
Chapter 7
Lp-Spaces and the Radon–Nikodym Theorem

In this chapter, we study the spaces of functions whose pth power is integrable. In
Section 7.2, we first derive some of the important inequalities (Hölder, Minkowski,
Jensen) and then in Section 7.3 investigate the case p = 2 in more detail. Apart from
the inequalities, the important results for probability theory are Lebesgue’s decom-
position theorem and the Radon–Nikodym theorem in Section 7.4. At first reading,
some readers might wish to skip some of the more analytic parts of this chapter.

7.1 Definitions

We always assume that (Ω,A,μ) is a σ -finite measure space. In Definition 4.16,
for measurable f : Ω →R, we defined

‖f ‖p :=
(∫

|f |p dμ

)1/p

for p ∈ [1,∞)

and

‖f ‖∞ := inf
{
K ≥ 0 : μ(|f | > K

) = 0
}
.

Further, we defined the spaces of functions where these expressions are finite:

Lp(Ω,A,μ) = Lp(A,μ) = Lp(μ) = {f : Ω → R measurable and ‖f ‖p < ∞}.
We saw that ‖ · ‖1 is a seminorm on L1(μ). Here our first goal is to change ‖ · ‖p

into a proper norm for all p ∈ [1,∞]. Apart from the fact that we still have to show
the triangle inequality, to this end, we have to change the space a little bit since we
only have

‖f − g‖p = 0 ⇐⇒ f = g μ-a.e.

For a proper norm (that is, not only a seminorm), the left-hand side has to imply
equality (not only a.e.) of f and g. Hence we now consider f and g as equivalent if
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f = g almost everywhere. Thus let

N = {f is measurable and f = 0 μ-a.e.}.
For any p ∈ [1,∞], N is a subvector space of Lp(μ). Thus formally we can build
the factor space. This is the standard procedure in order to change a seminorm into
a proper norm.

Definition 7.1 (Factor space) For any p ∈ [1,∞], define

Lp(Ω,A,μ) := Lp(Ω,A,μ)/N = {
f̄ := f +N : f ∈ Lp(μ)

}
.

For f̄ ∈ Lp(μ), define ‖f̄ ‖p = ‖f ‖p for any f ∈ f̄ . Also let
∫

f̄ dμ = ∫
f dμ if

this expression is defined for f .

Note that ‖f̄ ‖p and
∫

f̄ dμ do not depend on the choice of the representative
f ∈ f̄ . Recall from Theorem 4.19 that

∫
f̄ dμ is well-defined if f ∈ Lp(μ) and if

μ is finite but it need not be if μ is infinite.
We first investigate convergence with respect to ‖ · ‖p . To this end, we extend

the corresponding theorem (Theorem 6.25) on convergence with respect to ‖ · ‖1.

Definition 7.2 Let p ∈ [1,∞] and f,f1, f2, . . . ∈ Lp(μ). If ‖fn − f ‖p
n→∞−→ 0,

then we say that (fn)n∈N converges to f in Lp(μ) and we write fn
Lp−→ f .

Theorem 7.3 Let p ∈ [1,∞] and f1, f2, . . . ∈ Lp(μ). Then the following state-
ments are equivalent:

(i) There is an f ∈ Lp(μ) with fn
Lp−→ f .

(ii) (fn)n∈N is a Cauchy sequence in Lp(μ).

If p < ∞, then, in addition, (i) and (ii) are equivalent to:

(iii) (|fn|p)n∈N is uniformly integrable and there exists a measurable f with
fn

meas−→ f .

The limits in (i) and (ii) coincide.

Proof For p = ∞, the equivalence of (i) and (ii) is a simple consequence of the
triangle inequality.

Now let p ∈ [1,∞). The proof is similar to the proof of Theorem 6.25.
“(i) =⇒ (ii)” Note that |x + y|p ≤ 2p(|x|p + |y|p) for all x, y ∈ R. Hence

‖fm − fn‖p
p ≤ 2p

(‖fm − f ‖p
p + ‖fn − f ‖p

p

) n→∞−→ 0 for m,n → ∞.

“(ii) =⇒ (iii)” This works as in the proof of Theorem 6.25.

“(iii) =⇒ (i)” Since |fn|p n→∞−→ |f |p in measure, by Theorem 6.25, we have
|f |p ∈ L1(μ) and hence f ∈ Lp(μ). For n ∈ N, define gn = |fn − f |p . Then
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gn
n→∞−→ 0 in measure, and (gn)n∈N is uniformly integrable since gn ≤ 2p(|fn|p +

|f |p). Hence we get (by Theorem 6.25) ‖fn − f ‖p
p = ‖gn‖1

n→∞−→ 0. �

Exercise 7.1.1 Let (Xi)i∈N be independent, square integrable random variables
with E[Xi] = 0 for all i ∈N.

(i) Show that
∑∞

i=1 Var[Xi] < ∞ implies that there exists a real random variable

X with
∑n

i=1 Xi
n→∞−→ X almost surely.

(ii) Does the converse implication hold in (i)?

Exercise 7.1.2 Let f : Ω →R be measurable. Show that the following hold.

(i) If
∫ |f |p dμ < ∞ for some p ∈ (0,∞), then ‖f ‖p

p→∞−→ ‖f ‖∞.
(ii) The integrability condition in (i) cannot be waived.

Exercise 7.1.3 Let p ∈ (1,∞), f ∈ Lp(λ), where λ is the Lebesgue measure on R.
Let T :R→ R, x 
→ x + 1. Show that

1

n

n−1∑
k=0

f ◦ T k n→∞−→ 0 in Lp(λ).

7.2 Inequalities and the Fischer–Riesz Theorem

We present one of the most important inequalities of probability theory, Jensen’s in-
equality for convex functions, and indicate how to derive from it Hölder’s inequality
and Minkowski’s inequality. They in turn yield the triangle inequality for ‖ · ‖p and
help in determining the dual space of Lp(μ). However, for the formal proofs of the
latter inequalities, we will follow a different route.

Before stating Jensen’s inequality, we give a primer on the basics of convexity of
sets and functions.

Definition 7.4 A subset G of a vector space (or of an affine linear space) is called
convex if, for any two points x, y ∈ G and any λ ∈ [0,1], we have λx+(1−λ)y ∈ G.

Example 7.5

(i) The convex subsets of R are the intervals.
(ii) A linear subspace of a vector space is convex.

(iii) The set of all probability measures on a measurable space is a convex set. ♦

Definition 7.6 Let G be a convex set. A map ϕ : G → R is called convex if for any
two points x, y ∈ G and any λ ∈ [0,1], we have

ϕ
(
λx + (1 − λ)y

) ≤ λϕ(x) + (1 − λ)ϕ(y).

ϕ is called concave if (−ϕ) is convex.
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Let I ⊂ R be an interval. Let ϕ : I → R be continuous and in the interior I ◦
twice continuously differentiable with second derivative ϕ′′. Then ϕ is convex if
and only if ϕ′′(x) ≥ 0 for all x ∈ I ◦. To put it differently, the first derivative ϕ′ of a
convex function is a monotone increasing function. In the next theorem, we will see
that this is still true even if ϕ is not twice continuously differentiable when we pass
to the right-sided derivative D+ϕ (or to the left-sided derivative), which we show
always exists.

Theorem 7.7 Let I ⊂ R be an interval with interior I ◦ and let ϕ : I → R be a
convex map. Then:

(i) ϕ is continuous on I ◦ and hence measurable with respect to B(I ).
(ii) For x ∈ I ◦, define the function of difference quotients

gx(y) := ϕ(y) − ϕ(x)

y − x
for y ∈ I \ {x}.

Then gx is monotone increasing and there exist the left-sided and right-sided
derivatives

D−ϕ(x) := lim
y↑x

gx(y) = sup
{
gx(y) : y < x

}

and

D+ϕ(x) := lim
y↓x

gx(y) = inf
{
gx(y) : y > x

}
.

(iii) For x ∈ I ◦, we have D−ϕ(x) ≤ D+ϕ(x) and

ϕ(x) + (y − x)t ≤ ϕ(y) for any y ∈ I ⇐⇒ t ∈ [
D−ϕ(x),D+ϕ(x)

]
.

Hence D−ϕ(x) and D+ϕ(x) are the minimal and maximal slopes of a tangent
at x.

(iv) The maps x 
→ D−ϕ(x) and x 
→ D+ϕ(x) are monotone increasing. x 
→
D−ϕ(x) is left continuous and x 
→ D+ϕ(x) is right continuous. We have
D−ϕ(x) = D+ϕ(x) at all points of continuity of D−ϕ and D+ϕ.

(v) ϕ is differentiable at x if and only if D−ϕ(x) = D+ϕ(x). In this case, the
derivative is ϕ′(x) = D+ϕ(x).

(vi) ϕ is almost everywhere differentiable and ϕ(b) − ϕ(a) = ∫ b

a
D+ϕ(x)dx for

a, b ∈ I ◦.

Proof (i) Let x ∈ I ◦. Assume that lim infn→∞ ϕ(x − 1/n) ≤ ϕ(x) − ε for some
ε > 0. Since ϕ is convex, we have

ϕ(y) ≥ ϕ(x) + n(y − x)
(
ϕ(x) − ϕ(x − 1/n)

)
for all y > x and n ∈N.

Combining this with the assumption, we get ϕ(y) = ∞ for all y > x. Hence the
assumption was false. A similar argument for the right-hand side yields continuity
of ϕ at x.
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(ii) Monotonicity is implied by convexity. The other claims are evident.
(iii) By monotonicity of gx , we have D−ϕ(x) ≤ D+ϕ(x). By construction,

ϕ(x) + (y − x)t ≤ ϕ(y) for all y < x if and only if t ≥ D−ϕ(x). The inequality
holds for all y > x if and only if t ≤ D+ϕ(x).

(iv) For ε > 0, by the convexity, the map x 
→ gx(x + ε) is monotone increas-
ing and is continuous by (i). Being an infimum of monotone increasing and con-
tinuous functions the map x 
→ D+ϕ(x) is monotone increasing and right contin-
uous. The statement for D−ϕ follows similarly. As x 
→ gx(y) is monotone, we
get D+ϕ(x′) ≥ D−ϕ(x′) ≥ D+ϕ(x) for x′ > x. If D+ϕ is continuous at x, then
D−ϕ(x) = D+ϕ(x).

(v) This is obvious since D−ϕ and D+ϕ are the limits of the sequences of slopes
of the left-sided and right-sided secant lines, respectively.

(vi) For ε > 0, let Aε = {x ∈ I : D+ϕ(x) ≥ ε + limy↑x D+ϕ(y)} be the set of
points of discontinuity of size at least ε. For any two points a, b ∈ I with a < b, we
have #(Aε ∩ (a, b)) ≤ ε−1(D+ϕ(b) − D+ϕ(a)); hence Aε ∩ (a, b) is a finite set.
Thus Aε is countable. Hence also A = ⋃∞

n=1 A1/n is countable and thus a null set.
By (iv) and (v), ϕ is differentiable in I ◦ \ A with derivative D+ϕ. �

If I is an interval, then a map g : I → R is called affine linear if there are numbers
a, b ∈R such that g(x) = ax + b for all x ∈ I . If ϕ : I → R is a map, then we write

L(ϕ) := {g : I → R is affine linear and g ≤ ϕ}.
As a shorthand, we write supL(ϕ) for the map x 
→ sup{f (x) : f ∈ L(ϕ)}.

Corollary 7.8 Let I ⊂ R be an open interval and let ϕ : I →R be a map. Then the
following are equivalent.

(i) ϕ is convex.
(ii) For any x0 ∈ I , there exists a g ∈ L(ϕ) with g(x0) = ϕ(x0).

(iii) L(ϕ) is nonempty and ϕ = supL(ϕ).
(iv) There is a sequence (gn)n∈N in L(ϕ) with ϕ = limn→∞ max{g1, . . . , gn}.

Proof “(ii) =⇒ (iii) ⇐⇒ (iv)” This is obvious.
“(iii) =⇒ (i)” The supremum of convex functions is convex and any affine linear

map is convex. Hence supL(ϕ) is convex if L(ϕ) �= ∅.
“(i) =⇒ (ii)” By Theorem 7.7(iii), for any x0 ∈ I , the map

x 
→ ϕ(x0) + (x − x0)D+ϕ(x0)

is in L(ϕ). �

Theorem 7.9 (Jensen’s inequality) Let I ⊂ R be an interval and let X be an I -
valued random variable with E[|X|] < ∞. If ϕ is convex, then E[ϕ(X)−] < ∞
and

E
[
ϕ(X)

] ≥ ϕ
(
E[X]).
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Proof As L(ϕ) �= ∅ by Corollary 7.8(iii), we can choose numbers a, b ∈R such that
ax + b ≤ ϕ(x) for all x ∈ I . Hence

E
[
ϕ(X)−

] ≤ E
[
(aX + b)−

] ≤ |b| + |a| · E
[|X|] < ∞.

We distinguish the cases where E[X] is in the interior I ◦ or at the boundary ∂I .

Case 1. If E[X] ∈ I ◦, then let t+ := D+ϕ(E[X]) be the maximal slope of a tangent
of ϕ at E[X]. Then ϕ(x) ≥ t+ · (x − E[X]) + ϕ(E[X]) for all x ∈ I ; hence

E
[
ϕ(X)

] ≥ t+E
[
X − E[X]] + E

[
ϕ
(
E[X])] = ϕ

(
E[X]).

Case 2. If E[X] ∈ ∂I , then X = E[X] a.s.; hence E[ϕ(X)] = E[ϕ(E[X])] =
ϕ(E[X]). �

Jensen’s inequality can be extended to R
n. To this end, we need a representation

of convex functions of many variables as a supremum of affine linear functions.
Recall that a function g : Rn → R is called affine linear if there is an a ∈ R

n and
a b ∈ R such that g(x) = 〈a, x〉 + b for all x. Here 〈 ·, ·〉 denotes the usual inner
product on R

n.

Theorem 7.10 Let G ⊂ R
n be open and convex and let ϕ : G → R be a map. Then

Corollary 7.8 holds with I replaced by G. If ϕ is convex, then ϕ is continuous and
hence measurable. If ϕ is twice continuously differentiable, then ϕ is convex if and
only if the Hessian matrix is positive semidefinite.

Proof As we need these statements only in the proof of the multidimensional Jensen
inequality, which will not play a central role in the following, we only give refer-
ences for the proofs. In Rockafellar’s book [145], continuity follows from Theo-
rem 10.1, and the statements of Corollary 7.8 follow from Theorem 12.1 and Theo-
rem 18.8. The claim about the Hessian matrix can be found in Theorem 4.5. �

Theorem 7.11 (Jensen’s inequality in R
n) Let G ⊂ R

n be a convex set and let
X1, . . . ,Xn be integrable real random variables with P[(X1, . . . ,Xn) ∈ G] = 1.
Further, let ϕ : G → R be convex. Then E[ϕ(X1, . . . ,Xn)

−] < ∞ and

E
[
ϕ(X1, . . . ,Xn)

] ≥ ϕ
(
E[X1], . . . ,E[Xn]

)
.

Proof First consider the case where G is open. Here, the argument is similar to the
proof of Theorem 7.9. Let g ∈ L(ϕ) with

g
(
E[X1], . . . ,E[Xn]

) = ϕ
(
E[X1], . . . ,E[Xn]

)
.

As g ≤ ϕ is linear, we get

E
[
ϕ(X1, . . . ,Xn)

] ≥ E
[
g(X1, . . . ,Xn)

] = g
(
E[X1], . . . ,E[Xn]

)
.



7.2 Inequalities and the Fischer–Riesz Theorem 151

Integrability of ϕ(X1, . . . ,Xn)
− can be derived in a similar way to the one-

dimensional case.
Now consider the general case where G is not necessarily open. Here the prob-

lem that arises when (E[X1], . . . ,E[Xn]) ∈ ∂G is a bit more tricky than in the one-
dimensional case since ∂G can have flat pieces that in turn, however, are convex.
Hence one cannot infer that (X1, . . . ,Xn) equals its expectation almost surely. We
only sketch the argument. First infer that (X1, . . . ,Xn) is almost surely in one of
those flat pieces. This piece is necessarily of dimension smaller than n. Now restrict
ϕ to that flat piece and inductively reduce its dimension until reaching a point, the
case that has already been treated above. Details can be found, e.g., in [37, Theo-
rem 10.2.6]. �

Example 7.12 Let X be a real random variable with E[X2] < ∞, I = R and
ϕ(x) = x2. By Jensen’s inequality, we get

Var[X] = E
[
X2] − (

E[X])2 ≥ 0. ♦

Example 7.13 Let G = [0,∞) × [0,∞), α ∈ (0,1) and ϕ(x, y) = xαy1−α . Then ϕ

is concave (exercise!); hence, for nonnegative random variables X and Y with finite
expectation (by Theorem 7.11),

E
[
XαY 1−α

] ≤ (
E[X])α(

E[Y ])1−α
. ♦

Example 7.14 Let G, X and Y be as in Example 7.13. Let p ∈ (1,∞). Then
ψ(x, y) = (x1/p + y1/p)p is concave. Hence (by Theorem 7.11)

(
E[X]1/p + E[Y ]1/p

)p ≥ E
[(

X1/p + Y 1/p
)p]

. ♦

Before we present Hölder’s inequality and Minkowski’s inequality, we need a
preparatory lemma.

Lemma 7.15 (Young’s inequality) For p,q ∈ (1,∞) with 1
p

+ 1
q

= 1 and for x, y ∈
[0,∞),

xy ≤ xp

p
+ yq

q
. (7.1)

Proof Fix y ∈ [0,∞) and define f (x) := xp

p
+ yq

q
− xy for x ∈ [0,∞). f is

twice continuously differentiable in (0,∞) with derivatives f ′(x) = xp−1 − y and
f ′′(x) = (p − 1)xp−2. In particular, f is strictly convex and hence assumes its
(unique) minimum at x0 = y1/(p−1). By assumption, q = p

p−1 ; hence x
p

0 = yq and
thus

f (x0) =
(

1

p
+ 1

q

)
yq − y1/(p−1)y = 0. �
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Theorem 7.16 (Hölder’s inequality) Let p,q ∈ [1,∞] with 1
p

+ 1
q

= 1 and

f ∈ Lp(μ), g ∈ Lq(μ). Then (fg) ∈ L1(μ) and

‖fg‖1 ≤ ‖f ‖p · ‖g‖q .

Proof The cases p = 1 and p = ∞ are trivial. Hence, let p ∈ (1,∞). Let f ∈ Lp(μ)

and g ∈ Lq(μ) be nontrivial. By passing to f/‖f ‖p and g/‖g‖q , we may assume
that ‖f ‖p = ‖g‖q = 1. By Lemma 7.15, we have

‖fg‖1 =
∫

|f | · |g|dμ ≤ 1

p

∫
|f |p dμ + 1

q

∫
|g|q dμ

= 1

p
+ 1

q
= 1 = ‖f ‖p · ‖g‖q . �

Theorem 7.17 (Minkowski’s inequality) For p ∈ [1,∞] and f,g ∈ Lp(μ),

‖f + g‖p ≤ ‖f ‖p + ‖g‖p. (7.2)

Proof The case p = ∞ is trivial. Hence, let p ∈ [1,∞). The left-hand side in (7.2)
does not decrease if we replace f and g by |f | and |g|. Hence we may assume
f ≥ 0 and g ≥ 0 and (to avoid trivialities) ‖f + g‖p > 0.

Now (f + g)p ≤ 2p(f p ∨ gp) ≤ 2p(f p + gp); hence f + g ∈ Lp(μ). Apply
Hölder’s inequality to f · (f + g)p−1 and to g · (f + g)p−1 to get

‖f + g‖p
p =

∫
(f + g)p dμ =

∫
f (f + g)p−1 dμ +

∫
g(f + g)p−1 dμ

≤ ‖f ‖p · ∥∥(f + g)p−1
∥∥

q
+ ‖g‖p · ∥∥(f + g)p−1

∥∥
q

= (‖f ‖p + ‖g‖p

) · ‖f + g‖p−1
p .

Note that in the last step, we used the fact that p − p/q = 1. Dividing both sides by
‖f + g‖p−1

p yields (7.2). �

In Theorem 7.17, we verified the triangle inequality and hence that ‖ · ‖p is a
norm. Theorem 7.3 says that this norm is complete (i.e., every Cauchy sequence
converges). A complete normed vector space is called a Banach space. Summing
up, we have shown the following theorem.

Theorem 7.18 (Fischer–Riesz) (Lp(μ),‖ · ‖p) is a Banach space for every p ∈
[1,∞].

Exercise 7.2.1 Show Hölder’s inequality by applying Jensen’s inequality to the
function of Example 7.13.
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Exercise 7.2.2 Show Minkowski’s inequality by applying Jensen’s inequality to the
function of Example 7.14.

Exercise 7.2.3 Let X be a real random variable and let p,q ∈ (1,∞) with
1
p

+ 1
q

= 1. Show that X is in Lp(P) if and only if there exists a C < ∞ such
that |E[XY ]| ≤ C‖Y‖q for any bounded random variable Y .

7.3 Hilbert Spaces

In this section, we study the case p = 2 in more detail. The main goal is the repre-
sentation theorem for continuous linear functionals on Hilbert spaces due to Riesz
and Fréchet. This theorem is a cornerstone for a functional analytic proof of the
Radon–Nikodym theorem in Section 7.4.

Definition 7.19 Let V be a real vector space. A map 〈 ·, ·〉 : V × V → R is called
an inner product if:

(i) (Linearity) 〈x,αy + z〉 = α〈x, y〉 + 〈x, z〉 for all x, y, z ∈ V and α ∈R.
(ii) (Symmetry) 〈x, y〉 = 〈y, x〉 for all x, y ∈ V .

(iii) (Positive definiteness) 〈x, x〉 > 0 for all x ∈ V \ {0}.
If only (i) and (ii) hold and 〈x, x〉 ≥ 0 for all x, then 〈 ·, ·〉 is called a positive
semidefinite symmetric bilinear form, or a semi-inner product.

If 〈 ·, ·〉 is an inner product, then (V , 〈 ·, ·〉) is called a (real) Hilbert space if
the norm defined by ‖x‖ := 〈x, x〉1/2 is complete; that is, if (V ,‖ · ‖) is a Banach
space.

Definition 7.20 For f,g ∈ L2(μ), define

〈f,g〉 :=
∫

fg dμ.

For f̄ , ḡ ∈ L2(μ), define 〈f̄ , ḡ〉 := 〈f,g〉, where f ∈ f̄ and g ∈ ḡ.

Note that this definition is independent of the particular choices of the represen-
tatives of f and g.

Theorem 7.21 〈 ·, ·〉 is an inner product on L2(μ) and a semi-inner product on
L2(μ). In addition, ‖f ‖2 = 〈f,f 〉1/2.

Proof This is left as an exercise. �

As a corollary to Theorem 7.18, we get the following.

Corollary 7.22 (L2(μ), 〈 ·, ·〉) is a real Hilbert space.
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Lemma 7.23 If 〈 ·, ·〉 is a semi-inner product on the real vector space V , then
〈 ·, ·〉 : V ×V →R is continuous (with respect to the product topology of the topol-
ogy on V that is generated by the pseudo-metric d(x, y) = 〈x − y, x − y〉1/2).

Proof This is obvious. �

Definition 7.24 (Orthogonal complement) Let V be a real vector space with inner
product 〈 ·, ·〉. If W ⊂ V , then the orthogonal complement of W is the following
linear subspace of V :

W⊥ := {
v ∈ V : 〈v,w〉 = 0 for all w ∈ W

}
.

Theorem 7.25 (Orthogonal decomposition) Let (V , 〈 ·, ·〉) be a Hilbert space and
let W ⊂ V be a closed linear subspace. For any x ∈ V , there is a unique represen-
tation x = y + z where y ∈ W and z ∈ W⊥.

Proof Let x ∈ V and c := inf{‖x −w‖ : w ∈ W }. Further, let (wn)n∈N be a sequence

in W with ‖x − wn‖ n→∞−→ c. The parallelogram law yields

‖wm − wn‖2 = 2‖wm − x‖2 + 2‖wn − x‖2 − 4

∥∥∥∥1

2
(wm + wn) − x

∥∥∥∥
2

.

As W is linear, we have (wm + wn)/2 ∈ W ; hence ‖ 1
2 (wm + wn) − x‖ ≥ c. Thus

(wn)n∈N is a Cauchy sequence: ‖wm − wn‖ −→ 0 if m,n → ∞.
Since V is complete and W is closed, W is also complete; hence there is a y ∈ W

with wn
n→∞−→ y. Now let z := x − y. Then ‖z‖ = limn→∞ ‖wn − x‖ = c by conti-

nuity of the norm (Lemma 7.23).
Consider an arbitrary w ∈ W \ {0}. We define 
 := −〈z,w〉/‖w‖2 and get

y + 
w ∈ W ; hence

c2 ≤ ∥∥x − (y + 
w)
∥∥2 = ‖z‖2 + 
2‖w‖2 + 2
〈z,w〉 = c2 − 
2‖w‖2.

Concluding, we have 〈z,w〉 = 0 for all w ∈ W and thus z ∈ W⊥.
Uniqueness of the decomposition is easy: If x = y′ + z′ is an orthogonal decom-

position, then y − y′ ∈ W and z − z′ ∈ W⊥ as well as y − y′ + z − z′ = 0; hence

0 = ∥∥y − y′ + z − z′∥∥2

= ∥∥y − y′∥∥2 + ∥∥z − z′∥∥2 + 2
〈
y − y′, z − z′〉

= ∥∥y − y′∥∥2 + ∥∥z − z′∥∥2
,

whence y = y′ and z = z′. �
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Theorem 7.26 (Riesz–Fréchet representation theorem) Let (V , 〈 ·, ·〉) be a Hilbert
space and let F : V →R be a map. Then the following are equivalent.

(i) F is continuous and linear.
(ii) There is an f ∈ V with F(x) = 〈x,f 〉 for all x ∈ V .

The element f ∈ V in (ii) is uniquely determined.

Proof “(ii) =⇒ (i)” For any f ∈ V , by definition of the inner product, the map
x 
→ 〈x,f 〉 is linear. By Lemma 7.23, this map is also continuous.

“(i) =⇒ (ii)” If F ≡ 0, then choose f = 0. Now assume F is not identically
zero. As F is continuous, the kernel W := F−1({0}) is a closed (proper) linear
subspace of V . Let v ∈ V \ W and let v = y + z for y ∈ W and z ∈ W⊥ be the
orthogonal decomposition of v. Then z �= 0 and F(z) = F(v) − F(y) = F(v) �= 0.
Hence we can define u := z/F (z) ∈ W⊥. Clearly, F(u) = 1 and for any x ∈ V ,
we have F(x − F(x)u) = F(x) − F(x)F (u) = 0; hence x − F(x)u ∈ W and thus
〈x − F(x)u,u〉 = 0. Consequently, F(x) = 〈x,u〉/‖u‖2. Now define f := u/‖u‖2.
Then F(x) = 〈x,f 〉 for all x ∈ V .

“Uniqueness” Let 〈x,f 〉 = 〈x,g〉 for all x ∈ V . Letting x = f − g, we get 0 =
〈f − g,f − g〉; hence f = g. �

In the following section, we will need the representation theorem for the space
L2(μ), which, unlike L2(μ), is not a Hilbert space. However, with a little bit
of abstract nonsense, one can apply the preceding theorem to L2(μ). Recall that
N = {f ∈ L2(μ) : 〈f,f 〉 = 0} is the subspace of functions that equal zero almost
everywhere. Let L2(μ) = L2(μ)/N be the factor space. This is a special case of
the situation where (V , 〈 ·, ·〉) is a linear space with complete semi-inner product.
In this case, N := {v ∈ V : 〈v, v〉 = 0} and V0 = V/N := {f +N : f ∈ V }. Denote
〈v +N ,w +N 〉0 := 〈v,w〉 to obtain a Hilbert space (V0, 〈 ·, ·〉0).

Corollary 7.27 Let (V , 〈 ·, ·〉) be a linear vector space with complete semi-inner
product. The map F : V → R is continuous and linear if and only if there is an
f ∈ V with F(x) = 〈x,f 〉 for all x ∈ V .

Proof One implication is trivial. Hence, let F be continuous and linear. Then
F(0) = 0 since F is linear. Note that F(v) = F(0) = 0 for all v ∈ N since F is
continuous. Indeed, v lies in every open neighborhood of 0; hence F assumes at v

the same value as at 0. Thus F induces a continuous linear map F0 : V0 → R by
F0(x + N ) = F(x). By Theorem 7.26, there is an f + N ∈ V0 with F0(x + N ) =
〈x +N , f +N 〉0 for all x +N ∈ V0. However, F(x) = 〈x,f 〉 for all x ∈ V by the
definition of F0 and 〈 ·, ·〉0. �

Corollary 7.28 The map F : L2(μ) → R is continuous and linear if and only if
there is an f ∈ L2(μ) with F(g) = ∫

gf dμ for all g ∈ L2(μ).

Proof The space L2(μ) fulfills the conditions of Corollary 7.27. �
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Exercise 7.3.1 (Fourier series) For n ∈ N0, define Sn,Cn : [0,1] → [0,1] by
Sn(x) = √

2 sin(2πnx), Cn(x) = √
2 cos(2πnx). For two square summable se-

quences (an)n∈N and (bn)n∈N0 , let ha,b := b0 + ∑∞
n=1(anSn + bnCn). Further, let

W be the vector space of such ha,b .
Show the following:

(i) The functions C0, Sn,Cn, n ∈N form an orthogonal system in L2([0,1], λ).
(ii) The series defining ha,b converges in L2([0,1], λ).

(iii) W is a closed linear subspace of L2([0,1], λ).
(iv) W = L2([0,1], λ). More precisely, for any f ∈ L2([0,1], λ), there exist

uniquely defined square summable sequences (an)n∈N and (bn)n∈N0 such that
f = ha,b . Furthermore, ‖f ‖2

2 = b2
0 + ∑∞

n=1(a
2
n + b2

n).

Hint: Show (iv) first for step functions (see Exercise 4.2.6).

7.4 Lebesgue’s Decomposition Theorem

In this section, we employ the properties of Hilbert spaces that we derived in the
last section in order to decompose a measure into a singular part and a part that is
absolutely continuous, both with respect to a second given measure. Furthermore,
we show that the absolutely continuous part has a density. Let μ and ν be measures
on (Ω,A). By Definition 4.13, a measurable function f : Ω → [0,∞) is called a
density of ν with respect to μ if

ν(A) :=
∫

f 1A dμ for all A ∈A. (7.3)

On the other hand, for any measurable f : Ω → [0,∞), Eq. (7.3) defines a mea-
sure ν on (Ω,A). In this case, we also write

ν = f μ and f = dν

dμ
. (7.4)

For example, the normal distribution ν = N0,1 has the density f (x) = 1√
2π

e−x2/2

with respect to the Lebesgue measure μ = λ on R.
If g : Ω → [0,∞] is measurable, then (by Theorem 4.15)∫

g dν =
∫

gf dμ. (7.5)

Hence g ∈ L1(ν) if and only if gf ∈ L1(μ), and in this case (7.5) holds.
If ν = f μ, then ν(A) = 0 for all A ∈ A with μ(A) = 0. The situation is quite

the opposite for, e.g., the Poisson distribution μ = Poi
 with parameter 
 > 0 and
ν =N0,1. Here N0 ⊂R is a ν-null set with μ(R \N0) = 0. We say that ν is singular
to μ.

The main goal of this chapter is to show that an arbitrary σ -finite measure ν

on a measurable space (Ω,A) can be decomposed into a part that is singular to
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the σ -finite measure μ and a part that has a density with respect to μ (Lebesgue’s
decomposition theorem, Theorem 7.33).

Theorem 7.29 (Uniqueness of the density) Let ν be σ -finite. If f1 and f2 are den-
sities of ν with respect to μ, then f1 = f2 μ-almost everywhere. In particular, the
density dν

dμ
is unique up to equality μ-almost everywhere.

Proof Let En ↑ Ω with ν(En) < ∞, n ∈ N. Let An = En ∩ {f1 > f2} for n ∈ N.
Then ν(An) < ∞; hence

0 = ν(An) − ν(An) =
∫

An

(f1 − f2) dμ.

By Theorem 4.8(i), f21An = f11An μ-a.e. As f1 > f2 on An, we infer μ(An) = 0
and

μ
({f1 > f2}

) = μ

(⋃
n∈N

An

)
= 0.

Similarly, we get μ({f1 < f2}) = 0; hence f1 = f2 μ-a.e. �

Definition 7.30 Let μ and ν be two measures on (Ω,A).

(i) ν is called absolutely continuous with respect to μ (symbolically ν � μ) if

ν(A) = 0 for all A ∈ A with μ(A) = 0. (7.6)

The measures μ and ν are called equivalent (symbolically μ ≈ ν) if ν � μ

and μ � ν.
(ii) μ is called singular to ν (symbolically μ ⊥ ν) if there exists an A ∈ A such

that μ(A) = 0 and ν(Ω \ A) = 0.

Remark 7.31 Clearly, μ ⊥ ν ⇐⇒ ν ⊥ μ. ♦

Example 7.32

(i) Let μ be a measure on (R,B(R)) with density f with respect to the Lebesgue
measure λ. Then μ(A) = ∫

A
f dλ = 0 for every A ∈ A with λ(A) = 0; hence

μ � λ. If λ-almost everywhere f > 0, then μ(A) = ∫
A

f dλ > 0 if λ(A) > 0;
hence μ ≈ λ. If λ({f = 0}) > 0, then (since μ({f = 0}) = 0) λ �� μ.

(ii) Consider the Bernoulli distributions Berp and Berq for p,q ∈ [0,1]. If p ∈
(0,1), then Berq � Berp . If p ∈ {0,1}, then Berq � Berp if and only if p = q ,
and Berq ⊥ Berp if and only if q = 1 − p.

(iii) Consider the Poisson distributions Poiα and Poiβ for α,β ≥ 0. We have Poiα �
Poiβ if and only if β > 0 or α = 0.

(iv) Consider the infinite product measures (see Theorem 1.64) (Berp)⊗N and
(Berq)⊗N on Ω = {0,1}N. Then (Berp)⊗N ⊥ (Berq)⊗N if p �= q . Indeed, for
n ∈ N, let Xn((ω1,ω2, . . .)) = ωn be the projection of Ω to the nth coordi-
nate. Then under (Berr )⊗N the family (Xn)n∈N is independent and Bernoulli-
distributed with parameter r (see Example 2.18). By the strong law of large
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numbers, for any r ∈ {p,q}, there exists a measurable set Ar ⊂ Ω with
(Berr )⊗N(Ω \ Ar) = 0 and

lim
n→∞

1

n

n∑
i=1

Xi(ω) = r for all ω ∈ Ar.

In particular, Ap ∩ Aq = ∅ if p �= q and thus (Berp)⊗N ⊥ (Berq)⊗N. ♦

Theorem 7.33 (Lebesgue’s decomposition theorem) Let μ and ν be σ -finite mea-
sures on (Ω,A). Then ν can be uniquely decomposed into an absolutely continu-
ous part νa and a singular part νs (with respect to μ):

ν = νa + νs, where νa � μ and νs ⊥ μ.

νa has a density with respect to μ, and dνa

dμ
is A-measurable and finite μ-a.e.

Corollary 7.34 (Radon–Nikodym theorem) Let μ and ν be σ -finite measures on
(Ω,A). Then

ν has a density w.r.t. μ ⇐⇒ ν � μ.

In this case, dν
dμ

is A-measurable and finite μ-a.e. dν
dμ

is called the Radon–
Nikodym derivative of ν with respect to μ.

Proof One direction is trivial. Hence, let ν � μ. By Theorem 7.33, we get that
ν = νa has a density with respect to μ. �

Proof of Theorem 7.33 The idea goes back to von Neumann. We follow the exposi-
tion in [37].

By the usual exhaustion arguments, we can restrict ourselves to the case
where μ and ν are finite. By Theorem 4.19, the canonical inclusion i : L2(Ω,A,

μ + ν) ↪→ L1(Ω,A,μ + ν) is continuous. Since ν ≤ μ + ν, the linear functional
L2(Ω,A,μ + ν) → R, h 
→ ∫

hdν is continuous. By the Riesz–Fréchet theorem
(here Corollary 7.28), there exists a g ∈ L2(Ω,A,μ + ν) such that

∫
hdν =

∫
hg d(μ + ν) for all h ∈ L2(Ω,A,μ + ν) (7.7)

or equivalently
∫

f (1 − g)d(μ + ν) =
∫

f dμ for all f ∈ L2(Ω,A,μ + ν). (7.8)

If in (7.7) we choose h = 1{g<0}, then we get that (μ+ν)-almost everywhere g ≥ 0.
Similarly, with f = 1{g>1} in (7.8), we obtain that (μ+ν)-almost everywhere g ≤ 1.
Hence 0 ≤ g ≤ 1.
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Now let f ≥ 0 be measurable and let (fn)n∈N be a sequence of nonnegative
functions in L2(Ω,A,μ + ν) with fn ↑ f . By the monotone convergence theorem
(applied to the measure (1−g)(μ+ν); that is, the measure with density (1−g) with
respect to μ + ν), we obtain that (7.8) holds for all measurable f ≥ 0. Similarly, we
get (7.7) for all measurable h ≥ 0.

Let E := g−1({1}). If we let f = 1E in (7.8), then we get μ(E) = 0. Define the
measures νa and νs for A ∈A by

νa(A) := ν(A \ E) and νs(A) := ν(A ∩ E).

Clearly, ν = νa + νs and νs(Ω \ E) = 0; hence νs ⊥ μ. If now A ∩ E = ∅ and
μ(A) = 0, then

∫
1A dμ = 0. Hence, by (7.8), also

∫
A
(1 − g)d(μ + ν) = 0. On the

other hand, we have 1 − g > 0 on A; hence μ(A) + ν(A) = 0 and thus νa(A) =
ν(A) = 0. If, more generally, B is measurable with μ(B) = 0, then μ(B \ E) = 0;
hence, as shown above, νa(B) = νa(B \ E) = 0. Consequently, νa � μ and ν =
νa + νs is the decomposition we wanted to construct.

In order to obtain the density of νa with respect to μ, we define f := g
1−g

1Ω\E .
For any A ∈A, by (7.8) and (7.7) with h = 1A\E ,

∫
A

f dμ =
∫

A∩Ec

g d(μ + ν) = ν(A \ E) = νa(A).

Hence f = dνa

dμ
. �

Exercise 7.4.1 For every x ∈ (0,1], let x = (0, x1x2x3 . . .) := ∑∞
n=1 xn2−n be

the dyadic expansion (with lim supn→∞ xn = 1 for definiteness). Define a map
F : (0,1] → (0,1] by

F(x) = (0, x1x1x2x2x3x3 . . .) =
∞∑

n=1

3xn4−n.

Let U be a random variable that is uniformly distributed on (0,1] and denote by
μ := PU◦F−1 the distribution of F(U).

Show that the probability measure μ has a continuous distribution function and
that μ is singular to the Lebesgue measure λ

∣∣
(0,1].

Exercise 7.4.2 Let n ∈ N and p,q ∈ [0,1]. For which values of p and q do we have
bn,p � bn,q? Compute the Radon–Nikodym derivative dbn,p

dbn,q
.

7.5 Supplement: Signed Measures

In this section, we show the decomposition theorems for signed measures (Hahn,
Jordan) and deliver an alternative proof for Lebesgue’s decomposition theorem. We
owe some of the proofs to [89].
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Definition 7.35 Let μ and ν be two measures on (Ω,A). ν is called totally con-
tinuous with respect to μ if, for any ε > 0, there exists a δ > 0 such that for all
A ∈ A

μ(A) < δ implies ν(A) < ε. (7.9)

Remark 7.36 The definition of total continuity is similar to that of uniform inte-
grability (see Theorem 6.24(iii)), at least for finite μ. We will come back to this
connection in the framework of the martingale convergence theorem that will pro-
vide an alternative proof of the Radon–Nikodym theorem (Corollary 7.34). ♦

Theorem 7.37 Let μ and ν be measures on (Ω,A). If ν is totally continuous with
respect to μ, then ν � μ. If ν(Ω) < ∞, then the converse also holds.

Proof “ =⇒ ” Let ν be totally continuous with respect to μ. Let A ∈ A with
μ(A) = 0. For all ε > 0, by assumption, ν(A) < ε; hence ν(A) = 0 and thus ν � μ.

“ ⇐= ” Let ν be finite but not totally continuous with respect to μ. Then there
exist an ε > 0 and sets An ∈ A with μ(An) < 2−n but ν(An) ≥ ε for all n ∈ N.
Define

A := lim sup
n→∞

An =
∞⋂

n=1

∞⋃
k=n

Ak.

Then

μ(A) = lim
n→∞μ

( ∞⋃
k=n

Ak

)
≤ lim

n→∞

∞∑
k=n

μ(Ak) ≤ lim
n→∞

∞∑
k=n

2−k = 0.

Since ν is finite and upper semicontinuous (Theorem 1.36), we have

ν(A) = lim
n→∞ν

( ∞⋃
k=n

Ak

)
≥ inf

n∈Nν(An) ≥ ε > 0.

Thus ν �� μ. �

Example 7.38 In the converse implication of the theorem, the assumption of finite-
ness is essential. For example, let μ =N0,1 be the standard normal distribution on R

and let ν be the Lebesgue measure on R. Then ν has the density f (x) = √
2πex2/2

with respect to μ. In particular, we have ν � μ. On the other hand, μ([n,∞))
n→∞−→

0 and ν([n,∞)) = ∞ for any n ∈ N. Hence ν is not totally continuous with respect
to μ. ♦

Example 7.39 Let (Ω,A) be a measurable space and let μ and ν be finite measures
on (Ω,A). Denote by Z the set of finite partitions of Ω into pairwise disjoint mea-
surable sets. That is, Z ∈ Z is a finite subset of A such that the sets C ∈ Z are pair-
wise disjoint and

⋃
C∈Z C = Ω for all Z. For Z ∈Z , define a function fZ : Ω →R
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by

fZ(ω) =
∑

C∈Z:μ(C)>0

ν(C)

μ(C)
1C(ω).

We show that the following three statements are equivalent.

(i) The family (fZ : Z ∈ Z) is uniformly integrable in L1(μ) and
∫

fZ dμ = ν(Ω)

for any Z ∈Z .
(ii) ν � μ.

(iii) ν is totally continuous with respect to μ.

The equivalence of (ii) and (iii) was established in the preceding theorem. If (ii)
holds, then, for all Z ∈ Z ,

∫
fZ dμ =

∑
C∈Z:μ(C)>0

ν(C) = ν(Ω)

since ν(C) = 0 for those C that do not appear in the sum. Now fix ε > 0. Since (ii)
implies (iii), there is a δ′ > 0 such that ν(A) < ε/2 for all A ∈ A with μ(A) ≤ δ′.
Let K := ν(Ω)/δ′ and δ < ε/(2K). Then

μ

( ⋃
C∈Z:Kμ(C)≤ν(C)

C

)
=

∑
C∈Z:Kμ(C)≤ν(C)

μ(C) ≤ 1

K
ν(Ω) = δ′;

hence
∑

C∈Z:Kμ(C)≤ν(C)

ν(C) = ν

( ⋃
C∈Z:Kμ(C)≤ν(C)

C

)
<

ε

2
.

We conclude that for all A ∈A with μ(A) < δ,

∫
A

fZ dμ =
∑

C∈Z:μ(C)>0

μ(A ∩ C)
ν(C)

μ(C)

=
∑

0<Kμ(C)≤ν(C)

μ(A ∩ C)
ν(C)

μ(C)
+

∑
Kμ(C)>ν(C)

μ(A ∩ C)
ν(C)

μ(C)

≤ ε

2
+

∑
Kμ(C)>ν(C)

Kμ(A ∩ C) ≤ ε

2
+ Kμ(A) < ε.

Hence (fZ,Z ∈ Z) is uniformly integrable by Theorem 6.24(iii).
Now assume (i). If μ = 0, then

∫
f dμ = 0 for all f ; hence ν(Ω) = 0 and thus

ν � μ. Hence, let μ �= 0. Let A ∈ A with μ(A) = 0. Then Z = {A,Ac} ∈ Z and
fZ = 1Acν(Ac)/μ(Ac). By assumption, ν(Ω) = ∫

fZ dμ = ν(Ac); hence ν(A) = 0
and thus ν � μ. ♦
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Definition 7.40 (Signed measure) A set function ϕ : A → R is called a signed
measure on (Ω,A) if it is σ -additive; that is, if for any sequence of pairwise disjoint
sets A1,A2, . . . ∈A,

ϕ

( ∞⊎
n=1

An

)
=

∞∑
n=1

ϕ(An). (7.10)

The set of all signed measures will be denoted by M± = M±(Ω,A).

Remark 7.41

(i) If ϕ is a signed measure, then in (7.10) we automatically have absolute conver-
gence. Indeed, the value of the left-hand side does not change if we change the
order of the sets A1,A2, . . . . In order for this to hold for the right-hand side, by
Weierstraß’s theorem on rearrangements of series, the series has to converge
absolutely. In particular, for any sequence (An)n∈N of pairwise disjoint sets,
we have limn→∞

∑∞
k=n |ϕ(Ak)| = 0.

(ii) If ϕ ∈ M±, then ϕ(∅) = 0 since R � ν(∅) = ∑
n∈N ν(∅).

(iii) In general, ϕ ∈ M± is not σ -subadditive. ♦

Example 7.42 If μ+,μ− are finite measures, then ϕ := μ+ − μ− ∈ M±. We will
see that every signed measure has such a representation. ♦

Theorem 7.43 (Hahn’s decomposition theorem) Let ϕ be a signed measure. Then
there is a set Ω+ ∈ A with ϕ(A) ≥ 0 for all A ∈ A, A ⊂ Ω+ and ϕ(A) ≤ 0 for
all A ∈A, A ⊂ Ω− := Ω \ Ω+. Such a decomposition Ω = Ω− � Ω+ is called a
Hahn decomposition of Ω (with respect to ϕ).

Proof Let α := sup{ϕ(A) : A ∈ A}. We have to show that ϕ attains the maximum α;
that is, there exists an Ω+ ∈ A with ϕ(Ω+) = α. If this is the case, then α ∈ R and
for A ⊂ Ω+, A ∈ A, we would have

α ≥ ϕ
(
Ω+ \ A

) = ϕ
(
Ω+) − ϕ(A) = α − ϕ(A);

hence ϕ(A) ≥ 0. For A ⊂ Ω−, A ∈A, we would have ϕ(A) ≤ 0 since

α ≥ ϕ
(
Ω+ ∪ A

) = ϕ
(
Ω+) + ϕ(A) = α + ϕ(A).

We now construct Ω+ with ϕ(Ω+) = α. Let (An)n∈N be a sequence in A with
α = limn→∞ ϕ(An). Let A := ⋃∞

n=1 An. As each An could still contain “portions
with negative mass”, we cannot simply choose Ω+ = A. Rather, we have to peel off
the negative portions layer by layer.

Define A0
n := An, A1

n := A \ An, and let

Pn :=
{

n⋂
i=1

A
s(i)
i : s ∈ {0,1}n

}
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be the partition of A that is generated by A1, . . . ,An. Clearly, for any B,C ∈ Pn,
either B = C or B ∩ C = ∅ holds. In addition, we have

An =
⊎

B∈Pn

B⊂An

B.

Define

P−
n := {

B ∈ Pn : ϕ(B) < 0
}
, P+

n := Pn \P−
n

and

Cn :=
⋃

B∈P+
n

B.

Due to the finite additivity of ϕ, we have

ϕ(An) =
∑

B∈Pn

B⊂An

ϕ(B) ≤
∑

B∈P+
n

B⊂An

ϕ(B) ≤
∑

B∈P+
n

ϕ(B) = ϕ(Cn).

For m ≤ n, let En
m = Cm ∪ . . . ∪ Cn. Hence, for m < n, we have En

m \ En−1
m ⊂ Cn

and thus

En
m \ En−1

m =
⊎

B∈P+
n

B⊂En
m\En−1

m

B.

In particular, this implies ϕ(En
m \ En−1

m ) ≥ 0. For Em := ⋃
n≥m Cn, we also have

En
m ↑ Em (n → ∞) and

ϕ(Am) ≤ ϕ(Cm) = ϕ
(
Em

m

) ≤ ϕ
(
Em

m

) +
∞∑

n=m+1

ϕ
(
En

m \ En−1
m

)

= ϕ

(
Em

m ∪
∞⋃

n=m+1

(
En

m \ En−1
m

)) = ϕ

( ∞⋃
n=m

En
m

)
= ϕ(Em).

Now define Ω+ = ⋂∞
m=1 Em; hence Em ↓ Ω+. Then

ϕ(Em) = ϕ
(
Ω+ �

⊎
n≥m

(En \ En+1)
)

= ϕ
(
Ω+) +

∞∑
n=m

ϕ(En \ En+1)
m→∞−→ ϕ

(
Ω+)

.

In the last step, we used Remark 7.41(i). Summing up, we have

α = lim
m→∞ϕ(Am) ≤ lim

m→∞ϕ(Em) = ϕ
(
Ω+)

.

However, by definition, α ≥ ϕ(Ω+); hence α = ϕ(Ω+). This finishes the proof. �
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Corollary 7.44 (Jordan’s decomposition theorem) Assume ϕ ∈ M±(Ω,A) is a
signed measure. Then there exist uniquely determined finite measures ϕ+, ϕ− with
ϕ = ϕ+ − ϕ− and ϕ+ ⊥ ϕ−.

Proof Let Ω = Ω+ � Ω− be a Hahn decomposition. Define ϕ+(A) := ϕ(A ∩ Ω+)

and ϕ−(A) := −ϕ(A ∩ Ω−).
The uniqueness of the decomposition is trivial. �

Corollary 7.45 Let ϕ ∈ M±(Ω,A) and let ϕ = ϕ+ − ϕ− be the Jordan decompo-
sition of ϕ. Let Ω = Ω+ � Ω− be a Hahn decomposition of Ω . Then

‖ϕ‖T V := sup
{
ϕ(A) − ϕ(Ω \ A) : A ∈A

}
= ϕ

(
Ω+) − ϕ

(
Ω−)

= ϕ+(Ω) + ϕ−(Ω)

defines a norm on M±(Ω,A), the so-called total variation norm.

Proof We only have to show the triangle inequality. Let ϕ1, ϕ2 ∈ M±. Let Ω =
Ω+ � Ω− be a Hahn decomposition with respect to ϕ := ϕ1 + ϕ2 and let Ω =
Ω+

i � Ω−
i be a Hahn decomposition with respect to ϕi , i = 1,2. Then

‖ϕ1 + ϕ2‖T V = ϕ1
(
Ω+) − ϕ1

(
Ω−) + ϕ2

(
Ω+) − ϕ2

(
Ω−)

≤ ϕ1
(
Ω+

1

) − ϕ1
(
Ω−

1

) + ϕ2
(
Ω+

2

) − ϕ2
(
Ω−

2

)
= ‖ϕ1‖T V + ‖ϕ2‖T V . �

With a lemma, we prepare for an alternative proof of Lebesgue’s decomposition
theorem (Theorem 7.33).

Lemma 7.46 Let μ,ν be finite measures on (Ω,A) that are not mutually singular;
in short, μ �⊥ ν. Then there is an A ∈A with μ(A) > 0 and an ε > 0 with

εμ(E) ≤ ν(E) for all E ∈ A with E ⊂ A.

Proof For n ∈ N, let Ω = Ω+
n �Ω−

n be a Hahn decomposition for (ν − 1
n
μ) ∈ M±.

Define M := ⋂
n∈N Ω−

n . Clearly, (ν − 1
n
μ)(M) ≤ 0; hence ν(M) ≤ 1

n
μ(M) for all

n ∈ N and thus ν(M) = 0. Since μ �⊥ ν, we get μ(Ω \ M) = μ(
⋃

n∈N Ω+
n ) > 0.

Thus μ(Ω+
n0

) > 0 for some n0 ∈ N. Define A := Ω+
n0

and ε := 1
n0

. Then μ(A) > 0
and (ν − εμ)(E) ≥ 0 for all E ⊂ A, E ∈ A. �

Alternative proof of Theorem 7.33 We show only the existence of a decomposition.
By choosing a suitable sequence Ωn ↑ Ω , we can assume that ν is finite. Consider
the set of functions

G :=
{
g : Ω → [0,∞] : g is measurable and

∫
A

g dμ ≤ ν(A) for all A ∈A
}
,
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and define

γ := sup

{∫
g dμ : g ∈ G

}
.

Our aim is to find a maximal element f in G (i.e., an f for which
∫

f dμ = γ ). This
f will be the density of νa .

Clearly, 0 ∈ G; hence G �= ∅. Furthermore,

f,g ∈ G implies f ∨ g ∈ G. (7.11)

Indeed, letting E := {f ≥ g}, for all A ∈A, we have

∫
A

(f ∨ g)dμ =
∫

A∩E

f dμ +
∫

A\E
g dμ ≤ ν(A ∩ E) + ν(A \ E) = ν(A).

Choose a sequence (gn)n∈N in G such that
∫

gn dμ
n→∞−→ γ , and define the function

fn = g1 ∨ . . . ∨ gn. Now (7.11) implies fn ∈ G. Letting f := sup{fn : n ∈ N}, the
monotone convergence theorem yields

∫
A

f dμ = sup
n∈N

∫
A

fn dμ ≤ ν(A) for all A ∈A

(that is, f ∈ G), and

∫
f dμ = sup

n∈N

∫
fn dμ ≥ sup

n∈N

∫
gn dμ = γ.

Hence
∫

f dμ = γ ≤ ν(Ω). Now define, for any A ∈A,

νa(A) :=
∫

A

f dμ and νs(A) := ν(A) − νa(A).

By construction, νa � μ is a finite measure with density f with respect to μ. Since
f ∈ G, we have νs(A) = ν(A) − ∫

A
f dμ ≥ 0 for all A ∈ A, and thus also νs is a

finite measure. It remains to show νs ⊥ μ.
At this point we use Lemma 7.46. Assume that we had νs �⊥ μ. Then there would

be an ε > 0 and an A ∈ A with μ(A) > 0 such that εμ(E) ≤ νs(E) for all E ⊂ A,
E ∈ A. Then, for B ∈A, we would have

∫
B

(f + ε1A)dμ =
∫

B

f dμ + εμ(A ∩ B)

≤ νa(B) + νs(A ∩ B) ≤ νa(B) + νs(B) = ν(B).

In other words, (f + ε1A) ∈ G and thus
∫
(f + ε1A)dμ = γ + εμ(A) > γ , contra-

dicting the definition of γ . Hence in fact νs ⊥ μ. �
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Exercise 7.5.1 Let μ be a σ -finite measure on (Ω,A) and let ϕ be a signed measure
on (Ω,A). Show that, analogously to the Radon–Nikodym theorem, the following
two statements are equivalent:

(i) ϕ(A) = 0 for all A ∈ A with μ(A) = 0.
(ii) There is an f ∈ L1(μ) with ϕ = f μ; hence

∫
A

f dμ = ϕ(A) for all A ∈ A.

Exercise 7.5.2 Let μ,ν,α be finite measures on (Ω,A) with ν � μ � α.

(i) Show the chain rule for the Radon–Nikodym derivative:

dν

dα
= dν

dμ

dμ

dα
α-a.e.

(ii) Show that f := dν
d(μ+ν)

exists and that dν
dμ

= f
1−f

holds μ-a.e.

7.6 Supplement: Dual Spaces

By the Riesz–Fréchet theorem (Theorem 7.26), every continuous linear functional
F : L2(μ) → R has a representation F(g) = 〈f,g〉 for some f ∈ L2(μ). On the
other hand, for any f ∈ L2(μ), the map L2(μ) → R, g 
→ 〈f,g〉 is continuous
and linear. Hence L2(μ) is canonically isomorphic to its topological dual space
(L2(μ))′. This dual space is defined as follows.

Definition 7.47 (Dual space) Let (V ,‖ · ‖) be a Banach space. The dual space V ′
of V is defined by

V ′ := {F : V → R is continuous and linear}.
For F ∈ V ′, we define ‖F‖′ := sup{|F(f )| : ‖f ‖ = 1}.

Remark 7.48 As F is continuous, for any δ > 0, there exists an ε > 0 such that
|F(f )| < δ for all f ∈ V with ‖f ‖ < ε. Hence ‖F‖′ ≤ δ/ε < ∞. ♦

We are interested in the case V = Lp(μ) for p ∈ [1,∞] and write ‖F‖′
p for

the norm of F ∈ V ′. In the particular case V = L2(μ), by the Cauchy–Schwarz
inequality, we have ‖F‖′

2 = ‖f ‖2. This can be generalized:

Lemma 7.49 Let p,q ∈ [1,∞] with 1
p

+ 1
q

= 1. The canonical map

κ : Lq(μ) → (
Lp(μ)

)′

κ(f )(g) =
∫

fg dμ for f ∈ Lq(μ), g ∈ Lp(μ)

is an isometry; that is, ‖κ(f )‖′
p = ‖f ‖q .
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Proof We show equality by showing the two inequalities separately.
“≤” This follows from Hölder’s inequality.
“≥” For any admissible pair p,q and all f ∈ Lq(μ), g ∈ Lp(μ), by the def-

inition of the operator norm, ‖κ(f )‖′
p‖g‖p ≥ | ∫ fg dμ|. Define the sign func-

tion sign(x) = 1(0,∞)(x) − 1(−∞,0)(x). Replacing g by g̃ := |g| sign(f ) (note that
‖g̃‖p = ‖g‖p), we obtain

∥∥κ(f )
∥∥′

p
‖g‖p ≥

∣∣∣∣
∫

f g̃ dμ

∣∣∣∣ = ‖fg‖1. (7.12)

First consider the case q = 1 and f ∈ L1(μ). Applying (7.12) with g ≡ 1 ∈ L∞(μ)

yields ‖κ(f )‖′∞ ≥ ‖f ‖1.
Now let q ∈ (1,∞). Let g := |f |q−1. Since q−1

q
= 1

p
, we have

∥∥κ(f )
∥∥′

p
· ‖g‖p ≥ ‖fg‖1 = ∥∥|f |q∥∥

1 = ‖f ‖q
q = ‖f ‖q · ‖f ‖q−1

q = ‖f ‖q · ‖g‖p.

Finally, let q = ∞. Without loss of generality, assume ‖f ‖∞ ∈ (0,∞). Let
ε > 0. Then there exists an Aε ∈ A with 0 < μ(Aε) < ∞ such that

Aε ⊂ {|f | > (1 − ε)‖f ‖∞
}
.

If we let g = 1
μ(Aε)

1Aε , then ‖g‖1 = 1 and ‖κ(f )‖′
1 ≥ ‖fg‖1 ≥ (1 − ε)‖f ‖∞. �

Theorem 7.50 Let p ∈ [1,∞) and assume 1
p

+ 1
q

= 1. Then Lq(μ) is isomorphic

to its dual space (Lp(μ))′ by virtue of the isometry κ .

Proof The proof makes use of the Radon–Nikodym theorem (Corollary 7.34). How-
ever, here we only sketch the proof since we do not want to go into the details of
signed measures and signed contents. A signed content ν is an additive set function
that is the difference ν = ν+ − ν− of two finite contents. This definition is parallel
to that of a signed measure that is the difference of two finite measures.

As κ is an isometry, κ in particular is injective. Hence we only have to show that
κ is surjective. Let F ∈ (Lp(μ))′. Then ν(A) = F(1A) is a signed content on A and
we have ∣∣ν(A)

∣∣ ≤ ‖F‖′
p

(
μ(A)

)1/p
.

Since μ is ∅-continuous, ν is also ∅-continuous and is thus a signed measure on A.
We even have ν � μ. By the Radon–Nikodym theorem (Corollary 7.34) (applied to
the measures ν− and ν+; see Exercise 7.5.1), ν admits a density with respect to μ;
that is, a measurable function f with ν = f μ.

Let

Ef := {
g : g is a simple function with μ(g �= 0) < ∞}
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and let

E
+
f := {g ∈ Ef : g ≥ 0}.

Then, for g ∈ Ef ,

F(g) =
∫

gf dμ. (7.13)

In order to show that (7.13) holds for all g ∈ Lp(μ), we first show f ∈ Lq(μ). To
this end, we distinguish two cases.

Case 1: p = 1 For every α > 0,

μ
({|f | > α

}) ≤ 1

α
ν
({|f | > α

})

= 1

α
F(1{|f |>α}) ≤ 1

α
‖F‖′

1 · ‖1{|f |>α}‖1 = 1

α
‖F‖′

1 · μ({|f | > α
})

.

This implies μ({|f | > α}) = 0 if α > ‖F‖′
1; hence ‖f ‖∞ ≤ ‖F‖′

1 < ∞.
Case 2: p ∈ (1,∞) By Theorem 1.96, there are g1, g2, . . . ∈ E

+
f such that gn ↑ |f |

μ-a.e. Define hn = sign(f )(gn)
q−1 ∈ Ef ; hence

‖gn‖q
q ≤

∫
hnf dμ = F(hn)

≤ ‖F‖′
p · ‖hn‖p = ‖F‖′

p · (‖gn‖q

)q−1
.

Thus we have ‖gn‖q ≤ ‖F‖′
p . Monotone convergence (Theorem 4.20) now yields

‖f ‖q ≤ ‖F‖′
p < ∞; hence f ∈ Lq(μ).

Concluding, the map F̃ : g 
→ ∫
gf dμ is in (Lp(μ))′, and F̃ (g) = F(g) for

every g ∈ Ef . Since F̃ is continuous and Ef ⊂ Lp(μ) is dense, we get F̃ = F . �

Remark 7.51 For p = ∞, the statement of Theorem 7.50 is false in general. (For
finite A, the claim is trivially true even for p = ∞.) For example, let Ω = N,
A= 2Ω and let μ be the counting measure. Thus we consider sequence spaces �p =
Lp(N,2N,μ). For the subspace �K ⊂ �∞ of convergent sequences, F : �K → R,
(an)n∈N 
→ limn→∞ an is a continuous linear functional. By the Hahn–Banach the-
orem of functional analysis (see, e.g., [87] or [173]), F can be extended to a contin-
uous linear functional on �∞. However, clearly there is no sequence (bn)n∈N ∈ �1

with F((an)n∈N) = ∑∞
m=1 ambm. ♦

Exercise 7.6.1 Show that Ef ⊂ Lp(μ) is dense if p ∈ [1,∞).
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