
Chapter 26
Stochastic Differential Equations

Stochastic differential equations describe the time evolution of certain continuous
Markov processes with values in R

n. In contrast with classical differential equa-
tions, in addition to the derivative of the function, there is a term that describes the
random fluctuations that are coded as an Itô integral with respect to a Brownian
motion. Depending on how seriously we take the concrete Brownian motion as the
driving force of the noise, we speak of strong and weak solutions. In the first section,
we develop the theory of strong solutions under Lipschitz conditions for the coef-
ficients. In the second section, we develop the so-called (local) martingale problem
as a method of establishing weak solutions. In the third section, we present some
examples in which the method of duality can be used to prove weak uniqueness.

As stochastic differential equations are a very broad subject, and since things
quickly become very technical, we only excursively touch some of the most impor-
tant results, partly without proofs, and illustrate them with examples.

26.1 Strong Solutions

Consider a stochastic differential equation (SDE) of the type

X0 = ξ,

dXt = σ(t,Xt ) dWt + b(t,Xt ) dt.
(26.1)

Here W = (W 1, . . . ,Wm) is an m-dimensional Brownian motion, ξ is an R
n-

valued random variable with distribution μ that is independent of W , σ(t, x) =
(σij (t, x)) i=1,...,n

j=1,...,m
is a real n × m matrix and b(t, x) = (bi(t, x))i=1,...,n is an n-

dimensional vector. Assume the maps (t, x) �→ σij (t, x) and (t, x) �→ bi(t, x) are
measurable.

A. Klenke, Probability Theory, Universitext, DOI 10.1007/978-1-4471-5361-0_26,
© Springer-Verlag London 2014

589

http://dx.doi.org/10.1007/978-1-4471-5361-0_26


590 26 Stochastic Differential Equations

By a solution of (26.1) we understand a continuous adapted stochastic process X

with values in R
n that satisfies the integral equation

Xt = ξ +
∫ t

0
σ(s,Xs) dWs +

∫ t

0
b(s,Xs) ds P-a.s. for all t ≥ 0. (26.2)

Written in full, this is

Xi
t = ξ i +

m∑
j=1

∫ t

0
σij (s,Xs) dW

j
s +

∫ t

0
bi(s,Xs) ds for all i = 1, . . . , n.

Now the following problem arises: To which filtration F do we wish X to be
adapted? Should it be the filtration that is generated by ξ and W , or do we allow F

to be larger? Already for ordinary differential equations, depending on the equation,
uniqueness of the solution may fail (although existence is usually not a problem);
for example, for f ′ = |f |1/3. If F is larger than the filtration generated by W , then
we can define further random variables that select one out of a variety of possible
solutions. We thus have more possibilities for solutions than if F = σ(W). Indeed, it
will turn out that in some situations for the existence of a solution, it is necessary to
allow a larger filtration. Roughly speaking, X is a strong solution of (26.1) if (26.2)
holds and if X is adapted to F = σ(W). On the other hand, X is a weak solution if
X is adapted to a larger filtration F with respect to which W is still a martingale.
Weak solutions will be dealt with in Section 26.2.

Definition 26.1 (Strong solution) We say that the stochastic differential equa-
tion (SDE) (26.1) has a strong solution X if there exists a map F : Rn ×
C([0,∞);Rm) → C([0,∞);Rn) with the following properties:

(i) For every t ≥ 0, the map (x,w) �→ F(x,w) is measurable with respect to
B(Rn) ⊗Gm

t – Gn
t , where (for k = m or k = n) Gk

t := σ(πs : s ∈ [0, t]) is the σ -
algebra generated by the coordinate maps πs : C([0,∞);Rk) →R, w �→ w(s).

(ii) The process X = F(ξ,W) satisfies (26.2).

Condition (i) says that the path (Xs)s∈[0,t] depends only on ξ and (Ws)s∈[0,t] but
not on further information. In particular, X is adapted to Ft = σ(ξ,Ws : s ∈ [0, t])
and is progressively measurable; hence the Itô integral in (26.2) is well-defined if σ

and b do not grow too quickly for large x.

Remark 26.2 Clearly, a strong solution of an SDE is a generalized n-dimensional
diffusion. If the coefficients σ and b are independent of t , then the solution is an
n-dimensional diffusion. ♦

Remark 26.3 Let X be a strong solution and let F be as in Definition 26.1. If W ′ is
an m-dimensional Brownian motion on a space (Ω ′,F ′,P ′) with filtration F

′, and
if ξ ′ is independent of W ′ and is F ′

0-measurable, then X′ = F(ξ ′,W ′) satisfies the
integral equation (26.2). Hence, it is a strong solution of (26.1) with W replaced
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by W ′. Thus the existence of a strong solution does not depend on the actual real-
ization of the Brownian motion or on the filtration F. ♦

Definition 26.4 We say that the SDE (26.1) has a unique strong solution if there
exists an F as in Definition 26.1 such that:

(i) If W is an m-dimensional Brownian motion on some probability space
(Ω,F,P) with filtration F and if ξ is an F0-measurable random variable that is
independent of W and such that P ◦ ξ−1 = μ, then X := F(ξ,W) is a solution
of (26.2).

(ii) For every solution (X,W) of (26.2), we have X = F(ξ,W).

Example 26.5 Let m = n = 1, b ∈R and σ > 0. The Ornstein–Uhlenbeck process

Xt := ebt ξ + σ

∫ t

0
e(t−s)b dWs, t ≥ 0, (26.3)

is a strong solution of the SDE X0 = ξ and

dXt = σ dWt + bXt dt.

In the language of Definition 26.1, we have (in the sense of the pathwise Itô integral
with respect to w)

F(x,w) =
(

t �→ ebtx +
∫ t

0
e(t−s)b dw(s)

)

for all w ∈ Cqv (that is, with continuous square variation). Since P[W ∈ Cqv] = 1,
we can define F(x,w) = 0 for w ∈ C([0,∞);R) \ Cqv.

Indeed, by Fubini’s theorem for Itô integrals, we have (Exercise 25.3.1)

ξ +
∫ t

0
σ dWs +

∫ t

0
bXs ds

= ξ + σWt +
∫ t

0
bebsξ ds +

∫ t

0
σb

(∫ s

0
eb(s−r) dWr

)
ds

= ξ + σWt + (
ebt − 1

)
ξ +

∫ t

0
σ

(∫ t

r

beb(s−r) ds

)
dWr

= ebt ξ +
∫ t

0

(
σ + (

eb(t−r) − 1
)
σ
)
dWr

= Xt .

It can be shown (see Theorem 26.8) that the solution is also (strongly) unique. ♦

Example 26.6 Let α,β ∈ R. The one-dimensional SDE X0 = ξ and

dXt = αXt dWt + βXt dt (26.4)
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has the strong solution

Xt = ξ exp

(
αWt +

(
β − α2

2

)
t

)
.

In the language of Definition 26.1, we have σ(t, x) = αx, b(t, x) = βx and

F(x,w) =
(

t �→ x exp

(
αw(t) +

(
β − α2

2

)
t

))

for all w ∈ C([0,∞);R) and x ∈ R. Indeed, by the time-dependent Itô formula
(Corollary 25.35),

Xt = ξ +
∫ t

0
αXs dWs +

∫ t

0

((
β − α2

2

)
+ 1

2
α2
)

Xs ds.

Also in this case, we have strong uniqueness of the solution (see Theorem 26.8).
The process X is called a geometric Brownian motion and, for example, serves in
the so-called Black–Scholes model as the process of stock prices. ♦

We give a simple criterion for existence and uniqueness of strong solutions. For
an n × m matrix A, define the Hilbert–Schmidt norm

‖A‖ =
√

trace
(
AAT

)=
√√√√ n∑

i=1

m∑
j=1

A2
i,j . (26.5)

For b ∈ R
n, we use the Euclidean norm ‖b‖. Since all norms on finite-dimensional

vector spaces are equivalent, it is not important exactly which norm we use. How-
ever, the Hilbert–Schmidt norm simplifies the computations, as the following lemma
shows.

Lemma 26.7 Let t �→ H(t) = (Hij (t))i=1,...,n,j=1,...,m be progressively measur-

able and E[∫ T

0 H 2
ij (t) dt] < ∞ for all i, j . Then

E
[∥∥∥∥
∫ T

0
H(t) dWt

∥∥∥∥
2]

= E
[∫ T

0

∥∥H(t)
∥∥2

dt

]
, (26.6)

where ‖H‖ is the Hilbert–Schmidt norm from (26.5).

Proof For i = 1, . . . , n, the process Ii(t) :=∑m
j=1

∫ t

0 Hij (s) dW
j
s is a continuous

martingale with square variation process 〈Ii〉t = ∫ t

0

∑m
j=1 H 2

ij (s) ds. Hence

E
[(

Ii(T )
)2]= E

[∫ T

0

m∑
j=1

H 2
ij (s) ds

]
.
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The left-hand side in (26.6) equals

n∑
i=1

E
[(

Ii(T )
)2]= E

[∫ T

0

n∑
i=1

m∑
j=1

H 2
ij (s) ds

]
.

Hence the claim follows by the definition of ‖H(s)‖2. �

Theorem 26.8 Let b and σ be Lipschitz continuous in the first coordinate. That
is, we assume that there exists a K > 0 such that, for all x, x′ ∈ R

n and t ≥ 0,
∥∥σ(x, t) − σ

(
x′, t

)∥∥+ ∥∥b(x, t) − b
(
x′, t

)∥∥≤ K
∥∥x − x′∥∥. (26.7)

Further, assume the growth condition

∥∥σ(t, x)
∥∥2 + ∥∥b(t, x)

∥∥2 ≤ K2(1 + ‖x‖2) for all x ∈ R
n, t ≥ 0. (26.8)

Then, for every initial point X0 = x ∈ R
n, there exists a unique strong solution X

of the SDE (26.1). This solution is a Markov process and in the case where σ and
b do not depend on t , it is a strong Markov process.

As the main tool, we need the following lemma.

Lemma 26.9 (Gronwall) Let f,g : [0, T ] → R be integrable and let C > 0 such
that

f (t) ≤ g(t) + C

∫ t

0
f (s) ds for all t ∈ [0, T ]. (26.9)

Then

f (t) ≤ g(t) + C

∫ t

0
eC(t−s)g(s) ds for all t ∈ [0, T ].

In particular, if g(t) ≡ G is constant, then f (t) ≤ GeCt for all t ∈ [0, T ].

Proof Let F(t) = ∫ t

0 f (s) ds and h(t) = F(t)e−Ct . Then, by (26.9),

d

dt
h(t) = f (t)e−Ct − CF(t)e−Ct ≤ g(t)e−Ct .

Integration yields

F(t) = eCth(t) ≤
∫ t

0
eC(t−s)g(s) ds.

Substituting this into (26.9) gives

f (t) ≤ g(t) + CF(t) ≤ g(t) + C

∫ t

0
g(s)eC(t−s) ds. �
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Proof of Theorem 26.8 It is enough to show that, for every T < ∞, there exists a
unique strong solution up to time T .

Uniqueness. We first show uniqueness of the solution. Let X and X′ be two
solutions of (26.2). Then

Xt − X′
t =

∫ t

0

(
b(s,Xs) − b

(
s,X′

s

))
ds +

∫ t

0

(
σ(s,Xs) − σ

(
s,X′

s

))
dWs.

Hence

∥∥Xt − X′
t

∥∥2 ≤ 2

∥∥∥∥
∫ t

0

(
b(s,Xs) − b

(
s,X′

s

))
ds

∥∥∥∥
2

+ 2

∥∥∥∥
∫ t

0

(
σ(s,Xs) − σ

(
s,X′

s

))
dWs

∥∥∥∥
2

. (26.10)

For the first summand in (26.10), use the Cauchy–Schwarz inequality, and for the
second one use Lemma 26.7 to obtain

E
[∥∥Xt − X′

t

∥∥2] ≤ 2t

∫ t

0
E
[∥∥b(s,Xs) − b

(
s,X′

s

)∥∥2]
ds

+ 2
∫ t

0
E
[∥∥σ(s,Xs) − σ

(
s,X′

s

)∥∥2]
ds.

Write f (t) = E[‖Xt − X′
t‖2] and C := 2(T + 1)K2. Then f (t) ≤ C

∫ t

0 f (s) ds.
Hence Gronwall’s lemma (with g ≡ 0) yields f ≡ 0.

Existence. We use a version of the Picard iteration scheme. For N ∈ N0, recur-
sively define processes XN by X0

t ≡ x and

XN
t := x +

∫ t

0
b
(
s,XN−1

s

)
ds +

∫ t

0
σ
(
s,XN−1

s

)
dWs for N ∈N. (26.11)

Using the growth condition (26.8), it can be shown inductively that

∫ T

0
E
[∥∥XN

t

∥∥2]
dt ≤ 2(T + 1)K2

(
T +

∫ T

0
E
[∥∥XN−1

t

∥∥2]
dt

)

≤ (
2T (T + 1)K2)N (1 + ‖x‖2)< ∞, N ∈N.

Hence, at each step, the Itô integral is well-defined.
Consider now the differences

XN+1
t − XN

t = It + Jt ,

where

It :=
∫ t

0

(
σ
(
s,XN

s

)− σ
(
s,XN−1

s

))
dWs
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and

Jt :=
∫ t

0

(
b
(
s,XN

s

)− b
(
s,XN−1

s

))
ds.

By applying Doob’s L2-inequality to the nonnegative submartingale (‖It‖2)t≥0, us-
ing Lemma 26.7 and (26.7), we obtain

E
[
sup
s≤t

‖Is‖2
]

≤ 4E
[‖It‖2]

= 4E
[∫ t

0

∥∥σ (s,XN
s

)− σ
(
s,XN−1

s

)∥∥2
ds

]

≤ 4K2
∫ t

0
E
[∥∥XN

s − XN−1
s

∥∥2]
ds. (26.12)

For Jt , by the Cauchy–Schwarz inequality, we get

‖Jt‖2 ≤ t

∫ t

0

∥∥b(s,XN
s

)− b
(
s,XN−1

s

)∥∥2
ds.

Hence

E
[
sup
s≤t

‖Js‖2
]

≤ tE
[∫ t

0

∥∥b(s,XN
s

)− b
(
s,XN−1

s

)∥∥2
ds

]

≤ tK2
∫ t

0
E
[∥∥XN

s − XN−1
s

∥∥2]
ds. (26.13)

Defining

ΔN(t) := E
[
sup
s≤t

∥∥XN
s − XN−1

s

∥∥2
]
,

and C := 2K2(4 + T ) ∨ 2(T + 1)K2(1 + ‖x‖2), we obtain (using the growth con-
dition (26.8))

ΔN+1(t) ≤ C

∫ t

0
ΔN(s) ds for N ≥ 1

and

Δ1(t) ≤ 2t

∫ t

0

∥∥b(s, x)
∥∥2

ds + 2
∫ t

0

∥∥σ(s, x)
∥∥2

ds

≤ 2(T + 1)K2(1 + ‖x‖2) · t ≤ Ct.
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Inductively, we get ΔN(t) ≤ (Ct)N

N ! . Thus, by Markov’s inequality,

∞∑
N=1

P
[
sup
s≤t

∥∥XN
s − XN−1

s

∥∥2
> 2−N

]
≤

∞∑
N=1

2NΔN(t)

≤
∞∑

N=1

(2Ct)N

N ! ≤ e2Ct < ∞.

Using the Borel–Cantelli lemma, we infer sups≤t ‖XN
s −XN−1

s ‖2 N→∞−→ 0 a.s. Hence
a.s. (XN)N∈N is a Cauchy sequence in the Banach space (C([0, T ]),‖ · ‖∞). There-
fore, XN converges a.s. uniformly to some X. As uniform convergence implies con-
vergence of the integrals, X is a strong solution of (26.2).

Markov property. The strong Markov property follows from the strong Markov
property of the Brownian motion that drives the SDE. �

We have already seen some important examples of this theorem. Many interesting
problems, however, lead to stochastic differential equations with coefficients that are
not Lipschitz continuous. In the one-dimensional case, using special comparison
methods, one can show that it is sufficient that σ is Hölder-continuous of order 1

2 in
the space variable.

Theorem 26.10 (Yamada–Watanabe) Consider the one-dimensional situation
where m = n = 1. Assume that there exist K < ∞ and α ∈ [ 1

2 ,1] such that, for
all t ≥ 0 and x, x′ ∈ R, we have

∣∣b(t, x) − b
(
t, x′)∣∣≤ K

∣∣x − x′∣∣ and
∣∣σ(t, x) − σ

(
t, x′)∣∣≤ ∣∣x − x′∣∣α.

Then, for every X0 ∈ R, the SDE (26.1) has a unique strong solution X and X is a
strong Markov process.

Proof See [172] or [85, Proposition 5.2.13] and [49, Theorem 5.3.11] for existence
and uniqueness. The strong Markov property follows from Theorem 26.26. �

Example 26.11 Consider the one-dimensional SDE

dXt =
√

γX+
t dWt + a

(
b − X+

t

)
dt (26.14)

with initial point X0 = x ≥ 0, where γ > 0 and a, b ≥ 0 are parameters. The condi-
tions of Theorem 26.10 are fulfilled with α = 1

2 and K = √
γ + a. Obviously, the

unique strong solution X remains nonnegative if X0 ≥ 0. (In fact, it can be shown
that Xt > 0 for all t > 0 if 2ab/γ ≥ 1, and that Xt hits zero arbitrarily often with
probability 1 if 2ab/γ < 1. See, e.g., [78, Example IV.8.2, p. 237]. Compare Exam-
ple 26.16. See Figs. 26.1 and 26.2 for computer simulations.)
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Fig. 26.1 Cox–Ingersoll–Ross diffusion with parameters γ = 1, b = 1 and a = 0.3. The path hits
zero again and again since 2ab/γ = 0.6 < 1

Fig. 26.2 Cox–Ingersoll–Ross diffusion with parameters γ = 1, b = 1 and a = 2. The path never
hits zero since 2ab/γ = 4 ≥ 1

Depending on the context, this process is sometimes called Feller’s branching
diffusion with immigration or the Cox–Ingersoll–Ross model for the time evolution
of interest rates.

For the case a = b = 0, use the Itô formula to compute that

e−λXt − e−λx − γ
λ2

2

∫ t

0
e−λXs Xs ds = λ

∫ t

0
e−λXs

√
γXs dWs
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is a martingale. Take expectations for the Laplace transform ϕ(t, λ, x) = Ex[e−λXt ]
to get the differential equation

d

dt
ϕ(t, λ, x) = γ

λ2

2
E
[
Xte

−λXt
]= −γ λ2

2

d

dλ
ϕ(t, λ, x).

With initial value ϕ(0, λ, x) = e−λx , the unique solution is

ϕ(t, λ, x) = exp

(
− λ

(γ /2)λt + 1
x

)
.

However (for γ = 2), this is exactly the Laplace transform of the transition probabil-
ities of the Markov process that we defined in Theorem 21.48 and that in Lindvall’s
theorem (Theorem 21.51) we encountered as the limit of rescaled Galton–Watson
branching processes. ♦

Exercise 26.1.1 Let a, b ∈ R. Show that the stochastic differential equation

dXt = b − Xt

1 − t
dt + dWt

with initial value X0 = a has a unique strong solution for t ∈ [0,1) and that X1 :=
limt↑1 X1 = b almost surely. Furthermore, show that the process Y = (Xt − a −
t (b − a))t∈[0,1] can be described by the Itô integral

Yt = (1 − t)

∫ t

0
(1 − s)−1 dWs, t ∈ [0,1),

and is hence a Brownian bridge (compare Exercise 21.5.3).

26.2 Weak Solutions and the Martingale Problem

In the last section, we studied strong solutions of the stochastic differential equation

dXt = σ(t,Xt ) dWt + b(t,Xt ) dt. (26.15)

A strong solution is a solution where any path of the Brownian motion W gets
mapped onto a path of the solution X. In this section, we will study the notion of
a weak solution where additional information (or additional noise) can be used to
construct the solution.

Definition 26.12 (Weak solution of an SDE) A weak solution of (26.15) with initial
distribution μ ∈ M1(R

n) is a triple

L = (
(X,W), (Ω,F,P),F

)
,

where
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• (Ω,F,P) is a probability space,
• F= (Ft )t≥0 is a filtration on (Ω,F,P) that satisfies the usual conditions,
• W is a Brownian motion on (Ω,F,P) and is a martingale with respect to F,
• X is continuous and adapted (hence progressively measurable),
• P ◦ (X0)

−1 = μ, and
• (X,W) satisfies

Xt = X0 +
∫ t

0
σ(s,Xs) dWs +

∫ t

0
b(s,Xs) ds P-a.s. (26.16)

A weak solution L is called (weakly) unique if, for any further solution L′ with
initial distribution μ, we have P′ ◦ (X′)−1 = P ◦ X−1.

Remark 26.13 Clearly, a weak solution of an SDE is a generalized n-dimensional
diffusion. If the coefficients σ and b do not depend on t , then the solution is an
n-dimensional diffusion. ♦

Remark 26.14 Clearly, every strong solution of (26.15) is a weak solution. The con-
verse is false, as the following example shows. ♦

Example 26.15 Consider the SDE (with initial value X0 = 0)

dXt = sign(Xt ) dWt , (26.17)

where sign = 1(0,∞) − 1(−∞,0) is the sign function. Then

Xt = X0 +
∫ t

0
sign(Xs) dWs for all t ≥ 0 (26.18)

if and only if

Wt =
∫ t

0
dWs =

∫ t

0
sign(Xs) dXs for all t ≥ 0. (26.19)

A weak solution of (26.17) is obtained as follows. Let X be a Brownian motion on
a probability space (Ω,F,P) and F = σ(X). If we define W by (26.19), then W is
a continuous F-martingale with square variation

〈W 〉t =
∫ 1

0

(
sign(Xs)

)2
ds = t.

Thus, by Lévy’s characterization (Theorem 25.28), W is a Brownian motion. Hence
((X,W), (Ω,F,P),F) is a weak solution of (26.17).

In order to show that a strong solution does not exist, take any weak solution and
show that X is not adapted to σ(W). Since, by (26.18), X is a continuous martingale
with square variation 〈X〉t = t , X is a Brownian motion.
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Let Fn ∈ C2(R) be a convex even function with derivatives F ′
n and F ′′

n such that

sup
x∈R

∣∣Fn(x) − |x|∣∣ n→∞−→ 0,

|F ′
n(x)| ≤ 1 for all x ∈ R and F ′

n(x) = sign(x) for |x| > 1
n

. In particular, we have
∫ t

0

(
F ′

n(Xs) − sign(Xs)
)2

ds
n→∞−→ 0 a.s.

and thus ∫ t

0
F ′

n(Xs) dXs
n→∞−→

∫ t

0
sign(Xs) dXs in L2. (26.20)

By passing to a subsequence, if necessary, we may assume that almost sure conver-
gence holds in (26.20).

Since F ′′
n is even, we have

Wt =
∫ t

0
sign(Xs) dXs = lim

n→∞

∫ t

0
F ′

n(Xs) dXs

= lim
n→∞

(
Fn(Xt ) − Fn(0) − 1

2

∫ t

0
F ′′

n (Xs) ds

)

= |Xt | − lim
n→∞

1

2

∫ t

0
F ′′

n

(|Xs |
)
ds.

As the right-hand side depends only on |Xs |, s ∈ [0, t], W is adapted to G :=
(σ (|Xs | : s ∈ [0, t])). Hence σ(W) ⊂ G � σ(X), and thus X is not adapted to
σ(W). ♦

Example 26.16 Let B = (B1, . . . ,Bn) be an n-dimensional Brownian motion
started at y ∈ R

n. Let x := ‖y‖2, Xt := ‖Bt‖2 = (B1
t )2 + . . . + (Bn

t )2 and

Wt :=
n∑

i=1

∫ t

0

1√
Xs

Bi
s dBi

s .

Then W is a continuous local martingale with 〈W 〉t = t for every t ≥ 0 and

Xt = x + nt +
∫ t

0

√
Xs dWs.

That is, (X,W) is a weak solution of the SDE dXt = √
2Xt dWt + ndt . X is called

an n-dimensional Bessel process. By Theorem 25.42, B (and thus X) hits the origin
for some t > 0 if and only if n = 1. Clearly, we can define X also for noninteger n ≥
0. One can show that X hits zero if and only if n ≤ 1. Compare Example 26.11. ♦

For the connection between existence and uniqueness of weak solutions and
strong solutions, we only quote here the theorem of Yamada and Watanabe.
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Definition 26.17 (Pathwise uniqueness) A solution of the SDE (26.15) with initial
distribution μ is said to be pathwise unique if, for every μ ∈ M1(R

n) and for any
two weak solutions (X,W) and (X′,W) on the same space (Ω,F,P) with the same
filtration F, we have P[Xt = X′

t for all t ≥ 0] = 1.

Theorem 26.18 (Yamada and Watanabe) The following are equivalent.

(i) The SDE (26.15) has a unique strong solution.
(ii) For any μ ∈ M1(R

n), (26.15) has a weak solution, and pathwise uniqueness
holds.

If (i) and (ii) hold, then the solution is weakly unique.

Proof See [172], [147, pp. 151ff] or [78, pp. 163ff]. �

Example 26.19 Let X be a weak solution of (26.17). Then −X is also a weak solu-
tion; that is, pathwise uniqueness does not hold (although it can be shown that the
solution is weakly unique; see Theorem 26.25). ♦

Consider the one-dimensional case m = n = 1. If X is a solution (strong or weak)
of (26.15), then

Mt := Xt −
∫ t

0
b(s,Xs) ds

is a continuous local martingale with square variation

〈M〉t =
∫ t

0
σ 2(s,Xs) ds.

We will see that this characterizes a weak solution of (26.15) (under some mild
growth conditions on σ and b).

Now assume that, for all t ≥ 0 and x ∈R
n, the n × n matrix a(t, x) is symmetric

and nonnegative definite, and let (t, x) �→ a(t, x) be measurable.

Definition 26.20 An n-dimensional continuous process X is called a solution of the
local martingale problem for a and b with initial condition μ ∈ M1(R

n) (briefly,
LMP(a, b,μ)) if P ◦ X−1

0 = μ and if, for every i = 1, . . . , n,

Mi
t := Xi

t −
∫ t

0
bi(s,Xs) ds, t ≥ 0,

is a continuous local martingale with quadratic covariation

〈
Mi,Mj

〉
t
=
∫ t

0
aij (s,Xs) ds for all t ≥ 0, i, j = 1, . . . , n.

We say that the solution of LMP(a, b,μ) is unique if, for any two solutions X

and X′, we have P ◦ X−1 = P ◦ (X′)−1.
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Denote by σT the transposed matrix of σ . Clearly, a = σσT is a nonnegative
semidefinite symmetric n × n matrix.

Theorem 26.21 X is a solution of LMP(σσT , b,μ) if and only if (on a suitable
extension of the probability space) there exists a Brownian motion W such that
(X,W) is a weak solution of (26.15).

In particular, there exists a unique weak solution of the SDE (26.15) with initial
distribution μ if LMP(σσT , b,μ) is uniquely solvable.

Proof We show the statement only for the case m = n = 1. The general case needs
some consideration on the roots of nonnegative semidefinite symmetric matrices,
which, however, do not yield any further insight into the stochastics of the problem.
For this we refer to [85, Proposition 5.4.6].

“⇐= ” If (X,W) is a weak solution, then, by Corollary 25.19, X solves the
local martingale problem.

“=⇒ ” Let X be a solution of LMP(σ 2, b,μ). By Theorem 25.29, on an
extension of the probability space there exists a Brownian motion W̃ such that
Mt = ∫ t

0 |σ(s,Xs)|dW̃s . If we define

Wt :=
∫ t

0
sign

(
σ(s,Xs)

)
dW̃s,

then Mt = ∫ t

0 σ(s,Xs) dWs and hence (X,W) is a weak solution of (26.15). �

In some sense, a local martingale problem is a very natural way of writing a
stochastic differential equation; that is:

X locally has derivative (drift) b and additionally has random normally distributed
fluctuations of size σ .

Here, a concrete Brownian motion does not appear. In fact, in most problems its
occurrence is rather artificial. Just as Markov chains are described by their transi-
tion probabilities and not by a concrete realization of the random transitions (as in
Theorem 17.17), many continuous (space and time) processes are most naturally de-
scribed by the drift and the size of the fluctuations but not by the concrete realization
of the random fluctuations.

From a technical point of view, the formulation of a stochastic differential equa-
tion as a local martingale problem is very convenient since it makes SDEs accessible
to techniques such as martingale inequalities and approximation theorems that can
be used to establish existence and uniqueness of solutions. Here we simply quote
two important results.

Theorem 26.22 (Existence of solutions) Let (t, x) �→ b(t, x) and (t, x) �→ a(t, x)

be continuous and bounded. Then, for every μ ∈M1(R
n), there exists a solution X

of the LMP(a, b,μ).

Proof See [147, Theorem V.23.5]. �
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Definition 26.23 The LMP(a, b) is said to be well-posed if, for every x ∈R
n, there

exists a unique solution X of LMP(a, b, δx).

Remark 26.24 If σ and b satisfy the Lipschitz conditions of Theorem 26.8, then the
LMP(σσT , b) is well-posed. This follows by Theorem 26.8, Theorem 26.18 and
Theorem 26.21. ♦

In the following, we assume

(t, x) �→ σ(t, x) resp. (t, x) �→ a(t, x) is bounded on compact sets. (26.21)

This condition ensures the equivalence of the local martingale problems to the some-
what more common martingale problem (see [85, Proposition 5.4.11]).

Theorem 26.25 (Uniqueness in the martingale problem) Assume (26.21) and that,
for any x ∈ R

n, there exists a solution Xx of LMP(a, b, δx). The distribution of Xx

will be denoted by Px := P ◦ (Xx)−1.
Assume that, for any two solutions Xx and Yx of LMP(a, b, δx), we have

P ◦ (Xx
T

)−1 = P ◦ (Yx
T

)−1
for any T ≥ 0. (26.22)

Then LMP(a, b) is well-posed, and the canonical process X is a strong Markov
process with respect to (Px, x ∈ R

n). If a = σσT , then under Px , the process X is
the unique weak solution of the SDE (26.15).

Proof See [49, Theorem 4.4.2 and Problem 49] and [85, Proposition 5.4.11]. �

A fundamental strength of this theorem is that we do not need to check the
uniqueness of the whole process but only have to check in (26.22) the one-
dimensional marginal distributions. We will use this in Section 26.3 in some ex-
amples.

The existence of solutions of a stochastic differential equation (or equivalently of
a local martingale problem) is often easier to show than the uniqueness of solutions.
We know already that Lipschitz conditions for the coefficients b and σ (not σσT !)
ensure uniqueness (Theorem 26.8 and Theorem 26.18), as here strong uniqueness
of the solution holds.

At first glance, it might seem confusing that random fluctuations have a stabil-
ising effect on the solution. That is, there are deterministic differential equations
whose solution is unique only after adding random noise terms. For example, con-
sider the following equation:

dXt = sign(Xt )|Xt |1/3 dt + σ dWt , X0 = 0. (26.23)

If σ = 0, then the deterministic differential equation has a continuum of solutions
that can be parameterized by v ∈ {−1,+1} and T ≥ 0, namely Xt = v2

√
2(t −

T )3/21{t>T }. If σ > 0, then the noise eliminates the instability of (26.23) at x = 0.
We quote the following theorem for the time-independent case from [147, Theo-
rem V.24.1] (see also [161, Chapter 10]).
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Theorem 26.26 (Stroock–Varadhan) Let aij : Rn → R be continuous and let
bi :Rn → R be measurable for i, j = 1, . . . , n. Assume

(i) a(x) = (aij (x)) is symmetric and strictly positive definite for every x ∈ R
n,

(ii) there exists a C < ∞ such that, for all x ∈R
n and i, j = 1, . . . , n, we have

∣∣aij (x)
∣∣≤ C

(
1 + ‖x‖2) and

∣∣bi(x)
∣∣≤ C

(
1 + ‖x‖).

Then the LMP(a, b) is well-posed and the SDE (26.15) has a unique strong solu-
tion that is a strong Markov process. The solution X has the Feller property: For
every t > 0 and every bounded measurable f : Rn → R, the map x �→ Ex[f (Xt )]
is continuous.

We will present explicit examples in Section 26.3. Here we just remark that we
have developed a particular method in order to construct Markov processes, namely
as the solution of a stochastic differential equation or of a local martingale prob-
lem. In the framework of models in discrete time, in Section 17.2 and especially in
Exercise 17.2.1, we characterized certain Markov chains as solutions of martingale
problems. In order for drift and square variation to be sufficient for uniqueness of
the Markov chain described by the martingale problem, it was essential that, for any
step of the chain, we only allowed three possibilities. Here, however, the decisive
restriction is the continuity of the processes.

Exercise 26.2.1 Consider the time-homogeneous one-dimensional case (m =
n = 1). Let σ and b be such that, for every X0 ∈ R, there exists a unique weak
solution of

dXt = σ(Xt ) dWt + b(Xt ) dt

that is a strong Markov process. Further, assume that there exists an x0 ∈R with

C :=
∫ ∞

−∞
1

σ 2(x)
exp

(∫ x

x0

2b(r)

σ 2(r)
dr

)
dr < ∞.

(i) Show that the measure π ∈ M1(R) with density

π(dx)

dx
= C−1 1

σ 2(x)
exp

(∫ x

x0

2b(r)

σ 2(r)
dr

)

is an invariant distribution for X.
(ii) For which values of b does the Ornstein–Uhlenbeck process dXt = σ dWt +

bXt dt have an invariant distribution? Determine this distribution and compare
the result with what could be expected by an explicit computation using the
representation in (26.3).

(iii) Compute the invariant distribution of the Cox–Ingersoll–Ross SDE (26.14)
(i.e., Feller’s branching diffusion).
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(iv) Let γ, c > 0 and θ ∈ (0,1). Show that the invariant distribution of the solution
X of the SDE on [0,1],

dXt =√
γXt(1 − Xt)dWt + c(θ − Xt)dt

is the Beta distribution β2cγ /θ,2cγ /(1−θ).

Exercise 26.2.2 Let γ > 0. Let X1 and X2 be solutions of dXi
t =

√
γXi

t dWi
t ,

where W 1 and W 2 are two independent Brownian motions with initial values
X1

0 = x1
0 > 0 and X2

0 = x2
0 > 0. Show that Z := X1 + X2 is a weak solution of

Z0 = 0 and dZt = √
γZtdWt .

26.3 Weak Uniqueness via Duality

The Stroock–Varadhan theorem provides a strong criterion for existence and unique-
ness of solutions of stochastic differential equations. However, in many cases, the
condition of locally uniform ellipticity of a (Condition (i) in Theorem 26.26) is not
fulfilled. This is the case, in particular, if the solutions are defined only on subsets
of Rn.

Here we will study a powerful tool that in many special cases can yield weak
uniqueness of solutions.

Definition 26.27 (Duality) Let X = (Xx, x ∈ E) and Y = (Y y, y ∈ E′) be families
of stochastic processes with values in the spaces E and E′, respectively, and such
that Xx

0 = x a.s. and Y
y

0 = y a.s. for all x ∈ E and y ∈ E′. We say that X and Y are
dual to each other with duality function H : E × E′ → C if, for all x ∈ E, y ∈ E′
and t ≥ 0, the expectations E[H(Xx

t , y)] and E[H(x,Y
y
t )] exist and are equal:

E
[
H
(
Xx

t , y
)]= E

[
H
(
x,Y

y
t

)]
.

In the following, we assume that σij : Rn → R and bi : Rn → R are bounded
on compact sets for all i = 1, . . . , n, j = 1, . . . ,m. Consider the time-homogeneous
stochastic differential equation

dXt = σ(Xt ) dWt + b(Xt ) dt. (26.24)

Theorem 26.28 (Uniqueness via duality) Assume that, for every x ∈ R
n, there ex-

ists a solution of the local martingale problem for (σσT , b, δx). Further, assume
that there exists a family (Y y, y ∈ E′) of Markov processes with values in the mea-
surable space (E′,E ′) and a measurable map H :Rn ×E′ →C such that, for every
y ∈ E′, x ∈ R

n and t ≥ 0, the expectation E[H(x,Y
y
t )] exists and is finite. Further,

let (H(·, y), y ∈ E′) be a separating class of functions for M1(R
n) (see Defini-

tion 13.9).
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For every x ∈ R
n and every solution Xx of LMP(σσT , b, δx), assume that the

duality equation holds:

E
[
H
(
Xx

t , y
)]= E

[
H
(
x,Y

y
t

)]
for all y ∈ E′, t ≥ 0. (26.25)

Then the local martingale problem of (σσT , b) is well-posed and hence (26.24) has
a unique weak solution that is a strong Markov process.

Proof By Theorem 26.25, it is enough to check that, for every x ∈ R
n, every so-

lution Xx of LMP(σσT , b, δx) and every t ≥ 0, the distribution P ◦ (Xx
t )−1 is

unique. Since (H(·, y), y ∈ E′) is a separating class of functions, this follows from
(26.16). �

Example 26.29 (Wright–Fisher diffusion) Consider the Wright–Fisher SDE

dXt = 1[0,1](Xt )
√

γXt(1 − Xt)dWt , (26.26)

where γ > 0 is a parameter. See Fig. 26.3 for a computer simulation. By Theo-
rem 26.22, for every x ∈ R, there exists a weak solution (X̃,W) of (26.26). X̃ is a
continuous local martingale with square variation

〈X̃〉t =
∫ t

0
γ X̃s(1 − X̃s)1[0,1](X̃s) ds.

Let τ := inf{t > 0 : X̃t �∈ [0,1]} and let X := X̃τ be the process stopped at τ . Then
X is a continuous bounded martingale with

〈X〉t =
∫ t

0
γXs(1 − Xs)1[0,1](Xs) ds.

Hence, (X,W) is a solution of (26.26). By construction, Xt ∈ [0,1] for all t ≥ 0 if
X0 = X̃0 ∈ [0,1].

Let τ ′ := inf{t > 0 : X̃t ∈ [0,1]}. If X̃0 �∈ [0,1], then τ ′ > 0 since X̃ is continu-
ous. Since X̃τ ′

is a continuous local martingale with 〈X̃τ ′ 〉 ≡ 0, we have X̃τ ′
t = X̃0

for all t ≥ 0. However, this implies X̃t = X̃0 for all t < τ ′. Again, by continuity
of X̃, we get τ ′ = ∞ and X̃t = X̃0 for all t ≥ 0.

Hence, it is enough to show uniqueness of the solution for X̃0 = x ∈ [0,1]. To
this end, let Y = (Yt )t≥0 be the Markov process on N with Q-matrix

q(m,n) =

⎧⎪⎨
⎪⎩

γ
(
m
2

)
, if n = m − 1,

−γ
(
m
2

)
, if n = m,

0, else.

We show duality of X and Y with respect to H(x,n) = xn:

Ex

[
Xn

t

]= En

[
xNt

]
for all t ≥ 0, x ∈ [0,1], n ∈N. (26.27)
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Fig. 26.3 Simulation of a Wright–Fisher diffusion with parameter γ = 1

Define mx,n(t) = Ex[Xn
t ] and gx,n(t) = En[xNt ]. By the Itô formula,

Xn
t − xn −

∫ t

0
γ

(
n

2

)
Xn−1

s (1 − Xs)ds =
∫ t

0
nXn−1

s

√
γXs(1 − Xs)dWs

is a martingale.
Taking expectations, we obtain the following recursive equations for the mo-

ments of X:

mx,1(t) = x,

mx,n(t) = xn + γ

(
n

2

)∫ t

0

(
mx,n−1(s) − mx,n(s)

)
ds for n ≥ 2.

(26.28)

Clearly, this system of linear differential equations can be uniquely solved recur-
sively in n.

Due to the Markov property of Y , for h > 0 and t ≥ 0, we have

gx,n(t + h) = En

[
xYt+h

]= En

[
EYh

[
xYt
]]

=
n∑

m=1

Pn[Yh = m]Em

[
xYt
]

=
n∑

m=1

Pn[Yh = m]gx,m(t).

This implies

d

dt
gx,n(t) = lim

h↓0
h−1[gx,n(t + h) − gx,n(t)

]

= lim
h↓0

h−1
n∑

m=1

Pn[Yh = m](gx,m(t) − gx,n(t)
)
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=
n∑

m=1

q(n,m)gx,m(t)

= γ

(
n

2

)(
gx,n−1(t) − gx,n(t)

)
. (26.29)

Evidently, gx,1(t) = x for all x ∈ [0,1] and t ≥ 0 and gx,n(0) = xn. That is, gx,n

solves (26.28), and thus (26.27) holds.
By Theorem 15.4, the family (H(·, n), n ∈ N) ⊂ C([0,1]) is separating for

M1([0,1]); hence the conditions of Theorem 26.28 are fulfilled. Therefore, X is
the unique weak solution of (26.26) and is a strong Markov process. ♦

Remark 26.30 The martingale problem for the Wright–Fisher diffusion is almost
identical to the martingale problem for the Moran model (see Example 17.22)
MN = (MN

n )n∈N0 with population size N : MN is a martingale with values in the set
{0,1/N, . . . , (N − 1)/N,1} and with square variation process

〈
MN

〉
n

= 2

N2

n−1∑
k=0

MN
k

(
1 − MN

k

)
.

At each step, MN can either stay put or increase or decrease by 1/N . In Exer-
cise 17.2.1, we saw that this determines the process MN uniquely. Similarly as
in Theorem 21.51 for branching processes, it can be shown that the time-rescaled
Moran processes M̃N

t = MN
�N2t� converge to the Wright–Fisher diffusion with

γ = 2. The Wright–Fisher diffusion thus occurs as the limiting model of a genealog-
ical model and describes the gene frequency (that is, the fraction) of a certain allele
in a population that fluctuates randomly due to resampling. ♦

Example 26.31 (Feller’s branching diffusion) Let (ZN
n )n∈N0 be a Galton–Watson

branching process with critical geometric offspring distribution pk = 2−k−1, k ∈N0
and ZN

0 = N for any N ∈N. Then ZN is a discrete martingale and we have

E
[(

ZN
n − ZN

n−1

)2 ∣∣ZN
n−1

]= ZN
n−1

( ∞∑
k=0

pkk
2 − 1

)
= 2ZN

n−1.

Hence ZN has square variation

〈
ZN

〉
n

=
n−1∑
k=0

2ZN
k .

Define the linearly interpolated version

ZN
t := (

t − N−1�tN�)(ZN
�tN�+1 − ZN�tN�

)+ 1

n
ZN�tN�
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Fig. 26.4 Simulation of Feller’s branching diffusion with parameter γ = 1

of N−1ZN�tN�. By Lindvall’s theorem (Theorem 21.51), there is a continuous

Markov process Z such that ZN N→∞−→ Z in distribution. See Fig. 26.4 for a com-
puter simulation of Z. Since it can be shown that the moments also converge, we
have that Z is a continuous martingale with square variation

〈Z〉t =
∫ t

0
2Zs ds.

In fact, in Example 26.11, we have already shown that Z is the unique solution of
the SDE

dZt =√
2Zt dWt (26.30)

with initial value Z0 = 1. There we also showed that Z is dual to Y
y
t = ( tγ

2 + 1
y

)−1

with H(x,y) = e−xy . This implies uniqueness of the solution of (26.30) and the
strong Markov property of Z. ♦

It could be objected that in Examples 26.29 and 26.31, we considered only one-
dimensional problems for which the Yamada–Watanabe theorem (Theorem 26.10)
yields uniqueness (indeed of a strong solution) anyway. The full strength of the
method of duality is displayed only in higher-dimensional problems. As an example,
we consider an extension of Example 26.29.

Example 26.32 (Interacting Wright–Fisher diffusions) The Wright–Fisher diffu-
sion from Example 26.29 describes the fluctuations of the gene frequency of an
allele in one large population. Now we consider more populations, which live at the
points i ∈ S := {1, . . . ,N} and interact with each other by a migration that is quanti-
fied by migration rates r(i, j) ≥ 0. As a model for the gene frequencies Xt(i) at site
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i at time t we use the following N -dimensional SDE for X = (X(1), . . . ,X(N)):

dXt(i) =
√

γXt(i)
(
1 − Xt(i)

)
dWi

t +
N∑

j=1

r(i, j)
(
Xt(j) − Xt(i)

)
dt. (26.31)

Here W = (W 1, . . . ,WN) is an N -dimensional Brownian motion. By Theo-
rem 26.22, this SDE has weak solutions; however, none of our general criteria for
weak uniqueness apply. We will thus show weak uniqueness by virtue of duality.

As in Example 26.29, it is not hard to show that solutions of (26.31), started at
X0 = x ∈ E := [0,1]S , remain in [0,1]S . The diagonal terms r(i, i) do not appear in
(26.31). We use our freedom and define these terms as r(i, i) = −∑j �=i r(i, j). Let

Y = (Yt )t≥0 be the Markov process on E′ := (N0)
S with the following Q-matrix:

q(ϕ,η) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ϕ(i)r(i, j), if η = ϕ − 1{i} + 1{j} for
some i, j ∈ S, i �= j,

γ
(
ϕ(i)

2

)
, if η = ϕ − 1{i} for some i ∈ S,

∑
i∈S(ϕ(i)r(i, i) − γ

(
ϕ(i)

2

)
), if η = ϕ,

0, else.

Here ϕ ∈ E′ denotes a generic state with ϕ(i) particles at site i ∈ S, and 1{i} ∈ E′
denotes the state with exactly one particle at site i. The process Y describes a system
of particles that independently with rate r(i, j) jump from site i to site j . If there is
more than one particle at the same site i, then any of the

(
ϕ(i)

2

)
pairs of particles coa-

lesce with the same rate γ to one particle. The common genealogical interpretation
of this process is that (in reversed time) it describes the lines of descent of sam-
ples of Y0(i) individuals at each site i ∈ S. By migration, the lines change sites. If
two individuals have the same common ancestor, then their lines coalesce. Clearly,
for two particles to have the same ancestor at a given time, it is necessary but not
sufficient for them to be at the same site.

For x ∈ R
n and ϕ ∈ E′, we denote xϕ :=∏

i∈S x(i)ϕ(i). We show that X and Y

are dual to each other with the duality function H(x,ϕ) = xϕ :

Ex

[
X

ϕ
t

]= Eϕ

[
xYt
]

for all ϕ ∈ SN0, x ∈ [0,1]S, t ≥ 0. (26.32)

Let mx,ϕ(t) := Ex[Xϕ
t ] and gx,ϕ(t) := Eϕ[xYt ]. Clearly, H has the derivatives

∂iH(·, ϕ)(x) = ϕ(i)xϕ−1{i} and ∂i∂iH(·, ϕ)(x) = 2
(
ϕ(i)

2

)
xϕ−21{i} .

By the Itô formula,

X
ϕ
t − X

ϕ
0 −

∫ t

0

∑
i,j∈S

ϕ(i)r(i, j)
(
Xs(j) − Xs(i)

)
X

ϕ−1{i}
t ds

−
∑
i∈S

∫ t

0
γ

(
ϕ(i)

2

)(
Xs(i)

(
1 − Xs(i)

))
X

ϕ−21{i}
s ds
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is a martingale. Taking expectations, we get a system of linear integral equations

mx,0(t) = 1,

mx,ϕ(t) = xϕ +
∫ t

0

∑
i,j∈S

ϕ(i)r(i, j)
(
mx,ϕ+1{j }−1{i}(s) − mx,ϕ(s)

)
ds

+
∫ t

0
γ
∑
i∈S

(
ϕ(i)

2

)(
mx,ϕ−1{i}(s) − mx,ϕ(s)

)
ds.

(26.33)

This system of equations can be solved uniquely by induction on n =∑
i∈I ϕ(i).

However, we do not intend to compute this solution explicitly. We show only that it
coincides with gx,ϕ(t) by showing that g solves an equivalent system of differential
equations.

For g as in (26.29), we obtain

d

dt
gx,ϕ(t) =

∑
η∈E′

q(ϕ,η)gx,ϕ(t)

=
∑
i,j∈S

r(i, j)
(
gx,ϕ+1{j }−1{i}(t) − gx,ϕ(t)

)

+
∑
i∈S

γ

(
ϕ(i)

2

)(
gx,ϕ−1{i}(t) − gx,ϕ(t)

)
. (26.34)

Together with the initial values gx,0(t) = 1 and gx,ϕ(0) = xϕ , the system (26.34)
of differential equations is equivalent to (26.33). Hence the duality (26.32) holds,
and thus the SDE (26.31) has a unique weak solution. (In fact, it can be shown that
there exists a unique strong solution, even if S is countably infinite, as long as r then
satisfies certain regularity conditions such as if it is the Q-matrix of a random walk
on S = Z

d ; see [153].) ♦

Exercise 26.3.1 (Extinction probability of Feller’s branching diffusion) Let γ > 0
and let Z be the solution of dZt := √

γZt dWt with initial value Z0 = z > 0. Use
the duality to show

Pz[Zt = 0] = exp

(
− 2z

γ t

)
. (26.35)

Use Lemma 21.44 to compute the probability that a Galton–Watson branching pro-
cess X with critical geometric offspring distribution and with X0 = N ∈N is extinct
by time n ∈N. Compare the result with (26.35).
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