Chapter 10
Optional Sampling Theorems

In Chapter 9 we saw that martingales are transformed into martingales if we ap-
ply certain admissible gambling strategies. In this chapter, we establish a similar
stability property for martingales that are stopped at a random time. In order also
to obtain these results for submartingales and supermartingales, in the first section,
we start with a decomposition theorem for adapted processes. We show the optional
sampling and optional stopping theorems in the second section. The chapter finishes
with the investigation of random stopping times with an infinite time horizon.

10.1 Doob Decomposition and Square Variation

Let X = (X)nen, be an adapted process with E[|X,|] < oo for all n € Ng. We will
decompose X into a sum consisting of a martingale and a predictable process. To
this end, for n € N, define

M, :=Xo+ ) _(Xk — E[Xx | Fi1]) (10.1)
k=1

and
Z E[X) | Fi—1] = Xi—1)-

Evidently, X,, = M,, + A,,. By construction, A is predictable with A9 =0, and M is
a martingale since

E[M, — Mp—1 | Fn-1] ZE[Xn —E[X, | Fn-1] ‘ -Fn—l] =0.
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Theorem 10.1 (Doob decomposition) Let X = (X,)nen, be an adapted inte-
grable process. Then there exists a unique decomposition X = M + A, where
A is predictable with Ay = 0 and M is a martingale. This representation of X is
called the Doob decomposition. X is a submartingale if and only if A is monotone
increasing.

Proof We only have to show uniqueness of the decomposition. Hence, let X = M +
A = M’ + A’ be two such decompositions. Then M — M’ = A’ — A is a predictable
martingale; hence (see Exercise 9.2.2) M,, — M, = Mo — M =0 for all n € Ny. O

Example 10.2 Let I =Ng or I ={0,..., N}. Let (X,),es be a square integrable
F-martingale (that is, E[X,zl] < oo forall n € I'). By Theorem 9.35, Y := (X,%),,E[ is
a submartingale. Let Y = M + A be the Doob decomposition of Y. Then (X% -
Ap)ner is a martingale. Furthermore, E[X;_1X; | Fi—1] = X;—1E[X; | Fi—1] =
X2 |; hence (as in (10.1))

=

An= Z(E[Xzz | ]‘-i—l] - Xizfl)
=Y (B[(Xi = Xi—0)* | Fic] = 2X7 + 2E[X; 1 X; | Fi-1])
i=1

= ZE[(Xi — X;_1)? | Fic1]-
i=1 O

Definition 10.3 Let (X,),c; be a square integrable F-martingale. The unique
predictable process A for which (X ,zl — Aj;)ner becomes a martingale is called the
square variation process of X and is denoted by (<X>”)nel = A.

By the preceding example, we conclude the following theorem.

Theorem 10.4 Let X be as in Definition 10.3. Then, for n € Ny,

(X)n =Y E[(Xi = Xi-)* | Fi1] (10.2)
i=1

and
E[(X)n] = Var[X, — Xo]. (10.3)
Remark 10.5 If Y and A are as in Example 10.2, then A is monotone increasing

since (Xﬁ)ne ; is a submartingale (see Theorem 10.1). Therefore, A is sometimes
called the increasing process of Y. O
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Example 10.6 Let Y1, Y>, ... be independent, square integrable, centered random
variables. Then X, :=Y; + ... + Y, defines a square integrable martingale with
(X)n =" E[Y].Infact, A, =Y 7 E[Y? | Y1,....Y;,.11= Y7 E[Y?] (asin
Example 10.2).

Note that in order for (X) to have the simple form as in Example 10.6, it is not
enough for the random variables Y7, Y3, ... to be uncorrelated. O

Example 10.7 Let Y1, Ys, ... be independent, square integrable random variables
with E[Y,] =1 forall n € N. Let X,, :=[[7_, ¥; for n € Ng. Then X = (Xp)nen, is
a square integrable martingale with respect to F = ¢ (X) (why?) and

E[(Xy — Xu-)? | Fact | = E[(Ya — D*X5_, | Fu1] = Var[Y,]X;

n—1-

Hence (X), = Z?:l Var[Y,-]Xl.z_ |- We see that the square variation process can
indeed be a truly random process. O

Example 10.8 Let (X,)uen, be the one-dimensional symmetric simple random
walk

n
X, = ZRi for all n € Ny,
i=1

where Ry, Rz, R3, ... are ii.d. and ~ Rad »; that is,

P[R;=1]=1—-P[R; =—-1]= %

Clearly, X is a martingale and hence |X| is a submartingale. Let | X| =M + A
be Doob’s decomposition of | X|. Then

n

An=Y_(B[IXil | Fisa] = 1Xi11).

i=1

Now
[Xi—1|+R;, if X;—1 >0,
|Xi|=1 |Xiz1|— R;i, if X;—1 <O,
I, if X;_1 =0.
Therefore,

| Xi—1l, i [X;—1] #0,
E[|X;|| Fio1] = ,
1, if | X;—1]=0.
The process

Ap=#{i <n—1:]1X;| =0}
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is the so-called local time of X at 0. We conclude that (since P[X>; = 0] = (2/ )4_j
and P[X,;4+1 =0]=0)

E[|X,|]=E[#i<n—1:X;,=0}]

n—1 L(n—1)/2] 2 ‘
=) PX;=0]= ) ( ,)4—1.

i=0 =0~/ %
Example 10.9 We want to generalize the preceding example further. Evidently, we
did not use (except in the last formula) the fact that X is a random walk. Rather,
we just used the fact that the differences (AX), := X, — X,,—1 take only the values
—1 and +1. Hence, now let X be a martingale with | X,, — X,,—1| = 1 almost surely
for all n € N and with Xo = x¢ € Z almost surely. Let f : Z — R be an arbitrary
map. Then Y := (f(X;))nen, is an integrable adapted process (since |f(X,)| <
maXye{xg—n,....xo+n} | f (x)]). In order to compute Doob’s decomposition of Y, define
the first and second discrete derivatives of f:

1) — -1
f/(x)::f(x+)2f(x )

and

ff=fa-D+fx+1)—2f(x).
Further, let F), := f/(X,—1) and F := f”(X,—1). By computing the cases X, =
X,—1— land X, = X,,—1 + 1 separately, we see that for all n € N

X, 14+ 1)— F(Xy i —1
FX) = fXy) = L 1+)2f( D X, — X

1 1
+ Ef(anl -+ Ef(anl +1)— f(Xn-1)
1
= f/(Xn—l)(Xn - Xn—l) + Ef//(Xn—l)
=F - (Xy— Xp—1) + %F,;/.

Summing up, we get the discrete It0 formula:

n n l
FO) =G0+ Y f Xie)(Xi = X + ) o (Xim)

i=1 i=l1
n l
= fGo) + (FX), +Y EF,.”. (10.4)
i=1

Here F’-X is the discrete stochastic integral (see Definition 9.37). Now M :=
f(x0) + F’-X is a martingale by Theorem 9.39 since F’ is predictable (and
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,,,,,

Hence f(X) := (f(Xn))nen, = M + A is the Doob decomposition of f(X). In par-
ticular, f(X) is a submartingale if f”(x) > 0 for all x € Z; that is, if f is convex.
We knew this already from Theorem 9.35; however, here we could also quantify
how much f(X) differs from a martingale.

In the special cases f(x) = x% and f(x) = |x|, the second derivative is f”(x) =2
and f”(x) =2 - 1 (x), respectively. Thus, from (10.4), we recover the statements
of Theorem 10.4 and Example 10.8.

Later we will derive a formula similar to (10.4) for stochastic processes in con-
tinuous time (see Section 25.3). O

10.2 Optional Sampling and Optional Stopping

Lemma 10.10 Let I C R be countable, let (X;)ie; be a martingale, let T € I and
let T be a stopping time with T < T. Then X, = E[Xr | F;] and, in particular,
E[X:]=E[Xo].

Proof 1t is enough to show that E[X714] = E[X;14] for all A € F;. By the defi-
nition of F;, we have {t =t} N A € F; forall t € I. Hence

E[X:141=) E[X/Lir=gnal = Y _E[E[X7 | Fi]1{r=ina]

t<T t<T
=Y E[X7rLali—]=E[X714].
t<T U

Theorem 10.11 (Optional sampling theorem) Let X = (X,)neN, be a super-
martingale and let o < T be stopping times.

(i) Assume there existsa T € Nwitht <T. Then
Xo > E[X: | F51,

and, in particular, E[X ;] > E[X.]. If X is a martingale, then equality holds
in each case.

(i1) If X is nonnegative and if T < 00 a.s., then we have E[X.] < E[X¢] < oo,
E[X;] <E[Xo] <ooand X; > E[X; | F5].

(iii) Assume that, more generally, X is only adapted and integrable. Then X is a
martingale if and only if E[ X ;] = E[X¢] for any bounded stopping time .

Proof (i) Let X = M + A be Doob’s decomposition of X. Hence A is predictable
and monotone decreasing, Ao =0, and M is a martingale. Applying Lemma 10.10
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to M yields
Xo=As + M, =E[A; + M7 | F5]
>E[A; + My | Fo1=E[A; + E[M7 | ]| Fo ]
ZE[A‘[ +M'[ |Fa]=E[Xr |fo]~

Here we used F; D Fy, the tower property and the monotonicity of the conditional
expectation (see Theorem 8.14).

(i1) We have XAy = X, almost surely. By (i), we get E[X;,,] < E[X(] for
any n € N. Using Fatou’s lemma, we infer

E[X.] <liminfE[X.1,] <E[X0] < 00.
n—o0

Similarly, we can show that E[ X, ] < E[X¢].
Now, let m,n € N with m > n. Part (i) applied to the bounded stopping times
T Am >0 Anyields

Xoan = E[ X am | Fornl
Now {o <n}N A € F, A, for A € F,. Hence

E[Xa ]]-{cr<n}ﬂA] = E[XJ/\n:ﬂ-{a<n}ﬂA] = E[XtAm ]]-{o'<n}(‘\A]-

Using Fatou’s lemma, we get
E[erl{o<n}ﬂA] = lni{giélofE[XrAmﬂ{o<n}ﬂA] = E[Xajl{o<n}ﬂA]~

Monotone convergence (for n — o0) thus yields E[X;14] <E[Xs14].

(iii) If X is a martingale, then the claim follows from Lemma 10.10. Now assume
that E[X;] = E[X(] for any bounded stopping time 7. Let r > s and A € F;. It is
enough to show that E[X;14] = E[X14]. Define v = sl4 + tlsc. Then 7 is a
bounded stopping time. However, by assumption,

E[X;14]1=E[X;] - E[X;1sc] = E[Xo] - E[X] + E[X,14] = E[X;14]. U

Corollary 10.12 Let X be a martingale (respectively a submartingale), and as-
sume (Ty) NeN is a monotone increasing sequence of bounded stopping times (hence
iy <Tn, N € N for some Ty € N). Then (X1, )neN is a martingale (respectively a
submartingale) with respect to the filtration (Fry ) NeN.

Definition 10.13 (Stopped process) Let I C R be countable, let (X;);c; be adapted
and let T be a stopping time. We define the stopped process X* by

X; =X, foranyrel.

Further, let F* be the filtration F* = (F]);er = (Frar)rel-
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Remark 10.14 X7 is adapted both to F and to F*. O

Theorem 10.15 (Optional stopping) Let (X;)neN, be a (sub-, super-) martingale
with respect to F and let T be a stopping time. Then X is a (sub-, super-) martin-
gale both with respect to F and with respect to FT.

Proof We give the proof only for the case where X is a submartingale. The other
cases are similar since there (—X) is a submartingale.
For each n € Ny, we have

E[|X}|] < E[max{|X,;|:m <n}]
<E[|Xol]+... +E[|X,]] < oc.

Hence X7 is integrable.
Let X be a submartingale. Since {t > n — 1} € F,_|, we have

E[X; — X5y | Fac1] =ElXcan — Xeag—) | Fail
=E[(Xn — Xn—D1Lir=n—1y | Fu-1]
= Lron—1 E[Xn — Xp—1 | F—1]
>0, since X is an F-submartingale.

Therefore, X© is an F-submartingale. As X7 is adapted to F* and since FT is the
smaller filtration, X7 is also an F-submartingale (see Remark 9.29). O

Example 10.16 Let X be a symmetric simple random walk on Z (see Exam-
ple 10.8). Let a, b € Z with a < 0, b > 0 and let

7, =inf{t > 0: X; = a}, 7, =inf{t >0: X; =b} and

Ta,b = Ta N\ Tp-

T4,p 18 a stopping time by Lemma 9.18. Let A = {r,,, = 74} be the event where
X hits a before hitting b. We want to compute P[A]. By Exercise 2.3.1, almost
surely limsup,,_, . X,, = 00 and liminf,,_, o X,, = —o0. Therefore, almost surely

7, < 00 and 1, < 00. By the optional stopping theorem, X% is a martingale. Since

n—o0 T, n—oo T,
Tab AN —> T4 almost surely, we get Xt = X1, , almost surely. As |Xn""’|

is bounded by b — a, we can infer that X;“"’ = X<, , alsoin L. Thus

0= lim E[X,""] =E[Xq,,]=a -Pltap =14 +b-Plra) = 1]
n—0oo ’

=b+ (a — b)Ptap = T4l

We conclude that P[7, , = 7,] = %. V%
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Example 10.17 Finally, we use our machinery in order to compute E[z, ;] and
E[z,]. The square variation process (X) (compare Definition 10.3) is given by

(X)n = ZE[(Xi - Xi—l)2 | -7:i—1] =n;

i=1
hence (X% — 1),eN, 1s a martingale. By the optional stopping theorem,

0=E[XZ ., — (tapAn)] forallneNo.

Ta,pb/\I

Monotone convergence yields
Elt, 5] =E[X} ,]=a’Plta s = 1] + b*Plta s = 1] = la| - b.

In order to compute E[7,], note that 7, 5 1 7, almost surely if b — oo. The mono-
tone convergence theorem thus yields E[t,] = limp_, oo E[74,5] = 00. O

Remark 10.18 Evidently, X;, = b > 0. Hence Xg < E[Xq, | o] = b. The claim
of the optional sampling theorem may thus fail, in general, if the stopping time is
unbounded. O

Example 10.19 (Gambler’s ruin problem) Consider a game of two persons, A
and B. In each round, a coin is tossed. Depending on the outcome, either A gets
a euro from B or vice versa. The game endures until one of the players is ruined.
For simplicity, we assume that in the beginning A has k4 € N euros while B has
kp = N — k4 euros, where N € N, N > k4. We want to know the probability of B’s
ruin. In Example 10.16 we saw that for a fair coin this probability is k4 /N. Now we
allow the coin to be unfair.

Hence, let Y1, Y2,... be ii.d. and ~Rad, (that is, P[Y; =1] =1 - P[Y; =
—1] = p) for some p € (0, 1) \ {%}. Denote by X, :=kp + ZL] Y; the running
total for B after n rounds, where formally we assume that the game continues even
after one player is ruined. We define as above 1, Ty and 7oy as the times of first
entrance of X into {0}, {N} and {0, N}, respectively. The ruin probability of B thus
is pg :=P[to,y = 10]. Since X is not a martingale (except for the case p = % that
was excluded), we use a trick to construct a martingale. Define a new process Z
by Z, := rXn — pk ]_[:7:l rYi, where r > 0 has to be chosen so that Z becomes a
martingale. By Example 9.31, this is the case if and only if

E[ryl] =pr+(—pr =1,

hence, if r =1 or r = 177”. Evidently, the choice r = 1 is useless (as Z does not

yield any information on X); hence we assume r = I_Tp. We thus get

to=inflneNo:Z, =1} and ty=inf{neNy:Z,=r"}.
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(Note that here we cannot argue as above in order to show that tp < oo and
Ty < oo almost surely. In fact, for p # %, only one of the statements holds.
However, using, for example, the strong law of large numbers, we obtain that
liminf,_, o, X,, = 0o (and thus 7y < 00) almost surely if p > % Similarly, Ty < oo
almost surely if p < %.) As in Example 10.16, the optional stopping theorem yields
r*t = Zo =E[Zy, 1= p} + (1 — p})r". Therefore, the probability of B’s ruin is

kp _ N

(10.5)

N T
Pp =

1—#N

If the game is advantageous for B (that is, p > %), then r < 1. In this case, in the
limit N — oo (with constant k),

Py = lim p¥ =rks (10.6)
N—>o0 <>

Exercise 10.2.1 Let X be a square integrable martingale with square variation pro-
cess (X). Let T be a finite stopping time. Show the following:

(i) IfE[(X):] < 0o, then
E[(Xr — X0)2] =E[(X)T] and E[X:]=E[Xj]. (10.7)
(i) If E[{X).] = oo, then both equalities in (10.7) may fail.

Exercise 10.2.2 We consider a situation that is more general than the one in the
preceding example by assuming only that Y1, Ys, ... are i.i.d. integrable random
variables that are not almost surely constant (and X,, = Y| + ...+ Y},,). We further
assume that there is a § > 0 such that E[exp(6Y])] < oo for all 6 € (-4, §). Define
amap ¥ : (—6,5) > R by 6 — log(E[exp(6Y71)]) and the process z? by ZZ =
exp(0 X, —nyr(0)) for n € Np. Show the following:

(i) ZY is a martingale for all 6 € (-8, §).

(i1) W is strictly convex.
(iii) E[y/Z9]" =30 for 6 #0.
(iv) Z% =570 almost surely.
We may interpret Y, as the difference between the premiums and the payments of

an insurance company at time #n. If the initial capital of the company is ko > 0, then
ko + X, is the account balance at time n. We are interested in the ruin probability

p(ko) =P[inf{X, + ko :n € No} < 0]

depending on the initial capital.
It can be assumed that the premiums are calculated such that E[Y]] > 0. Show
that if the equation ¥ (0) = 0 has a solution 6* # 0, then 6* < 0. Show further that
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in this case, the Cramér—Lundberg inequality holds:
p(ko) < exp(6*ko). (10.8)

Equality holds if kg € N and if ¥; assumes only the values —1 and 1. In this case,
we get (10.6) with r = exp(6™).

10.3 Uniform Integrability and Optional Sampling

We extend the optional sampling theorem to unbounded stopping times. We will see
that this is possible if the underlying martingale is uniformly integrable (compare
Definition 6.16).

Lemma 10.20 Let (X,,)qcN, be a uniformly integrable martingale. Then the family
(X7 : T is a finite stopping time) is uniformly integrable.

Proof By Theorem 6.19, there exists a monotone increasing, convex function
f:10, 00) = [0, c0) with

liminf f(x)/x =00 and L := sup E[f(|X,,|)] < 00.
X—00 neNy

If T < 0o is a finite stopping time, then by the optional sampling theorem for
bounded stopping times (Theorem 10.11 with T =n and o = 7 A n), E[X,, |
Franl = Xean. Since {t < n} € F; A, Jensen’s inequality yields

E[f(1Xc)Lir<n)] =E[f(IXeanl)Liz<n)]
<E[E[f(IXul) | Fern]Liz=n]
:E[f(|Xn|)]1{r§n}] <L.
Hence E[ /(| X+])] < L. By Theorem 6.19, the family
{X, 7 is a finite stopping time}

is uniformly integrable. g

Theorem 10.21 (Optional sampling and uniform integrability) Let (X,,n € Np)
be a uniformly integrable martingale (respectively supermartingale) and let o < T
be finite stopping times. Then E[|X;|] < 0o and X, = E[X | F;] (respectively
Xo = E[X: | Fo D).

Proof First let X be a martingale. We have {o <n} N F € Fs,, for all F € F,.
Hence, by the optional sampling theorem (Theorem 10.11),

E[XrAnjl{USn}ﬂF] = E[XO'/\VLJI{O'SH}OF]'
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By Lemma 10.20, (X5 an, 7 € Np) and thus (Xoanlio<ninF, 7 € No) are uniformly
integrable. Similarly, this holds for X, . Therefore, by Theorem 6.25,

E[X.1F] ZnIi)rgoE[Xr/\njl{(rSn}ﬁF] ani)ngoE[Xa/\nﬂ{agn}ﬂF]
=E[X,1F].

We conclude that E[X; | F»] = X,.
Now let X be a supermartingale and let X = M + A be its Doob decomposition;
that is, M is a martingale and A < 0 is predictable and decreasing. Since

E[|A,] =E[-A,] <E[|X, — Xol] <E[|Xo|] + sup E[|X,|] < oo,

mENo

we have A, | Ax for some Ay < 0 with E[—As] < oo (by the monotone con-
vergence theorem). Hence A and thus M = X — A are uniformly integrable (Theo-
rem 6.18(ii)). Therefore,

E[|X:|] <E[-A:]1+E[|M;|] <E[-Ac] +E[|M:]] < 0.
Furthermore,
E[X: | Fo]l=E[M: | F-]1+E[A; | 5]
= M, + Ay +E[(A; — A,) | ]

<M;+A; =Xs. 0

Corollary 10.22 Let X be a uniformly integrable martingale (respectively super-
martingale) and let T < 1 < ... be finite stopping times. Then (X, )neN is a mar-
tingale (respectively supermartingale).
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