
Lecture 3 

Finite Automata and Regular Sets 

States and Transitions 

Intuitively, a state of a system is an instantaneous description of that sys­
tem, a snapshot of reality frozen in time. A state gives all relevant infor­
mation necessary to determine how the system can evolve from that point 
on. Transitions are changes of state; they can happen spontaneously or in 
response to external inputs. 

We assume that state transitions are instantaneous. This is a mathematical 
abstraction. In reality, transitions usually take time. Clock cycles in digi­
tal computers enforce this abstraction and allow us to treat computers as 
digital instead of analog devices. 

There are innumerable examples of state transition systems in the real 
world: electronic circuits, digital watches, elevators, Rubik's cube (54!/9!6 
states and 12 transitions, not counting peeling the little sticky squares off), 
the game of Life (211 states on a screen with k cells, one transition). 

A system that consists of only finitely many states and transitions among 
them is called a finite-state transition system. We model these abstractly 
by a mathematical model called a finite automaton. 
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Finite Automata 

Formally, a deterministic finite automaton (DFA) is a structure 

M= (Q,~, 6, s, F), 

where 

• Q is a finite set; elements of Q are called statesj 

• ~ is a finite set, the input alphabet; 

• 6 : Q x ~ -+ Q is the transition function (recall that Q x ~ is the set 
of ordered pairs {( q, a) I q E Q and a E ~}). Intuitively, 6 is a function 
that tells which state to move to in response to an input: if M is in 
state q and sees input a, it moves to state 6(q, a). 

• SEQ is the start statej 

• F is a subset of Qj elements of F are called accept or final states. 

When you specify a finite automaton, you must give all five parts. Automata 
may be specified in this set-theoretic form or as a transition diagram or table 
as in the following example. 

Example 3.1 Here is an example of a simple four-state finite automaton. We'll take the 
set of states to be {O, 1,2, 3}j the input alphabet to be {a, b}j the start state 
to be OJ the set of accept states to be {3}j and the transition function to be 

6(0, a) = 1, 

6(I,a) = 2, 

o(2,a) = 6(3,a) = 3, 
6(q, b) = q, q E {O, 1,2, 3}. 

All parts of the automaton are completely specified. We can also specify 
the automaton by means of a table 

a b 

~ fITl ~ 
2 3 2 
3F 3 3 

or transition diagram 

The final states are indicated by an F in the table and by a circle in the 
transition diagram. In both, the start state is indicated by -+. The states in 



16 Lecture 3 

the transition diagram from left to right correspond to the states 0, 1,2,3 
in the table. One advantage of transition diagrams is that you don't have 
to name the states. 0 

Another convenient representation of finite automata is transition matrices; 
see Miscellaneous Exercise 7. 

Informally, here is how a finite automaton operates. An input can be any 
string x e E*. Put a pebble down on the start state s. Scan the input string 
x from left to right, one symbol at a time, moving the pebble according to 
6: if the next symbol of x is b and the pebble is on state q, move the pebble 
to 6(q, b). When we come to the end of the input string, the pebble is on 
some state p. The string x is said to be accepted by the machine M if p e F 
and rejected if p rt F. There is no formal mechanism for scanning or moving 
the pebble; these are just intuitive devices. 

For example, the automaton of Example 3.1, beginning in its start state 0, 
will be in state 3 after scanning the input string baabbaab, so that string 
is acceptedj however, it will be in state 2 after scanning the string babbbab, 
so that string is rejected. For this automaton, a moment's thought reveals 
that when scanning any input string, the automaton will be in state 0 if it 
has seen no a's, state 1 if it has seen one a, state 2 if it has seen two a's, 
and state 3 if it has seen three or more a's. 

This is how we do formally what we just described informally above. We 
first define a function 

6: Q x E* -+ Q 

from 6 by induction on the length of x: 

~ def 
O(q,f) = q, 

- def-o(q,xa) = O(O(q,x),a). 

(3.1) 

(3.2) 

The function 6 maps a state q and a string x to a new state 6(q,x). Intu­
itively, 6 is the multistep version of o. The state 6(q, x) is the state Mends 
up in when started in state q and fed the input x, moving in response to 
each symbol of x according to o. Equation (3.1) is the basis of the inductive 
definition; it says that the machine doesn't move anywhere under the null 
input. Equation (3.2) is the induction stepj it says that the state reachable 
from q under input string xa is the state reachable from p under input 
symbol a, where p is the state reachable from q under input string x. 

Note that the second argument to 6 can be any string in E*, not just a 
string of length one as with OJ but 6 and 0 agree on strings of length one: 

6(q, a) = 6(q, fa) since a = fa 

= 0(6(q, f), a) by (3.2), taking x = f 
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= 8(q,a) by (3.1). 

Formally, a string x is said to be accepted by the automaton M if 

6(s, x) E F 

and rejected by the automaton M if 

6(s, x) ¢ F, 

where s is the start state and F is the set of accept states. This captures 
formally the intuitive notion of acceptance and rejection described above. 

The set or language accepted by M is the set of all strings accepted by M 
and is denoted L(M): 

def * ~ L(M) = {xE~ 18(s,X)EF}. 

A subset A ~ ~* is said to be regular if A = L(M) for some finite au­
tomaton M. The set of strings accepted by the automaton of Example 3.1 
is the set 

{x E {a, b} * I x contains at least three a's}, 

so this is a regular set. 

Example 3.2 Here is another example of a regular set and a finite automaton accepting 
it. Consider the set 

{xaaay I x,y E {a,b}*} 

= {x E {a,b}* I x contains a substring ofthree consecutive a's}. 

For example, baabaaaab is in the set and should be accepted, whereas 
babbabab is not in the set and should be rejected (because the three a's 
are not consecutive). Here is an automaton for this set, specified in both 
table and transition diagram form: 

a b 

~ fITl ~ 
2 3 0 
3F 3 3 

o 
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The idea here is that you use the states to count the number of consecutive 
a's you have seen. If you haven't seen three a's in a row and you see a b, you 
must go back to the start. Once you have seen three a's in a row, though, 
you stay in the accept state. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /DEU <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




