≥ log�. (23.11)

We use the method of an exponential size-biasing of the distribution μ := PX1 of X1,
which turns the atypical values that are of interest here into typical values. That is,
we define the Cramér transform μ̂ ∈ M1(R) of μ by

μ̂(dx) = �−1eτxμ(dx) for x ∈R.

Let X̂1, X̂2, . . . be independent and identically distributed with P
X̂i

= μ̂. Then

ϕ̂(t) := E
[
etX̂1

] = 1

�

∫

R

etxeτxμ(dx) = 1

�
ϕ(t + τ).

Hence

E[X̂1] = ϕ̂′(0) = 1

�
ϕ′(τ ) = 0,

Var[X̂1] = ϕ̂′′(0) = 1

�
ϕ′′(τ ) ∈ (0,∞).

Defining Ŝn = X̂1 + . . . + X̂n, we get

P[Sn ≥ 0] =
∫

{x1+...+xn≥0}
μ(dx1) . . .μ(dxn)

=
∫

{x1+...+xn≥0}
(
�e−τx1

)
μ̂(dx1) . . .

(
�e−τxn

)
μ̂(dxn)

= �nE
[
e−τ Ŝn1{Ŝn≥0}

]
.

Thus, in order to show (23.11), it is enough to show

lim inf
n→∞

1

n
log E

[
e−τ Ŝn1{Ŝn≥0}

] ≥ 0. (23.12)

However, by the central limit theorem (Theorem 15.37), for every c > 0,

1

n
log E

[
e−τ Ŝn1{Ŝn≥0}

] ≥ 1

n
log E

[
e−τ Ŝn1{0≤Ŝn≤c

√
n}

]

≥ 1

n
log

(
e−τc

√
nP

[
Ŝn√
n

∈ [0, c]
])

n→∞−→ lim
n→∞

−τc
√

n

n
+ lim

n→∞
1

n
log

(
N0,Var[X̂1]

([0, c]))

= 0. �
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Example 23.4 If PX1 = N0,1, then

Λ(t) = log
(
E

[
etX1

]) = log

(
1√
2π

∫ ∞

−∞
etxe−x2/2 dx

)
= t2

2
.

Furthermore,

Λ∗(z) = sup
t∈R

(
tz − Λ(t)

) = sup
t∈R

(
tz − t2

2

)
= z2

2
.

Hence the rate function coincides with that of (23.4). ♦

Example 23.5 If PX1 = 1
2δ−1 + 1

2δ1, then Λ(t) = log cosh(t). The maximizer t∗ =
t∗(z) of the variational problem for Λ∗ solves the equation z = Λ′(t∗) = tanh(t∗).
Hence

Λ∗(z) = zt∗ − Λ
(
t∗

) = z arc tanh(z) − log
(
cosh

(
arc tanh(z)

))
.

Now arc tanh(z) = 1
2 log 1+z

1−z
for z ∈ (−1,1) and

cosh
(
arc tanh(z)

) = 1√
1 − z2

= 1√
(1 − z)(1 + z)

.

Therefore,

Λ∗(z) = z

2
log(1 + z) − z

2
log(1 − z) + 1

2
log(1 − z) + 1

2
log(1 + z)

= 1 + z

2
log(1 + z) + 1 − z

2
log(1 − z).

However, this is the rate function from Theorem 23.1. ♦

Exercise 23.1.1 Let X be a real random variable with density

f (x) = c−1 e−|x|

1 + |x|3 ,

where c = ∫ ∞
−∞

e−|x|
1+|x|3 dx. Check if the logarithmic moment generating function Λ

is continuous and sketch the graph of Λ.

23.2 Large Deviations Principle

The basic idea of Cramér’s theorem is to quantify the probabilities of rare events
by an exponential rate and a rate function. In this section, we develop a formal
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framework for the quantification of probabilities of rare events in which the com-
plete theory of large deviations can be developed. For further reading, consult, e.g.,
[31, 32] or [74].

Let E be a Polish space with complete metric d . Recall that

Bε(x) = {
y ∈ E : d(x, y) < ε

}

denotes the open ball of radius ε > 0 that is centered at x ∈ E.
A map f : E → R = [−∞,∞] is called lower semicontinuous if, for every

a ∈R, the level set f −1([−∞, a]) ⊂ E is closed. (In particular, continuous maps are
lower semicontinuous. On the other hand, 1(0,1) : R → R is lower semicontinuous
but not continuous.) An equivalent condition for lower semicontinuity is that

lim
ε↓0

inff
(
Bε(x)

) = f (x) for all x ∈ E.

(Recall that inff (A) = inf{f (x) : x ∈ A}.) If K ⊂ E is compact and nonempty,
then f assumes its infimum on K . Indeed, for the case where f (x) = ∞ for all
x ∈ K , the statement is trivial. Now assume inff (K) < ∞. If an ↓ inff (K) is
strictly monotone decreasing, then K ∩ f −1([−∞, an]) �= ∅ is compact for every
n ∈N and hence the infinite intersection also is nonempty:

f −1(inff (K)
) = K ∩

∞⋂

n=1

f −1([−∞, an]
) �= ∅.

Definition 23.6 (Rate function) A lower semicontinuous function I : E → [0,∞]
is called a rate function. If all level sets I−1([−∞, a]), a ∈ [0,∞), are compact,
then I is called a good rate function.

Definition 23.7 (Large deviations principle) Let I be a rate function and (με)ε>0
be a family of probability measures on E. We say that (με)ε>0 satisfies a large
deviations principle (LDP) with rate function I if

(LDP 1) lim infε→0 ε log(με(U)) ≥ − inf I (U) for every open U ⊂ E,
(LDP 2) lim supε→0 ε log(με(C)) ≤ − inf I (C) for every closed C ⊂ E.

We say that a family (Pn)n∈N of probability measures on E satisfies an LDP with
rate rn ↑ ∞ and rate function I if (LDP 1) and (LDP 2) hold with εn = 1/rn and
μ1/rn = Pn.

Often (LDP 1) and (LDP 2) are referred to as lower bound and upper bound. In
many cases, the lower bound is a lot easier to show than the upper bound.

Before we show that Cramér’s theorem is essentially an LDP, we make two tech-
nical statements.

Theorem 23.8 The rate function in an LDP is unique.
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Proof Assume that (με)ε>0 satisfies an LDP with rate functions I and J . Then, for
every x ∈ E and δ > 0,

I (x) ≥ inf I
(
Bδ(x)

)

≥ − lim inf
ε→0

ε log
(
με

(
Bδ(x)

))

≥ − lim sup
ε→0

ε log
(
με

(
Bδ(x)

))

≥ infJ
(
Bδ(x)

) δ→0−→ J (x).

Hence I (x) ≥ J (x). Similarly, we get J (x) ≥ I (x). �

Lemma 23.9 Let N ∈ N and let ai
ε , i = 1, . . . ,N , ε > 0, be nonnegative numbers.

Then

lim sup
ε→0

ε log
N∑

i=1

ai
ε = max

i=1,...,N
lim sup

ε→0
ε log

(
ai
ε

)
.

Proof The sum and maximum differ at most by a factor N :

max
i=1,...,N

ε log
(
ai
ε

) ≤ ε log
N∑

i=1

ai
ε ≤ ε log(N) + max

i=1,...,N
ε log

(
ai
ε

)
.

The maximum and limit (superior) can be interchanged and hence

max
i=1,...,N

lim sup
ε→0

ε log
(
ai
ε

) = lim sup
ε→0

ε log
(

max
i=1,...,N

ai
ε

)

≤ lim sup
ε→0

ε log

(
N∑

i=1

ai
ε

)

≤ lim sup
ε→0

ε log(N) + max
i=1,...,N

lim sup
ε→0

ε log
(
ai
ε

)

= max
i=1,...,N

lim sup
ε→0

ε log
(
ai
ε

)
. �

Example 23.10 Let X1,X2, . . . be i.i.d. real random variables that satisfy the condi-
tion of Cramér’s theorem (Theorem 23.3); i.e., Λ(t) = log(E[etX1]) < ∞ for every
t ∈R. Furthermore, let Sn = X1 + . . .+Xn for every n. We will show that Cramér’s
theorem implies that Pn := PSn/n satisfies an LDP with rate n and with good rate
function I (x) = Λ∗(x) := supt∈R(tx − Λ(t)). Without loss of generality, we can
assume that E[X1] = 0. The function I is lower semicontinuous, strictly convex (in
the interval where it is finite) and has its unique minimum at I (0) = 0. By convexity,
we have I (y) > I (x) whenever y > x ≥ 0 or y < x ≤ 0.
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Cramér’s theorem says that limn→∞ 1
n

log(Pn([x,∞))) = −I (x) for x > 0 and
(by symmetry) limn→∞ 1

n
log(Pn((−∞, x])) = −I (x) for x < 0. Clearly, for x > 0,

−I (x) ≥ lim inf
n→∞

1

n
logPn

(
(x,∞)

)

≥ sup
y>x

lim inf
n→∞

1

n
logPn

([y,∞)
) = − inf

y>x
I (y).

Similarly, lim infn→∞ 1
n

logPn((−∞, x)) ≥ − infy<x I (y) for x < 0. Furthermore,
by the law of large numbers, for any x > 0, we have

lim
n→∞

1

n
logPn

(
(−x,∞)

) = lim
n→∞

1

n
logPn

([−x,∞)
)

= lim
n→∞

1

n
logPn

(
(−∞, x)

) = lim
n→∞

1

n
logPn

(
(−∞, x])

= 0 = −I (0).

The main work has been done by showing that the family (Pn)n∈N satisfies condi-
tions (LDP 1) and (LDP 2) at least for unbounded intervals. It remains to show by
some standard arguments (LDP 1) and (LDP 2) for arbitrary open and closed sets,
respectively.

First assume that C ⊂ R is closed. Define x+ := inf(C ∩[0,∞)) as well as x− :=
sup(C∩(−∞,0]). By monotonicity of I , on (−∞,0] and [0,∞), we get inf I (C) =
I (x−) ∧ I (x+) (with the convention I (−∞) = I (∞) = ∞). If x− = 0 or x+ = 0,
then inf(I (C)) = 0, and (LDP 2) holds trivially. Now let x− < 0 < x+.

Using Lemma 23.9, we get

lim sup
n→∞

1

n
logPn(C)

≤ lim sup
n→∞

1

n
log

(
Pn

(
(−∞, x−]) + Pn

([x+,∞)
))

= max

{
lim sup
n→∞

1

n
logPn

(
(−∞, x−]), lim sup

n→∞
1

n
logPn

([x+,∞)
)}

= max
{−I (x−),−I (x+)

} = − inf I (C).

This shows (LDP 2).
Now let U ⊂ R be open. Let x ∈ U ∩[0,∞) with I (x) < ∞ (if such an x exists).

Then there exists an ε > 0 with (x − ε, x + ε) ⊂ U . Now

lim inf
n→∞

1

n
logPn

(
(x − ε,∞)

) ≥ −I (x) > −I (x + ε)

= lim
n→∞

1

n
logPn

([x + ε,∞)
)
.
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Therefore,

lim inf
n→∞

1

n
logPn(U) ≥ lim inf

n→∞
1

n
logPn

(
(x − ε, x + ε)

)

= lim inf
n→∞

1

n
log

(
Pn

(
(x − ε,∞)

) − Pn

([x + ε,∞)
))

= lim inf
n→∞

1

n
log

(
Pn

(
(x − ε,∞)

)) ≥ −I (x).

Similarly, this also holds for x ∈ U ∩ (−∞,0) with I (x) < ∞; hence

lim inf
n→∞

1

n
logPn(U) ≥ − inf I (U).

This shows the lower bound (LDP 1). ♦

In fact, the condition Λ(t) < ∞ for all t ∈ R can be dropped. Since Λ(0) = 0,
we have Λ∗(x) ≥ 0 for every x ∈ R. The map Λ∗ is a convex rate function but is, in
general, not a good rate function. We quote the following strengthening of Cramér’s
Theorem (see [31, Theorem 2.2.3]).

Theorem 23.11 (Cramér) If X1,X2, . . . are i.i.d. real random variables, then
(PSn/n)n∈N satisfies an LDP with rate function Λ∗.

Exercise 23.2.1 Let E = R. Show that με := N0,ε satisfies an LDP with good rate
function I (x) = x2/2. Further, show that strict inequality can hold in the upper
bound (LDP 2).

Exercise 23.2.2 Let E =R. Show that με := N0,ε2 satisfies an LDP with good rate
function I (x) = ∞ · 1R\{0}(x). Further, show that strict inequality can hold in the
lower bound (LDP 1).

Exercise 23.2.3 Let E = R. Show that με := 1
2N−1,ε + 1

2N1,ε satisfies an LDP
with good rate function I (x) = 1

2 min((x + 1)2, (x − 1)2).

Exercise 23.2.4 Compute Λ and Λ∗ in the case X1 ∼ expθ for θ > 0. Interpret the
statement of Theorem 23.11 in this case. Check that Λ∗ has its unique zero at E[X1].
(Result: Λ∗(x) = θx − log(θx) − 1 if x > 0 and = ∞ otherwise.)

Exercise 23.2.5 Compute Λ and Λ∗ for the case where X1 is Cauchy distributed
and interpret the statement of Theorem 23.11.

Exercise 23.2.6 Let Xλ ∼ Poiλ for every λ > 0. Show that με := PεXλ/ε satisfies
an LDP with good rate function I (x) = x log(x/λ) + λ − x for x ≥ 0 (and = ∞
otherwise).
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Exercise 23.2.7 Let (Xt )t≥0 be a random walk on Z in continuous time that makes
a jump to the right with rate 1

2 and a jump to the left also with rate 1
2 . Show that

(PεX1/ε
)ε>0 satisfies an LDP with convex good rate function

I (x) = 1 + x arc sinh(x) −
√

1 + x2.

23.3 Sanov’s Theorem

This section is close to the exposition in [31].
We present a large deviations principle that, unlike Cramér’s theorem, is not

based on a linear space. Rather, we consider empirical distributions of independent
random variables with values in a finite set Σ , which often is called an alphabet.

Let μ be a probability measure on Σ with μ({x}) > 0 for any x ∈ Σ . Further,
let X1,X2, . . . be i.i.d. random variables with values in Σ and with distribution
PX1 = μ. We will derive a large deviations principle for the empirical measures

ξn(X) := 1

n

n∑

i=1

δXi
.

Note that by the law of large numbers, P-almost surely ξn(X)
n→∞−→ μ. Hence, as

the state space we get E = M1(Σ), equipped with the metric of total variation
d(μ, ν) = ‖μ − ν‖T V . (As Σ is finite, in E vague convergence, weak convergence
and convergence in total variation coincide.) Further, let

En := {
μ ∈M1(Σ) : nμ

({x}) ∈ N0 for every x ∈ Σ
}

be the range of the random variables ξn(X).
Recall that the entropy of μ is defined by

H(μ) := −
∫

log
(
μ

({x}))μ(dx).

If ν ∈ M1(Σ), then we define the relative entropy (or Kullback–Leibler informa-
tion, see [104]) of ν given μ by

H(ν | μ) :=
∫

log

(
ν({x})
μ({x})

)
ν(dx). (23.13)

Since μ({x}) > 0 for all x ∈ Σ , the integrand ν-a.s. is finite and hence the inte-
gral also is finite. A simple application of Jensen’s inequality yields H(μ) ≥ 0 and
H(ν | μ) ≥ 0 (see Lemma 5.26 and Exercise 5.3.3). Furthermore, H(ν | μ) = 0 if
and only if ν = μ. In addition, clearly,

H(ν | μ) + H(ν) = −
∫

log
(
μ

({x}))ν(dx). (23.14)

Since the map ν �→ Iμ(ν) := H(ν | μ) is continuous, Iμ is a rate function.



532 23 Large Deviations

Lemma 23.12 For every n ∈N and ν ∈ En, we have

(n + 1)−#Σe−nH(ν|μ) ≤ P
[
ξn(X) = ν

] ≤ e−nH(ν|μ). (23.15)

Proof We consider the set of possible values for the n-tuple (X1, . . . ,Xn) such that
ξn(X) = ν:

An(ν) :=
{

k = (k1, . . . , kn) ∈ Σn : 1

n

n∑

i=1

δki
= ν

}

.

For every k ∈ An(ν), we have (compare (23.14))

P
[
ξn(X) = ν

] = #An(ν)P[X1 = k1, . . . ,Xn = kn]
= #An(ν)

∏

x∈Σ

μ
({x})nν({x})

= #An(ν) exp

(
n

∫
ν(dx) logμ

({x})
)

= #An(ν) exp
(−n

[
H(ν) + H(ν | μ)

])
.

Now let Y1, Y2, . . . be i.i.d. random variables with values in Σ and with distribution
PY1 = ν. As in the calculation for X, we obtain (since H(ν | ν) = 0)

1 ≥ P
[
ξn(Y ) = ν

] = #An(ν)e−nH(ν);

hence #An(ν) ≤ enH(ν). This implies the second inequality in (23.15).
The random variable nξn(Y ) has the multinomial distribution with parameters

(nν({x}))x∈Σ . Hence the map En → [0,1], ν′ �→ P[ξn(Y ) = ν′] is maximal at
ν′ = ν. Therefore,

#An(ν) = enH(ν)P
[
ξn(Y ) = ν

] ≥ enH(ν)

#En

≥ (n + 1)−#ΣenH(ν).

This implies the first inequality in (23.15). �

We come to the main theorem of this section, Sanov’s theorem (see [149, 150]).

Theorem 23.13 (Sanov (1957)) Let X1,X2, . . . be i.i.d. random variables with
values in the finite set Σ and with distribution μ. Then the family (Pξn(X))n∈N of
distributions of empirical measures satisfies an LDP with rate n and rate function
Iμ := H(·|μ).
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Proof By Lemma 23.12, for every A ⊂ E,

P
[
ξn(X) ∈ A

] =
∑

ν∈A∩En

P
[
ξn(X) = ν

]

≤
∑

ν∈A∩En

e−nH(ν|μ)

≤ #(A ∩ En) exp
(−n inf Iμ(A ∩ En)

)

≤ (n + 1)#Σ exp
(−n inf Iμ(A)

)
.

Therefore,

lim sup
n→∞

1

n
log P

[
ξn(X) ∈ A

] ≤ − inf Iμ(A).

Hence the upper bound in the LDP holds (even for arbitrary A).
Similarly, we can use the first inequality in Lemma 23.12 to get

P
[
ξn(X) ∈ A

] ≥ (n + 1)−#Σ exp
(−n inf Iμ(A ∩ En)

)

and thus

lim inf
n→∞

1

n
log P

[
ξn(X) ∈ A

] ≥ − lim sup
n→∞

inf Iμ(A ∩ En). (23.16)

Note that, in this inequality, in the infimum we cannot simply replace A ∩ En

by A. However, we show that, for open A this can be done at least asymptotically.
Hence, let A ⊂ E be open. For ν ∈ A, there is an ε > 0 with Bε(ν) ⊂ A. For n ≥
(2#Σ)/ε, we have En ∩Bε(ν) �= ∅ and hence there exists a sequence νn

n→∞−→ ν with
νn ∈ En ∩ A for large n ∈ N. As Iμ is continuous, we have

lim sup
n→∞

inf Iμ(A ∩ En) ≤ lim
n→∞ Iμ(νn) = Iμ(ν).

Since ν ∈ A is arbitrary, we get lim supn→∞ inf Iμ(A ∩ En) = inf Iμ(A). �

Example 23.14 Let Σ = {−1,1} and let μ = 1
2δ−1 + 1

2δ1 be the uniform distri-
bution on Σ . Define m = m(ν) := ν({1}) − ν({−1}). Then the relative entropy of
ν ∈M1(Σ) is

H(ν | μ) = 1 + m

2
log(1 + m) + 1 − m

2
log(1 − m).

Note that this is the rate function from Theorem 23.1.
Next we describe formally the connection between the LDPs of Sanov and

Cramér that was indicated in the previous example. To this end, we use Sanov’s
theorem to derive a version of Cramér’s theorem for Rd -valued random variables
taking only finitely many different values. ♦
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Example 23.15 Let Σ ⊂ R
d be finite and let μ be a probability measure on Σ .

Further, let X1,X2, . . . be i.i.d. random variables with values in Σ and distribution
PX1 = μ. Define Sn = X1 + . . . + Xn for every n ∈ N. Let Λ(t) = log E[e〈t,X1〉] for
t ∈ R

d (which is finite since Σ is finite) and Λ∗(x) = supt∈Rd (〈t, x〉 − Λ(t)) for
x ∈R

d .
We show that (PSn/n)n∈N satisfies an LDP with rate n and rate function Λ∗.
Let ξn(X) be the empirical measure of X1, . . . ,Xn. Let E := M1(Σ). Define the

map

m : E → R
d, ν �→

∫
xν(dx) =

∑

x∈Σ

xν
({x}).

That is, m maps ν to its first moment. Clearly, 1
n
Sn = m(ξn(X)). For x ∈ R

d and
A ⊂ R

d , define

Ex := m−1({x}) = {
ν ∈ E : m(ν) = x

}

and

EA = m−1(A) = {
ν ∈ E : m(ν) ∈ A

}
.

The map ν �→ m(ν) is continuous; hence EA is open (respectively closed) if A is
open (respectively closed). Let Ĩ (x) := inf Iμ(Ex) (where Iμ(ν) = H(ν | μ) is the
relative entropy). Then, by Sanov’s theorem for open U ⊂ R

d ,

lim inf
n→∞

1

n
log PSn/n(U) = lim inf

n→∞
1

n
log Pξn(X)

(
m−1(U)

)

≥ − inf Iμ

(
m−1(U)

) = − inf Ĩ (U).

Similarly, for closed C ⊂ R
d , we have

lim sup
n→∞

1

n
log PSn/n(C) ≤ − inf Ĩ (C).

In other words, (PSn/n)n∈N satisfies an LDP with rate n and rate function Ĩ . Hence,
it only remains to show that Ĩ = Λ∗.

Note that t �→ Λ(t) is differentiable (with derivative Λ′) and is strictly convex.
Hence the variational problem for Λ∗(x) admits a unique maximizer t∗(x). More
precisely,

Λ∗(x) = 〈
t∗(x), x

〉 − Λ
(
t∗(x)

)
,
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Λ∗(x) > 〈t, x〉 − Λ(t) for all t �= t∗(x), and Λ′(t∗(x)) = x. By Jensen’s inequality,
for every ν ∈ M1(Σ),

Λ(t) = log
∫

e〈t,y〉μ(dy)

= log
∫ (

e〈t,y〉 μ({y})
ν({y})

)
ν(dy)

≥
∫

log

(
e〈t,y〉 μ({y})

ν({y})
)

ν(dy)

= 〈
t,m(ν)

〉 − H(ν | μ)

with equality if and only if ν = νt , where νt ({y}) = μ({y})e〈t,y〉−Λ(t). Hence,

〈t, x〉 − Λ(t) ≤ inf
ν∈Ex

H(ν | μ)

with equality if νt ∈ Ex . However, we now know that m(νt ) = Λ′(t); hence we have
νt∗(x) ∈ Ex and thus

Λ∗(x) = 〈
t∗(x), x

〉 − Λ
(
t∗(x)

) = inf
ν∈Ex

H(ν | μ) = Ĩ (x). ♦

The method of the proof that we applied in the last example to derive the LDP
with rate function Ĩ is called a contraction principle. We formulate this principle as
a theorem.

Theorem 23.16 (Contraction principle) Assume the family (με)ε>0 of probability
measures on E satisfies an LDP with rate function I . If F is a topological space
and m : E → F is continuous, then the image measures (με ◦ m−1)ε>0 satisfy an
LDP with rate function Ĩ (x) = inf I (m−1({x})).

23.4 Varadhan’s Lemma and Free Energy

Assume that (με)ε>0 is a family of probability measures that satisfies an LDP with
rate function I . In particular, we know that, for small ε > 0, the mass of με is
concentrated around the zeros of I . In statistical physics, one is often interested in
integrating with respect to με (where 1/ε is interpreted as “size of the system”) func-
tions that attain their maximal values away from the zeros of I . In addition, these
functions are exponentially scaled with 1/ε. Hence the aim is to study the asymp-
totics of Z

φ
ε := ∫

eφ(x)/εμε(dx) as ε → 0. Under some mild conditions on the con-
tinuity of φ, the main contribution to the integral comes from those points x that are
not too unlikely (for με) and for which at the same time φ(x) is large. That is, those
x for which φ(x) − I (x) is close to its maximum. These contributions are quan-
tified in terms of the tilted probability measures μ

φ
ε (dx) = (Z

φ
ε )−1eφ(x)/εμε(dx),
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ε > 0, for which we derive an LDP. As an application, we get the statistical physics
principle of minimising the free energy. As an example, we analyze the Weiss fer-
romagnet.

We start with a lemma that is due to Varadhan [166].

Theorem 23.17 (Varadhan’s Lemma (1966)) Let I be a good rate function and
let (με)ε>0 be a family of probability measures on E that satisfies an LDP with
rate function I . Further, let φ : E → R be continuous and assume that

inf
M>0

lim sup
ε→0

ε log
∫

eφ(x)/ε1{φ(x)≥M}με(dx) = −∞. (23.17)

Then

lim
ε→0

ε log
∫

eφ(x)/εμε(dx) = sup
x∈E

(
φ(x) − I (x)

)
. (23.18)

Remark 23.18 (Moment condition) The tail condition (23.17) holds if there exists
an α > 1 such that

lim sup
ε→0

ε log
∫

eαφ/εdμε < ∞. (23.19)

Indeed, for every M ∈R, we have

ε log
∫

eφ(x)/ε1{φ(x)≥M}με(dx) = M + ε log
∫

e(φ(x)−M)/ε1{φ(x)≥M}με(dx)

≤ M + ε log
∫

eα(φ(x)−M)/εμε(dx)

= −(α − 1)M + ε log
∫

eαφ(x)/εμε(dx).

Together with (23.19), this implies (23.17). ♦

Proof We use different arguments to show that the right-hand side of (23.18) is a
lower and an upper bound for the left-hand side.

Lower bound. For any x ∈ E and r > 0, we have

lim inf
ε→0

ε log
∫

eφ/ε dμε ≥ lim inf
ε→0

ε log
∫

Br (x)

eφ/ε dμε

≥ infφ
(
Br(x)

) − I (x)
r→0−→ φ(x) − I (x).

Upper bound. For M > 0 and ε > 0, define

Fε
M :=

∫

{φ≥M}
eφ(x)/εμε(dx) and Gε

M :=
∫

{φ<M}
eφ(x)/εμε(dx).
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Define

FM := lim sup
ε→0

ε logFε
M and GM := lim sup

ε→0
ε logGε

M.

By Lemma 23.9, for any M > 0,

lim sup
ε→0

ε log
∫

eφ(x)/εμε(dx) = FM ∨ GM.

As by assumption infM>0 FM = −∞, it is enough to show that

sup
M>0

GM ≤ sup
x∈E

(
φ(x) − I (x)

)
. (23.20)

Let δ > 0. For any x ∈ E there is an r(x) > 0 with

inf I
(
B2r(x)(x)

) ≥ I (x) − δ and supφ
(
B2r(x)(x)

) ≤ φ(x) + δ.

Let a ≥ 0. Since I is a good rate function, the level set K := I−1([0, a]) is
compact. Thus we can find finitely many x1, . . . , xN ∈ I−1([0, a]) such that⋃N

i=1 Br(xi )(xi) ⊃ K . Therefore,

Gε
M ≤

∫

{φ<M}∩Kc

eφ(x)/εμε(dx) +
N∑

i=1

∫

{φ<M}∩Br(xi )
(xi )

eφ(x)/εμε(dx)

≤ eM/εμε

(
Kc

) +
N∑

i=1

e(φ(xi )∧M+δ)/εμε

(
Br(xi )(xi)

)

= e(M+ε log(με(K
c)))/ε +

N∑

i=1

e(φ(xi )∧M+δ+ε log(με(Br(xi )
(xi ))))/ε.

Using Lemma 23.9 and the LDP, we infer

GM ≤ (M − a) ∨ max
i=1,...,N

(
φ(xi) − I (xi) + 2δ

)

≤ (M − a) ∨ sup
x∈E

(
φ(x) − I (x)

) + 2δ.

By letting first δ ↓ 0 and then a ↑ ∞, we obtain (23.20). �



538 23 Large Deviations

Theorem 23.19 (Tilted LDP) Assume that (με)ε>0 satisfies an LDP with good
rate function I . Further, let φ : E → R be a continuous function that satisfies
condition (23.17). Define Z

φ
ε := ∫

eφ/ε dμε and μ
φ
ε ∈ M1(E) by

μφ
ε (dx) = (

Zφ
ε

)−1
eφ(x)/εμε(dx).

Further, define Iφ : E → [0,∞] by

Iφ(x) = sup
z∈E

(
φ(z) − I (z)

) − (
φ(x) − I (x)

)
. (23.21)

Then (μ
φ
ε )ε>0 satisfies an LDP with rate function Iφ .

Proof This is left as an exercise. (Compare [32, Exercise 2.1.24], see also [43, Sec-
tion II.7].) �

Varadhan’s lemma has various applications in statistical physics. Consider a Pol-
ish space Σ that is interpreted as the space of possible states of a particle. Further,
let λ ∈M1(Σ) be a distribution that is understood as the a priori distribution of this
particle if the influence of energy could be neglected. If Σ is finite or is a bounded
subset of an R

d , then by symmetry, typically λ is the uniform distribution on Σ .
If we place n indistinguishable particles independently according to λ on the ran-
dom positions z1, . . . , zn ∈ Σ , then the state of this ensemble can be described by
x := 1

n

∑n
i=1 δzi

. Denote by μ0
n ∈ M1(M1(Σ)) the corresponding a priori distri-

bution of x; that is, of the n-particle system.
Now we introduce the hypothesis that the energy Un(x) of a state has the form

Un(x) = nU(x), where U(x) is the average energy of one particle of the ensemble
in state x.

Let T > 0 be the temperature of the system and let β := 1/T be the so-called
inverse temperature. In statistical physics, a key quantity is the so-called partition
function

Zβ
n :=

∫
e−βUndμ0

n.

A postulate of statistical physics is that the distribution of the state x is the Boltz-
mann distribution:

μβ
n(dx) = (

Zβ
n

)−1
e−βUn(x)μ0

n(dx). (23.22)

Varadhan’s lemma (more precisely, the tilted LDP) and Sanov’s theorem are the
keys to building a connection to the variational principle for the free energy. For
simplicity, assume that Σ is a finite set and λ = UΣ is the uniform distribution
on Σ . By Sanov’s theorem, (μ0

n)n∈N satisfies an LDP with rate n and rate function
I (x) = H(x|λ), where H(x|λ) is the relative entropy of x with respect to λ. By
(23.14), we have H(x|λ) = log(#Σ) − H(x), where H(x) is the entropy of x.
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Fig. 23.2 The shifted free energy Fβ(m)−Fβ(0) of the Weiss ferromagnet without exterior field
(h = 0)

Define the free energy (or Helmholtz potential) per particle as

Fβ(x) := U(x) − β−1H(x).

The theorem on the tilted LDP yields that the sequence of Boltzmann distributions
(μ

β
n)n∈N satisfies an LDP with rate n and rate function

Iβ(x) = Fβ(x) − inf
y∈M1(Σ)

F β(y).

Thus, for large n, the Boltzmann distribution is concentrated on those x that min-
imize the free energy. For different temperatures (that is, for different values of β)
these can be very different states. This is the reason for phase transitions at critical
temperatures (e.g., melting ice).

Example 23.20 We consider the Weiss ferromagnet. This is a microscopic model
for a magnet that assumes that each of n indistinguishable magnetic particles has
one of two possible orientations σi ∈ Σ = {−1,+1}. The mean magnetization
m = 1

n

∑n
i=1 σi describes the state of the system completely (as the particles are

indistinguishable). Macroscopically, this is the quantity that can be measured. The
basic idea is that it is energetically favorable for particles to be oriented in the same
direction. We ignore the spatial structure and assume that any particle interacts with
any other particle in the same way. This is often called the mean field assumption.
In addition, we assume that there is an exterior magnetic field of strength h. Thus
up to constants the average energy of a particle is

U(m) = −1

2
m2 − hm.
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Fig. 23.3 Shifted free energy Fβ(m) − Fβ(0) of the Weiss ferromagnet with exterior field
h = 0.04

The entropy of the state m is

H(m) = −1 + m

2
log

(
1 + m

2

)
− 1 − m

2
log

(
1 − m

2

)
.

Hence the average free energy of a particle is

Fβ(m) = −1

2
m2 − hm + β−1

[
1 + m

2
log

(
1 + m

2

)
+ 1 − m

2
log

(
1 − m

2

)]
.

In order to obtain the minima of Fβ , we compute the derivative

0
!= d

dm
Fβ(m) = −m − h + β−1 arc tanh(m).

Hence, m solves the equation

m = tanh
(
β(m + h)

)
. (23.23)

In the case h = 0, m = 0 is a solution of (23.23) for any β . If β ≤ 1, then this is the
only solution and Fβ attains its global minimum at m = 0. If β > 1, then (23.23)
has two other solutions, m

β,0
− ∈ (−1,0) and m

β,0
+ = −m

β,0
− , whose values can only

be computed numerically.
In this case, Fβ has a local maximum at 0 and has global minima m

β,0
± . For

large n, only those values of m for which Fβ is close to its minimal value can be
attained and thus the distribution is concentrated around 0 if β ≤ 1 and around m

β,0
±

if β > 1. In the latter case, the absolute value of the mean magnetization is |mβ,0
± | =

m
β,0
+ > 0. Hence, there is a phase transition between the high temperature phase

(β ≤ 1) without magnetization and the low temperature phase (β > 1) where so-
called spontaneous magnetization occurs (that is, magnetization without an exterior
field).
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Fig. 23.4 Weiss ferromagnet: magnetization mβ,h as a function of β

If h �= 0, then Fβ does not have a minimum at m = 0. Rather, Fβ is asymmetric
and has a global minimum mβ,h with the same sign as h. Furthermore, for large β ,
there is another minimum with the opposite sign. Again, the exact values can only
be computed numerically. However, for high temperatures (small β), we can ap-
proximate mβ,h using the approximation tanh(β(m + h)) ≈ β(m + h). Hence we
get

mβ,h ≈ h

β−1 − 1
= h

T − Tc

for T → ∞, (23.24)

where the Curie temperature Tc = 1 is the critical temperature for spontaneous mag-
netization. The relation (23.24) is called the Curie–Weiss law. ♦
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