General Bending of Beams 1 0

The theory of homogeneous bending of non-symmetric elastic beams with
constant cross-section forms a central part of the mechanics of structures.
The theory combines the possibility of general cross-section properties with
the simultaneous bending about two axes, and thus constitutes a natural ex-
tension of the simple plane bending treated in Chapters 3-4 and developed
into simple finite elements for analysis of plane frames in Chapter 7. The
general theory of beam bending has wide application, e.g. to beams in build-
ings, bridge decks in concrete, steel or composites, or in a very general form
to wind turbine blades with changing aerodynamic closed cross-section.

The basic problem is illustrated by the cantilever shown in Fig. 10.1. The load
consists of a force P = [P,, P, P,]7 applied to the tip of the cantilever. The
components are given with respect to a {z,y, z} coordinate system with axial
coordinate x and cross-section coordinates y and z as shown in the figure.
The load introduces tension N and bending moments M, (z) and M,(z) in
the beam, and this leads to extension and curvature. If the beam cross-section
is symmetric with respect to the y and the z-axis and the force is applied to
the intersection of the axes of symmetry, the problem is immediately resolved
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Fig. 10.1: Bending of cantilever.

into the three independent problems consisting of extension and bending in
the xy and xz-planes as illustrated in Fig. 10.2. It will be demonstrated that
this decomposition into extension and two plane bending problems can be
obtained for a homogeneous elastic beam of general cross-section, when the
axial force is applied to the elastic center, and the two planes of bending are
determined as the principal azes of the cross-section. The theory is developed
for beams with non-homogeneous distribution of elastic stiffness over the
cross-section.
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Fig. 10.2: Extension and bending of cantilever beam.

The bending of an elastic beam of constant but general cross-section is treated
in Section 10.1. When bending a beam with symmetric cross-section in its
plane of symmetry, the strain is proportional to the distance from the neutral
axis. This concept is generalized by considering the strain distribution to be
a linear function of both the cross-section coordinates. The result is a system-
atic theory of bending, originally developed by NAVIER (1785-1836). The
theory relates the normal force N and the two bending moment components
M, and M, at a cross-section to the corresponding set of kinematic quanti-
ties: the axial strain g, and the two curvature components x, and .. The
constitutive relations that relate the section force components N, M,, M, to
their kinematic counterparts g, £y, k. depend on the cross-section geometry
and the distribution of elastic stiffness over the cross-section. These proper-
ties are contained in a set of cross-section parameters like area, moment of
inertia etc. and Section 10.2 describes how the cross-section parameters are
obtained from the geometry and stiffness distribution in the cross-section.
This analysis identifies the elastic center where a normal force will only pro-
duce extension, and a set of principal axes that uncouples the two bending
problems. Even if not using these axes directly the fact that bending can be
uncoupled if choosing these axes constitutes an important characteristic of
beam bending, that is essential for the understanding of the associated mech-
anisms. The bending parameters relating to different axes are connected by
a transformation that is quite similar to that of the plane stress component
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transformation dealt with in Section 8.4. As a consequence the Mohr circle
construction also illustrates the relation of bending stiffness around different
axes, and concept of principal axes associated with minimum and maximum
bending stiffness. As discussed in Section 10.3, the linear distribution of the
axial strain over the cross-section in general bending leads to a simple ex-
plicit relation for the distribution of the axial stress component. The axial
stress constitutes an important design parameter. The axial stress distribu-
tion also serves as a step in the determination of the shear stress distribution
associated with non-homogeneous bending as discussed in Chapter 11.

10.1 Bending of nhon-symmetric beams

The theory of bending of beams with non-symmetric cross-section is based on
a simple extension of the corresponding theory for plane bending. The basic
assumption is that the beam is homogeneous and loaded by a combination
of a normal force and two bending moment components, that are constant
over the beam. This constitutes a logical generalization of the concept of
homogeneous bending and permits the development of a fairly simple and
rigorous theory of bending of homogeneous beams. Like in the case of plane
bending, the idea is to develop the deformation characteristics from the ideal
case of homogeneous bending, and then to assume its validity also in cases
with moment variation along the beam. The procedure is to first define the
kinematics and then to derive the associated stresses and section forces.

10.1.1 Kinematic formulation

When a beam is in a state of homogeneous bending and extension, symmetry
suggests that plane cross-sections remain plane under the deformation. This
implies that a cross-section that originally coincides with the yz-plane will
have an axial displacement u(y, z) in the form of a linear function of y and z
as illustrated in Fig. 10.3. The mathematical form is

u(y,z) = up + Yy + 21Nz, (101)

Fig. 10.3: Linear distribution of axial displacement u(y, z).
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Fig. 10.4: Linear variation of axial displacement in coordinate planes.

where ug = u(0,0) is the axial displacement of the origin of the coordinate
system. Furthermore, it is found by differentiation that n, and 7, are the
inclinations of the cross-section in the y- and z-direction, respectively. The
variation of the axial deformation along the cross-section axes y and z is illus-
trated in Fig. 10.4, where ug is shown as the axial displacement at the origin
of the coordinate system, and 7, and 7, are the inclinations of the axes after
deformation. Within a ‘small deformation’ theory a similar representation
applies to the other cross-sections, and thus the axial displacement ug as well
as the inclinations 1, and 7, are functions of the axial coordinate x,

ug = ug(x), Ny = ny(x), N, = 1.(x). (10.2)

However, to keep the notation as compact as possible, the argument x is
implied and not written explicitly in the following derivations.

The axial strain is the derivative of the axial displacement wu(x,y,z) with

respect to the longitudinal coordinate x,

ou
e(y,z) = Fr €0 + Yky + 2Kz, (10.3)

where ¢q is the axial strain at the origin, and x, and . are defined by the
inclinations,

dug dny dn,
—_ — = — s = —. ]. .4
£0 dz’ y dr’ i dz (10.4)
nyE €] €0
h o
Kz
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Fig. 10.5: Plot of linear strain variations along the y and z axes.
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It follows from (10.3) that the distribution of the axial strain is linear over
the cross-section, conveniently illustrated by the linear variation of the strain
along the y- and z-axes, as shown in Fig. 10.5. The strain at the origin of the
yz-coordinate system is €g, and the gradient of the normal strain is given by
the components «, and .

The section inclinations 1, and 1, — and thereby the parameters x, and
K, — are related to the transverse displacement of the beam. In the present
case of pure bending there is no twist of the beam, and thus the transverse
displacement is a translation, described by the motion of a single point, e.g.
the origin of the yz-coordinate system,

v(z,y,2) = vo(x), w(z,y,2) = wo(x). (10.5)

The two shear strain components associated with the z-component can now
be calculated based on the displacement representations (10.1) and (10.5),

dvg dwg

Yoy = oy Voo = g T (10.6)

These relations define the z-derivative of the transverse displacements as

d’U() dwO
% = =Ny + Vay —— = =Nz + Vaz- (10'7)

dz
These relations are the general form of the plane bending relation (4.29) of
Timoshenko beam theory.

The shear strains defined via (10.6) are constant over any cross-section, and
thus represent only an average value. A more detailed analysis of the shear
stress distribution over the cross-section is typically obtained directly from
a static analysis as discussed in Chapter 11. As demonstrated in Section 4.3
the contribution from the shear strains to the beam displacements is often
negligible, and this contribution is therefore often neglected in the kinematics
of the beam. The result is the Bernoulli beam theory, in which the inclinations
are given by

d’Uo _ dwo

dz’ e T Ty
The parameters k, and k. are then given as the curvatures of the beam axis
by the relations

Ny = (10.8)

d2’U() d2w0
Ry = _W’ Ry = —W (109)
These relations generalize the kinematic relations (4.17) and (4.18) of plane
bending.
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10.1.2 Stresses and section forces

In Bernoulli beam theory it is assumed that the deformation is not con-
strained in the transverse direction. The axial stress is then obtained directly
from the axial strain (10.3) by multiplication with the elastic modulus E.
This gives the expression

o(y,z) = Ee(y,2z) = E(e0+yry+ 2k2), (10.10)

where the elastic modulus E = E(y, z) may vary over the cross-section. While
the strain distribution (10.3) is linear in the coordinates y and z a non-
homogeneous elastic stifness may lead to a more complicated stress variation.

Fig. 10.6: Contribution of a) normal stress in dA to b) section forces.

The three section forces associated with the homogeneous beam bending
problem are the normal force N and the two bending moments M, and
M, with respect to axes of the cross-section coordinate system. Figure 10.6
shows an arbitrary cross-section with normal stress distribution o given by
the expression (10.10). Now, consider an infinitesimal part of the cross-section
with area dA. As indicated in Fig. 10.6a the contribution to the normal force
from this infinitesimal area is

dN = o(y,z)dA. (10.11)

The normal force component dN also introduces bending moments with re-
spect to the reference coordinate system. In the present context it is con-
venient to introduce moment components such that M, is formed via the
moment arm y and M, is formed via the moment arm z, and thus

dM, = ocydA,  dM, = czdA. (10.12)

The corresponding moment vector components are shown in Fig. 10.6b. The
resulting section forces are obtained by integration over the cross-section area,

N:/O'dA, M, :/UydA, M :/szA. (10.13)
A A A
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By substitution of the expression for the normal stress (10.10) into (10.13a)
the normal force is expressed as

N:so/ EdA—i—my/ EydA—i—/iz/ EzdA (10.14)
A A A

in terms of the reference strain €y and the curvature components x, and ..
Similar expressions for the bending moments can be found by substitution of
(10.10) into (10.13b,c), whereby

M, 280/ EydA + ny/ Ey*dA + /QZ/ EzydA,
A A A
(10.15)
M, :50/ EzdA + Iiy/ EyzdA + Iﬂ?z/ Ez%dA.
A A A

The area integrals are cross-section parameters representative of axial, bend-
ing and coupling stiffness with respect to the yz-axes.

The integrals contain the elastic modulus E, that may depend on the loca-
tion in the cross-section. To keep full generality E is therefore kept inside
the integral. The beam stiffness parameters combine the elastic stiffness and
the geometry of the cross-section and in order to keep this format a refer-
ence elastic modulus Ej is introduced. The cross-section parameters can be
expressed in matrix format as

F S, S, ly 2z
Ey|Sylyly.| = / E|yy?yz|dA. (10.16)
S, Ly I, 4 2 2y 22

Note, that the matrix is symmetric, thereby containing six cross-section pa-
rameters.

For homogeneous elastic stiffness with £ = Ej the notation implies that the
cross-section parameters F,.Sy,--- represent geometric characteristics of the
cross-section like area, static moment etc. In the general format F' is defined
by the weighted area integral

F= i/ EdA. (10.17)
Eo Ja

For a homogeneous cross-section with constant elastic modulus E = E; the
weighted area F' recovers the geometric area A, defined by

A= /AdA. (10.18)

The parameters S, and S, are the weighted static moments,
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1 1

Finally, Iy, I.. and I,,, = I, are the weighted moments of inertia,

1 1 1

I, = FO/AEy%zA, I, = E—O/AEZQdA, I. = E—O/AEysz.

(10.20)

It is often convenient to choose Ey as the elastic modulus of the dominant

material in the cross-section. For instance, in the case of reinforced concrete

beams Fj is typically chosen as the elastic modulus of the concrete, whereby

E/E, = 1 for the concrete part of the cross-section, while F/FEy is approx-

imately 15 for the small areas representing the steel reinforcement. This is
illustrated in Example 10.3.

When introducing the cross-section parameters defined in (10.16) into the
expressions (10.14) and (10.15) for the section forces, these can be combined
into matrix form as

N F Sy SZ €0
My =k Sy Iyy Iyz Ky | - (10.21)
M, S, Izy 1., Kz

This matrix relation represents the general constitutive relation between the
section forces N, M, and M, and the associated generalized deformation
measures £g, ky and k.. The normal force in (10.14) can be written directly
as

N = Eo(Feo + Syky + Sznz), (10.22)

while the bending moments are

My = E()(SyEO + Iyyliy + Iyzliz),
(10.23)
M, = EO(SZEO + IRy + IZZHZ).

It is observed that for an arbitrarily located cross-section coordinate system
all three deformation parameters €g, £, and . contribute to each of the
section forces IV, M, and M. However, a special coordinate system may be
determined in which there are three independent deformation mechanisms —
extension and two curvatures — each corresponding to a single section force
— the normal force and bending moments about two suitably defined axes.
This corresponds to the diagonal form of the matrix relation (10.21). The
determination of this so-called principal coordinate system is an important
part of the cross-section analysis, treated next.
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10.2 Cross-section analysis

In general, diagonalization of the bending stiffness matrix in (10.21) consists
of a translation of the cross-section coordinate system to the so-called elastic
center, followed by a rotation. The translation leads to uncoupling of the
normal force relation from the bending relations. Sometimes it is convenient
to use the intermediate coordinate system through the elastic center, in which
the normal force relation is uncoupled from the moment relations, while the
coupled form of the two-component bending problem is retained.

10.2.1 Elastic center

Initially, the coupling between extension and bending is eliminated by a
suitable translation of the coordinate system to a reference point [cy,c.],
as illustrated in Fig. 10.7. Hereby, new cross-section coordinates {g, z} are
introduced via

y=9+cy, z=Z4+ c,. (10.24)

Substitution of these relations into the kinematic expression for the axial
displacement in (10.1) gives the axial displacement with respect to the new
translated coordinate system,

u(y,z) = ug + @+Cy)77y + (Z+ c)n. = ue + Yny + 205 (10.25)

In this expression u, is the axial displacement at the origin of the translated
coordinate system,
Ue = Ug + NyCy + 1:Cs . (10.26)

It is seen from (10.25) that the inclinations in the new coordinate system
are still n, and 7. Thus, a translation of the coordinate system, as shown in
Fig. 10.7, has no influence on the cross-section inclinations.

The corresponding axial strain is obtained by differentiation of the axial
displacement in (10.25) with respect to the longitudinal coordinate z,

£(§,2) = €c + Uhky + Zk, (10.27)
Yy
R
- 1C
Yy
5
'

Fig. 10.7: Coordinate system centered at C.
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where e, = Ou./0x is the axial strain at the reference point [y, c.], while
ky = Ony/0x and Kk, = On,/O0x are the same curvatures as in the original
coordinate system, illustrated in Fig. 10.5. The axial stress is obtained by
multiplication of the strain € by the elastic modulus FE,

0(y,z2) = Ee(y,2) = Fe. + Eyky + EZk,. (10.28)

The section forces in the new coordinate system are obtained by integration
over the cross-section area as

N :/JdA, Mjy Z/UgjdA, M; = /UZdA. (10.29)
A A A

The bar on the moment subscripts indicate that the moments are with respect
to the translated coordinate system {g,z}. Substitution of the axial stress
o in (10.28) into the expression for the section forces in (10.29) gives the
constitutive relation with respect to the new translated coordinate system.
It is of similar form as the original formulation (10.21), and can be written
as

N F Sﬂ Sﬂ Ec
M Sz Igz I Rz

The cross-section parameters in the above relations are defined and deter-
mined in the same way as in (10.16)—(10.20), but now with respect to the
new coordinates {g, Z}.

The location of the origin [, ¢.] of the new coordinate system is now chosen
such that axial extension creates no bending moments, or conversely that
axial loading only produces axial extension and no curvature. Figure 10.8
illustrates the separation of the general linear deformation into a) pure ex-
tension and b) pure rotation about C. In the constitutive relation (10.30)
the coupling parameters Sy and S: between bending and extension are now
eliminated by imposing the conditions

Ty En

a) b)
uc \
z z

Fig. 10.8: Separation of axial displacement into a) pure extension, and b) pure bending.
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1 1
Sg:—/EgjdAz— Ely—cy)dA =8, — c,FF =0,
Ey J4 Ey Ja
(10.31)
1 1
55:—/E2d14:— E(z—c,)dA =S5, —c,F =0.
Eo Ja Eo Ja ( )

The last equalities determine the origin [c,, ¢;] of the new coordinate system
as

Cy = — C = —. (10.32)

In the following, this point in the cross-section [c,,c;] is referred to as the
elastic center. For homogeneous cross-sections the elastic center coincides
with the geometric center, while for inhomogeneous cross-sections these two
centers are not equivalent. The elastic center is determined from the ratio
between the weighted static moments Sy and S, in the original reference
coordinate system, and the weighted cross-section area F'. Any cross-section
analysis starts with the location of the elastic center, and if possible it is
advantageous to choose the reference coordinate system {y,z} to coincide
with the elastic center or at least to facilitate evaluation of the integrals
defining the cross-section parameters.

Static moment of a flange

Many thin-walled cross-sections are composed of rectangular parts, and the
cross-section parameters are then conveniently determined by summation
of the contribution from the individual rectangular parts. The basis of the
procedure is be illustrated by a single rectangular flange, as shown in Fig. 10.9
together with the reference coordinate system {y, z}.

a) oy by
1
Czy _
Y1
EEE e
F—Cy1—% Y=

Fig. 10.9: Rectangular flange.

The weighted area of the flange is given by the area integral

1
F = — | EydA, (10.33)
Eo Ja,

where the subscript 1 refers to this particular flange. For cross-sections with
multiple flanges the subscripts indicate the results or parameters for the indi-
vidual flanges. Assume that the position of the center of the flange is known,
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and given by c,, and c,, with respect to the reference coordinate system
{y, z}. A change of coordinate system is introduced as in (10.24),

Yy = yl + Cy; 5 z =2z + Czy (1034)
where the local coordinate system {g, z; } for flange 1 is shown in Fig. 10.9b.

The static moments S, and S, are defined in (10.19), and substitution of the
coordinte representation (10.34) then gives

1 1
Sy = — EydA = — E(jh + ¢y )dA = Sz + Ficy, ,
Eo Ja, Eo Ja,
) ) (10.35)
S, =— EzdA = — E(zZ + ¢y, )dA = Sz, + Ficy, .
0Ja Eo Ja,

When the origin of the local coordinate system {g1,Zz1} is located at the
center of the flange, the corresponding static moments vanish,

S; =0, S; =0. (10.36)

Thus, the static moments of the flange with respect to the reference coor-
dinate system {y, z} are given by the weighted area of the flange times the
distance to the center of the flange,

Sy = F1 Cyq 5 Sz = F1 Czy - (1037)

It is important to use the correct sign of the coordinates c,, and c,, of the
flange center. In Fig. 10.9 the center is located in the positive quadrant of
the {y, z} coordinate system, whereby both ¢,, and c,, are positive.

° (3) f
Cyay Czg
:y B K—% 7‘4
o 2
0K .
F——Cy;—¥%

Fig. 10.10: Z-profile composed of flanges. Indication of non-zero distances to local centers.

Cross-sections are often composed of several flanges as illustrated in Fig. 10.10.
The location of the elastic center of the full cross-section then depends on
the resulting static moments, and thereby the sum of the contributions from
the individual flanges. Based on the above result (10.37) for the single flange,
the resulting static moments of a cross-section with n flanges are found by
summation as
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Sy = Ficy, S. =Y Fic,, (10.38)
j=1 j=1

where F} is the area weighted by the elastic modulus for flange j with center
located in [c,,, c.;]. Thus, the determination of the static moments boils down
to the determination of the weighted area and the location of the center for
each individual flange.

If the elastic modulus is constant for each flange, E(y, z) = E;, the expression
for the static moments can be written as

" E; " E.
Sy => E—; Ajey,, S =) Ff) Ajcs,, (10.39)
j=1 j=1

where A; is the geometric area and [c,,, c.;] the geometric center of flange j.

Fig. 10.11: Properties of different flange geometries.

Figure 10.11 shows the geometric area and the location of the center for an
skew flange and a triangle. The calculation of static moments and the location
of the elastic center is illustrated in the following by examples.

Example 10.1. Elastic center for angle profile. Figure 10.12 shows a cross-section with
two flanges connected at a right angle. The origin of the coordinate system {y, z} is placed
where the flanges join, and such that the axes coincide with the respective centerlines of
the flanges. Hereby, there is no contribution to the static moment S, from the horizontal
flange (1), while Sy contains no contribution from the vertical flange (2). The length,
thickness and elastic modulus of the horizontal flange are ai, t; and Ei, and similarly
with subscript 2 for the vertical flange. The elastic modulus of the horizontal flange is
chosen as the reference value, i.e. Eg = E1. The cross-section is assumed to be thin-walled
with 1 < a1 and t2 < as.

The effective area of the cross-section is defined in (10.17), and with Ey = E;

2

E Es
F=§ —L A; = a1t1 + agto — .
= B g etk o
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Fig. 10.12: Inhomogeneous thin-walled angle profile.

Note, that because the cross-section parameters are normalized with respect to the elastic
modulus of the horizontal flange, the second term contains a scaling by the ratio of the
elastic moduli. Following (10.39) the static moments are also determined by summation
over the flanges. In the y-direction this gives

2
E.
Sy = ZE—iAj Cy; = aity (—%al) = —%a%h,
Jj=1

where the contribution from the vertical flange vanishes because the coordinate system is
located such that ¢y, = 0. The center of the horizontal flange (1) is located in the negative
y-direction, giving a negative value of ¢y; and Sy. The static moment in the z-direction is
obtained in the same way as

2

E; FEo
— J _ 1 _ 1.2
S, = E 71 Aj Cz; = 71 azta 502 = §a2t2

E>
Eq

)

j=1
where the contribution from the horizontal flange vanishes because c;, = 0.

Following (10.32) the coordinates of the elastic center are found by the ratio between the
weighted static moments and the weighted cross-section area. This gives the y-component

12 1
T U T VS SR 1
Y F Es 2 azto B AsEy
aity + agty — 1+ —:F
Eq ai1t1Eq A1Ey

and the z-component

Fig. 10.13: Symmetric thin-walled angle profile.
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asto Fo AsE» 1
o — Sz _ 1 ait1 By _ 1, A1 By _ 292
N F asta Eo 292 1 Az Eo A1Ey 1 '
ait1 F1 A1Eq AsEo

For the symmetric case with a1 = a2 = a, t1 = t2 and E; = Ea, shown in Fig. 10.13, the
elastic center is located at the quarter point,

a.

ST

cy = — ia s c, =
An important part of analytical cross-section analysis is the choice of reference coordinate
system. Exercise 10.1 considers the location of the elastic center of the angle section in this
example with respect to another reference system. O

Example 10.2. Inhomogeneous T-profile.

Figure 10.14 shows a thin-walled T-profile, where the length, thickness, elastic modulus
of the flange and the web are ay, ty, £y and aw, tw, Ew, respectively. The reference
coordinate system is located such that the y- and z-axis coincide with the centerlines of
the flange and web, respectively. The elastic modulus of the flange is chosen as the reference
value, Eg = Ey.

y o~ Egty
-
—
Bu,tw .

Fig. 10.14: Inhomogeneous T-profile.
The cross-section area is obtained by summation of the contributions from flange and web,
1 E. E.
F = —(E'faftf +Ewawtw) :aftf + iawtw = Af + iAw
Ey Ey By

where Af =ayty and Ay = awtw are the geometric areas of flange and web, respectively.
The static moments are determined as

Buo 1

Ef 2

Ey

Sy =0, S, = Lay Ay .
2 Ef

2
wlw

Note, that Sy = 0 because of symmetry, and therefore it is usually advantageous to place
one of the axes in the line of symmetry. The coordinates of the elastic center are

1 Ew EyAy
5 Qw Aw — 1
c Sy 0 ¢ Sz Ef 1 EfAf §aw
VTR T T F T T B, 2% EwAw = E;A :
Ef EfAy EwAy

A special case is ay = aw = a, ty =ty and Ey = Ey, whereby ¢, = %a.
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The cross-section has a line of symmetry along the centerline of the web, and the elastic
center is located on this line of symmetry. In general cross-sections with a common line of
geometric and material symmetry will have the elastic center located on this line. |

Elastic center for symmetric cross-sections

For a cross-section with geometric and material double symmetry the location
of the elastic center is at the intersection of the axes of symmetry, illustrated
in Fig. 10.15a. However, also cross-sections formed by flanges or groups of
flanges with point symmetry about a common center will have the elastic
center at this point, as illustrated in Fig. 10.15b.

aJ) I

Eyf,ty

Fig. 10.15: Cross-sections with a) double symmetry, or b) point symmetry.

Example 10.3. Rectangular cross-section with reinforcement.

Figure 10.16 shows a rectangular cross-section in a concrete beam, with elastic modulus
E. and dimensions a X 2a. Steel reinforcement is introduced at the bottom of the beam
to improve the strength in tension. The steel reinforcement is located at vertical distance
%a from the bottom. The elastic modulus of steel is Es = 15FE. and the total area of
the reinforcement is Ag = ﬁAC = %a? The cross-section is symmetric with respect to
the vertical centerline. The reference coordinate system is therefore located at the top of
the cross-section with the vertical z-axis coinciding with the line of symmetry. The elastic

modulus of concrete is chosen as the reference value: Fg = E..

y ¥ a—x
-
=i
et
ﬁ—--
Es, As Jﬁ
'

Fig. 10.16: Rectangular cross-section of concrete beam with steel reinforcement.

The weighted area is determined as the sum of the contributions from concrete and steel,
and the concrete area is represented approximately by the full area of the cross-section,
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1
F = g (Be2e® + BuAy) = a®(24 33) = F o’
c

The center of the concrete part is located at vertical distance z = a, while the center of

the steel reinforcement is located at z = 2a — éa. The static moment with respect to the
z-axis can therefore be determined as

1
S. = E—(Ec2a2a+ ESAS(Qa—%a)) = 3L g2,
c

The elastic center is therefore located at

52 51
c, = = = 16 a
which is slightly below the geometric center of the cross-section. O

10.2.2 Moments of inertia

By the translation of the coordinate system, whereby the origin of the coor-
dinate system is located at the elastic center [c,,c.], the extension and the
bending problems uncouple. Hereby, the constitutive relation in (10.30) can
be written as two separate relations,

My Iy I=] [,
N = EyFe., [ J] — 0[ v 'y H“J} . (10.40)
M Igz Iz> Rz

This leaves the determination of the moments of inertia I3y, Iz and Iz with
respect to the translated coordinate system. In the new coordinate system
the moments of inertia are defined as

1 1
Iy = E—/ Ej?dA = E—/ E(y—cy)?dA = I, + cF — 2¢,S,,
0JA 0JA
1 1
I:; = */ Ez*dA = 7/ E(z—c,)*dA = I, + F — 2¢.S.,
Eo Ja Eo Ja

1 1
Igz—E—O/AEysz— EO/AE(y cy)(z —c;)dA

=TIy, + cyc. F' — ¢S, — ¢c.5y.
(10.41)
The static moments S, and S, can be eliminated in terms of the coordinates
of the elastic center [cy,c,| by the relation (10.32). Hereby the expressions
for the moments of inertia reduce to

Igg = Iyy - ch’ 172 = IZZ - chy Igf - Iyz - CyCZF. (1042)

The separated format of the constitutive relations in (10.40) is quite suitable
for analytical solutions, as the inverse of a 2 x 2 matrix has a fairly simple
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explicit form. This is illustrated in Section 10.3, where the axial strain and
stress are determined.

Application of parallel axis theorem

The expression for the moments of inertia with respect to a translated coor-
dinate system is often called the parallel axis theorem. The terms in (10.42)
all involve integration over the cross-section area. As for the static moments
the moments of inertia in (10.42) are determined by summation of the con-
tribution to the moments of inertia from the individual flanges or parts of
the cross-section.

Y2z
v—Cy1 —¥%

Fig. 10.17: Rectangular flange.

Figure 10.17 shows a simple rectangular flange with geometric area A;.
Assume that this flange is part of a larger cross-section, as indicated in
Fig. 10.10, and that the coordinate system {7, Zz} is located at the elastic
center C' of the full cross-section. A local coordinate system {7, z1 } is placed
at the center of the local flange in Fig. 10.17 with axes parallel to those of the
{y, z} coordinate system. The coordinates of the local center in the {7, zZ} co-
ordinate system are cy, and ¢z, as shown in Fig. 10.17. The relation between
the two coordinate systems can be written as

g=1u + cy, Z=21+cz. (10.43)

The contribution from the local flange to the moments of inertia with respect
to the {g, z} coordinate system can be determined by the integrals given in
(10.41), where substitution of (10.43) gives

1 _
Iy; = - E(y + 0@1)2 dA =I5 + C% Fi,
Eo Ja, !
1
I: = = E(z1 +c5,)%dA =1Iz3 + EF, (10.44)
0
1
Igz EO E(yl + Cy1)(21 + Czl) dA = ylzl + Cych1F1 )

where it is used that in the local {¥1, z1} coordinate system Sz = Sz, =0.
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For cross-sections composed of multiple flanges the summation of the contri-
butions from each individual flange gives the resulting moments of inertia as

Iyg = Z (Iljjljj + C%ij) = Z (Iﬁj:l?j + C%jAjEj/Eo),
j=1 j=1
I:: = Z (I, + EFy) = Z (Iz2 + 2 AE;Ey), (10.45)
j=1 j=1
Iyz = (117]‘5]‘ + C??jC?ij) = Z (177151‘ + CﬂjcijAjEj/EO)v
j=1 j=1

where the last equalities apply to homogeneous flanges with area A;. This is
the general form of the parallel axis theorem.

Example 10.4. Moments of inertia for rectangular cross-section. Figure 10.18 shows a
homogeneous rectangular cross-section with constant elastic modulus E, width b and height
h. In this case the origin of the reference coordinate system, shown in the figure, coincides
with the elastic center, whereby [g, z] = [y, z]. The elastic modulus E is normalized by a
reference elastic modulus Ey to present the results in a general form.

T

h

l

Fig. 10.18: Rectangular homogeneous cross-section.

— b —%

| <

Yz

The definition of the moments of inertia with respect to the reference axes are given by
the integral in (10.16). This means that the moment of inertia in the z-direction is defined

as 1
I.. = —/ Ez%2dA
Eo Ja

and because E is constant it can be taken outside the area integral, which can be repre-
sented by double integrals in the y- and z-coordinates,

h
2

b h h
E [2 (2 Eb (2 Eb
L. = —/ / Pdedy = = [0 22z = (357, = Lohd E/E,.
EoJ-3/-% Eo J-% Eo -3

In the case when E = Ej, the moment of inertia is I,, = %bh‘g. The moment of inertia
with respect to the y-direction is determined similarly as

Iy = 5hb® E/Ep.
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For the coupling moment of inertia the integral separates into

b h
1 E 2 2
Iy, = —/ EyzdA = — / ydy / zdz ).
Eo Ja Ey _b _h
2 2
Because of symmetry both integrals vanish
b b h h
2 _[1,2]2 _ 2 _ 1,212 _
/bydyf[iy]iéfﬂ, /hzdzf[iz]iﬁfo,
-3 2 ) 2

whereby
Iy, = 0.

Note, that only one of the integrals for I, have to vanish, and thus I, = 0 if at least one
of the two coordinate axes is a line of symmetry. O

Example 10.5. Moments of inertia for skew cross-section. Figure 10.19 shows a skew
homogeneous cross-section with elastic modulus E = Eg, width b and height h. The origin
of the reference coordinate system in the figure coincides with the elastic center. The
inclination of the cross-section is represented by the angle 6, as shown in the figure. The
rectangular cross-section in Fig. 10.18 is recovered for 6 = 0.

Fig. 10.19: Skew cross-section.

Consider a very thin strip of the cross-section, indicated by the hatched area in the figure.
The width is b and the incremental height is dz. The coordinates of the center of the strip
are [y, z], with y = ztan 0. The moments of inertia for the strip are then calculated as

dlyy = %b?’ dz + bdzy? = %b?’ dz + bz2tan?0dz,
dl.. = £(d2)3b + bdz2? = bz2dz,

12
dly. bdzzy = bz2tanfdz.

As dz is infinitesimal, higher order terms in dz can be omitted. The moments of inertia are
now obtained by integration over the height of the cross-section in the z-direction, whereby

Ly = 5b6°h + Lh%b tan®0, L. = Lr%, I,. = Lh% tano.

It is seen that the results for the rectangular cross-section are recovered for § = 0. ]

Example 10.6. Moments of inertia for angle profile. Figure 10.20a shows a cross-section
with two thin-walled flanges connected at a right angle, similar to that in Example 10.1. In
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this case the cross-section is homogeneous with elastic modulus E = Ep. The dimensions
of the horizontal and vertical flanges are 2a X t and a X 2t, respectively, as shown in the
figure. The reference coordinate system {y,z} is located as in Example 10.1, where the
position of the elastic center was found as

o
<
Il
\
|
e
%)
Iy
Il
ST
2

2) b) la la
Y gt
- 1
<o ! 1 {é < o0
Y i a 19 4 -Czi
2~ Y7 J{ | z

Fig. 10.20: Homogeneous thin-walled angle profile.

The centers of the two flanges are indicated in the figure as C1 and Cs. The distance from
the local center to the elastic center C' is also shown in the figure. The local moments
of inertia for the flanges are now determined. Both flanges are rectangular, whereby the
results in Example 10.4 can be applied. For the horizontal flange 1 the local moments of
inertia are:

Ijig = 152a)% = 2d°, Iz ; = LtPa~0, Iz =0.

Since the flanges are thin-walled (¢ < a) any terms with higher powers of thickness are
omitted because these contributions are insignificant. This is the reason for setting Iz, 5, =
0, while the coupling moment of inertia I, , vanishes due to symmetry. The local moments
of inertia for the vertical flange 2 are obtained similarly,

1 3 1 3 1.3

1_13252 = E(Qt) a~0, I§2§2 = ﬁ(a) 2t = G t, I§2=2 =0.
The resulting moments of inertia are found by a transformation via the parallel axis the-
orem to the actual coordinate system {7, z}, followed by summation of the contributions
from the two flanges. By using (10.45) for homogeneous flanges,

Iy; = (% adt + 2at(%a)2) + (0 + 2at(%a)2) = ga3t,
Iz = (0 + 2at(ia)2) + (%a3t + Zat(ia)Q) = 15—2a3t,
Ijz = (0+2at(f%a)(7ia)) + (O+2at(%a)(ia)) = %aBt.

The first parenthesis represents the contribution from the horizontal flange, while the sec-
ond represents the vertical flange. For the coupling moment of inertia Iz it is important to
use the correct sign for the position of the local center with regard to the actual coordinate
system. For the horizontal flange the local center C; is placed in the negative quadrant of
the {7, z} coordinate system, whereby both coordinates become negative. The contribution
to Iyz from the vertical flange 2 is also positive because the local center C3 is located in
the fully positive quadrant. 0
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Example 10.7. Moments of inertia for T-profile.

Figure 10.21 shows the thin-walled T-profile from Example 10.2. In this example the di-
mensions are chosen as follows:

aw = ay =a, E'w:E'f7 tw:%tf:t.

By substitution of these relations into the expressions for the elastic center determined in
Example 10.2 it is found that

cy =0, cz:ia.

The coordinate system {g, z} is placed with its origin in C, as shown in the figure.

F— a —x

fEf,Zt
+— 8
Y
a
o~
Ef,t
z

Fig. 10.21: Homogeneous T-profile.

The moments of inertia can now be determined by summation over the number of flanges
following (10.45),

Ijg = (a2t + Lt3a) =

Iz = (%(2t)3a + 2at(13—6a)2) + (1—12(1315 + at(%a— %Q)Q) = %a?’t ~ 0.25a%t,

Iy = 0 (symmetry).

The cross-section is assumed to be thin-walled, which implies that terms containing higher
powers of thickness are omitted, whereby the only non-vanishing contribution to I given
above is from the horizontal flange. Note also that the coupling moment of inertia is zero
due to symmetry of the cross-section. 0

Example 10.8. Moments of inertia for I-profile. Figure 10.22 shows an I-shaped cross-
section. The flanges have dimensions b x t; and elastic modulus Ef, while the web has
dimensions h X t,, and elastic modulus E,,. Thus, the cross-section is inhomogeneous,
and the reference elastic modulus is chosen as the flange value: Fo = Ey. The particular
geometry and material distribution implies that the cross-section is double symmetric and
the elastic center is therefore located at the intersection of the lines of symmetry. In this
case the origin of the reference coordinate system {y, z} is therefore located directly at the
elastic center.

Following (10.45) the moments of inertia are determined as

1
Iy = E—f(Ew%tSwh + 2Bp 505t 5) = b3y,
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Fig. 10.22: Inhomogeneous thin-walled I-profile.

1 1 3 1 .3 1 2 133 Ew 112
L. = E—f(Ewﬁh b + 2By (& 630+ bt (5 1)?) ) = h tw g + 3,
I,. =0 (symmetry).

Again, terms containing higher powers of thickness are omitted, and the coupling moment
of inertia is zero due to symmetry.

The moment of inertia with respect to the z-coordinate contains contributions from both
web and flanges. In the simple case where £, = Ef, h =b = a and t,, =ty =t the two
contributions reduce to

Shty—2 = La%t,  ir%bty = laBt.

This indicates that the main contribution to the bending stiffness of an I-profile with respect
to the beam deformation in the z-direction comes from the flanges. Note furthermore that
the relative contribution from the flanges increase with increasing height h of the cross-
section. O

10.2.3 Principal coordinate system

By using a coordinate system with origin at the elastic center the problems
of extension and bending uncouple and the constitutive relations appear in
the separated form (10.40). The constitutive relations can be completely un-
coupled by rotating the coordinate system {7, z} until the coupling moment
of inertia vanishes. The coordinate system in which the inertia matrix is di-
agonal is called the principal coordinate system, analogous to the use of the
term in the context principal stresses and strains discussed in Chapter 8.

In Fig. 10.23 the coordinate system {7, Z} is rotated by the angle 6. Hereby the
coordinates [y, 2] in the rotated system are obtained from the corresponding
coordinates [g, z] in the original coordinate system by the relation

Yy - cosf sinf ||y
L’} B {—sine cose} H ; (10.46)

with the inverse relation
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<
Q

Fig. 10.23: Rotation of coordinate system.

{q — [COSG _Sino} [y/} . (10.47)

z sin@ cos@|| 2

Similar transform relations apply to other sets of vector components in the
two coordinate systems, such as the inclinations [7,,7,] with components
[7y, M) in the rotated coordinate system.

The axial displacement field is given by (10.26) in the translated {g, Z} coor-
dinate system, and when introducing the transforms (10.47) of both sets of
components the following form is obtained

U=UF+ YNy + 2N = U + Y Ny + 2’ 1. (10.48)
The axial strain follows in a similar way from (10.27) as
e=c¢c+ Yky + 26; = ec + Y ky + 2 Koy (10.49)

with the axial strain at the elastic center C and the two curvatures defined as

Ee — duC K.t = dny/ K.t = an/
¢ dz ’ Y de ’ z de

(10.50)

In fact, the relation (10.48) follows directly from the fact that the scalar
product of two vectors is independent of the specific coordinate system used
for the components.

The axial stress is obtained by multiplication of the axial strain with the
elastic modulus, and the normal force is found by integration of the axial
stress over the cross-section area,

N = / EedA = EgFe, + EoSy ky + EpSyr Kz (10.51)
A

The static moments in the rotated coordinate system are obtained by sub-
stitution of (10.46) as

1
Sy = E—/E(fgcos0+,€sin9)dA = Sycosf + Szsinf =0,
0Ja

) (10.52)

—
Eo Ja

E(—gysinf+ zZcosf)dA = Szcosf + Szsinf =0,
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where the last equalities follow from the fact that static moments Sy = Sz =0
in a coordinate system with origo at the elastic center. Thus, the constitutive
relations in the rotated coordinate system have the form

M/ I/ ’ /z/ !
N = EyFe,, { y] :EO{” v H“y} (10.53)
Mz/ Iy/zl IZ'Z' Ky

The moments of inertia in the rotated coordinate system are given as

1
Iy = F/ Ey'y dA = I5cos? 0 + I;zsin® 0 + 215 cosfsind,
0Ja
1
I, = —/ EZ'2 dA = I;sin® 0 + I35 cos? 0 — 215 cosfsing,
Eo Ja '

1
Iy'z’ = E / Ey/Z, dA = (Igg — Igg) cosfsinf + Igg (C082 0 — Sin2 0) s
0JA

(10.54)
where the latter expressions are obtained by substitution of (10.46) followed
by evaluation of the area integrals. The expressions in (10.54) are conve-
niently formulated in terms of the double angle, similar to the approach for
stress components leading to the format in (8.68). Therefore, the following
trigonometric relations are introduced,

2cosfsinf = sin 20, cos?§ — sin® @ = cos 20, (10.55)
from which it follows that
cos’0 = 1(1+cos20), sin? = (1 —cos20). (10.56)

Hereby, the expressions (10.54) for the moments of inertia in the rotated
coordinate system can be written as

IZ’Z’ = %(Ifgg +Igg) - %(Iyg — Igg) cos 20 — Igg Sin207 (1057)
Iy = — LIy — Isz) sin 20 + I
g = 5 (g — Iz2) sin20 + Iy cos20.

The polar moment of inertia I, is defined with respect to the distance from
the elastic center, r2 = 4% + 22 = y'* + 2/%, and thus

IZD - Ig?j + 155 = dy'y’ + Iz’z’ . (1058)

It is seen that I,,, and thereby the sum of the diagonal moments of inertia,
are invariant with respect to rotation of the coordinate system.
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The bending splits into two uncoupled problems when the matrix is diagonal,
and the new coordinate system is therefore rotated such that the coupling
moment of inertia is zero,

Iy = — 3 (Iyg — Isz) sin26 + Iz cos20 = 0. (10.59)

This particular set of axes is called the principal azes of the cross-section.
The equation (10.59) corresponds to

21,
tan20 = ——Y° (10.60)
Iyy — Iz2
The angle can therefore be found as
215
6 = 3 arctan (—J) + Lo, (10.61)
Iy — I3

where the second term takes the periodicity of the tangent function into
account. If the angle 6y is the principal solution (n = 0) to (10.61) in the
interval —%w <6y < %777 a second solution (n = 1) is given as 6, = 6y + %w
or 1 = 0y +90°. Figure 10.24 illustrates the two orientations of the principal
axes for an angle profile.

a) b)
!
Vt—r——————— R —
7 =51 =\C v @,
Y ‘) 01
| ) Y
z z Z z z /

Fig. 10.24: Rotations of coordinate system.

In the coordinate system {y’,z'} the coupling moment of inertia vanishes,
leaving only the two diagonal moments of inertia I,/,» and I.,,,. The expres-
sion for these in terms of the original moments of inertia can be determined
by the procedure used for stress components in Section 8.4.3 or by using the
following relations for trigonometric functions of double angle,

Lr. —I.;
cos26 = = = 30y ) )
V1 + tan? 26 \/%(Igg — )2 + 155
£ tan 20 I ) (10.62)
sin 20 = an vz

2 = :
V1 + tan2 26 \/%([g'g—lzz)Q + 152

By elimination of the trigonometric functions in (10.57) via the relations in
(10.62) the moments of inertia with respect to the principal axes appear as
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I, Ig + Iz \/ Iy — L5\ 2
- + ( y ) 2. . 10.63
Iz’ } 2 2 + yz ( )

The plus sign represents the largest moment of inertia and the minus the
smallest. The moments of inertia I, and I., with respect to the principal
axes are denoted by a single subscript only, indicating that the coupling
component is zero for this particular coordinate system orientation. Whether
I, > I, or I, > I, depends on the choice of axes orientation. Figure 10.24a
and b illustrate the rotation of the coordinate system by 0y and 61 = 6y+7/2,
respectively. In the first case with 6y it is seen that I, > I,,, whereby I, is
found by the plus in (10.63) and I, by the minus. Conversely for 6, where
it is seen that I.» > I/, corresponding to I, representing the plus in (10.63)
and I, the minus.

For cross-sections with symmetry with respect to one of the axes the coupling
moment of inertia is already zero, and the axes therefore directly represent
the principal coordinate system.

Principal values by eigenvalue problem

The principal moments of inertia of a cross-section can also be determined by
an alternative strictly algebraic approach, similar to that used in Section 8.4.4
for three-dimensional states of stress. The principal directions are character-
ized by defining planes in which bending is uncoupled to bending out of the
plane. Thus, if the components [k, k3] define curvatures in a principal plane,
then the corresponding moment vector components [My, M;] will lie in the
same plane. This property can be expressed by the relations

My Iy Iyz | | kg Koy
= F = I E 10.64
|:Mz:| 0 |:Izy Iz: Rz 0 ’ ( 06 )

z

where I is a proportionality factor representing the moment of inertia in the
principal direction. The latter equality constitutes an eigenvalue problem of

the form
Igg Ig* -1 Rz 0 ’ '

where the moment of inertia I appears as the eigenvalue, while the eigenvec-
tor [kg, kz| defines the principal curvature direction. The equations (10.65)
are homogeneous and the existence of non-trivial solutions requires the de-
terminant of the matrix to vanish. This provides the characteristic equation

Iy —D(Iz=—1) — I, = 0. (10.66)

This is a quadratic equation in the eigenvalue I,
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I? — (Igg+ L) T + (Igglss — I2,) = 0. (10.67)

The solutions to this equation are similar to the expressions for the principal
moments of inertia already derived by different means in (10.63),

Iy Iy + Lo I, —I.\?
[y,}: 2 :t\/(y . ) + 12 (10.68)

The eigenvalue formulation is well suited to numerical solution, providing the
principal moments of inertia as eigenvalues, and the principal directions via
the eigenvectors.

Example 10.9. Principal properties of angle profile. Figure 10.25 shows the angle
profile previously considered in Example 10.1, where the position of the elastic center was
determined, and Example 10.6, where the corresponding moments of inertia were obtained
as,

Iy = %ast, Izz = %a?’t, Iz = %a?’t.

Note that Iz # 0, and thus the {7, Z} axes are not the principal axes.

Yy
-

/‘/
0o

e v

Fig. 10.25: Homogeneous thin-walled angle profile.

The counterclockwise angle of rotation of the principal coordinate system {y’, 2’} relative
to the {g,Z} coordinate system is given by (10.60),

2155 21 43¢
tan20 = vz = 5 2 = = %.
Igg — Iz s adt — 5at

Thus the angle is
0y = 19.3°

where subscript 0 indicates that the result corresponds to the principal value of the tangent
function with n = 0 . The orientation of the principal axes {y’, 2’} is shown in Fig. 10.25.

The principal moments of inertia are given by the expressions in (10.63),

I 7 vV
Y = § + i a’t.
I 24 8

With respect to the definition of the {y’, 2’} axes it is seen that I, > I/, which means that

I,/ corresponds to the plus in the expression above, while I, corresponds to the minus:

I, = 1.84a%, I, = 024d%t.

In the case of 6 = 6 4+ 90° = 109.3° these values would be interchanged. ]
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Example 10.10. Principal properties of Z-profile. Figure 10.26 shows a Z-profile with
constant thickness ¢, height 2a and width 2a. The specific dimensions are given in the
figure. The cross-section has point symmetry about C, which is therefore the elastic cen-
ter, as indicated in the figure. The coordinate axes {y,z} are parallel to the flanges and
web, respectively, and with origin at the elastic center. The cross-section is homogeneous,
whereby the elastic modulus cancels in the expression for the moments of inertia. The
cross-section is assumed to be thin-walled with ¢ < a.

F—a ——a —%

Y,
/

y' fo

Q
e e

Fig. 10.26: Homogeneous Z-profile.

The moments of inertia with respect to the {y, z} axes are determined as

I,y =2 (%a3t + at(%a)2) = %ag’t7
I, = 1—12(2a)3t + 2ata? = %a‘q’t,
I,. = ata ( — %a) + at(—a) %a = —a5t,

where terms containing higher powers in ¢t are omitted. The coupling moment of inertia
I,. # 0 and thus {y, z} are not principal axes. The orientation of the principal axes {y’, 2}
is governed by the angle 6 determined by (10.60) and (10.61),

tan(20) = 1 = 0n = 22.5° + n90°.

For n = 0 the angle is 8y = 22.5°, and the orientation of the principal axes for this angle
is shown in Fig. 10.26.

The principal moments of inertia are determined by the expressions in (10.63),

Iy,} = (% :t\/i)a?’t.

1,

z

From Fig. 10.26 it is seen that I, > I/, corresponding to

Iy, = (3 —V2)a’t = 0250, I, = (3 + v2)d®t = 3.08a%.
The largest moment of inertia in the principal directions is larger than the moments of
inertia in the original {y, z} axes. Thus, for non-symmetric cross-sections the principal di-
rections indicate the optimal orientation of the cross-section with respect to unidirectional
transverse loading. This relates to the concept of Mohr’s circle, as discussed next. O
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Mohr’s circle for moments of inertia

The transformation relations for moments of inertia in a rotated coordinate
system (10.57) and the associated expression (10.63) for the principal mo-
ments of inertia are similar to the transformation relations (8.68) in plane
stress and the expression (8.80) for the associated principal stresses. This
indicates that the moments of inertia I,,/, I,/ and I,/., can be illustrated
graphically by the Mohr’s circle construction in terms of the principal mo-
ments of inertia.

(I,y/y/7 Iy/z/)

L (IZ/Z/7_Iy,Z,)

Fig. 10.27: Mohr’s circle in the (I, I/ ,/)-plane with I, > I...

VA |

Y y'

Let {g, z} take the role of the principal coordinate system with the principal
moments of inertia I,» and I,. The moments of inertia in a coordinate system
{y’, 2}, obtained by a counter clockwise rotation 8, is then obtained from the
transformation relations (10.57) as

Iy = 5(Iy + L) + 5(Iy — Is) cos 20,
I = %(Iy/ + Izl) - %(Iy/ - Iz/) cos 20, (1069)
Iy/zl = — %(Iyl - Iz/) sin 26 .

The moments of inertia Iy, I,,» and I,/ can now be illustrated graphically
as a function of the angle ¢ as shown in Fig. 10.27. Let I,/, serve as horizontal
axis and I,/ as vertical downward axis. The relations (10.69a) and (10.69c)
constitute a parameter representation by which the point [I,,/, I,/ ./] moves
around in the counter clockwise direction as described by the center angle
26. The center of the circle is located at the horizontal axis,

C =10, ¢c=1i(I,+1L), (10.70)

and the radius is
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R = 3|1, —IL/|. (10.71)

It follows from the relations (10.69b) and (10.69c) that [I,/,/, —I,./] is the
diametrically opposite point on the circle. It is clear from this construction
that the principal moments of inertia I, and I, constitute the maximum and
minimum values of I/, and I,/,,. These results correspond to those obtained
for the plane stress components in (8.84).

Example 10.11. Mohr’s circle for angle profile. Consider the angle profile in Fig. 10.25,
where the original axes are now denoted {y’,z’} to indicate a non-principal coordinate
system. The moments of inertia are

Iyryr = ga3t, I, = %a3t, Ty = %agt.
In Fig. 10.28 these values identify the two points [T/, I/./] and [I,s,/, —I,s /], shown in
the figure normalized by 1—12a3t. The two points identify the center ¢ = %(% + %)a3t =

%ag’t and thereby the radius. Alternatively, the circle may be constructed from the prin-

cipal values
I, = 1.84ad%, I, = 0.24d%,

obtained in Example 10.9. 0

Lyry

Fig. 10.28: Mohr’s circle in (I, I,/ ,+)-plane for angle profile.

10.3 Axial stresses and strains

In the general {y, z} coordinate system the axial strain ¢ is given by (10.3)
and the associated axial stress ¢ is found by multiplication with the elastic
modulus E, as shown in (10.10). Both the strain and the stress distributions
are functions of the deformation measures ¢g, £, and ~, as shown in Fig. 10.5.
They are given in terms of the internal forces N, M, and M, with respect to
the {y, z} coordinate system by the general constitutive relation in (10.21).
This requires inversion of the 3 x 3 stiffness matrix in (10.21), whereby the
axial strain can be written as
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-1

€0 1 F Sy Sz N
e=1[1,y,z]|ky| = E—[l,y,z] Sy Lyy Iy, M,| . (10.72)
KRy 0 Sz Iyz Izz Mz

This procedure often requires numerical tools because of the inversion of the
general cross-section stiffness matrix. The stress distribution is then obtained
by multiplication with the elastic modulus,

o = Ee. (10.73)

The kinematic formulation implies a linear strain distribution, as shown in
Fig. 10.3, and for homogeneous cross-sections the associated stress distribu-
tion is linear as well. However, for inhomogeneous cross-sections discontinu-
ities may occur in the stress distribution due to sudden changes in the elastic
modulus. Therefore, the basis of any stress analysis is the determination of
the associated continuous strain distribution.

Separation of extension and bending

For analytical calculations it is convenient to separate the extension and
bending problems by describing the axial strain and stress with respect to
the (translated) coordinate system {g, Z} with origin at the elastic center. In
that case the contributions to the axial deformation from pure extension and
bending are separated, as illustrated in Fig. 10.8. The constitutive relations
are given in (10.40) and the axial strain can be written as

e(y,2) = ec + 17, Z}V’J} , (10.74)

Rz

where the extension and the bending problems are separated and appear in
an additive format. Elimination of the deformation measures €., x, and ~, by
the constitutive relations (10.40) gives the following expression for the axial
strain in terms of the internal forces with respect to the {7, z} coordinate

system,
-1
1 N _ Igg Iyz:| |:My:|
ey, 2) = =— | =+ |y, 2z [ . 10.75
(v E<F R e I b (1075
The inverse of the 2 x 2 bending stiffness matrix can be written in explicit
form as .
[Iyy Iyﬂ SR . [ L= _Iyz} , (10.76)
Tys I3z Iyglsz — Iz | —1gz Iy

where the denominator of the fraction is the determinant of the 2 x 2 bending
moment of inertia matrix. The stress distribution is found by multiplication
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Fig. 10.29: Plot of linear strain variation: a) extension, and b) bending.

with the elastic modulus, as in (10.73). The separation of the strain distribu-
tion into contributions from extension and bending is illustrated in Fig. 10.29,
where it is indicated that the strain contribution from bending, governed by
the second term in (10.75), vanishes at the elastic center. The resulting strain
distribution is the sum of the two contributions, as demonstrated by the ex-
pression in (10.75).

Example 10.12. Axial stress in cantilever with angle profile. Figure 10.30 shows a
cantilever of length ¢ with tip loads P in the y direction and %P in the z direction. The
present example determines the axial stress at the fixed support, where the moments are:

M, = —PI, M, = -1 Pl

Note, that the moments are negative following the sign convention introduced in Chapter 3.
The cross-section of the cantilever is the angle profile shown in Fig. 10.31. The location
of the elastic center has been determined in Example 10.1, and in the present case the
coordinate system {y, z} is located with origin at the elastic center. The precise location
of the transverse force in the cross-section plane that does not introduce torsion depends
on the shear stress distribution and is dealt with in Chapter 11.

Fig. 10.30: Cantilever with tip loads P and %P.

The axial strain is given by the relation in (10.75). This expression involves the inverse of
the bending stiffness matrix given in (10.76). For the angle profile the moments of inertia
have been found in Example 10.6,

Iy = 3a%,  L.= %d%, I, = 1Ld,

and the inverse matrix is
Iy I,=1"" 3] 5-6] 1
]yz Izz - 16 —6 20 (lgt ’

The expression for the axial strain is given in (10.75). In the present example it leads to
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1 3 5—6][1] Pt 3 P¢
-3, = (y+22)7

E(yvz) = 7E70E[ya2} |:_6 20 % a3t - 75 E0(13t

where the minus follows from the negative bending moments My, and M.

1=

50
t
1 Y
Zaj; - y C T
a
o wfle §? J‘
N 2a K

Fig. 10.31: Homogeneous thin-walled angle profile.

The linear axial strain distribution is plotted along the coordinate axes in Fig. 10.32. Along
the y-axis, with z = 0, the strain variation is

3 Pe
€ 70 = — 3 - 9,0
(y,0) 8 Y BoaZt
and along the z-axis, with y = 0, it is
Pe
€(0,2) = — -z ——.
47 Ega’t

These linear variations of the axial strain along the two coordinate axes is shown in
Fig. 10.32. The values given in the figure correspond to the normalized strain & Eg a?t/(P¥).
The corresponding stress variations are found by multiplication with E = Ey.

Jun

B

b

Fig. 10.32: Variation of normalized strain along coordinate axes.

The variations of the strain along the coordinate axes can be used to determine the strain
and stress at end and corner points of the cross-section, which are denoted as points A, B
and C in Fig. 10.32. The stress in A is found as

3+9>P€_ 3 Pt
16 ' 16

74 = Boea = —( T dan

This result can be verified by substitution of y = %a and z = %a into the expression for

e(y, z) given previously,



Axial stresses and strains 429

3 P¢
(3a + 3a) = Tiak

Similarly, the stress in B and C can be determined by combination of the axis values
given in Fig. 10.32, or by substitution of the coordinates into the general expression for the
strain. It is often convenient to set up a table containing the strains and stresses at end
and corner points of the cross-section. In the present case the stress distribution is fully
determined by the values in A, B and C, which are given in Table 10.1.

Table 10.1: Axial stress in angle profile.

int a?t
oin —
P Y Pt
A %a %a —%
B %a —%a 0

3 1 3
C —sa —za g

The axial stress can also be plotted along the contour of the cross-section, as shown in
Fig. 10.33, using the linear variation along straight parts of the contour.

a3t
o
P?

Fig. 10.33: Axial stress distribution along cross-section contour.

The particular loading of the cantilever yields zero stress at the corner B, while the max-
imum stresses are present at the end points A and B. Assume that oy is the yield stress
in the von Mises yield condition. The maximum force P associated with this yield stress
is then found as

4 a3t
Phax = £ g 7 oy
Note, that because the shear stress is omitted here the Tresca failure condition gives the
same yield limit. O

Example 10.13. Stresses in simply supported beam with Z-profile. Figure 10.34a
shows a simply supported beam with distributed load in the z direction with constant
intensity p. The present example determines the axial strain and stress from bending at
the center of the span in C, where the moments are

MS =0, ME = ipi.

The beam is homogeneous with elastic modulus E = FEy, and the cross-section is the
Z-profile shown in Fig. 10.34b. The moments of inertia of this cross-section have been
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Fig. 10.34: Simply supported beam with distributed load.

determined in Example 10.10,
Iyy = %agt, I, = %ag’t7 Iy, = —a3t.

The inverse of the bending stiffness matrix is

Iy I,=1"" 3[83] 1
Iyz Izz N 7132 a3t ’
and the strain distribution is then obtained by (10.75),

1 3 ﬂs:&”o}ﬁ_s pl?

s2) = E—O%[y,z 32||1] a3t %E’oaﬁt

3y +22).

The strain distribution is shown in Fig. 10.35a with respect to the coordinate axes.

Fig. 10.35: a) Strain and b) stress distribution.

The stress distribution is obtained by multiplication with the elastic modulus, which is
constant ' = Eg for the present homogeneous beam. The value of the axial stress is found
at the ends and corners A to D of the profile as shown in Fig. 10.35b. In A the axial stress
o 4 is found by superposition of the strain distribution in Fig. 10.35a,

9 6

pl? 3 pl?
a’t 56 a2t
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Table 10.2: Axial stress in angle profile.

. a’t
point Yy K4 Iﬁ
A a —a %
B 0 —a 75%
C 0 a %
D —a a 7%

Table 10.2 gives the axial stress at the four points on the cross-section. The full stress distri-
bution is obtained by linear interpolation between the four values, as shown in Fig. 10.35b.

The maximum axial stress occurs in points B and C, with omax = :I:%péz/(tﬂt). O
Principal axes
In the principal coordinate system the coupling moment of inertia I,/.,» = 0,

whereby the bending stiffness matrix becomes diagonal. The constitutive re-
lations are hereby given as

N = EoFé‘C, My/ = Eo.[y/l{y/, le = E()IZ/I{Z/. (1077)

The axial strain in the principal coordinate system is defined in (10.48).
Elimination of axial strain and curvatures in terms of the section forces yields

1 (N M, , M., ,
= — _— . ]-~
£ EO<F+Iy/y+IZrZ (10.78)

The associated stress distribution is obtained by multiplication with the elas-

tic modulus
E <N My M, z/>

JZEO— -y +

F I, I

(10.79)

The stress distribution expressed via the linear kinematic formulation and in
terms of section forces is often referred to as the Navier stress distribution.

Example 10.14. Axial stresses in cantilever with I-profile. Figure 10.36a shows a can-
tilever loaded by a tip force P acting in the z direction. The beam is homogeneous with
elastic modulus Fyp = E and length £. The distribution of strain and stress is determined
at the fixed support, where the bending moment attains its maximum,

M., = —P¢L.

The cross-section is an I-profile with height and width a and thickness ¢, as shown in
Fig. 10.36b.
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a) b)
N @ —x
Bt ¢p T
Y 2 Y- a

Fig. 10.36: a) Cantilever with tip load P, and b) I-profile cross-section.

The cross-section has double symmetry with respect to the coordinate system shown in
the figure, which hereby is a principal coordinate system. Thus, the strain distribution is
determined by the simplified expression (10.78). Since N = 0 and M, = 0 this expression

reduces to
1 M,
z

T E L
The moment of inertia with respect to the z-direction is

_ 1.3 132 _ (1 1\, 3; _ 7 .3
I, = 130 t + 2at(§a) = (ﬁ+§)a t = 5@ t.
This agrees with the result obtained in Example 10.8 for the inhomogeneous I-profile. The
expression for the axial strain is now determined as

The corresponding axial stress is found by multiplication of the strain with the constant
elastic modulus F, and thus the strain and stress distribution are similar in shape. Figure
10.37a shows the variation of the axial strain along the z-axis, whereas in Fig. 10.37b the
axial stress is plotted along the center lines of the thin-walled cross-section. The negative
strain and stress indicates that the bottom flange is in compression, in agreement with the

negative sign of the bending moment M, . O
a’t a’t
Ey — a°
=0 Py 7 e
B 6
LA ® 7
@
Y - I
A ©
SNe—% 6
= 1]

Fig. 10.37: Normalized distributions of axial strain and stress.

Example 10.15. Inhomogeneous I-profile. This example considers the inhomogeneous
I-profile cross-section shown in Fig. 10.38. As in the previous example the beam is loaded
by a transverse force P in the z-direction, producing the moment

M, = —P¢.
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The height and width of the cross-section is a, the thickness of the flanges is ¢, while the
thickness of the web is only %t. The elastic modulus of the flanges is E¢, while the web
has elastic modulus F,, = 5Ef. In the following the reference elastic modulus is chosen as
the flange value, Eg = Ey.

o —x

lE'f7 t T
Y-y a
5Ef, 2t/ 7\‘

'

Fig. 10.38: Inhomogeneous I-profile cross-section.

The continuous strain distribution is determined by (10.78),

1 M,
— z
Ey I

The moment of inertia in the z-direction is determined as

Bw 1 31 1.\2

I, = E—fﬁa £t + 2at(5a) =
which by design is equal to the moment of inertia for the homogeneous cross-section in the
previous example. Substitution into the strain expression gives

The linear variation of the strain € along the z-direction is shown in Fig. 10.39a. The stress
distribution is obtained by multiplication of the strain by the elastic modulus. Since the
cross-section is inhomogeneous with different elastic moduli, discontinuities in the stress
variation occur. Table 10.3 gives the strain and the associated stress values at the points
A and D located in the flanges, and B and C located at the top and bottom of the web,
as shown in Fig. 10.39. It is seen that the stresses in the web are significantly larger due
to the large elastic modulus. The stress distribution is also shown in Fig. 10.39b.

Assume that the yield stress of the flange material is oy = oy, while it is oy = 100
for the web material. In the present case the only stress component is the axial stress o,

a2t CLQt
- o —
EEO e Pr %
e

0 -

6
7
¥
B F ®

Fig. 10.39: Normalized distributions of axial strain and stress for inhomogeneous I-profile.
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Table 10.3: Axial stress in angle profile.

. a?t a?t
point Yy z EEfP_E JP_K
A 7%(1 0 g g
B —3a 0 s 2
c a0 s 30
D i1a 0 -5 -

whereby the von Mises yield condition (9.57) gives 0 = oy. For the flanges the maximum
stress is :I:%PE/(@Qt), which for oy = o gives the yield load

a’t

Plow = = — oy
¢ 77

max

[N

Thus, failure occurs in the flanges when the load P reaches P,J:.ax. The maximum stress in
the web is igpf/(a%), and failure occurs when this value reaches 100 ;. This gives

2
a“t
Py = - o> Pt

max *

w3

This shows that although the stresses in the web are larger than those in the flanges, the
significantly smaller yield stress of the flange material implies that it is in fact the flanges
that limit the maximum loading of the beam by Pmax = P,{,ax. O

10.3.1 Neutral axis and line of curvature

A number of materials, such as concrete, have significantly larger strength
in compression than in tension. For beams composed of this type of material
it is therefore of interest to determine the regions of the cross-section that
are in compression and tension, respectively. The linear form of the strain
distribution implies that the transition between the compression and tension
regions is described by a straight line, typically denoted as the neutral axis.
In the coordinate system with the elastic center as origin the axial strain is
given by (10.27). Thus, the neutral axis is given by the relation

Ec + YKy + ZKk, =0, (10.80)

where the curvature is given in terms of the bending moments by the con-
stitutive relation (10.40b). The straight line representing the neutral axis is
fixed by two points. These are conveniently chosen as the intersections with
the y and z axes, respectively. It follows from (10.80) that

Un = — e for =z2z=0,

K

- (10.81)
Zy = — — for y =0,

Rz
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where the subscript n indicates that these points define the intersections of
the coordinate axes with the neutral axis. For pure bending €. = 0, and the
neutral axis passes through the elastic center C.

neutral axis

\ line of curvature

e

RS
\I/—
\
\\
W
<
S
Z
-
-
-
.

zY
Fig. 10.40: Neutral axis perpendicular to line of curvature.

The direction of the neutral axis in the cross-section plane is determined by
the two curvature terms in (10.80). When considering the coordinate incre-
ments [dy, dz] along the neutral axis, it follows from differentiation of (10.80)
that these satisfy the equation

(dg, dZ] ["y] = 0. (10.82)

z

It follows from this relation that the direction of the neutral axis [dy, dZ] is
perpendicular to the curvature vector [ky,.]. In a coordinate system with
the elastic center as origin the curvature vector components are given in terms
of the moment vector components as

—1
Ry 1 I’U’U Igg Mﬂ
L an 10.

The axial strain at the elastic center ¢, is simply an offset of the neutral axis
along the normal.

In Fig. 10.40 the curvature vector kK = [k, , k.| determines the direction of
the line of curvature. Hence, the neutral axis is perpendicular to the line of
curvature and intersects the y and z axis at g, and Z,, respectively. Along
the neutral axis ¢ = 0, and the direction of the curvature vector x defines
the region of the cross-section with positive strain, as shown in Fig. 10.40.
The direction of the curvature vector is determined by for instance the angle
relative to the y-axis, which is given by the tangent relation
Kz

tanf, = —. (10.84)

Ry
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The neutral axis is not only used to identify the regions of tension and com-
pression. In fact the neutral axis and the line of curvature constitute a local
basis, in which the strain distribution is described particularly simple. This
is demonstrated in the following.

Strain distribution

The neutral axis represents the line with vanishing axial strain, i.e. € = 0.
Because of the linear strain distribution the strain increases linearly in the
direction perpendicular to the neutral axis along the line of maximum cur-
vature. Thus, along lines perpendicular to the neutral axis the strain varies
linearly and along lines parallel to the neutral axis the strain is constant.
This implies that the strain distribution is fully determined by a single lin-
ear variation along the line of curvature, as illustrated in Fig. 10.41. In the
expression for the axial strain (10.27) the slope of the linear strain distribu-
tion is given by the curvatures x, and ., which are the components of the
curvature vector k. The slope of the resulting strain distribution along the
line of curvature corresponds to the length of the curvature vector, which is

k= |kl = (/K2 + KZ. (10.85)

The curvature vector is fully determined by the direction given in (10.84) and
the length given above in (10.85).

neutral axis
\

\

\
\ .
N line of curvature

Atﬁ\

Fig. 10.41: Strain distribution with respect to neutral axis and line of curvature.

Example 10.16. Strain distribution for angle profile. Figure 10.42 shows the cantilever
from Example 10.12, with tip loads P and %P in the y and z direction, respectively. The
moments at the fixed support are

My = —-P{, M.= —1P¢,
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and the inverse of the bending stiffness matrix has been found in Example 10.12:
-1
Iyy Iy 3 5—-6] 1
Iy L. 16 | -6 20] a3t

The origin of the coordinate system {y, z} is located at the elastic center C, determined
in Example 10.1.

B 2a e

Fig. 10.42: Cantilever with angle profile and tip loads P and %P.

There is no axial loading of the beam, and thus
1 N
Ey F

Ec =

The neutral axis therefore passes through the elastic center and thereby the origin of the
coordinate system. The direction of the neutral axis is determined via the curvature vector,

ryl [l I=]"'[My] 3 [ 5-6][1] Pe  3[1] Pt
ko] | Iys Iz M.| 16 -6 20] %] Eoat 8 |2] Eoat’

The angle of the curvature vector relative to the y-axis is found by (10.84),

tanf, = = =2 = 0, = 63.4°.
Ky
The curvature vector and the line of maximum curvature are shown in Fig. 10.43, and the
neutral axis is shown as the line perpendicular to the line of maximum curvature. Both ry
and k. are negative, and thus the curvature vector points into the fully negative quadrant
of the coordinate system. This again implies that the region with tension (positive axial
strain) is above the neutral axis, while the compression zone is below. The slope of the
strain variation is obtained as the length of the curvature vector (10.85),

Pt Pt Pt
5221/124’_22 _ 35 = 0.84

Ega3t 8 Epadt Ega3t '

It is seen in Fig. 10.43 that the neutral axis intersects the corner of the cross-section in B,
indicating that the axial strain is zero at this point. This agrees with the results obtained
in Example 10.12, and shown in Table 10.1. The strain increases linearly in the direction of
the line of curvature, and it is seen directly that the largest positive strain (tension) occurs
in point C, while the largest negative strain (compression) occurs at the other free end in
point A. The distance from the neutral axis to the point C' is denoted as d in Fig. 10.43
and determined via the angle of the line of curvature:
d

= — = - 2
cosb, = %0 = d = 2a cosf, = sa-
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Fig. 10.43: Normalized strain distribution along line of curvature.

The strain at C' is found as the distance d times the slope of the linear strain distribution

K:
35 Pt 2 3 P

L a=2
8 Epa3t /5 4 Epa2t’

corresponding to the result obtained in Example 10.12. It turns out that the distance from

the neutral axis to point A is also d, whereby €4 = —e¢. O

ec = kd =

Example 10.17. Strain distribution for Z-profile. Consider the simply supported beam
in Fig. 10.44 with a Z-profile as cross-section. The strain and stress distribution has been
determined in Example 10.13, and the present example determines the strain distribution
with respect to the neutral axis and the line of curvature. The loading of the beam implies
that the bending moments at the center section are

MS =0, ME = Lpi®.

The normal force is zero. The coordinate system {y, z} has its origin at the elastic center.

A=

.
® I spt?

Fig. 10.44: Simply supported with with distributed load.

The moments of inertia with respect to the coordinate system, shown in Fig. 10.44b, have
been determined in Example 10.13, and the curvature vector can therefore been found as

Ry | [Lyy L1 [MS] 3 [83][0] p2 3 [3] p®
ke | | Iys L2z MS| 56 (32]|[1] Eoat 56 [ 2] Epadt’
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The direction of the curvature vector is defined by the tangent relation

Kz
tanf, = — =
Ky

2 = 6, =337

The curvature vector k and the associated line of curvature are shown in Fig. 10.45.
Because the components of the curvature vector are positive it is located in the positive
{y, z} quadrant. The associated neutral axis is perpendicular to the line of curvature, and
because N = 0 it contains the elastic center.

neutral axis
.
\
\ A

\ \

\ \, line of curvature

Fig. 10.45: Normalized strain distribution along line of curvature.

The linear strain variation along the line of maximum curvature is now determined. The
slope of the linear variation is determined as the length of the curvature vector:

Z Vi3 pe2 2
k= o farpoz PE VI8 P gq PO
56 Epa3t 56  Epadt Epa3t

The axial strain variation along the line of curvature is hereby determined as the slope
K times the distance from the neutral axis. Consequently, the largest strains occur at the
points on the cross-section with greatest distance d to the neutral axis, which are the
corners A and B, as shown in Fig. 10.45. The distance d is determined by the geometric
relation:

. d . 2
sm@,iZE = d:asm&ﬁf\/—l—ga,
whereby the strains at corners A and B are:

6 pl? 6 pl?
- s £ = K = — .
56 Eoa’t B 56 Eoa’t

eAa = —kd =

The sign of the axial strain follows from the direction of the curvature vector, see Fig. 10.45.
The above values for the strain in A and B correspond to the results obtained in Exam-
ple 10.13, see Fig. 10.35b. O
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10.4 Exercises

Exercise 10.1. The figure shows the angle profile considered in Example 10.1. In this
exercise the reference coordinate system is shown in the figure with origin at the right end
of the horizontal flange. Assume that the cross-section
is homogeneous with F; = FE2 = Ep, and t1 = t2 = t, Y _—Ep it
a1 = 2a and a2 = a. The cross-section can be consid- } 7‘4
“E
2

ered as thin-walled with ¢ < a.

a) Determine the static moments Sy and S with re-
spect to the reference axes.

a

0

a

b) Determine the location of the elastic center and 2 Y
compare with the results of Example 10.1.

Exercise 10.2. The figure shows the T-profile considered in Example 10.2. In this exercise
the reference coordinate system is shown in the figure with origin at the right end of the
horizontal flange. Assume that the cross-section is homogeneous with E; = E,, = Ep, and
af = ay = a, by =1 and ty = 3t. The cross-section

can be considered as thin-walled with ¢t < a. : a )

a) Determine the static moments Sy and S, with re- y o~ Eo, 3t
spect to the reference axes. -

b) Determine the location of the elastic center and S Y
compare with the results of Example 10.2. Ey,t 2

c¢) Locate the coordinate system {g, z} with origin in
the elastic center, and determine the moments of

inertia Ig@, Igg and I@g.

Exercise 10.3. The figure shows a homogeneous C-profile with elastic modulus E = Ejy.
The height of the cross-section is h and the width is b. The thick- i

ness of the web is ¢, while the flange thickness is 2t. The cross- I *
section can be considered as thin-walled with ¢ < h,b. 2t %h
Y
a) Choose the coordinate system {y, z} shown in the figure and - . *
determine the location of the elastic center [cy, cz]. —fla 2t %h
b) Locate the coordinate system {g, z} with origin in the elastic T *
center, and determine the moments of inertia Iy, Iz and Iz x— b —x
z

when h = b = a.

Exercise 10.4. The figure shows a homogeneous C-profile with elastic modulus E = Ej.
The height of the cross-section is 3a, the width is 2a and the thickness is ¢, as shown in
the figure. The cross-section can be considered as thin-walled with ¢ < a.

a) Choose a suitable coordinate system {y, z} and determine the *
location of the elastic center [cy,cz]. a
b) Locate the coordinate system {7, Z} with origin in the elastic y ?f
center, and determine the moments of inertia I35, Izz and Igs. - *
c) Consider the section forces: N =0 and My = Mz = M, and t; a
determine the axial strain distribution e. N *
. . . ﬁih 2a —%
d) Determine the maximum axial stress omax- z

Exercise 10.5. The figure shows an inhomogeneous I-profile cross-section. The top flange
has dimensions 2a X t and elastic modulus Ey. The web has dimensions 2a x %t and elastic
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modulus 10E. And finally, the bottom flange has dimensions a X %t and elastic modulus
10E}. The cross-section can be considered as thin-walled with ¢t < a.

a) Choose a suitable coordinate system {y, z} and deter-

mine the location of the elastic center [cy, cz]. —— 2a —X
b) Locate the coordinate system (g, Z) with origin in the :¥
elastic center, and determine the moments of inertia By, t
Igg, Izz and Iy=.
Yy, L1zz Yz 2
c) Assume the section forces: N =0, My =0 and Mz =
o : : B 10E;, 2t/
M, and determine the axial strain distribution e. 5
d) Find the axial stress in the top flange and in the bot- N a %

tom flange, respectively.

Exercise 10.6. The figure shows the rectangular cross-section made of concrete with steel
reinforcement. The elastic modulus of concrete is E., and the elastic modulus of the steel
reinfo?cement i; Es = 15E.. ’1"he total area .of reinforce- a
ment is As = a*/50. The location of the elastic center has Y

been determine in Example 10.3.

a) Locate the coordinate system {g, Z} with origin in the Be

elastic center, and determine the moments of inertia
Igg, 125 and I@g.
b) Consider the section forces: N = 0, My = 0 and Mz =

ol
H= T =k
F— o —%— 8 —%

M, and determine the axial strain distribution e. | o o
¢) Determine both the maximum tension and compres-  FEs, As
sion stress in the concrete, and the maximum stress 2

in the steel reinforcement.

Exercise 10.7. Consider the T-profile in Example 10.7, that is shown in the figure below.
The moments of inertia with respect to the axes with origin at the elastic center is given in

Example 10.7. In the following the normal force N = 0. N— & —
a) Determine the distribution of axial strain ¢ and the Ef,2t
maximum axial stress omax for the loading My = M /-
and M, = 0. -3 C T
b) Repeat a) for My = 0 and M, = —2M. 4 a
c) Use the results in a) and b) to determine the dis- o
tribution of axial strain £ and the maximum axial Bt J‘
stress omax for the combined load case My = M and £
M, = —2M.

Exercise 10.8. Consider the Z-profile in Example 10.10. Draw Mohr’s circle and determine
the principal moments of inertia I, and I,/ graphically. Compare with the result obtained
in the example.

Exercise 10.9. The figure shows a Z-profile with height 2a and width a, and thickness ¢.
The cross-section is homogeneous with elastic modulus £ = Ej. It is loaded by bending
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moments My = M and M, = 2M. The cross-section can be considered as thin-walled with
t < a.
a) Determine the moments of inertia Iyy, I.» and Iy.. N— a4 —%

b) Determine the principal moments of inertia I, and I/,
and the orientation of the principal axes.

—— o —%

¢) Draw Mohr’s circle. y
d) Determine the curvatures Ky and Kz, and draw the line of

curvature and the neutral axis. a
e) Determine the distribution of the axial strain e and find z J{

the maximum axial stress omax.

Exercise 10.10. The figure shows a Z-profile similar to that in the previous exercise,
but with additional vertical flanges. The geometry is shown in the figure below and the
thickness is t. The cross-section is homogeneous with elastic modulus E = Ey. It is loaded

by bending moments My = M and M, = 2M. The cross-section can be considered as
thin-walled with ¢ty < a.

a) Determine the moments of inertia Iyy, I.» and Iy.. N— a —%
b) Determine the principal moments of inertia I, and I/, # 7“
. . - 2

and the orientation of the principal axes. ai
a
c) Draw Mohr’s circle. y
d) Determine the curvatures Ky and Kz, and draw the line of %
curvature and the neutral axis. a
e) Determine the distribution of the axial strain e and find a/2 z J{

the maximum axial stress omax.
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