Chapter 25
The It6 Integral

The It6 integral allows us to integrate stochastic processes with respect to the in-
crements of a Brownian motion or a somewhat more general stochastic process. We
develop the Itd integral first for Brownian motion and then for generalized diffusion
processes (so called Itd processes). In the third section, we derive the celebrated 1t6
formula. This is the chain rule for the Itd integral that enables us to do explicit cal-
culations with the It6 integral. In the fourth section, we use the 1t6 formula to obtain
a stochastic solution of the classical Dirichlet problem. This in turn is used in the
fifth section in order to show that like symmetric simple random walk, Brownian
motion is recurrent in low dimensions and transient in high dimensions.

25.1 Ito Integral with Respect to Brownian Motion

Let W = (W;);>0 be a Brownian motion on the space (£2, F, P) with respect to the
filtration IF that satisfies the usual conditions (see Definition 21.22). That is, W is
a Brownian motion and an F-martingale. The aim of this section is to construct an
integral

t
1V (H) =/O H; dW;

for a large class of integrands H : 2 x [0, 00) — R, (w, t) = H;(®) in such a way
that (ItW (H))t>0 is a continuous F-martingale. Since almost all paths s > W, (w)
of Brownian motion are of locally infinite variation, W (w) is not the distribution
function of a signed Lebesgue—Stieltjes measure on [0, co). Hence ItW (H) cannot
be defined in the framework of classical integration theory. The basic new idea is
to establish the integral as an L2-limit. We start with an elementary example to
illustrate this.

Example 25.1 Assume that X1, X5, ... are i.i.d. Rad;/, random variables; that is,
PX,=1]=P[X,, =—-1] = 1 Let (hn)nen be a sequence of real numbers. Under
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564 25 The Itd Integral

which assumptions on (,),eN is the series

R:=Y"hyX, (25.1)

neN

well-defined? If )", .y |hn| < 00, then the series converges absolutely for every w.
In this case, there is no problem. Now assume that only the weaker condition
D neN hﬁ < 0o holds. In this case, the series (25.1) does not necessarily con-
verge any more for every w. However, we have E[h, X, ] = 0 for each n € N and
Yoo Var[h, X,1=Y oo, h% < 00. Hence Ry := Z,I(vzl hi X converges in L? (for
N — 00). We can thus define the series R in (25.1) as the L2-limit of the partial
sums Ry. Note that (at least formally) for the approximating sums the order of
summation matters. In a sense, we have constructed ) .~ | instead of ), .

An equivalent formulation that gives a flavor of what is to come is the follow-
ing. Denote by ¢2 the Hilbert space of square summable sequences of real num-
bers with inner product (h, g) = Z?f:l hagn and norm | gl = (g, g)'/?. Let ¢/
be the subspace of those sequences with only finitely many nonzero entries. Then
R(h) = ZneN hu X, for h € ¢7 is well-defined (since it is a finite sum). Since

E[R(h)*] = Var[R(h)] ZVath th A%,

neN neN

the map R : ¢/ — L£2(P) is an isometry. As ¢/ C £2 is dense, there is a unique
continuous extension of R to £2. Hence, if h € €2 and (W) yen is a sequence in
¢ with |hN — R NZ2°0, then R(WV) = N=go —" R(h) in the L? sense. In particular,
h,]y ‘= hplip<ny, n €N, N €N, is an approximating sequence for 4, and we have
RN = Ziv: 1 hn Xy Thus the approximation of R with the partial sums Ry that
we described above is a special case of this construction. O

The programme for the construction of the 1td integral 1,V (H) is the following.
First consider simple functions as integrands H; that is, the map t — H;(w) is a
step function. For these H, the integral can easily be defined as a finite sum. The
next step is to extend the integral, as in Example 25.1, to integrands that can be
approximated in a certain L?-space by simple integrands.

Definition 25.2 Denote by £ the vector space of maps H : §2 x [0, c0) — R of the
form

n
Hi(@) =Y hi 1(@)1(,_,.0),
i=1

wheren e N, 0=1y <t <...<t, and h;_; is bounded and F;,_,-measurable for
every i =1,...,n. & is called the vector space of predictable simple processes.
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We equip £ with a (pseudo) norm || - ||¢ by defining

||H||€_ZEh Jti —ti-1)=E [/ szs}

Definition 25.3 For H € £ and ¢ > 0, define
n
LY (H) =" hio i (Wi = Wi_ia0)
i=1

and

n
I (HY =Y " hi (W, = Wy_,).
i=1

Clearly, for every bounded stopping time ,

E[1Y(H)] = ZE it (W = wr )]

_ZE hiE[W. =W | F._]]=0

since, by the optional stopping theorem (OST), the stopped Brownian motion W7 is
an F-martingale. Hence (again by the OST) (ItW (H))t>0 is an F-martingale. In par-

ticular, we have E[(Z," (H) — 1Y (H))(1,Y", (H) — 1,V (H))] = 0 for i # j. There-
fore, '

E[1Y (H)*] = D E[(1Y (H) — 1Y (D)’

i=1

= ZE[hiz—l(Wti - Wti—l)z]

= ZE[hiz—l](ti —ti_) = H|Z. (25.2)

i=1

From these considerations, the following statement is immediate.

Theorem 25.4

(i) The map Iovg & — L2(2, F,P) is an isometric linear map (with respect to

I -lle and |l - 2).
(i1) The process (ItW (H))i>0 is an L2-bounded continuous F-martingale.
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Proof Only the linearity remains to be shown. However, this is trivial. g

The idea is to extend the map /¥ continuously from & to a suitable closure £
of £. Now as a subspace of what space should we close £? A minimal requirement
is that (w, 1) — H;(w) be measurable (with respect to F ® B([0, c0))) and that H
be adapted.

Definition 25.5 A stochastic process X = (X;);>0 with values in a Polish space E
is called

(i) product measurable if (w,t) — X;(w) is measurable with respect to F ®
B([0, 00)) - B(E),

(ii) progressively measurable if, for every t > 0, the map £2 x [0,¢] — E, (v, s) >
X (w) is measurable with respect to F; ® B([0, t]) — B(E),

(iii) predictable (or previsible) if (w,t) — X;(w) is measurable with respect to the
predictable o -algebra P on £2 x [0, 00):

P :=o0(X : X is a left continuous adapted process).

Remark 25.6 Any H € & is predictable. This property ensures that /™ (H) is a mar-
tingale for every (even discontinuous) martingale M. The notion of predictability is
important only for integration with respect to discontinuous martingales. As we will
not develop that calculus in this book, predictability will not be central forus. ¢

Remark 25.7 If H is progressively measurable, then H is evidently also product
measurable and adapted. With a little work, the converse can also be shown: If H is
adapted and product measurable, then there is a progressively measurable modifica-
tion of H (see, e.g., [115, pp. 68ff]). O
Theorem 25.8 If H is adapted and right continuous or left continuous, then H is
progressively measurable. If H is adapted and a.s. right continuous or left continu-
ous, then there exists a version of H that is progressively measurable.
In particular, every predictable process is progressively measurable.

Proof See Exercise 21.1.4. O

We consider £ as a subspace of
o0
& = {H : product measurable, adapted and ||H||2 = E[/ th dt:| < oo}.
0

Let £ denote the closure of & in &.

Theorem 25.9 If H is progressively measurable (for instance, left continuous or
right continuous and adapted) and E[fooo Ht2 dt] < oo, then H € £.
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Proof Let H be progressively measurable and E[ fooo th dt] < oo. It is enough to
show that, for any T > 0, there exists a sequence (H"),cn in £ such that

T
E[/ (H, — HS")2ds} "0, (25.3)
0

Step 1. First assume that H is continuous and bounded. Define Hy =0 and
H! =Hpp—ny ifi27™"T <t <@+ 1)27"T forsomei=0,...,2" — 1

and H' =0 fort > T. Then H" € £, and we have H/" (w) = H;(w) forallt >0
and w € §2. By the dominated convergence theorem, we get (25.3).

Step 2. Now let H be progressively measurable and bounded. It is enough to
show that there exist continuous adapted processes H", n € N, for which (25.3)
holds. Let

tAT
H,"::n/ Hgds fort>0,neN.
(t—1/n)v0

Then H" is continuous, adapted and bounded by || H || . By the fundamental theo-
rem of calculus (see Exercise 13.1.7), we have

H(w) =5 H,(w) for A-almost all 7 € [0, T] and for all w € £2. (25.4)
By Fubini’s theorem and the dominated convergence theorem, we thus conclude that

n—oo

T
EU (H, — Hs’l)zds} = / (Hy(@) — H' (@)’ (P ® 1) (d(w, 5)) =3 0.
0
£2x[0,T]

Step 3. Now let H be progressively measurable, and assume E[ fooo H,zdt] < 00.
It is enough to show that there exists a sequence (H"),cN of bounded, progres-
sively measurable processes such that (25.3) holds. Manifestly, we can choose
H' = Hi 1y m,|<ny- B

Definition 25.10 (Itd integral) For H € £, define the It6 integral
o0
/ HydW, = 1Y (H)
0

as the continuous extension of the map Iovg : €& — L2(P) to the closure € of £. In

other words, if (H"),cN is a sequence in £ with |H — H"|| = 0, then we define

I3 (H) by
T 72
I (H) = lim I(H") in L%
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If 7 is a stopping time, then in the following we use the abbreviation

H'" = H1y<; fors>0.
(Note that this is not the stopped process H = Hrx;.)

Theorem 25.11
(i) The map Io‘g € — L2(82, F,P) is linear and

E[1Y(H)?]= U szs]

(ii) For every H € E, the process iW(H) defined by ftW(H) = IO‘g(H(’)) is an
L?-bounded F-martingale that has a continuous modification 1"V (H).

Definition 25.12 (Itd integral as a process) Let /" (H) be the continuous version
of the martingale (1% (H"));>¢ (see Theorem 25.11(ii)). Denote by

t
f H, dW, =1V (H) - IY(H) for0<s<t<oo
s

the Itd integral of H with respect to Brownian motion W on the interval [s, ¢].

Proof of Theorem 25.11 (i) This is a direct consequence of the deﬁnition of 1) W(H).
(i) Let (H"),eny be a sequence in & with ||H" — H || =o. By Theo-
rem 25.4(ii), we have

(D)= 1Y (H") =E[1¥ (H") | F;] forallt>0,neN.
Since |(H")® — HO| < ||[H" — H|| =50, this implies (using Corollary 8.21)
1V ()= lim 17 (H") = lim E[IJ(H") | F]=E[IJ(H) | F].

n—oo

Hence 7" (H) is an L2-bounded martingale and 1, (H") == IV (H) in L? for
every t > 0. By Theorem 25.4(ii), 1" (H") is continuous for every n € N. Thus, by
Exercise 21.4.3, there exists a continuous modification IV (H) of IV (H). O

The last step in the construction of the Itd integral is to weaken the strong inte-
grability condition E[ fooo Hs2 ds] < oo. We start with a simple observation.
Let t be a stopping time and recall that fot H; dW; denotes the random variable

that for any w assumes the value ( fo T(@) H;dW;)(w).

Lemma 25.13 Let T be a stopping time and let H € £.
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(i) We have

T o o
/ HdeS=/ H® dw; :=f Hl<r dW, as.
0 0 0

(i1) In particular, for any t > 0, on the event {t >t} we have

t t
f Hv dWs :/ Hv(r)dWy a.s.
0 0

(iii) Let G € & be such that Hy = G for all s < t. Then

T T
/ HdeS=/ Gy dWg  a.s.
0 0

Proof (i) Assume first that t takes values in {k/2" : k € No} U {00} for some n € N.
Then Ly /2n <oy Lire(k—1)/27,k/201) € & for all k € N. If, in addition, H € &, then also
H® ¢ £ and the claim follows directly from the definition of the Itd integral (Def-
inition 25.3). Now let H € € and let (H*)ien be a sequence in £ such that | H* —
Hlg =3 0. Writing B ® := H*1, -, we get that || HF® — HO| ¢ =30, By
choosing a suitable sequence k;,, 1 0o, we obtain

T T
/ HydWs = lim [ Hbaw,
0

m—00 0

x o
= lim Hbn @ gw, = / H®dw, as.
0

m—00 0

Finally, assume that 7 is an arbitrary stopping time and define 7, :=27"[2"¢] for
n € N. Then (t,) is a sequence of stopping times with 7, | . Recall that 1" (H)
n—oo

is continuous and note that |H™) — H®|| & — 0. Hence by taking a suitable
sequence n(m) 1 oo, we get

T Tn(m)
/ HgdWg = lim HgdWg
0

m—0oQ 0

o0 (‘L’ ) o0
= lim H;™™ dWsz/ HOdw, as.
0

m—0oQ 0

(i), (iii) These statements are direct consequences of (i). U

Definition 25.14 Let & be the space of progressively measurable stochastic pro-
cesses H with

T
/ H2ds <oo as. forall T > 0.
0
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Lemma 25.15 For every H € o, there exists a sequence (T,)neN of stopping
times with t, © oo almost surely and E[fof” Hs2 ds] < o0 and hence such that

H™) e & for every n € N.

t
T :=inf{t20:/ Hfds zn}.
0

By the definition of &}, we have 1, 1 oo almost surely. By construction, we have
||H(Tn)||2 E[ffn szs <n. 0

Proof Define

Definition 25.16 Let H € o and let (1,,),en be as in Lemma 25.15. For ¢ > 0,
define the Itd integral as the almost sure limit

H dW; = lim HS(T")dWS. (25.5)

n—oo

Theorem 25.17 Let H € Ejoc.

(1) The limit in (25.5) is well-defined and continuous at t. Up to a.s. equality, it is
independent of the choice of the sequence (T,)neN.

(i1) If T is a stopping time with E[fOT Hs2 ds] < oo, then the stopped It integral
(fmr H; dWy)=0 is an L?-bounded, continuous martingale.

(iii) IfE[fOT HS2 ds] <ooforall T >0, then (f(; H; dW;):>0 is a square integrable
continuous martingale.

Proof (i) By Lemma 25.13(ii), on the event {t, > ¢}, we have

t t
/Hsdws=/ H™ dW.
0 0

Hence the limit exists, is continuous and is independent of the choice of the sequence

(Tn)n€N~
(ii) This is immediate by Theorem 25.11.
(iii) As we can choose 1,, = n, this follows from (ii). O

Theorem 25.18 Let H be progressively measurable and E[ fOT Hs2 ds] < oo for all
T >0.Then

t
M[ :Z/ Hdex, t20,
0

defines a square integrable continuous martingale, and

t
(N)e=0 = (M,2 —/ Hszds)
0 t>0

is a continuous martingale with Ny = 0.
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Proof 1t is enough to show that N is a martingale. Clearly, N is adapted. Let 7 be a
bounded stopping time. Then

E[N,]:E[Mf—/ Hszds}
0

- E[(fooo H® dWS)2:| - 1«:[/000(115”)2 ds:| =0.

Thus, by the optional stopping theorem (see Exercise 21.1.3(iii)), N is a martin-
gale. g

Recall the notions of local martingales and square variation from Section 21.10.

Corollary 25.19 If H € Eoc, then the It6 integral M; = fé H, dW; is a continuous
local martingale with square variation process (M); = fol HS2 ds.

Example 25.20

G W, = fot 1dW; is a square integrable martingale, and (W,2 — 1);>0 1S a contin-
uous martingale.

(ii) Since E[fOT W2ds] = %2 <ooforall T >0, M; := fot Wy dWj is a contin-
uous, square integrable martingale, and (Mt2 — fot WS2 ds);>o is a continuous
martingale.

(iii)) Assume that H is progressively measurable and bounded, and let M; :=
fé H;dW;. Then M is progressively measurable (since it is continuous and
adapted) and

T T s 2 2 2
T<|H

E[/ M?ds]:/ <f E[Hf]dr) dsfﬁ.
o o \Jo 2

Hence 1\71, = f(; M, dW; is a square integrable, continuous martingale and
(Mt2 — fé Mf dWy)s>0 is a continuous martingale.

O

25.2 1t6 Integral with Respect to Diffusions
It

n
H= Zhi_ln(tifl,,,.] €&, (25.6)
i=1
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then the elementary integral

n
IM(H) =" hi oy (Myne = Miy,_y 1)
i=1

is a martingale (respectively local martingale) if M is a martingale (respectively
local martingale). Furthermore,

E[(1 (1))?) ZE (Mg = M, ,)°]
= ZE[hiz_l((M)t,- - <M)ti—1)]
i=1

=E - ’d
[/0 H; <M>t]

if the expression on the right-hand side is finite. Roughly speaking, the procedure
in Section 25.1 by which we defined the It6 integral for Brownian motion and inte-
grands H € £ can be repeated to construct a stochastic integral with respect to M
for a large class of integrands H. Essentially, in the definition of the norm on £ we
have to replace dt (that is, the square variation of Brownian motion) by the square

variation d(M); of M:
o
1HI3, :=E[/0 H,2d<M>,].

Extending the integral to the closure £ works just as for Brownian motion. The
tricky point is to check whether a given integrand is in £. For example, for dis-
continuous martingales M the integrands have to be predictable in order for the
stochastic integral to be a martingale (not to mention the difficulty of establishing
for such M, the existence of the square variation process). For the case of discrete
time processes, we saw this in Section 9.3. Now if M is a continuous martingale with
continuous square variation (M), then the following problem occurs. In the proof of
Theorem 25.9 in Step 2, in order to show that progressively measurable processes
H are in E, we used the fact that H!'(w) = H,(w) for Lebesgue-almost all # and
all w. Now if d(M), is not absolutely continuous with respect to the Lebesgue mea-
sure, then this is not sufficient to infer convergence of the integrals with respect to
d(M),. In the case of absolutely continuous square variation, however, that proof
works without change. As in Section 25.1, we obtain the following theorem.

Theorem 25.21 Let M be a continuous local martingale with absolutely continu-
ous square variation (M) and let H be a progressively measurable process with
fOT H2d(M)s; < 0o a.s. for all T > 0. Then the It6 integral N; := f(; HydM; is

S
well-defined and is a continuous local martingale with square variation (N); =
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fé Hs2d(M)s. For any sequence (t,)nenN With T, T 00 and ||H(T”)||M < 00, and for
any family (H™™ n,m € N) C £ with ||[H™™ — H™) ||y "Z8°0, we have

t
HydM;= lim lim IM(H'" ”) in probability for all t > 0.

0 n—0o00 m— 00
The following theorem formulates a certain generalization.

Theorem 25.22 Let M' and M? be continuous local martingales with absolutely
continuous square variation. Let H' be progressively measurable processes with

S (HD?d(M)s < 0o fori=1,2and T < co. Let N} = [3 H! dM! fori =1,2.
Then N' and N? are continuous local martingales with quadratic covariation
(NP, N7y, :fé H;Hsjd(Mi, M, fori, j € {1,2}. If M" and M? are independent,
then (N', N?) =0.

Proof First assume H L H2eE .AThen there are numbers 0 =1y <t <... <1, and
Fi,-measurable bounded maps i, i =1,2,k=0,...,n — 1 such that

Hti (w) = Zh;c—l(w)ﬂ(fk—l-fk](t)'

k=1

Therefore,

J J J
Z hk lhl 1 tk/\l tk 1/\[)(Mll/\l _Mtl,mt)-
k=1

Those summands with k # [ are local martingales. For any of the summands with
k=1,

(hi—lhli—l((MtlkAt Mtlx |At)(MtiAt_Mt]1;71Ar)

- (<Mi’M.>z At (Ml Mj)tk,l/\t)))zzo

is a local martingale. Since

t . ) )
Zh h] Ml M .)tk/\t B <Mi’ Mj) ) Zf HS’HS]d(M[’ Ml)r’
0 K

fr—1 Nt

(Nti Nt] — fé H; H] d(Mi, Mj)s),zo is a continuous local martingale.

The case of general progressively measurable H', H? that satisfy an integrability
condition follows by the usual L?-approximation arguments.

If M' and M? are independent, then (M ', M?) =0. O

In the following, we consider processes that can be expressed as Ito integrals
with respect to a Brownian motion. For these processes, we give a different and
more detailed proof of Theorem 25.21.
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Definition 25.23 Let W be a Brownian motion and let ¢ and b be progressively
measurable stochastic processes with fot 052 + |bs|ds < oo almost surely for all
t > 0. Then we say that the process X defined by

t t
X,:/oxdWS—l—/bsds fort >0
0 0

is a generalized diffusion process (or, briefly, generalized diffusion) with diffusion
coefficient o and drift b. Often X is called an It process.

In particular, if o and b are of the form o3 = 6 (X;) and by = b(X,) for certain
maps & : R — [0,00) and b : R — R, then X is called a diffusion (in the proper
sense).

In contrast with generalized diffusions, we will see that under certain regularity
assumptions on the coefficients, diffusions in the proper sense are Markov processes
(compare Theorems 26.8, 26.10 and 26.26).

A diffusion X can always be decomposed as X = M + A, where M; = fot o, dW;

is a continuous local martingale with square variation (M); = fé O’SZ ds (by Corol-

lary 25.19) and A; = fé bg ds is a continuous process of locally finite variation.
Clearly, for the H in (25.6), we have

t n
[REZT SIS VA
0

i=1

n tint t
= § hi—l/ o5 dWj Z/ (Hsoy) dWs.
i=1 ! 0

i—1 N

For progressively measurable H with fOT Hszd (M) = fOT (Hsas)2 ds < oo for all
T > 0, we thus define the It6 integral as

t t
f H, dM, :=/ (Hyo,) dW.
0 0

Without further work, in particular, without relying on Theorem 25.21, we get the
following theorem.

Theorem 25.24 Let X = M + A be a generalized diffusion with o and let b be as
in Definition 25.23. Let H be progressively measurable with

T
f H2o2ds <oco as. forallT >0 (25.7)
0

and

T
/ |Hybs|ds <oo a.s. forall T >0. (25.8)
0
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Then the process Y defined by

t t t t t
Y, :Z/ H,dX, :=f Hdex+/ HydA, :=/ Hsodes—{-/ Hyby ds
0 0 0 0 0

is a generalized diffusion with diffusion coefficient (Hso)s>0 and drift (Hgbg)s>0.
In particular, N; := fot H; dM; is a continuous local martingale with square varia-
tion process (N), = fot H2d(M)s = fé H2olds.

Exercise 25.2.1 Let M be a continuous local martingale with absolutely continu-
ous square variation (M) (e.g., a generalized diffusion), and let H be progressively
measurable and continuous with fOT HSZd(M }s < oo for all T > 0. Further, assume
that P = (P™),,c is an admissible sequence of partitions (see Definition 21.56).

(i) Show that for all T > 0, in the sense of stochastic convergence, we have

T
/ HydMy = lim > H,(My — M,). (25.9)
0 n—oo

tePy

(i1) Show that there exists a subsequence of P such that almost surely, we have
(25.9)forall T > 0.

25.3 The It6 Formula

This and the following two sections are based on lecture notes of Hans Follmer.
If t = X, is a differentiable map with derivative X’ and F € C'(R) with deriva-
tive F’, then we have the classical substitution rule

t t
F(X,)—F(X0)=/ F/(XS)dszf F'(X5)X.ds. (25.10)
0 0

This remains true even if X is continuous and has locally finite variation (see
Section 21.10); that is, if X is the distribution function of an absolutely continuous
signed measure on [0, co). In this case, the derivative X’ exists as a Radon—Nikodym
derivative almost everywhere, and it is easy to show that (25.10) also holds in this
case.

The paths of Brownian motion W are nowhere differentiable (Theorem 21.17 due
to Paley, Wiener and Zygmund) and thus have everywhere locally infinite variation.
Hence a substitution rule as simple as (25.10) cannot be expected. Indeed, it is easy
to see that such a rule must be false: Choose F(x) = x2. Then the right-hand side
in (25.10) (with X replaced by W) is fot 2Wsd Wy and is hence a martingale. The
left-hand side, however, equals W,Q, which is a submartingale that only becomes a
martingale by subtracting ¢. Indeed, this ¢ is the additional term that shows up in
the substitution rule for Itd integrals, the so-called It6 formula. A somewhat bold
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heuristic puts us on the right track: For small ¢, W, is of order /7. If we formally
write dW; = +/dt and carry out a Taylor expansion of F € C>(R) up to second
order, then we obtain

1 1
dF(W;) = F (W) dW,; + EFN(Wt)(th)2 =F' (W) dW, + EF”(W,)dt.

Rewriting this as an integral yields
t t 1
F(Wz)—F(W0)=[ F/(Wv)dWY+/ EF”(Ws)d& (25.11)
0 0

(For certain discrete martingales, we derived a similar formula in Example 10.9.)
The main goal of this section is to show that this so-called It6 formula is indeed
correct.

The subsequent discussion in this section does not explicitly rely on the assump-
tion that we integrate with respect to Brownian motion. All that is needed is that
the function with respect to which we integrate have continuous square variation
(along a suitable admissible sequence of partitions P = (P"),en)). In particular,
for Brownian motion, (W), =1t.

In the following, let P = (P"), N be an admissible sequence of partitions (recall
the definition of Cqy = Cg, P7, Pg”T, t’ and so on from Definitions 21.56 and
21.58). Let X € C([0, c0)) with continuous square variation (along P)

T (X)r =Vi(X) = lim " (Xv — X",

tePr

For Brownian motion, we have W € CZ;, almost surely for any admissible sequence
of partitions (Theorem 21.64) and (W) = T. For continuous local martingales M
passing to a suitable subsequence P’ of P ensures that M € Cgf,/ almost surely (The-
orem 21.70).

Now fix P and let X € Cqy be a (deterministic) function.

Theorem 25.25 (Pathwise It6 formula) Let X € Cqy and F € C 2(R). Then, for all
T > 0, there exists the limit

T
/ F'(X,)dX,:= lim Z F'(X)(X; — Xy). (25.12)
0 n—>0o0

n
tePy

Furthermore, the It6 formula holds:

T T
F(X7) — F(X0) =/ F'(Xs)dXs + %/ F"(X;)d(X)s. (25.13)
0 0

Here the right integral in (25.13) is understood as a classical (Lebesgue—Stieltjes)
integral.
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Remark 25.26 If M is a continuous local martingale, then, by Exercise 25.2.1, the
It6 integral fOT F’(M,) d M is the stochastic limit of Ztem F'(M;)(M, — M;) as
n — oo. Thus, in fact, for X = M (w), the pathwise integral in (25.12) coincides

with the Itd integral (a.s.). In particular, for the Itd integral of Brownian motion, the
1t6 formula (25.11) holds. O

Proof of Theorem 25.25 We have to show that the limit in (25.12) exists and that
(25.13) holds.
For n € N and t € PJ. (with successor ¢’ € PJ.), the Taylor formula yields

1
F(Xy)— F(X;)=F (X)(Xy — X)) + EF”(XI) Xy —X)?+R!, (25.14)
where the remainder
1
Rl = (F"(€) = F"(X0) - 5 (Xy = X)?

(for a suitable & between X; and X,/) can be bounded as follows. As X is continuous,
C:=({X,:t€[0,T]}is compact and F” |C is uniformly continuous. Thus, for every

& > 0, there exists a § > 0 with
|F"(X,) — F"(X;)| <& forallr,s€[0, T]with |X, — X,| <38.

Since X is uniformly continuous on [0, 7] and since the mesh size |P"| of the
partition goes to 0 as n — oo, for every § > 0, there exists an N; such that

sup sup | Xy — X;| <.
n=NstePy

Hence, for n > Ns and t € P7,
n 1 2
IR} | < ES(X” — X))
Summing over ¢ € PJ. in (25.14) yields
D (F(Xy) = F(X)) = F(X)) = F(Xo)
tePy.

and
DR e Y Xy — X)) "5 (X)), < oo
tePr tePr
n— 00

As ¢ > 0 was arbitrary, we get ) _, Py |R}| ' —> 0. We have (see Exercise 21.10.2)

2n—>ool

T
> ZFN(XI)(Xz’_Xt) 5/ F"(Xy)d(X)s.

tePy 0
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Hence, in (25.14) the sum of the remaining terms also has to converge. That is, the
limit in (25.12) exists. O

As a direct consequence, we obtain the Itd formula for the It6 integral with re-
spect to diffusions.

Theorem 25.27 (Itd formula for diffusions) Let Y = M + A be a (generalized)
diffusion (see Definition 25.23), where M; = f(; osdWg and A; = fot bgds. Let
F € C%(R). Then we have the 1t6 formula

t

t t
F(Y,) = F(Yo) = / F/(Yy) dM, + / F’(Ys>dAs+% / F'(Yy)d(M),
0 0 0
t t 1
_ f F(Yy)os dWs + / (F/(Ys)bs+§F”<maf)ds-
0 0

(25.15)
In particular, for Brownian motion,

t t
F(W,) — F(Wo) = f F’(WS)dWs—l—% / F (W) ds. (25.16)
0 0

As an application of the Itd formula, we characterize Brownian motion as a con-
tinuous local martingale with a certain square variation process.

Theorem 25.28 (Lévy’s characterization of Brownian motion) Let X € Mjoc . with
Xo = 0. Then the following are equivalent.

@) (X,2 — 1)>0 is a local martingale.
(i) (X); =t forallt > 0.
>iii) X is a Brownian motion.

Proof (iii) = (i) This is obvious.

(i) <= (ii) This is clear since the square variation process is unique.

(ii) = (iii) It is enough to show that X, — X; ~ N ,—s given F; fort > s > 0.
Employing the uniqueness theorem for characteristic functions, it is enough to show
that (with i = +/—1) for A € F, and A € R, we have

02 (1) == E[e" X X071, ] = P[A]e ¥ (~9/2,

Applying It6’s formula separately to the real and the imaginary parts, we obtain

. . o 11t ..
MK i Xs :/ ireXrdx, — Ef A2eMXr gy,
N

N
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Therefore,

E[ei/\(Xr—Xs)

F]-1

L 1 '
=E[/ irel M KXo gx );S] _ EAZE[/ o X=X g ‘ ]:s:|~
N .

s

Now M, :=Re [ ire*Xr=X)dX, and N, :=Im [/ ire?Xr=X) dX,, t > 5 are
continuous local martingales with

t
(M), = f Wsin(M(X, — X)) dr <22 —5)

and
1
(N): =/ A2 cos(h(X, — X)) 2dr < 23(t —s).

Thus, by Corollary 21.76, M and N are martingales. Hence we have
t .
EU P2 X=X g x, ‘ ]-"S] —0.
N

Since A € Fj, Fubini’s theorem yields

041 (1) = pax(s) = E[e" X X1, ] - P[A]
1 ro. 1 t
—__ 2/ E[elA(Xr—Xs)]lA]d,. — __)LZ/ oA (r)dr.
2 Js 27 ),

That is, ¢4 is the solution of the linear differential equation

d 1
@as(s) =P[A] and EgoA,A(t):—EA%oA,A(r).

The unique solution is @4 (f) = P[A]e =)/, 0

As a consequence of this theorem, we get that any continuous local martingale
whose square variation process is absolutely continuous (as a function of time) can
be expressed as an Itd integral with respect to some Brownian motion.

Theorem 25.29 (Itd’s martingale representation theorem) Let M be a continu-
ous local martingale with Mo = 0 and absolutely continuous square variation
t +— (M);. Then, on a suitable extension of the underlying probability space, there
exists a Brownian motion W with

tldM
M,:/ ( >%JWS forallt > 0.
0 ds
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Proof Assume that the probability space is rich enough to carry a Brownian motion
W that is independent of M. Let

fr = lim n((M)t — (M),_l/n) fort > 0.

n—oo

Then f is a progressively measurable version of the Radon—Nikodym derivative
%. Clearly, fOT 1if>0) f,_1 d{(M); <T < oo forall T > 0. Hence the following
integrals are well-defined, and furthermore, as a sum of continuous martingales,

t t

~1/2 ~

W, 2=/ 101 fs / dMs+f Lif,=0ydWs
0 0

is a continuous local martingale. By Theorem 25.22, we have
t ! 1
(W = / Lif>0)fy  d(M)s+ / Lif,=0yds
0 0

4 t
:/ jl{.)"s>0}fs_1fs ds +/ Lif,=0yds =t.
0 0

Hence, by Theorem 25.28, W is a Brownian motion. On the other hand, we have
! 1/2 ! 1/2 =12 ! 12,55
f fs T dWs =/ Tigs0fs '~ fs dMs+/ =0y fs '~ dWs
0 0 0

t
= / Lif,>0ydMs.
0
However,

t t
M; —/ Lf>0y dM; =/ Ly f,=0y d M;
0 0

is a continuous local martingale with square variation f(; 1if,=0yd(M)s =0 and

hence it almost surely equals zero. Therefore, we have M; = f(; Sl/ deS, as
claimed. O

We come next to a multidimensional version of the pathwise 1t6 formula. To
this end, let Cgv be the space of continuous maps X : [0, c0) — RY, t X; =
(X Lo, X,d) such that, for k,/ =1, ...,d, the quadratic covariation (see Defini-
tion 21.58) (X*, X!} exists and is continuous. Further, let C>(R?) be the space of
twice continuously differentiable functions F on R with partial derivatives 8y F
and %9, F, k,I =1,...,d. Denote by V the gradient and by A = (37 + ...+ 93)
the Laplace operator.
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Theorem 25.30 (Multidimensional pathwise Itd6 formula) Letr X € Cgv and F €
C%2(RY). Then

T 14 T
F(XT)—F(X0)=f VFdXs+§ Z / 3ka[F(XS)d(Xk’Xl>s’
0 k=179
where

T d
fo VF(Xs)dX,:= lim Z ZakF(Xt)(Xf/ — Xx5).

tePy k=1

Proof This works just as in the one-dimensional case. We leave the details as an
exercise. 0

Remark 25.31 1f each of the integrals fOT o F(Xy) de exists, then

T d T
/ VF(X,)dX, = Z/ WF(X)dXk,
0 k=1 0

Note that existence of the individual integrals does not follow from the existence of
the integral fOT VF(Xs)dX;. O

Corollary 25.32 (Productrule) If X,Y, X —Y, X +Y € Cqy, then

T T
XTYT=X0Yo+f stxx+/ X,dYs + (X, Y)p forall T >0
0

0

if both integrals exist. In particular, the product rule holds if X and Y are continuous
local martingales.

Proof By assumption (and using the polarization formula), the covariation (X, Y)
exists. Applying Theorem 25.30 with F(x, y) = xy, the claim follows.

For continuous local martingales, by Exercise 25.2.1, there exists a suitable se-
quence of partitions P such that the integrals exist (pathwise). O

Now let Y = M + A be a d-dimensional generalized diffusion. Hence
d t t
M,":Z/ oklaw!  and Af:/ bhds fort>0, k=1,...,d.
0 0
I=1

Here W = (W!,..., W%) is a d-dimensional Brownian motion and %! (respec-
tively b¥) are progressively measurable, locally square integrable (respectively lo-
cally integrable) stochastic processes for every k.l =1, ...,d. Since (WK, W', =
t - Lig=ry, we have (Y, Y1), = (M*, M), = fé akl ds, where

d
kil ._ ki il
a,” .= ZUS Oy
i=1
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is the covariance matrix of the diffusion M. In particular, we have M Cgv al-
most surely. Note that (by Exercise 25.2.1), there exists a partition sequence P such
that the integrals fé af”ak FYy)d W£ in (25.17) exist in the pathwise sense. As a
corollary of the multidimensional pathwise Itd6 formula (Theorem 25.30 and Re-
mark 25.31), we thus get the following theorem.

Theorem 25.33 (Multidimensional 1t6 formula) Let Y be as above and let F €
C%(RY). Then

T 1 d T
F(Yr) — F(Yo) =/ VE(Y)dY; + 5 3 / 0k, F (Yy) d(M¥, M),
0 k=170

d . d .
- Z/ USk‘IBkF(YS)dWSI—i-Z/ brop F(Yy)ds
0 k=1 0

k=1

d
1 ' k.l
+§k§l_1/0 a3 F (Yy) ds. (25.17)

In particular, for Brownian motion, we have

d . '
F(Wt)—F(W0)=Z/ akF(Ws)dWSk—i—%/ AF(Wy)ds.  (25.18)
k=170 0

Corollary 25.34 The process (F(W;)):>o is a continuous local martingale if and
only if F is harmonic (that is, AF =0).

Proof If F is harmonic, then as a sum of It6 integrals, F(W;) = F(Wy) +
Zle f(; 3 F(Wy) dW¥ is a continuous local martingale.

On the other hand, if F is a continuous local martingale, then as a difference of
continuous local martingales, fot AF(W;)ds is also a continuous local martingale.

Ast— fé AF (W) ds has finite variation, we have fot AF(W)ds=0forallt >0

almost surely (by Corollary 21.72). Hence AF =0. 0

Corollary 25.35 (Time-dependent It6 formula) If F € C>!(R? x R), then
F(Wr,T) — F(Wy,0)

d T T
1
:E / 8kF(WS,s)dWSk+/ <ad+1 +§(812+...+85))F(W;,s)ds.
k=1"0 0

Proof Apply Theorem 25.33to ¥ = (W, ..., W, 1)>0. O
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Exercise 25.3.1 (Fubini’s theorem for Itd integrals) Let X € Cqy and assume that
g : [0, 00)? — R is continuous and (in the interior) twice continuously differentiable
in the second coordinate with derivative d>g. Use the product rule (Corollary 25.32)

to show that
s t t s
/(/ g(u,v)du)dXU=/ </ g(u,v)dXv)du
0 0 0 0
fs (fvgw,v)du) dx, =/S</Sg(u,v)dxv) du.
0 0 0 u

Exercise 25.3.2 (Stratonovich integral) Let P be an admissible sequence of parti-
tions, X € Cgi and F € C%(R) with derivative f = F’. Show that, for every ¢ > 0,
the Stratonovich integral

T Xy + X
fo f(Xp)odX, = lim Zf(gyxﬂ—xt)

2
tePr

and

is well-defined, and that the classical substitution rule
T
F(X7)— F(Xo) = / F'(X;)odX,
0

holds. Show that, in contrast with the It6 integral, the Stratonovich integral with
respect to a continuous local martingale is, in general, not a local martingale.

25.4 Dirichlet Problem and Brownian Motion

As for discrete Markov chains (compare Section 19.1), the solutions of the Dirichlet
problem in a domain G C R? can be expressed in terms of a d-dimensional Brown-
ian motion that is stopped upon hitting the boundary G.

In the following, let G C R be a bounded open set.

Definition 25.36 (Dirichlet problem) Let f : G — R be continuous. A function
u: G — R is called a solution of the Dirichlet problem on G with boundary value
f if u is continuous, twice differentiable in G and

Au(x)=0 for x € G,
(25.19)
u(x)=f(x) forxeaG.

For sufficiently smooth domains, there always exists a solution of the Dirichlet prob-
lem (see, e.g., [79, Section 4.4]). If there is a solution, then as a consequence of
Theorem 25.38, it is unique.
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In the following, let W = wl, ..., Wd) be a d-dimensional Brownian motion
with respect to a filtration [F that satisfies the usual conditions. We write P, and E,
for probabilities and expectations if W is started at Wy = x = (xl, R xd) ceRY.If
A C R? is open, then

Tac :=inf{t > 0: W; € A}

is an F-stopping time (see Exercise 21.4.4). Since G is bounded, we have G C
(—a,a) x R4~ for some a > 0. Thus 7gc < T((—a,a)xRd-1)c- By Exercise 21.2.4
(applied to W), for x € G,

E.[16¢] < Ex[t(_g.axri-1ye] = (@ —x")(a +x') < o0. (25.20)

In particular, g < 0o Py-almost surely. Hence W, is a Py-almost surely well-
defined random variable with values in 0G.

Definition 25.37 For x € G, denote by

mx,c =Pyo w_!

TGe

the harmonic measure on 0G.

Theorem 25.38 If u is a solution of the Dirichlet problem on G with boundary
value f, then

u(x) =Ex[f(Weg) ] = ./ac FWixcdy) forxeG. (25.21)

In particular, the solution of the Dirichlet problem is always unique.

Proof Let G{ C G, C ... be a sequence of open sets with x € G1, G, 1 G and
G, C G for every n € N. Hence, in particular, every G, is compact and thus Vu is
bounded on G,,. We abbreviate T := tge and 7, 1= TGe.

As u is harmonic (that is, Au = 0), by the 1t6 formula, for ¢t < 7,

' d
u(W,):u(Wo)+/ Vu(Ws)dwszu(Wo)+Z/ Bku(Ws)dWXk. (25.22)
0 k=1 0

In particular, M := (u(W;)):¢[0,7) is a local martingale up to v (however, in general,
it is not a martingale). For # < t,;, we have

(Bu(Wy)? < Cy = sup | Vu()|; <oo forallk=1,....d.

y€Gn

Hence, by (25.20),

EU (aku(Ws))st] < CuEy[1,] < C,E[1] < 00,
0
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Thus, by Theorem 25.17(ii), for every n € N, the stopped process M™ is a martin-
gale. Therefore,

E. [u(Wy,)] = E<[My,] = E[Mo] = u(x). (25.23)

. . n—>oo . . .
As W is continuous and 7, 1 7, we have W, — W, € G. Since u is continuous,
we get

u(Wy) =5 u(Wy) = f(Wy). (25.24)

Again, since u is continuous and G is compact, u is bounded. By the dominated
convergence theorem, (25.24) implies convergence of the expectations; that is (also
using (25.23)),

u(x) = lim Ec[u(Wr,)]=E[f(Wo)]. O

Exercise 25.4.1 Let G =R x (0, 00) be the open upper half plane of R and x =
(x1,x2) € G. Show that TG < oo almost surely and that the harmonic measure iy g
on R = 9G is the Cauchy distribution with scale parameter x; that is shifted by x;:
Hx,G =0y, * Cauy,.

Exercise 25.4.2 Letd >3 and let G = R9~1 x (0, 0o0) be an open half space of R4,

Let x = (x1,...,x4) € G. Show that Tgc < oo almost surely and that the harmonic
measure /i, on RY~! = 3G has the density
mxG(dy)  I'(d/2) Xd

a2 :
dy i \/(xl_YI)2+--~+(xa’—1_Ya’—l)z‘l‘xdz

Exercise 25.4.3 Let » > 0 and let B, (0) C R? be the open ball with radius r cen-
tered at the origin. For x € B, (0), determine the harmonic measure [y, g, (0).

25.5 Recurrence and Transience of Brownian Motion

By Pdlya’s theorem (Theorem 17.39), symmetric simple random walk (X;,),eN On
74 is recurrent (that is, it visits every point infinitely often) if and only if d < 2. If
d > 2, then the random walk is transient and eventually leaves every bounded set
A C Z¢. To give a slightly different (though equivalent) formulation of this,

liminf|| X,|=0 as. <<= d<2
n—oo

and
lim || X,]| =00 as. — d>2.
n—oo

The main result of this section is that a similar dichotomy also holds for Brownian
motion.
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Theorem 25.39 Ler W = (WL, ..., Wd) be a d-dimensional Brownian motion.

(1) Ifd <2, then W is recurrent in the sense that

liminf || W; —y|| =0 a.s. foreveryye RY.
—00

In particular, almost surely the path {W; : t > 0} is dense in R?.
(ii) Ifd > 2, then W is transient in the sense that

lim |W;| =00 a.s.,
—00

and for any y € R4 \ {0}, we have inf{||W; — y|| : t > 0} > 0 almost surely.

The basic idea of the proof is to use a suitable Dirichlet problem (and the result
of Section 25.4) to compute the probabilities for W to hit certain balls,

Br(x):={yeR?:|x —y| < R}.
Let 0 <r < R < oo and let G, g be the annulus
Grg:=Br(O)\ B, (0)={xeR’:r <|x|| <R}.

Recall that, for closed A C R?, we write T4 = inf{r > 0: W, € A} for the stopping
time of first entrance into A. We further write

rs:=inf{t>0:||Wt||=s} and 1, g=inf{t > 0: W, & G, g}.

If we start W at Wy € G, g, then clearly 7, g = 7 A Tg. On the boundary of G, g,
define the function f by

I, if|x|l=r,
fx) = (25.25)
0, if[lx|| = R.
Define u, g : G, g — R by
oy 2 VXD = VR
nR Vi —V(R)

where V : (0, 0co) — R is Newton’s potential function
s, ifd=1,
V(s) = Vy(s) = { log(s), ifd=2, (25.26)
—s>4 ifd > 2.

It is easy to check that ¢ : R?\ {0} — R, x — Vz(||x||) is harmonic (that is, Ag = 0).
Hence u, g is the solution of the Dirichlet problem on G, g with boundary value f.
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By Theorem 25.38, for x € G, g,

Pt r =] =Pu[|We o = r] = Ex[f(Wy, )] =ty r (). (25.27)
Theorem 25.40 Forr > 0 and x, y € R? with || x — y|| > r, we have

1, l‘fd S 25
Px[Wt € B, (y) for some t > O] = (Hx—yll )2_d ifd>2
r ’ :

Proof Without loss of generality, assume y = 0. Then

P,[7, <oo]l= lim Py[7, g =7,]= lim w
R— 0 ’ R—oo V(r)—V(R)

{l, ifd =2,

I (D

{",d—(f), ifd > 2,

since limg_ 0 Vyj(R) =00 ifd <2 and =0if d > 2. O

Proof of Theorem 25.39 Using the strong Markov property of Brownian motion, we
getforr >0

Px[hggfuw,u < s] =Px|: U () {IWll <r for some s > rR}}
s€(0,r) R>||x||

= sup _inf P.[[|W;| <s for some s > tg]
se(0,r) R>1x|l

= su inf Py|Pw, [ty <o0]|.
SE(OI,)r)R>HXH X[ RS ]

However, by Theorem 25.40 (since || Wy, | = R for R > ||x||), we have

1, ifd <2,

Py, [7s < ool =
K { (s/R)¥2, ifd>2.

Therefore,
1, ifd<2,

P[liminf|| Wi < r] _
=00 0, ifd>2.

This implies the claim. g
Definition 25.41 (Polar set) A set A C R is called polar if

P.[W, & Aforalls>0]=1 forallxeR?,
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Theorem 25.42 [fd = 1, then only the empty set is polar. If d > 2, then {y} is polar
forevery y e R4,

Proof For d = 1, the statement is obvious since

limsupW; =00 and liminfW,=—-o00 as.
t—>00 =00

Hence, due to the continuity of W, every point y € R will be hit (infinitely often).
Now let d > 2. Without loss of generality, assume y = 0. If x # 0, then

P[0y < ool = lim Py[7)0) < TR]
R—o0

= lim infP,[t.5 =17,]
R—oor>0

= lim infu, g(x)=0 (25.28)
R—o0r>0

since Vy(r) =9 —ooifd > 2.
On the other hand, if x = 0, then the strong Markov property of Brownian motion
(and the fact that Po[W; = 0] = O for all # > 0) implies

Po[7i0) < 00] = supPo[W, =0 for some s > 7]
t>0

= sup Py [PW[ [t0) < oo]] =0.

t>0

Note that in the last step, we used (25.28). O



	Chapter 25: The Itô Integral
	25.1 Itô Integral with Respect to Brownian Motion
	25.2 Itô Integral with Respect to Diffusions
	25.3 The Itô Formula
	25.4 Dirichlet Problem and Brownian Motion
	25.5 Recurrence and Transience of Brownian Motion


