
Chapter 17
Markov Chains

In spite of their simplicity, Markov processes with countable state space (and dis-
crete time) are interesting mathematical objects with which a variety of real-world
phenomena can be modeled. We give an introduction to the basic concepts and then
study certain examples in more detail. The connection with discrete potential the-
ory will be investigated later, in Chapter 19. Some readers might prefer to skip the
somewhat technical construction of general Markov processes in Section 17.1.

There is a vast literature on Markov chains. For further reading, see, e.g., [21, 27,
64, 66, 91, 116, 123, 124, 143, 152].

17.1 Definitions and Construction

In the following, E is always a Polish space with Borel σ -algebra B(E), I ⊂R and
(Xt )t∈I is an E-valued stochastic process. We assume that (Ft )t∈I = F = σ(X) is
the filtration generated by X.

Definition 17.1 We say that X has the Markov property (MP) if, for every A ∈
B(E) and all s, t ∈ I with s ≤ t ,

P[Xt ∈ A | Fs] = P[Xt ∈ A | Xs].

Remark 17.2 If E is a countable space, then X has the Markov property if
and only if, for all n ∈ N, all s1 < . . . < sn < t and all i1, . . . , in, i ∈ E with
P[Xs1 = i1, . . . ,Xsn = in] > 0, we have

P[Xt = i | Xs1 = i1, . . . ,Xsn = in] = P[Xt = i | Xsn = in]. (17.1)

In fact, (17.1) clearly implies the Markov property. On the other hand, if X has
the Markov property, then (see (8.6)) P[Xt = i | Xsn](ω) = P[Xt = i | Xsn = in]
for almost all ω ∈ {Xsn = in}. Hence, for A := {Xs1 = i1, . . . ,Xsn = in} (using the
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Markov property in the second equation),

P[Xt = i,Xs1 = i1, . . . ,Xsn = in]
= E

[
E[1{Xt=i} | Fsn]1A

]= E
[
E[1{Xt=i} | Xsn]1A

]

= E
[
P[Xt = i | Xsn = in]1A

]= P[Xt = i | Xsn = in]P[A].
Dividing both sides by P[A] yields (17.1). ♦

Definition 17.3 Let I ⊂ [0,∞) be closed under addition and assume 0 ∈ I .
A stochastic process X = (Xt )t∈I is called a time-homogeneous Markov process
with distributions (Px)x∈E on the space (Ω,A) if:

(i) For every x ∈ E, X is a stochastic process on the probability space (Ω,A,Px)

with Px[X0 = x] = 1.
(ii) The map κ : E ×B(E)⊗I → [0,1], (x,B) �→ Px[X ∈ B] is a stochastic kernel.

(iii) X has the time-homogeneous Markov property (MP): For every A ∈ B(E),
every x ∈ E and all s, t ∈ I , we have

Px[Xt+s ∈ A |Fs] = κt (Xs,A) Px-a.s.

Here, for every t ∈ I , the transition kernel κt : E × B(E) → [0,1] is the
stochastic kernel defined for x ∈ E and A ∈ B(E) by

κt (x,A) := κ
(
x,
{
y ∈ EI : y(t) ∈ A

})= Px[Xt ∈ A].
The family (κt (x,A), t ∈ I, x ∈ E,A ∈ B(E)) is also called the family of tran-
sition probabilities of X.

We write Ex for expectation with respect to Px , Lx[X] = Px and Lx[X | F] =
Px[X ∈ · | F] (for a regular conditional distribution of X given F ).

If E is countable, then X is called a discrete Markov process.
In the special case I = N0, X is called a Markov chain. In this case, κn is called

the family of n-step transition probabilities.

Remark 17.4 We will see that the existence of the transition kernels (κt ) implies the
existence of the kernel κ . Thus, a time-homogeneous Markov process is simply a
stochastic process with the Markov property and for which the transition probabili-
ties are time-homogeneous. Although it is sometimes convenient to allow also time-
inhomogeneous Markov processes, for a wide range of applications it is sufficient to
consider time-homogeneous Markov processes. We will not go into the details but
will henceforth assume that all Markov processes are time-homogeneous. ♦

In the following, we will use the somewhat sloppy notation PXs [X ∈ ·] :=
κ(Xs, ·). That is, we understand Xs as the initial value of a second Markov pro-
cess with the same distributions (Px)x∈E .
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Example 17.5 Let Y1, Y2, . . . be i.i.d. Rd -valued random variables and let

Sx
n = x +

n∑

i=1

Yi for x ∈R
d and n ∈ N0.

Define probability measures Px on ((Rd)N0 , (B(Rd))⊗N0) by Px = P ◦ (Sx)−1.
Then the canonical process Xn : (Rd)N0 → R

d is a Markov chain with distri-
butions (Px)x∈Rd . The process X is called a random walk on R

d with initial
value x. ♦

Example 17.6 In the previous example, it is simple to pass to continuous time; that
is, I = [0,∞). To this end, let (νt )t≥0 be a convolution semigroup on R

d and let
κt (x, dy) = δx ∗ νt (dy). In Theorem 14.47, for every x ∈ R

d , we constructed a
measure Px on ((Rd)[0,∞),B(Rd)⊗[0,∞)) with

Px ◦ (X0,Xt1, . . . ,Xtn)
−1 = δx ⊗

n−1⊗

i=0

κtn+1−tn

for any choice of finitely many points 0 = t0 < t1 < . . . < tn. It is easy to check that
the map κ : Rd × B(Rd)⊗[0,∞), (x,A) �→ Px[A] is a stochastic kernel. The time-
homogeneous Markov property is immediate from the fact that the increments are
independent and stationary. ♦

Example 17.7 (See Example 9.5 and Theorem 5.36.) Let θ > 0 and νθ
t ({k}) =

e−θt tkθk

k! , k ∈ N0, the convolution semigroup of the Poisson distribution. The
Markov process X on N0 with this semigroup is called a Poisson process with
(jump) rate θ . ♦

As in Example 17.6, we will construct a Markov process for a more general
Markov semigroup of stochastic kernels.

Theorem 17.8 Let I ⊂ [0,∞) be closed under addition and let (κt )t∈I be a
Markov semigroup of stochastic kernels from E to E. Then there is a measurable
space (Ω,A) and a Markov process ((Xt )t∈I , (Px)x∈E) on (Ω,A) with transition
probabilities

Px[Xt ∈ A] = κt (x,A) for all x ∈ E, A ∈ B(E), t ∈ I. (17.2)

Conversely, for every Markov process X, Eq. (17.2) defines a semigroup of
stochastic kernels. By (17.2), the finite-dimensional distributions of X are uniquely
determined.

Proof “=⇒” We construct X as a canonical process. Let Ω = E[0,∞) and A =
B(E)⊗[0,∞). Further, let Xt be the projection on the t th coordinate. For x ∈ E,
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define (see Corollary 14.43) on (Ω,A) the probability measure Px such that, for
finitely many time points 0 = t0 < t1 < . . . < tn, we have

Px ◦ (Xt0, . . . ,Xtn)
−1 = δx ⊗

n−1⊗

i=0

κti+1−ti .

Then

Px[Xt0 ∈ A0, . . . ,Xtn ∈ An]

=
∫

An−1

Px[Xt0 ∈ A0, . . . ,Xtn−2 ∈ An−2,Xtn−1 ∈ dxn−1]

× κtn−tn−1(xn−1,An);
hence Px[Xtn ∈ An | Ftn−1] = κtn−tn−1(Xtn−1 ,An). Thus X is recognized as a
Markov process. Furthermore, we have Px[Xt ∈ A] = (δx · κt )(A) = κt (x,A).

“⇐=” Now let (X, (Px)x∈E) be a Markov process. Then a stochastic kernel κt is
defined by

κt (x,A) := Px[Xt ∈ A] for all x ∈ E,A ∈ B(E), t ∈ I.

By the Markov property, we have

κt+s(x,A) = Px[Xt+s ∈ A] = Ex

[
PXs [Xt ∈ A]]

=
∫

Px[Xs ∈ dy]Py[Xt ∈ A]

=
∫

κs(x, dy)κt (y,A) = (κs · κt )(x,A).

Hence (κt )t∈I is a Markov semigroup. �

Theorem 17.9 A stochastic process X = (Xt )t∈I is a Markov process if and only
if there exists a stochastic kernel κ : E × B(E)⊗I → [0,1] such that, for every
bounded B(E)⊗I −B(R)-measurable function f : EI → R and for every s ≥ 0 and
x ∈ E, we have

Ex

[
f
(
(Xt+s)t∈I

) ∣∣Fs

]= EXs

[
f (X)

] :=
∫

EI

κ(Xs, dy)f (y). (17.3)

Proof “⇐=” The time-homogeneous Markov property follows by (17.3) with the
function f (y) = 1A(y(t)) since PXs [Xt ∈ A] = Px[Xt+s ∈ A | Fs] = κt (Xs,A).

“=⇒” By the usual approximation arguments, it is enough to consider functions
f that depend only on finitely many coordinates 0 ≤ t1 ≤ t2 ≤ . . . ≤ tn. We perform
the proof by induction on n.

For n = 1 and f an indicator function, this is the (time-homogeneous) Markov
property. For general measurable f , the statement follows by the usual approxima-
tion arguments.
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Now assume the claim is proved for n ∈ N. Again it suffices to assume that
f is an indicator function of the type f (x) = 1B1×...×Bn+1 l(xt1, . . . , xtn+1) (with
B1, . . . ,Bn+1 ∈ B(E)). Using the Markov property (third and fifth equalities in the
following equation) and the induction hypothesis (fourth equality), we get

Ex

[
f
(
(Xt+s)t≥0

) ∣∣Fs

]

= Ex

[
Ex

[
f
(
(Xt+s)t≥0

) ∣∣Ftn+s

] ∣∣Fs

]

= Ex

[
Ex[1{Xtn+1+s∈Bn+1} |Ftn+s]1B1(Xt1+s) . . .1Bn(Xtn+s)

∣
∣Fs

]

= Ex

[
PXtn+s [Xtn+1−tn ∈ Bn+1]1B1(Xt1+s) . . .1Bn(Xtn+s)

∣
∣Fs

]

= EXs

[
PXtn

[Xtn+1−tn ∈ Bn+1]1B1(Xt1) . . .1Bn(Xtn)
]

= EXs

[
PX0[Xtn+1 ∈ Bn+1 | Ftn]1B1(Xt1) . . .1Bn(Xtn)

]

= EXs

[
PX0[Xt1 ∈ B1, . . . ,Xtn+1 ∈ Bn+1 |Ftn ]

]

= EXs

[
f (X)

]
. �

Corollary 17.10 A stochastic process (Xn)n∈N0 is a Markov chain if and only if

Lx

[
(Xn+k)n∈N0

∣∣Fk

]= LXk

[
(Xn)n∈N0

]
for every k ∈N0. (17.4)

Proof If the conditional distributions exist, then, by Theorem 17.9, the equation
(17.4) is equivalent to X being a Markov chain. Hence we only have to show that
the conditional distributions exist.

Since E is Polish, EN0 is also Polish and we have B(EN0) = B(E)⊗N0 (see The-
orem 14.8). Hence, by Theorem 8.37, there exists a regular conditional distribution
of (Xn+k)n∈N0 given Fk . �

Theorem 17.11 Let I = N0. If (Xn)n∈N0 is a stochastic process with distributions
(Px, x ∈ E), then the Markov property in Definition 17.3(iii) is implied by the exis-
tence of a stochastic kernel κ1 : E ×B(E) → [0,1] with the property that for every
A ∈ B(E), every x ∈ E and every s ∈ I , we have

Px[Xs+1 ∈ A | Fs] = κ1(Xs,A). (17.5)

In this case, the n-step transition kernels κn can be computed inductively by

κn = κn−1 · κ1 =
∫

E

κn−1( ·, dx)κ1(x, ·).

In particular, the family (κn)n∈N is a Markov semigroup and the distribution X is
uniquely determined by κ1.

Proof In Theorem 17.9, let ti = i for every i ∈ N0. For the proof of that theorem,
only (17.5) was needed. �
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The (time-homogeneous) Markov property of a process means that, for fixed
time t , the future (after t) depends on the past (before t) only via the present (that
is, via the value Xt ). We can generalize this concept by allowing random times τ

instead of fixed times t .

Definition 17.12 Let I ⊂ [0,∞) be closed under addition. A Markov process
(Xt )t∈I with distributions (Px, x ∈ E) has the strong Markov property if, for ev-
ery a.s. finite stopping time τ , every bounded B(E)⊗I −B(R) measurable function
f : EI →R and every x ∈ E, we have

Ex

[
f
(
(Xτ+t )t∈I

) ∣∣Fτ

]= EXτ

[
f (X)

] :=
∫

EI

κ(Xτ , dy)f (y). (17.6)

Remark 17.13 If I is countable, then the strong Markov property holds if and only
if, for every almost surely finite stopping time τ , we have

Lx

[
(Xτ+t )t∈N0

∣∣Fτ

]= LXτ

[
(Xt )t∈N0

] := κ(Xτ , ·). (17.7)

This follows just as in Corollary 17.10. ♦

Most Markov processes one encounters have the strong Markov property. In par-
ticular, for countable time sets, the strong Markov property follows from the Markov
property. For continuous time, however, in general, some work has to be done to es-
tablish the strong Markov property.

Theorem 17.14 If I ⊂ [0,∞) is countable and closed under addition, then ev-
ery Markov process (Xn)n∈I with distributions (Px)x∈E has the strong Markov
property.

Proof Let f : EI → R be measurable and bounded. Then, for every s ∈ I , the ran-
dom variable 1{τ=s}Ex[f ((Xs+t )t∈I ) | Fτ ] is measurable with respect to Fs . Using
the tower property of the conditional expectation and Theorem 17.9 in the third
equality, we thus get

Ex

[
f
(
(Xτ+t )t∈I

) ∣∣Fτ

]=
∑

s∈I

1{τ=s}Ex

[
f
(
(Xs+t )t∈I

) ∣∣Fτ

]

=
∑

s∈I

Ex

[
1{τ=s}Ex

[
f
(
(Xs+t )t∈I

) ∣∣Fs

] ∣∣Fτ

]

=
∑

s∈I

Ex

[
1{τ=s}EXs

[
f
(
(Xt )t∈I

)] ∣∣Fτ

]

= EXτ

[
f
(
(Xt )t∈I

)]
. �

As a simple application of the strong Markov property, we show the reflection
principle for random walks.
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Theorem 17.15 (Reflection principle) Let Y1, Y2, . . . be i.i.d. real random vari-
ables with symmetric distribution L[Y1] = L[−Y1]. Define X0 = 0 and Xn :=
Y1 + . . . + Yn for n ∈ N. Then, for every n ∈ N0 and a > 0,

P
[

sup
m≤n

Xm ≥ a
]

≤ 2P[Xn ≥ a] − P[Xn = a]. (17.8)

If we have P[Y1 ∈ {−1,0,1}] = 1, then for a ∈ N equality holds in (17.8).

Proof Let a > 0 and n ∈N. Define the time of first excess of a (truncated at (n+1)),

τ := inf{m ≥ 0 : Xm ≥ a} ∧ (n + 1).

Then τ is a bounded stopping time and

sup
m≤n

Xm ≥ a ⇐⇒ τ ≤ n.

Let f (m,X) = 1{m≤n}(1{Xn−m>a} + 1
21{Xn−m=a}). Then

f
(
τ, (Xτ+m)m∈N0

)= 1{τ≤n}
(

1{Xn>a} + 1

2
1{Xn=a}

)
.

The strong Markov property of X yields

E0
[
f
(
τ, (Xτ+m)m≥0

) ∣∣Fτ

]= ϕ(τ,Xτ ),

where ϕ(m,x) = Ex[f (m,X)]. (Recall that Ex denotes the expectation for X if
X0 = x.)

Due to the symmetry of Yi , we have

ϕ(m,x)

⎧
⎪⎨

⎪⎩

≥ 1
2 , if m ≤ n and x ≥ a,

= 1
2 , if m ≤ n and x = a,

= 0, m > n.

Hence

{τ ≤ n} = {τ ≤ n} ∩ {Xτ ≥ a} ⊂
{
ϕ(τ,Xτ ) ≥ 1

2

}
∩ {τ ≤ n}

= {
ϕ(τ,Xτ ) > 0

}∩ {τ ≤ n}.
Now (17.8) is implied by

P[Xn > a] + 1

2
P[Xn = a] = E

[
f
(
τ, (Xτ+m)m≥0

)]

= E0
[
ϕ(τ,Xτ )1{τ≤n}

]≥ 1

2
P0[τ ≤ n]. (17.9)
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Now assume P[Y1 ∈ {−1,0,1}] = 1 and a ∈ N. Then Xτ = a if τ ≤ n. Hence

{
ϕ(τ,Xτ ) > 0

}∩ {τ ≤ n} =
{
ϕ(τ,Xτ ) = 1

2

}
∩ {τ ≤ n}.

Thus, in the last step of (17.9), equality holds and hence also in (17.8). �

Exercise 17.1.1 Let I ⊂ R and let X = (Xt )t∈I be a stochastic process. For t ∈ I ,
define the σ -algebras that code the past before t and the future beginning with t by

F≤t := σ(Xs : s ∈ I, s ≤ t) and F≥t := σ(Xs : s ∈ I, s ≥ t).

Show that X has the Markov property if and only if, for every t ∈ I , the σ -algebras
F≤t and F≥t are independent given σ(Xt ) (compare Definition 12.20).

In other words, a process has the (possibly time-inhomogeneous) Markov prop-
erty if and only if past and future are independent given the present.

17.2 Discrete Markov Chains: Examples

Let E be countable and I = N0. By Definition 17.3, a Markov process X =
(Xn)n∈N0 on E is a discrete Markov chain (or Markov chain with discrete state
space).

If X is a discrete Markov chain, then (Px)x∈E is determined by the transition
matrix

p = (
p(x, y)

)
x,y∈E

:= (
Px[X1 = y])

x,y∈E
.

The n-step transition probabilities

p(n)(x, y) := Px[Xn = y]
can be computed as the n-fold matrix product

p(n)(x, y) = pn(x, y),

where

pn(x, y) =
∑

z∈E

pn−1(x, z)p(z, y)

and where p0 = I is the unit matrix.
By induction, we get the Chapman–Kolmogorov equation (see (14.14)) for all

m,n ∈ N0 and x, y ∈ E,

p(m+n)(x, y) =
∑

z∈E

p(m)(x, z)p(n)(z, y). (17.10)



17.2 Discrete Markov Chains: Examples 359

Definition 17.16 A matrix (p(x, y))x,y∈E with nonnegative entries and with

∑

y∈E

p(x, y) = 1 for all x ∈ E

is called a stochastic matrix on E.

A stochastic matrix is essentially a stochastic kernel from E to E. In Theo-
rem 17.8 we saw that, for the semigroup of kernels (pn)n∈N, there exists a unique
discrete Markov chain whose transition probabilities are given by p. The arguments
we gave there were rather abstract. Here we give a construction for X that could
actually be used to implement a computer simulation of X.

Let (Rn)n∈N0 be an independent family of random variables with values in EE

and with the property

P
[
Rn(x) = y

]= p(x, y) for all x, y ∈ E. (17.11)

For example, choose (Rn(x), x ∈ E,n ∈ N) as an independent family of random
variables with values in E and distributions

P
[
Rn(x) = y

]= p(x, y) for all x, y ∈ E and n ∈N0.

Note, however, that in (17.11) we have required neither independence of the random
variables (Rn(x), x ∈ E) nor that all Rn had the same distribution. Only the one-
dimensional marginal distributions are determined. In fact, in many applications it
is useful to have subtle dependence structures in order to couple Markov chains with
different initial chains. We pick up this thread again in Section 18.2.

For x ∈ E, define

Xx
0 = x and Xx

n = Rn

(
Xx

n−1

)
for n ∈ N.

Finally, let Px := L[Xx] be the distribution of Xx . Recall that this is a probability
measure on the space of sequences (EN0,B(E)⊗N0).

Theorem 17.17

(i) With respect to the distribution (Px)x∈E , the canonical process X on
(EN0,B(E)⊗N0) is a Markov chain with transition matrix p.

(ii) In particular, to any stochastic matrix p, there corresponds a unique discrete
Markov chain X with transition probabilities p.

Proof “(ii)” This follows from (i) since Theorem 17.11 yields uniqueness of X.



360 17 Markov Chains

“(i)” For n ∈N0 and x, y, z ∈ E, by construction,

Px[Xn+1 = z |Fn,Xn = y] = P
[
Xx

n+1 = z
∣∣ σ(Rm,m ≤ n),Xx

n = y
]

= P
[
Rn+1

(
Xx

n

)= z
∣∣ σ(Rm,m ≤ n),Xx

n = y
]

= P
[
Rn+1(y) = z

]

= p(y, z).

Hence, by Theorem 17.11, X is a Markov chain with transition matrix p. �

Example 17.18 (Random walk on Z) Let E = Z, and assume

p(x, y) = p(0, y − x) for all x, y ∈ Z.

In this case, we say that p is translation invariant. A discrete Markov chain X with

transition matrix p is a random walk on Z. Indeed, Xn
D= X0 +Z1 + . . .+Zn, where

(Zn)n∈N are i.i.d. with P[Zn = x] = p(0, x).
The Rn that we introduced in the explicit construction are given by Rn(x) :=

x + Zn. ♦

Example 17.19 (Computer simulation) Consider the situation where the state space
E = {1, . . . , k} is finite. The aim is to simulate a Markov chain X with transition ma-
trix p on a computer. Assume that the computer provides a random number genera-
tor that generates an i.i.d. sequence (Un)n∈N of random variables that are uniformly
distributed on [0,1]. (Of course, this is wishful thinking. But modern random num-
ber generators produce sequences that for many purposes are close enough to really
random sequences.)

Define r(i,0) = 0, r(i, j) = p(i,1) + . . . + p(i, j) for i, j ∈ E, and define Yn by

Rn(i) = j ⇐⇒ Un ∈ [r(i, j − 1), r(i, j)
)
.

Then, by construction, P[Rn(i) = j ] = r(i, j) − r(i, j − 1) = p(i, j). ♦

Example 17.20 (Branching process as a Markov chain) We want to understand
the Galton–Watson branching process (see Definition 3.9) as a Markov chain on
E =N0.

To this end, let (qk)k∈N0 be a probability vector, the offspring distribution of one
individual. Define q∗0

k = 1{0}(k) and

q∗n
k =

k∑

l=0

q
∗(n−1)
k−l ql for n ∈N

as the n-fold convolutions of q . Hence, for n individuals, q∗n
k is the probability to

have exactly k offspring. Finally, define the matrix p by p(x, y) = q∗x
y for x, y ∈N0.
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Now let (Yn,i , n ∈ N0, i ∈ N0) be i.i.d. with P[Yn,i = k] = qk . For x ∈ N0, define
the branching process X with x ancestors and offspring distribution q by X0 = x

and Xn :=∑Xn−1
i=1 Yn−1,i . In order to show that X is a Markov chain, we compute

P[Xn = xn | X0 = x,X1 = x1, . . . ,Xn−1 = xn−1]
= P[Yn−1,1 + . . . + Yn−1,xn−1 = xn]
= P∗xn−1

Y1,1

({xn}
)= q

∗xn−1
xn

= p(xn−1, xn).

Hence X is a Markov chain on N0 with transition matrix p. ♦

Example 17.21 (Wright’s evolution model) In population genetics, Wright’s evolu-
tion model [171] describes the hereditary transmission of a genetic trait with two
possible specifications (say A and B); for example, resistance/no resistance to a
specific antibiotic. It is assumed that the population has a constant size of N ∈ N

individuals and the generations change at discrete times and do not overlap. Fur-
thermore, for simplicity, the individuals are assumed to be haploid; that is, cells
bear only one copy of each chromosome (like certain protozoans do) and not two
copies (as in mammals).

Here we consider the case where none of the traits is favored by selection. Hence,
it is assumed that each individual of the new generation chooses independently and
uniformly at random one individual of the preceding generation as ancestor and
becomes a perfect clone of that. Thus, if the number of individuals of type A in the
current generation is k ∈ {0, . . . ,N}, then in the new generation it will be random
and binomially distributed with parameters N and k/N .

The gene frequencies k/N in this model can be described by a Markov chain X

on E = {0,1/N, . . . , (N − 1)/N,1} with transition matrix p(x, y) = bN,x({Ny}).
Note that X is a (bounded) martingale. Hence, by the martingale convergence theo-
rem (Theorem 11.7), X converges Px -almost surely to a random variable X∞ with
Ex[X∞] = Ex[X0] = x. As with the voter model (see Example 11.16) that is closely
related to Wright’s model, we can argue that the limit X∞ can take only the stable
values 0 and 1. That is, Px[limn→∞ Xn = 1] = x = 1 − Px[limn→∞ Xn = 0]. ♦

Example 17.22 (Discrete Moran model) In contrast to Wright’s model, the Moran
model also allows overlapping generations. The situation is similar to that of
Wright’s model; however, now in each time step, only (exactly) one individual gets
replaced by a new one, whose type is chosen at random from the whole population.

As the new and the old types of the replaced individual are independent, as a
model for the gene frequencies, we obtain a Markov chain X on E = {0, 1

N
, . . . ,1}

with transition matrix

p(x, y) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x(1 − x), if y = x + 1/N,

x2 + (1 − x)2, if y = x,

x(1 − x), if y = x − 1/N,

0, else.
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Here also, X is a bounded martingale and we can compute the square variation
process,

〈X〉n =
n∑

i=1

E
[
(Xi − Xi−1)

2
∣∣Xi−1

]= 2

N2

n−1∑

i=0

Xi(1 − Xi). (17.12)

♦

Exercise 17.2.1 (Discrete martingale problem) Let E ⊂ R be countable and let X

be a Markov chain on E with transition matrix p and with the property that, for
any x, there are at most three choices for the next step; that is, there exists a set
Ax ⊂ E of cardinality 3 with p(x, y) = 0 for all y ∈ E \Ax . Let d(x) :=∑

y∈E(y −
x)p(x, y) for x ∈ E.

(i) Show that Mn := Xn −∑n−1
k=0 d(Xk) defines a martingale M with square vari-

ation process 〈M〉n =∑n−1
i=0 f (Xi) for a unique function f : E → [0,∞).

(ii) Show that the transition matrix p is uniquely determined by f and d .
(iii) For the Moran model (Example 17.22), use the explicit form (17.12) of the

square variation process to compute the transition matrix.

17.3 Discrete Markov Processes in Continuous Time

Let E be countable and let (Xt )t∈[0,∞) be a Markov process on E with transition
probabilities pt (x, y) = Px[Xt = y] (for x, y ∈ E). (Some authors call such a pro-
cess a Markov chain in continuous time.)

Let x, y ∈ E with x �= y. We say that X jumps with rate q(x, y) from x to y if
the following limit exists:

q(x, y) := lim
t↓0

1

t
Px[Xt = y].

Henceforth we assume that the limit q(x, y) exists for all y �= x and that
∑

y �=x

q(x, y) < ∞ for all x ∈ E. (17.13)

Then we define

q(x, x) = −
∑

y �=x

q(x, y). (17.14)

Finally we assume that (which is equivalent to exchangeability of the limit and the
sum over y �= x in the display preceding (17.13))

lim
t↓0

1

t

(
Px[Xt = y] − 1{x=y}

)= q(x, y) for all x, y ∈ E. (17.15)

Definition 17.23 If (17.13), (17.14) and (17.15) hold, then q is called the Q-matrix
of X. Sometimes q is also called the generator of the semigroup (pt )t≥0.
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Example 17.24 (Poisson process) The Poisson process with rate α > 0 (compare
Section 5.5) has the Q-matrix q(x, y) = α(1{y=x+1} − 1{y=x}). ♦

Theorem 17.25 Let q be an E × E matrix such that q(x, y) ≥ 0 for all x, y ∈ E

with x �= y. Assume that (17.13) and (17.14) hold and that

λ := sup
x∈E

∣∣q(x, x)
∣∣< ∞. (17.16)

Then q is the Q-matrix of a unique Markov process X.

Intuitively, (17.15) suggests that we define pt = etq in a suitable sense. Then,
formally, q = d

dt
pt

∣
∣
t=0. The following proof shows that this formal argument can

be made rigorous.

Proof Let I be the unit matrix on E. Define

p(x, y) = 1

λ
q(x, y) + I (x, y) for x, y ∈ E,

if λ > 0 and p = I otherwise. Then p is a stochastic matrix and q = λ(p − I ).
Let ((Yn)n∈N0 , (P

Y
x )x∈E) be a discrete Markov chain with transition matrix p and

let ((Tt )t≥0, (PT
n )n∈N0) be a Poisson process with rate λ. Let Xt := YTt and Px =

PY
x ⊗ PT

0 . Then X := ((Xt )t≥0, (Px)x∈E) is a Markov process and

pt(x, y) := Px[Xt = y] =
∞∑

n=0

PT
0 [Tt = n]PY

x [Yn = y]

= e−λt
∞∑

n=0

λntn

n! pn(x, y).

This power series (in t ) converges everywhere (note that as a linear operator, p has
finite norm ‖p‖2 ≤ 1) to the matrix exponential function eλtp(x, y). Furthermore,

pt (x, y) = e−λt eλtp(x, y) = eλt(p−I )(x, y) = etq(x, y).

Differentiating the power series termwise yields d
dt

pt (x, y)
∣∣
t=0 = q(x, y). Hence X

is the required Markov process.
Now assume that (p̃t )t≥0 are the transition probabilities of another Markov pro-

cess X̃ with the same generator q; that is, with

lim
s↓0

1

s

(
p̃s(x, y) − I (x, y)

)= q(x, y).

It is easy to check that

lim
s↓0

1

s

(
pt+s(x, y) − pt(x, y)

)= (q · pt )(x, y).
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That is, we have (d/dt)pt (x, y) = qpt (x, y). Similarly, we get (d/dt)p̃t =
qp̃t (x, y). Hence also,

pt (x, y) − p̃t (x, y) =
∫ t

0

(
q(ps − p̃s)

)
(x, y) ds.

If we let rs = ps − p̃s , then ‖rs‖2 ≤ 2 and ‖q‖2 ≤ 2λ; hence

sup
s≤t

‖rs‖2 ≤ sup
s≤t

∫ s

0
‖qru‖2 du ≤ ‖q‖2 sup

s≤t

∫ s

0
‖ru‖2 du ≤ 2λt sup

s≤t
‖rs‖2.

For t < 1/2λ, this implies rt = 0; hence p̃t = pt . For general t > 0, choose n ∈ N

such that t/n < 1/2λ to obtain p̃t = (p̃t/n)
n = (pt/n)

n = pt . �

Remark 17.26 The condition (17.16) cannot be dropped easily, as the following ex-
ample shows. Let E =N and

q(x, y) =

⎧
⎪⎨

⎪⎩

x2, if y = x + 1,

−x2, if y = x,

0, else.

We construct explicitly a candidate X for a Markov process with Q-matrix q . Let
T1, T2, . . . be independent, exponentially distributed random variables with PTn =
expn2 . Define Sn = T1 + . . . + Tn−1 and Xt = sup{n ∈ N0 : Sn ≤ t}. Then, at any
time, X makes at most one step to the right. Furthermore, due to the lack of memory
of the exponential distribution (see Exercise 8.1.1),

P[Xt+s ≥ n + 1 | Xt = n]
= P[Sn+1 ≤ t + s | Sn ≤ t, Sn+1 > t]
= P[Tn ≤ s + t − Sn | Sn ≤ t, Tn > t − Sn] = P[Tn ≤ s]
= 1 − exp

(−n2s
)
.

Therefore,

lim
s↓0

s−1P[Xt+s = n + 1 | Xt = n] = n2

and

lim
s↓0

s−1(P[Xt+s = n | Xt = n] − 1
)= −n2;

hence

lim
s↓0

s−1(P[Xt+s = m | Xt = n] − I (m,n)
)= q(m,n) for all m,n ∈N.

Let

τn = inf{t ≥ 0 : Xt = n} = Sn for n ∈N.
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Then E1[τn] =∑n−1
k=1

1
k2 . By monotone convergence, E1[supn∈N τn] < ∞. That is,

in finite time, X exceeds all levels. We say that X explodes. ♦

Example 17.27 (A variant of Pólya’s urn model) Consider a variant of Pólya’s urn
model with black and red balls (compare Example 12.29). In contrast to the original
model, we do not simply add one ball of the same color as the ball that we return.
Rather, the number of balls that we add varies from time to time. More precisely,
the kth ball of a given color will be returned together with rk more balls of the same
color. The numbers r1, r2, . . . ∈ N are parameters of the model. In particular, the
case 1 = r1 = r2 = . . . is the classical Pólya’s urn model. Let

Xn :=
{

1, if the nth ball is black,

0, else.

For the classical model, we saw (Example 12.29) that the fraction of black balls
in the urn converges a.s. to a Beta-distributed random variable Z. Furthermore,
given Z, the sequence X1,X2, . . . is independent and BerZ-distributed. A similar
statement holds for the case where r = r1 = r2 = . . . for some r ∈ N. Indeed, here
only the parameters of the Beta distribution change. In particular (as the Beta distri-
bution is continuous and, in particular, does not have atoms at 0 or 1), almost surely
we draw infinitely many balls of each color. Formally, P[B] = 0 where B is the
event where there is one color of which only finitely many balls are drawn.

The situation changes when the numbers rk grow quickly as k → ∞. Assume
that in the beginning there is one black and one red ball in the urn. Denote by
wn = 1 + ∑n

k=1 rk the total number of balls of a given color after n balls of that
color have been drawn already (n ∈ N0).

For illustration, first consider the extreme situation where wn grows very quickly;
for example, wn = 2n for every n ∈N. Denote by

Sn = 2(X1 + . . . + Xn) − n

the number of black balls drawn in the first n steps minus the number of red balls
drawn in these steps. Then, for every n ∈ N0,

P[Xn+1 = 1 | Sn] = 2Sn

1 + 2Sn
and P[Xn+1 = 0 | Sn] = 2−Sn

1 + 2−Sn
.

We conclude that (Zn)n∈N0 := (|Sn|)n∈N0 is a Markov chain on N0 with transition
matrix

p
(
z, z′)=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2z/(1 + 2z), if z′ = z + 1 > 1,

1, if z′ = z + 1 = 1,

1/(1 + 2z), if z′ = z − 1,

0, else.
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The event B from above can be written as

B = {Zn+1 < Zn only finitely often}.

Let A = {Zn+1 > Zn for all n ∈ N0} denote the event where Z flees directly to ∞
and let τz = inf{n ∈ N0 : Zn ≥ z}. Evidently,

Pz[A] =
∞∏

z′=z

p
(
z′, z′ + 1

)≥ 1 −
∞∑

z′=z

1

1 + 2z′ ≥ 1 − 21−z.

It is easy to check that P0[τz < ∞] = 1 for all z ∈ N0. Using the strong Markov
property, we get that, for all z ∈ N0,

P0[B] ≥ P0[Zn+1 > Zn for all n ≥ τz] = Pz[A] ≥ 1 − 21−z,

and thus P0[B] = 1. In prose, almost surely eventually only balls of one color will
be drawn.

This example was a bit extreme. In order to find a necessary and sufficient con-
dition on the growth of (wn), we need more subtle methods that appeal to the above
example of the explosion of a Markov process.

We will show that P[B] = 1 if and only if
∑∞

n=0
1

wn
< ∞. To this end, consider

independent random variables T s
1 , T r

1 , T s
2 , T r

2 , . . . with PT r
n

= PT s
n

= expwn−1
. Let

T r∞ = ∑∞
n=1 T r

n and T s∞ = ∑∞
n=1 T s

n . Clearly, E[T r∞] = ∑∞
n=0 1/wn < ∞; hence,

in particular, P[T r∞ < ∞] = 1. The corresponding statement holds for T s∞. Note that
T r∞ and T s∞ are independent and have densities (since T r

1 and T s
1 have densities);

hence we have P[T r∞ = T s∞] = 0.
Now let

Rt := sup
{
n ∈ N : T r

1 + . . . + T r
n−1 ≤ t

}

and

St := sup
{
n ∈N : T s

1 + . . . + T s
n−1 ≤ t

}
.

Let R := {T r
1 + . . . + T r

n , n ∈ N} and let S := {T s
1 + . . . + T s

n , n ∈ N} be the jump
times of (Rt ) and (St ). Define U := R ∪ S = {u1, u2, . . .}, where u1 < u2 < . . .. Let

Xn =
{

1, if un ∈ S,

0, else.



17.4 Discrete Markov Chains: Recurrence and Transience 367

Let Ln = x1 + . . . + xn. Then

P[Xn+1 = 1 | X1 = x1, . . . ,Xn = xn]
= P

[
un+1 ∈ S

∣∣ (uk ∈ S ⇐⇒ xk = 1) for every k ≤ n
]

= P
[
T s

1 + . . . + T s
Ln+1 < T r

1 + . . . + T r
n−Ln+1

∣∣

T s
1 + . . . + T s

Ln+1 > T r
1 + . . . + T r

n−Ln

]

= P
[
T s

Ln+1 < T r
n−Ln+1

]= wLn

wLn + wn−Ln

.

Hence (Xn)n∈N0 is our generalized urn model with weights (wn)n∈N0 . Consider
now the event Bc where infinitely many balls of each color are drawn. Evi-
dently, {Xn = 1 infinitely often} = {supS = supU} and {Xn = 0 infinitely often} =
{supR = supU}. Since supS = T s∞ and supR = T r∞, we thus have P[Bc] =
P[T r∞ = T s∞] = 0. ♦

Exercise 17.3.1 Let r, s,R,S ∈ N. Consider the generalized version of Pólya’s urn
model (Xn)n∈N0 with rk = r and sk = s for all k ∈ N. Assume that in the beginning
there are R red balls and S black balls in the urn. Show that the fraction of black
balls converges almost surely to a random variable Z with a Beta distribution and
determine the parameters. Show that (Xn)n∈N0 is i.i.d. given Z and Xi ∼ BerZ for
all i ∈ N0.

Exercise 17.3.2 Show that, almost surely, infinitely many balls of each color are
drawn if

∞∑

n=0

1

wn

= ∞.

17.4 Discrete Markov Chains: Recurrence and Transience

In the following, let X = (Xn)n∈N0 be a Markov chain on the countable space E

with transition matrix p.

Definition 17.28 For any x ∈ E, let τx := τ 1
x := inf{n > 0 : Xn = x} and

τ k
x = inf

{
n > τk−1

x : Xn = x
}

for k ∈N, k ≥ 2.

τ k
x is the kth entrance time of X for x. For x, y ∈ E, let

F(x, y) := Px

[
τ 1
y < ∞]= Px[there is an n ≥ 1 with Xn = y]

be the probability of ever going from x to y. In particular, F(x, x) is the return
probability (after the first jump) from x to x.

Note that τ 1
x > 0 even if we start the chain at X0 = x.
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Fig. 17.1 Markov chain with eight states. The numbers are the transition probabilities for the
corresponding arrows. State 2 is absorbing, the states 1, 3, 4 and 5 are transient and the states 6, 7
and 8 are (positive) recurrent

Theorem 17.29 For all x, y ∈ E and k ∈ N, we have

Px

[
τ k
y < ∞]= F(x, y)F (y, y)k−1.

Proof We carry out the proof by induction on k. For k = 1, the claim is true by defi-
nition. Now let k ≥ 2. Using the strong Markov property of X (see Theorem 17.14),
we get

Px

[
τ k
y < ∞]= Ex

[
Px

[
τ k
y < ∞ ∣∣F

τk−1
y

]
1{τk−1

y <∞}
]

= Ex

[
F(y, y) · 1{τk−1

y <∞}
]

= F(y, y) · F(x, y)F (y, y)k−2 = F(x, y)F (y, y)k−1. �

Definition 17.30 A state x ∈ E is called

• recurrent if F(x, x) = 1,
• positive recurrent if Ex[τ 1

x ] < ∞,
• null recurrent if x is recurrent but not positive recurrent,
• transient if F(x, x) < 1, and
• absorbing if p(x, x) = 1.

The Markov chain X is called (positive/null) recurrent if every state x ∈ E is
(positive/null) recurrent and is called transient if every recurrent state is absorbing.

Remark 17.31 Clearly, we have:

“absorbing” =⇒ “positive recurrent” =⇒ “recurrent”. ♦

Example 17.32

(i) In Fig. 17.1, the state 2 is absorbing. If it does not get trapped in 2, the chain
will eventually jump from 5 to 6 and will not return after that. Hence 1, 3, 4 and
5 are transient. The states 6, 7 and 8 are positive recurrent. One can show (see
Exercise 17.6.1) that E6[τ6] = 17

4 , E7[τ7] = 17
5 and E8[τ8] = 17

8 .



17.4 Discrete Markov Chains: Recurrence and Transience 369

Fig. 17.2 Markov chain on N0 with parameter r ∈ (0,1). The chain is positive recurrent if
r ∈ (0,1/2), null recurrent if r = 1/2 and transient if r ∈ (1/2,1)

(ii) The chain in Fig. 17.2 has a drift to the right if r > 1
2 . Hence, in this case, every

state is transient. On the other hand, if r ∈ (0, 1
2 ), then the chain has a drift to

the left (except at the point 0) and hence visits every state again and again. Thus
the chain is recurrent. With a little thought, one can show (see Exercise 17.6.4)
that in this case, the chain is actually positive recurrent and in the remaining
case r = 1

2 it is null recurrent. ♦

Definition 17.33 Denote by N(y) =∑∞
n=0 1{Xn=y} the total number of visits of X

to y and by

G(x,y) = Ex

[
N(y)

]=
∞∑

n=0

pn(x, y)

the Green function of X.

Theorem 17.34

(i) For all x, y ∈ E, we have (with the convention 1/0 := ∞, 0/0 := 0 and 0 ·
∞ := 0)

G(x,y) =
{

F(x,y)
1−F(y,y)

, if x �= y
1

1−F(y,y)
, if x = y

}

= F(x, y)G(y, y) + 1{x=y}. (17.17)

(ii) A non-absorbing state x ∈ E is recurrent if and only if G(x,x) = ∞.

Proof (ii) follows by (i). Hence, it remains to show (17.17). By Theorem 17.29, we
have

G(x,y) = Ex

[
N(y)

]=
∞∑

k=1

Px

[
N(y) ≥ k

]

= 1{x=y} +
∞∑

k=1

Px

[
τ k
y < ∞]= 1{x=y} +

∞∑

k=1

F(x, y)F (y, y)k−1

=
{

F(x,y)
1−F(y,y)

, if x �= y,

1
1−F(x,x)

, if x = y.

The second equality in (17.17) is an immediate consequence. �
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Theorem 17.35 If x is recurrent and F(x, y) > 0, then y is also recurrent, and
F(x, y) = F(y, x) = 1.

Proof Let x, y ∈ E, x �= y, be such that F(x, y) > 0. Then there is a k ∈ N and
states x1, . . . , xk ∈ E with xk = y and xi �= x for all i = 1, . . . , k and such that

Px[Xi = xi for all i = 1, . . . , k] > 0.

In particular, pk(x, y) > 0. By the Markov property, we have

1 − F(x, x) = Px

[
τ 1
x = ∞]≥ Px

[
X1 = x1, . . . ,Xk = xk, τ

1
x = ∞]

= Px[X1 = x1, . . . ,Xk = xk] · Py

[
τ 1
x = ∞]

= Px[X1 = x1, . . . ,Xk = xk]
(
1 − F(y, x)

)
.

If now F(x, x) = 1, then also F(y, x) = 1. Since F(y, x) > 0, there exists an
l ∈N with pl(y, x) > 0. Hence, for n ∈N0,

pl+n+k(y, y) ≥ pl(y, x)pn(x, x)pk(x, y).

If x is recurrent, then we conclude that

G(y,y) ≥
∞∑

n=0

pl+n+k(y, y) ≥ pl(y, x)pk(x, y)G(x, x) = ∞

and hence also that y is recurrent. Changing the roles of x and y in the above argu-
ment, we get F(x, y) = 1. �

Definition 17.36 A discrete Markov chain is called

• irreducible if F(x, y) > 0 for all x, y ∈ E, or equivalently G(x,y) > 0, and
• weakly irreducible if F(x, y) + F(y, x) > 0 for all x, y ∈ E.

Theorem 17.37 An irreducible discrete Markov chain is either recurrent or tran-
sient. If |E| ≥ 2, then there is no absorbing state.

Proof This follows directly from Theorem 17.35. �

Theorem 17.38 If E is finite and X is irreducible, then X is recurrent.

Proof Evidently, for all x ∈ E,

∑

y∈E

G(x, y) =
∞∑

n=0

∑

y∈E

pn(x, y) =
∞∑

n=0

1 = ∞.

As E is finite, there is a y ∈ E with G(x,y) = ∞. Since F(y, x) > 0, there exists a
k ∈N with pk(y, x) > 0. Therefore, since pn+k(x, x) ≥ pn(x, y)pk(y, x), we have



17.5 Application: Recurrence and Transience of Random Walks 371

G(x,x) ≥
∞∑

n=0

pn(x, y)pk(y, x) = pk(y, x)G(x, y) = ∞.
�

Exercise 17.4.1 Let x be positive recurrent and let F(x, y) > 0. Show that y is also
positive recurrent.

17.5 Application: Recurrence and Transience of Random Walks

In this section, we study recurrence and transience of random walks on the D-
dimensional integer lattice Z

D , D = 1,2, . . . . A more exhaustive investigation can
be found in Spitzer’s book [158].

Consider first the simplest situation of symmetric simple random walk X on Z
D .

That is, at each step, X jumps to any of its 2D neighbors with the same probability
1/2D. Hence, in terms of the Markov chain notation, we have E = Z

D and

p(x, y) =
{

1
2D

, if |x − y| = 1,

0, else.

Is this random walk recurrent or transient?
The central limit theorem suggests that

pn(0,0) ≈ CDn−D/2 as n → ∞
for some constant CD that depends on the dimension D. However, first we have
to exclude the case where n is odd since here clearly pn(0,0) = 0. Thus let
Y1, Y2, . . . be independent ZD-valued random variables with P[Yi = x] = p2(0, x).

Then X2n
D= Sn := Y1 + . . . + Yn for n ∈ N0; hence G(0,0) = ∑∞

n=0 P[Sn = 0].
Clearly, Y1 = (Y 1

1 , . . . , YD
1 ) has covariance matrix Ci,j := E[Y i

1 · Y
j

1 ] = 2
D

1{i=j}.
By the local central limit theorem (see, e.g., [20, pp. 224ff] for a one-dimensional
version of that theorem or Exercise 17.5.1 for an analytic derivation), we have

nD/2p2n(0,0) = nD/2P[Sn = 0] n→∞−→ 2(4π/D)−D/2. (17.18)

Now
∑∞

n=1 n−α < ∞ if and only if α > 1. Hence G(0,0) < ∞ if and only if
D > 2. We have thus shown the following theorem of Pólya [134].

Theorem 17.39 (Pólya (1921) [134]) Symmetric simple random walk on Z
D is re-

current if and only if D ≤ 2.

The procedure we used here to derive Pólya’s theorem has the disadvantage that
it relies on the local central limit theorem, which we have not proved (and will not).
Hence we will consider different methods of proof that yield further insight into the
problem.

Consider first the one-dimensional simple random walk that with probability p

jumps one step to the right and with probability 1 − p jumps one step to the left.
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Then

G(0,0) =
∞∑

n=0

(
2n

n

)(
p(1 − p)

)n =
∞∑

n=0

(−1/2

n

)(−4p(1 − p)
)n

.

Using the generalized binomial theorem (see Lemma 3.5), we get (since we have
(1 − 4p(1 − p))1/2 = |2p − 1|)

G(0,0) =
{

1
|2p−1| , if p �= 1

2 ,

∞, if p = 1
2 .

(17.19)

Thus, simple random walk on Z is recurrent if and only if it is symmetric; that is, if
p = 1

2 .
Of course, transience in the case p �= 1

2 could also be deduced directly from the
strong law of large numbers since limn→∞ 1

n
Xn = E0[X1] = 2p − 1 almost surely.

In fact, this argument is even more robust since it uses only that the single steps of
X have an expectation that is not zero.

Consider now the situation where X does not necessarily jump to one of its near-
est neighbors but where we still have E0[|X1|] < ∞ and E0[X1] = 0. The strong
law of large numbers does not yield recurrence immediately and we have to do
some work:

By the Markov property, for every N ∈N and every y �= x,

GN(x, y) :=
N∑

k=0

Px[Xk = y] =
N∑

k=0

Px

[
τ 1
y = k

]N−k∑

l=0

Py[Xl = y] ≤ GN(y, y).

This implies for all L ∈N

GN(0,0) ≥ 1

2L + 1

∑

|y|≤L

GN(0, y)

= 1

2L + 1

N∑

k=0

∑

|y|≤L

pk(0, y)

≥ 1

2L + 1

N∑

k=1

∑

y:|y/k|≤L/N

pk(0, y).

By the weak law of large numbers, we have lim infk→∞
∑

|y|≤εk pk(0, y) = 1 for
every ε > 0. Hence, letting L = εN , we get

lim inf
N→∞ GN(0,0) ≥ 1

2ε
for every ε > 0.

Thus G(0,0) = ∞, which shows that X is recurrent.
We summarize the discussion in a theorem.
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Theorem 17.40 A random walk on Z with
∑∞

x=−∞ |x|p(0, x) < ∞ is recurrent if
and only if

∑∞
x=−∞ xp(0, x) = 0.

Now what about symmetric simple random walk in dimension D = 2 or in higher
dimensions? In order that the random walk be at the origin after 2n steps, it must
perform ki steps in the ith direction and ki steps in the opposite direction for some
numbers k1, . . . , kD ∈ N0 with k1 + . . . + kD = n. We thus get

p2n(0,0) = (2D)−2n
∑

k1+...+kD=n

(
2n

k1, k1, . . . , kD, kD

)
, (17.20)

where
(

N
l1,...,lr

)= N !
l1!...lr ! is the multinomial coefficient. In particular, for D = 2,

p2n(0,0) = 4−2n

n∑

k=0

(2n)!
(k!)2((n − k)!)2

= 4−2n

(
2n

n

) n∑

k=0

(
n

k

)(
n

n − k

)
=
(

2−2n

(
2n

n

))2

.

Note that in the last step, we used a simple combinatorial identity that follows,
e.g., by the convolution formula (bn,p ∗ bn,p)({n}) = b2n,p({n}). Now, by Stirling’s
formula,

lim
n→∞

√
n2−2n

(
2n

n

)
= 1√

π
,

hence limn→∞ np2n(0,0) = 1
π

. In particular, we have
∑∞

n=1 p2n(0,0) = ∞. That
is, two-dimensional symmetric simple random walk is recurrent.

For D ≥ 3, the sum over the multinomial coefficients cannot be computed in
a satisfactory way. However, it is not too hard to give an estimate that shows
that there exists a c = cD such that p2n(0,0) ≤ cn−D/2, which implies G(0,0) ≤
c
∑∞

n=1 n−D/2 < ∞ (see, e.g., [53, p. 361] or [59, Example 6.31]). Here, however,
we follow a different route.

Things would be easy if the individual coordinates of the chain were independent
one-dimensional random walks. In this case, the probability that at time 2n all coor-
dinates are zero would be the Dth power of the probability that the first coordinate
is zero. For one coordinate, however, which moves only with probability 1/D and
thus has variance 1/D, the probability of being back at the origin at time 2n is ap-
proximately (nπ/D)−1/2. Up to a factor, we would thus get (17.18) without using
the multidimensional local central limit theorem.

An elegant way to decouple the coordinates is to pass from discrete time to con-
tinuous time in such a way that the individual coordinates become independent but
such that the Green function remains unchanged.

We give the details. Let (T i
t )t≥0, i = 1, . . . ,D be independent Poisson processes

with rate 1/D. Let Z1, . . . ,ZD be independent (and independent of the Poisson
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processes) symmetric simple random walks on Z. Define T := T 1 + . . . + T D ,
Y i

t := Zi

T i
t

for i = 1, . . . ,D and let Yt = (Y 1
t , . . . , YD

t ). Then Y is a Markov chain

in continuous time with Q-matrix q(x, y) = p(x, y) − 1{x=y}. As T is a Poisson
process with rate 1, (XTt )t≥0 is also a Markov process with Q-matrix q . It follows

that (XTt )t≥0
D= (Yt )t≥0. We now compute

GY :=
∫ ∞

0
P0[Yt = 0]dt =

∫ ∞

0

∞∑

n=0

P0[X2n = 0, Tt = 2n]dt

=
∞∑

n=0

p2n(0,0)

∫ ∞

0
e−t t2n

(2n)! dt = G(0,0).

The two processes (Xn)n∈N0 and (Yt )t∈[0,∞) thus have the same Green function. As
the coordinates of Y are independent, we have

GY =
∫ ∞

0
P0
[
Y 1

t = 0
]D

dt.

Hence we only have to compute the asymptotics of P0[Y 1
t = 0] for large t . We

can argue as follows. By the law of large numbers, we have T 1
t ≈ t/D for large t .

Furthermore, P0[Y 1
t is even] ≈ 1

2 . Hence we have, with nt = �t/2D� for t → ∞
(compare Exercise 17.5.2),

P0
[
Y 1

t = 0
]∼ 1

2
P
[
Z1

2nt
= 0

]= 1

2

(
2nt

nt

)
4−nt ∼ (2π/D)−1/2t−1/2. (17.21)

Since
∫∞

1 t−α dt < ∞ if and only if α > 1, we also have GY < ∞ if and only if
D > 2. However, this is the statement of Pólya’s theorem.

Finally, we present a third method of studying recurrence and transience of ran-
dom walks that does not rely on the Euclidean properties of the integer lattice but
rather on the Fourier inversion formula.

First consider a general (discrete time) irreducible random walk with transition
matrix p on Z

D . By φ(t) =∑
x∈ZD ei〈t,x〉p(0, x) denote the characteristic function

of a single transition. The convolution of the transition probabilities translates into
powers of the characteristic function; hence

φn(t) =
∑

x∈ZD

ei〈t,x〉pn(0, x).

By the Fourier inversion formula (Theorem 15.10), we recover the n-step transition
probabilities from φn by

pn(0, x) = (2π)−D

∫

[−π,π)D
e−i〈t,x〉φn(t) dt.
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In particular, for λ ∈ (0,1),

Rλ :=
∞∑

n=0

λnpn(0,0)

= (2π)−D

∞∑

n=0

∫

[−π,π)D
λnφn(t) dt

= (2π)−D

∫

[−π,π)D

1

1 − λφ(t)
dt.

= (2π)−D

∫

[−π,π)D
Re

(
1

1 − λφ(t)

)
dt.

Now G(0,0) = limλ↑1 Rλ and hence

X is recurrent ⇐⇒ lim
λ↑1

∫

[−π,π)D
Re

(
1

1 − λφ(t)

)
dt = ∞. (17.22)

If we had φ(t) = 1 for some t ∈ (−2π,2π)D \ {0}, then we would have φn(t) = 1
for every n ∈ N and hence, by Exercise 15.2.1, P0[〈Xn, t/(2π)〉 ∈ Z] = 1. Thus X

would not be irreducible contradicting the assumption. Due to the continuity of φ

for all ε > 0, we thus have

inf
{|φ(t) − 1| : t ∈ [−π,π)D

∖
(−ε, ε)D

}
> 0.

We summarize the discussion in a theorem due to Chung and Fuchs [26].

Theorem 17.41 (Chung–Fuchs (1951) [26]) An irreducible random walk on Z
D

with characteristic function φ is recurrent if and only if, for every ε > 0,

lim
λ↑1

∫

(−ε,ε)D
Re

(
1

1 − λφ(t)

)
dt = ∞. (17.23)

Now consider symmetric simple random walk. Here φ(t) = 1
D

∑D
i=1 cos(ti). Ex-

panding the cosine function in a Taylor series, we get cos(ti) = 1 − 1
2 t2

i + O(t4
i );

hence 1 − φ(t) = 1
2D

‖t‖2
2 + O(‖t‖4

2). We infer that X is recurrent if and only if∫
‖t‖2<ε

‖t‖−2
2 dt = ∞. We compute this integral in polar coordinates (with CD the

surface of the unit sphere in R
D):

∫

‖t‖2<ε

‖t‖−2
2 dt = CD

∫ ε

0
rD−1r−2 dr = ∞ ⇐⇒ D ≤ 2.

Hence, X is recurrent if and only if D ≤ 2.
In Section 19.3, we will encounter a further method of proving Pólya’s theorem

that has a completely different structure and that is based on the connection between
Markov chains and electrical networks.
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In fact, the Chung–Fuchs theorem can be used to compute the numerical values
of the Green function GD(0,0) of symmetric simple random walk on Z

D if we
compute numerically the so-called Watson integral

GD(0,0) = (2π)−D

∫

[−π,π)D

D

D − (cos(x1) + . . . + cos(xD))
dx. (17.24)

For this purpose, we follow [80] (where there are further refinements of the method)
to transform the D-fold integral into a double integral. Denote by

I0(t) := 1

π

∫ π

0
et cos(θ) dθ

the so-called modified Bessel function of the first kind. Using the identity 1
λ

=∫∞
0 e−λt dt for the integrand and applying Fubini’s theorem, we get

GD(0,0) = D

(2π)D

∫ ∞

0
e−Dt

(∫

[−π,π)D
et(cos(x1)+...+cos(xD)) dx

)
dt

and thus

GD(0,0) = D

∫ ∞

0
e−DtI0(t)

D dt. (17.25)

The right-hand side of (17.25) can quickly be computed numerically with great
accuracy (see Table 17.1).

For the case D = 3, Watson [168] found the expression

G3(0,0) = 12
18 + 12

√
2 − 10

√
3 − 7

√
6

π2
K
(
(2 − √

3)(
√

3 − √
2)
)2

,

where K(m) = ∫ 1
0 ((1 − t2)(1 − mt2))−1/2 dt is the complete elliptic integral of the

first kind with modulus m ∈ (−1,1). This in turn can be expressed as a (quickly
convergent) series

K(m) = π

2

(

1 +
∞∑

n=1

(
(2n)!

4n(n!)2

)2

m2

)

.

Glasser and Zucker [61] found an expression as a product of four Gamma functions,

G3(0,0) =
√

6

32π3
Γ

(
1

24

)
Γ

(
5

24

)
Γ

(
7

24

)
Γ

(
11

24

)
= 1.5163860591519780181 . . .

Exercise 17.5.1 For n ∈ N0, let pn be the matrix of n-step transition probabilities
of simple symmetric random walk on Z

D . For n ∈ N, derive the formula (see Theo-
rem 15.10)

p2n(0,0) = (2π)−D

∫

[−π,π)D
D−2n

(
cos(t1) + . . . + cos(tD)

)2n
dt.
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Table 17.1 Green function GD(0,0) and return probability FD(0,0) of simple symmetric random
walk on Z

D . The numerical computations are based on (17.25)

D GD(0,0) FD(0,0)

2 ∞ 1

3 1.51638605915 0.34053732955

4 1.23946712185 0.19320167322

5 1.15630812484 0.13517860982

6 1.11696337322 0.10471549562

7 1.09390631559 0.08584493411

8 1.07864701202 0.07291264996

9 1.06774608638 0.06344774965

10 1.05954374789 0.05619753597

11 1.05313615291 0.05045515982

12 1.04798637482 0.04578912090

13 1.04375406289 0.04191989708

14 1.04021240323 0.03865787709

15 1.03720412092 0.03586962312

16 1.03461657857 0.03345836447

17 1.03236691238 0.03135214040

18 1.03039276285 0.02949628913

19 1.02864627888 0.02784852234

20 1.02709011674 0.02637559869

By a suitable bound for the integral, conclude the convergence nD/2p2n(0,0)
n→∞−→

2(4π/D)−D/2 (see (17.18)).

Exercise 17.5.2 Show (17.21) formally.

Exercise 17.5.3 Use Theorem 17.41 to show that a random walk on Z
2 with∑

x∈Z2 xp(0, x) = 0 is recurrent if
∑

x∈Z2 ‖x‖2
2p(0, x) < ∞.

Exercise 17.5.4 Use Theorem 17.41 to show that, for D ≥ 3 every irreducible ran-
dom walk on Z

D is transient.

Exercise 17.5.5 Show (17.25) for GD(0,0) directly with the p2n(0,0) from (17.20)
and using the representation of I0(t) as the series I0(t) =∑∞

k=0(k!)−2(t/2)k .

17.6 Invariant Distributions

In the following, let p be a stochastic matrix on the discrete space E and let
(Xn)n∈N0 be a corresponding Markov chain.

This section is devoted to the question: Which distributions are preserved under
the dynamics of the Markov chain? Of course, often the chain will not stay put in a
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specific state but the distribution of the random state of the chain might nevertheless
be the same for all times. If such an invariant distribution exists, we will see in
Chapter 18 that under rather weak conditions, the distribution of a Markov chain
(started in an arbitrary state) converges in the large time limit to such an invariant
distribution.

Definition 17.42 If μ is a measure on E and f : E → R is a map, then we write
μp({x}) =∑

y∈E μ({y})p(y, x) and pf (x) =∑
y∈E p(x, y)f (y) if the sums con-

verge.

Definition 17.43

(i) A σ -finite measure μ on E is called an invariant measure if

μp = μ.

A probability measure that is an invariant measure is called an invariant distri-
bution. Denote by I the set of invariant distributions.

(ii) A function f : E → R is called subharmonic if pf exists and if f ≤ pf .
f is called superharmonic if f ≥ pf and harmonic if f = pf .

Remark 17.44 In the terminology of linear algebra, an invariant measure is a left
eigenvector of p corresponding to the eigenvalue 1. A harmonic function is a right
eigenvector corresponding to the eigenvalue 1. ♦

Lemma 17.45 If f is bounded and (sub-, super-) harmonic, then (f (Xn))n∈N0 is a
(sub-, super-) martingale with respect to the filtration F= σ(X) generated by X.

Proof Let f be bounded and subharmonic. Then

Ex

[
f (Xn)

∣
∣Fn−1

]= EXn−1

[
f (X1)

]=
∑

y∈E

p(Xn−1, y)f (y)

= pf (Xn−1) ≥ f (Xn−1). �

Theorem 17.46 If any point is transient, then an invariant distribution does not
exist.

Proof By assumption, G(x,y) = ∑∞
n=0 pn(x, y) < ∞ for all x, y ∈ E; hence

pn(x, y)
n→∞−→ 0. For every probability measure μ on E, we thus have that

μpn({x}) n→∞−→ 0. If μ was invariant, however, then we would have μpn({x}) =
μ({x}) for all n ∈N. �

Theorem 17.47 Let x be a recurrent state and let τ 1
x = inf{n ≥ 1 : Xn = x}. Then

one invariant measure μx is defined by
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μx

({y})= Ex

[τ 1
x −1∑

n=0

1{Xn=y}

]

=
∞∑

n=0

Px

[
Xn = y, τ 1

x > n
]
.

Proof First we have to show that μx({y}) < ∞ for all y ∈ E. For y = x, clearly
μx({x}) = 1. For y �= x and F(x, y) = 0, we have μx({y}) = 0. Now let y �= x and
F(x, y) > 0. As x is recurrent, we have F(x, y) = F(y, x) = 1 and y is recurrent
(Theorem 17.35). Let

F̂ (x, y) = Px

[
τ 1
x > τ 1

y

]
.

Then F̂ (x, y) > 0 (otherwise y would not be visited). Changing the roles of x and y,
we also get F̂ (y, x) > 0.

By the strong Markov property (Theorem 17.14), we have

Ey

[τ 1
x −1∑

n=0

1{Xn=y}

]

= 1 + Ey

[τ 1
x −1∑

n=τ 1
y

1{Xn=y}; τ 1
x > τ 1

y

]

= 1 + (
1 − F̂ (y, x)

)
Ey

[τ 1
x −1∑

n=0

1{Xn=y}

]

.

Hence,

Ey

[τ 1
x −1∑

n=0

1{Xn=y}

]

= 1

F̂ (y, x)
.

Therefore,

μx

({y})= Ex

[τ 1
x −1∑

n=0

1{Xn=y}

]

= Ex

[τ 1
x −1∑

n=τ 1
y

1{Xn=y}; τ 1
x > τ 1

y

]

= F̂ (x, y)

F̂ (y, x)
< ∞.

Define pn(x, y) = Px[Xn = y; τ 1
x > n]. Then, for every z ∈ E,

μxp
({z})=

∑

y∈E

μx

({y})p(y, z) =
∞∑

n=0

∑

y∈E

pn(x, y)p(y, z).

Case 1: x �= z. In this case,

∑

y∈E

pn(x, y)p(y, z) =
∑

y∈E

Px

[
Xn = y, τ 1

x > n,Xn+1 = z
]

= Px

[
τ 1
x > n + 1;Xn+1 = z

]= pn+1(x, z).
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Hence (since p0(x, z) = 0)

μxp
({z})=

∞∑

n=0

pn+1(x, z) =
∞∑

n=1

pn(x, z) =
∞∑

n=0

pn(x, z) = μx

({z}).

Case 2: x = z. In this case, we have
∑

y∈E

pn(x, y)p(y, x) =
∑

y∈E

Px

[
Xn = y; τ 1

x > n;Xn+1 = x
]= Px

[
τ 1
x = n + 1

]
.

Thus (since Px[τ 1
x = 0] = 0)

μxp
({x})=

∞∑

n=0

Px

[
τ 1
x = n + 1

]= 1 = μx

({x}).
�

Corollary 17.48 If X is positive recurrent, then π := μx

Ex [τ1
x ] is an invariant distri-

bution for any x ∈ E.

Theorem 17.49 If X is irreducible, then X has at most one invariant distribution.

Remark 17.50

(i) One could in fact show that if X is irreducible and recurrent, then an invariant
measure of X is unique up to a multiplicative factor. However, the proof is a
little more involved. Since we will not need the statement here, we leave its
proof as an exercise (compare Exercise 17.6.6; see also [39, Section 6.5]).

(ii) For transient X, there can be more than one invariant measure. For example,
consider the asymmetric random walk on Z that jumps one step to the right
with probability r and one step to the left with probability 1 − r (for some
r ∈ (0,1)). The invariant measures are the nonnegative linear combinations of
the measures μ1 and μ2 given by μ1({x}) ≡ 1 and μ2({x}) = (r/(1 − r))x ,
x ∈ Z. X is transient if and only if r �= 1/2, in which case we have μ1 �= μ2. ♦

Proof Let π and ν be invariant distributions. Choose an arbitrary probability vec-
tor (gn)n∈N with gn > 0 for all n ∈ N. Define the stochastic matrix p̃(x, y) =∑∞

n=1 gnp
n(x, y). Then p̃(x, y) > 0 for all x, y ∈ E and πp̃ = π as well as νp̃ = ν.

Consider now the signed measure μ = π − ν. We have μp̃ = μ. If we had
μ �= 0, then there would exist (since μ(E) = 0) points x1, x2 ∈ E with μ({x1}) > 0
and μ({x2}) < 0. Clearly, for every y ∈ E, this would imply |μ({x1})p̃(x1, y) +
μ({x2})p̃(x2, y)| < |μ({x1})p̃(x1, y)| + |μ({x2})p̃(x2, y)|; hence

‖μp̃‖TV =
∑

y∈E

∣∣
∣∣
∑

x∈E

μ
({x})p̃(x, y)

∣∣
∣
∣

<
∑

y∈E

∑

x∈E

∣
∣μ
({x})∣∣p̃(x, y) =

∑

x∈E

∣
∣μ
({x})∣∣= ‖μ‖TV .

Since this is a contradiction, we conclude that μ = 0. �
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Recall that I is the set of invariant distributions of X.

Theorem 17.51 Let X be irreducible. X is positive recurrent if and only if I �= ∅.
In this case, I = {π} with

π
({x})= 1

Ex[τ 1
x ] > 0 for all x ∈ E.

Proof If X is positive recurrent, then I �= ∅ by Corollary 17.48. Now let I �= ∅
and π ∈ I . As X is irreducible, we have π({x}) > 0 for all x ∈ E. Let Pπ =∑

x∈E π({x})Px . Fix an x ∈ E and for n ∈ N0, let

σn
x = sup{m ≤ n : Xm = x} ∈ N0 ∪ {−∞}

be the time of last entrance in x before time n. (Note that this is not a stopping time.)
By the Markov property, for all k ≤ n,

Pπ

[
σn

x = k
]= Pπ [Xk = x,Xk+1 �= x, . . . ,Xn �= x]
= Pπ [Xk+1 �= x, . . . ,Xn �= x | Xk = x]Pπ [Xk = x]
= π

({x})Px[X1, . . . ,Xn−k �= x]
= π

({x})Px

[
τ 1
x ≥ n − k + 1

]
.

Hence, for every n ∈N0 (since Py[τ 1
x < ∞] = 1 for all y ∈ E),

1 =
n∑

k=0

Pπ

[
σn

x = k
]+ Pπ

[
σn

x = −∞]

= π
({x})

n∑

k=0

Px

[
τ 1
x ≥ n − k + 1

]+ Pπ

[
τ 1
x ≥ n + 1

]

n→∞−→ π
({x})

∞∑

k=1

Px

[
τ 1
x ≥ k

]= π
({x})Ex

[
τ 1
x

]
.

Therefore, Ex[τ 1
x ] = 1

π({x}) < ∞, and thus X is positive recurrent. �

Example 17.52 Let (px)x∈N0 be numbers in (0,1] and let X be an irreducible
Markov chain on N0 with transition matrix

p(x, y) =

⎧
⎪⎨

⎪⎩

px, if y = x + 1,

1 − px, if y = 0,

0, else.
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If μ is an invariant measure, then the equations for μp = μ read

μ
({n})= pn−1μ

({n − 1}) for n ∈N,

μ
({0})=

∞∑

n=0

μ
({n})(1 − pn).

Hence we get

μ
({n})= μ

({0})
n−1∏

k=0

pk

and (note that the sum is a telescope sum)

μ
({0})= μ

({0})
∞∑

n=0

(1 − pn)

n−1∏

k=0

pk = μ
({0})

(

1 −
∞∏

n=0

pn

)

.

Hence there exists a nontrivial invariant measure μ (that is, μ({0}) can be chosen
strictly positive) if and only if

∏∞
n=0 pn = 0. This, however, is true if and only if∑∞

n=0(1 − pn) = ∞. Using a Borel–Cantelli argument, it is not hard to show that
this is exactly the condition for recurrence of X.

If μ �= 0, then μ is a finite measure if and only if

M :=
∞∑

n=0

n−1∏

k=0

pk < ∞.

Hence X is positive recurrent if and only if M < ∞. In fact, it is not hard to show
that M is the expected time to return to 0; hence the criterion for positive recurrence
could also be deduced by Theorem 17.51.

A necessary condition for M < ∞ is of course that the series
∑∞

n=0(1 − pn)

diverge; that is, that X is recurrent. One sufficient condition for M < ∞ is

∞∑

n=0

exp

(

−
n−1∑

k=0

(1 − pk)

)

< ∞.
♦

Exercise 17.6.1 Consider the Markov chain from Fig. 17.1 (p. 368). Determine the
set of all invariant distributions. Show that the states 6, 7 and 8 are positive recurrent
and compute the expected first entrance times

E6[τ6] = 17

4
, E7[τ7] = 17

5
and E8[τ8] = 17

8
.

Exercise 17.6.2 Let X = (Xt )t≥0 be a Markov chain on E in continuous time with
Q-matrix q . Show that a probability measure π on E is an invariant distribution for
X if and only if

∑
x∈E π({x})q(x, y) = 0 for all y ∈ E.
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Exercise 17.6.3 Let G be a countable Abelian group and let p be the transition
matrix of an irreducible random walk X on G. That is, we have p(hg,hf ) = p(g,f )

for all h,g,f ∈ G. (This generalizes the notion of a random walk on Z
D .) Use

Theorem 17.51 to show that X is positive recurrent if and only if G is finite.

Exercise 17.6.4 Let r ∈ [0,1] and let X be the Markov chain on N0 with transition
matrix (see Fig. 17.2 on p. 369)

p(x, y) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1, if x = 0 and y = 1,

r, if y = x + 1 ≥ 2,

1 − r, if y = x − 1,

0, else.

Compute the invariant measure and show the following using Theorem 17.51:

(i) If r ∈ (0, 1
2 ), then X is positive recurrent.

(ii) If r = 1
2 , then X is null recurrent.

(iii) If r ∈ {0} ∪ ( 1
2 ,1], then X is transient.

Exercise 17.6.5

(i) Use a direct argument to show that the Markov chain in Example 17.52 is
recurrent if and only if

∑∞
n=0(1 − pn) = ∞.

(ii) Show that the expected time to return to 0 is M and infer that the chain is
positive recurrent if and only if M < ∞.

(iii) Give examples of sequences (px)x∈N0 such that the chain is (a) transient,
(b) null recurrent, (c) positive recurrent, and (d) positive recurrent but

∞∑

n=0

exp

(

−
n−1∑

k=0

(1 − pk)

)

= ∞.

Exercise 17.6.6 Let X be irreducible and recurrent. Show that, as claimed in Re-
mark 17.50, the invariant measure is unique up to constant multiples.

Hint: Let π �= 0 be an invariant measure for X and abbreviate

Pπ =
∑

x∈E

π
({x})Px

(note that, in general, this need not be a finite measure). Let x, y ∈ E with x �= y

and deduce by induction that

π
({y})= Pπ

[
τ 1
x ≥ n,X0 �= x,Xn = y

]+
n∑

k=1

Pπ

[
τ 1
x ≥ k,X0 = x,Xk = y

]
.
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Infer that

π
({y})≥

∞∑

k=1

Pπ

[
τ 1
x ≥ k,X0 = x,Xk = y

]= π
({x})μx

({y}),

where μx is the invariant measure defined in Theorem 17.47. Now use the fact
that πpn = π and μxp

n = μx for all n ∈ N to conclude that even π({y}) =
π({x})μx({y}) holds.

17.7 Stochastic Ordering and Coupling

In many situations, for the comparison of two distributions, it is helpful to construct
a product space such that the two distributions are the marginal distributions but
are not necessarily independent. We first introduce the abstract principle of such
couplings and then give some examples.

There are many concepts to order probability measures on R or Rd such that the
“larger” one has a greater preference for large values than the “smaller” one. As
one of the most prominent orders we present here the so-called stochastic order and
illustrate its connection with couplings. As an excuse for presenting this section in
a chapter on Markov chains, we fill finally use a simple Markov chain in order to
prove a theorem on the stochastic order of binomial distributions.

Definition 17.53 Let (E1,E1,μ1) and (E2,E2,μ2) be probability spaces. A proba-
bility measure μ on (E1 × E2,E1 ⊗ E2) with μ( · × E2) = μ1 and μ(E1 × ·) = μ2
is called a coupling of μ1 and μ2.

Clearly, the product measure μ = μ1 ⊗ μ2 is a coupling, but in many situations
there are more interesting ones.

Example 17.54 Let X be a real random variable and let f,g : R → R be monotone
increasing functions with E[f (X)2] < ∞ and E[g(X)2] < ∞. We want to show that
the random variables f (X) and g(X) are nonnegatively correlated.

To this end, let Y be an independent copy of X; that is, a random variable with
PY = PX that is independent of X. Note that E[f (X)] = E[f (Y )] and E[g(X)] =
E[g(Y )]. For all numbers x, y ∈ R, we have (f (x)−f (y))(g(x)−g(y)) ≥ 0. Hence

0 ≤ E
[(

f (X) − f (Y )
)(

g(X) − g(Y )
)]

= E
[
f (X)g(X)

]− E
[
f (X)

]
E
[
g(Y )

]+ E
[
f (Y )g(Y )

]− E
[
f (Y )

]
E
[
g(X)

]

= 2Cov
[
f (X),g(X)

]
. ♦

Example 17.55 Let (E,�) be a Polish space. For two probability measures P and
Q on (E,B(E)), denote by K(P,Q) ⊂ M1(E × E) the set of all couplings of P
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and Q. The so-called Wasserstein metric on M1(E) is defined by

dW (P,Q) := inf

{∫
�(x, y)ϕ

(
d(x, y)

) : ϕ ∈ K(P,Q)

}
. (17.26)

It can be shown that (this is the Kantorovich–Rubinstein theorem [84]; see also [37,
pp. 420ff])

dW (P,Q) = sup

{∫
f d(P − Q) : f ∈ Lip1(E;R)

}
. (17.27)

Compare this representation of the Wasserstein metric with that of the total variation
norm,

‖P − Q‖TV = sup

{∫
f d(P − Q) : f ∈ L∞(E) with ‖f ‖∞ ≤ 1

}
. (17.28)

In fact, we can also give a definition for the total variation in terms of a coupling:
Let D := {(x, x) : x ∈ E} be the diagonal in E × E. Then

‖P − Q‖TV = inf
{
ϕ
(
(E × E) \ D

) : ϕ ∈ K(P,Q)
}
. (17.29)

See [60] for a comparison of different metrics on M1(E). ♦

As an example of a more involved coupling, we quote the following theorem that
is due to Skorohod.

Theorem 17.56 (Skorohod coupling) Let μ,μ1,μ2, . . . be probability measures on

a Polish space E with μn
n→∞−→ μ. Then there exists a probability space (Ω,A,P)

with random variables X,X1,X2, . . . with PX = μ and PXn = μn for every n ∈ N

such that Xn
n→∞−→ X almost surely.

Proof See, e.g., [83, p. 79]. �

We now come to the concept of stochastic order.

Definition 17.57 Let μ1,μ2 ∈ M1(R
d). We write μ1 ≤st μ2 if

∫
f dμ1 ≤

∫
f dμ2

for every monotone increasing bounded function f : Rd → R. In this case, we say
that μ2 is stochastically larger than μ1.

Evidently, ≤st is a partial order on M1(R
d). The stochastic order belongs to

the class of so-called integral orders that are defined by the requirement that the
integrals with respect to a certain class of functions (here: monotone increasing
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and bounded) are ordered. Other classes of functions that are often considered are
convex functions or indicator functions on lower or upper orthants.

Let F1 and F2 be the distribution functions of μ1 and μ2. Clearly, μ1 ≤st μ2
implies F1(x) ≥ F2(x) for all x ∈ R

d . If d = 1, then both statements are equivalent.
However, for d ≥ 2, the condition F1 ≥ F2 is weaker than μ1 ≤st μ2. For example,
consider d = 2 and

μ1 = 1

2
δ(0,0) + 1

2
δ(1,1) and μ2 = 1

2
δ(1,0) + 1

2
δ(0,1).

The partial order defined by the comparison of the distribution functions is called
(lower) orthant order.

For a survey on different orders of probability measures, see, e.g., [120].
The following theorem was shown by Strassen [160] in larger generality for in-

tegral orders.

Theorem 17.58 (Strassen’s theorem) Let

L := {
(x1, x2) ∈R

d ×R
d : x1 ≤ x2

}
.

Then μ1 ≤st μ2 if and only if there is a coupling ϕ of μ1 and μ2 with ϕ(L) = 1.

Proof Let ϕ be such a coupling. For monotone increasing bounded f :Rd → R, we
have f (x1) − f (x2) ≤ 0 for every x = (x1, x2) ∈ L; hence

∫
f dμ1 − ∫

f dμ2 =∫
L
(f (x1) − f (x2))ϕ(dx) ≤ 0 and thus μ1 ≤st μ2.
Now assume μ1 ≤st μ2. We only consider the case d = 1 (see [120, Theo-

rem 3.3.5] for d ≥ 2). Here F((x1, x2)) := min(F1(x1),F2(x2)) defines a distri-
bution function on R×R (see Exercise 1.5.5) that corresponds to a coupling ϕ with
ϕ(L) = 1. A somewhat more explicit representation can be obtained using random
variables. Let U be a random variable that is uniformly distributed on (0,1). Then

Xi := F−1
i (U) := inf

{
x ∈ R : Fi(x) ≥ U

}

is a real random variable with distribution μi (see proof of Theorem 1.104). Clearly,
we have X1 ≤ X2 almost surely; that is, P[(X1,X2) ∈ L] = 1. Evidently, the distri-
bution function of (X1,X2) is F . �

While Strassen’s theorem yields the existence of an abstract coupling, in many
examples a natural coupling can be established and used as a tool for proving, e.g.,
stochastic orders.

Example 17.59 Let n ∈ N and 0 ≤ p1 ≤ p2 ≤ 1. Let Y1, . . . , Yn be independent
random variables that are uniformly distributed on [0,1]. Define Xi = #{k ≤ n :
Yk ≤ pi}, i = 1,2. Then Xi ∼ bn,pi

and X1 ≤ X2 almost surely. This coupling
shows that bn,p1 ≤st bn,p2 .

An even simpler coupling can be used to show that bm,p ≤st bn,p for m ≤ n and
p ∈ [0,1]. ♦
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Theorem 17.60 Let n1, n2 ∈ N and p1,p2 ∈ (0,1). We have bn1,p1 ≤st bn2,p2 if and
only if

(1 − p1)
n1 ≥ (1 − p2)

n2 (17.30)

and

n1 ≤ n2. (17.31)

Proof (The proof follows the exposition in [100, Section 3].)
Since bni ,pi

({0}) = (1 − pi)
ni , conditions (17.30) and (17.31) are clearly nec-

essary for bn1,p1 ≤st bn2,p2 . Hence we only have to show sufficiency of the two
conditions.

Assume that (17.30) and (17.31) hold. By Example 17.59, it is enough to consider
the smallest p2 that fulfills (17.30). Hence we assume (1 − p1)

n1 = (1 − p2)
n2 .

Define λ := −n1 log(1 − p1) = −n2 log(1 − p2). We will construct a binomially
distributed random variable by throwing a Poiλ-distributed number T of balls in ni

boxes and count the number of nonempty boxes. More precisely, let T ∼ Poiλ and
let X1,X2, . . . be independent and uniformly distributed on [0,1] and independent
of T . For n ∈ N, t ∈ N0 and l = 1, . . . , n, define

Mn,t,l = #
{
s ≤ t : Xs ∈ ((l − 1)/n, l/n

]}

and the number of nonempty boxes after t balls are thrown:

Nn,t :=
n∑

l=1

1{Mn,t,l>0}.

By Theorem 5.35, the random variables Mn,T ,1, . . . ,Mn,T ,n are independent and
Poiλ/n-distributed. In particular, we have

P[Mni,T ,l > 0] = 1 − e−λ/ni = pi

and thus Nni,T ∼ bni ,pi
, i = 1,2. Hence it suffices to show that Nn1,T ≤st Nn2,T .

For this in turn it is enough to show

Nn1,t ≤st Nn2,t for all t ∈ N0. (17.32)

In fact, let f : {0, . . . , n} →R be monotone increasing. Then

E
[
f (Nn1,T )

]=
∞∑

t=0

E
[
f (Nn1,t )

]
P[T = t]

≤
∞∑

t=0

E
[
f (Nn2,t )

]
P[T = t] = E

[
f (Nn2,T )

]
.

We use an induction argument to show (17.32). For t = 0, the claim holds triv-
ially. Now assume that (17.32) holds for some given t ∈ N0. We are now at the point
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to use a Markov chain. Note that (for fixed n), (Nn,t )t=0,1,... is a Markov chain with
state space {0, . . . , n} and transition matrix

pn(k, l) =

⎧
⎪⎨

⎪⎩

k/n, if l = k,

1 − k/n, if l = k + 1,

0, otherwise.

We define for k, l = 0, . . . , n

hn,l(k) =
n∑

j=l

pn(k, j) =

⎧
⎪⎨

⎪⎩

0, if k < l − 1,

1 − k/n, if k = l − 1,

1, if k > l − 1.

Then P[Nn,t+1 ≥ l] = E[hn,l(Nn,t )] and hn,l(k) is monotone increasing both in
k and in n. Hence by the induction hypothesis, we have

P[Nn1,t+1 ≥ l] = E
[
hn1,l(Nn1,t )

]≤ E
[
hn1,l(Nn2,t )

]

≤ E
[
hn2,l(Nn2,t )

]= P[Nn2,t+1 ≥ l].
We conclude that Nn1,t+1 ≤st Nn2,t+1 which completes the induction and the proof
of the theorem. �

Exercise 17.7.1 Use an elementary direct coupling argument to show the claim of
Theorem 17.60 for the case n2/n1 ∈N.

Exercise 17.7.2 For the Poisson distribution, show that

Poiλ1 ≤st Poiλ2 ⇐⇒ λ1 ≤ λ2.

Exercise 17.7.3 Let n ∈ N, p ∈ (0,1) and λ > 0. Show that

bn,p ≤st Poiλ ⇐⇒ (1 − p)n ≥ e−λ.
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