
Chapter 6
Entanglement

In this chapter, we will find out how we can apply quantum mechanics to more than
one system. In doing so, we encounter what is truly strange in quantum mechanics,
namely entanglement. We also explore some of the more shocking applications of
quantum mechanics, including teleportation and quantum computing.

6.1 The State of Two Electrons

We have looked at thought experiments with a single photon in a Mach–Zehnder
interferometer, a single electron in a Stern–Gerlach apparatus, and the interaction of
a two-level atom with an optical pulse. We found that their states are all described
by a two-dimensional complex vector, and the observables and evolution operators
are described by 2 × 2 matrices. But what if we have two photons, or two electrons,
or two atoms? Or three?

Let’s consider two electrons, and assume that they are spatially well-separated so
we can label “electron 1” and “electron 2” without any ambiguity. It is easy to write
the state of electron 1 as

|ψ〉1 = a|↑〉1 + b|↓〉1 with |a|2 + |b|2 = 1 , (6.1)

where we add a subscript “1” to emphasise that we refer to electron 1. Similarly, we
can write down the state of electron 2:
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98 6 Entanglement

|φ〉2 = c|↑〉2 + d|↓〉2 with |c|2 + |d|2 = 1 . (6.2)

The question is: what is the state of the composite system consisting of these two
electrons?

We can construct the states of the composite system from the states of the indi-
vidual systems. Remember that the symbols and writing inside the ket are nothing
more than convenient labels, indicating the measurement outcomes. We therefore
have four possible measurement outcomes if we measure the spin of each electron
in the z-direction:

|electron 1 = ↑, electron 2 = ↑〉 ,

|electron 1 = ↑, electron 2 = ↓〉 ,

|electron 1 = ↓, electron 2 = ↑〉 ,

|electron 1 = ↓, electron 2 = ↓〉 . (6.3)

This is hardly convenient, so instead we may write

|↑1,↑2〉 , |↑1,↓2〉 , |↓1,↑2〉 , |↓1,↓2〉 . (6.4)

By convention, the ordering of the ↑ and ↓ arrow is fixed, and do we really need the
comma? Clearly, we can reduce this further to

|↑↑〉 , |↑↓〉 , |↓↑〉 and |↓↓〉 . (6.5)

These are four quantum states that make perfect sense in the light of measuring Sz
on each electron separately. And because this is quantum mechanics, we can take
superpositions of these states, such as

|ψ〉 = 1

2
|↑↑〉 + 1

2
|↑↓〉 + 1

2
|↓↑〉 + 1

2
|↓↓〉 . (6.6)

Next, suppose that the electrons are in the states given in Eqs. (6.1) and (6.2).
How do we write this in terms of the states of Eq. (6.5)? We can look first at the
probabilities of the measurement outcomes of Sz on the two electrons. Since the
electrons are completely independent, the probabilities multiply:

Pr (↑↑) = Pr (↑1) × Pr (↑2) = |a|2|c|2
Pr (↑↓) = Pr (↑1) × Pr (↓2) = |a|2|d|2
Pr (↓↑) = Pr (↓1) × Pr (↑2) = |b|2|c|2
Pr (↓↓) = Pr (↓1) × Pr (↓2) = |b|2|d|2 (6.7)

It is easy to verify that the probabilities sum to one:

Pr (↑↑) + Pr (↑↓) + Pr (↓↑) + Pr (↓↓) = 1 . (6.8)
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Fig. 6.1 Constructing states
for composite systems. The
interactive figure is available
online (see supplementary
material 1)

The two-electron spin state that is consistent with these probabilities is

|ψ〉 = ac|↑↑〉 + ad|↑↓〉 + bc|↓↑〉 + bd|↓↓〉 . (6.9)

But this is nothing more than the product of the two spin states:

|ψ〉1|φ〉2 = (a|↑〉1 + b|↓〉1)(c|↑〉2 + d|↓〉2)
≡ ac|↑↑〉 + ad|↑↓〉 + bc|↓↑〉 + bd|↓↓〉 . (6.10)

So we can combine the states of two quantum system into a composite quantum
system by multiplying out the states in the manner above, and keep the order of the
symbols in the ket! You can now show that the state in Eq. (6.6) is the same as two
electrons that are each in the state

|ψ〉 = |φ〉 = 1√
2
|↑〉 + 1√

2
|↓〉 . (6.11)

As a convention, in this bookwewill use lower case Greek letters for simple quantum
systems, and upper case Greek letters for composite quantum systems. In Fig. 6.1
we encounter other examples of composite systems.

6.2 Entanglement

The four states in Eq. (6.5) form a basis for all quantum states of two electron spins.
In other words, we can take any superposition of these four states, and obtain another
valid quantum state, as long as the normalisation condition is satisfied. However, this
can lead to strange situations. For example, consider the state
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Fig. 6.2 Creating classical correlations. The interactive figure is available online (see supplemen-
tary material 2)

|�+〉 = 1√
2
|↑↑〉 + 1√

2
|↓↓〉 . (6.12)

Try as youmight, youwill not be able to find values of a, b, c, and d in Eq. (6.10) such
that you obtain the state in Eq. (6.12). This means that there are no single electron
states of the form of Eqs. (6.1) and (6.2) that give the same behaviour as the two
electrons in the state |�+〉. In other words, the two electrons in the state |�+〉 are
entangled, because we cannot write down the state of each electron individually.

In general, two quantum systems are entangled if you cannot write the total state
as a product of states for the separate systems. The total state is called an entangled
state. By contrast, if the total state can be written as the product of two states for the
individual quantum systems, the total state is called separable.

What is the physical difference between entangled and separable states? Let’s
construct a thought experiment that can shed some light on this. Consider a source
that emits electrons in opposite directions, one to Alice, and the other to Bob. They
both measure the spin of the electron they receive in the z-direction. If the state
of the electrons is given by |�+〉, it is not hard to see that they both find ↑ and ↓
measurement outcomes 50% of the time. But crucially, when Alice measures ↑ so
does Bob, and vice versa when Alice measures ↓, Bob gets ↓ as well.

So maybe this is what entanglement means. Does it just say that the source creates
the state |↑↑〉 half the time, and |↓↓〉 the other half, making the choice, for example,
via a coin toss (see Fig. 6.2)? If that were true, suppose that in one particular run of
the experiment the source sent |↑↑〉, but now Alice and Bob measure the spin in the
x-direction instead. We know that we can write the states |↑〉 and |↓〉 in terms of the
eigenstates |+〉 and |−〉 of the Sx observable:

|↑〉 = 1√
2
|+〉 + 1√

2
|−〉 , (6.13)
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and

|↓〉 = 1√
2
|+〉 − 1√

2
|−〉 . (6.14)

The state |↑↑〉 translates into

|↑↑〉 = 1

2
|++〉 + 1

2
|+−〉 + 1

2
|−+〉 + 1

2
|−−〉 , (6.15)

which means that Alice and Bob obtain all measurement outcomes “++”, “+−”,
“−+”, and “−−”, all with probability 1/4. In other words, there is no correlation
between the measurement outcomes of Alice and Bob, because Alice’s outcome tells
her nothing about Bob’s measurement outcome and vice versa. The same measure-
ment outcomes are obtained when the source creates two electrons with spin |↓↓〉,
since

|↓↓〉 = 1

2
|++〉 − 1

2
|+−〉 − 1

2
|−+〉 + 1

2
|−−〉 , (6.16)

The minus signs in the amplitudes have no effect on the probabilities, since the
probabilities are the square of the amplitudes. These measurement statistics are the
result of a source that creates two electrons in the state |↑↑〉 or |↓↓〉, each with
probability 1/2.

However, when the source truly creates the entangled state |�+〉, themeasurement
statistics will be different. Specifically, the minus signs in Eq. (6.16) will become
important. When we translate the entangled state |�+〉 into the eigenvectors for the
spin observables in the x-direction, we obtain

|�+〉 = 1√
2
|↑↑〉 + 1√

2
|↓↓〉

= 1

2
√
2

(|++〉 + |+−〉 + |−+〉 + |−−〉) + 1

2
√
2

(|++〉 − |+−〉 − |−+〉 + |−−〉)

= 1√
2
|++〉 + 1√

2
|−−〉 .

(6.17)

You see that theminus signs are responsible for the cancellationof the terms |+−〉 and
|−+〉. As a result, there is a perfect correlation between the measurement outcomes
of Alice and Bob when they measure the spin in the x-direction. Somehow, the
correlations in the entangled state |�+〉 are stronger than the correlations we get
when we choose |↑↑〉 or |↓↓〉 on the basis of a coin toss (see Fig. 6.3), because they
manifest themselves in both the {↑,↓} and {+,−} directions.

Entanglement is a phenomenon that exists only in quantum mechanics, so we
can say that quantum mechanics allows for stronger correlations between systems
than classical physics. These stronger correlations have some very interesting con-
sequences. One is quantum teleportation, in which the quantum state of a system
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Fig. 6.3 Creating quantum correlations. The interactive figure is available online (see supplemen-
tary material 3)

can be transported over arbitrary distances without the need for a quantum system to
carry it along. The other consequence is that we can build more powerful computers
using entanglement. We consider these applications in the next two sections.

6.3 Quantum Teleportation

Probably the most extraordinary use of the quantum correlations present in entangle-
ment is quantum teleportation (Bennett et al. 1993). It is the process of transferring
the quantum state from one particle, held by Alice, to another particle, held by Bob.
In cartoon form, it would look something like Fig. 6.4 (don’t worry about what is
going on inside the machine at this point). Furthermore, this transfer must succeed
without either Alice or Bob gaining any information about the quantum state—say
the electron spin. To make things extra hard, the three spins must not change places,
so Alice cannot take spin 1 and bring it to Bob. Finally, Alice and Bob may be arbi-
trarily far apart, for example with Alice here on Earth and Bob somewhere in the
Andromeda galaxy two million light years away. Surely, this is impossible…

Your first inclination might be to measure the spin of Alice’s electron, and send
the measurement result to Bob, who prepares the spin of his electron according to
the measurement outcome. However, this will not work well. Alice needs to choose
a direction to measure the spin of her electron. Once she has chosen a direction,
she cannot measure any of the other two directions and expect to get a meaningful
answer about the original spin direction (see Sect. 3.4). To see this, assume that the
state of the electron is

|ψ〉 = cos θ |↑〉 + i sin θ |↓〉 . (6.18)

A measurement of the spin in the z-direction will give outcome ↑ with probability
p↑ = cos2 θ and outcome↓with probability p↓ = sin2 θ . After themeasurement, the
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Fig. 6.4 Cartoon of a teleportation machine. The interactive figure is available online (see supple-
mentary material 4)

electronwill be in the spin state |↑〉 or |↓〉, respectively.Measuring the spin next in the
x- or y-direction will give one of two outcomes, but always with probability of 1/2.
This does not give us anymore information about θ . Only the first measurement gives
information about θ , but since the outcome is one bit of information (up or down),
it can never contain enough to fully capture the value of θ . So a measure-and-send
approach will not work.

However,we can achieveour goal of sending the state usingquantum teleportation.
Before we give a detailed description of this remarkable phenomenon we will need
to construct a few more entangled states. The state space of two electrons is spanned
by four orthogonal basis states, as given in Eq. (6.5). Alternatively, we can create a
basis out of four entangled states:

|�+〉 = 1√
2
|↑↑〉 + 1√

2
|↓↓〉 , and |�+〉 = 1√

2
|↑↓〉 + 1√

2
|↓↑〉 ,

|�−〉 = 1√
2
|↑↑〉 − 1√

2
|↓↓〉 , and |�−〉 = 1√

2
|↑↓〉 − 1√

2
|↓↑〉 . (6.19)

This is called the Bell basis, after John Steward Bell, and the states |�±〉 and |�±〉
are called the Bell states. They are maximally entangled states, in the sense that they
describe the strongest possible correlations between two electron spins. We can also
use these states as eigenvectors of an observable called the Bell operator. When we
measure the Bell operator (called a Bell measurement), the outcomes tell us which
of the Bell states the electrons are in. This is a joint measurement of the two spins,
and does not reveal anything about the individual spins.1

1This is not as strange as it sounds: when you look at macroscopic object, say a pencil, you do not
see the individual atoms in the pencil, but rather the collective state of the atoms that make up the
pencil.
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We are now ready to describe the process of quantum teleportation: Alice holds
an electron, labelled 1, in the spin state

|ψ〉1 = a|↑〉1 + b|↓〉1 . (6.20)

In addition, Alice and Bob each hold one of a pair of entangled electrons, labelled
2 and 3, in the state

|�+〉23 = 1√
2
|↑2,↑3〉 + 1√

2
|↓2,↓3〉 . (6.21)

Let’s say that Alice holds electron 2 and Bob holds electron 3. Next, we combine the
state of the three electrons and expand it as

|ϒ〉 = |ψ〉1|�+〉23 = (a|↑〉1 + b|↓〉1)
(

1√
2
|↑↑〉 + 1√

2
|↓↓〉

)

= 1√
2

(a|↑↑↑〉 + a|↑↓↓〉 + b|↓↑↑〉 + b|↓↓↓〉) , (6.22)

where we dropped the electron labels and pulled a common factor 1/
√
2 out in front

in the last line. This is the state of the system of three electrons (keep the order inside
the kets the same!).

Alice now performs a Bell measurement on her two spins (1 and 2), which gives
a measurement outcome that allows us to tell which one of the Bell states |�±〉 or
|�±〉 the electrons are in. We write the spin states of the two electrons held by Alice
|↑↑〉, |↑↓〉, |↓↑〉, and |↓↓〉 in the Bell basis:

|↑↑〉12 = |�+〉12 + |�−〉12√
2

and |↑↓〉12 = |�+〉12 + |�−〉12√
2

,

|↓↓〉12 = |�+〉12 − |�−〉12√
2

and |↓↑〉12 = |�+〉12 − |�−〉12√
2

. (6.23)

This is the “reverse” relation compared to Eq. (6.19). You should verify that these
equations hold. We can use these substitutions for electrons 1 and 2 to write the state
|ϒ〉 before the measurement as

|ϒ〉 = 1

2

[|�+〉12(a|↑〉3 + b|↓〉3) + |�−〉12(a|↑〉3 − b|↓〉3)
+|�+〉12(b|↑〉3 + a|↓〉3) + |�−〉12(b|↑〉3 − a|↓〉3)

]
. (6.24)

Alice finds one of four possible outcomes in her Bell measurement, and for each
outcome we can read off the state of Bob’s electron:
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�+ : |ψ〉3 = a|↑〉 + b|↓〉 ,

�− : |ψ〉3 = a|↑〉 − b|↓〉 ,

�+ : |ψ〉3 = a|↓〉 + b|↑〉 ,

�− : |ψ〉3 = a|↓〉 − b|↑〉 . (6.25)

From these outcomes, it is clear that the state held by Bob is different for the different
measurement outcomes of Alice’s Bell measurement. Let this sink in for a moment:
After setting up the entangled state between Alice and Bob, who may be literally
light years apart, Bob has done absolutely nothing to his spin, yet its state is different
depending onAlice’smeasurement outcome! This should shock you: the information
contained ina andb somehowmade it fromAlice toBobwithout any communication,
only a local measurement by Alice! Is there some violation of causality? No! It is
a direct consequence of the stronger-than-classical correlations present in entangled
states.

In order to turn the state of Bob’s spin into the original state that entered Alice’s
device, Bob needs to apply a correction to his electron spin. Since he does not know
the outcome of Alice’s measurement, he must wait for a signal from Alice that tells
him which correction to apply. This will take two classical bits, because there are
four measurement outcomes. The correction operators that Bob needs to apply are:

�+ :
(
1 0
0 1

)
, �− :

(
1 0
0 −1

)
, �+ :

(
0 1
1 0

)
, �− :

(
0 1

−1 0

)
. (6.26)

Only after this correction does Bob have his electron in the original state

|ψ〉3 = a|↑〉3 + b|↓〉3 . (6.27)

Notice how the label “1” in Eq. (6.20) has turned into a “3” in Eq. (6.27). The fact
that Bob has to wait for Alice’s measurement outcome means that causality is not
violated. The process of teleportation is shown in Fig. 6.5.

To appreciate how remarkable this protocol really is, let’s recall some of its most
distinctive properties. First, no matter is transported, only the state of the system. In
this sense teleportation is completely different from the transporter in Star Trek, to
which it is often compared. In Star Trek, it seems that matter appears out of nowhere
in the form of the away team at the surface of a planet. This cannot happen in physics,
because matter is energy, and it would violate energy conservation. Second, neither
Alice nor Bob learns anything about the input state |ψ〉. And finally, quantum tele-
portation cannot be used to signal faster than light. So there is no problem with
quantum mechanics and Einstein’s theory of relativity coexisting as far as teleporta-
tion is concerned. Still, quantum mechanics allows us to transfer a potentially large
amount of information (contained in a and b) at the cost of sending only two bits of
information.
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Fig. 6.5 Inside the teleportation machine. The interactive figure is available online (see supple-
mentary material 5)

Richard Feynman famously said (Feynman 1963), that the double slit experi-
ment captures everything that is mysterious about quantum mechanics: it con-
tains the only mystery. However, this is not quite true, because it does not
contain entanglement. Instead, quantum teleportation is the process that con-
tains the true mystery about quantum mechanics.

6.4 Mathematical Intermezzo: Qubits and Computation

Ordinary (or “classical”) computers operate using bits, which are units of information
that are labelled 0 or 1. These bits of information are always carried by physical
systemswhose states are correspondingly labelled0 and1. For example, in amemory
chip, the information carrier is a capacitor that either holds charge or not (bit value
0 or 1, respectively). The extension to quantum mechanics is immediate: instead of
a classical physical system with states that can be either 0 or 1, we use quantum
systems, whose states can be any superposition of 0 or 1. In our notation we write

|ψ〉 = a|0〉 + b|1〉 . (6.28)

We call this a quantum bit, or qubit. The actual physical system can be an electron
spin with |0〉 = |↑〉 and |1〉 = |↓〉, a two-level atom with |0〉 = |g〉 and |1〉 = |e〉,
a photon in two possible paths with |0〉 = |path 1〉 and |1〉 = |path 2〉, or any other
system that has a two dimensional state space in quantum mechanics. Here, we will
use generic qubits for the description of a quantum computation. Translating the
abstract computation into a physical implementation is then a task for scientists and
engineers who know how to manipulate photons, electrons, atoms, etc.

The idea behind computation is that an input bit string evolves according to some
computational rules based on logical operators like AND, OR and NOT into an
output bit string. For example
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AND(1,1) = 1 and AND(1,0) = 0 etc., (6.29)

or

NOT(0) = 1 and NOT(1) = 0 . (6.30)

These computational rules can encode any problem you want to solve. If you find
these rule a little tricky, you may think of 0 and 1 as FALSE and TRUE. The expres-
sion AND(1,1) = 1 then means that AND returns TRUE if both propositions in its
argument are true. So the proposition “the Sun shines and I am happy” is true if “the
Sun shines” is true and “I am happy” is true.

One more thing we need to learn is how to add bits. There is no value 2 in a bit,
just 0 and 1. Nevertheless, we often want to add two bits. How do we do this? The
answer is to add “modulo 2”, where 2 turns into 0. The standard addition “+” is
replaced by a “⊕” to indicate that we used addition modulo 2. For example, we have

0 ⊕ 0 = 0

0 ⊕ 1 = 1

1 ⊕ 0 = 1

1 ⊕ 1 = 0 . (6.31)

Adding a bit value of 1 to another bit is effectively the same as “flipping” the bit value
from 0 to 1 and from 1 to 0 (incidentally, this is the NOT operator). You are already
very familiar with addition modulo 12 because you use it implicitly when you read
the time: four hours after 11 am is three pm. Doing the calculation explicitly, we add
4 to 11 modulo 12:

11 ⊕ 4 = 15 mod 12 = 3. (6.32)

Addition modulo two works along the same lines, but simpler because the numbers
are smaller.

Equation (6.31) describes the “exclusive or” operator XOR between two bits. It
differs from the OR operator in that it is 0 when both bits are 1:

XOR(0,0) = 0

XOR(0,1) = 1

XOR(1,0) = 1

XOR(1,1) = 0 . (6.33)

We can also interpret the XOR as a controlled NOT, where the outcome of the
XOR is a bit flip of the first bit if the second bit has value 1 (or vice versa; the
XOR is symmetric in the input). You can now see how this operation is important
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in computations, because it does something to one bit depending on the value of
another bit.

6.5 X Quantum Computers

Quantum mechanics has many applications in everyday life. For example, quantum
mechanics is indispensable for the understanding of the semiconductor devices we
use in all modern computers. But an even more profound use for quantummechanics
is quantum computing.

To show the basic idea behind quantum computing, we choose a very simple
calculation: Suppose that we have a function f , which takes as input a single bit and
produces another single bit as output. There are exactly four such functions:

f1 f2 f3 f4
f (0) = 0 f (0) = 1 f (0) = 0 f (0) = 1
f (1) = 0 f (1) = 0 f (1) = 1 f (1) = 1

These functions can be divided into two classes called “constant”: f (0) = f (1),
and “balanced”: f (0) �= f (1). The functions f1 and f4 above are constant, while the
functions f2 and f3 are balanced. To checkwhether a function is balanced or constant,
you normally have to evaluate the function twice: once with input 0, and once with
input 1. We compare the outcomes, which then tells us whether f is constant or
balanced. There is no way to do this by evaluating f fewer than two times, either
on paper or with a classical computer. However, on a quantum computer we can tell
whether f is constant or balanced by evaluating f only once.2

In the remainder of this section, wewill show how a quantum computer can tell the
difference between constant and balanced functions with only a single application of
the function f . The algorithm was invented by David Deutsch (1989), and uses only
two qubits that are initially prepared in the state |01〉 ≡ |0〉1|1〉2. First, we apply a
so-called Hadamard gate to each qubit. This is just a unitary operator that changes
the state of a qubit according to

|0〉 →
H

1√
2
|0〉 + 1√

2
|1〉 , (6.34)

and

|1〉 →
H

1√
2
|0〉 − 1√

2
|1〉 . (6.35)

We can write this unitary operator in matrix form as

2Perhaps this is not a very interesting calculation, but it serves as a simple example that demonstrates
the power of quantum mechanics for computing.
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H = 1√
2

(
1 1
1 −1

)
, (6.36)

where H stands for “Hadamard” here, and not “Hamiltonian” as earlier. Those are
two different operators, and you should not confuse them!

Notice how the Hadamard is mathematically identical to the beam splitter
transformation in Chap.2. If we label the Hadamard gate with subscripts accord-
ing to the qubits they operate on, we can write the evolved state as

H1H2|0〉|1〉 = 1

2
(|0〉 + |1〉)(|0〉 − |1〉) . (6.37)

Next, we apply the unitary operator U f that implements the function f . We do not
know how to write this as a unitary operator, because we do not know which of the
four functions f1, f2, f3, or f4 we are implementing. We therefore need to be clever
about it.

The function f affects the quantum state of the two qubits in a very specific way.
Since we want to use unitary operators in the quantum computer, the computation
must be reversible (remember that unitary transformationsU always have an inverse
U−1, and can therefore always be reversed; that’s what the inverse does). For a
computation,we canmake everything reversible by always keeping track of the input.
This unitary operator U f can be implemented for our function f in the following
way:

|0〉|0〉 →
U f

|0〉|0 ⊕ f (0)〉 ,

|0〉|1〉 →
U f

|0〉|1 ⊕ f (0)〉 ,

|1〉|0〉 →
U f

|1〉|0 ⊕ f (1)〉 ,

|1〉|1〉 →
U f

|1〉|1 ⊕ f (1)〉 . (6.38)

We can write this more compactly as

|x〉|y〉 →
U f

|x〉|y ⊕ f (x)〉 , (6.39)

where x and y can take the values 0 and 1.
We want to know what the function does to the input state in Eq. (6.37). To this

end, we calculate the effect of f on |0〉(|0〉 − |1〉) and |1〉(|0〉 − |1〉) separately:

|0〉(|0〉 − |1〉) →
U f

|0〉(|0 ⊕ f (0)〉 − |1 ⊕ f (0)〉) ,

|1〉(|0〉 − |1〉) →
U f

|1〉(|0 ⊕ f (1)〉 − |1 ⊕ f (1)〉) . (6.40)
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Fig. 6.6 Deutsch’ algorithm in circuit form, with the Hadamard operators H1 and H2, and the
single function call U f . The interactive figure is available online (see supplementary material 6)

You may have noticed that we ignored the normalisation factor of 1/2. Since it is an
overall factor, it does not affect the calculation, but strictly speaking we should carry
it along if we want to calculate probabilities.

Since the outcome of f (0) and f (1) is a single bit, we can infer that

|0 ⊕ f (0)〉 − |1 ⊕ f (0)〉 = |0〉 − |1〉 if f (0) = 0 , (6.41)

or

|0 ⊕ f (0)〉 − |1 ⊕ f (0)〉 = −|0〉 + |1〉 if f (0) = 1 . (6.42)

We can write this compactly as

|0 ⊕ f (0)〉 − |1 ⊕ f (0)〉 = (−1) f (0)(|0〉 − |1〉) , (6.43)

where we use the trick that (−1)0 = 1 and (−1)1 = −1. Similarly, we find

|0 ⊕ f (1)〉 − |1 ⊕ f (1)〉 = (−1) f (1)(|0〉 − |1〉) . (6.44)

The state of the two qubits after applying the function f is therefore

[
(−1) f (0)|0〉 + (−1) f (1)|1〉] (|0〉 − |1〉) . (6.45)

Now if f is constant such that f (0) = f (1), then up to an overall minus sign the
first qubit will be in the state |0〉 + |1〉. However, when f is balanced, f (0) �= f (1),
and the state of qubit 1 becomes |0〉 − |1〉. We can distinguish between these two
states by applying another Hadamard to qubit 1, and measure whether the qubit is 0
or 1. If we find outcome 0 the function f is constant, and if we find 1, f is balanced.
The steps of this calculation are shown in Fig. 6.6.

On a classical computer, we would have had to call the function twice, namely
f (0) and f (1). However, on a quantum computer we call the function f only once,
since we apply the unitary operator that gives us Eq. (6.39) only once.3 So a quantum
computer can solve problems with fewer calls to the function f . This becomes even

3You may wonder how we can implement U f if we do not know f , but the point is that U f is
provided by some third party, or it is determined by some intermediate step in our computation.
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Fig. 6.7 A 2997 digit number that may be used in a cryptographic protocol

more dramatic if we have a constant or balanced function with N input bits. This
generalisation by Deutsch and Richard Jozsa (1992) of the Deutsch algorithm, called
the Deutsch–Jozsa algorithm, still allows you to find out whether the function is
constant or balanced with a single call to the function f , but on a classical computer
you need at least N/2 + 1 calls to the function f (we take the worst case scenario).
The quantum computer gives an enormous advantage when N is large, because it
requires dramatically fewer steps in the computation (only one call to f ).

You may wondering why this is interesting. The Deutsch–Jozsa algorithm is
merely a toy problem, with little practical value. However, in 1994 Peter Shor (1997)
showed that a quantum computer can factorise large integers in fewer steps than a
classical computer. He designed an algorithm for factoring an integer N that requires
on the order of (log N )3 computational steps in a quantum computer to give the right
result. By contrast, the best known classical algorithm to date requires on the order
of N steps. So a quantum computer is exponentially faster than a classical computer
in factoring integers. As an example, a classical computer can factor the number 15
in roughly 15 steps, while a quantum computer can factor it in (log2 15)

3 = 60 steps.
This is not an improvement at all! But consider factoring a very large number of
2997 digits, say as shown in Fig. 6.7. The number of steps on a quantum computer is
about 9 × 107. If the quantum computer has the same clock speed as a typical laptop,
say 2GHz, this calculation takes about 14 s. On the other hand, factoring the 2997
digit number on a classical computer with a clock speed of 2GHz will take over 30
billion years, which is more than twice the age of the universe!
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Shor’s algorithm is important because the difficulty of factoring lies at the heart
of modern cryptography. If we can build a quantum computer, we can crack pretty
much all cryptographic codes that are used today.Nowonder governments around the
world are interested in building a quantum computer! Other applications of quantum
computers include the design of new molecules, drugs, and other materials with
predefined properties. Currently, we cannot calculate the properties of large atom
configurations on classical computers becauseof their quantummechanical character.
However, these types of calculations would be easy for a quantum computer, since
all it does is encode the rules of interaction of quantum systems, just like classical
computers encode the rules that govern the behaviour of classical systems.

It is very difficult to build a large enough quantum computer to perform these
tasks, and currently many people around the world are trying to figure out how to
make it work. One of the main problems is the fragility of the qubits, which we study
in the next chapter.

Exercises

1. Consider two electrons with spin 1/2. Indicate whether the following states are
separable or entangled:

(a) |�〉 = (|↑↓〉 + |↓↑〉 + √
2|↓↓〉)/2

(b) |�〉 = 1
2 |↑↑〉 + 1

2 |↑↓〉 + 1
2 |↓↑〉 − 1

2 |↓↓〉
(c) |�〉 = 1√

15
|↑↑〉 + 2√

15
|↑↓〉 +

√
2√
15

|↓↑〉 + 2
√
2√
15

|↓↓〉.
If the state is separable, give the states of the individual systems.

2. Suppose we have a quantum state |ψ〉 = a|0〉 + b|1〉 with unknown a and b, and
a unitary copier machine U that operates as follows:

U |0, blank〉 = |0,0〉 and U |1, blank〉 = |1,1〉 , (6.46)

where |blank〉 is some blank qubit state onto whichU copies the value of the first
qubit. Can this machine copy the state |ψ〉 perfectly?

3. Calculate the eigenvalues and the eigenstates of the bit flip operator X , and show
that the eigenstates form an orthonormal basis. Calculate the expectation value
of X for |ψ〉 = 1/

√
3|0〉 + i

√
2/3|1〉.

4. Consider a qubit in an arbitrary pure state |ψ〉1 = a|0〉1 + b|1〉1, and a second
qubit in the state |+〉2 = (|0〉2 + |1〉2)/

√
2.

(a) Calculate the two-qubit state after applying a CZ gate, defined by

|00〉 → |00〉 , |10〉 → |10〉 ,

|01〉 → |01〉 , |11〉 → −|11〉 .
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(b) Apply a Hadamard gate to the first qubit and then perform a measurement in
the {0,1} basis.What is are the resulting states for qubit 2?This is sometimes
called “local teleportation”.

(c) The Hadamard followed by a measurement of 0,1 is the same as a measure-
ment of+,−. Show that a measurement in the equatorial plane of the Bloch
sphere induces a rotation around the axis defined by {0,1} on the second
qubit.

(d) Show that by daisy-chaining three local teleportation events we can induce
any single qubit gate on the input qubit |ψ〉.

5. Show that the following states form an orthonormal basis for two qubits:

|φ1〉 = 1√
2
|0,1〉 + 1√

2
|1,0〉 ,

|φ2〉 = 1√
2
|0,−〉 + 1√

2
|1,+〉 ,

|φ3〉 = 1√
2
|+,1〉 + 1√

2
|−,0〉 ,

|φ4〉 = 1√
2
|+,−〉 + 1√

2
|−,+〉 .

6. Show that we can get any Bell state in Eq. (6.19) from any other using only a
local unitary operation on one of the qubits.

7. Consider the two-qubit state |�+〉 = (|00〉 + |11〉)/√2. The evolution U =
exp(iωt |1〉〈1|) is applied to both qubits. Show that the time it takes for |�+〉
to evolve back to itself is twice as short as when U is applied to only one qubit.

8. Construct a matrix that relates the Bell basis in Eq. (6.19) to the spin basis in Eq.
(6.23), and show that this matrix is unitary.
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