Chapter 5
Simple Models of Adsorption

As an illustration of canonical and grand canonical ensembles, we discuss a few
variants of a simple model of adsorption. Despite their simplicity, these models
provide important insights into diverse phenomena ranging from oxygen binding to
hemoglobin to vapor—liquid phase coexistence.

5.1 Exact Solutions

Let us first look at simple exactly solvable model. It forms a basis for introducing
approximations that become necessary when we deal with more complex model
systems.

5.1.1 Single Site

Consider a single adsorption site exposed to a gas phase. We assume that the site
can accommodate at most a single gas particle. The quantity of our primary interest
is the average number (N) of gas particles adsorbed at the site. Before proceeding,
we note that this quantity is actually the probability p; that the site is occupied by a
particle since

(N)=0x(1—p1)+1xp=pi. 6.1

If we define our system as in Fig. 5.1, it is an open system, for which the relevant
ensemble is the grand canonical ensemble with the surrounding gas phase setting
the temperature 7' and the chemical potential y for the system.

We recall from Exercise 4.10 that
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Fig. 5.1 A single adsorption site model.

N

So, to figure out (N), our first task is to compute =, for which we need Q(E,N).
To simplify our analysis, we suppose that the system can take only two distinct
states: the unoccupied state for which E' = 0 and the occupied state for which £ =
—e < 0. We shall refer to € as the binding energy and take a closer look at it in the
next subsection. In a meanwhile, the following three cases need to be considered:

a. N = 0. In this case, the energy E of the system can only be zero. Thus, there is no
state if E < 0 or E > 0, but there is a single state if £ = 0, leading to the picture
in Fig. 5.2a. Thus,

W (E,0)=0(E) (5.3)
and hence W (E0
a(e,0)= 7 1EY 5 (5.4

which is nothing but (4.135).

b. N = 1. Now, the energy can only be —¢ and a consideration similar to case a
leads to the picture in Fig. 5.2b, from which we obtain

W(E,1)=0(E+e¢) (5.5)
b1 A
1
e
—& 0 E

Fig.5.2 #(E,N)forN=0and N = I.
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Fig. 5.3 Dependence of p; on x := Pt ePe,

and IW(E1)
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c. N >2.In this case, # (E,N) =0 and hence Q(E,N) = 0.

=6(E+e). (5.6)

Using these results in (4.128), we find
E= eﬁ’“‘o/S(E)efﬁEdE—i—eB“1 /S(E—i—s)e*ﬁEdE—i— > eﬁ“N/OefﬂEdE
. N=2

= 1+ePHePe =144, (5.7)

where we defined x := eP(#+€)_Using (5.2), we arrive at

dinZ [/ Jx X
p1=(N)= & <8ﬂu>,3:1+x' (5.8)

As shown in Fig. 5.3, (N) or the probability p; that the site is occupied increases
with increasing x and approaches unity as x tends toward infinity. Note that the
increase in x can be achieved by either decreasing T = 1/kgf3 or increasing (.

5.1.2 {Binding Energy

In the previous subsection, we assumed that the adsorption site can be in either
of the two states, empty or occupied. To the latter state, we assigned the binding
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energy €. In reality, however, an adsorbed particle can still move around through a
vibrational motion. Let us see how this aspect can be incorporated into our model.

This time, we take the entire box shown in Fig. 5.1 as our system. The system
is closed and held at a given temperature 7. So the relevant partition function to
compute is Z. Let V; denote the volume of the system. The volume of the open
system will be indicated by v. We suppose that there are N, noninteracting identical
particles in the system and write

1 - HI‘NI‘ N A N, 1 o N A
Z:W/em P g dp :W/eﬁw( v (5.9)

where we carried out the integration with respect to p™, and denoted the potential
energy due to the interaction between a particle and the adsorption site by y.

We consider the particle to be adsorbed to the site if its center is anywhere in v.
The site is otherwise empty. We set y to zero if no particle occupies v. If the ith
particle occupies the site and no other particle is in v at the same time, we write
v = y(r;) to allow for the dependence of y on the exact position of the adsorbed
particle. As before, we do not allow for multiple particles to occupy the site simul-
taneously, so we set y to infinity in that case. Thus,

. 1 if v is empty,
e PV — L B gy g occupied by the ith particle, (5.10)
0 if v is occupied by more than one particle.

With this much preparations, we can rewrite the integral with respect to r'V' as

N
/ e PV g — /N ar +y e PYTgN (5.1
rreVi—v

i=1 r,€v,rNt71€V¢7V

where the subscripts to | denote the conditions imposed on the coordinates of par-
ticles. The first integral is taken under the condition that all the particles are outside
v, resulting in (V; —v)™. The integrand in the second term depends only on r;. Thus,

/ e PV = (v — )N / e PV dr; = (v, - )N 4,
ricv,rNi—ley,—y

ricv
(5.12)
where we defined
A ::/ e BYTigy, . (5.13)
rev

However, since y(r) is common to all particles, A; is independent of i. Stated differ-
ently, r; is simply an integration variable in (5.13) and can be replaced by any r
without affecting the value of A;. Thus, dropping the subscript i, we obtain

1

_ (Ve —w)™
~ ASNN,! 1

N,
V= )N NAY, =)V = AWNT (1 + Vtth> . (5.14)

Z
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In this expression, the term proportional to A, that is,

Vi=)™ N,

=
DT ANV

(5.15)

comes from microstates with the single occupancy of the site. Therefore, the proba-
bility p; that the site is occupied is given by

N
7z A
pr= =t (5.16)
Z 1+y5A

Ignoring v in comparison to V; and using the relation

N, P

— = — 5.17

AR (5.17)
which follows from (4.139) and (4.140) for an ideal gas, we rewrite the above
expression for p; as

Bua /a3
e
= 5.18
W TYYE (>-18)
Comparing this expression with (5.8), we find
A
ePe = - (5.19)
Thus,
1
—&=—kgTn [3/ eB"’(r)dr} ) (5.20)
A rev

identifying —& as the Helmbholtz free energy of a particle subject to the external field
y(r) generated by the adsorption site.

By incorporating more realism into our model, we did not materially change the
behavior of p;. Instead, we obtained an explicit expression for the binding energy.
In principle, this allows us to predict —¢ from a detailed molecular level model of
particles and the adsorption site.

Exercise 5.1. Analyze the current model using a grand canonical ensemble applied
to the open system v. o

5.1.3 Multiple Independent Sites

Let us consider a collection of M independent adsorption sites instead of just one.
By the sites being independent, we mean that whether a given site is occupied or not
has no impact on any other site being occupied or not. In this case, we expect that
the probability p; that a given site is occupied still is given by x/(1 4 x). Now that
there are M such sites, we should have (N) = Mx/(1+x). Let us try to reach this
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conclusion through an explicit computation. Along the way, we are reminded of the
notion of the binomial coefficients, which we use later.

Asin Sect. 5.1.1, we take a small volume around each of the adsorption sites. The
collection of M such volumes forms an open system, which can be treated using a
grand canonical ensemble. Our starting point still is (4.128), in which we have to
give an expression for Q(E,N). We need to consider the following cases:

a. N =0. In this case E can only take a single value, zero, and hence
W (E,0)=6(E) and Q(E,0)=6(E). (5.21)

b. N = 1. In this case, E can only be —&. But there are M different choices for the
site to occupy. Thus,

W (E,1)=MO(E+¢) and Q(E,1)=MS(E+e¢). (5.22)

¢. N =2.Now, E can only be —2¢. The number of different ways of choosing two
sites to occupy from the M sites is given by M(M — 1) /2. To see this, note that
there are M different ways of choosing the first site to occupy. For each such
choice, there are M — 1 different choices for the second site to occupy. This gives
you M (M — 1) options. But, all what matters is which pair of sites is being occu-
pied in the end and not the order in which the two sites were occupied. Reversing
the order gives you exactly the same state. So, we need to divide M(M — 1) by 2.
Therefore,

MM

%G(Ens) and Q(E,1)=

MM=1) 5p o).

W (E,2) = 3
(5.23)

d. Generalizing the above considerations to N(< M) occupied sites, we find

Q(E,N) = ﬁa(ﬂw(«z) (N<M). (5.24)

To check the validity of this formula, set N = 0, 1, and 2. (Note that 0! = 1).

e. Needless to say, Q(E,N) =0if N > M.

Before we continue, we recall the standard notation for the binomial coefficient:

M M!

which gives the number of distinct ways of selecting N objects out of M objects
without any regard to the particular order in which the selection was made.
Using (5.24) in (4.128), we find

- M _ MM . MM
== § (1) omacrae § ()= 8 (1)

N=0

where x := ePH+€) a5 before.
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To compute the summation explicitly, we recall (B.30) for the binomial expan-
sion. Then, from (5.26),

MM
E=Y ( )leMN:(l+x)M. (5.27)
N=o \IV
Using (5.2), we obtain the average number (N) of particles in the entire system as
dlnZ M
(N) = (n ) =, (5.28)
aBu B.V 1 +x

in which V := Mv is the volume of the system, that is, the collection of M adsorption
sites each with the volume v. Thus,

=l = . (5.29)

Exercise 5.2. Derive (5.29) using (5.9) as the starting point. Assume that N; > M
meaning there are far more particles in the entire closed system than there are the
adsorption sites. Note that we tacitly made this approximation in this subsection by
using a grand canonical ensemble. Without this approximation, t of the gas phase
would depend on the number of adsorbed particles. n

5.1.4 Four Sites with Interaction Among Particles

Consider an array of four adsorption sites placed at the four vertices of a regular
tetrahedron as shown in Fig. 5.4. We assume that these sites are distinguishable

Fig. 5.4 Four adsorption sites on the vertices of a regular tetrahedron.
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(That is to say, for example, the state in which only the lower left corner being
occupied and the state in which only the middle site being occupied are to be con-
sidered as two distinct states.) and that each site can accommodate up to a single
particle. The binding energy per site is €, and the interaction energy between a pair
of adjacent particles is —w. We immerse this array of adsorption sites in a gas of
particles held at constant 7" and p. Our goal again is to compute pj.

We note that there are 2* = 16 states the system can take, which are divided
among the following cases:

a. N =0 with energy E = 0. As before, we have

Q(E,0)=6(E) . (5.30)

b. N =1, and hence E = —¢. Since there are four distinct states (reflecting the four
choices we can make for the occupied site), we have

Q(E, 1) =48(E +¢). (5.31)
c. N =2, in which case, E = —2& — w and there are (3) = 6 distinct states, leading
to

Q(E,2) =68(E +2e+w). (5.32)

d. N = 3, for which o
Q(E,3) =40(E+3e+3w). (5.33)

e. N =4, for which -
Q(E,4)=0(E+4e+6w). (5.34)

Note that the coefficients of the O-functions add up to 16 as they should. As before,
Q(E,N)=0for N > 5.
The grand canonical partition function follows from the above expressions for

Q(E,N) and (4.128), and is given by

[

=Y ePuN / Q(E,N)e PEAE = 1 +4x+ 6x2y+ 4% x40, (5.35)
N=0

where x := eP+€) and y := P Then,

(N) 1 (8 lnE> x+3x%y + 353y +aty° (5.36)
BV

="y =y opu T It dx+ 62y +4x3y3 a0

4 4
When Bw = 0, the sites behave independent of each other. Noting that y = 1 in this
case, you can verify that this equation reduces to (5.29).

Figure 5.5 illustrates the dependence of p; on x for a few values of w. The plot
for Bw = 0 is identical to what was shown in Fig. 5.3. For larger values of w, p;
is seen to change more rapidly over a much smaller range of x compared to the
plot for w = 0. This is an example of the cooperative phenomena. The presence of
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Fig. 5.5 Dependence of p; on x := eB#+€) for a few values of Bw.
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Fig. 5.6 Three triangular arrays of adsorption sites. The filled circles represent occupied sites,
while the open circles are unoccupied. For the configuration shown, we have £ = —3& —w.

adsorbed particles enhance the probability of further adsorption of another, hence
the word “cooperative.”

The four-site model we just studied is a classical model for hemoglobin. In this
context, the cooperative behavior accounts for the sensitivity of a hemoglobin in
regulating the O, adsorption/desorption in response to a small change in the partial
pressure of O5.

Exercise 5.3. Consider three triangular arrays, each carrying three adsorption sites
as shown in Fig. 5.6. Each site can accommodate up to a single particle. The binding
energy per site is €, while the interaction between a pair of adjacent particles, both in
the same array, is —w. There is no interaction among particles adsorbed on different
arrays.
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Now suppose that the arrays are placed in a closed system with only three iden-
tical particles and held at a constant temperature. While many distinct states are
accessible to the system, we focus only on the following two situations:

a. All three particles are adsorbed to a single array.
b. Each array carries exactly one particle.

For what range of temperature is situation a more likely than situation b? For the
sake of this problem, assume that the nine adsorption sites are all distinguishable. /

5.2 Mean-Field Approximation

So far, we have evaluated the partition functions =, Z, and the probability p; that a
given site is occupied by carrying out the required computations exactly.

However, it is not hard to see that the computation becomes quickly unmanage-
able with the increasing number of adsorption sites. There will be too many distinct
microstates to enumerate, which may or may not have the same energy. In such
cases, we are forced to introduce some approximation. In this section, we will look
at one very popular approximation scheme known as the mean-field approxima-
tion.

Note that the complication in carrying out the exact computation arises from the
interaction among adsorbed particles. In fact, M independent site model we saw in
Sect. 5.1.3 was no more complicated than a single site model of Sect. 5.1.1. But, if
there is no interaction (w = 0), there is no cooperative behavior either and the model
will not be very interesting to study in the first place.

The basic idea of a mean-field approximation is to treat each site as if it is inde-
pendent of the others while at the same time trying to capture some of the effects of
the actual interactions among adsorbed particles.

5.2.1 Four Sites with Interaction Among Particles

We have already obtained the exact expression for p; for this model. This forms
a basis for evaluating our approximation scheme. We will consider a much larger
system in Sect. 5.2.2.

A key observation is that a particle on a given site may be considered as “feeling”
the presence of particles on the other sites through an effective field they generate.
To illustrate the idea, let us focus on the particle at the central site in Fig. 5.4, which
we shall refer to as site 1.

There are three peripheral sites to consider. If only one of them is filled, the
interaction energy is —w. From the perspective of the particle at site 1, this has the
same effect as sitting alone but with the effective binding energy €.;f = € +w. When
two of the peripheral sites are filled, then &g felt by the central particle will be
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€+ 2w. Finally, if all three sites are occupied, &g = € 4+ 3w. To summarize,
Eff =E+Nw, (5.37)

where N is the total number of particles adsorbed at the peripheral sites.

So far, everything is exact. The difficulty of continuing with the exact solution
lies in the fact that & at site 1 depends on the value of N, and hence on the state
of the peripheral sites, which may change with time. A simple approximation to
circumvent this difficulty is to replace the exact N-dependent effective field by its
average. Noting that the average number of particles in each of the peripheral sites
is p1, we have

Eoff = <€eff> =8+<N>W=8+3plw. (5.38)

Being a thermal average, this expression is independent of the instantaneous state of
the peripheral sites. According to (5.38), site 1 may be regarded as the binding site
in the single site model of Sect. 5.1.1 but with the binding energy € + 3pw.

Under this approximation, we can immediately take over (5.8) and write down
the probability that site 1 is occupied as

eP(u+ee) ePute+3wp) xy3P1

1 4 eB(u+eesr) ~ 1 + eBu+e+3wpy) - 1 +xy3r -’ (5.39)

But, this quantity can only be p; since all the sites are equivalent and there is nothing
in the model that serves to single out site 1. Thus,

xy3l71

=—"— 5.40
1 +xy3n (>40)

P1

This is, then, the equation for p; under the mean-field approximation. The phrase
“mean-field” originates from our replacing the actual fluctuating field & generated
by particles on the peripheral sites by its average (€q).

For w =0, we have y = 1 and the approximation is, of course, exact. At fw =1,
the approximation is reasonably good as seen from Fig. 5.7a. With increasing w,
however, its prediction starts to deviate from the actual one as indicated by Fig. 5.7b.
When Bw = 2, the mean-field approximation incorrectly predicts a sudden jump in
p1, or a phase transition, with increasing x.

Exercise 5.4. Consider an array of four adsorption sites placed at four corners of a
square. We assume that these sites are distinguishable and that each site can accom-
modate up to a single particle. The binding energy per site is €, and the interaction
energy between a pair of particles occupying the nearest neighbor sites is —w. There
is no interaction across the diagonally separated particles because they are not a
nearest neighbor pair. The distance between them is v/2 times the lattice constant.

For example,
E=-2¢

E=-2e—w
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Fig. 5.7 Dependence of p; on x in the four interaction site model. Comparison between the exact
solution (solid line) and the mean-field approximation (dashed line).

This array is exposed to a gas phase of particles held at constant T
and U.

a. Let w =0, that is, there is no interaction among adsorbed particles. Find the exact
expression for the average number ¢ of adsorbed particles per site.

b. Let w # 0. Find the exact expression for ¢.

c. Use the mean-field approximation to derive the equation for ¢. Rather than com-
puting the partition function, consider the effective field generated by other par-
ticles at a given site and then use your answer from part a. n

5.2.2 Two-Dimensional Lattice

Suppose now that the M adsorption sites are arranged on a two-dimensional square
lattice. We continue to assign a binding energy € per site and the interaction energy
of —w between a nearest neighbor pair. The diagrams in Exercise 5.4 illustrate the
situation for M = 4.

We fix the number of particles N(< M) and work with the canonical ensemble.
Even before we get started, we see right away that p; = N/M in this case. So, what
is the point? Why do we even bother with this problem? Well, p; = N/M is the
probability that a given site is occupied if the system is, on average, homogeneous
throughout. But, whether the system can remain homogeneous depends on its ther-
modynamic stability. If the phase is unstable or even metastable for a given value
of N/M, then the system will eventually separate into two phases, one with p; less
than N/M and the other with p; greater than N/M.
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One way to investigate such a possibility is to compute the free energy of the
system as a function of p; assuming that it is homogeneous. The resulting free
energy function will tell us about the stability and the eventual fate of any given
homogeneous phase.

Now, the relevant partition function is given by (4.72). As we saw in Sect. 5.1.3,
there are (%) different ways of putting N particles in M sites. For a given configu-

ration, the energy of the system may be written as
E=—eN—wNy,. , (5.41)

where N, ,. is the number of the nearest neighbor pairs in that particular configu-
rations. Note carefully that N, , depends on the configuration under consideration.
For example, compare the following two configurations, both with M = 16, N = 4.

Nn.n. =4 N,,_,,_ =1

Now, let I' (N, ) denote the number of configurations containing exactly N, ..
nearest neighbor pairs. Clearly, I" satisfies

M
(N) = ;\%}F(annl) . (5.42)
In terms of I, we can write Q as
E(E) = z F(Nn.n.)S(E—FEN—FWMLnA) . (5.43)
Nﬂ.l‘l,

The canonical partition function is now given by

Z= / N T(Nyn)S(E + &N +why, e PEE
Nn.n.

= 3 T(Nyn)ePeNePrun = PN (%) > F(I}Y;.»z.)eng,,_n_ , (544
Nn.n. Nn.n, (N)

in which we identify the ratio I'(N,,.,.)/ (% ) as the probability of finding N,, ,. nearest
neighbor pairs in a configuration if it is chosen randomly with an equal probability
from (A]\/]I) configurations. Denoting the average with respect to this probability by

(-++)0, we obtain
M
_ BeN BNy,
Z=c¢ (N) <e >0 . (5.45)
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Up to this point, everything is exact. But, evaluation of the average in this expres-
sion is a difficult task. As a simple approximation, let us replace the average of the
exponential by the exponential of the average:

7~ ePeN (%) ¢!BWNundo — BeEN (%) P Nunlo (5.46)

This step, as carried out at the level of partition function, implements the mean-field
approximation. We will soon see why this is so.

Exercise 5.5. In this problem, we investigate how the mean-field approximation
affects the predicted free energy of the system:

a. Show that ¢* > 1 4 x for any real number x.

b. Noting that ¢* = e e and using the result from part a, show that (e*) > e,

c. What is the implication of the inequality in part b on the free energy of the system
estimated using the mean-field approximation? n

To evaluate (N, )o, let us focus on a particular site i and its z = 4 nearest neigh-
bor sites as shown below:

These sites (i, j, k, [, and m) may or may not be occupied. The probability that i is
occupied in a particular configuration we choose from () is simply N/M.>’ The
same applies to site j. Thus, the probability that both i and j are occupied, that is,
the probability that a nearest neighbor pair exists between sites i and j, is (N/M)?.
Similarly for other pairs involving site i. Thus, the average number of the nearest
neighbor pairs centered around i is given by (N /M)?z. There is nothing special about
site i and the same consideration applies to other sites as well. This suggests that the
average number of the nearest neighbor pairs in the system is

2
(Z) M, (5.47)

But, counting the pairs in this manner, we have counted each pair twice. When
counting the number of pairs centered around site i, we counted the i—j pair once.
Then, when counting the number of pairs centered around site j, we counted this
same pair for the second time. Dividing (5.47) by two to correct for the double
counting, we have

ZN?

Nn.n. = a7
(Nun)o ==

(5.48)
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So, (5.46) finally becomes

7 ~ PN (A]\f) exp <€;V/IZN2) . (5.49)

Now that we have the partition function, we can compute the Helmholtz free
energy of the system:

M ﬂZW 2
F=—-InZ=—-feN-1 ——N
B n Be n(N> M
N M—N Baw
~Nnh—+M-N)ln—— —feN——N 5.50
np - R ey Ey (5 50)

where we used Stirling’s formula (3.153). On per site basis, therefore,

r=PE oot (1-o)m(1-0)-peo— Lpawo?. 51

where we defined ¢ := N/M. We already remarked at the beginning of this section
that p; = ¢ holds only in a homogeneous phase. The quantity f is the (nondimen-
sional) free energy per site of this homogeneous phase.

Let us assume for a moment that a homogeneous system is stable and find the
relationship between ¢ and the chemical potential t of the particle. The latter fol-
lows from the identity:

Bu = (aﬁf)m = (?]\Zg)m - <3£)T

=In¢—In(1—¢)—Pe—Pzwo, (5.52)

where we assumed that the lattice constant is held fixed and treated w as a con-
stant. In this case, holding volume constant is equivalent to fixing M. From (5.52),
it follows that

O _ Blurerw)
— = weel . 5.53
=9 ¢ (5.53)
This result should be compared with (5.8), which may be rewritten as
_Pv_ Blute) (5.54)
1—pi

Our homogeneous system of interacting N particles is seen to be equivalent to a
single-site model provided that € in the latter is replaced by the effective binding
energy, or the mean-field, € +wz¢.

Let x := eP(H+e) and yi= P as before, and rewrite (5.53) as

xy™
= . 5.55
¢ 1 4 xy2¢ (5:55)
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Fig. 5.8 A two-dimensional triangular lattice. A given site (filled circle) has six nearest neighbor
sites.

This is essentially (5.40) with 3 replaced by z. Thus, under the mean-field approx-
imation, the quantity z, often referred to as the coordination number is the only
parameter reflecting the lattice structure of the model system. For example, in both
two-dimensional triangular lattices (see Fig. 5.8.) and three-dimensional cubic lat-
tices, the mean-field approximation gives (5.55) with z = 6. In reality, these two
systems behave differently especially near the critical point. For details, see Ref. [1].

Let us now examine the stability of a homogeneous system. The f versus ¢ plot
is shown in Fig. 5.9 for a few values of w. For simplicity, we set € = 0. Note that,
as Bzw is increased, the graph starts to exhibit two inflection points. Between these
points, the graph is concave down and the system is unstable. That is, the free energy
of the system can be lowered by splitting into two phases. This mechanism of phase
separation is known as the spinodal decomposition.

We recall that the inflection points of the curve are determined by

9%f/d¢* =0. (5.56)

According to (5.51), this equation has two real solutions in the interval [0, 1] if T is
sufficiently low. In this case, a homogeneous phase is unstable, metastable, or stable
depending on its value of ¢.

Let us denote the two real solutions of (5.56) by ¢“ and ¢°, where ¢¢ < ¢°.
Then, a phase with ¢¢ < ¢ < ¢” is unstable and will separate into two coexisting
phases one with p{ and the other with p‘ll, where p{ < ¢* < o’ < p‘l’]. Ifpi <¢ <
0% or ¢* < ¢ < p‘f , the phase is metastable and will separate into the two phases
(p§ and p‘{ ) given a sufficient amount of time. Phases with ¢ < p{ or ¢ > p‘f are
stable.

The two solutions ¢¢ and ¢ of (5.56) approach each other with increasing 7' and
eventually merge at the critical temperature 7;.. Above T, there is no real solution
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to (5.56). That is, a homogeneous phase is stable for all values of ¢ and there will
be no phase separation.

Exercise 5.6. Show that p; values at phase coexistence can be determined by means
of the common tangent construction. In this method, one looks for a tangent line to
the f versus ¢ plot having two points of contact. If this common tangent exists,
then the points of contact give the desired p; values. (See Sect. 2.16.2.4 for another
example of this graphical method.) n

Exercise 5.7.

a. For w > 0, find the critical temperature below which the system undergoes a
phase separation. Note that the result is independent of €.
b. Is there a phase separation if w < 0 ? n

Can we approach the same problem using a grand canonical ensemble? Combin-
ing (4.72) and (4.128), we see that = may be written as

PNZ(TVN) . (5.57)

- —
—_

=
M=

When Z from (5.49) is substituted in this equation, the result is a rather difficult
expression to evaluate.

However, based on what we saw in Sect. 4.1, N is expected to be extremely
sharply peaked around (N) for large enough M. In this case, the summation in (5.57)
may be replaced by the maximum term in the summand. Moreover, the value of N

25 ﬁZWZO -
JS AT (s J—
S Baw=1.0 e .
Ji 7T P ——
35 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Fig.5.9 f:=BF /M versus ¢ when € =0.
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corresponding to this maximum term may safely be identified with its average (N).
Thus, we write
E~eP*NZ(T, M N) (5.58)

and then maximize = (or minimize BQ = —InZ) with respect to N. When we
identify the optimum value of N with (N), the result is (5.52). In fact, from (5.58),

dlnZE _Bu+ dlnZ
N Iy—w) N ly=w)

=0, (5.59)

which is just the first equality in (5.52).

Example 5.1. Liquid crystal:*® Simple liquid crystals are systems consisting
of nonspherical, for example, rod-like, molecules. At high temperatures, the
orientation of these molecules is random; this is called the isotropic phase.
At low temperatures, molecules align parallel to each other; this is called the
nematic phase. The simplest lattice model for this transition is a three-state
model in which a molecule can take any one of three orthogonal orientations,
which we designate as x, y, and z. If two nearest molecules lie parallel to each
other, there is an energy gain of —¢, (&€ > 0). If they lie perpendicular, the
energy gain is zero. Assuming single occupancy on each site and no vacancy,
we may define variables o,(i), oy(i), and o,(i), such that o,(i) = 1 if the
molecule i lies parallel to the x-axis, 0y(i) = O otherwise and likewise for
other orientations. Of course, 0y(i) + 0y(i) + 0, (i) = I:

a. Construct an energy function for the system.
b. Let

1y
o= gl oy (i) (5.60)

denote the fraction of molecules pointing in the x-direction. What is (o)
in the isotropic phase?

c. Define an order parameter such that it is zero in the isotropic phase,
nonzero in the nematic phase and reaches a maximum of 1 at zero tem-
perature.

d. Find the isotropic—nematic transition temperature 7;.

Solution

a. Let
o (i) = oy(i)es + 0y (i)ey + o (i)e: . (5.61)
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If o (i) and @ (j) point in the same direction, o (i) - &' (j) = 1. The dot prod-
uct is zero otherwise. Thus,

E= —%8220(1’) o (j) . (5.62)
i jAi

For given 7, the summation over j includes only the nearest neighbors of i.
The factor 1/2 corrects for the double counting of each nearest neighbor
pair.

b. In an isotropic phase, each direction is equivalent to any other. Thus, we
have (o,) = (0y) = (0;). But, because

(0x+0y+0;) =(0x)+(0y) + (o) =1, (5.63)
we see that |
(6x) = (0y) = (0y) = 3 (5.64)
c. From (5.61)
(o) = (ox)ex + (0y)ey + (0y)e;. (5.65)

Because of (5.63), this graphically is a vector pointing from the origin &
to a point, call it X, on the plane defined by the following three points:

A=(1,0,0), B=(0,1,0), and C=(0,0,1). (5.66)

Since components (0y), (0y), and (o;) are all nonnegative, the point X is
confined to the triangle ABC. The isotropic phase is represented by the

point
(1 11

One possible choice of an order parameter 7] is the distance |SX| between
S and X, or more conveniently,

I ()

1
= (02 +(0y)* + (o) — 3. (5.68)
(We want to avoid the square root, which is a bit awkward to handle.) For
an isotropic phase, this quantity is zero. At zero temperature, the system is
in a completely ordered state, corresponding to point A, B, or C, for which

2

ISA|? = |SB|* = |SC|* = 3 (5.69)
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(This is because the minimum energy state completely dominates the sum-
mation in Z given below.) Normalizing [SX|? so that it is unity for A, B,
and C, we arrive at

3 1
=3 ((0:)* + (oy) + (02)?) — 5 (5.70)
d. The canonical partition function is given by
z=YePE, (5.71)

where the summation is over all possible orientations of all the molecules
in the system. To perform this summation, we organize it according to the
number Ny, of molecules pointing in the a-direction. We note that for given
Ny (00 = x,y,z), there are

N!

W (Ne, Ny, Ne) = NN, IN.!
INyIN!

(5.72)

distinct configurations. But, not all of them has the same energy, since the
latter depends on the number Ny, of nearest neighbor pairs of molecules
both pointing in the o-direction.

Let I' (Nyx, Nyy, Noz | Ny, Ny, N; ) denote the number of distinct configurations
with given values of Ny (@ = x,y,7) that are consistent with the given
values of Ny,. Clearly,

W(NmNy»Nz) = 2 F(Nxvay)77NZZ|NX7Ny7NZ) ) (5-73)
{Noor|Not }

where the summation is over all possible values of Ny (0 = x,y,7) for
given values of N,. We can also express E in terms of Ny, as

E = —& (N +Nyy+Nyp) . (5.74)
Then,

Z= 2 2 F<NxxﬁNyyasz‘NmNy7Nz)eﬁE(NXX+NV’V+NZZ) (5.75)
{No.} {Noot|No }

where the first summation is over all possible values of Ny, (& = x,,z). To
introduce the mean-field approximation, we rewrite this expression as

I' (Nyx, Nyy, Nz | Ny, Ny, N,
7= 2 W(Nx,Ny,NZ) 2 ( H;}Vy;]’ IZ\ZI‘ 1)\617 pA) Z)eﬁE(Nxx"'[Vyy"l‘sz)’
{Na} {Nooe|Na} (Ny, v )
(5.76)
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where the ratio I' /W is the probability of finding exactly Ny pairs of
molecules both pointing in the -direction if we are to choose randomly
with equal probability a single configuration from the total of W configu-
rations. Denoting the average with respect to this probability by (: - - )o, we
have

Z= Z W(NJHNyaNz) <€BE(N"'X+N}'}'+sz)>
{Na}

~ Y Wy, Ny, Ny) P MotV tNech (5.77)
{Na}

0

We still have to express (Ngq)o in terms of Ny. Noting that the desired
average is with respect to the probability I" /W, which does not take the
Boltzmann factor into account, we have
No

X% N = SN2, (5.78)

Xl
N N 2N

1
<Nococ>0 = E

where z is the coordination number. So, we now have

Bez
Z~ Y W (Ny, Ny, Ny ) 2 (N HM 2N Y g(NoNy,N) . (5.79)
{No} {No}

To simplify the computation further, we note that the summand ¢ is pro-
portional to the probability of finding exactly N, molecules pointing in the
a-direction. For a macroscopic system, we expect this probability to be
extremely sharply peaked around the average. This observation allows us
to replace the summation by the maximum term of the summand:

Z ~max{q(Ny,Ny,N;)} . (5.80)
ma (g(Ne.y.:) )

Using Stirling’s formula, we have

Ing=—N(0yIno,+ oylnoy +o;Ino;) + %ﬁaN (6> + 0,2 +0.%) .
(5.81)
where 0, := Ny /N by (5.60). We need to maximize Ing under the con-
straint that

{Gx+6y+0'z 1, (5.82)

0<o, <1, 0<o, <1, 0<o.<I.
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This may also be written as

{Gz =1- (Gx + Gy) ) (583)

0<o:<1l, 0<0,<1, 0Zo,+0,<1.

That is, the degrees of freedom here is just 2 not 3. So, in order to find the
maximum of Ing, we replace o, in (5.81) by 1 — 0y — 0, and then compute

dlng l—-o0,—o0,
=Nln——— ezN (20, + 0, — 1 5.84
(90'x n o, +B Z ( vt y ) ( )
and 9 .
— Oy — O,
29 NIn—2"% 4 BerN (0, +20,— 1) . (5.85)
doy oy

(Just as a check, note that the second equation can be obtained by exchang-
ing x and y in the first. This must be so because the expression for Ing is
symmetric with respect to such an exchange.)

The value of oy, that maximizes Ing is just {0y ) because ¢ is extremely
sharply peaked around the average. Thus,

In W +Bez(2(ox) +(oy)—1)=0 (5.86)
and .
1nM+ﬁsz(<ox>+2<oy>—1):o. (5.87)
(oy)
We see that the isotropic phase (at point S)
111
(to@). (o) = (5.55) (5:88)

is always a solution. But, there might be other solutions. Physically, we
expect that, when T > T;, the entropy dominates the free energy and Ing
is the maximum (the corresponding free energy F' ~ —kpT Inq being min-
imum) for the isotropic phase. In contrast, if 7 < 7;, we expect that the
energy dominates the free energy and we have a nematic phase, that is, the
maximum of In¢g should occur elsewhere even though In g is still extremum
at point S.

This suggests that the extremum at S changes from (local) maximum to
local minimum at 7' = 7;. To see this transition, we need to expand In g into
the Taylor series around S and retain at least up to the second-order terms.
The first-order term, as we have just seen, is zero. The second derivatives
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of Ing at S are:

2
1 1 1
a_nzq :N(————>+2NBez =2N(Bez—3),
0, s l-0,—0y, Oy 3
d’Ing| _ 2N(Bez—3), and oy — N(Bez—3). (5.89)
207 |~ =20 90,00y | SR

Retaining up to the second-order terms and using (B.17),
Ing ~ Ings + N(Bez—3) [(Aoy)* +AcAoy + (Acy)*] . (5.90)

where gg is the value of g of the isotropic phase. We also defined

1 1
AO'x::o'x—§ and AGYZZGy—g. 5.91)

But,

1 23
(Acx)2+onAoy+(Aay)2:(on+§Aoy) +Z(Ac7y)2 (5.92)

is zero only for the isotropic phase and positive otherwise. If § < 3/€z, Ing
is a (local) maximum at S and the isotropic phase prevails. On the other
hand, if B > 3/€z, Ing is a local minimum at S. That is, the isotropic phase
is unstable and we have a nematic phase. Thus, the transition temperature
T; is €z/3ksp.

5.3 Frequently Used Symbols

(A) , ensemble average of a dynamical variable A.

p1 , probability that an adsorption site is occupied.
D; , linear momentum of the ith particle.

pN , collective notation for py, ..., py-
r; , position vector of the ith particle.
™V, collective notation forry, ..., ry.

w , interaction energy between two nearest neighbor particles.
z , coordination number.

A , a generic dynamical variable.
E , energy of a system.

227
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F , Helmholtz free energy.
T , absolute temperature.
Z , canonical partition function.

# (E) , the number of microstates with H < E.

B, 1/kgT.

€ , binding energy.

6(x) , Dirac o-function.

U , chemical potential.

0(x) , step function defined by (D.2).

A , thermal wavelength h/\/2wmkpT of a particle of mass m.

Z , grand canonical partition function.
€ , density of states.

Reference

1. N. Goldenfeld (1992), Lectures on phase transitions and the renormalization group, Addison-
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