
Chapter 25
The Itô Integral

The Itô integral allows us to integrate stochastic processes with respect to the in-
crements of a Brownian motion or a somewhat more general stochastic process. We
develop the Itô integral first for Brownian motion and then for generalized diffusion
processes (so called Itô processes). In the third section, we derive the celebrated Itô
formula. This is the chain rule for the Itô integral that enables us to do explicit cal-
culations with the Itô integral. In the fourth section, we use the Itô formula to obtain
a stochastic solution of the classical Dirichlet problem. This in turn is used in the
fifth section in order to show that like symmetric simple random walk, Brownian
motion is recurrent in low dimensions and transient in high dimensions.

25.1 Itô Integral with Respect to Brownian Motion

Let W = (Wt)t≥0 be a Brownian motion on the space (Ω,F,P) with respect to the
filtration F that satisfies the usual conditions (see Definition 21.22). That is, W is
a Brownian motion and an F-martingale. The aim of this section is to construct an
integral

IW
t (H) =

∫ t

0
Hs dWs

for a large class of integrands H : Ω × [0,∞) → R, (ω, t) �→ Ht(ω) in such a way
that (IW

t (H))t≥0 is a continuous F-martingale. Since almost all paths s �→ Ws(ω)

of Brownian motion are of locally infinite variation, W(ω) is not the distribution
function of a signed Lebesgue–Stieltjes measure on [0,∞). Hence IW

t (H) cannot
be defined in the framework of classical integration theory. The basic new idea is
to establish the integral as an L2-limit. We start with an elementary example to
illustrate this.

Example 25.1 Assume that X1,X2, . . . are i.i.d. Rad1/2 random variables; that is,
P[Xn = 1] = P[Xn = −1] = 1

2 . Let (hn)n∈N be a sequence of real numbers. Under
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564 25 The Itô Integral

which assumptions on (hn)n∈N is the series

R :=
∑
n∈N

hnXn (25.1)

well-defined? If
∑

n∈N |hn| < ∞, then the series converges absolutely for every ω.
In this case, there is no problem. Now assume that only the weaker condition∑

n∈N h2
n < ∞ holds. In this case, the series (25.1) does not necessarily con-

verge any more for every ω. However, we have E[hnXn] = 0 for each n ∈ N and∑∞
n=1 Var[hnXn] =∑∞

n=1 h2
n < ∞. Hence RN :=∑N

k=1 hkXk converges in L2 (for
N → ∞). We can thus define the series R in (25.1) as the L2-limit of the partial
sums RN . Note that (at least formally) for the approximating sums the order of
summation matters. In a sense, we have constructed

∑∞
n=1 instead of

∑
n∈N.

An equivalent formulation that gives a flavor of what is to come is the follow-
ing. Denote by �2 the Hilbert space of square summable sequences of real num-
bers with inner product 〈h,g〉 =∑∞

n=1 hngn and norm ‖g‖ = 〈g,g〉1/2. Let �f

be the subspace of those sequences with only finitely many nonzero entries. Then
R(h) =∑n∈N hnXn for h ∈ �f is well-defined (since it is a finite sum). Since

E
[
R(h)2]= Var

[
R(h)
]=∑

n∈N
Var[hnXn] =

∑
n∈N

h2
n = ‖h‖2,

the map R : �f → L2(P) is an isometry. As �f ⊂ �2 is dense, there is a unique
continuous extension of R to �2. Hence, if h ∈ �2 and (hN)N∈N is a sequence in

�f with ‖hN − h‖ N→∞−→ 0, then R(hN)
N→∞−→ R(h) in the L2 sense. In particular,

hN
n := hn1{n≤N}, n ∈ N, N ∈ N, is an approximating sequence for h, and we have

R(hN) =∑N
n=1 hnXn. Thus the approximation of R with the partial sums RN that

we described above is a special case of this construction. ♦

The programme for the construction of the Itô integral IW
t (H) is the following.

First consider simple functions as integrands H ; that is, the map t �→ Ht(ω) is a
step function. For these H , the integral can easily be defined as a finite sum. The
next step is to extend the integral, as in Example 25.1, to integrands that can be
approximated in a certain L2-space by simple integrands.

Definition 25.2 Denote by E the vector space of maps H : Ω × [0,∞) → R of the
form

Ht(ω) =
n∑

i=1

hi−1(ω)1(ti−1,ti ],

where n ∈ N, 0 = t0 < t1 < . . . < tn and hi−1 is bounded and Fti−1 -measurable for
every i = 1, . . . , n. E is called the vector space of predictable simple processes.
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We equip E with a (pseudo) norm ‖ ·‖E by defining

‖H‖2
E =

n∑
i=1

E
[
h2

i−1

]
(ti − ti−1) = E

[∫ ∞

0
H 2

s ds

]
.

Definition 25.3 For H ∈ E and t ≥ 0, define

IW
t (H) =

n∑
i=1

hi−1(Wti∧t − Wti−1∧t )

and

IW∞ (H) =
n∑

i=1

hi−1(Wti − Wti−1).

Clearly, for every bounded stopping time τ ,

E
[
IW
τ (H)

]=
n∑

i=1

E
[
hi−1
(
Wτ

ti
− Wτ

ti−1

)]

=
n∑

i=1

E
[
hi−1E

[
Wτ

ti
− Wτ

ti−1

∣∣Fti−1

]]= 0

since, by the optional stopping theorem (OST), the stopped Brownian motion Wτ is
an F-martingale. Hence (again by the OST) (IW

t (H))t≥0 is an F-martingale. In par-

ticular, we have E[(IW
ti+1

(H) − IW
ti

(H))(IW
tj+1

(H) − IW
tj

(H))] = 0 for i 
= j . There-
fore,

E
[
IW∞ (H)2] =

n∑
i=1

E
[(

IW
ti

(H) − IW
ti−1

(H)
)2]

=
n∑

i=1

E
[
h2

i−1(Wti − Wti−1)
2]

=
n∑

i=1

E
[
h2

i−1

]
(ti − ti−1) = ‖H‖2

E . (25.2)

From these considerations, the following statement is immediate.

Theorem 25.4

(i) The map IW∞ : E → L2(Ω,F ,P) is an isometric linear map (with respect to
‖ ·‖E and ‖ ·‖2).

(ii) The process (IW
t (H))t≥0 is an L2-bounded continuous F-martingale.
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Proof Only the linearity remains to be shown. However, this is trivial. �

The idea is to extend the map IW∞ continuously from E to a suitable closure E
of E . Now as a subspace of what space should we close E? A minimal requirement
is that (ω, t) �→ Ht(ω) be measurable (with respect to F ⊗ B([0,∞))) and that H

be adapted.

Definition 25.5 A stochastic process X = (Xt )t≥0 with values in a Polish space E

is called

(i) product measurable if (ω, t) �→ Xt(ω) is measurable with respect to F ⊗
B([0,∞)) – B(E),

(ii) progressively measurable if, for every t ≥ 0, the map Ω ×[0, t] → E, (ω, s) �→
Xs(ω) is measurable with respect to Ft ⊗B([0, t]) – B(E),

(iii) predictable (or previsible) if (ω, t) �→ Xt(ω) is measurable with respect to the
predictable σ -algebra P on Ω × [0,∞):

P := σ(X : X is a left continuous adapted process).

Remark 25.6 Any H ∈ E is predictable. This property ensures that IM(H) is a mar-
tingale for every (even discontinuous) martingale M . The notion of predictability is
important only for integration with respect to discontinuous martingales. As we will
not develop that calculus in this book, predictability will not be central for us. ♦

Remark 25.7 If H is progressively measurable, then H is evidently also product
measurable and adapted. With a little work, the converse can also be shown: If H is
adapted and product measurable, then there is a progressively measurable modifica-
tion of H (see, e.g., [115, pp. 68ff]). ♦

Theorem 25.8 If H is adapted and right continuous or left continuous, then H is
progressively measurable. If H is adapted and a.s. right continuous or left continu-
ous, then there exists a version of H that is progressively measurable.

In particular, every predictable process is progressively measurable.

Proof See Exercise 21.1.4. �

We consider E as a subspace of

E0 :=
{
H : product measurable, adapted and ‖H‖2 := E

[∫ ∞

0
H 2

t dt

]
< ∞
}
.

Let E denote the closure of E in E0.

Theorem 25.9 If H is progressively measurable (for instance, left continuous or
right continuous and adapted) and E[∫∞

0 H 2
t dt] < ∞, then H ∈ E .



25.1 Itô Integral with Respect to Brownian Motion 567

Proof Let H be progressively measurable and E[∫∞
0 H 2

t dt] < ∞. It is enough to
show that, for any T > 0, there exists a sequence (Hn)n∈N in E such that

E
[∫ T

0

(
Hs − Hn

s

)2
ds

]
n→∞−→ 0. (25.3)

Step 1. First assume that H is continuous and bounded. Define Hn
0 = 0 and

Hn
t = Hi2−nT if i2−nT < t ≤ (i + 1)2−nT for some i = 0, . . . ,2n − 1

and Hn
t = 0 for t > T . Then Hn ∈ E , and we have Hn

t (ω)
n→∞−→ Ht(ω) for all t > 0

and ω ∈ Ω . By the dominated convergence theorem, we get (25.3).
Step 2. Now let H be progressively measurable and bounded. It is enough to

show that there exist continuous adapted processes Hn, n ∈ N, for which (25.3)
holds. Let

Hn
t := n

∫ t∧T

(t−1/n)∨0
Hs ds for t ≥ 0, n ∈ N.

Then Hn is continuous, adapted and bounded by ‖H‖∞. By the fundamental theo-
rem of calculus (see Exercise 13.1.7), we have

Hn
t (ω)

n→∞−→ Ht(ω) for λ-almost all t ∈ [0, T ] and for all ω ∈ Ω . (25.4)

By Fubini’s theorem and the dominated convergence theorem, we thus conclude that

E
[∫ T

0

(
Hs − Hn

s

)2
ds

]
=
∫

Ω×[0,T ]

(
Hs(ω) − Hn

s (ω)
)2

(P ⊗ λ)
(
d(ω, s)

) n→∞−→ 0.

Step 3. Now let H be progressively measurable, and assume E[∫∞
0 H 2

t dt] < ∞.
It is enough to show that there exists a sequence (Hn)n∈N of bounded, progres-
sively measurable processes such that (25.3) holds. Manifestly, we can choose
Hn

t = Ht1{|Ht |<n}. �

Definition 25.10 (Itô integral) For H ∈ E , define the Itô integral

∫ ∞

0
Hs dWs := IW∞ (H)

as the continuous extension of the map IW∞ : E → L2(P) to the closure E of E . In

other words, if (Hn)n∈N is a sequence in E with ‖H − Hn‖ n→∞−→ 0, then we define
IW∞ (H) by

IW∞ (H) := lim
n→∞ IW∞

(
Hn
)

in L2.
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If τ is a stopping time, then in the following we use the abbreviation

H
(τ)
t := Ht1{t≤τ } for t ≥ 0.

(Note that this is not the stopped process Hτ
t = Hτ∧t .)

Theorem 25.11

(i) The map IW∞ : E → L2(Ω,F,P) is linear and

E
[
IW∞ (H)2]= E

[∫ ∞

0
H 2

s ds

]
.

(ii) For every H ∈ E , the process ĨW (H) defined by ĨW
t (H) := IW∞ (H (t)) is an

L2-bounded F-martingale that has a continuous modification IW (H).

Definition 25.12 (Itô integral as a process) Let IW (H) be the continuous version
of the martingale (IW∞ (H (t)))t≥0 (see Theorem 25.11(ii)). Denote by

∫ t

s

Hr dWr := IW
t (H) − IW

s (H) for 0 ≤ s ≤ t ≤ ∞

the Itô integral of H with respect to Brownian motion W on the interval [s, t].

Proof of Theorem 25.11 (i) This is a direct consequence of the definition of IW∞ (H).

(ii) Let (Hn)n∈N be a sequence in E with ‖Hn − H‖ n→∞−→ 0. By Theo-
rem 25.4(ii), we have

IW∞
((

Hn
)(t))= IW

t

(
Hn
)= E
[
IW∞
(
Hn
) ∣∣Ft

]
for all t ≥ 0, n ∈N.

Since ‖(Hn)(t) − H(t)‖ ≤ ‖Hn − H‖ n→∞−→ 0, this implies (using Corollary 8.21)

ĨW
t (H) = lim

n→∞ IW
t

(
Hn
)= lim

n→∞ E
[
IW∞
(
Hn
) ∣∣Ft

]= E
[
IW∞ (H)

∣∣Ft

]
.

Hence ĨW (H) is an L2-bounded martingale and IW
t (Hn)

n→∞−→ ĨW
t (H) in L2 for

every t ≥ 0. By Theorem 25.4(ii), IW (Hn) is continuous for every n ∈ N. Thus, by
Exercise 21.4.3, there exists a continuous modification IW (H) of ĨW (H). �

The last step in the construction of the Itô integral is to weaken the strong inte-
grability condition E[∫∞

0 H 2
s ds] < ∞. We start with a simple observation.

Let τ be a stopping time and recall that
∫ τ

0 Hs dWs denotes the random variable

that for any ω assumes the value (
∫ τ(ω)

0 Hs dWs)(ω).

Lemma 25.13 Let τ be a stopping time and let H ∈ E .
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(i) We have

∫ τ

0
Hs dWs =

∫ ∞

0
H(τ)

s dWs :=
∫ ∞

0
Hs1{s≤τ } dWs a.s.

(ii) In particular, for any t ≥ 0, on the event {τ ≥ t} we have

∫ t

0
Hs dWs =

∫ t

0
H(τ)

s dWs a.s.

(iii) Let G ∈ E be such that Hs = Gs for all s ≤ τ . Then

∫ τ

0
Hs dWs =

∫ τ

0
Gs dWs a.s.

Proof (i) Assume first that τ takes values in {k/2n : k ∈ N0} ∪ {∞} for some n ∈N.
Then 1{k/2n≤τ }1{t∈((k−1)/2n,k/2n]} ∈ E for all k ∈ N. If, in addition, H ∈ E , then also
H(τ) ∈ E and the claim follows directly from the definition of the Itô integral (Def-
inition 25.3). Now let H ∈ E and let (Hk)k∈N be a sequence in E such that ‖Hk −
H‖E k→∞−→ 0. Writing H

k,(τ)
t := Hk

t 1{t≤τ } we get that ‖Hk,(τ) − H(τ)‖E k→∞−→ 0. By
choosing a suitable sequence km ↑ ∞, we obtain

∫ τ

0
Hs dWs = lim

m→∞

∫ τ

0
Hkm

s dWs

= lim
m→∞

∫ ∞

0
Hkm,(τ)

s dWs =
∫ ∞

0
H(τ)

s dWs a.s.

Finally, assume that τ is an arbitrary stopping time and define τn := 2−n�2nτ� for
n ∈ N. Then (τn) is a sequence of stopping times with τn ↓ τ . Recall that IW (H)

is continuous and note that ‖H(τn) − H(τ)‖E n→∞−→ 0. Hence by taking a suitable
sequence n(m) ↑ ∞, we get

∫ τ

0
Hs dWs = lim

m→∞

∫ τn(m)

0
Hs dWs

= lim
m→∞

∫ ∞

0
H

(τn(m))
s dWs =

∫ ∞

0
H(τ)

s dWs a.s.

(ii), (iii) These statements are direct consequences of (i). �

Definition 25.14 Let Eloc be the space of progressively measurable stochastic pro-
cesses H with ∫ T

0
H 2

s ds < ∞ a.s. for all T > 0.
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Lemma 25.15 For every H ∈ Eloc, there exists a sequence (τn)n∈N of stopping
times with τn ↑ ∞ almost surely and E[∫ τn

0 H 2
s ds] < ∞ and hence such that

H(τn) ∈ E for every n ∈ N.

Proof Define

τn := inf

{
t ≥ 0 :

∫ t

0
H 2

s ds ≥ n

}
.

By the definition of Eloc, we have τn ↑ ∞ almost surely. By construction, we have
‖H(τn)‖2 = E[∫ τn

0 H 2
s ds] ≤ n. �

Definition 25.16 Let H ∈ Eloc and let (τn)n∈N be as in Lemma 25.15. For t ≥ 0,
define the Itô integral as the almost sure limit

∫ t

0
Hs dWs := lim

n→∞

∫ t

0
H(τn)

s dWs. (25.5)

Theorem 25.17 Let H ∈ Eloc.

(i) The limit in (25.5) is well-defined and continuous at t . Up to a.s. equality, it is
independent of the choice of the sequence (τn)n∈N.

(ii) If τ is a stopping time with E[∫ τ

0 H 2
s ds] < ∞, then the stopped Itô integral

(
∫ τ∧t

0 Hs dWs)t≥0 is an L2-bounded, continuous martingale.

(iii) If E[∫ T

0 H 2
s ds] < ∞ for all T > 0, then (

∫ t

0 Hs dWs)t≥0 is a square integrable
continuous martingale.

Proof (i) By Lemma 25.13(ii), on the event {τn ≥ t}, we have
∫ t

0
Hs dWs =

∫ t

0
H(τn)

s dWs.

Hence the limit exists, is continuous and is independent of the choice of the sequence
(τn)n∈N.

(ii) This is immediate by Theorem 25.11.
(iii) As we can choose τn = n, this follows from (ii). �

Theorem 25.18 Let H be progressively measurable and E[∫ T

0 H 2
s ds] < ∞ for all

T > 0. Then

Mt :=
∫ t

0
Hs dWs, t ≥ 0,

defines a square integrable continuous martingale, and

(Nt )t≥0 :=
(

M2
t −
∫ t

0
H 2

s ds

)
t≥0

is a continuous martingale with N0 = 0.
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Proof It is enough to show that N is a martingale. Clearly, N is adapted. Let τ be a
bounded stopping time. Then

E[Nτ ] = E
[
M2

τ −
∫ τ

0
H 2

s ds

]

= E
[(∫ ∞

0
H(τ)

s dWs

)2]
− E
[∫ ∞

0

(
H(τ)

s

)2
ds

]
= 0.

Thus, by the optional stopping theorem (see Exercise 21.1.3(iii)), N is a martin-
gale. �

Recall the notions of local martingales and square variation from Section 21.10.

Corollary 25.19 If H ∈ Eloc, then the Itô integral Mt = ∫ t

0 Hs dWs is a continuous

local martingale with square variation process 〈M〉t = ∫ t

0 H 2
s ds.

Example 25.20

(i) Wt = ∫ t

0 1dWs is a square integrable martingale, and (W 2
t − t)t≥0 is a contin-

uous martingale.

(ii) Since E[∫ T

0 W 2
s ds] = T 2

2 < ∞ for all T ≥ 0, Mt := ∫ t

0 Ws dWs is a contin-
uous, square integrable martingale, and (M2

t − ∫ t

0 W 2
s ds)t≥0 is a continuous

martingale.
(iii) Assume that H is progressively measurable and bounded, and let Mt :=∫ t

0 Hs dWs . Then M is progressively measurable (since it is continuous and
adapted) and

E
[∫ T

0
M2

s ds

]
=
∫ T

0

(∫ s

0
E
[
H 2

r

]
dr

)2

ds ≤ T 2‖H‖2∞
2

.

Hence M̃t := ∫ t

0 Ms dWs is a square integrable, continuous martingale and
(M̃2

t − ∫ t

0 M2
s dWs)t≥0 is a continuous martingale.

♦

25.2 Itô Integral with Respect to Diffusions

If

H =
n∑

i=1

hi−11(ti−1,ti ] ∈ E, (25.6)
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then the elementary integral

IM
t (H) =

n∑
i=1

hi−1(Mti∧t − Mti−1∧t )

is a martingale (respectively local martingale) if M is a martingale (respectively
local martingale). Furthermore,

E
[(

IM∞ (H)
)2]=

n∑
i=1

E
[
h2

i−1(Mti − Mti−1)
2]

=
n∑

i=1

E
[
h2

i−1

(〈M〉ti − 〈M〉ti−1

)]

= E
[∫ ∞

0
H 2

t d〈M〉t
]

if the expression on the right-hand side is finite. Roughly speaking, the procedure
in Section 25.1 by which we defined the Itô integral for Brownian motion and inte-
grands H ∈ E can be repeated to construct a stochastic integral with respect to M

for a large class of integrands H . Essentially, in the definition of the norm on E we
have to replace dt (that is, the square variation of Brownian motion) by the square
variation d〈M〉t of M :

‖H‖2
M := E

[∫ ∞

0
H 2

t d〈M〉t
]
.

Extending the integral to the closure E works just as for Brownian motion. The
tricky point is to check whether a given integrand is in E . For example, for dis-
continuous martingales M the integrands have to be predictable in order for the
stochastic integral to be a martingale (not to mention the difficulty of establishing
for such M , the existence of the square variation process). For the case of discrete
time processes, we saw this in Section 9.3. Now if M is a continuous martingale with
continuous square variation 〈M〉, then the following problem occurs. In the proof of
Theorem 25.9 in Step 2, in order to show that progressively measurable processes

H are in E, we used the fact that Hn
t (ω)

n→∞−→ Ht(ω) for Lebesgue-almost all t and
all ω. Now if d〈M〉t is not absolutely continuous with respect to the Lebesgue mea-
sure, then this is not sufficient to infer convergence of the integrals with respect to
d〈M〉t . In the case of absolutely continuous square variation, however, that proof
works without change. As in Section 25.1, we obtain the following theorem.

Theorem 25.21 Let M be a continuous local martingale with absolutely continu-
ous square variation 〈M〉 and let H be a progressively measurable process with∫ T

0 H 2
s d〈M〉s < ∞ a.s. for all T ≥ 0. Then the Itô integral Nt := ∫ t

0 Hs dMs is
well-defined and is a continuous local martingale with square variation 〈N〉t =



25.2 Itô Integral with Respect to Diffusions 573

∫ t

0 H 2
s d〈M〉s . For any sequence (τn)n∈N with τn ↑ ∞ and ‖H(τn)‖M < ∞, and for

any family (Hn,m,n,m ∈N) ⊂ E with ‖Hn,m − H(τn)‖M
m→∞−→ 0, we have

∫ t

0
Hs dMs = lim

n→∞ lim
m→∞ IM

t

(
Hm,n
)

in probability for all t ≥ 0.

The following theorem formulates a certain generalization.

Theorem 25.22 Let M1 and M2 be continuous local martingales with absolutely
continuous square variation. Let Hi be progressively measurable processes with∫ T

0 (H i
s )

2 d〈Mi〉s < ∞ for i = 1,2 and T < ∞. Let Ni
t := ∫ t

0 Hi
s dMi

s for i = 1,2.
Then N1 and N2 are continuous local martingales with quadratic covariation
〈Ni,Nj 〉t = ∫ t

0 Hi
s H

j
s d〈Mi,Mj 〉s for i, j ∈ {1,2}. If M1 and M2 are independent,

then 〈N1,N2〉 ≡ 0.

Proof First assume H 1,H 2 ∈ E . Then there are numbers 0 = t0 < t1 < . . . < tn and
Ftk -measurable bounded maps hi

k , i = 1,2, k = 0, . . . , n − 1 such that

Hi
t (ω) =

n∑
k=1

hi
k−1(ω)1(tk−1,tk](t).

Therefore,

Ni
t N

j
t =

n∑
k,l=1

hi
k−1h

j

l−1

(
Mi

tk∧t − Mi
tk−1∧t

)(
M

j
tl∧t − M

j
tl−1∧t

)
.

Those summands with k 
= l are local martingales. For any of the summands with
k = l, (

hi
k−1h

j

k−1

((
Mi

tk∧t − Mi
tk−1∧t

)(
M

j
tk∧t − M

j
tk−1∧t

)

− (〈Mi,Mj
〉
tk∧t

− 〈Mi,Mj
〉
tk−1∧t

)))
t≥0

is a local martingale. Since

n∑
k=1

hi
k−1h

j

k−1

(〈
Mi,Mj

〉
tk∧t

− 〈Mi,Mj
〉
tk−1∧t

)=
∫ t

0
Hi

s H
j
s d
〈
Mi,Mj

〉
s
,

(Ni
t N

j
t − ∫ t

0 Hi
s H

j
s d〈Mi,Mj 〉s)t≥0 is a continuous local martingale.

The case of general progressively measurable H 1, H 2 that satisfy an integrability
condition follows by the usual L2-approximation arguments.

If M1 and M2 are independent, then 〈M1,M2〉 ≡ 0. �

In the following, we consider processes that can be expressed as Itô integrals
with respect to a Brownian motion. For these processes, we give a different and
more detailed proof of Theorem 25.21.
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Definition 25.23 Let W be a Brownian motion and let σ and b be progressively
measurable stochastic processes with

∫ t

0 σ 2
s + |bs |ds < ∞ almost surely for all

t ≥ 0. Then we say that the process X defined by

Xt =
∫ t

0
σs dWs +

∫ t

0
bs ds for t ≥ 0

is a generalized diffusion process (or, briefly, generalized diffusion) with diffusion
coefficient σ and drift b. Often X is called an Itô process.

In particular, if σ and b are of the form σs = σ̃ (Xs) and bs = b̃(Xs) for certain
maps σ̃ : R → [0,∞) and b̃ : R → R, then X is called a diffusion (in the proper
sense).

In contrast with generalized diffusions, we will see that under certain regularity
assumptions on the coefficients, diffusions in the proper sense are Markov processes
(compare Theorems 26.8, 26.10 and 26.26).

A diffusion X can always be decomposed as X = M +A, where Mt = ∫ t

0 σs dWs

is a continuous local martingale with square variation 〈M〉t = ∫ t

0 σ 2
s ds (by Corol-

lary 25.19) and At = ∫ t

0 bs ds is a continuous process of locally finite variation.
Clearly, for the H in (25.6), we have

∫ t

0
Hs dMs =

n∑
i=1

hi−1(Mti∧t − Mti−1∧t )

=
n∑

i=1

hi−1

∫ ti∧t

ti−1∧t

σs dWs =
∫ t

0
(Hsσs) dWs.

For progressively measurable H with
∫ T

0 H 2
s d〈M〉s = ∫ T

0 (Hsσs)
2 ds < ∞ for all

T ≥ 0, we thus define the Itô integral as

∫ t

0
Hs dMs :=

∫ t

0
(Hsσs) dWs.

Without further work, in particular, without relying on Theorem 25.21, we get the
following theorem.

Theorem 25.24 Let X = M + A be a generalized diffusion with σ and let b be as
in Definition 25.23. Let H be progressively measurable with

∫ T

0
H 2

s σ 2
s ds < ∞ a.s. for all T ≥ 0 (25.7)

and ∫ T

0
|Hsbs |ds < ∞ a.s. for all T ≥ 0. (25.8)
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Then the process Y defined by

Yt :=
∫ t

0
Hs dXs :=

∫ t

0
Hs dMs +

∫ t

0
Hs dAs :=

∫ t

0
Hsσs dWs +

∫ t

0
Hsbs ds

is a generalized diffusion with diffusion coefficient (Hsσs)s≥0 and drift (Hsbs)s≥0.
In particular, Nt := ∫ t

0 Hs dMs is a continuous local martingale with square varia-

tion process 〈N〉t = ∫ t

0 H 2
s d〈M〉s = ∫ t

0 H 2
s σ 2

s ds.

Exercise 25.2.1 Let M be a continuous local martingale with absolutely continu-
ous square variation 〈M〉 (e.g., a generalized diffusion), and let H be progressively
measurable and continuous with

∫ T

0 H 2
s d〈M〉s < ∞ for all T ≥ 0. Further, assume

that P = (P(n))n∈N is an admissible sequence of partitions (see Definition 21.56).

(i) Show that for all T ≥ 0, in the sense of stochastic convergence, we have

∫ T

0
Hs dMs = lim

n→∞
∑
t∈Pn

T

Ht (Mt ′ − Mt). (25.9)

(ii) Show that there exists a subsequence of P such that almost surely, we have
(25.9) for all T ≥ 0.

25.3 The Itô Formula

This and the following two sections are based on lecture notes of Hans Föllmer.
If t �→ Xt is a differentiable map with derivative X′ and F ∈ C1(R) with deriva-

tive F ′, then we have the classical substitution rule

F(Xt ) − F(X0) =
∫ t

0
F ′(Xs) dXs =

∫ t

0
F ′(Xs)X

′
s ds. (25.10)

This remains true even if X is continuous and has locally finite variation (see
Section 21.10); that is, if X is the distribution function of an absolutely continuous
signed measure on [0,∞). In this case, the derivative X′ exists as a Radon–Nikodym
derivative almost everywhere, and it is easy to show that (25.10) also holds in this
case.

The paths of Brownian motion W are nowhere differentiable (Theorem 21.17 due
to Paley, Wiener and Zygmund) and thus have everywhere locally infinite variation.
Hence a substitution rule as simple as (25.10) cannot be expected. Indeed, it is easy
to see that such a rule must be false: Choose F(x) = x2. Then the right-hand side
in (25.10) (with X replaced by W ) is

∫ t

0 2Ws dWs and is hence a martingale. The
left-hand side, however, equals W 2

t , which is a submartingale that only becomes a
martingale by subtracting t . Indeed, this t is the additional term that shows up in
the substitution rule for Itô integrals, the so-called Itô formula. A somewhat bold



576 25 The Itô Integral

heuristic puts us on the right track: For small t , Wt is of order
√

t . If we formally
write dWt = √

dt and carry out a Taylor expansion of F ∈ C2(R) up to second
order, then we obtain

dF(Wt) = F ′(Wt) dWt + 1

2
F ′′(Wt )(dWt)

2 = F ′(Wt ) dWt + 1

2
F ′′(Wt) dt.

Rewriting this as an integral yields

F(Wt) − F(W0) =
∫ t

0
F ′(Ws) dWs +

∫ t

0

1

2
F ′′(Ws) ds. (25.11)

(For certain discrete martingales, we derived a similar formula in Example 10.9.)
The main goal of this section is to show that this so-called Itô formula is indeed
correct.

The subsequent discussion in this section does not explicitly rely on the assump-
tion that we integrate with respect to Brownian motion. All that is needed is that
the function with respect to which we integrate have continuous square variation
(along a suitable admissible sequence of partitions P = (Pn)n∈N)). In particular,
for Brownian motion, 〈W 〉t = t .

In the following, let P = (Pn)n∈N be an admissible sequence of partitions (recall
the definition of Cqv = CPqv, Pn

T , Pn
S,T , t ′ and so on from Definitions 21.56 and

21.58). Let X ∈ C([0,∞)) with continuous square variation (along P)

T �→ 〈X〉T = V 2
T (X) = lim

n→∞
∑
t∈PT

(Xt ′ − Xt)
2.

For Brownian motion, we have W ∈ CPqv almost surely for any admissible sequence
of partitions (Theorem 21.64) and 〈W 〉T = T . For continuous local martingales M

passing to a suitable subsequence P ′ of P ensures that M ∈ CP ′
qv almost surely (The-

orem 21.70).
Now fix P and let X ∈ Cqv be a (deterministic) function.

Theorem 25.25 (Pathwise Itô formula) Let X ∈ Cqv and F ∈ C2(R). Then, for all
T ≥ 0, there exists the limit

∫ T

0
F ′(Xs) dXs := lim

n→∞
∑
t∈Pn

T

F ′(Xt )(Xt ′ − Xt). (25.12)

Furthermore, the Itô formula holds:

F(XT ) − F(X0) =
∫ T

0
F ′(Xs) dXs + 1

2

∫ T

0
F ′′(Xs) d〈X〉s . (25.13)

Here the right integral in (25.13) is understood as a classical (Lebesgue–Stieltjes)
integral.
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Remark 25.26 If M is a continuous local martingale, then, by Exercise 25.2.1, the
Itô integral

∫ T

0 F ′(Ms) dMs is the stochastic limit of
∑

t∈Pn
T

F ′(Mt)(Mt ′ − Mt) as
n → ∞. Thus, in fact, for X = M(ω), the pathwise integral in (25.12) coincides
with the Itô integral (a.s.). In particular, for the Itô integral of Brownian motion, the
Itô formula (25.11) holds. ♦

Proof of Theorem 25.25 We have to show that the limit in (25.12) exists and that
(25.13) holds.

For n ∈ N and t ∈Pn
T (with successor t ′ ∈ Pn

T ), the Taylor formula yields

F(Xt ′) − F(Xt ) = F ′(Xt )(Xt ′ − Xt) + 1

2
F ′′(Xt ) · (Xt ′ − Xt)

2 + Rn
t , (25.14)

where the remainder

Rn
t = (F ′′(ξ) − F ′′(Xt )

) · 1

2
(Xt ′ − Xt)

2

(for a suitable ξ between Xt and Xt ′ ) can be bounded as follows. As X is continuous,
C := {Xt : t ∈ [0, T ]} is compact and F ′′∣∣

C
is uniformly continuous. Thus, for every

ε > 0, there exists a δ > 0 with
∣∣F ′′(Xr) − F ′′(Xs)

∣∣< ε for all r, s ∈ [0, T ] with |Xr − Xs | < δ.

Since X is uniformly continuous on [0, T ] and since the mesh size |Pn| of the
partition goes to 0 as n → ∞, for every δ > 0, there exists an Nδ such that

sup
n≥Nδ

sup
t∈Pn

T

|Xt ′ − Xt | < δ.

Hence, for n ≥ Nδ and t ∈Pn
T ,

∣∣Rn
t

∣∣≤ 1

2
ε(Xt ′ − Xt)

2.

Summing over t ∈Pn
T in (25.14) yields
∑
t∈Pn

T

(
F(Xt ′) − F(Xt )

)= F(Xt ) − F(X0)

and ∑
t∈Pn

T

∣∣Rn
t

∣∣≤ ε
∑
t∈Pn

T

(Xt ′ − Xt)
2 n→∞−→ ε〈X〉t < ∞.

As ε > 0 was arbitrary, we get
∑

t∈Pn
T

|Rn
t | n→∞−→ 0. We have (see Exercise 21.10.2)

∑
t∈Pn

T

1

2
F ′′(Xt )(Xt ′ − Xt)

2 n→∞−→ 1

2

∫ T

0
F ′′(Xs) d〈X〉s .
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Hence, in (25.14) the sum of the remaining terms also has to converge. That is, the
limit in (25.12) exists. �

As a direct consequence, we obtain the Itô formula for the Itô integral with re-
spect to diffusions.

Theorem 25.27 (Itô formula for diffusions) Let Y = M + A be a (generalized)
diffusion (see Definition 25.23), where Mt = ∫ t

0 σs dWs and At = ∫ t

0 bs ds. Let
F ∈ C2(R). Then we have the Itô formula

F(Yt ) − F(Y0) =
∫ t

0
F ′(Ys) dMs +

∫ t

0
F ′(Ys) dAs + 1

2

∫ t

0
F ′′(Ys) d〈M〉s

=
∫ t

0
F ′(Ys)σs dWs +

∫ t

0

(
F ′(Ys)bs + 1

2
F ′′(Ys)σ

2
s

)
ds.

(25.15)
In particular, for Brownian motion,

F(Wt) − F(W0) =
∫ t

0
F ′(Ws) dWs + 1

2

∫ t

0
F ′′(Ws) ds. (25.16)

As an application of the Itô formula, we characterize Brownian motion as a con-
tinuous local martingale with a certain square variation process.

Theorem 25.28 (Lévy’s characterization of Brownian motion) Let X ∈ Mloc,c with
X0 = 0. Then the following are equivalent.

(i) (X2
t − t)t≥0 is a local martingale.

(ii) 〈X〉t = t for all t ≥ 0.
(iii) X is a Brownian motion.

Proof (iii) =⇒ (i) This is obvious.
(i) ⇐⇒ (ii) This is clear since the square variation process is unique.
(ii) =⇒ (iii) It is enough to show that Xt − Xs ∼ N0,t−s given Fs for t > s ≥ 0.

Employing the uniqueness theorem for characteristic functions, it is enough to show
that (with i = √−1) for A ∈ Fs and λ ∈ R, we have

ϕA,λ(t) := E
[
eiλ(Xt−Xs)1A

]= P[A]e−λ2(t−s)/2.

Applying Itô’s formula separately to the real and the imaginary parts, we obtain

eiλXt − eiλXs =
∫ t

s

iλeiλXr dXr − 1

2

∫ t

s

λ2eiλXr dr.
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Therefore,

E
[
eiλ(Xt−Xs)

∣∣Fs

]− 1

= E
[∫ t

s

iλeiλ(Xr−Xs) dXr

∣∣∣Fs

]
− 1

2
λ2E
[∫ t

s

eiλ(Xr−Xs) dr

∣∣∣Fs

]
.

Now Mt := Re
∫ t

s
iλeiλ(Xr−Xs) dXr and Nt := Im

∫ t

s
iλeiλ(Xr−Xs) dXr , t ≥ s are

continuous local martingales with

〈M〉t =
∫ t

s

λ2 sin
(
λ(Xr − Xs)

)2
dr ≤ λ2(t − s)

and

〈N〉t =
∫ t

s

λ2 cos
(
λ(Xr − Xs)

)2
dr ≤ λ2(t − s).

Thus, by Corollary 21.76, M and N are martingales. Hence we have

E
[∫ t

s

iλeiλ(Xr−Xs) dXr

∣∣∣Fs

]
= 0.

Since A ∈Fs , Fubini’s theorem yields

ϕA,λ(t) − ϕA,λ(s) = E
[
eiλ(Xt−Xs)1A

]− P[A]

= −1

2
λ2
∫ t

s

E
[
eiλ(Xr−Xs)1A

]
dr = −1

2
λ2
∫ t

s

ϕA,λ(r) dr.

That is, ϕA,λ is the solution of the linear differential equation

ϕA,λ(s) = P[A] and
d

dt
ϕA,λ(t) = −1

2
λ2ϕA,λ(t).

The unique solution is ϕA,λ(t) = P[A]e−λ2(t−s)/2. �

As a consequence of this theorem, we get that any continuous local martingale
whose square variation process is absolutely continuous (as a function of time) can
be expressed as an Itô integral with respect to some Brownian motion.

Theorem 25.29 (Itô’s martingale representation theorem) Let M be a continu-
ous local martingale with M0 = 0 and absolutely continuous square variation
t �→ 〈M〉t . Then, on a suitable extension of the underlying probability space, there
exists a Brownian motion W with

Mt =
∫ t

0

√
d〈M〉s

ds
dWs for all t ≥ 0.
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Proof Assume that the probability space is rich enough to carry a Brownian motion
W̃ that is independent of M . Let

ft := lim
n→∞n

(〈M〉t − 〈M〉t−1/n

)
for t > 0.

Then f is a progressively measurable version of the Radon–Nikodym derivative
d〈M〉t

dt
. Clearly,

∫ T

0 1{ft>0}f −1
t d〈M〉t ≤ T < ∞ for all T > 0. Hence the following

integrals are well-defined, and furthermore, as a sum of continuous martingales,

Wt :=
∫ t

0
1{fs>0}f −1/2

s dMs +
∫ t

0
1{fs=0} dW̃s

is a continuous local martingale. By Theorem 25.22, we have

〈W 〉t =
∫ t

0
1{fs>0}f −1

s d〈M〉s +
∫ t

0
1{fs=0} ds

=
∫ t

0
1{fs>0}f −1

s fs ds +
∫ t

0
1{fs=0} ds = t.

Hence, by Theorem 25.28, W is a Brownian motion. On the other hand, we have

∫ t

0
f

1/2
s dWs =

∫ t

0
1{fs>0}f 1/2

s f
−1/2
s dMs +

∫ t

0
1{fs=0}f 1/2

s dW̃s

=
∫ t

0
1{fs>0} dMs.

However,

Mt −
∫ t

0
1{fs>0} dMs =

∫ t

0
1{fs=0} dMs

is a continuous local martingale with square variation
∫ t

0 1{fs=0} d〈M〉s = 0 and

hence it almost surely equals zero. Therefore, we have Mt = ∫ t

0 f
1/2
s dWs , as

claimed. �

We come next to a multidimensional version of the pathwise Itô formula. To
this end, let Cd

qv be the space of continuous maps X : [0,∞) → R
d , t �→ Xt =

(X1
t , . . . ,X

d
t ) such that, for k, l = 1, . . . , d , the quadratic covariation (see Defini-

tion 21.58) 〈Xk,Xl〉 exists and is continuous. Further, let C2(Rd) be the space of
twice continuously differentiable functions F on R

d with partial derivatives ∂kF

and ∂k∂lF , k, l = 1, . . . , d . Denote by ∇ the gradient and by 
 = (∂2
1 + . . . + ∂2

d )

the Laplace operator.
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Theorem 25.30 (Multidimensional pathwise Itô formula) Let X ∈ Cd
qv and F ∈

C2(Rd). Then

F(XT ) − F(X0) =
∫ T

0
∇F dXs + 1

2

d∑
k,l=1

∫ T

0
∂k∂lF (Xs) d

〈
Xk,Xl

〉
s
,

where ∫ T

0
∇F(Xs) dXs := lim

n→∞
∑
t∈Pn

T

d∑
k=1

∂kF (Xt )
(
Xk

t ′ − Xk
t

)
.

Proof This works just as in the one-dimensional case. We leave the details as an
exercise. �

Remark 25.31 If each of the integrals
∫ T

0 ∂kF (Xs) dXk
s exists, then

∫ T

0
∇F(Xs) dXs =

d∑
k=1

∫ T

0
∂kF (Xs) dXk

s .

Note that existence of the individual integrals does not follow from the existence of
the integral

∫ T

0 ∇F(Xs) dXs . ♦

Corollary 25.32 (Product rule) If X,Y,X − Y,X + Y ∈ Cqv, then

XT YT = X0Y0 +
∫ T

0
Ys dXs +

∫ T

0
Xs dYs + 〈X,Y 〉T for all T ≥ 0

if both integrals exist. In particular, the product rule holds if X and Y are continuous
local martingales.

Proof By assumption (and using the polarization formula), the covariation 〈X,Y 〉
exists. Applying Theorem 25.30 with F(x, y) = xy, the claim follows.

For continuous local martingales, by Exercise 25.2.1, there exists a suitable se-
quence of partitions P such that the integrals exist (pathwise). �

Now let Y = M + A be a d-dimensional generalized diffusion. Hence

Mk
t =

d∑
l=1

∫ t

0
σk,l

s dWl
s and Ak

t =
∫ t

0
bk
s ds for t ≥ 0, k = 1, . . . , d.

Here W = (W 1, . . . ,Wd) is a d-dimensional Brownian motion and σk,l (respec-
tively bk) are progressively measurable, locally square integrable (respectively lo-
cally integrable) stochastic processes for every k, l = 1, . . . , d . Since 〈Wk,Wl〉t =
t · 1{k=l}, we have 〈Y k,Y l〉t = 〈Mk,Ml〉t = ∫ t

0 a
k,l
s ds, where

ak,l
s :=

d∑
i=1

σk,i
s σ i,l

s
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is the covariance matrix of the diffusion M . In particular, we have M ∈ Cd
qv al-

most surely. Note that (by Exercise 25.2.1), there exists a partition sequence P such
that the integrals

∫ t

0 σ
k,l
s ∂kF (Ys) dWl

s in (25.17) exist in the pathwise sense. As a
corollary of the multidimensional pathwise Itô formula (Theorem 25.30 and Re-
mark 25.31), we thus get the following theorem.

Theorem 25.33 (Multidimensional Itô formula) Let Y be as above and let F ∈
C2(Rd). Then

F(YT ) − F(Y0) =
∫ T

0
∇F(Ys) dYs + 1

2

d∑
k,l=1

∫ T

0
∂k∂lF (Ys) d

〈
Mk,Ml

〉
s

=
d∑

k,l=1

∫ t

0
σk,l

s ∂kF (Ys) dWl
s +

d∑
k=1

∫ t

0
bk
s ∂kF (Ys) ds

+ 1

2

d∑
k,l=1

∫ t

0
ak,l
s ∂k∂lF (Ys) ds. (25.17)

In particular, for Brownian motion, we have

F(Wt) − F(W0) =
d∑

k=1

∫ t

0
∂kF (Ws)dWk

s + 1

2

∫ t

0

F(Ws)ds. (25.18)

Corollary 25.34 The process (F (Wt))t≥0 is a continuous local martingale if and
only if F is harmonic (that is, 
F ≡ 0).

Proof If F is harmonic, then as a sum of Itô integrals, F(Wt) = F(W0) +∑d
k=1

∫ t

0 ∂kF (Ws)dWk
s is a continuous local martingale.

On the other hand, if F is a continuous local martingale, then as a difference of
continuous local martingales,

∫ t

0 
F(Ws)ds is also a continuous local martingale.
As t �→ ∫ t

0 
F(Ws)ds has finite variation, we have
∫ t

0 
F(Ws)ds = 0 for all t ≥ 0
almost surely (by Corollary 21.72). Hence 
F ≡ 0. �

Corollary 25.35 (Time-dependent Itô formula) If F ∈ C2,1(Rd ×R), then

F(WT ,T ) − F(W0,0)

=
d∑

k=1

∫ T

0
∂kF (Ws, s) dWk

s +
∫ T

0

(
∂d+1 + 1

2

(
∂2

1 + . . . + ∂2
d

))
F(Ws, s) ds.

Proof Apply Theorem 25.33 to Y = (W 1
t , . . . ,Wd

t , t)t≥0. �
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Exercise 25.3.1 (Fubini’s theorem for Itô integrals) Let X ∈ Cqv and assume that
g : [0,∞)2 →R is continuous and (in the interior) twice continuously differentiable
in the second coordinate with derivative ∂2g. Use the product rule (Corollary 25.32)
to show that

∫ s

0

(∫ t

0
g(u, v) du

)
dXv =

∫ t

0

(∫ s

0
g(u, v) dXv

)
du

and ∫ s

0

(∫ v

0
g(u, v)du

)
dXv =

∫ s

0

(∫ s

u

g(u, v) dXv

)
du.

Exercise 25.3.2 (Stratonovich integral) Let P be an admissible sequence of parti-
tions, X ∈ CPqv and F ∈ C2(R) with derivative f = F ′. Show that, for every t ≥ 0,
the Stratonovich integral

∫ T

0
f (Xt ) ◦ dXt := lim

n→∞
∑
t∈Pn

T

f

(
Xt ′ + Xt

2

)
(Xt ′ − Xt)

is well-defined, and that the classical substitution rule

F(XT ) − F(X0) =
∫ T

0
F ′(Xt ) ◦ dXt

holds. Show that, in contrast with the Itô integral, the Stratonovich integral with
respect to a continuous local martingale is, in general, not a local martingale.

25.4 Dirichlet Problem and Brownian Motion

As for discrete Markov chains (compare Section 19.1), the solutions of the Dirichlet
problem in a domain G ⊂R

d can be expressed in terms of a d-dimensional Brown-
ian motion that is stopped upon hitting the boundary G.

In the following, let G ⊂R
d be a bounded open set.

Definition 25.36 (Dirichlet problem) Let f : ∂G → R be continuous. A function
u : G → R is called a solution of the Dirichlet problem on G with boundary value
f if u is continuous, twice differentiable in G and


u(x) = 0 for x ∈ G,

u(x) = f (x) for x ∈ ∂G.
(25.19)

For sufficiently smooth domains, there always exists a solution of the Dirichlet prob-
lem (see, e.g., [79, Section 4.4]). If there is a solution, then as a consequence of
Theorem 25.38, it is unique.
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In the following, let W = (W 1, . . . ,Wd) be a d-dimensional Brownian motion
with respect to a filtration F that satisfies the usual conditions. We write Px and Ex

for probabilities and expectations if W is started at W0 = x = (x1, . . . , xd) ∈ R
d . If

A ⊂R
d is open, then

τAc := inf
{
t > 0 : Wt ∈ Ac

}
is an F-stopping time (see Exercise 21.4.4). Since G is bounded, we have G ⊂
(−a, a) × R

d−1 for some a > 0. Thus τGc ≤ τ((−a,a)×Rd−1)c . By Exercise 21.2.4
(applied to W 1), for x ∈ G,

Ex[τGc ] ≤ Ex[τ((−a,a)×Rd−1)c ] = (a − x1)(a + x1)< ∞. (25.20)

In particular, τGc < ∞ Px -almost surely. Hence WτGc is a Px -almost surely well-
defined random variable with values in ∂G.

Definition 25.37 For x ∈ G, denote by

μx,G = Px ◦ W−1
τGc

the harmonic measure on ∂G.

Theorem 25.38 If u is a solution of the Dirichlet problem on G with boundary
value f , then

u(x) = Ex

[
f (WτGc )

]=
∫

∂G

f (y)μx,G(dy) for x ∈ G. (25.21)

In particular, the solution of the Dirichlet problem is always unique.

Proof Let G1 ⊂ G2 ⊂ . . . be a sequence of open sets with x ∈ G1, Gn ↑ G and
Gn ⊂ G for every n ∈ N. Hence, in particular, every Gn is compact and thus ∇u is
bounded on Gn. We abbreviate τ := τGc and τn := τGc

n
.

As u is harmonic (that is, 
u = 0), by the Itô formula, for t < τ ,

u(Wt) = u(W0) +
∫ t

0
∇u(Ws)dWs = u(W0) +

d∑
k=1

∫ t

0
∂ku(Ws) dWk

s . (25.22)

In particular, M := (u(Wt))t∈[0,τ ) is a local martingale up to τ (however, in general,
it is not a martingale). For t < τn, we have

(
∂ku(Ws)

)2 ≤ Cn := sup
y∈Gn

∥∥∇u(y)
∥∥2

2 < ∞ for all k = 1, . . . , d.

Hence, by (25.20),

E
[∫ τn

0

(
∂ku(Ws)

)2
ds

]
≤ CnEx[τn] ≤ CnE[τ ] < ∞.
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Thus, by Theorem 25.17(ii), for every n ∈ N, the stopped process Mτn is a martin-
gale. Therefore,

Ex

[
u(Wτn)

]= Ex[Mτn ] = Ex[M0] = u(x). (25.23)

As W is continuous and τn ↑ τ , we have Wτn

n→∞−→ Wτ ∈ ∂G. Since u is continuous,
we get

u(Wτn)
n→∞−→ u(Wτ ) = f (Wτ ). (25.24)

Again, since u is continuous and G is compact, u is bounded. By the dominated
convergence theorem, (25.24) implies convergence of the expectations; that is (also
using (25.23)),

u(x) = lim
n→∞ Ex

[
u(Wτn)

]= Ex

[
f (Wτ )

]
. �

Exercise 25.4.1 Let G = R × (0,∞) be the open upper half plane of R2 and x =
(x1, x2) ∈ G. Show that τGc < ∞ almost surely and that the harmonic measure μx,G

on R ∼= ∂G is the Cauchy distribution with scale parameter x2 that is shifted by x1:
μx,G = δx1 ∗ Caux2 .

Exercise 25.4.2 Let d ≥ 3 and let G =R
d−1 × (0,∞) be an open half space of Rd .

Let x = (x1, . . . , xd) ∈ G. Show that τGc < ∞ almost surely and that the harmonic
measure μx,G on R

d−1 ∼= ∂G has the density

μx,G(dy)

dy
= Γ (d/2)

πd/2

xd√
(x1 − y1)2 + . . . + (xd−1 − yd−1)2 + x2

d

.

Exercise 25.4.3 Let r > 0 and let Br(0) ⊂ R
d be the open ball with radius r cen-

tered at the origin. For x ∈ Br(0), determine the harmonic measure μx,Br (0).

25.5 Recurrence and Transience of Brownian Motion

By Pólya’s theorem (Theorem 17.39), symmetric simple random walk (Xn)n∈N on
Z

d is recurrent (that is, it visits every point infinitely often) if and only if d ≤ 2. If
d > 2, then the random walk is transient and eventually leaves every bounded set
A ⊂ Z

d . To give a slightly different (though equivalent) formulation of this,

lim inf
n→∞ ‖Xn‖ = 0 a.s. ⇐⇒ d ≤ 2

and

lim
n→∞‖Xn‖ = ∞ a.s. ⇐⇒ d > 2.

The main result of this section is that a similar dichotomy also holds for Brownian
motion.
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Theorem 25.39 Let W = (W 1, . . . ,Wd) be a d-dimensional Brownian motion.

(i) If d ≤ 2, then W is recurrent in the sense that

lim inf
t→∞ ‖Wt − y‖ = 0 a.s. for every y ∈R

d .

In particular, almost surely the path {Wt : t ≥ 0} is dense in R
d .

(ii) If d > 2, then W is transient in the sense that

lim
t→∞‖Wt‖ = ∞ a.s.,

and for any y ∈R
d \ {0}, we have inf{‖Wt − y‖ : t ≥ 0} > 0 almost surely.

The basic idea of the proof is to use a suitable Dirichlet problem (and the result
of Section 25.4) to compute the probabilities for W to hit certain balls,

BR(x) := {y ∈ R
d : ‖x − y‖ < R

}
.

Let 0 < r < R < ∞ and let Gr,R be the annulus

Gr,R := BR(0) \ Br(0) = {x ∈R
d : r < ‖x‖ < R

}
.

Recall that, for closed A ⊂ R
d , we write τA = inf{t > 0 : Wt ∈ A} for the stopping

time of first entrance into A. We further write

τs := inf
{
t > 0 : ‖Wt‖ = s

}
and τr,R = inf{t > 0 : Wt 
∈ Gr,R}.

If we start W at W0 ∈ Gr,R , then clearly τr,R = τr ∧ τR . On the boundary of Gr,R ,
define the function f by

f (x) =
{

1, if ‖x‖ = r,

0, if ‖x‖ = R.
(25.25)

Define ur,R : Gr,R →R by

ur,R(x) = V (‖x‖) − V (R)

V (r) − V (R)
,

where V : (0,∞) →R is Newton’s potential function

V (s) = Vd(s) =

⎧⎪⎪⎨
⎪⎪⎩

s, if d = 1,

log(s), if d = 2,

−s2−d , if d > 2.

(25.26)

It is easy to check that ϕ : Rd \{0} → R, x �→ Vd(‖x‖) is harmonic (that is, 
ϕ ≡ 0).
Hence ur,R is the solution of the Dirichlet problem on Gr,R with boundary value f .
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By Theorem 25.38, for x ∈ Gr,R ,

Px[τr,R = τr ] = Px

[‖Wτr,R
‖ = r
]= Ex

[
f (Wτr,R

)
]= ur,R(x). (25.27)

Theorem 25.40 For r > 0 and x, y ∈ R
d with ‖x − y‖ > r , we have

Px

[
Wt ∈ Br(y) for some t > 0

]=
{

1, if d ≤ 2,

( ‖x−y‖
r

)2−d
, if d > 2.

Proof Without loss of generality, assume y = 0. Then

Px[τr < ∞] = lim
R→∞ Px[τr,R = τr ] = lim

R→∞
V (‖x‖) − V (R)

V (r) − V (R)

=
{

1, if d = 2,

Vd (‖x‖)
Vd (r)

, if d > 2,

since limR→∞ Vd(R) = ∞ if d ≤ 2 and = 0 if d > 2. �

Proof of Theorem 25.39 Using the strong Markov property of Brownian motion, we
get for r > 0

Px

[
lim inf
t→∞ ‖Wt‖ < s

]
= Px

[ ⋃
s∈(0,r)

⋂
R>‖x‖

{‖Wt‖ < r for some t > τR

}]

= sup
s∈(0,r)

inf
R>‖x‖ Px

[‖Wt‖ ≤ s for some t > τR

]

= sup
s∈(0,r)

inf
R>‖x‖ Px

[
PWτR

[τs < ∞]].

However, by Theorem 25.40 (since ‖WτR
‖ = R for R > ‖x‖), we have

PWτR
[τs < ∞] =

{
1, if d ≤ 2,

(s/R)d−2, if d > 2.

Therefore,

P
[
lim inf
t→∞ ‖Wt‖ < r

]
=
{

1, if d ≤ 2,

0, if d > 2.

This implies the claim. �

Definition 25.41 (Polar set) A set A ⊂ R
d is called polar if

Px[Wt 
∈ A for all t > 0] = 1 for all x ∈R
d .



588 25 The Itô Integral

Theorem 25.42 If d = 1, then only the empty set is polar. If d ≥ 2, then {y} is polar
for every y ∈R

d .

Proof For d = 1, the statement is obvious since

lim sup
t→∞

Wt = ∞ and lim inf
t→∞ Wt = −∞ a.s.

Hence, due to the continuity of W , every point y ∈ R will be hit (infinitely often).
Now let d ≥ 2. Without loss of generality, assume y = 0. If x 
= 0, then

Px[τ{0} < ∞] = lim
R→∞ Px[τ{0} < τR]

= lim
R→∞ inf

r>0
Px[τr,R = τr ]

= lim
R→∞ inf

r>0
ur,R(x) = 0 (25.28)

since Vd(r)
r→0−→ −∞ if d ≥ 2.

On the other hand, if x = 0, then the strong Markov property of Brownian motion
(and the fact that P0[Wt = 0] = 0 for all t > 0) implies

P0[τ{0} < ∞] = sup
t>0

P0[Ws = 0 for some s ≥ t]

= sup
t>0

P0
[
PWt [τ{0} < ∞]]= 0.

Note that in the last step, we used (25.28). �
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