Chapter 10
Continuity and Limits of Functions

If we want to compute the value of a specific function at some point a, it may happen
that we can compute only the values of the function near a. Consider, for example,
the distance a free-falling object covers. This is given by the equation s(t) = g-%/2,
where ¢ is the time elapsed, and g is the gravitational constant. Knowing this equa-
tion, we can easily compute the value of s(¢). If, however, we want to calculate s(t)
at a particular time # = a by measuring the time, then we will not be able to calculate
the precise distance corresponding to this given time; we will obtain only a better
or worse approximation—depending on the precision of our instruments. However,
if we are careful, we will hope that if we use the value of ¢ that we get from the
measurement to recover s(t), the result will be close to the original s(a). In essence,
such difficulties always arise when we are trying to find some data with the help of
another measured quantity. At those times, we assume that if our measured quantity
differs from the real quantity by a very small amount, then the value computed from
it will also be very close to its actual value.

In such cases, we have a function f, and we assume that f(¢) will be close to
f(a) as long as ¢ deviates little from a. We call this property continuity. The precise
definition of this idea is the following.

Definition 10.1. Let f be defined on an open interval containing a. The function f
is continuous at a if for all € > 0, there exists a & > 0 (dependent on €) such that

lf(x)—f(a)| <&, if |x—a| <. (10.1)

Continuity of the function f at a graphically means that the graph G = graph f
has the following property: given an arbitrary (narrow) strip

{(xy): fla) —e <y < fla) +e},
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there exists an interval (a — 8,a + 6)
such that the part of G over this interval
lies inside the given strip (Figure 10.1).

It is clear that if (10.1) holds with
some O > 0, then it holds for all
6’ €(0,0) as well. In other words, if
for some € >0a é > 0is “good,” then
every positive 8’ < & is also “good.”
On the other hand, if a § > 0 is “good”
for some &, then itis good for all ' > ¢
as well. If our goal is to deduce whether
a function is continuous at a point, then
generally there is no need to find the
best (i.e., largest) 0 for each € > 0. It suffices to find just one such 0. (The situ-
ation is analogous to determining the convergence of sequences: we do not have to
find the smallest threshold for a given &; it is enough to find one.)

Examples 10.2. 1. The constant function f(x) = ¢ is continuous at all a. For every
€ > 0, every positive 6 is good.

2. The function f(x) = x is continuous at all a. For all € > 0, the choice of § = € is
good.

3. The function f(x) = x? is continuous at all a. If 0 < § < 1 and |x —a| < &, then
2| —

¥ —a |x—a|-|x+a|=|x—al-|x—a+2a| <|x—a|-(2]a] +1).

Thus, if

E
§—min(1, ——
mm( ’2|a|+1>’

then |x> —a?| < & - (2|a| + 1) < & whenever |x —a| < §.

4. The function f(x) = 1/x is continuous at all a # 0. To see this, for a given € >0 we
will choose the largest 0, and in fact, we will determine all x where |f(x) — f(a)| <
€. Let, for simplicity’s sake, 0 < a < 1 and 0 < € < 1. Then

1 1
—-=—+4¢, ifx= ,
X a 1+é€a
1

— g ifx=—2
X 1—é&a

Then, because 1/x is strictly monotone on (0, ),

a
<x<
1+e€a 1—¢ea’

|f(x)f(a)|28,ifx§2< a_ _«a )

l+éea’1—¢a

[f(x) = fla)] <e,if
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It then follows that for a given a and €,

2
):a a £d (10.2)

. a
d=min| —— —a,a — =
( l+ea 1+ea

1—¢a l+ea
is the largest 6 for which
|f(x)—f(a)| <e, if xe(a—¥6,a+9)

holds (Figure 10.2).
Later a more general theorem (10.44) will show that the continuity of f(x) = x
and f(x) = 1/x follows directly from the continuity of f(x) = x without extra work.

2

5. The function

1, ifx>0
flx)=sgnx=2< 0, ifx=0
-1, ifx<O

is continuous at all a # 0, but at 0, it is not continuous. Since f = 1 on the half-line
(0,00), it follows that for all @ > 0 and € > 0, the choice & = a is good. Similarly, if
a <0, then 6 = |a| is a good & for all €. However, |f(x) — f(0)| =1 if x # 0, so for
a=0,if 0 < € < 1, then we cannot choose a good delta (Figure 10.3).

6. The function

fx) =

x, if x is rational
—x, if x isirrational

is continuous at 0, but not continuous at any x # 0. It is continuous at 0, since for all

x| f(x) = f(O)] = |x], so
If(x) = £(0)| <&, if |x—0|<e,

that is, for all € > 0, the choice 6 = € is good.
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Now we show that the function is discontinuous at a # 0. Let a be a rational
number. Then at all irrational x (sharing the same sign), | f(x) — f(a)| > |a|. This, in
turn, means that for 0 < € < |a|, we cannot choose a good 6 for that €. The proof is
similar if a is irrational.

(We know that for all (8 > 0), there exist a rational number and an irrational

number in the interval (@ — 6,a + 8). See Theorems 3.2 and 3.12.) This example
is worth noting, for it shows that a function can be continuous at one point but not
continuous anywhere else. This situation is perhaps less intuitive than a function
that is continuous everywhere except at one point.
7. Let f(x) = {x} be the fractional-part function (see Figure 9.1, graph (8)). We
see that f is continuous at a if a is not an integer, and it is discontinuous at a if
a is an integer. Indeed, f(a) = a—[a] and f(x) =x—[d] if [a] <x < [a+ 1], so
|f(x) = f(a)] = |x—a] if [a] <x < [a+1]. Clearly, if a is not an integer, then

6 =min(g,a—[a],[a]+1—a)
is a good 8. If, however, a is an integer, then
If(x)=fla)|=|x—(a=1)[ >3, if a—j<x<a,

which implies that, for example, if 0 < £ < 1/2, then there does not exist a good &
for €.

We can see that if a is an integer, then the continuity of the function f(x) = {x}
is prevented only by behavior on the left-hand side of a. If this is the case, we say
the function is continuous from the right. We make this more precise below.

Definition 10.3. Let f be defined on an interval [a,b). We say that the function f is
continuous from the right at a if for all € > 0, there exists a > 0 such that

|f(x) = fa)| <e, if 0<x—a<é. (10.3)

The function f is continuous from the left at a if it is defined on an interval (c,a],
and if for all € > 0, there exists a 6 > 0 such that

|f(x)—fla)| <e, if 0<a—x<§é. (10.4)

Exercises

10.1. Show that the function f is continuous at a if and only if it is continuous both
from the right and from the left there.

10.2. Show that the function [x] is continuous at a if a is not an integer, and contin-
uous from the right at a if a is an integer.
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10.3. For a given € > 0, find a good § (according to Definition 10.1) in the following
functions.

@ fx)=(x+1)/(x—1),a=3;
() f(x) =x,a=2;
© f(x)=vx,a=2.

10.4. Continuity of the function f: R — R at a can be written using the following
expression:
(Ve >0)(30 > 0)(Vx)(Jx—a| < d = |f(x) — f(a)| < €).

Consider the following expressions:

(Ve >0)(Vo > 0)(Vx)(Jx—a| < 8 = |f(x) — f(a)| < &);
(e >0)(Vo > 0)(Vx)(Jx—a| < 8 = |f(x) — f(a)| < &);
(e >0)(36 > 0)(Vx)(Jx—a| < § = |f(x) — f(a)| < €);
(V6 >0)(Fe > 0)(Vx)(|x —a| < 6 = |f(x) — f(a)| < &);
(36 > 0)(Ve > 0)(¥x)(|x —a| < 6 = |f(x) — f(a)| < &)

What properties of f do these express?

10.5. Prove that if f is continuous at a point, then | f| is also continuous there. Con-
versely, does the continuity of f follow from the continuity of | f|?

10.6. Prove that if f and g are continuous at a point a, then max(f,g) and min(f,g)
are also continuous at a.

10.7. Prove that if the function f: R — R is monotone increasing and assumes every
rational number as a value, then it is continuous everywhere.

10.8. Prove that if f: R — R is not constant, continuous, and periodic, then it has a
smallest positive period. (H)

10.1 Limits of Functions

Before explaining limits of functions, we discuss three problems that shed light on
the need for defining limits and actually suggest a good definition for them. The first
two problems raise questions that are of fundamental importance; one can almost
say that the theory of analysis was developed to answer these questions. The third
problem is a concrete exercise, but it also demonstrates the concept of a limit well.

1. The first problem is defining speed. For constant speed, the value of velocity is
v=s/t, where s is the length of the path traveled at a time . Now consider movement
with a variable speed, and let s(z) denote the length of the path traveled at a time 7.
The problem is defining and computing instantaneous velocity at a given time t.
Let o(¢) denote the average speed on the time interval [y, ], that, is let
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s(1) = s(to)

o(t) = Pa—

This is the velocity that in the case of constant speed a point would have moving a
distance s(t) — s(tp) in time 7 — 1. If, for example,

s(ty=r’andrg=2, then (1) = . 28 = (1P +2+4).
In this case, if 7 is close to 2, then the average velocity in the interval [2,7] is close
to 12. It is clear that we should decide that 12 should be the instantaneous velocity
atty = 2.

Generally, if we know that there is a value v to which w(¢) is “very” close for all
t close enough to ¢, then we will call this v the instantaneous velocity at 7.

2. The second problem concerns defin- y
ing and finding a tangent line to the graph
of a function. Consider the graph of f and
a fixed point P = (a, f(a)) on it. Let h,(x)
denote the chord crossing P and (x,f(x))
(Figure 10.4). We wish to define the tan-
gent line to the curve, that is, the—yet to be
precisely defined—Iline to which these lines
tend. Since these lines cross P, their slopes
uniquely determine them. The slope of the

f)—f(a)

chord h,(x) is given by Fig. 10.4
ma() = TOT@ )

For example, in the case f(x) = 1/x,

It can be seen that if x tends to a, then m,(x) tends to —1/a?, in a sense yet to be
defined. Then it is only natural to say that the tangent at the point P is the line whose
slope is —1/a? that intersects the point (a, 1/a). Thus the equation of the tangent is

Generally, if the values
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tend to some value m while x tends to a (again, in a yet to be defined way), then
the line crossing P with slope m will be called the tangent of the graph of f at the
point P.

3. The third problem is finding the focal

length of a spherical mirror. Consider a spheri- SEu] H
cally curved concave mirror with radius r. Light DV I X
rays traveling parallel to the principal axis at dis- o~ / Jor~-
tance x from it will reflect off the mirror and in- Py o
tersect the principal axis at a point Py. The prob-
lem is to find the limit of P, as x tends to 0 (Fig-
ure 10.5).
Assuming knowledge of the law of reflection, Fig. 10.5

we have o 5

OF = ! , thatis in)(:ri.

(r/2) r2 —x2 2Vr? —x2

We see that if x is close enough to 0, then O P, gets arbitrarily close to the value r/2.
Thus the focal length of the spherically curved mirror is r/2.

In all three cases, the essence of the problem is the following: how do we define
what it means to say that “as x tends to a, the values f(x) tend to a number b” or
that “the limit of the function f at a is b”? The above three problems indicate that
we should define the limit of a function in a way that does not depend on the value
of f at x = a or the fact that the function f might not even be defined at x = a.

Continuity of f is the precise definition that Yy
at places “close” to a, the values of f are “close” b+e | _
to f(a). Then by conveniently modifying the b—
definition of continuity, we get the following b—e

definition for the limit of a function.

1
|
|
|
|
|
|

|1

[l

I
Definition 10.4. Let f be defined on an open in- [ f
terval containing a, excluding perhaps a itself. a—80a+8 X
The limit of f at a exists and has the value b if
for all £ > 0, there exists a 6 > 0 such that

Fig. 10.6
If(x)—b|<e, if 0<|x—a|<8. (10.5)

(See Figure 10.6.) Noting the definition of continuity, we see that the following
is clearly equivalent:

Definition 10.5. Let f be defined on an open interval containing a, excluding
perhaps a itself. The limit of f at a exists and has the value b if the function

) = {f<x>, if x#a

if x=a

is continuous at a.
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We denote that f has the limit b at a by

lim f(x) =b, or f(x) —=b, if x—a;

X—a

f(x) # b denotes that f does not tend to b.

If f is continuous at a, then the conditions of Definition 10.4 are satisfied with
b = f(a). Thus, the connection between continuity and limits can also be expressed
in the following way:

Let f be defined on an open interval containing a. The function f is continuous
at a if and only if limy_,, f'(x) exists and has the value f(a).

The statement lim,_,, f(x) = & holds the following interpretation in the graph of
f: given an arbitrarily “narrow” strip {(x,y) :b—¢€ <y < b+ €}, there existsa 6 >0
such that the part of the graph over the set (a — 6,a+ 8) \ {a} lies inside the strip.
The following theorem states that limits are unique.

Theorem 10.6. Iflim, . f(x) = b and limy_o f(x) = ', then b =1,

Proof. Suppose that b’ #b. Let 0 < € < |b’ —b|/2. Then the inequalities | f(x) —b| <
€ and |f(x) — b'| < € can never both hold at once (since if they did, then

b—b'| <|b—f(x)|+|f(x)=b|<e+e=2¢
would follow), which is impossible. O

Examples 10.7. 1. The function f(x) = sgn?x is not continuous at 0, but its limit
there exists and has the value 1. Clearly, the function

2 .
w oy )sgnix, if x#0
f(x)_{l, if x=0

has value 1 at all x, so f* is continuous at 0.

2. We show that
x—2

R 3xt2
Since x? —3x+42 = (x — 1)(x —2), then whenever x # 2,
x—2 1
¥ —=3x+2 x—1

From this, we have that

1
x—1

2—x
x—1|

x—2 1=
x2—3x+2 o

_1’_

Since whenever |x—2| < 1/2, |x— 1] > 1/2, it follows that | (2 —x)/(x — 1)| < € as
long as 0 < |2 —x| < min(g/2,1/2).
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3. Let

0, if x irrational
F=91 : _
if x= ¢, where p,q integers, ¢ >0 and (p,q) =1.

57
This function has the following strange properties from the point of view of conti-
nuity and limits:

a) The function f has a limit at every value a, which is 0 (even though f is not
identically 0).

b) The function f is continuous at every irrational point.

c¢) The function f is not continuous at any rational point.

To prove statement a), we need to show that if a is an arbitrary value, then for all
€ > 0, there exists a § > 0 such that

|f(x)—0| <e, if 0<x—a|<ad. (10.6)

For simplicity, let us restrict ourselves to the interval (—1,1). Let € > 0 be given,
and choose an integer n > 1/¢. By the definition of f, |f(x)| < 1/n for all irrational
numbers x and for all rational numbers x = p/q for which (p,q) = 1 and ¢ > n. That
is, | f(x) — 0] > 1/n only on the following points of (—1,1):

1 1 2 1 2 n—1
0,41, +—, =, +—, ..., &= +—,..., + .
2 3 3 n n

(10.7)

Now if a is an arbitrary point of the interval (—1, 1), then out of the finitely many
numbers in (10.7), there is one that is different from a, and among those, the closest
to a. Let this one be p;/qi, and let 8 = |p1/q1 — a]. Then inside the interval (a —
6,a+ §), there is no number in (10.7) other than a, so |f(x)| < 1/n < € if 0 <
|x—al < 6 =|p1/q1 —al, that is, for €, 6 = |p1/q1 —a| is a good choice. Since
€ > 0 was arbitrary, we have shown that lim,_,, f(x) = 0.

b) Since for an irrational number a we have f(a) = 0, lim,_,, f(x) = f(a) follows,
so the function is continuous at every irrational point.

¢) Since for a rational number a we have f(a) # 0, lim,_,, f(x) # f(a) follows, so
the function is not continuous at the rational points.

Remark 10.8. The function defined in Example 3 is named—after its discoverer—
the Riemann function." This function is then continuous at all irrational points, and
discontinuous at every rational point. It can be proven, however, that there does not
exist a function which is continuous at each rational point but discontinuous at all
irrational points (see Exercise 10.17).

Similar to the idea of one-sided continuity, there is also the notion of one-sided
limits.

1 Georg Friedrich Bernhard Riemann (1826-1866), German mathematician.
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Definition 10.9. Let f be defined on an open interval (a,c). The right-hand limit
of f at a is b if for every € > 0, there exists a 6 > 0 such that |f(x) —b| < € if
0<x—a<?é.

Notation: lim,_,,1¢ f(x) = b, lim,_,+ f(x) = b or f(x) — b, if x = a+0, or even
shorter, f(a+0) =b.
Left-hand limits can be defined and denoted in a similar way.

Remark 10.10. In the above notation, a + 0 and a — 0 are not numbers, simply sym-
bols that allow a more abbreviated notation for expressing the property given in the
definition.

The following theorem is clear from the definitions.

Theorem 10.11. lim,_,, f(x) = b if and only if both f(a+0) and f(a—0) exist, and
fla+0)=f(a—0)=0b.

Similarly to when we talked about limits of sequences, we will need to define the
concept of a function tending to positive and negative infinity.

Definition 10.12. Let f be defined on an open interval containing a, except possibly
a itself. The limit of the function f at a is o if for all numbers P, there exists a 6 > 0
such that f(x) > P whenever 0 < |x—a| < 8.

Notation: lim,_,, f(x) = oo, or f(x) — oo as
X —a.

The statement limy_,, f(x) = oo expresses the
following property of the graph of f: for arbitrary
P, there exists a § > 0 such that the graph over the
set (a—6,a+ 6) \ {a} lies above the horizontal
line y = P (Figure 10.7).

We define the limit of f as —eo at a point a
similarly. We will also need the one-sided equiv-
alents for functions tending to co.

Fig. 10.7

Definition 10.13. Let f be defined on an open interval (a,c). The right-hand limit
of f at a is oo if for every number P, there exists a § > 0 such that f(x) > P if
0<x—a<a.

Notation: lim,_, ;o f(x) = e0; f(x) = oo, if x = a+0; or f(a+0) = oo.
We define limy_; ;10 f(x) = —o0 and lim,_,,—¢ f(x) = *oo similarly.

But we are not yet done with the different variations of definitions of limits.

Definition 10.14. Let f be defined on the half-line (a,c0). We say that the limit
of f at eo is b if for all € > 0, there exists a K such that |f(x) —b| < e if x > K
(Figure 10.8).

Notation: lim,_,.. f(x) = b, or f(x)—b, if x — .
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We can similarly define the limit of f at —oco

being b.
Finally, we have one more type, in which b+ 8y
both the “place” and the “value” are infinite. —— 9L -Ac ————
p b AT

__v - _ _\~s__
Definition 10.15. Let f be defined on the half- bh—e \/ ¥

line (a,e0). We say that the limit of f at oo is e :

if for all P, there exists a K such that f(x) > P !

if x> K. K X
8

We get three more variations of the last defi- Fig. 10.
nition if we define the limit at oo as —eo, and the
limit at —eco as co or —oo.

To summarize, we have defined the following variants of limits:

b is finite b is finite b is finite
lim fx) = § o ;o lim fx)=q e p lim fx) =4 e

These are 15 variations of a concept that we can feel is based on a unifying idea.
To make this unifying concept clear, we introduce the notion of a neighborhood.

Definition 10.16. We define a neighborhood of a real number a as an interval of
the form (a — §,a+ &), where § is an arbitrary positive number. Sets of the form
[@,a+ &) and (a — 0,a] are called the right-hand, and respectively the left-hand
neighborhoods of the real number a.

A punctured neighborhood of the real number a is a set of the form (a — 6,a+
0)\ {a}, where & is an arbitrary positive number. Sets of the form (a,a+ &) and
(a— 8,a) are called the right-hand and respectively the left-hand punctured neigh-
borhoods of the real number a.

Finally, a neighborhood of s is a half-line of the form (K, ), where K is an arb-
itrary real number, while a neighborhood of —eo is a half-line of the form (—e, K),
where K is an arbitrary real number.

In the above definition, the prefix “punctured” indicates that we leave out the
point itself from its neighborhood, or that we “puncture” the set at that point. Now
with the help of the concept of neighborhoods, we can give a unified definition for
the 15 different types of limits, which also demonstrates the meaning of a limit
better.

Definition 10.17. Let o denote the real number a or one of the symbols a+0, a — 0,
oo, or —oco. In each case, by the punctured neighborhood of & we mean the punc-
tured neighborhood of a, the right-hand punctured neighborhood of a, the left-hand
punctured neighborhood of a, the neighborhood of <o, or the neighborhood of —eo
respectively. Let 3 denote the real number b, the symbol oo, or —oo,

Let f be defined on a punctured neighborhood of .. We say that lim,_, ¢ f(x) = 8
if for each neighborhood V of f3, there exists a punctured neighborhood U of a such
that f(x) e Vifx e U.
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We let the reader verify that each listed case of the definition of the limit can be
obtained (as a special case) from this definition.

Examples 10.18. 1.limy 049 1/x = oo, since 1/x > P,if 0 <x < 1/P.
lim, 50— 1/x = —eo, since 1/x < P,if 1/P < x < 0.

2. lim,_,0 1/x? = oo, since 1/x*> > P, if 0 < |x| < 1/v/P.

3. limyyeo (1 —2x) /(1 +x) = —2, as for arbitrary € > 0,

3
(—2) <£7ifx>g—1.

1—2x
14+x

BT

4.lim,_, .. 10x/(2x*> +3) = 0, since for arbitrary & > 0,

10x - 5 <e,if | ‘>5
" 2 i x> 2
23243 |« ’ e’

and so the same holds if x < —5/¢.

5. lim,—, o x? = oo, since x> > P if x < —/|P].

6. We show that lim,_,..a* = o for all @ > 1. Let P be given. If n = [P/(a—1)]+1
and x > n, then using the monotonicity of a* (Theorem 3.27) and Bernoulli’s in-
equality, we get that

ax>a":(1+(a—1))"21+n~(a—l)>%-(cz—l):P.

7. Let f(x) = x-[1/x]. Then limy_,o f(x) = 1 (Figure 10.9).
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Since
0,

nx,
—(l’l + l)xv

—X,

f(x)

129

ifx>1,

: 1 1
lfm <x< e

: 1 1
lf_ﬁ <XS—m,
ifx < —1,

we can see that if 1/(n+1) <x < 1/n holds, then n/(n+1) < f(x) < 1, that is,
|[f(x)—1] < 1/(n+1). Similarly, if —1/n <x < —1/(n+1), then 1< f(x) =
—(n+1x < (n+1)/n, thatis, | f(x) — 1| < 1/n. It then follows that

1 1
[f(x)—1] <=, ha 0<|x] < -.
n n

That is, for every € > 0, the choice § = 1/nis goodif n > 1/e.

8. Let f(x) = [x]/x (Figure 10.10), that is

07
n/x,
_<n+ 1)/x’

f(x)

ifo<x<1,
ifn<x<n+1,
if—(n+1)<x<-—n.

y
fo=4
e
//1 2 3 4
11— )l(
Fig. 10.10

Clearly limy_,0.0 f(x) = 0; moreover, limy_,g_¢ f(x) = o, since f(x)

—-1<x<0.

Finally, we show that

lim f(x)

X—roo

—1/x, if

Jim f(x) = 1.

Clearly, n/(n+1)=1-1/(n+1) < f(x) =n/x <1 if n<x<n+]1, that is,

|[f(x)=1]<1/(n+1),ifx >n,so

lim f(x) = 1.

X—roo
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Similarly,

1= 20D =

—(n+1)  —(n+1) 1
—(n+1) P —

=1+-
n

if —(n+1) <x < —n; therefore, |f(x) — 1] < 1/n if x < —n. Thus we see that
limy_y o f(x) = 1.
Exercises

10.9. In the following functions, the limit f3 at o exists. Find 3, and for each neigh-
borhood V of 8, give a neighborhood U of ¢ such that x € U implies f(x) € V

(@) f(x) = ], ¢ =2+0; b) f(x) = {x}, 0 =2+0;
(©) fx) = moq, 00 = oo A f(x) = 525, =140
(©) f(x) = 55, e = (f)f()z%l, o=1-0.
@ f(x) = Vat1—Vx o=oo hy VEEVE

X2 +5x+6 ) xl/\[
Ve ¥ G 21, o=

&) Va3 +1—x, o0 = oo

10.10. Can we define the function (y/x—1)/(x — 1) at x = 1 such that it will be
continuous there?

10.11. Let n be a positive integer. Can we define the function (/1 +x—1)/xatx=0
such that it will be continuous there?

10.12. Prove that the value of the Riemann function at x is
1 — lim max({x}, {2x},...,{nx}). H)
n—soo

10.13. Suppose that the function f: R — R has a finite limit b(x) at every point
x € R. Show that the function b is continuous everywhere.

10.14. Prove thatif f: R — R is periodic and lim,_,.. f(x) =0, then f is identically 0.

10.15. Prove that there is no function f: R — R whose limit at every point x is
infinite. (H)

10.16. Prove that if at each point x the limit of the function f: R — R equals zero,
then there exists a point x at which f(x) = 0. (H)

10.17. Prove that if the function f: R — R is continuous at every rational point,
then there is an irrational point at which it is also continuous. (x S)
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10.2 The Transference Principle

The concept of a limit of a function is closely related to the concept of a limit of a
sequence. This is expressed by the following theorem. (In the theorem, the meanings
of o and B are the same as in Definition 10.17.)

Theorem 10.19. Let f be defined on a punctured neighborhood U of o. We have
limy_, f(x) = B if and only if whenever a sequence (x,) satisfies

{x,} CU and x, — «, (10.8)
then lim, . f(x,) = B.

Proof. Suppose that oo = a and 3 = b are finite real numbers. We first prove that if
lim,_,, f(x) = b, then f(x,) — b whenever {x,} C U and x, — a.

Let € > 0 be given. We know that there exists a 8 > 0 such that |f(x) — b| < € if
0< |x—a| < 6. If x, — a, then there exists an ng for & > 0 such that |x, —a| < &
for all n > ng. Since by (10.8), x, is in a punctured neighborhood of a, x,, # a for
all n. Thus if n > ng, then 0 < |x,, —a| < 8, and so |f(x,) — b| < €. This shows that
f(x,) = b.

Now we show that if for all sequences satisfying (10.8) we have f(x;,) — b, then
lim,_,, f(x) = b. We prove this by contradiction.

Suppose that lim,_,, f(x) = b does not hold. This means that there exists an € > 0
for which there does not exist a good § > 0, that is, in all (a — §,a+ &) NU, there
exists an x for which |f(x) — b| > €. This is true for all § = 1/n specifically, so for
all n € NT, there is an x, € U for which 0 < |x, —a| < 1/n and |f(x,) — b| > €.
The sequence (x,) we get in this way has the properties that x, — a and x,, € U, but
f(x,) # b. This contradicts our assumptions.

Let us now consider the case that ¢ = a+ 0 and also 3 = . Suppose that
lim, 4.0 f(x) = oo, and let (x,) be a sequence approaching a from the right.” We
want to show that f(x,) — oo. Let K be fixed. Then there exists a 6 > 0 such that
f(x)>Kforalla <x<a-+ 9. Since x, — a and x,, > a, there exists an ng such that
a < x, < a+ 6 holds for all n > ng. Then f(x,) > K if n > ngy, which shows that
J(xn) = oo,

Now suppose that f(x,) — o for all sequences for which x, — a and x, > a.
We want to show that lim,_,,10 f(x) = co. We prove this by contradiction. If the
statement is false, then there exists a K for which there is no good &, that is, for all
0 > 0, there exists an x € (a,a+ §) such that f(x) < K. This is also true for each
6 = 1/n, so for each n € N*, there is an a < x, < a+ 1/n such that f(x,) <K.
The sequence (x,) we then get tends to a from the right, and f(x,) /4 oo, which
contradicts our initial assumption.

The statements for the rest of the cases can be shown similarly. a

Remark 10.20. We see that a necessary and sufficient condition for the existence of
a limit is that for each sequence x, — ¢, {x,} C U (i) (f(x,)) has a limit, and (ii)
the value of lim,,_,. f(x,) is independent of the choice of the sequence (x;,).

2 This naturally means that x,, > a for all n, and x,, — a.
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Here condition (ii) can actually be dropped, since it follows from (i). We can
show this using contradiction: suppose that (i) holds, but (ii) is false. This would
mean that there exist a sequence

X, — o, {x}cU

and a sequence
X = o, {xi}CU

such that

lim f(x/ lim f(x7).

lim f(x)) # lim /()
But then the sequence (x},x},x5,x5,...,x],,x//,...), which also tends to o, provides
us with a sequence

(O FO), (), f(32), - f () £ (), ),

which would oscillate at infinity, since it would have two subsequences that tend to
two different limits. This, however, is impossible by (i).

We call Theorem 10.19 the transference principle, since it “transfers” the con-
cept (and value) of limits of functions to limits of sequences.

The significance of the theorem lies in its ability to convert results pertaining to
limits of sequences into results about limits of functions. We will also want to use a
theorem connecting continuity to limits, but stating this will be much simpler than
Theorem 10.19, and we can actually reduce our new theorem to it.

Theorem 10.21. The function f is continuous at a point a if and only if f is defined
in a neighborhood of a and for each sequence (x,), x, — a implies f(x,) — f(a).

Proof. Suppose that f is continuous at a, and let (x,) be a sequence that tends to a.
For a fixed €, there exists a 6 such that |f(x) — f(a)| < € forall x € (a— 6,a+ 9).
Since x, — a, x, € (a— 6,a+ &) for all sufficiently large n. Thus | f(x,) — f(a)| < €
for all sufficiently large n, which shows that f(x,) — f(a).

Now suppose that f(x,) — f(a) if x, — a. By Theorem 10.19, it then follows
that lim,_,, f(x) = f(a), that is, f is continuous at a. O

For applications in the future, it is worth stating the following theorem.

Theorem 10.22. The finite limit limy_,,_o f(x) exists if and only if for for each se-
quence x, / a, (f(x,)) is convergent. That is, in the case of a left-hand limit, it
suffices to consider monotone increasing sequences (x,). A similar statement holds
for right-hand limits.

Proof. To prove the theorem, it is enough to show that if for every sequence x,, " a,
(f(x4)) is convergent, then it follows that for all sequences x,, — a such that x,, < a,
the sequence (f(x,)) is convergent.
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But this is a simple corollary of the fact that every sequence x, < a, x,, — a, can
be rearranged into a monotone increasing sequence (x, ) (See Theorem 6.7 and the
remark following it), and if the rearranged sequence (f(x,)) is convergent, then the
original sequence (f(x,)) is also convergent (see Theorem 5.5). O

Another—albeit not as deep—connection between limits of functions and limits
of sequences is as follows. An infinite sequence is actually just a function defined
on the positive integers. Then the limit of the sequence a; = f(1), ax = f(2), ...,
a, = f(n), ... is the limit of f at e, at least restricted to the set of positive integers.
To make this precise, we define the notion of a limit restricted to a set.

Definition 10.23. Let o denote a real number, the symbol o, or —eo. We say that
a is a limit point or an accumulation point of the set A if every neighborhood of o
contains infinitely many points of A.

Definition 10.24. Let o be a limit point of A = b € R. The limit of f at & restricted
to A is B if for each neighborhood V of 8 there exists a punctured neighborhood U
of a such that

fx) €V, if xeUNA. (10.9)

Notation: lim _ f (x) =B.
X€EA

Example 10.25. Let f be the Dirichlet function (as in (9) of Examples 9.7). Then for
an arbitrary real number ¢, we have lim, ¢ .eq f(x) = 1 and lim,_, xcr\q f(x) =0,
since f(x) = 1 if x is rational, and f(x) = 0 if x is irrational. It is clear that every real
number c is a limit point of the set of rational numbers as well as the set of irrational
numbers, so the above limits have meaning.

Remarks 10.26. 1. By this definition, the limit lim_,,¢ f(x) is simply the limit of
f at a restricted to the set (a, ).

2. The limit of the sequence a, = f(n) (in the case n — o) is simply the limit of f
as x — oo restricted to the set N*.

3. If e is not a limit point of the set A, then o has a punctured neighborhood U such
that U N A = 0. In this case, the conditions of the definition automatically hold (since
the statement x € U NA is then vacuous). Thus (10.9) is true for all neighborhoods
V of B. This means that we get a meaningful definition only if ¢ is a limit point
of A.

With regard to the above, the following is the most natural definition.

Definition 10.27. Let a € A C D(f). The function f is continuous at the point a res-
tricted to the set A if for every € > 0, there exists a 0 > 0 such that | f(x) — f(a)| < €
ifxe(a—6,a+0)NA.If A= D(f), then instead of saying that f is continuous at
the point a restricted to D(f), we say that f is continuous at a for short.
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Remarks 10.28. 1. By this definition, f being continuous from the right at a can also
be defined as f being continuous at a restricted to the interval [a, o).

2. In contrast to the definition of defining limits, we have to assume that f is defined
at @ when we define continuity. However, we do not need to assume that a is a limit
point of the set A. If a € A, but a is not a limit point of A, then we say that a is an
isolated point of A. It is easy to see that a is an isolated point of A if and only if
there exists a 8 > 0 such that (a — §,a+ 0) NA = {a}. It then follows that if a is
an isolated point of A, then every function f: A — R is continuous at a restricted
to A. Clearly, for every € > 0, the & above has the property that |f(x) — f(a)| < €
if x € (a—8,a+ 6) NA, since the last condition is satisfied only by x = a, and

|f(a) = fla)| =0 <e.

The following statements are often used; they are the equivalents to Theorems
5.7,5.8, and 5.10.

Theorem 10.29 (Squeeze Theorem). If the inequality f(x) < g(x) < h(x) is satis-
fied in a punctured neighborhood of o, and limy_, 4, f(x) = limy_,o h(x) = B, then
lim,_, ¢ g(x) = B.

Proof. The statement follows from Theorems 5.7 and 10.19. a

Theorem 10.30. If

xﬁlolcl,’l}ceAf(x) =b<e= xeloch,I}ceAg(x)’

then there exists a punctured neighborhood U of « such that f(x) < g(x) for all
x € UNA.

Proof. By the definition of the limit, for € = (¢ — b)/2, there exists a punctured
neighborhood U; of & such that | f(x) — b| < (c — b)/2 whenever x € ANUj. Simi-
larly, there is a U, such that |g(x) —c| < (¢ —b)/2 if x e ANU,. Let U = Uy NUs.
Then U is also a punctured neighborhood of o, and if x € AN U, then f (x) <
b+(c—b)2=c—(c—D)/2 < g(x). O

Theorem 10.31. If the limits limy_,o f(x) = b and lim,_,, g(x) = ¢ exist, and if
F(x) < g(x) holds on a punctured neighborhood of @, then b < c.

Proof. Let U be a punctured neighborhood of ¢ in which f(x) < g(x). Suppose that
b > c. Then by the previous theorem, there exists a punctured neighborhood V of o
such that f(x) > g(x) if x € V. This, however, is impossible, since the set U NV is
nonempty, and for each of its elements x, f(x) < g(x). O

Corollary 10.32. If f is continuous in a and f(a) > 0, then there exists a 6 > 0 such
that f(x) > 0 forall x € (a— 8,a+ 0). If f > 0 holds in a punctured neighborhood
of a and f is continuous at a, then f(a) > 0. O
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Remark 10.33. The converse of Theorem 10.30 is not true: if f(x) < g(x) holds
on a punctured neighborhood of o, then we cannot conclude that lim,_,q f(x) <
limy_, ¢ g(x). If, for example, f(x) =0 and g(x) = |x|, then f(x) < g(x) for all x # 0,
but limy_,o f(x) = lim,_,0 g(x) = 0.

The converse of Theorem 10.31 is also not true: if limy_,¢ f(x) < lim,_,4 g(x),
then we cannot conclude that f(x) < g(x) holds in a punctured neighborhood of a.
If, for example, f(x) = |x| and g(x) = 0, then lim,_,¢ f(x) < lim,_0g(x) = 0, but
f(x) > g(x) for all x # 0.

The following theorem for function limits is the analogue to Cauchy’s criterion.

Theorem 10.34. Let f be defined on a punctured neighborhood of o. The limit
limy_, ¢ f(x) exists and is finite if and only if for all € > 0, there exists a punctured
neighborhood U of o such that

|f(x1) = flx2)| <& (10.10)

ifx1,x € U.

Proof. Suppose that lim,_, ¢ f(x) = b € R, and let € > 0 be fixed. Then there exists
a punctured neighborhood U of ¢ such that | f(x) —b| < £/2 if x € U. It is clear that
(10.10) holds for all x1,x, € U.

Now suppose that the condition formulated in the theorem holds. If x,, — o and
Xy # o for all n, then the sequence f(x,) satisfies the Cauchy criterion. Indeed,
for a given &, choose a punctured neighborhood U such that (10.10) holds for all
x1,X% € U. Since x, — o and x,, # o for all n, there exists an N such that x,, € U
for all n > N. If n,m > N, then by (10.10), we have |f(x,) — f(xn)| < €. Then by
Theorem 6.13, the sequence (f(x,)) is convergent.

Fix a sequence x,, — a that satisfies x, # o for all n, and let lim,,_,o. f'(x,) = b.
If y, — « is another sequence satisfying y, # a for all n, then the combined seq-
uence (x1,y1,X2,y2,...) also satisfies this assumption, and so the sequence of func-
tion values s = (f(x1), f(31),f(x2), f(32),...) is also convergent. Since (f(x,)) is a
subsequence of this, the limit of s can only be b. On the other hand, (f(y,)) is also
a subsequence of s, so f(y,) — b. This holds for all sequences y, — a for which
yn # a for all n, so by the transference principle, lim,_,, f(x) = b. O

Exercises

10.18. Show that for all functions f: R — R, there exists a sequence x,, — oo such
that (f(x,)) has a limit.

10.19. Let f: R — R be arbitrary. Prove that the limit lim,_,.. f(x) exists if and only
if whenever the sequences (x,) and (y,) tend to e, and the limits lim,_e. f(x,),
lim,, e f (v,) exist, then they are equal.

10.20. Construct a function f: R — R such that f(a-n) — 0 (n — o) for all a > 0,
but the limit lim,_,. f(x) does not exist. (H)
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10.21. Prove that if f: R — R is continuous and f(a-n) — 0 (n — o) for all a > 0,
then lim, e f(x) = 0. (xS)

10.22. Let f: R — R be a function such that the sequence (f(x,)) has a limit for all
sequences x, — oo for which x,,1 /x, — co. Show that the limit lim,_,. f(x) exists.

10.23. Prove that if the points 1/n for all n € N* are limit points of H, then 0 is also
a limit point of H.

10.24. Show that every point x € R is a limit point of each of the sets Q and R\ Q.

10.25. Prove that (a) every bounded infinite set has a finite limit point; and (b) every
infinite set has a limit point.

10.26. Prove that if the set H has only one limit point, then H is countable, and it
can be listed as a sequence (x;,) such that lim, . x, exists and is equal to the limit
point of H.

10.27. What are the sets that have exactly two limit points?

10.28. Let f(x) = x if x is rational, and f(x) = —x if x is irrational. What can we say
about the limits lim, ¢ e f(x), and lim,_,. \er\@ f(*)?

10.3 Limits and Operations

In examples up until now, we deduced continuity and values of limits directly from
the definitions. The following theorems—which follow from the transference prin-
ciple and theorems analogous to theorems on limits of sequences—Ilet us deduce
the continuity or limits of more complex functions using what we already know
about continuity or limits of simple functions.

Theorem 10.35. Let o denote a number a or one of the symbols a—0, a+0, oo,
—oo, If the finite limits limy_, 4, f(x) = b and lim,_, o g(x) = ¢ exist, then

(i) limy—, o (f(x) + g(x)) exists and is equal to b+ c;
(i) imy—, o (f(x) - g(x)) exists and is equal to b - c;
(iil) If ¢ # 0, then limy_, o (f(x)/g(x)) exists and is equal to b/c.

Proof. We will go into detail only with (i). Let f and g be defined on a punc-
tured neighborhood U of . By the transference principle, we know that for
every sequence x, — @, X, € U, lim,_,« f(x,) = b and lim,_,.. g(x,) = c. Then by
Theorem 5.12,

im (f() + ¢(0n)) = b+,

which, by the transference principle again, gives us (i). Statements (ii) and (iii) can
be shown similarly. a
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Remarks 10.36. 1. In the first half of the proof, we used that the condition for se-
quences is necessary, while in the second half, we used that it is sufficient for the
limit to exist.

2. In statement (iii), we did not suppose that g(x) # 0. To ensure that the limit
lim,_, ¢ (f(x)/g(x)) has meaning, we see that if ¢ # 0, then there exists a punctured
neighborhood U of o in which g(x) # 0. Theorem 10.30 states that if ¢ < 0, then
in a suitable punctured neighborhood, g(x) < 0, and if ¢ > 0, then in a suitable U,
g(x)>0.

Examples 10.37. 1. A simple application of Theorem 10.35 gives
xX'—1 n

lim =—
x—1 xm—1 m

for all n,m € N, since if x # 1, then

x'—1 P P |
Xxm—1 _xm—1+xm—2_~_...+1'

Here the numerator has n summands, while the denominator has m, each of which
tendsto 1 if x — 1.
2. Consider the following problem. Find the values of a and b such that

lim (\/x2—x—|—1 - (ax+b)) -0 (10.11)

X—>00

holds. It is clear that only positive values of a can come into play, and so we have to
find limits of type “co — oo’ The following argument will lead us to an answer:

VX2 —x+1—(ax+b)=
(Vx2—x+1—(ax+Db))- (Vx2 —x+ 1+ (ax+b))

Vx2—x+ 1+ (ax+b)
X —x+1—(ax+b)?  (1—-a®)x*—(2ab+1)x+(1-0?)
Vxt—x+ 1+ (ax+b) Vxt—x+ 1+ (ax+b)

(l—az)x—(Zab—i-l)-i-%

V1-1+5+a+?

1 1 b b —1
l——+—5+a+-—a+1 and 2ab+1+ —2ab+1,

X X X X

if x — oo, the quotient can tend to O only if 1 — a? = 0, that is, considering a > 0,
only if @ = 1. In this case,

lim (\/x2 —x+1- (x+b)) = —ﬁ.

x—poo 2

This is 0 if b= —1/2. Thus (10.11) holds if and only ifa =1 and b = —1/2.

Since
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Definition 10.38. If
lim (f(x) — (ax+ b))

X—oo

0,

then we say that the asymptote of f(x) at e is the linear function ax+ b. (Or from a
geometric viewpoint: the asymptote of the curve y = f(x) at o is the line y = ax + b.)
The asymptote of f(x) at —eo is defined similarly.

Remark 10.39. In Theorems 5.12, 5.14 and 5.16, we saw that we can interchange
the order of taking limits of sequences and performing basic operations on them.
We also proved this in numerous cases in which the limit of one (or both) of the
sequences considered is infinity. These cases apply to the corresponding statements
for functions (with identical proofs), just as with the cases with finite limits. So for
example:

If lim,_, ¢ f(x) = D is finite and limy_, ¢ g(x) = oo, then lim,_, o (f(x) + g(x)) = eo.

Or if limy_, ¢ f(x) = a # 0, lim,_,¢ g(x) = 0 and g # 0 in a punctured neighbor-
hood of a, then limy_, | f(x)/g(x)| = o. If we also know that f/g has unchanging
sign, then it follows that lim,_, f(x)/g(x) = oo or lim,_, 4 f(x)/g(x) = —oo depend-
ing on the sign.

Example 10.40. Let x; and x, be the roots of the equation ax? + bx+ ¢ = 0. Find the
limits of x; and x; if b and ¢ are fixed, b # 0, and a — 0.

Let
—b++Vb?—4ac —b—+/b?—4ac
x| = B — and Xy = B ye—

We can suppose b > 0 without sacrificing generality. We see that then lim,_,0x] is
a limit of type 0/0. A simple rearrangement yields

Vb?2—4dac—b —4ac B —4c ¢

20 2a(Vb_dac+b) 2(Vb? _dact+b) b

For the other root, lim,—,o(—b — vVb* — 4ac) = —2b < 0 implies

X1 =

lim xp = —oo, and lim xp = oo.
a—0+0 a—0-0

We note that critical limits can arise in the case of functions as well—in fact,
exactly in the same situations as for sequences. Critical limits occur when the limits
of f and g on their own do not determine the limits of f+g, f-g, or f/g. So for
example, if lim,_,0 f(x) = lim,_,0g(x) = 0, then the limit lim,_, f(x)/g(x) can be
finite or infinite, or it might not exist. Clearly, lim,_ox/x = 1, lim)Hox/x3 = oo,
lim, 0 —x/x> = —co, and if f is the Riemann function, then the limit lim,_.¢ f(x) /x
does not exist (show this). The examples that illustrate critical limits for sequences
can usually be transformed into examples involving functions without much difficulty.

The following theorem addresses limits of compositions of functions.
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Theorem 10.41. Suppose that lim,_,, g(x) = y and lim;_, f(t) = B. If g(x) # vy
on a punctured neighborhood of o, or Y is finite and f continuous at 7, then

lim,_¢ f(g(x)) = B.

Proof. For brevity, we denote the punctured neighborhoods of & by U (a).

We have to show that for every neighborhood V of 3, we can find a U (o) such
that if x € U(a), then f(g(x)) € V. Since lim,_,, f(t) = B, there exists a W(y)
such that f(t) € V whenever t € W(y). Let W(y) = W(y) if y= oo or —co, and
let W(y) =W (y)U{y} if y is finite. Then W(y) is a neighborhood of ¥, so by
lim,_, ¢ g(x) = ¥, there exists a U; () such that if x € U; (@), then g(x) € W(y).

If we know that g(x) # v in a punctured neighborhood U () of @, then U (o) =
Ui(o) N Uz () is a punctured neighborhood of o such that whenever x € U(a),
g(x) € W(y) and g(x) # v, that is, g(x) € W(y), and thus f(g(x)) € V.

Now let f be continuous at y. Then f(¢) € V forallt € W(y), since f(y) =B €V.
Thus if x € Uy (x), then g(x) € W(y) and f(g(x)) € V. O

Remark 10.42. The crucial condition in the theorem is that either g(x) # yin U(a),
or that f is continuous at y. If neither of these holds, then the statement of the
theorem is not always true, which is illustrated by the following example. Let g be
the Riemann function (that is, function 3 in Example 10.7), and let

1, ife#o,
f(t)_{o, ifr = 0.

It is easy to see that then (fog)(x) = f(g(x)) is exactly the Dirichlet function.
In Example 10.7, we saw that lim,_,og(x) = 0. On the other hand, it is clear that
lim,_,0 f(z) = 1, while the limit lim,_,¢ f(g(x)) does not exist.

If y = oo, then the condition g(x) # ¥ (x € U(«)) automatically holds. This means
that if lim,_, ¢ g(x) = e and lim;_.. f(z) = 3, then lim,_,o f(g(x)) = B holds with-
out further assumptions. A special case of the converse of this is also true.

Theorem 10.43. Let f be defined in a neighborhood of . Then

1
i, (1) =t 1012

in the sense that if one limit exists, then so does the other, and they are equal.

Proof. Since limy_,o40 1/x = oo, as we saw before, the statement is true whenever
the right-hand side exists. If the left-hand side exists, then we apply Theorem 10.41
with the choices o = oo, g(x) = 1/x, and y = 0. Since g(x) is nowhere zero,

limh(1/x) = lim h
lim b(1/x) = lim h(x)

whenever the right-hand side exists. If we apply this to the function i(x) = f(1/x),
then we get (10.12).

As an application of Theorems 10.35 and 10.41, we immediately get the follow-
ing theorem.
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Theorem 10.44.

() If f and g are continuous at a, then f + g and f - g are also continuous at a, and
if g(a) #0, then f/g is continuous at a as well.

(ii) If g(x) is continuous at a and f(t) is continuous at g(a), then f o g is also con-
tinuous at a.

We prove the following regarding continuity of the inverse of a function. (We
would like to draw the reader’s attention to the fact that in the theorem, we do not
suppose that the function itself is continuous.)

Theorem 10.45. Let f be strictly monotone increasing (decreasing) on the interval
1. Then

() The inverse of f, f~!, is strictly monotone increasing (decreasing) on the set
f{I), and moreover,
(i) £~ is continuous at every point of f(I) restricted to the set f(I).

Proof. We can suppose that the interval / is nondegenerate, since otherwise, the
statement is trivial: on a set of one element, every function is strictly increasing,
decreasing, and continuous (restricted to the set). We can also assume that f is
strictly increasing, since the decreasing case can be proved the same way.

Since if uj, uy € I, u; < up, then f(u;) < f(uz), f is one-to-one, so it has an
inverse. Let x;,x, € f(I), and suppose that x; < x, but £~ (x;) > £~ !(x2). Since f
is monotone increasing, we would have

xi=f(F ') > F(f ) =x,

which is impossible. Thus we see that f~!(x;) < f~!(x2) if x; < xo, that is, ! is
monotone increasing.

f(©)

~

d
£(b)]

a—e b a ca+te

Fig. 10.11

Let d € f(I) be arbitrary. Then d = f(a) for a suitable a € I. We show that f~!
is continuous at d restricted to f(I). Let &€ > 0 be fixed. Since f~!(d) = a, we have
to show that there exists a § > 0 such that

Y x)e(a—e,ate) if xe(d—38,d+8)Nf(l). (10.13)
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Consider first the case that a is an interior point of / (that is, not an endpoint).
Then we can choose points b,c € I such that a—e<b<a<c<a+eée (see
Figure 10.11). Since f is strictly monotone increasing, f(b) < f(a) < f(c), that
is, f(b) < d < f(c). Choose a positive & such that f(b) <d—0 <d+6 < f(c). If
x € (d—8,d+8)N f(I), then by the strict monotonicity of £,

b=f"1(f) <f ) < fTH(fle)) =c.

Thus f~!(x) € (b,c) C (a— ¢&,a+ &), which proves (10.13).

If a is the left endpoint of a, then choose a point ¢ € I such thata < ¢ <a+ €.
Then d = f(a) < f(c), so for asuitable § > 0,d+ 6 < f(c). Ifx€ (d—38,d+6)N
f(I), then

a< [ <fH(fe) =e.
Thus £~ (x) € [a,¢) C (a—€,a+¢€), so (10.13) is again true. The argument for a
being the right endpoint of / is the same. a

Just as with sequences, we define order of magnitude and asymptotic equivalence
for functions as well.

Definition 10.46. Suppose that lim,_,o f(x) = limy_, o g(x) = 0. If
)

x—a g(x)

then we say that f tends to infinity faster than g (or g tends to infinity more slowly
than f). We can also say that the order of magnitude of f is greater than the order
of magnitude of g.

Similarly, if limy_, ¢ f(x) = limy_,¢ g(x) = 0 and lim,_,4 f(x)/g(x) = 0, then we
say that f tends to zero faster than g (or g tends to zero more slowly than f).

The statement limy_,q f(x)/g(x) =0 is sometimes denoted by f(x) = o(g(x))
(read: f(x) is little-o of g(x)).

If we know only that f(x)/g(x) is bounded in U(c), then we denote this by
f(x) =0(g(x)) (read: f(x) is big-O of g(x)).

Example 10.47. We show that if x — oo, then the function a* tends to infinity faster
than x* for every a > 1 and k > 0. To see this, we have to show that lim,_,.. a* /xk =
oo, Let P be a fixed real number. Since the sequence (a"/n¥) tends to infinity, there
exists an ng such that a" /nk > 2K. P if n > ng. Now if x > 1, then a* > al and
xK < (2-[x])* = 2k - [x]*. Thus if x > no, then [x] > no, and so

X x]

al

= 2

> P,

X»‘ S)

which concludes the argument.
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Consider the following functions:
n 2.3

e X XXX xS X, X253 (10.14)

It is easy to see that if x — oo, then in the above arrangement, each function tends
to infinity faster than the functions to the left of it. (For the function 2¥, this follows
from the previous example.)

Definition 10.48. Suppose that

lim f(x) = lim g(x) =0 or lim f(x) = lim g(x) = %eo.

xX—=Q X—0 X—0 X—0

If
lim @ =1,
x—a g(x)
then we say that f and g are asymptotically equal. We denote this by f ~ g if x — .

Example 10.49. We show that if x — 0, then /1 +x— 1 ~ x/2. Indeed,
Vitx—1 (V1+x—1)(VI4+x+1) 2

x/2)  (x/2)-(VT+x+1) _\/l+x+l_)1

if x — 0.

Exercises

3
10.29. lim, 7 7% Vf;zo —9

10.30. lim, % —7

10.31. limy_oox - [\/x2+2x—2\/x2+x+x} =7

10.32. limy oo x™/? - [Va+2+ X —2Vx+ 1] =?

1033, lim, ,; {00000 (100 o

10.34. Prove that

im ax+b oo, if bc—ad >0
x——d/c+0 cx+d —oo, ifbc—ad <0,

—oo, ifbc—ad >0
oo, if bc —ad <0,

ax+b
1m =
x——d/c—0 cx+d

and
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10.35. Let p(x) be a polynomial of degree at most n; that is, let
p(x) = apx" +a, 1 X"+ +ax+ap.

Prove that if

then p(x) = 0 for all x.

10.36. Construct functions f and g such that lim,_,q f(x) = oo, lim,_,0 g(x) = —eo,
and moreover,

(a) lim,—o(f(x) + g(x)) exists and is finite;
(b) limy0(f (x) + g(x)) = o=;

(©) limyo(f(x) + 8(x)) = o=

(d) lim,—0(f(x) 4 g(x)) does not exist

10.37. (a) If at x = a, f is continuous while g is not, then can f 4 g be continuous
here?
(b) If at x = q, neither f nor g is continuous, then can f + g be continuous here?

10.38. Suppose that ¢ : R — R is strictly monotone, and let R(¢) = R. Prove that if
f: R—Randif fo g is continuous, then f is continuous.

10.39. What can we say about the continuity of fog if in R,

(i) both f and g are continuous,
(ii) f is continuous, g is not continuous,
(iii) neither f nor g is continuous.

10.40. Give an example of functions f,g: R — R such that

lim f(x) = lim g(x) = 0, but lim f(g(x)) = L. (S)
x—0 x—0 x—=0
10.41. Prove that if f is the Riemann function, then the limit lim,_,o f(x)/x does not
exist.

10.42. Is the following statement true? If fi, f>, ... is an infinite sequence of contin-
uous functions and F (x) = inf{f(x)}, then F(x) is also continuous.

10.43. Is it true that if f is strictly monotone on the set A C R, then its inverse is
continuous on the set f(A)?

10.44. Let a and b be positive numbers. Prove that (a) if x — oo, then the order of
magnitude of x¢ is greater than the order of magnitude of x” if and only if a > b;
and (b) if x — 0+ 0, then the order of magnitude of x~“ is greater than the order of
magnitude of x~? if and only if a > b.
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10.45. Prove that in the ordering (10.14), each function tends to infinity faster than
the functions to the left of it.

10.46. Let a > 1 and k > 0. Prove that if x — oo, then the order of magnitude of av*
is larger than the order of magnitude of x*.

10.47. Suppose that all of the functions f, f2, ... tend to infinity as x — co. Prove
that there is a function f whose order of magnitude is greater than the order of
magnitude of each f,.

10.4 Continuous Functions in Closed and Bounded Intervals

The following theorems show that if f is continuous on a closed and bounded
interval, then it automatically follows that f possesses numerous other important
properties.

Definition 10.50. Let a < b. The function f is continuous in the interval [a,b] if it
is continuous at all x € (a,b), is continuous from the right at @, and continuous from
the left at b.

More generally:

Definition 10.51. Let A C D(f). The function f is continuous on the set A if at each
x € A, it is continuous when restricted to the set A.

From now on, we denote the set of all continuous functions on the closed and
bounded interval [a,b] by Cla, b].

Theorem 10.52. [f f € Cla,b], then f is bounded on |a,b).

Proof. We prove the statement by contradiction. Suppose that f is not bounded on
[a,b]. Then for no number K does |f(x)| < K for all x € [a,b] hold. Namely, for
every n, there exists an x,, € [a,b] such that |f(x,)| > n.

Consider the sequence (x,). This is bounded, since each of its terms falls
inside [a,b], so it has a convergent subsequence (x,, ). Let limy_,..x,, = o Since
{xn} C [a,b], o is also in [a,b]. However, f is continuous at a, so by the transfer-
ence principle, the sequence (f(x,,)) is convergent (and tends to f(ct)). It follows
that the sequence (f(x,, )) is bounded. This, however, contradicts that | f(x,, )| > ng
of all k. O

Remark 10.53. In the theorem, it is necessary to suppose that the function f is con-
tinuous on a closed and bounded interval. Dropping either assumption leads to the
statement of the theorem not being true. So for example, the function f(x) = 1/xis
continuous on the bounded interval (0, 1], but f is not bounded there. The function
f(x) = x? is continuous on [0, ), but is also not bounded there.
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Definition 10.54. Let f be defined on the set A. If the image of A, f(A), has a great-

est element, then we call it the (global) maximum of the function f over A, and

denote it by max f(A) or magcf(x). If a € A and f(a) = max f(A), then we say that
xe

a is an global maximum point of f over A.
If f(A) has a smallest element, then we call this the (global) minimum of the
function f over A, and denote it by min f(A) or mi/l;l f(x). If b€ A and f(b) =
XE

min f(A), then we say that b is a global minimum point of f over A.
We collectively call the global maximum and minimum points global extrema.

Naturally, on a set A, a function can have numerous maximum (or minimum)
points.

A set of numbers can have a maximum (or minimum) only if it is bounded from
above (below). However, as we have already seen, not every bounded set has a max-
imum or minimum element. If the image of a set A under a function f is bounded,
that alone does not guarantee that there will be a largest or smallest value of f.

For example, the fractional part f(x) = {x} is bounded on [0,2]. The least upper
bound of the image of this set is 1, but the function is never equal to 1. Thus this
function does not have a maximum point in [0, 2].

The following theorem shows that this cannot happen with a continuous function
on a closed and bounded interval.

Theorem 10.55 (Weierstrass’s Theorem). If f € Cla,b], then there exist a. € [a,b]
and P € [a,b), such that f(a) < f(x) < f(B) if x € [a,b]. In other words, a contin-
uous function always has an absolute maximum and minimum point over a closed
and bounded interval.

We give two proofs of the theorem.

Proof I. By Theorem 10.52, f([a,b]) is bounded. Let the least upper bound of
f([a,b]) be M. If M € f([a,b]), then this means that M = max_f(x). Thus we have

x€[a,b]
only to show that M & f([a,b]) is impossible. We prove this by contradiction. If
M ¢ f(Ja,b]), then the values of the function F(x) = M — f(x) are positive for all
X € [a,b]. Thus the function 1/F is also continuous on [a,b] (see Theorem 10.44),
so it is bounded there (by Theorem 10.52 again). Then there exists a K > 0 such that

1
— <K
M — f(x)
for all x € [a,b]. Taking reciprocals of both sides and rearranging (and using that
M — f(x) > 0 everywhere) yields the inequality

1
<M-—
flo) <M

if x € [a, b]. However, this contradicts M being the least upper bound of f([a,b]).
The existence of min f|a,b] can be proven similarly. (Or we can reduce it to the
statement regarding the maximum if we apply that to — f instead of f.) (|
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Proof II. Once again, let M = sup f([a,b]); we will show that M € f([a,b]). If nis a
positive integer, then M — (1/n) is not an upper bound of f([a,b]), since M was the
least upper bound. Thus there exists a point x, € [a,b] such that f(x,) > M — (1/n).
The sequence (x,) is bounded (since each of its terms falls in [a,b]), so it has a
convergent subsequence (x,, ). Let limy_,..x, = a. Since {x,} C [a,b], we have
o € [a,b]. Now f is continuous at ¢, so by the transference principle, f(x,, ) —
f(e). Since

1
M—— <f(xnk) <M
ny
for all &, by the squeeze theorem, M < f(a) < M, that is, f(o/) = M. This shows
that M € f([a,b]).
The existence of min f[a, b] can be proven similarly. O

Remark 10.56. Looking at the conditions of the theorem, it is again essential that
we are talking about continuous functions in closed, bounded intervals. As we saw
in Remark 10.53, if f is continuous on an open interval (a,b), then it might happen
that f((a,b)) is not bounded from above, and then max f((a,b)) does not exist. But
this can occur even if f is bounded. For example, the function f(x) = x is continuous
and bounded on the open interval (0, 1), but it does not have a greatest value there.

It is equally important for the interval to be bounded. This is illustrated by the
function f(x) = —1/(1+x?), which is bounded in [0, =), but does not have a greatest
value.

Another important property of continuous functions over closed and bounded
intervals is given by the following theorem.

Theorem 10.57 (Bolzano-Darboux® Theorem). If f € Cla,b], then f takes on
every value between f(a) and f(b) on the interval [a,b].

We give two proofs of this theorem again, since both proofs embody ideas that
are frequently used in analysis.

Proof I. Without loss of generality, we may assume that f(a) < c < f(b). We will
prove the existence of a point o € [a,b] such that the function takes on values not
larger than ¢ and not smaller than ¢ in every neighborhood of the point. Then by the
continuity of f at o, it follows that f(a) = c.

We will define o as the intersection of a sequence of nested closed intervals
Iy>hL D....Letly=[a,b].

b b
It f(a; )gc, then let I, = [a;,by] = [”,b},

2

2

We continue this process. If I, = [a,,b,] is already defined

b b
but if f (i) >c, thenlet I) = [a;,b1] = {a, a—i—}

3 Jean Gaston Darboux (1842-1917), French mathematician.
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Fig. 10.12
n bn n bn
and f <a er ) <c, thenlet I, = [ant1,bnt1] = [a;r,bn},
b b
but iff(a”—;”> > ¢, then let 1,1 = [an+1,bp11] = [an,a"; "}
The interval sequence Ip D I; D ... is defined such that
flan) < < f(bn) (10.15)

holds for all n (Figure 10.12). Since |I,| = (b —a)/2" — 0, the interval sequence
(I,) has exactly one shared point. Let this be . Clearly,

o = lim a, = lim b,
n—soo n—soo

and since f is continuous in ¢,
r}glolof(an) = ’}g};f(bn) = f(a). (10.16)
But by (10.15),
. o<l

lim f(ay) << lim f(by),
that is, (10.16) can hold only if f(ct) = c. O
Proof II. Let us suppose once again that f(a) < ¢ < f(b), and let

A={xela,b]: f(x) <c}.

The set A is then bounded and nonempty, since a € A. Thus o = supA exists, and
since A C [a,b], we have o € [a, b]. Since f is continuous at a and f(a) <c, f(x) <c
holds over a suitable interval [a,a+ ), and so a < o.. Moreover, since f is continu-
ous at b and f(b) > ¢, f(x) > ¢ holds on a suitable interval (b — J,b], and so & < b.
We will show that f(a) = c.



148 10 Continuity and Limits of Functions

If f(o) were larger than c, then there would exist an interval (ot — &, 0+ 6) in
which f(x) > ¢ would hold. But then o could not be the upper limit of the set A,
that is, its least upper bound, since the smaller oc — 6 would also be an upper bound
of A.

If, however, f(cr) were smaller than ¢, then there would exist an interval (o —
6,0+ 0) in which f(x) < ¢ held. But then o cannot be the upper limit of the set A
once again, since there would be values x in A that were larger than . Thus neither
f(at) > cmor f(a) < ¢ canhold, so f(a) =c. O

Corollary 10.58. If f € Cla,b|, then the image of f (the set f(|a,b])) is a closed and
bounded interval; in fact,

f([a,b]) = | min f(x), max f(x)|.

x€la,b] x€[a,b]

Proof. It follows from Weierstrass’s theorem that M = maxf([a,b]) and m = min
f([a,b]) exist. It is clear that f([a,b]) C [m,M]. By Theorem 10.57, we also know
that the function takes on every value of [m,M] in [a,D], so f(|a,b]) = [m,M]. O

It is easy to see from the above theorems that if / is any kind of interval and f is
continuous on /, then f(I) is also an interval (see Exercise 10.61).

Using the Bolzano—Darboux theorem, we can give a simple proof of the existence
of the kth roots of nonnegative numbers (Theorem (3.6)).

Corollary 10.59. If a > 0 and k is a positive integer, then there exists a nonnegative
real number b such that b* = a.

Proof. The function x* is continuous on the interval [0,a + 1] (why?). Since we

have f(0) =0<aand f(a+1) = (a+1)* > a+1 > a, by the Bolzano-Darboux
theorem, there exists a b € [0,a+ 1] such that b* = f(b) = a. O

Exercises

10.48. Give an example of a function f: [a,b] — R that is continuous on all of [a, D]
except for one point, and that is (a) not bounded, (b) bounded, but does not have a
greatest value.

10.49. Show that if f: R — R is continuous and limy_;e f(x) = lim,_, e f(x), then
f has either a largest or smallest value (not necessarily both).
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10.50. Which are the functions f: [a,b] — R which have smallest and largest values
on every nonempty set A C [a,b]?

10.51. Suppose that the function f: [a,b] — R satisfies the following properties:
(@) If a < ¢ <d < b, then f takes on every value between f(c) and f(d) on
[c,d]; moreover, (b) whenever x, € [a,b] for all n and x, — ¢, then on the set
{xn:n=1,2,...} U{c}, the function f has largest and smallest values. Prove that f
is continuous.

10.52. Let f: [a,b] — (0,0) be continuous. Prove that for suitable 6 > 0, f(x) > &
for all x € [a,b]. Give a counterexample if we write (a, b) instead of [a, b].

10.53. Let f, g: [a,b] — R be continuous and suppose that f(x) < g(x) for all
x € [a,b]. Prove that for suitable & >0, f(x)+0 < g(x) for all x € [a,b]. Give a
counterexample if we write (a,b) instead of [a, D).

10.54. Prove that if f: [a,b] — R is continuous and one-to-one, then it is strictly
monotone.

10.55. Show that if f: [a,b] — R is monotone increasing and the image contains
[f(a), f(b))NQ, then f is continuous.

10.56. Prove thatif f: [a,b]—R is continuous, then for every xi,...,x, € [a,b], there
exists a ¢ € [a,b] such that (f(x1)+ -+ f(xn))/n= f(c).

10.57. Prove that every cubic polynomial has a real root. Is it true that every fourth-
degree polynomial has a real root? (H)

10.58. Prove that if f: [a,b] — [a,b] is continuous, then there exists ¢ € [a,b] for
which f(c) = ¢. Give a counterexample if we take any other type of interval than
la, b]. (H)

10.59. Prove that if f: [0,1] — R is continuous and f(0) = f(1), then there exists
an x € [0,1/2] such that f(x) = f(x+ (1/2)). In fact, for every n € N, there exists
a0 <x<1-—(1/n)such that f(x) = f(x+ (1/n)).

10.60. Does there exist a continuous function f: R — R for which f(f(x)) = —x
for all x? (H)

10.61. Prove that if / is an interval (closed or not, bounded or not, degenerate or not)
and f: I — R is continuous, then f([) is also an interval. (S)
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10.5 Uniform Continuity Y
y=x
Let the function f be continuous on the in- I
terval I. This means that for all a € I and €
€

arbitrary € > 0, there exists a § > 0 such -
that

If(x) = fla)| <e, if x€(a—8,a+8)NI

I
(10.17) e S I
In many cases, we can determine the largest : : :

1 D™

possible & for a given a such that (10.17) 0 @y
holds. Let us denote this by 6(a). If € > 0
is fixed, then for different a, usually differ- Fig. 10.13

ent 8(a) correspond. It is easy to see, for

example, that for the function f(x) = x, the larger || is, the smaller the corre-
sponding &(a) is (Figure 10.13). Thus in the interval [0, 1], the §(a) corresponding
to a = 1 is the smallest, so for each a € [0, 1], we can choose 8 to be §(1). In other
words, this means that for all a € [0, 1]

F0) —fla)l <&, if lr—a| <8(1).

This argument, of course, does not usually work. Since there is not always a small-
est number out of infinitely many, we cannot always—at least using the above
method—find a & that is good for all a € I if we have a continuous function
f:1— R.Butsuch a § does not always exist. In the case of f(x) = 1/x, we found
the value of §(a) in Example 10.2.4 (see equation (10.2)). We can see that in this
case, 6(a) — 0if a — 0, that is, there does not exist a § that would be good at every
point of the interval (0, 1). As we will soon show, this phenomenon cannot occur in
functions that are continuous on a closed and bounded interval: in this case, there
must exist a shared, good 6 for the whole interval. We call this property uniform
continuity. The following is the precise definition:

Definition 10.60. The function f is uniformly continuous on the interval [ if for
every € > 0, there exists a (shared, independent of the position) 6 > 0 such that
if xp,x; €I and \xl —)C()‘ < 6, then |f(x1) —f()C())| < E. (10.18)
We can define uniform continuity on an arbitrary set A C R similarly: in the
above definition, write A in place of I everywhere.

Theorem 10.61 (Heine’s Theorem*). If f € C [a,b], then f is uniformly continuous
in [a,b].

Proof. We prove the statement by contradiction. Suppose that f is not uniformly
continuous in [a, b]. This means that there exists an & > 0 for which there does not
exist a & > 0 such that (10.18) holds. Then (10.18) does not hold with the choice

4 Heinrich Eduard Heine (1821-1881), German mathematician.
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6 = 1/n either, that is, for every n, there exist oy, € [a,b] and B, € [a, b] for which

1
ot — Bl < o (10.19)

but at the same time,

|f (o) = f(Ba)] > 0. (10.20)

Since @, € [a,b], there exists a convergent subsequence (0, ) whose limit, o, is also
in [a,b]. Now by (10.19),

B = (Bu, — Otw) + 0y, > 0+ 0 =01

Since f is continuous on [a, b], it is continuous at ¢ (restricted to [a, b]). Thus by the
transference principle, f (o, ) — f(c) and f (Bs,) — f(t), so

tim (£ ()~ (By)) = 0.
This, however, contradicts (10.20). O

Remark 10.62. In Theorem 10.61, both the boundedness and the closedness of the
interval [a, b] are necessary. For example, the function f(x) = 1/x is continuous on
(0,1), but it is not uniformly continuous there. This shows that the closedness as-
sumption cannot be dropped. The function f(x) = x? is continuous on (—oo, ), but
it is not uniformly continuous there. This shows that the boundedness assumption
cannot be dropped either.

Later, we will see that uniform continuity is a very useful property, and we often
need to determine whether a function is uniformly continuous on a set A. If A is a
closed and bounded interval, then our job is easy: by Heine’s theorem, the function
is uniformly continuous on A if and only if it is continuous at every point of A. If,
however, A is an interval that is neither bounded nor closed (perhaps A is not even
an interval), then Heine’s theorem does not help. This is why it is important for us
to know that there is a simple property that is easy to check that implies uniform
continuity.

Definition 10.63. The function f is said to have the Lipschitz® property (is Lips-
chitz, for short) on the set A if there exists a constant K > 0 such that

|f(x1) = f(x0)| < K- [x1 —xo (10.21)
for all xp,x; € A.

Theorem 10.64. If f is Lipschitz on the set A, then f is uniformly continuous on A.

3 Rudolph Otto Sigismund Lipschitz (1832-1903), German mathematician.



152 10 Continuity and Limits of Functions

Proof. 1f (10.21) holds for all xo,x; € A, then xo,x; € A and |x; —xo| < &€/K imply
€
[fGxr) = flxo)| < K-Jx1 —xo| <K =e.
O
Remark 10.65. The converse is generally not true: uniform continuity does not gen-
erally imply the Lipschitz property. (That is, the Lipschitz property is stronger than
uniform continuity.) So for example, the function +/x is not Lipschitz on the interval

[0,1]. Indeed, for every constant K > 0, if xo = 0 and 0 < x; < min(1,1/K?), then
x1 > K?-x?, and so

[vx1 —/Xo| = X1 > K -x1 =K - |x1 —x0].

On the other hand, /x is uniformly continuous on [0, 1], since it is continuous there.

Exercises

10.62. The functions given below are uniformly continuous on the given intervals
by Heine’s theorem. For all € > 0, give a 0 that satisfies the definition of uniform
continuity.

(a) x> on [0, 1]; (b) x* on [-2,2]; (c) v/xon [0,1].

10.63. Prove that (a) f(x) = x° is not uniformly continuous on R; and (b) f ( ) =
1/x? is not uniformly continuous on (0, 1), but is uniformly continuous on [1, 4-o).

10.64. Prove that if f is continuous on R and

lim f(x) = lim_f(x) =

X—yoo
then f is uniformly continuous on R.

10.65. Prove that if f is uniformly continuous on a bounded set A, then f is bounded
on A. Does this statement still hold if we do not assume that A is bounded?

10.66. Prove that if f: R — R and g: R — R are uniformly continuous on R, then
f + g is also uniformly continuous on R.

10.67. Is it true that if f: R — R and g: R — R are uniformly continuous on R,
then f - g is also uniformly continuous on R?

10.68. Prove that if f is continuous on [a,b], then for every € > 0, we can find a
piecewise linear function £(x) in [a,b] such that | f(x) — £(x)| < € for all x € [a,b]
(that is, the graph of f can be approximated to within less than € by a piecewise
linear function).
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(The function £(x) is a piecewise linear function on [a, b] if the interval [a,b] can be
subdivided with points ag =a < a; < --- < ap_1 < a, = b into subintervals [a;_1, ay]
on which £(x) is linear, that is, £(x) = cgx+ di if x € [ag_1,ar] and k=1,...,n.)

10.69. Prove that the function x* is Lipschitz on every bounded set (where & is an
arbitrary positive integer).

10.70. Prove that the function /x is Lipschitz on the interval [a,b] forall 0 < a < b.
10.71. Suppose that f and g are Lipschitz on A. Prove that then

(i) f+ g and c- f are Lipschitz on the set A for all ¢ € R; and
(ii) if the set A is bounded, then f - g is also Lipschitz on A. (H)

10.72. Give an example for Lipschitz functions f, g: R — R for which f - g is not
Lipschitz.

10.73. Suppose that f is Lipschitz on the closed and bounded interval [a,b]. Prove
that if f is nowhere zero, then 1/ f is also Lipschitz on [a,b].

10.74. Suppose that the function f: R — R satisfies | f(x1) — f(x2)| < |x; — x2|? for
all x1, xp € R. Prove that then f is constant.

10.6 Monotonicity and Continuity

Let f be defined on a punctured neighborhood of a. The function f is continuous at
a if and only if all of the following conditions hold:

(1) limy_,, f(x) exists,
(i) a € D(f),
(iil) limy, f(x) = f(a).
If any one of these three conditions does not hold, then the function is not continuous

at a; we then say that f has a point of discontinuity at a. We classify points of
discontinuity as follows.

Definition 10.66. Let f be defined on a punctured neighborhood of a, and suppose
that f is not continuous at a. If lim,_,, f(x) exists and is finite, but a € D(f) or
f(a) # lim,_,, f(x), then we say that a is a removable discontinuity of f.°

If lim,_,, f(x) does not exist, but the finite limits

lim f(x)=f(a+0) and lim f(x) = f(a—0)
x—a+0 x—a—0
both exist (and then are necessarily different), then we say that f has a jump discon-
tinuity at a. We call removable discontinuities and jump discontinuities discontinu-
ities of the first type collectively.
In all other cases, we say that f has a discontinuity of the second type at a.

6 Since then, by setting f(a) = lim,_,, f(x), f can be made continuous at a.
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Examples 10.67. 1. The functions {x} and [x] have jump discontinuities at every
positive integer value. Similarly, the function sgnx has a jump discontinuity at 0.

2. The Riemann function (function 3. in Example 10.7) has a removable discontinu-
ity at every rational point.

3. The Dirichlet function (function (9) in Example 9.7) has discontinuities of the
second type at every point.

Below, we will show that the points of discontinuity of a monotone function are
of the first type, and these can only be jump discontinuities. This is equivalent to
saying that a monotone function possesses both one-sided limits at every point.

Theorem 10.68. Let f be monotone increasing on the finite or infinite open interval
(a,b). Then

(i) for every xo € (a,b), the finite limits f(xo —0) and f(xo+ 0) exist, and

f()C() — O) < f(X()) < f(X() +0).

(ii) If f is bounded from above on (a,b), then the finite limit f(b—0) exists. If f is
bounded from below on (a,b), then the finite limit f(a+0) exists.

(i) If f is not bounded from above on (a,b), then f(b—0) = co; if f is not bounded
from below on (a,b), then f(a+0) = —oo.

A similar statement can be formulated for monotone decreasing functions, as
well as for intervals that are unbounded. We give two proofs of the theorem.

Proof I. (i) Since f(x) < f(xo) for all x € (a,xp), the set f ((a,x0)) is bounded from
above, and f(xg) is an upper bound. Let o« = sup f((a,x9)); then o < f(xp).

Let € > 0 be fixed. Since « is the least upper bound of the set f ((a,xp)), & — €
cannot be an upper bound. Thus there exists x, € (a,xg) for which a —& < f(x¢).
Now by the monotonicity of f and the definition of ,

a—e< flxg) < fx)<a

if a < x¢ < x < xp, which clearly shows that lim,_,,_o f (x) = o. Thus we saw that
f(xp —0) exists and is finite, as well as that f(xo —0) < f(xp). The argument is
similar for f(xo+0) > f(xo).

Statements (ii) and (iii) can be proven similarly; in the first statement of (ii),
sup f ((a,b)) takes on the role of f(xp). O

Proof I1. We will go into detail only in proving (i). By Theorem 10.22, it suffices to
show that for every sequence x, ,” xo, (f(x,)) is convergent, and its limit is at most
f(x0). By the monotonicity of f, if x, * xo, then (f(x,)) is monotone increasing;
it has a (finite or infinite) limit. Since also f(x,) < f(xo) for all n, lim,_e. f(x,) <

f()q)). O

Corollary 10.69. If f is monotone on (a,b), then at every point xo € (a,b), it either
is continuous or has a jump discontinuity: a monotone function on (a,b) can have
only jump discontinuities.
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We now show that discontinuities of a mono- y
tone function are limited not only by type, but /
by quantity.
re)T—-——————-
Theorem 10.70. If f is monotone on the open /l
interval I, then it can have at most countably |
many discontinuities on I. '
rc))+—-—— |
Proof. Without loss of generality, we may ass- rd //‘ :
ume that f is monotone increasing on I. If f Cll c'2 >

is not continuous at a ¢ € I, then f(c—0) <
f(c+0). Let r(c) be a rational number for Fig. 10.14
which f(c—0) < r(c) < f(c+0). If ¢; < ca,
then by the monotonicity of f, f(c; +0) <
f(c2—0). Thus if f has both ¢; and ¢; as points of discontinuity, then r(c;) < r(c2)
(Figure 10.14).

This means that we have created a one-to-one correspondence between the points
of discontinuity and a subset of the rational numbers. Since the set of rational num-
bers is countable, f can have only a countable number of discontinuities. O

Remark 10.71. Given an arbitrary countable set of numbers A, we can construct a
function f that is monotone on (—eoo,0) and whose set of points of discontinuity
is exactly A (see Exercise 10.76). So for example, we can construct a monotone
increasing function on (—eo, o) that is continuous at every irrational point and dis-
continuous at every rational point.

In Theorem 10.45, we saw that if f is strictly monotone in the interval /, then its
inverse is continuous on the interval f(I). If the function f is also continuous, then
we can expand on this in the following way.

Theorem 10.72. Let f be strictly increasing and continuous on the interval I. Then

(i) f(I) is also an interval; namely,
if 1= [a,b), then £(I) = [f(a), f(B))
if I = [a,b), where b is finite or infinite, then f(I) = [f(a),sup f(I));
if I = (a,b], where a is finite or infinite, then f(I) = (inf f(I), f(D)];
if I = (a,b), where each of a and b is either finite or infinite, then f(I) =
(int £(1),sup £(1)).

(ii) The inverse of f, f~', is strictly monotone increasing and continuous on the
interval f(I) restricted to f(I).

A similar statement can be made for strictly monotone decreasing and continuous
functions.

Proof. We need only prove (i). If I = [a,b], then f(I) = [f(a), f(b)] is clear from
the Bolzano—Darboux theorem (Figure 10.15).

Next suppose that [ = [a,b). It is clear that then, f(I) C [f(a),sup f(I)]. If
fla) <c < supf(I), then let us choose a point u € I for which ¢ < f(u). By the
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Fig. 10.15

Bolzano-Darboux theorem, f takes on every value between f(a) and f(u) on the

interval [a,u], so ¢ € f([a,u]) C f(I).

This shows that [f(a),sup f(I)) C f(I). To prove that f(I) = [f(a),sup f(I)), we
just need to show that sup f () ¢ f(I). Indeed, if ¢ € f(I) and ¢ = f(u), where u € I,
then u < v € I implies ¢ = f(u) < f(v) < sup f(I), so ¢ # sup f(I).

The rest of the statements can be proved similarly.

O

Remark 10.73. By the previous theorem, the inverse of a function f defined on an
interval [a, b] exists and is also defined on a closed and bounded interval if the func-
tion f is strictly monotone and continuous. This condition is far from necessary, as
the following example illustrates (Figure 10.16).

Let f be defined for x € [0,1] as

) X, if x is rational,
X)) =
1 —x, ifxisirrational.

It is easy to see that in [0, 1], f

a) is not monotone on any subinterval,

b) is nowhere continuous except for the
point x = 1/2; yet

c) the inverse of f exists.

Moreover, f([0,1]) =[0,1], so f is a
one-to-one correspondence from [0,1] to
itself that is nowhere monotone and is con-
tinuous nowhere except at one point.

'

. ’
- < ? |
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| ? N '\\‘ | I
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| i3 |
: I * I |l
1o : o ||
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Fig. 10.16

We see, however, that if f is continuous on an interval, then strict monotonicity
of f is necessary and sufficient for the inverse function to exist (see Exercise 10.54).
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Exercises

10.75. Give a function f: [0,1] — [0,1] that is monotone and has infinitely many
jump discontinuities.

10.76. Prove that for every countable set A C R, there exists a monotone increasing
function f: R — R that jumps at every point of A but is continuous at every point
of R\ A. (H)

10.77. Let f be defined on a neighborhood of a, and let
m(h) =inf{f(x) :x € [a—h,a+h]}, M(h)=sup{f(x):x € [a—h,a+h]}

for all 4 > 0. Prove that the limits limy,_,0.o M (h) = M and limy,_o.1o m(h) = m exist,
and moreover, that f is continuous at a if and only if m = M.

10.78. Can f have an inverse function in [—1,1] if f([—1,1]) =[—1,1] and f has
exactly two points of discontinuity in [—1,1]?

10.79. Construct a function f: R — R that is continuous at every point different
from zero and has a discontinuity of the second type at zero.

10.80. Let f: R — R be a function such that f(x—0) < f(x) < f(x+0) for all x. Is
it true that f is monotone increasing? (H)

10.81. Prove that the set of discontinuities of the first type of every function f: R —
R is countable. (H)

10.82. Prove that if there is a discontinuity of the first type at every rational point of
the function f: R — R, then there is an irrational point where it is continuous. (H)

10.7 Convexity and Continuity

Our first goal is to prove that a convex function in an open interval is necessarily
continuous. As we will see, this follows from the fact that if f is convex, then every
point ¢ has a neighborhood in which f can be surrounded by two continuous (linear)
functions that share the value f(c) at c. To see this, we first prove a helping theorem.
We recall that (for a given f) the linear function that agrees with f ata and b is h,p,
that is,
b)—fl(a
o) = PO ()4 p(a),
—a

Lemma 10.74. Let f be convex on the interval I. If a, b€ I, a < b, and x € I\ [a,b],
then

Fx) = hap(). (10.22)
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If f is strictly convex on I, then strict inequality holds in (10.22). (That is, outside the
interval [a,b], the points of the graph of f lie above the line connecting the points
(a,f(a)) and (b, f(b)); see Figure 9.2.)

Proof. Suppose that a < b < x. By the definition of convexity, f(b) < h, «(b), that s,

1) < D oy ),

a

which yields (10.22) after a simple rearrangement. If instead x < a < b, then f(a) <
hyp(a), that is,

7@ < TO=I0 sy,

which yields (10.22) after a simple rearrangement.
If f is strictly convex, then we can repeat the above argument using strict in-
equalities. a

Now we can easily prove the continuity of convex functions.
Theorem 10.75. If f is convex on the open interval I, then f is continuous on I.

Proof. Let ¢ € I be fixed, and choose points a,b € I such thata < ¢ < b.If x € (¢, D),
then by the above lemma and the convexity of f,

Rac(x) < f(x) < hep(x).

Since limy . hgc(x) = limychep(x) = f(c), by the squeeze theorem we have
limy_sc10 f(x) = f(c). We can similarly get that lim,_,._¢ f(x) = f(c). O

If f is convex on the interval I, then for arbitrary a,b € I,

f<6142rb) < f(a);rf(b). (10.23)

Indeed, if a = b, then (10.23) is clear, while if a < b, (10.23) follows from the in-
equality f(x) < h,p(x) applied to x = (a+b)/2. The functions that satisfy (10.23)
for all a,b € I are called weakly convex functions.” The function f is weakly con-
cave if f((a+b)/2) > (f(a)+ f(b))/2 forall a,b € I.

The condition for weak convexity—true to its name—is a weaker condition than
convexity, that is, there exist functions that are weakly convex but not convex. One
can show that there exists a function f: R — R that is additive in the sense that
Ff(x+y) = f(x)+ f(y) holds for all x,y € R, but is not continuous. (The proof of
this fact, however, is beyond the scope of this book.) Now it is easy to see that
such a function is weakly convex, and it actually satisfies the stronger condition
f(a+b)/2) = (f(a)+ f(b))/2 as well for all a,b. On the other hand, f is not
convex, since it is not continuous.

7 Weakly convex functions are often called Jensen-convex functions as well.



10.7 Convexity and Continuity 159

In the following theorem, we prove that if f is continuous, then the weak con-
vexity of f is equivalent to the convexity of f. This means that in talking about
continuous functions, to determine convexity it is enough to check the conditions
for weak convexity, which is usually easier to do.

Theorem 10.76. Suppose that f is continuous and is weakly convex on the inter-
val I. Then f is convex on I.

Proof. We have to show that if a,x0,b € I and a < xg < b, then f(x) < hgp(x0).
Suppose that this is not true, that is, f(xo) > hqp(x0). This means that the function
g(x) = f(x) —hqp(x) is positive at xo. Since g(a) = 0, there exists a last point before
xo where g vanishes. To see this, let A = {x € [a,x0] : g(x) = 0}, and let o = supA.
Then a < o < x9. We show that g(or) = 0. We can choose a sequence x, € A that
tends to ¢, and so by the continuity of g, we have g(x,) — g(a). Since g(x,) = 0 for
all n, we must have g(or) = 0. It follows that & < xo, and the function g is positive
on the interval (o, xp]: if there were a point a < x| < xp such that g(x;) <0, then
by the Bolzano—Darboux theorem, g would have a root in [x},xo], which contradicts
the fact that o is the supremum of the set A.

By the exact same argument, there is a first point 3 after xo where g vanishes,
and so the function g is positive in the interval [xo, ). Then g(ct) = g(B) = 0, and
g(x) > 0forallx € (o, B). Now we got g by subtracting a linear function ¢ from f. It
follows that g is also weakly convex; since ¢ is linear, £((a + ) /2) = (€(a) +£(b)) /2
for all a,b, so if f satisfies inequality (10.23), then subtracting ¢ does not change
this. However, g(a) = g(B) =0 and g((o+f)/2) > 0, so (10.23) is not satisfied
with the choices @ = o and b = 3. This is a contradiction, which shows that f is
convex. a

Remark 10.77. If the function f: I — R satisfies the condition

f<a+b> PRIORNI0) (10.24)

2 2

forall a, b € I, a # b, then we call f strictly weakly convex. We can similarly define
strictly weakly concave functions. By the previous theorem, it follows that if f is
continuous and strictly weakly convex on the interval I, then f is strictly convex on
I. Indeed, it is easy to see that if f is convex but not strictly convex on the interval
I, then there is a subinterval J on which f is linear (see Exercise 10.83). Then,
however, (10.24) does not hold for the points of J, since if a,b € J, then equality
holds in (10.24).

We can similarly see that every continuous and strictly weakly concave function
is strictly concave.

We mention that the conditions of Theorem 10.76 can be greatly weakened: in-
stead of assuming the continuity of f, it suffices to assume that / has a subinterval
on which f is bounded from above (see Exercises 10.99-10.102).
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Exercises

10.83. Prove that if f is convex but not strictly convex on the interval /, then I has a
subinterval on which f is linear.

10.84. Let us call a function f: I — R barely convex if whenever a,b,c € I and
a < b <c, then f(b) < max(f(a),f(c)). Prove that if f: I — R is convex on the
interval /, then f is barely convex.

10.85. Let f be barely convex on the interval (a,b), and suppose thata < ¢ <d <b
and f(c) > f(d). Show that f is monotone decreasing on (a, c|. Similarly, show that
ifa<c<d<band f(c) < f(d), then f is monotone increasing on [d,b).

10.86. Prove that the function f: I — R is barely convex on the interval (a,b) if and
only if one of the following cases applies:

(a) f is monotone decreasing on (a, b).

(b) f is monotone increasing on (a,b).

(c) There exists a point ¢ € (a,b) such that f is monotone decreasing on (a,c),
monotone increasing on (¢, b), and f(c) < max(f(c—0),f(c+0)).

10.87. Prove that if f: I — R is convex on the interval (a,b), then one of the fol-
lowing cases applies:

(a) f is monotone decreasing on (a,b).

(b) f is monotone increasing on (a,b).

(c) There exists a point ¢ € (a,b) such that f is monotone decreasing on (a,c] and
monotone increasing on [c,b).

10.88. Let f be convex on (—eo,e0), and suppose that lim,_, .. f(x) = co. Is it pos-
sible that lim,_,e f(x) = —o0? (S)

10.89. Let f be convex on (—eo,0), and suppose that lim,_, _., f(x) = 0. Is it possi-
ble that limy_,.. f(x) = —eo? (H)

10.90. Let f be convex on (0, 1). Is it possible that lim,_,;_¢ f(x) = —e? (H)

10.91. Let f be weakly convex on the interval . Prove that

f(x1+-~~+xn> - FOer) 4+ f(xn)

n n

forall x,...,x, € 1. (S)

10.92. Let f: R — R be an additive function (that is, suppose that for all x,y,
Ffx+y) = f(x)+ f()). Prove that f(rx) = r- f(x) for every real number x and ra-
tional number r.

10.93. Prove that if /: R — R is additive, then the function g(x) = f(x) — f(1) -xis
also additive and periodic, namely that every rational number is a period.
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10.94. Let f: R — R be an additive function. Prove that if f is bounded from above
on an interval, then f(x) = f(1)-x for all x. (H)

10.95. Let f: R — R be an additive function. Prove that f2 is weakly convex. (If f
is not a linear function, then f2 is a weakly convex function that is bounded from
below, but is not convex.)

10.96. Let f be continuous on the interval /, and suppose that for alla, b € I, a < b,
there exists a point a < x < b such that f(x) < h, (x). Prove that f is convex. (H)

10.97. Let f be bounded on the interval I, and suppose that for all a, b € I, a < b,
there exists a point a < x < b such that f(x) < h,p(x). Does it then follow that f is
convex?

10.98. Let f be convex on the open interval /. Prove that f is Lipschitz on every
closed and bounded subinterval of /.

The following four questions will take us through the proof that if f is weakly
convex on an open interval /, and I has a subinterval in which f is bounded from
above, then f is convex.

10.99. Let f be weakly convex on the open interval /, and let xo € /. Prove that if f
is bounded from above on (xg — 8,x0+ 6), then f is bounded on (xg — &,x0+ 0). (S)

10.100. Let f be weakly convex on the open interval /. Let n > 1 be an integer, and
let x and / be numbers such that x € I and x+ 2"h € I. Prove that

FOctR) = F(3) < 55 [ (+27) — F(2)]. )

10.101. Let f be weakly convex on the open interval /, and let xo € 1. Prove that if
f is bounded from above on (xo — 8,x0 + 8), then f is continuous at xo. (S)

10.102. Let f be weakly convex on the interval /, and suppose that I contains a
nondegenerate subinterval on which f is bounded from above. Prove that f is con-
tinuous (and so by Theorem 10.76, convex) on /. (H)

10.8 Arc Lengths of Graphs of Functions

One of the key objectives of analysis is the measurement of lengths, areas, and
volumes. Our next goal is to deal with a special case: the notion of the arc length of
the graph of a function®.

We denote the line segment connecting the points p,q € R? by [p,g], that is,
[p,q) = {p+1t(g—p):t€]0,1]}. The length of the line segment [p,q] (by defini-
tion) is the distance between its endpoints, which is |¢ — p|. We call a set that is

8 We will have need of this in defining trigonometric functions. We return to dealing with arc
lengths of more general curves in Chapter 16.
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a union of connected line segments a broken line (or a polygonal path). Thus a
broken line is of the form [po, p1] U [p1,p2] U...U[pn—1,ps), where po,...,p, are
points of the plane. The length of the broken line is the sum of the lengths of the
lines that it comprises, that is, |p; — po| + |p2 — p1l + -+ |Pn — Pn—1]-

Since “the shortest distance between two points is a straight line”, the length of a
curve (no matter how we define it) should not be smaller than the distance between
its endpoints. If we inscribe a broken line [po, p1] U [p1,p2]U...U[pn—1,pu] “on
top of” a curve, then the part of the arc connecting p;_; and p; has length at least
|pi — pi—1|, and so the length of the whole curve needs to be at least |p; — po| +
|p2—p1l =+ +|pn — pn—1]- On the other hand—again just using intuition—we can
expect a “very fine” broken line inscribed on the curve to “approximate” it well
enough so that the two lengths will be close. What we can take away from this is
that the arc length should be equal to the supremum of the lengths of the broken
lines on the curve. This finding is what we will accept as the definition. We remind
ourselves that we denote the graph of the function f: [a,b] — R by graph f.

Definition 10.78. Let f: [a,b] — R be an arbitrary function and let a = xp < x] <
-+ < x, = b be a partition F of the interval [a, b]. The inscribed polygonal path over
the partition F of f is the broken line over the points

(xo,f(xo))7-..,(xn,f(x,,))-

The arc length of graph f is the least upper bound of the set of lengths of all inscribed
polygonal paths on f. (The arc length can be infinite). We denote the arc length of
the graph of f by s(f;[a,b]). Thus

n

s(f;[a,b]):sup{2|p,-—p,-_1| ra=xg<x; <--<x,=b,

i=1

pi = (xi, f(x1)) (i:0,...7n)}.

We say that graph f is rectifiable if s(f;[a,b]) is finite.
Let us note that if a = b, then s(f;[a,b]) = O for all functions f.
Theorem 10.79.
(i) For an arbitrary function f: [a,b] — R,

V(b —aP +(7(6) — f(@))? < s(f:[a,b). (10.25)

and so if a < b, then s(f;[a,b]) > 0.
(i) If f : [a,b] — R is monotone, then graph f is rectifiable, and

s(f:1a,b]) < (b—a) + | f(b) — £(a)]. (10.26)

Proof. Tt is clear that s(f;[a,b]) is not smaller than any of its inscribed polyg-
onal paths. Now the segment connecting (a,f(a)) and (b, f(b)) is such a path
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that corresponds to the partition a = x9 < x; = b. Since the length of this is
V(b —a)2+(f(a) — £(b))% (10.25) holds.

Now suppose that f is monotone increasing, let F:a=xo <x; <---<x,=b
be a partition of the interval [a,b], and denote the point (x;, f(x;)) by p; for all
i=0,...,n. Then, using the monotonicity of f,

1= pia| =\ — x4 (FO) — S (wim1)? <
< (i —xi-1) + (f () = f(xi-1))

for all i, so

n

zn‘i|pi_Pil| < [Z(xi—xil)

+

n

> (f(x) _f(xil))] =

i=1 1
= (o —x0) + (f(3a) = f(x0)) = (b—a) + (f(b) — f(a)).

Since the partition was arbitrary, we have established (10.26). If f is monotone
decreasing, then we can argue similarly, or we can reduce the statement to one about
monotone increasing functions by considering the function — f. a

1

Remark 10.80. Since not every monotone function is continuous, by (ii) of the pre-
vious theorem, there exist functions that are not everywhere continuous but whose
graphs are rectifiable. Thus rectifiability is a more general concept then what the
words “arc length” intuitively suggest.

The statement of the following theorem can also be expressed by saying that arc
lengths are additive.

Theorem 10.81. Let a < b < c and f: [a,c] — R. If graph f is rectifiable, then

s(fila,c]) = s(f:[a,b]) +s(f:[b,c]). (10.27)

We give a proof for this theorem in the appendix of the chapter.
We will need the following simple geometric fact soon.

Lemma 10.82. If A, B are convex polygons, and A C B, then the perimeter of A is
not larger than the perimeter of B.

Proof. If we cut off part of the polygon B at a line given by an edge of the polygon
A, then we get a polygon B; with perimeter not larger than B but still containing A.
Repeating the process, we get the sequence B, By,...,B, = A, in which the perimeter
of each polygon is at most as big as the one before it. ad

Arc length of a circle. Let C denote the unit circle centered at the origin. Let the
part of C falling into the upper half of the plane {(x,y) : y > 0} be denoted by C*.
It is clear that C* agrees with the graph of the function c(x) = v/1 — x? defined on
the interval [—1,1]. Since ¢ is monotone on both the intervals [—1,0] and [0, 1], by
the above theorems, the graph of ¢ is rectifiable.
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We denote the arc length of graph c (that is, of the half-circle C*) by .

By the previous two theorems, we can extract the approximation 2v/2 < © < 4,
where the value 21/2 is the length of the inscribed broken path corresponding to the
partition —1 = xo < 0 = x| < 1 = x,. Inscribing different broken lines into C* gives
us different lower bounds for 7, and with the help of these, we can approximate 7
with arbitrary precision (at least in theory).

If we inscribe C into an arbitrary convex polygon P, then by Lemma 10.82, every
polygon inscribed in C will have smaller or equal perimeter than the perimeter of
P. Thus the supremum of the perimeters of the inscribed polygons, 27, cannot be
larger than the perimeter of P.

The lower and upper approxima-
tions that we get this way can help
us show that w = 3.14159265.... The
number 7, like e, is irrational. One can
also show that &, again like e, is tran-
scendental, but the proof of that is be-
yond the scope of this book.

Remark 10.83. To define trigonometric S(u)
functions, we will need the (seem-
ingly trivial) fact that starting from
the point (0,1), we can measure arcs
of any length on C. Consider the

case x € [0,7]. We have to show that 1 " 1
there is a number u € [—1,1] such
that s(c;[u, 1]) = x. With the notation Fig. 10.17

S(u) = s(c;[u,1]), this means that the
function S(u) takes on every value be-
tween 0 and 7 on the interval [—1,1]
(Figure 10.17).

Theorem 10.84. The function S is strictly monotone decreasing and continuous on
[—1,1].

Proof. If —1 <u < v <1, then by Theorem 10.81,
S(u) = s(c;[u,1]) = s(c; [u,v]) + s(c; v, 1]) = S(v) + s(c; [u, v]).

Since s(c; [u,v]) > 0, we know that S is strictly monotone decreasing on [—1, 1].
Since the function ¢ is monotone both on [—1,0] and on [0, 1], by (10.26),

s(es[wv]) < (v—u) +e(v) —c(u)|

if—1<u<v<0or0<u<v<l.
Thus

[S(u) = SW)| < v —u|+ |c(v) — c(u)] (10.28)
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whenever u,v € [—1,0] or u,v € [0, 1]. Since the function c¢(u) = v/1 — u? is contin-
uous on [—1, 1], we have that

Lim (Jv —uf +[e(v) = c(u)]) = 0

forall u € [—1,1], so by (10.28) we immediately have that S is continuous on [—1, 1].
O

By the previous theorem and by the Bolzano—-Darboux theorem, the function
S(u) takes on every value between S(—1) and S(1), moreover exactly once. Since
S(—1) = r (since this was the definition of ) and S(1) = 0, we have seen that if
0 <x < &, then we can measure out an arc of length x onto the circle C. What about
other lengths? Since the arc length of the semicircle is 7, if we can measure one of
length x, then we can measure one of length x4 7 (or x — 1) as well, in which case
we just jump to the antipodal point.

Exercises

10.103. Let f: [a,b] — R be a function for which s(f;[a,b]) = b — a. Prove that f
is constant.

10.104. Prove that the function f: [a,b] — R is linear (that is, it is of the form mx+b
with suitable constants m and b) if and only if

s(f:lab)) = \/(b—a)2 + (£(b) — f(a))

10.105. Prove that if the graph of f: [a,b] — R is rectifiable, then f is bounded on
[a,b].

10.106. Prove that if the graph of f: [a,b] — R is rectifiable, then at every point
x € [a,b), the right-hand limit of f exists, and at every point x € (a, b], the left-hand
limit exists.

10.107. Prove that neither the graph of the Dirichlet function nor the graph of the
Riemann function over the interval [0, 1] is rectifiable.

10.108. Let the function f: [0,1] — R be defined as follows: f(x) = x if x =1/2"
(n=1,2,...),and f(x) = 0 otherwise. Prove that the graph of f is rectifiable. What
is its arc length?

10.109. Prove that if f: [a,b] — R is Lipschitz, then its graph is rectifiable.
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10.9 Appendix: Proof of Theorem 10.81

Proof. Let us denote by S, S, and S3 the sets of the lengths of the inscribed polyg-
onal paths of the intervals [a,b], [b,c], and [a,c], respectively. Then s(f;[a,b]) =
supS1, s(f;[b,c]) = supS», and s(f;[a,c]) = supS by the definition of arc length.

Since one partition of [a,b] and one of [b,c| together yield a partition of the
interval [a,c], the sum of any number in S| with any number in S is in S. This
means that S O S| +S,. By Theorem 3.20, sup(S; +S3) = supS; + sup S», which
implies

s(fsla,c]) =supS > sup(S1+S2) = supS; +sup S = s(f; [a, b)) +s(f; b, c]).

Now we show that

s(fila,c]) < s(fila,b]) +s(f:[b,c]). (10.29)
Let F: a=xp < x| < -+ <x, =c be a partition of the interval [a,c], and denote
the point (x;, f(x;)) by p;. Then the length of the inscribed polygonal path on F is
hg = Y, |pi— pi—1|. If the point b is equal to one of the points x;, say to x, then

i=1

Flira=xo<x1<---<xx=b,and F, : b = x < x341 < --- < X, = c are partitions
of the intervals [a,b] and [b, ¢] respectively, so

k

n
hFl :2\p,—p,,1|§s(f,[a,b]) and hF2: 2 |pi_pi71|§s(f;[bac])'
i=1 i=k+1

Since hr = hg, + hp,, then hp < s(f;[a,b]) + s(f;[b,c]). If the point b is not equal
to any of the points x; and x| < b < xg,thenlet Fj :a=xp <x; <--- <x3_1 <b
and F> 1 b < xp < xp41 < --- < x, = c. Let g denote the point (b, f()). The lengths
of the inscribed polygonal paths corresponding to partitions F; and F; are

k—1
he, = Y |pi— picil + g — pr—1] < s(f:[a,b])
i=1
and
n
he, = pk—aql+ Y, |pi—pim1] < s(f;[b,c]).
i=k+1

Now by the triangle inequality,

|pk — Pr—1] < |q— pr—1l+ px—al,

so it follows that hr < hp, +hr, < s(f:[a,b]) +s(f;[b,c]). Thus hr < s(f;[a,b]) +
s(f;[b,c]) for all partitions F, which makes (10.29) clear. O
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