Chapter 12
Differentiation

12.1 The Definition of Differentiability

Consider a point that is moving on a line, and let s() denote the location of the
point on the line at time ¢. Back when we talked about real-life problems that could
lead to the definition of limits (see Chapter 9, p. 121), we saw that the definition of
instantaneous velocity required taking the limit of the fraction (s(r) —s(t)) /(1 — o)
in to. Having precisely defined what a limit is, we can now define the instantaneous
velocity of the point at a ty to be the limit

L s(0) = s(t)
1=ty t—1y
(assuming, of course, that this limit exists and is finite).

We also saw that if we want to define the tangent line to the graph of a function f
at (a, f(a)), then the slope of that line is exactly the limit of (f(x) — f(a))/(x—a)
in a. We agree to define the tangent line as the line that contains the point (a, f (a))
and has slope

i 0= (@)
x—a xXxX—a
again assuming that this limit exists and is finite.

Other than the two examples above, many problems in mathematics, physics,
and other fields can be grasped in the same form as above. This is the case when
we have to find the rate of some change (not necessarily happening in space). If, for
example, the temperature of an object at time ¢ is H(¢), then we can ask how fast
the temperature is changing at time 7. The average change over the interval [fy,?]
is (H(t) —H(to)) /(t — to). Clearly, the instantaneous change of temperature will be
defined as the limit

i 2 —H(t0)

t—ty 1 — tO

(assuming that it exists and is finite).
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We use the following names for the quotients appearing above. If f is defined
at the points a and b, then the quotient (f(b) — f(a))/(b—a) is called the dif-
ference quotient of f between a and b. It is clear that the difference quotient

f(b) = f(a))/(b— a) agrees with the slope of the line passing through the points

a,f(a)) and (b, f(b)).
In many cases, using the notation b — a = h, the difference quotient between a
and x = a+ h is written as

flat+h)—f(a)
A .
Definition 12.1. Let f be defined on a neighborhood of the point a. We say that the
function f is differentiable at the point a if the finite limit

limw 12.1)

xX—a X a

exists. The limit (12.1) is called the derivative of f at a.

The derivative of f at a is most often denoted by f’(a). Sometimes, other
notations,

af
dx

df(x)
’ dx

X=a

4
dx

. V()

X=a

fa),

X=a

are used (the last two in accordance with the notation y = f(x)).
Equipped with the above definition,
we can say that if the function s(z) de-
scribes the location of a moving point,
then the instantaneous velocity at time
fo is §'(fp). Similarly, if the tempera-
ture of an object at time ¢ is given by
H(t), then the instantaneous tempera-
ture change at time #y is H'(fy). The
definition of a tangent should also be
updated with our new definition. The
tangent of f at a is the line that passes
through the point (a, f(a)) and has slope

i {0 = /(@

xX—a X a

=f(a).

Since the equation of this line is y = f'(a) - (x — a) + f(a), we accept the following
definition.

Definition 12.2. Let f be differentiable at the point a. The tangent line of f at
(a,f(a)) is the line with equation y = f'(a) - (x— a) + f(a).
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The visual meaning of the derivative f'(a) is then the slope of the tangent of
graph f at (a, f(a)) (Figure 12.1).

Examples 12.3. 1. The constant function f(x) = c is differentiable at all values a,
and its derivative is zero. This is because
f@-fla) _e=c_,

X—a X—a

for all x # a.
2. The function f(x) = x is differentiable at all values a, and f’(a) = 1. This is
because

I
—_

f) = fla) _x—
x—a -

for all x # a.

3. The function f(x) = x* is differentiable at all values a, and f’(a) = 2a. This is

because

fx)=fla) ¥ —da*
x—a  x—a =xta,

and so

@) tim T =@

xX—a X—d

=2a.

Thus by the definition of tangent lines, the
tangent of the parabola y=x? at the point y
(a,a?) is the line with equation y = 2a(x —a) +
a®> = 2ax —a®. Since this passes through the 5
point (a/2,0), we can construct the tangent by (a, a®)
drawing a line connecting the point (a/2,0) to
the point (a,a”) (Figure 12.2).!

Differentiability is a stronger condition than
continuity. This is shown by the theorem below 0

[~
=

and the remarks following it. 2
Theorem 12.4. If f is differentiable at a, then f Fig. 12.2
is continuous at a.
Proof. If f is differentiable at a, then
tim(7(x) — (@) = lim | 7D ()| — g 0=0
This means exactly that f is continuous at a. a

Remarks 12.5. 1. Continuity is a necessary but not sufficient condition for differen-
tiability. There exist functions that are continuous at a point a but are not differen-
tiable there. An easy example is the function f(x) = |x| at a = 0. Clearly,

1'So the calculus was correct; see page 5.
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—x, ifx<0,
SO
fx)—=£0) J1, ifx>0,
x—0 ) —1, ifx<O.
Then
o LSO L F0 O
x—=0+0 x—0 =0-0 x—0

and so f is not differentiable at 0.

2. There even exist functions that are continuous everywhere but not differentiable
anywhere. Using the theory of series of functions, one can show that for suitable
a,b > 0, the function

flx)= ga" -sin(b"x)

has this property (for example with the choice a = 1/2, b = 10). Similarly, one can
show that the function o /rn
(2"x)
g =2 5,
n=1

is everywhere continuous but nowhere differentiable, where (x) denotes the smallest
distance from x to an integer.
3. There even exists a function that is differentiable at a point a but is not continuous
at any other point. For example, the function

X7, if x is rational,
ﬂﬂ:{

—x2, ifx is irrational

is differentiable at 0. This is because

‘ﬂﬂ—f@)_
0

x2

= |x| =0, if x—0,
X—

SO

— £(0)

o) — i LD =)
f ( ) xgr(l) x—0

At the same time, it can easily be seen—see function 6 in Example 10.2—that the

function f(x) is not continuous at any x # 0.

As we saw, the function |x| is not differentiable at 0, and accordingly, the graph
does not have a tangent at O (here the graph has a cusp). If, however, we look only
on the right-hand side of the point, then the difference quotient has a limit from that
side. Accordingly, in the graph of |x|, the “right-hand chords” of (0,0) have a limit
(which is none other than the line y = x). The situation is similar on the left-hand
side of 0.
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As the above example illustrates, it is reasonable to introduce the one-sided vari-
ants of derivatives (and hence one-sided differentiability).

Definition 12.6. If the finite limit
i 0= f(@)
x—a+0 XxX—a

exists, then we call this limit the right-hand derivative of f at a. We can similarly
define the left-hand derivative as well.

We denote the right-hand derivative at a by f/ (a), and the left-hand derivative at

aby [ (a).

Remark 12.7. It is clear that f is differentiable at a if and only if both the right- and
left-hand derivatives of f exist at a, and f' (a) = f’ (a). (Then this shared value is

f'(a))

As we have seen, differentiability does not follow from continuity. We will now
show that convexity—which is a stronger property than continuity—implies one-
sided differentiability.

Theorem 12.8. If f is convex on the interval (a,b), then f is differentiable from the
left and from the right at all points ¢ € (a,b).

Proof. By Theorem 9.20, the function x — (f(x) — f(c¢))/(x — ¢) is monotone in-
creasing on the set (a,b) \ {c}. Fixd € (a,c). Then

f(d)—f(c) < )= £(e)

d—c xX—c

for all x € (c,b), so the function (f(x) — f(c))/(x —c¢) is monotone increasing and
bounded from below on the interval (c,b).
By statement (ii) of Theorem 10.68, it then follows that the limit

o =1

x—c+0 xX—c

exists and is finite, which means that f is differentiable from the right at c. It can be
shown similarly that f has a left-hand derivative at c. a

Linear Approximation. In working with a function that arises in a problem,
we can frequently get a simpler and more intuitive result if instead of the function,
we use another simpler one that “approximates the original one well.” One of the
simplest classes of functions comprises the linear functions (y = mx+ b). We show
that the differentiability of a function f at a point a means exactly that the function
can be “well approximated” by a linear function. As we will soon see, the best linear
approximation for f at a point a is the function y = f/(a)(x —a) + f(a).

If f is continuous at a, then for all c,

fx)=[c-(x—a)+ f(a)] =0, if x—a.
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Thus every linear function ¢(x) such that ¢(a) = f(a) “approximates f well”
in the sense that f(x) — ¢(x) — 0 as x — a. The differentiability of f at a, by the
theorem below, means exactly that the function

t(x) = f'(a)- (x—a) + f(a) (12.2)

approximate significantly better: not only does the difference f —¢ tend to zero as
X — a, but it tends to zero faster than (x — a).

Theorem 12.9. The function f is differentiable at a if and only if at a, it can be
“well approximated” locally by a linear polynomial in the following sense: there
exists a number o (independent of x) such that

f)=o-(x—a)+ fla) +e(x)- (x—a),
where £(x) — 0 as x — a. The number o is the derivative of f at a.

Proof. Suppose first that f is differentiable at a, and let

()= T gy
Since
f/(a) — lim f(x _f(a)7

we have €(x) — 0 as x — a. Thus

f(x) = fla)+ f'(a)(x—a) +&(x)(x—a),

where €(x) — 0 as x — a.
Now suppose that

f) =a-(x—a)+ f(a) +e(x)(x—a),

where €(x) — 0 as x — a. Then

M:aﬁs(x)ﬁa, if x—a.
x—a
Thus f is differentiable at a, and f'(a) = a. 0

The following theorem expresses that 7(x) = f'(a) - (x — a) + f(a) is the “best”
linear function approximating f.

Theorem 12.10. If the function f is differentiable at a, then for all ¢ # f'(a),

fx) = [f(a)(x—a) + f(a)]

lim =0

w—a  f(x)—[c(x—a) + f(a)]
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Proof. Asx— a,

f@ - @x-a)+f@) 1@ fla-f@
f@-feb—a+f@ LT @ e

X—.

O

Theorem 12.9 gives a necessary and sufficient condition for f to be differentiable
at a. With the help of this, we can give another (equivalent to (12.1)) definition of
differentiability.

Definition 12.11. The function f is differentiable at a if there exists a number o
(independent of x) such that

fx)=o-(x—a)+ fla) +e(x)(x—a),
where €(x) = 0ifx — a.

The significance of this equivalent definition lies in the fact that if we want to ex-
tend the concept of differentiability to other functions—not necessarily real-valued
or of a real variable—then we cannot always find a definition analogous to Defini-
tion 12.1, but the generalization of Definition 12.11 is generally feasible.

Derivative Function. We will see that the derivative is the most useful tool in
investigating the properties of a function. This is true locally and globally. The ex-
istence of the derivative f'(a) and its value describes local properties of f: from the
value of f'(a), we can deduce the behavior of f at a.?

If, however, f is differentiable at every point of an interval, then from the values
of f'(x) we get global properties of f. In applications, we mostly come upon func-
tions that are differentiable in some interval. The definition of this is the following.

Definition 12.12. Let a < b. We say that f is differentiable on the interval (a,b) if
it is differentiable at every point of (a,b). We say that f is differentiable on [a,b] if
it is differentiable on (a,b) and differentiable from the right at a and from the left
at b.

Generally, we can think of differentiation as an operation that maps functions to
functions.

Definition 12.13. The derivative function of the function f is the function that is
defined at every x where f is differentiable and has the value f’(x) there. It is denoted
by f'.

The basic task of differentiation is to find relations between functions and their
derivatives, and to apply them. For the applications, however, first we need to decide
where a function is differentiable, and we have to find its derivative. We begin with
this latter problem, and only thereafter do we inspect what derivatives tell us about
functions and how to use that information.

2 One such link was already outlined when we saw that differentiability implies continuity.
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Exercises

12.1. Where is the function ({x} — 1/ 2)? differentiable?

12.2. Let f(x) =% if x < 1, and f(x) = ax+ b if x > 1. For what values of a and b
will f be differentiable everywhere?

12.3. Let f(x) = |x|* -sin|x|® if x # 0, and let £(0) = 0. For what values of o and
B will f be continuous at 0? When will it be differentiable at 0?

12.4. Prove that the graph of the function x* has the tangent line y = mx + b if the
line and the graph of the function intersect at exactly one point.

12.5. Where are the tangent lines to the function 2x> — 3x” + 8 horizontal?
12.6. When is the x-axis tangent to the graph of x> + px + ¢?

12.7. Let f(27") = 37" for all positive integers n, and let f(x) = 0 otherwise. Where
is f differentiable?

12.8. Are there any points where the Riemann function is differentiable?

12.9. Are there any points where the square of the Riemann function is differen-
tiable? (H)

12.10. At what angle does the graph of x intersect the line y = 2x? (That is, what is
the angle between the tangent of the function and the line?)

12.11. Prove that the function f(x) = /x is differentiable for all a > 0, and that

f'(@) = 1/(2y/a).

12.12. Prove that the function 1/x is differentiable at all points a > 0, and find its
derivative. Show that every tangent of the function 1 /x forms a triangle with the two
axes whose area does not depend on which point the tangent is taken at.

12.13. Prove that if f is differentiable at 0, then the function f(|x|) is differentiable
at 0 if and only if f/(0) = 0.

12.14. Prove that if f is differentiable at a, then

 flath)— fla—h)
h—0 2h

= f'(a).
Show that the converse of this statement does not hold.
12.15. Let f be differentiable at the point a. Prove that if x,, < a < y, for all n and if

Yn —Xxp — 0, then

lim S (n) = f(xn)

n—eo Yn —Xn

= f'(a). (HS)
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12.16. Suppose that f is differentiable everywhere on (—eo, ). Prove that if f is
even (odd), then f’ is odd (even).

12.17. Let
B={f: fisbounded on [a,b]},
C = {f: fiscontinuous on [a,b]},
M = {f: f is monotone on [a,b]},
X ={f: fisconvex on [a,b]},
D ={f: fis differentiable on [a,D]},
I={f: f has an inverse on [a,b]}.
From the point of containment, how are the sets B, C, M, X, D, and I related?

12.2 Differentiation Rules and Derivatives of the Elementary
Functions

The differentiability of some basic functions can be deduced from the properties we
have seen. These include the polynomials, trigonometric functions, and logarithmic
functions. On the other hand, it is easy to see that all of the elementary functions
can be expressed in terms of polynomials, trigonometric functions, and logarithmic
functions using the four basic arithmetic operations, taking inverses, and composi-
tion. Thus to determine the differentiability of the remaining elementary functions,
we need theorems that help us deduce their differentiability and to calculate their
derivatives based on the differentiability and derivatives of the component functions
in terms of which they can be expressed. These are called the differentiation rules.
Below, we will determine the derivatives of the power functions with integer ex-
ponent, trigonometric functions, and logarithmic functions; we will introduce the
differentiation rules, and using all this information, we will determine the deriva-
tives of the rest of the elementary functions.

Theorem 12.14. For an arbitrary positive integer n, the function x"* is differentiable
everywhere on (—oo,0), and (x") = n-x"~! for all x.

Proof. For all a,

Xt —a"

lim = lim (x”_l +xX7 a4t x-d? —|—a”_1) = na"!
x—=a X—dad x—a
by the continuity of x*. O

Theorem 12.15.

(i) The functions sinx and cosx are differentiable everywhere on (—eo, o). More-
over,
. ! ! .
(sinx)’ = cosx and (cosx) = —sinx

for all x.
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(ii) The function tgx is differentiable at all points x # 5 +kn (k € ZZ), and at those
points,

tgx) = .

(tgv) cos?x

(iii) The function ctgx is differentiable for all x # kn (k € 7Z), and at those points,
1

sin

ctgx) = — .
(ctgx) 7

Proof. (i) For arbitrary a € R and x # a,

sinx—sina _ 2sin(x—a)/2-cos(x+a)/2  sin((x—a)/2) x+a

x—a x—a (x—a)/2 R

by the second identity of (11.37). Now lim,_,,sin((x —a)/2)/((x—a)/2) =1 and
lim,_,, cos (x+a)/2 = cosa by (11.45), by the continuity of the cos function and
the theorem about limits of compositions of functions. Therefore,

sinx — sina

lim —— = cosa.
x—a XxX—a

Similarly, for arbitrary a € R and x # a,

cosx—cosa _ _2sin(x—a)/2-sin(x+a)/2  sin((x—a)/2) . x+a

x—a x—a (x—a)/2 )

by the fourth identity of (11.37). Then using (11.45) and the continuity of the sin

function, we get that

. COSx—cosa .
lim ——— = —sina.
x—a X—a

(ii) For arbitrary a # (7/2) + km and x # a,

tgx —tga ( sinx  sina ) 1 sinxcosa —sinacosx 1

x—a cosx cosa) x—a cosxcosa x—a
sin(x —a) 1

X—a  cosxcosa

Then using (11.45) and the continuity of cos, we get that

. tgx—tga 1
lim £ g4 _ -
x—a X—a cos~a
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(iii) For arbitrary a # kn and x # a,

ctgx —ctga (cosx cosa) 1 cosxsina —cosasinx 1
sinx sina/ x—a sinxsina x—a
1

_sin(x—a)

X—a

x—a  sinxsina’
which gives us

ctgx—ctga 1

lim >

x—a XxX—a sin

o
O
Theorem 12.16. Ifa > 0 and a # 1, then the function log, x is differentiable at every
point x > 0, and
p 11

1 =——. 12.
(Ogax) 10ga X ( 3)

L\ 1/
lim <1+> =el/x
h—0 X

Proof. By Corollary 11.11,

for all x > 0. Thus

. 10ga(x+h)_10gax_ : h 1/h_ I/x _
iy S — o, (143) o e =
_1 lo e—L 1
N "~ loga x’

O

Itis clear that if a > 0 and a # 1, then the function log,, |x| is differentiable on the
set R\ {0}, and (log, |x|)’ = 1/(x-loga) for all x # 0.

We now turn our attention to introducing the differentiation rules. As we will
see, a large portion of these are consequences of the definition of the derivative and
theorems about limits.

Theorem 12.17. If the functions f and g are differentiable at a, then cf (c € R),
f+g and f- g are also differentiable at a, and

() (cf)'(a) = cf'(a),

(i) (f+g)'(a) = f'(a) +§'(a),

(i) (fg)'(a) = f'(a)g(a) + f(a)g(a).
Ifg(a) #0, then 1/g and f/g are differentiable at a. Moreover,
(1Y RO 4C))
P e

f _ f(a)g(a) — f(a)g'(a

o (1) = HEG
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Proof. The shared idea of the proofs of these is to express the difference quotients
of each function with the help of the difference quotients (f(x) — f(a))/(x—a) and

(g(x) —g(a))/(x—a):

(i) The difference quotient of the function F = cf is

F() = Fla) _ ef() —cfl@) _ ) =f@) | o

X—a X—a

S

(ii) The difference quotient of F = f 4 g is

F(x)—F(a) _ (f(x)+sW))—(fla)+8(a) _ f(x)—fla)  g(x)—gla)

= e _|_

X—a X—a X—a X—a
Thus
F(x)—F
tim TO @ _ iy 1 ga).
x—a xX—a

(iii) The difference quotient of F = f - g is
F(x)—F(a) _ f(x)-gx) = f(a)-g(a) _

X—a X—a

_ f(x;)c:i:(a) .g(fo(a).g(Xi:i(a).

Since g(x) is differentiable at a, it is continuous there (by Theorem 12.4), and so

tim POy SO i) 10 iy £
= f'(a)g(a) + f(a)g (a).

If g(a) # 0, then by the continuity of g, it follows that g(x) # 0 on a neighborhood
of a; that is, the functions 1/g(x) and f(x)/g(x) are defined here.

(iv) The difference quotient of F = 1/g is

F()~Fla) _ 1/g()~1/8(@) _g@—-glx) 1 _
x—a x—a gla)glx) x—a
B O R

sl xa g C

(v) The difference quotient of F = f/g is
F(x)=F(a) _ f(x)/g(x) - fla)/g(a) 1 f(x)gla)— fla)g(x)

x—a x—a gla)g(x) x—a
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which implies

O

Remarks 12.18. 1. The statements of the theorem hold for right- and left-hand
derivatives as well.

2. Let I be an interval, and suppose that the functions f: / — R and g: I — R are
differentiable on [ as stated in Definition 12.12. By the above theorem, it follows
that cf, f+g, and f - g are also differentiable on /, and the equalities

(cf) =cf, (f+8) =r+&, (f8) =fg+fs
hold. If we also suppose that g # 0 on , then 1/g and f/g are also differentiable on

I, and
1 4 ! ! 1o _ fo!
() = —%, moreover (f) = M
8 § 8 8

We emphasize that here we are talking about equality of functions, not simply num-
bers.
3. From the above theorem, we can use induction to easily prove the following
statements.

If the functions fi,..., f, are differentiable at a, then

(i) f1+---+ fn is differentiable at a, and
(fit++f) (@) = fila) +- + f(a);

moreover,
(i) f1-...- fu is differentiable at a, and

(fire )@= (fi-fo ot fi-fofoee bt fioo fuor - ) (@)
4. By (ii) above, it follows that if fi(a)-...- fu(a) # 0, then

<(flf")/) (a) = (f{++f',l) (a).

froe-- fa fi fa
Thus if fi,..., f, are defined on the interval I, are nowhere zero, and are differen-
tiable on the interval /, then

(f - f n)/ { f ,2

=l .4 (12.4)

The next theorem is known as the chain rule.
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Theorem 12.19. If the function g is differentiable at a and the function f is differ-
entiable at g(a), then the function h = f o g is differentiable at a, and

H(a) = f'(3(a)) &'(a).

With the notation y = g(x) and z = f(y), the statement of the theorem can easily
be remembered in the form dz  dz dy
dx dy dx’
This formula is where the name “chain rule” comes from.

Proof. By the assumptions, it follows that the function 4 is defined on a neighbor-
hood of the point a. Indeed, f is defined on a neighborhood V of g(a). Since g is
differentiable at q, it is continuous at a, so there exists a neighborhood U of a such
that g(x) € V for all x € U. Thus k is defined on U. After these preparations, we give
two proofs of the theorem.

I. Following the proof of the previous theorem, let us express the difference quotient

of h using the difference quotients of f and g. Suppose first that g(x) # g(a) on a
punctured neighborhood of a. Then

h(x) —h(a) _ f(8x)—f(g(a)) _ f(e(x))

)

(12.5)
x—a x—a g(x

—f(g(a)) g(x)—g(a)
—gla) x—a

Since g is continuous at a, if x — a, then g(x) — g(a). Thus by the theorem on the
limits of compositions of functions,

lim " 0@y, SO ZS6@) 80 ~8(0)

x—a  x—a  rsgla) t—g(a) x=a X

= f'(g(a)) - ¢'(a).

S

The proof of the special case above used twice the fact that g(x) # g(a) on a punc-
tured neighborhood of a: first, when we divided by g(x) — g(a), and second, when
we applied Theorem 10.41 for the limit of the composition. Recall that the assump-
tion of Theorem 10.41 requires that the inner function shouldn’t take on its limit in a
punctured neighborhood of the place, unless the outer function is continuous. This,
however, does not hold for us, since the outer function is the difference quotient
(f(t)—f(g(a)))/(t —g(a)), which is not even defined at g(a).

Exactly this circumstance gives an idea for the proof in the general case. Define
the function F(¢) as follows: let

f(1) - f(g(a)
t—g(a)

if 7 € V and 1 # g(a), and let F(t) = f'(g(a)) if = g(a). Then F is continuous
at g(a), so by Theorem 10.41, lim,,, F(g(x)) = f’(g(a)). To finish the proof, it
suffices to show that

F(t)=

=
S

(12.6)
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for all x € U. We distinguish two cases. If g(x) # g(a), then (12.6) is clear
from (12.5). If, however, g(x) = g(a), then h(x) = f(g(x)) = f(g(a)) = h(a), so
both sides of (12.6) are zero. Thus the proof is complete.

II. This proof is based on the definition of differentiability givenin 12.11. According
to this, the differentiability of f at g(a) means that

f(1) = f(gla)) = f'(g(a)(t — g(a)) + & (t)(r — g(a)) (12.7)

forallt € V, where & (1) — 0ift — g(a).
Let € (g(a)) = 0. Similarly, by the differentiability of the function g, it follows
that
g(x) —g(a) = g'(a)(x—a) +&2(x) (x—a) (12.8)

for all x € U, where & (x) — 0 as x — a. If we substitute = g(x) in (12.7), and then
apply (12.8), we get that

where
e(x) = f'(g(a))ea(x) + &1 (g(x)) (g (a) + e (x)).

Since g(x) — g(a) as x — a, we have € (g(x)) — 0 as x — a (since by € (g(a)) =0,
€] is continuous at g(a)). Then from & (x) — 0, we get that £(x) — 0 if x — a. Now
this, by Definition 12.11, means exactly that the function 4 is differentiable at a, and

' (a) = f'(s(a))g'(a). O

The following theorem gives the differentia-
tion rule for inverse functions.

Theorem 12.20. Let f be strictly monotone and
continuous on the interval (a,b), and let ¢ de-
note the inverse of f. If f is differentiable at the
point ¢ € (a,b) and f'(c) # 0, then @ is differ-
entiable at f(c), and

Proof. The function ¢ is defined on the interval
J = f((a,b)). By the definition of the inverse

function, @(f(c)) =c and f(@(y)) =y for all
y€J. Let F(x) denote the difference quotient

(f(x) = f(€))/ (x=c). T y#f(c), then
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= ) (12.9)

Since ¢ is strictly monotone, if y # f(c), then ¢(y) # ¢. Thus we can apply Theo-
rem 10.41 on the limits of compositions of functions. We get that

o) —o(f(c)) . 1 1 1

PUEN = Im TR L Ry T R E e T P

a

Remarks 12.21. 1. The statement of the theorem can be illustrated with the follow-
ing geometric argument. The graphs of the functions f and ¢ are the mirror images
of each other in the line y = x. The mirror image of the tangent to graph f at the
point (c, f(c)) gives us the tangent to graph @ at (f(c),c). The slopes of these are
the reciprocals of each other, that is, @' (f(c)) = 1/f(c) (Figure 12.3).

2. Let f be strictly monotone and continuous on the interval (a,b), and sup-
pose that f is differentiable everywhere on (a,b). If f’ is nonvanishing every-
where, then by the above theorem, ¢ is everywhere differentiable on the interval
J = f((a,D)), and ¢ ( f(x))=1/f"(x) forall x € (a,b). If y € J, then ¢(y) € I and
flo(y)) =y. Thus ¢'(y) = 1/f'(9(y)). Since this holds for all y € J, we have that

1
?=Foe

3. If f/(c) = 0O (that is, if the tangent line to graph f is parallel to the x-axis at
the point (c, f(c))), then by (12.9), it is easy to see that the difference quotient
(o(y) —o(f(c)))/(y — f(c)) does not have a finite limit at f(c). Indeed, in this
case, the limit of the difference quotient F(x) = (f(x) — f(c))/(x —c) at ¢ is zero,
so limy_, ¢ F (p(y)) = 0. If, however, f is strictly monotone increasing, then the
difference quotient F(x) is positive everywhere, and so lim,_, sy 1/F(¢(y)) = o
(see Remark 10.39). Then

(12.10)

o) —o(f(c))

lim ————— =0

y=fle)  y—f(c)

)

and we can similarly get that if f is strictly monotone decreasing, then the value
of the above limit is —oo. (These observations agree with the fact that if f'(c)=0,
then the tangent line to graph ¢ at (f(c),c) is parallel to the y-axis.) This remark
motivates the following extension of the definition of the derivative.

Definition 12.22. Let f be defined on a neighborhood of a point a. We say that the
derivative of f at a is infinite if
f(x) = fla)

x—a X—a ’

and we denote this by f’(a) = . We define f’(a) = —oo similarly.
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Remark 12.23. Definitions 12.1 and 12.22 can be stated jointly as follows: if the
limit (12.1) exists and has the value 8 (which can be finite or infinite), then we
say that the derivative of f at a exists, and we use the notation f'(a) = f.
We emphasize that the “differentiable” property is reserved for the cases in which
the derivative is finite. Thus a function f is differentiable at a if and only if its
derivative there exists and is finite.

We extend the definition of the one-sided derivatives (Definition 12.6) for the
cases in which the one-sided limits of the difference quotient are infinite. We use
the notation f' (a) = oo, f’ (a) = oo, f! (a) = —eo, and f’ (a) = —eo; their meaning
is straightforward.

Using the concepts above, we can extend Theorem 12.20 as follows.

Theorem 12.24. Let f be strictly monotone and continuous on the interval (a,b).
Let @ denote the inverse function of f. If f'(c) = 0, then ¢ has a derivative at f(c),
and in fact, @' (f(c)) = oo if f is strictly monotone increasing, and ¢'(f(c)) = —oo
if f is strictly monotone decreasing.

Now let us return to the elementary functions. With the help of the differentiation
rules, we can now determine the derivatives of all of them.

Theorem 12.25. If a > 0, then the function a* is differentiable everywhere, and
(a*) =loga-a* (12.11)

for all x.
Proof. The statement is clear for ¢ = 1, so we can suppose that a # 1. Since
(log,x)" = 1/(x-loga), by the differentiation rule for inverse functions, we get that

(a*) = d*-loga.

O

We note that the differentiability of the function a* can also be deduced easily
from Theorem 12.8.
Applying Theorems 12.16 and 12.25 for a = e, we get the following.

Theorem 12.26.
(i) For all x,
(") =e¢" (12.12)
(i) For all x > 0,
1
(logx)' = ~. (12.13)
X

According to (12.11), the function e is the only exponential function that is
the derivative of itself. This fact motivates us to consider e to be one of the most
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important constants® of analysis (and of mathematics, more generally). By equal-
ity (12.13), out of all the logarithmic functions, the derivative of the logarithm with
base e is the simplest. This is why we chose the logarithm with base e from among
all the other logarithm functions (see Remark 11.17).

Using the derivatives of the exponential and logarithmic functions, we can easily
find the derivatives of the power functions.

Theorem 12.27. For arbitrary b € R, the function x is differentiable at all points
x>0, and

() =b-x"71, (12.14)
Proof. Since x? = ¢?1°¢* for all x > 0, we can apply the differentiation rule for
compositions of functions, Theorem 12.19. O

The derivatives of the inverse trigonometric functions can easily be found by the
differentiation rule for inverse functions.

Theorem 12.28.
(i) The function arcsinx is differentiable on the interval (—1,1), and
1

arcsinx) = 12.15
(wesine)' = == (1215

Sforallx € (—1,1).
(ii) The function arccosx is differentiable on the interval (—1,1), and

(arccosx) = — ! (12.16)

V1—x2

forallx e (—1,1).
(iii) The function arctgx is differentiable everywhere, and

, 1
(arctgx) = T2 (12.17)
for all x.
(iv) The function arcctgx is differentiable everywhere, and
(arcctgx) = 71—1—% (12.18)
for all x.
Proof. The function sinx is strictly increasing and differentiable on [—%, %], and its

derivative is cosx. Since cosx # 0 if x € (—%,%), by Theorem 12.20, if x € (—1,1),
then

1 1 1
(arcsinx)’ = =

cos(arcsinx) \/1 _ sin® (arcsinx) 2

which proves (i). Statement (ii) follows quite simply from (i) and (11.50).

3 The other central constant is 7r. The relation between these two constants is given by e/ = —1,
which is a special case of the identity (11.64).
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The function tgx is strictly increasing on the interval (f z, g) and its derivative
is 1/cos?x # 0 there. Thus

(arctgx)’ = cos®(arctgx).

However,
1
cos’x = ————,
1+tg2x
o)
2
tgx) = ——
cos”(arctgx) 2
which establishes (iii). Statement (iv) is clear from (iii) and (11.52). a

By the definition of the hyperbolic functions and (12.12), the assertions of the
following theorem, which strengthen their link to the trigonometric functions, are

clear once again.
Theorem 12.29.
(i) The functions shx and chx are differentiable everywhere on (—es, o), and

(shx)’ =chx and (chx)" = shx

for all x.
(ii) The function thx is differentiable everywhere on (—eo,e0). Moreover,

1
thx) = ——
(thx) ch®x

for all x.
(iii) The function cthx is differentiable at all points x # 0, and there,

1

cthx) = ———.
( ) sh?x
Finally, consider the inverse hyperbolic functions.

Theorem 12.30.

(i) The function arshx is differentiable everywhere, and

1
(arshx) = ———— (12.19)
x+1
for all x.
(ii) The function archx is differentiable on the interval (1,0), and
1
(archx) = (12.20)
xr—1

forall x> 1.
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(iii) The function arthx is differentiable everywhere on (—1,1), and

1
thx) = —— 12.21

forallx e (—1,1).

Proof. (i) Since the function shx is strictly increasing on R and its derivative there
is chx # 0, the function arshx is differentiable everywhere. The derivative can be
computed either from Theorem 12.20 or by the identity (11.59).
(ii) Since the function chux is strictly increasing on (0,) and its derivative there is
shx # 0, the function archx is differentiable on the interval (1,0).

We leave the proofs of (12.20) and statement (iii) to the reader. a

Remark 12.31. It is worth noting that the derivatives of the functions logx, arctgx,
and arthx are rational functions, and the derivatives of arc sinx, arccosx, arshx, and
archx are algebraic functions. (The definition of an algebraic function can be found
in Exercise 11.45.)

Exercises

12.18. Suppose f + g is differentiable at a, and g is not differentiable at a. Can f be
differentiable at a?

12.19. Let f(x) = x* - sin(1/x), £(0) = 0. Prove that f is differentiable every-
where. (S)

12.20. Prove that if 0 < ¢ < 1, then the right-hand derivative of x¢ at 0 is infinity.

12.21. Prove that if n is a positive odd integer, then the derivative of /x at 0 is
infinity.

12.22. Where is the tangent line of the function v/sinx vertical?

12.23. Prove that the graphs of the functions /4a(a — x) and \/4b(b + x) cross each
other at right angles, that is, the tangent lines at the intersection point are perpendic-
ular. (S)

12.24. Prove that the curves x> —y?> = a and xy = b cross each other at right
angles. That is, the graphs of the functions +v/x2 —a and b/x cross each other
perpendicularly.

12.25. At what angle do the graphs of the functions 2* and (7 — e)* cross each
other? (S)
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12.26. Give a closed form for x + 2x* + - - - + nx". (Hint: differentiate the function
14+x+---+x".) Use this to compute the sums

L O T R AR
271738 2 3797y 3

12.27. Let f(x) =x-(x+1)-...- (x+ 100), and let g = f o f o f. Compute the value
of g'(0).

12.28. Prove that the function x* is differentiable for all x > 0, and compute its
derivative.

12.29. The function x* is strictly monotone on [1,0). What is the value of the deriva-
tive of its inverse at the point 277

12.30. The function x° +x? is strictly monotone on [0, ). What is the value of the
derivative of its inverse at the point 2?

12.31. Prove that the function x + sinx is strictly monotone increasing. What is the
value of the derivative of its inverse at the point 1 + (7/2)?

12.32. Let f(x) =1log, 3 (x > 0, x # 1). Compute the derivatives of f and f~!.

12.33. Let us apply differentiation to find limits. The method consists in changing
the function being considered into a difference quotient and finding its limit through
differentiation. For example, instead of

lim(x+ex)1/x,

x—0

we can take its logarithm to get the quotient

log (x+€%)

9

X

which is the difference quotient of the numerator at 0. The limit of the quotient is
thus the derivative of the numerator at 0. If this limit is A, then the original limit is
¢*. Finish this computation.

12.34. Apply the method above, or one of its variants, to find the following limits:
1/sinx

/shx
)1

(a) lim,_,o(cosx)

(b) lim, o (€5

)

() Timy o it
() limy_y; (2 —x) 1/ cos(7/(2x))

@ lim (/1) i



224 12 Differentiation

12.35. Prove, using the method above, that if ay, ... ,a, > 0, then
. aj+---+a,
lim{/+L—— " — Vai - ay.
x—0 n

12.36. Let 7;, denote the nth Chebyshev polynomial (see Exercise 11.32). Prove that

if T,(a) =0, then |T,)(a)| = n/V'1 —a?.
12.37. Let f be convex on the open interval /.

(a) Prove that the function f’ (x) is monotone increasing on /.

(b) Prove that if the function f’ (x) is continuous at a point xo, then f is differen-
tiable at xg.

(c) Prove that the set {x € I : f is not differentiable at x} is countable.

12.3 Higher-Order Derivatives

Definition 12.32. Let the function f be differentiable in a neighborhood of a point
a. If the derivative function f’ has a derivative at a, then we call the derivative of f
at a the second derivative of f. We denote this by f”'(a). Thus
/ o
f//(a) — hm f ()C) f (Cl) .

x—a xXxX—a
If f”(a) exists and is finite, then we say that f is twice differentiable at a. The
second derivative function of f, denoted by f”, is the function defined for the points
x at which f is twice differentiable, and its value there is f”(x).

We can define the kth-order derivatives by induction:

Definition 12.33. Let the function f be k — 1 times differentiable in a neighborhood
of the point a. Let the (k — 1)th derivative function of f be denoted by f*~1). The
derivative of f (k=1) a¢ a, if it exists, is called the kth (order) derivative of f. The kth
derivative function is denoted by f (K); this is defined where f is k times differen-
tiable.

The kth derivative at a can be denoted by the symbols

d'f d*f(x) )
ﬁ - ) dxk 9 y ((l) ) A

a X=a X=a

as well. To keep our notation consistent, we will sometimes use the notation

fO=f fO=yp =g

too.
Iff (k) exists for all k € N* at a, then we say that f is infinitely differentiable at a.
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It is easy to see that if p is an nth-degree polynomial, then its kth derivative is an
(n— k)th-degree polynomial for all k < n. Thus the nth derivative of the polynomial
p is constant, and the kth derivative is identically zero for k > n. It follows that every
polynomial is infinitely differentiable. With the help of higher-order derivatives, we
can easily determine the multiplicity of a root of a polynomial.

Theorem 12.34. The number a is a root of the polynomial p with multiplicity k if
and only if

pla)=p(a)=...=p*V(a)=0 and p¥(a)+£0. (12.22)

Proof. Clearly, it is enough to show that if a is a root of multiplicity k, then (12.22)
holds (since, for different k’s the statements (12.22) exclude each other). We prove
this by induction. If k = 1, then p(x) = (x—a) - q(x), where g(a) # 0. Then p’(x) =
q(x) + (x—a) - ¢'(x), which gives p’(a) = g(a) # 0, so (12.22) holds for k = 1.

Let k > 1, and suppose that the statement holds for k — 1. Since p(x) = (x —a)* -
q(x), where g(a) # 0, we have

P =k (x=a) gl +(r—a)-¢'(x) = (x—a) - r(),

where r(a) # 0. Then the number a is a root of the polynomial p’ with multiplicity
k — 1, so by the induction hypothesis,

p'(a)=p"(a)=...=p* V() =0 and p¥(a) #0.
Since p(a) = 0 is also true, we have proved (12.22). O

Some of the differentiation rules apply for higher-order derivatives as well. Out
of these, we will give those for addition and multiplication. To define the rule for
multiplication, we need to introduce binomial coefficients.

Definition 12.35. If 0 < k < n are integers, then the number ' is denoted

n!
kl(n—k)
by (}). where 0! is defined to be 1.

By the definition, it is clear that () = (%) =1 for all . It is also easy to check

that
(Z) = (Z: :) + <”; 1) (12.23)
foralln>2andk=1,...,n—1.
Theorem 12.36 (Binomial Theorem). The following identity holds:
n N (M ok pk
(a+b) ng(k>a bk (12.24)

The name of the theorem comes from the fact that a binomial (that is, a polyno-
mial with two terms) appears on the left-hand side of (12.24).
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Proof. We prove this by induction. The statement is clear for n = 1. If it holds for
n, then

(a+b)""' = (a+b)" - (a+b) =

_ |:a"—|—(;l>anl'b+"'+<nn1)a'bn1+bn:| .(a_i'_b).

If we multiply this out, then in the resulting sum, the terms a"*! and »"+! appear,
and moreover, for all 1 < k < n, the terms (,",)a"**1-b* and (})a"**1. b* also

appear. The sum of these two terms, according to (12.23), is exactly ("")a"**1. bk,
Thus we get the identity (12.24) (with n+ 1 replacing n). O

Theorem 12.37. If f and g are n times differentiable at a, then f+ g and f - g are
also n times differentiable there, and

(f+8)"(a) = f"(a) +£"(a), (12.25)
as well as
(f-8)"(a) = i (Z) £ (). g® (). (12.26)
k=0

The identity (12.26) is called the Leibniz rule.

Proof. (12.25) is straightforward by induction. We also use induction to prove
(12.26). If n = 1, then the statement is clear by the differentiation rule for products.

Suppose that the statement holds for n. If f and g are n+ 1 times differentiable at
a, then they are n times differentiable in a neighborhood U of a, so by the induction
hypothesis,

(f.g)(n) :f(") gt <’11)f("—1) .g’+...+<ni 1>f’ ~g(”_1)+f'g(") (12.27)

in U. Using the differentiation rules for sums and products, we get that (f-g)" ) (a)
is the sum of the terms f"+V)(a) - g(a) and f(a)-g"*")(a), as well as terms of
the form (," ) f" %D (a) - g™ (a) and (}) £~ k+1)( )-gM(a) forallk=1,...,n
These sum to ("Z])f("_k“) (a) - g™ (a), which shows that (12.26) holds for n+ 1.
O

The higher-order derivatives of some elementary functions are easy to compute.

Examples 12.38. 1. 1t is easy to see that the exponential function a* is infinitely
differentiable, and that

(@)™ = (loga)" - a* (12.28)
for all n.

2. It is also easy to check that the power function x
the interval (0, <), and that

b is infinitely differentiable on

()W =bb—1)-...-(b—n+1)-x>7" (12.29)

for all n and x > 0.
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3. The functions sinx and cosx are also infinitely differentiable, and their higher-
order derivatives are
(sinx)®) = (=1)"-sinx, (sinx)2+D)

(cosx)®) = (=1)" - cosx, (cosx) @+ = (—1)"*! . sinx (12.30)

= (—1)"-cosx,

for all n» and x.

Remark 12.39. The equalities (sinx)” = —sinx and (cosx)” = —cosx can be ex-
pressed by saying that the functions sinx and cosx satisfy the relation

y//+y:O;

this means that if we write sinx or cosx in place of y, then we get an equality. Such a
relation that links the derivatives of a function to the function itself (possibly using
other known functions) is called a differential equation. A differential equation
is said to have order n if the highest-order derivative that appears in the differen-
tial equation is the nth. So we can say that the functions sinx and cosx satisfy the
second-order differential equation y” +y = 0. More specifically, we will say that
this differential equation is an algebraic differential equation, since only the basic
operations are applied to the function and its derivatives.

It is clear that the exponential function a* satisfies the first-order differential
equation y’ —loga-y = 0. But it is not immediately clear that every exponential
function satisfies the same differential equation. Indeed, if y = a*, then y' /y = loga,
which is constant. Thus (y'/y)’ = 0, that is, a* satisfies the second-order algebraic
differential equation

Yy= () =0.

We can similarly show that every power function satisfies the same second-order
algebraic differential equation. The function x will appear in this differential equa-
tion, but can be removed by increasing the order (see Exercise 12.43).

The function log,, x satisfies the equation y' — (loga-x)~! = 0. From this, we get
that x-y' is a constant, that is,

X- yll _|_y/ —0.

It is easy to see that the logarithmic functions satisfy a single third-order algebraic
differential equation, in which x does not appear. The inverse trigonometric and
hyperbolic functions satisfy similar equations.

One can show that if two functions both satisfy an algebraic differential equation,
then their sum, product, quotient, and composition also satisfy an algebraic differ-
ential equation (a different one, generally more complicated). It follows that every
elementary function satisfies an algebraic differential equation (which, of course,
depends on the function).

In the next chapter, we will discuss differential equations in more detail.
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Exercises

12.38. Prove that if f is twice differentiable at a, then f is continuous in a neighbor-
hood of a.

12.39. How many times is the function |x|* differentiable at 0?

12.40. Give a function that is k times differentiable at O but is not K+ 1 times differ-
entiable there.

12.41. Prove that for the Chebyshev polynomial 7;,(x) (see Exercise 11.31),
(1—2)T(x) —x Ty(x) + Ty (x) = 0

for all x.

12.42. Prove that the Legendre polynomial

1 ((x2_ 1)n>(”)

:2"n!

P, (x)

satisfies
(1 fxz)P,;'(x) —2x Py(x) +n(n+1)P,(x) =0

for all x.

12.43. (a) Prove that every power function satisfies a second-order algebraic differ-
ential equation.

(b) Prove that every power function satisfies a single third-order algebraic differen-
tial equation that does not contain x.

12.44. Prove that the logarithmic functions satisfy a single third-order algebraic dif-
ferential equation that does not contain x. (S)

12.45. Prove that each of the functions arcsinx, arccosx, arctgx, arshx, archx, and
arthx (individually) satisfies a third-degree algebraic differential equation that does
not contain x.

12.46. Prove that the function e¢* 4 log x satisfies an algebraic differential equation.

12.47. Prove that the function ¢* - sinx satisfies an algebraic differential equation.
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12.4 Linking the Derivative and Local Properties

Definition 12.40. Let the function f be defined y
f(a) \ /\/\

on a neighborhood of the point a. We say that f
is locally increasing at a if there exists a 6 > 0 w
such that f(x) < f(a) foralla— é < x < a, and |

|

£(x) > fla) foralla < x < a+&. |

Let f be defined on a right-hand neighbor- 1
hood of a. We say that f is locally increasing } X
on the right at a if there exists a 6 > 0 such that a—
f(x) > f(a) foralla < x < a+ 6 (Figure 12.4).

We similarly define the concepts of strictly Fig. 124
locally increasing, locally decreasing, and
strictly locally decreasing at a, as well as (strictly) locally increasing and decreas-

ing from the left.

A
|
|
|
I
I
I
|
+

[
[
[
[
|
§ a a+d

Remark 12.41. We have to take care in distinguishing the concepts of local and
monotone increasing (or decreasing) functions. The precise link between the two
is the following.

On the one hand, it is clear that if f is monotone increasing on (a,b), then f is
locally increasing for all points in (a,b).

On the other hand, it can be shown that if f is locally increasing at every point in
(a,b), then it is monotone increasing in (a,b) (but since we will not need this fact,
we leave the proof of it as an exercise; see Exercise 12.54).

It is possible, however, for a function f to be locally increasing at a point a
but not be monotone increasing on any neighborhood U (a). Consider the following
examples.

1. The function

~Jxesin?(1/x), ifx#0,
f(x){o, ifx=0

is locally increasing at 0, but it does not have a neighborhood of 0 in which f is
monotone (Figure 12.5).
2. The function

~J1/x, ifx#0,
f(x){o, ifx=0

is strictly locally increasing at 0, but it is not monotone increasing in any interval.
In fact, in the right-hand punctured neighborhoods of 0, f is strictly monotone
decreasing.
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Fig. 12.6

3. Similarly, the function

)= {tgx, ifxe (0,7)\ {2},

0, ifx=7%

is strictly locally decreasing at 7 but is strictly monotone increasing on the in-
tervals (0,7/2) and (7/2, 7).
4. The function

X if x is irrational,
f)=9. .
2x, if x is rational

is strictly locally increasing at 0, but there is no interval on which it is monotone
(Figure 12.6).

Definition 12.42. We say that the function f has a local maximum (or minimum) at
a if a has a neighborhood U in which f is defined and for all x € U, f(x) < f(a) (or
f(x) > f(a)). We often refer to the point « itself as the local maximum (or minimum)
of the function.
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If for all x € U\ {a}, f(x) < f(a) (or f(x) > f(a)), then we say that a is a strict
local maximum (or minimum,).
Local maxima and local minima are collectively called local extrema.

+ - 1 -
a X a \ X a X / a

Ead J

Fig. 12.7

Remark 12.43. We defined absolute (global) extrema in Definition 10.54. The fol-
lowing connections exist between absolute and local extrema.

An absolute extremum is not necessarily a local extremum, since a condition for
a point to be a local extremum is that the function be defined in a neighborhood
of the point. So for example, the function x on the interval [0,1] has an absolute
minimum at 0, but this is not a local minimum. However, if the function f: A - R
has an absolute extremum at a € A, and A contains a neighborhood of a, then a is a
local extremum.

A local extremum is not necessarily an absolute extremum, since the fact that f
does not have a value larger than f(a) in a neighborhood of a does not prevent it
from having a larger value outside the neighborhood.

Consider the following three properties:

1. The function f is locally increasing at a.
II. The function f is locally decreasing at a.
III. a is a local extremum of the function f.

The function f satisfies one of the properties I, II, and III if and only if there
exists a 0 > 0 such that the graph of f over the interval (a — §,a) lies entirely in one
section of the plane separated by the horizontal line y = f(a) and the graph of f over
(a,a+ 0) lies in one of the sections separated by y = f(a). The four possibilities
correspond to the function at a being locally increasing, locally decreasing, a local
maximum, and a local minimum (Figure 12.7).

It is clear that properties I and II can hold simultaneously only if f is constant in
a neighborhood of a.

In the strict variants of the properties above, however, only one can hold at one
time.
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Of course, it is possible that none of I, II, and III holds. This is the case, for
example, with the function

xsinl/x, ifx#0,
ﬂ@_{m ifx=0

at the point x = 0.

Let us now see the connection between the sign of the derivative and the proper-
ties above.

Theorem 12.44. Suppose that f is differentiable at a.

(i) If f'(a) > O, then f is strictly locally increasing at a.
(ii) If f'(a) < O, then f is strictly locally decreasing at a.
(iii) If f is locally increasing at a, then f'(a) > 0.
(iv) If f is locally decreasing at a, then f'(a) < 0.

(v) If f has a local extremum at a, then f'(a) = 0.

Proof. (1) If
f/(a) — lim f(x) _f(a)

xX—a XxX—a

>0,

then by Theorem 10.30, there exists a § > 0 such that
fx)—f(a)

X—a
for all 0 < |x —a| < 8. Thus f(x) > f(a) if a<x<a+3d, and f(x) < f(a) if
a— 0 < x < a. But this means precisely that the function f is strictly locally in-

creasing at a (Figure 12.8). Statement (ii) can be proved similarly.
(iii) If f is locally increasing at a, then there exists a 6 > 0 such that

>0

10— fta)
xX—a o
if 0 < [x—a| < 6. But then
Lm@:nmﬁﬂ}ﬁ@zo

x—a X—a

Statement (iv) can be proved similarly.

(v) If f'(a) # 0, then by (i) and (ii), f is either locally strictly increasing or locally
strictly decreasing at a, so a cannot be a local extremum. Thus if f has a local
extremum at a, then necessarily f'(a) = 0. O

Remarks 12.45. 1. The one-sided variants of the statements (i)—(iv) above also hold
(and can be proved the same way). That is, if f (a) > 0, then f is strictly locally
increasing on the right at a; if f is locally increasing on the right at a, then f', (a) >0,
assuming that the right-hand derivative exists.
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y

Fig. 12.8

2. None of the converses of the statements (i)—(v) is true. If we know only that f
is strictly locally increasing at a, cannot deduce that f'(a) > 0. For example, the
function f(x) = x? is strictly locally increasing at 0 (and in fact strictly monotone
increasing on the whole real line), but f7(0) = 0.

If we know only that f’(a) > 0, we cannot deduce that the function f is locally
increasing at a. For example, for the function f(x) = —x3, f/(0) = 0> 0, but f is
not locally increasing at O (and in fact, it is strictly locally decreasing there).

Similarly, if we know only that f” (a) =0, cannot deduce that the function f has a
local extremum at a. For example, for the function f(x) = x*, f/(0) = 0, but f does
not have a local extremum at O (since x> is strictly monotone increasing on the entire
real line). We can also express this by saying that if f is differentiable at a, then the
assumption f’(a) = 0 is a necessary but not sufficient condition for f to have a local
extremum at a.

3. If in statement (iii), we assume f to be strictly locally increasing instead, then we
still cannot say more than f’(a) > 0 generally (since the converse of statement (i)
does not hold).

4. From f’(a) > 0, we can deduce only that y
f 1is locally increasing at a, and not that it /

is monotone increasing. Consider the follow- 2
ing example. Let f be a function such that
x—x* < f(x) <x+x* for all x (Figure 12.9).

Then £(0) = 0, and 50 if x > 0, then 0 .
l_xéf(X):f(x)—f(O)ng’ )
X x—0 ~ /)
while if x < 0, the reverse inequalities hold. Fig. 12.9

Thus by the squeeze theorem,

=1>0.
x—0 x—0 -

On the other hand, it is clear that we can choose the function f such that it is not
monotone increasing in any neighborhood of 0. For this, if we choose 0 > 0, we
need —§ < x <y < & such that f(x) > f(y). If, for example, f(x) = x — x> for all
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rational x and f(x) = x + x> for all irrational x, then this holds for sure. We can even
construct f to be differentiable everywhere: draw a “smooth” (that is, differentiable)
wave between the graphs of the functions x —x? and x + x> (one such function can
be seen in Exercise 12.53).

Even though the condition f'(a) = 0 is not sufficient for f to have a local ex-
tremum at g, in certain important cases, statement (v) of Theorem 12.44 is still
applicable for finding the extrema.

Example 12.46. Find the (absolute) maximum of the function f(x) =x- (1 —x) in
the interval [0, 1]. Since the function is continuous, by Weierstrass’s theorem (Theo-
rem 10.55) f has an absolute maximum in [0, 1]. Suppose that f takes on its largest
value at the point a € [0, 1]. Then either a =0, a =1, or a € (0,1). In the last case
f has a local maximum at a, and since f is everywhere differentiable, by statement
(v) of Theorem 12.44 we have f’(a) = 0. Now f’(x) = 1 — 2x, so the condition
f'(a) =0is satisfied only by a = 1/2. We get that the function attains its maximum
at one of the points 0, 1, 1/2. However, f(0) = f(1) =0 and f(1/2) =1/4>0,
so 0 and 1 cannot be maxima of the function. Thus only a = 1/2 is possible. Thus
we have shown that the function f(x) = x- (1 —x) over the interval [0, 1] attains its
maximum at the point 1/2; that is, a = 1/2 is its absolute maximum.

Remark 12.47. This argument can be applied in the cases in which we are dealing
with a function f that is continuous on a closed and bounded interval [a,b] and is
differentiable inside, on (a,b). Then f has a largest value by Weierstrass’s theorem.
If this is attained at a point c, then either ¢ = a, ¢ = b, or ¢ € (a,b). In this last case,
we are talking about a local extremum as well, so f’(c) = 0. Thus if we find all
points ¢ € (a,b) where f’ vanishes, then the absolute maximum points of f must be
among these, a, and b. We can then locate the absolute maxima by computing f at
all of these values (not forgetting about a and b), and determining those at which the
value of f is the largest. (We should note that in some cases, we have to compute the
value of f at infinitely many points. It can happen that f’ has infinitely many roots
in (a,b); see Exercise 12.52.)

Example 12.48. As another application of the argument above, we deduce Snell’s*
law. By what is called Fermat’s’ principle, light traveling between two points takes
the path that can be traversed in the least amount of time. In Figure 12.10, the x-axis
separates two fluids in which the speed of light is respectively v; and v,. Looking
from the point Pj, we will see point P, in the direction that a light ray arrives at Py if
it starts at P». The light ray—by Fermat’s principle—*"“chooses” the path that takes
the shortest time to traverse. To determine the path of the light ray, we thus need to
solve the following problem.

4 Willebrord Snellius (1580-1626), Dutch mathematician.
5 Pierre de Fermat (1601-1665), French mathematician.
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Let a line e be given in the plane, and in Pi(a;, by) I
the two half-planes determined by this line, let
there be given the points P, and P». If a moving
point travels with velocity v; in the half-plane
in which Pj is located, and with velocity v, if it I X
is in the half-plane of P>, what path must it take : B
to get from P; to P> in the shortest amount of
time? | Py(ay, b))

Let the line e be the x-axis, let the coordi-
nates of P; be (aj,b;), and let the coordinates Fig. 12.10
of P, be (az,by). We may assume that a; < a
(Figure 12.10). Clearly, the point needs to travel in a straight line in both half-planes,
so the problem is simply to find where the point crosses the x-axis, that is, where the
path bends (is refracted).

If the path intersects the x-axis at the point x, the time necessary for the point to
traverse the entire path is

1 1
f)=—\/(x—a1)? +b}+ — -/ (x—a2)?+ b3,
Vi %
and so
1 — 1 _
fg=——2 4. T2 (12.31)

Vi (x—a)?+b? V2 (x—a2)?+ b3

Our task is to find the absolute minimum of f. Since if x < ay, then f(x) > f(a}),
and if x > ap, then f(x) > f(ay), it suffices to find the minimum of f in the inter-
val [aj,ap]. Since f is continuous, Weierstrass’s theorem applies, and f* attains its
minimum on [ay,a,]. Since f is also differentiable, the minima can be only at the
endpoints of the interval and at the points where the derivative is zero.

Now by (12.31),

flay=— A= <o,

a1/ (a1 —a2)?+ b3

and so by Theorem 12.44, f is strictly locally decreasing at a;. Thus in a suitable
right-hand neighborhood of a;, every value of f is smaller that f(a;), so a; cannot
be a minimum. Similarly,

flaz) = (a2 =) >0,

Vi - (ag—al)z—i—b%

and so by Theorem 12.44, f is strictly locally increasing at a;. Thus in a suitable
left-hand neighborhood of a;, every value of f is smaller that f(a;), so ap cannot
be a minimum either. Thus the minimum of the function f is at a point x € (a;,a2)
where f’(x) = 0. By (12.31), this is equivalent to saying that



236 12 Differentiation

X—daq . a) —X Vi

\/(x—al)Zer% \/(xfaz)erb% V2

We can see in the figure that

X—daq aj) —Xx

——— =gino and — =sinf,
(x—a1)?+b? (x—a2)?>+b3

where o and 3 are called the angle of incidence and angle of refraction respectively.

Thus the path taking the least time will intersect the line separating the two fluids at

the point where
sin o Vi

sinf vy

This is Snell’s law.

Exercises

12.48. We want to create a box with no lid out of a rectangle with sides a and b by
cutting out a square of size x at each corner of the rectangle. How should we chose
x to maximize the volume of the box? (S)

12.49. Which cylinder inscribed into a given sphere has the largest volume?

12.50. Which right circular cone inscribed into a given sphere has the largest vol-
ume?

12.51. Which right circular cone inscribed into a given sphere has the largest surface
area? (The surface area of the cone includes the base circle.)

12.52. Let
2 . .
x“-sinl/x, ifx#0,
£ = fo
0, ifx=0.
Prove that the derivative of f has infinitely many roots in (0, 1).

12.53. Let

x+2x%-sinl/x, ifx#0,
1) = fo itz
0, if x=0.

Show that f"(0) > 0, but f is not monotone increasing in any neighborhood of 0. (S)

12.54. Prove that if f is locally increasing at all points in (a,b), then it is monotone
increasing in (a,b). (H)
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12.55. Determine the absolute extrema of the functions below in the given intervals.

(@) x> —x*, [-2,2]; () x —logx, [1/2,2];
(b) x —arctgx, [—1,1]; (k) 1/(1+sin’x), (0,7);
©x+e™, [-1,1]; M V1—e, [-2,2];
(@ x+x2, [1/10,10]; (m) x-sin(logx), [1,100];
(e) arctg(1/x), [1/10,10]; (n) x*, (0,00);

() cosx?, [0, ]; (0) V/x, (0,00);

(g) sin(sinx), [-m/2,7/2]; (p) (logx)/x, (0,00);
(h) x-e7*, [-2,2]; (@) x-logx, (0,);

(i) x" - e, [-2n,2n]; (r) - (1—x)'%, (0,1).

12.5 Intermediate Value Theorems

The following three theorems—each a generalization of the one that it follows—are
some of the most frequently used theorems in differentiation. When we are looking
for a link between properties of a function and its derivative, most often we use one
of these intermediate value theorems.

Theorem 12.49 (Rolle’s Theorem®). Suppose that the function f is continuous on
[a,D] and differentiable on (a,b). If f(a) = f(b), then there exists a ¢ € (a,b) such
that f'(c) = 0.

Proof. If f(x) = f(a) for all x € (a,b), then f is
constant in (a,b), so f'(x) =0 for all x € (a, b).
Then we can choose ¢ to be any number in
(a,b).

We can thus suppose that there exists an
xo € (a,b) for which f(xp) # f(a). Consider /
first the case f(xo) > f(a). By Weierstrass’s
theorem, f has an absolute maximum in [a,b].
Since f(x0) > f(a) = f(b), neither a nor b can
be its absolute maximum. Thus if ¢ is an abso-
lute maximum, then ¢ € (a,b), and so c is also a local maximum too. By statement
(v) of Theorem 12.44, it then follows that f’(c) = 0.

If f(x0) < f(a), then we argue similarly, considering the absolute minimum of f
instead (Figure 12.11). a

Fig. 12.11

An important generalization of Rolle’s theorem is the following theorem.

6 Michel Rolle (1652—1719), French mathematician.
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Theorem 12.50 (Mean Value Theorem). If the function f is continuous on [a,b]
and differentiable on (a,b), then there exists a ¢ € (a,b) such that

Proof. The equation for the chord between the points (a, f(a)) and (b, f(b)) is
given by

_ f(b) = f(a)

y=hap(x) = ﬁ(x—a) + f(a).

The function
F(x) = f(x) = hap(x)

satisfies the conditions of Rolle’s theorem. Indeed, since f and A, are both contin-
uous in [a,b] and differentiable on (a,b), their difference also has these properties.
Since F(b) = F(a) = 0, we can apply Rolle’s theorem to F. We get that there exists
ac € (a,b) such that F'(c) = 0. But this means that

f(b)—f(a
0=F(e) = £/(e) ~Hyy(e) = )~ LT,
SO
/ _ f (b) - f (a)
f (C) - b —a )
which concludes the proof of the theorem (Figure 12.12). a
The geometric meaning of the mean value y

theorem is the following: if the function f is
continuous on [a,b] and differentiable on (a,b),
then the graph of f has a point in (a,b) where
the tangent line is parallel to the chord £ . | } :
The following theorem is a generalization of a 10 c b X
the previous one.

Fig. 12.12

Theorem 12.51 (Cauchy’s Mean Value Theorem). If the functions f and g are
continuous on |a,b), differentiable on (a,b), and for x € (a,b) we have g'(x) # 0,
then there exists a ¢ € (a,b) such that

f10) _ fb)=f(a)
gc) gb)—gla)
Proof. By Rolle’s theorem, we know that g(a) # g(b). Indeed, if g(a) = g(b) held,

then the derivative of g would be zero at at least one point of the interval (a,b),
which we did not allow. Let
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The function F is continuous on [a, b], differentiable on (a,b), and F (a) = F (b) = 0.
Thus by Rolle’s theorem, there exists a ¢ € (a,b) such that F'(c) = 0. Then

f(b)*f(a) / c
g(b)—g(a)g( )

Since by the assumptions, g’(c) # 0, we get that

fle) _ f(b)—f(a)

g'(c)  g(b)—gla)’

which concludes the proof. a

0=F'(c) = f'() -

It is clear that the mean value theorem is a special case of Cauchy’s mean value
theorem if we apply the latter with g(x) = x.
A simple but important corollary of the mean value theorem is the following.

Theorem 12.52. If f is continuous on |a,b), differentiable on (a,b), and f'(x)=0
forall x € (a,b), then the function f is constant on [a, b].

Proof. By the mean value theorem, for every x in (a, b], there exists a ¢ € (a,b) such
that

So by f'(c) =0, we have f(x) = f(a). 0

The following corollary is sometimes called the fundamental theorem of integra-
tion; we will later see why.

Corollary 12.53. If f and g are continuous on [a,b), differentiable on (a,b), and
moreover, f'(x) = g'(x) for all x € (a,b), then with a suitable constant c, we have
f(x) =g(x)+cforallx € a,b]

Proof. Apply Theroem 12.52 to the function f — g. a

Exercises

12.56. Give an example of a differentiable function f: R — R that has a point ¢
such that f/(c) is not equal to the difference quotient (f(b) — f(a))/(b —a) for any
a < b. Why does this not contradict the mean value theorem?

12.57. Prove that if f is twice differentiable on [a,b], and for a ¢ € (a,b) we have
f"(c) # 0, then there exist a < x; < ¢ < xp < b such that

f’(c) — M (H)

X1 —X2
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12.58. Prove that

(oc—B)-coso <sina—sinf < (a—f)-cosf
foral0 < B <o < /2.

12.59. Prove that |arctgx — arctgy| < |x —y| for all x,y.

12.60. Let f be differentiable on the interval 1, and suppose that the function f’ is
bounded on /. Prove that f is Lipschitz on I.

12.61. Prove that if f’(x) = x> for all x, then there exists a constant ¢ such that
f@x) = (/3) +ec.

12.62. Prove that if f'(x) = f(x) for all x, then there exists a constant ¢ such that
f(x) =c-e* forall x.

12.63. Let f: R — (0,0) be differentiable and strictly monotone increasing. Sup-
pose that the tangent line of the graph of f at every point (x, f(x)) intersects the
x-axis at the point x —a, where a > 0 is a constant. Prove that f is an exponential
function.

12.64. Let f: (0,00) — (0,00) be differentiable and strictly monotone increasing.
Suppose that the tangent line to the graph of f at every point (x, f(x)) intersects the
x-axis at the point c - x, where ¢ > 0 is a constant. Prove that f is a power function.

12.65. Prove that if f and g are differentiable everywhere, f(0) =0, g(0) =1,
f'=g,and g = —f, then f(x) = sinx and g(x) = cosx for all x. (H)

12.66. Prove that the function x°> — 5x + 2 has three real roots.
12.67. Prove that the function x” 4 8x2 + 5x — 23 has at most three real roots.
12.68. At most how many real roots can the function x' + ax + b have?

12.69. For what values of k does the function x> — 6x 4 9x+ k have exactly one real
root?

12.70. Prove that if p is an nth-degree polynomial, then the function ¢* — p(x) has
at most n+ 1 real roots.

12.71. Let f be n times differentiable on (a,b). Prove that if f has n distinct roots in
(a,b), then f"=%) has at least k roots in (a,b) forallk =1,...,n— 1. (H)

12.72. Prove that if p is an nth-degree polynomial and every root of p is real, then
every root of p’ is also real.

12.73. Prove that every root of the Legendre polynomial

1 ((x2_ l)n)(”)

~ )

Py (x)

is real.
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12.74. Let f and g be n times differentiable functions on [a,b], and suppose that
they have n common roots in [a,b]. Prove that if the functions f () and g have
no common roots in [a,b], then for all x € [a,b] such that g(x) # 0, there exists a
¢ € (a,b) such that

fx) ")

gx)  gM(c)’

12.75. Let f be continuous on (a,b) and differentiable on (a,b) \ {c}, where a <
¢ < b. Prove that if lim,_,. f’(x) = A, where A is finite, then f is differentiable at ¢
and f'(c) = A.

12.76. Prove that if f is twice differentiable at a, then

lim fla+2h)=2f(a+h)+ f(a)
h—0 h?

= f"(a). (H)

12.77. Let f be differentiable on (0, ). Prove that if there exists a sequence x,, — oo
such that f(x,) — 0, then there also exists a sequence y, — oo such that f’(y,) — O.

12.78. Let f be differentiable on (0,e0). Prove that if limy e f'(x) = 0, then
limy_ye f(x)/x = 0.

12.6 Investigation of Differentiable Functions

We begin with monotonicity criteria.

Theorem 12.54. Let f be continuous on [a,b] and differentiable on (a,b).

(i) f is monotone increasing (decreasing) on [a,b] if and only if f'(x) >0 (f'(x) <
0) for all x € (a,b).

(ii) f is strictly monotone increasing (decreasing) on |a,b) if and only if f'(x) >0
(f'(x) <0) for all x € (a,b), and [a,b] does not have a nondegenerate subinter-
val on which f is identically zero.

Proof. (i) Suppose that f'(x) > 0 for all x € (a,b). By the mean value theorem, for
arbitrary a < x; < xp < b there exists a ¢ € (x,xp) such that

fx1) = fx2)

X1 —Xx2

= f'(e).

Since f(c) > 0, we have f(x1) < f(x2), which means exactly that f is monotone
increasing on [a, b).
Conversely, if f is monotone increasing on [a, b], then it is locally increasing at
every x in (a,b). Thus by statement (iii) of Theorem 12.44, we see that f(x) > 0.
The proof is similar for the monotone decreasing case.
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(ii) It is easy to see that a function f is strictly monotone on [a, b] if and only if it is
monotone in [a,b], and if [a,b] does not have a subinterval on which f is constant.
Then the statement can be proved easily by Theorem 12.52 a

As an application of the theorem above, we introduce a simple but useful method
for proving inequalities.

Corollary 12.55. Let f and g be continuous on [a,b| and differentiable on (a,b). If
f(a) = g(a) and a < x < b implies f'(x) > g'(x), then f(x) > g(x) for all x € [a, D).
Also, if f(a) = g(a) and a < x < b imply f'(x) > g'(x), then f(x) > g(x) for all
x € (a,b].

Proof. Let h=f —g. If a < x < b implies f'(x) > g'(x), then h'(x) > 0 for all
x € (a,b), and so by statement (i) of Theorem 12.54, & is monotone increasing on
[a,b]. If f(a) = g(a), then h(a) = 0, and so h(x) > h(a) = 0, and thus f(x) > g(x)
for all x € [a,b]. The second statement follows similarly, using statement (ii) of
Theorem 12.54. O

Example 12.56. To illustrate the method, let us show that

2x
log(1 > — 12.32
og(1+) > =5 (1232
for all x > 0. Since for x = 0 we have equality, by Corollary 12.55 it suffices to show
that the derivatives of the given functions satisfy the inequality for all x > 0. It is
easy to check that (2x/(x+2))" = 4/(x+2)2. Thus we have only to show that for
x>0,1/(1+x) >4/(x+2)?, which can be checked by multiplying through.

More applications of Corollary 12.55 can be found among the exercises.

Remark 12.57. With the help of Theorem 12.54, we can find the local and absolute
extrema of an arbitrary differentiable function even if it is not defined on a closed
and bounded interval. This is because by the sign of the derivative, we can determine
on which intervals the function is increasing and on which it is decreasing, and this
generally gives us enough information to find the extrema.

Consider the function f(x) = x-e*, for example. Since f/(x) = e —x-e™7,
we have f'(x) > 0 if x < 1, and f'(x) < 0 if x > 1. Thus f is strictly monotone
increasing on (—eo, 1], and strictly monotone decreasing on [1, ). It follows that f
has an absolute maximum at 1 (which is also a local maximum), and that f does not
have any local or absolute minima.

In Theorem 12.44 we saw that if f is differentiable at a, then for f to have a local
extremum at a, it is necessary (but generally not sufficient) for f'(a) = 0 to hold.
The following theorems give sufficient conditions for the existence of local extrema.
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Theorem 12.58. Let f be differentiable in a neighborhood of the point a.

(i) If f'(a) = 0 and f' is locally increasing (decreasing) at a,’ then a is a local
minimum (maximum) of f.

(ii) If f'(a) =0 and f' is strictly locally increasing (decreasing) at a, then the point
a is a strict local minimum (maximum) of f.

Proof. (i) Consider the case that f’ is locally increasing at a. Then there exists a
6 >0 such that f’(x) <0ifa—8 <x<a,and f'(x) >0if a <x <a+d. By
Theorem 12.54, it then follows that f is monotone decreasing on [a — J,a], and
monotone increasing on [a,a + 8]. Thus if a — 6 < x < a, then f(x) > f(a). More-
over, if a < x < a+ 8, then again f(x) > f(a). This means exactly that f has a local
minimum at a. The statement for the local maximum can be proved similarly.

(ii) If f” is strictly locally increasing at a, then there exists a § > 0 such that f7(x) <0
ifa—8 <x<a,and f'(x) >0ifa <x<a+3d.

It then follows that f is strictly monotone decreasing on [a@ — 8,a], and strictly
monotone increasing on [a,a + 6]. Thus if a — § < x < a, then f(x) > f(a). More-
over, if a < x < a+ 0, then again f(x) > f(a). This means exactly that f has a strict
local minimum at a. One can argue similarly for the case of a strict local maximum.

O

Remark 12.59. The sign change of f’ at a is not necessary for f to have a local
extremum at the point a. Let f be a function such that x* < f(x) < 2x? for all x.
Then the point 0 is a strict local (and absolute) minimum of f. On the other hand,
it is possible that f is not differentiable (or even continuous) at any point other than
0; this is the case, for example, if f(x) = x* for all rational x, and f(x) = 2x? for all
irrational x.

We can also construct such an f to be differentiable; for this we need to place
a differentiable function between the graphs of the functions x> and 2x> each of
whose one-sided neighborhoods of 0 contains a section that is monotone decreas-
ing and a section that is monotone increasing as well. We give such a function in
Exercise 12.95.

Theorem 12.60. Let f be twice differentiable at a. If f'(a) = 0 and f"(a) > 0, then
f has a strict local minimum at a. If f'(a) = 0 and " (a) < O, then f has a strict
local maximum at a.

Proof. Suppose that f”(a) > 0. By Theorem 12.44, it follows that f’ is strictly lo-
cally increasing at a. Now apply the previous theorem (Figure 12.13). The proof for
the case f”(a) < 0 is similar. O

Remark 12.61. If f'(a) = 0 and f”(a) = 0, then we cannot deduce whether f has
a local extremum at a. The different possibilities are illustrated by the functions

7 That is, if f’ changes signs at the point ¢, meaning that it is nonpositive on a left-sided neighbor-
hood of a and nonnegative on a right-sided neighborhood, or vice versa.
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f(x) =%, f(x) =x* and f(x) = —x* at @ = 0. In this case, we can get suffi-
cient conditions for f to have a local extremum at a by the value of higher-order
derivatives.

Theorem 12.62.
(i) Let the function f be 2k times differentiable at the point a, where k > 1. If
fla)=...= f%*V(a)=0 and ) (a) >0, (12.33)

then f has a strict local minimum at a. If
fla)=...= f%*V(a)=0 and ¥ (a) <0,

then f has a strict local maximum at a.
(ii) Let the function f be 2k + 1 times differentiable at a, where k > 1. If

flla)=...= f®(a)=0 and ) (a)#£0, (12.34)

then f is strictly monotone in a neighborhood of a, that is, f does not have a
local extremum there.

Proof. (i) We prove only the first statement, using induction. We already saw the
k =1 case in Theorem 12.60. Let k > 1, and suppose that the statement holds for
k—1.1f (12.33) holds for £, then for the function g = f”, we have

@ =..=g%3a)=0 and g* 2 (a)>0.

Thus by the induction hypothesis, f” has a strict local minimum at a. Since by
k> 1 we have f”(a) = 0, there must exist a § > 0 such that f”/(x) > 0 at all points
x € (a—06,a+0)\ {a}. Then by Theorem 12.54, it follows that f” is strictly mono-
tone increasing on (a — 8,a+ 8). Thus f” is strictly locally increasing at a, so we
can apply Theorem 12.58.

(ii) Suppose (12.34) holds. Then by the already proved statement (i), a is a strict
local extremum of f’. Since f’(a) = 0, either f'(x) > 0 for all x € (a— 8,a+ 8)\
{a},or f'(x) <Oforallx € (a—5,a+0)\ {a}. By Theorem 12.54, it then follows
that f is strictly monotone on (a — §,a+ 6), so it does not have a local extremum at
the point a (Figure 12.14). ad
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We now turn to the conditions for convexity.
Theorem 12.63. Let f be differentiable on the interval I.

(i) The function f is convex (concave) on I if and only if f' is monotone increasing
(decreasing) on .

(ii) The function f is strictly convex (concave) on I if and only if f' is strictly mono-
tone increasing (decreasing) on I.

Proof. (i) Suppose that f’ is monotone increasing on I. Let a,b € I, a < b, and let
a < x < b be arbitrary. By the mean value theorem, there exist points u € (a,x) and
v € (x,b) such that

f(x —f((l) andf/(v) (b) f( )

x—a b—x

fu) =

Since u < v and f” is monotone increasing, f’(u) < f'(v), so

fx) = fla) _ f(b) = f(x)
xX—a - b—x
Then by a simple rearrangement, we get that
70 < 209 (o) pta),

which shows that f is convex.

Now suppose that f is convex on I, and let a,b € I, a < b, be arbitrary. By
Theorem 9.20, the function F(x) = (f(x) — f(a))/(x —a) is monotone increasing
on the set I\ {a}. Thus F(x) < ((f(b) — f(a))/(b—a) for all x < b, x # a. Since
f'(a) =lim,_,, F(x), we have that (Figures 12.15)

)~ f(a) (12.35)

fla) < ==

Similarly, the function G(x) = (f(x) — f(b))/(x — b) is monotone increasing on the
set I\ {b}, so G(x) > ((f(b) —f(a))/( a) forall x > a, x # b.
Since f'(b) = lim,_,;, G(x), we have that

ﬂﬁlﬂ@. (12.36)

O
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If we combine (12.35) and (12.36), we get that f’(a) < f'(b). Since this is true for
all a,b € Iif a < b, f' is monotone increasing on I (Figure 12.16).

The statement for concavity can be proved in the same way. Statement (ii) follows
by a straightforward change of the argument above. a

Rearranging equation (12.35), we get that if @ < b, then f(b) > f'(a)- (b—a) +
f(a). Equation (12.36) states that if a < b, then f(a) > f'(b)-(a—b) + f(b). This
means that for arbitrary a,x € I,

f(x) > f(a)- (x—a)+ f(a), (12.37)

that is, a tangent line drawn at any point on the graph of f lies below the graph itself.
Thus we have proved the “only if” part of the following theorem.

Theorem 12.64. Let f be differentiable on the interval I. The function f is convex
on I if and only if for every a € I, the graph of the function f lies above the tangent
of the graph at the point a, that is, if and only if (12.37) holds for all a,x € I.

Proof. We now have to prove only the “if” part of the statement. Suppose that (12.37)
holds forall a,x € I.If a,b € I and a < b, then it follows that both (12.35) and (12.36)
are true, so f'(a) < f'(b). Thus f is monotone increasing on /, so by Theorem
12.63, f is convex. O

Theorem 12.65. Let [ be twice differentiable on I. The function f is convex (con-
cave) on I if and only if f"(x) >0 (f"(x) <0) forall x € I.

Proof. The statement of the theorem is a simple corollary of Theorems 12.63
and 12.54. O

Definition 12.66. We say that a point a is an inflection point of the function f if f
is continuous at a, f has a (finite or infinite) derivative at a, and there exists a 6 > 0
such that f is convex on (a — 6,a] and concave on [a,a+ §), or vice versa.

So for example, 0 is an inflection point of the functions x> and /x.
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Theorem 12.67. If f is twice differentiable at a, and f has an inflection point at a,
then f"(a) = 0.

Proof. 1f f is convex on (a — 8,al, then f’ is monotone increasing there; if it is
concave on [a,a+ &), then f’ is monotone decreasing there. Thus f’ has a local
maximum at a, and so f”(a) = 0.

The proof is similar in the case that f is concave on (¢ — 8,a] and convex on
[a,a+ ). O

Remark 12.68. Let f be differentiable on a neighborhood of the point a. By Theo-
rem 12.63, a is an inflection point of f if and only if a is a local extremum of f’
such that f’ is increasing in a left-hand neighborhood of a and is decreasing in a
right-hand neighborhood of a, or the other way around. From this observation and
by Theorem 12.67, we get the following theorem.

Theorem 12.69. Let f be twice differentiable on a neighborhood of the point a.
Then a is an inflection point of f if and only if f" changes sign at the point a, that
is, if f"(a) =0 and f" is locally increasing or decreasing at a.

Corollary 12.70. Let f be three times differentiable at a. If f" (a) = 0 and " (a) #
0, then f has an inflection point at a.

Remark 12.71. In the case f”(a) = f"'(a) = 0, it is possible that f has an inflection
point at a, but it is also possible that it does not. The different cases are illustrated by
the functions f(x) = x* and f(x) = x> at the point @ = 0. As in the case of extrema,
we can refer to the values of higher-order derivatives to help determine when a point
of inflection exists.

Theorem 12.72.
(i) Let the function f be 2k + 1 times differentiable at a, where k > 1. If

@) =...=f®a)=0 and ) (a)+£0, (12.38)

then f has an inflection point at a.
(ii) If
@) =...= f*V(a)=0 and f*(a) 0, (12.39)

then f is strictly convex or concave in a neighborhood of a, and so a is not a
point of inflection.

Proof. (i) We already saw the case for k = 1 in the previous theorem, so we may
assume that k > 1. If (12.38) holds, then by statement (ii) of Theorem 12.62, f” is
strictly monotone in a neighborhood of a. Thus f” is locally increasing or decreasing
at the point a, and we can apply Theorem 12.69.

(ii) Assume (12.39). Then necessarily k > 1. By statement (i) of Theorem 12.62,
f" has a strict local extremum at a. Since f”(a) = 0, this means that for a suitable



248 12 Differentiation

neighborhood U of a, the sign of f” does not change in U \ {a}. Thus f’ is strictly
monotone on U, so f is either strictly convex or strictly concave on U, and so a
cannot be a point of inflection. O

Remark 12.73. 1f the function f is infinitely differentiable at @ and f () (a) # 0 for at
least one n > 2, then with the help of Theorems 12.62 and 12.72, we can determine
whether f has a local extremum or a point of inflection at a. This is because if
f'(a) # 0, then a cannot be a local extremum. Now suppose that f'(a) = 0, and let
n be the smallest positive integer for which £ (a) # 0. In this case, the function f
has a local extremum at a if and only if n is even.

If f”(a) # 0, then a is not an inflection point of f. If, however, f”'(a) =0, and
n is the smallest integer greater than 2 for which £(*) (a) # 0, then a is a point of
inflection of f if and only if n is odd.

It can occur, however, that f is infinitely differentiable at a, and that f' () (@)=0
for all n, while f is not zero in any neighborhood of a. In the following chapter
we will see that among such functions we will find some that have local extrema
at a, but we will also find those that do not; we will find those that have points of
inflection at a, and those that do not (see Remark 13.17).

A complete investigation of the function f is accomplished by finding the fol-
lowing pieces of information about the function:

the (one-sided) limits of the accumulation points of the domain;
the intervals on which f is monotone increasing or decreasing;
the local and absolute extrema of f;

the points where f is continuous or differentiable;

the intervals on which f is convex or concave;

6. the inflection points of f.

SNk

Example 12.74. Carry out a complete investigation of the function X~ for all
neN.

y
fx)= e’
| |
| |
| |
| |
_L 0 €1 x
2 2
Fig. 12.17

1. Consider first the case n = 0. If f(x) = ¢, then f(x)=—2x- e, so the sign
of f'(x) agrees with the sign of —x. Then f is strictly increasing on the interval
(—o0,0], and strictly decreasing on the interval [0, o), so f must have a strict local
and global maximum at x = 0.
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On the other hand, f”(x) = ¢ (4x> —2), so f"(x) > 0 if [x| > 1/v/2, and
f"(x) < 0if |x| < 1/+/2. So f is strictly concave on [—1/+/2,1/+/2], and strictly
convex on the intervals (—eo, —1/+/2] and [1/+/2,0), so the points +1/+/2 are
points of inflection. All these properties are summarized in Figure (12.18).

If we also consider that lim,_, 1. f(x) = 0, then we can sketch the graph of the
function as seen in Figure 12.17. Inspired by the shape of its graph, the function
¢~ —which appears many times in probability—is called a bell curve.

2. Now let f(x) = x2"e~*", where n € N*. Then

F(x) = (2n~x2"_1 _ 2x2n+1) e — . 2, (n—xz) .

Thus f’(x) is positive on the intervals (—oo, —y/n) and (0,+/n), and negative on
the intervals (—+/n,0) and (y/n, ). On the other hand,

L) = [(n_Xanl 2 _efxq’ _
( 2n72 _ (2n+ 1)x2n _2nx2n +2x2n+2) ~ef"2 _
=x"2 (2x — (4n+1)x? +n(2n—1))-e"

It is easy to see that the roots of f” are the numbers

i\/4n+1i\/l6n+l
y) .

If we denote these by x; (1 <i<4), then x; <x <0 < x3 < x4. It is also easy
to check that f” is positive if |x| < x3 or |x| > x4, and negative if x3 < |x| < x4
(Figure 12.19). The behavior of the function can be summarized by the Figure
12.18.

If we also consider that f(0) = 0 and lim,_, +.. f(x) = 0, then we can sketch the
graph as in Figure 12.20.
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Fig. 12.20
Exercises

12.79. Prove that if x € [0, 1], then 2° < 14+ x < ¢* and 2x/7 < sinx < x.

12.80. Prove that if f is a rational function, then there exists an a such that f is
monotone and either concave or convex on (—eoo,a). A similar statement is true on
a suitable half-line (b, o).

12.81. For which a > 0, does the equation a* = x have roots? (H)

12.82. For which a > 0 is the sequence defined by the recurrence a; = a, a,+1 = a*
convergent? (H)

x+(1/2)

12.83. Prove that (1+1) > e for all x > 0. (H)

12.84. Prove that forallx >0 andn > 1,

. x? x"
e > l4+x++-+—.
2! n!

12.85. Prove that forall 0 <x < Kandn > 1,

S T U A
- 2! n' (n+1)!
12.86. Prove that for all x > 0,
2
F=14+x+—=—-4---. (12.40)

2!
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As a special case,

251

(12.41)

_q 1 1
e +1'+2‘+
12.87. Prove that e is irrational. (S)
12.88. Prove that forallx >0 andn > 1,
l—x—i—ﬁ— xzn;<ex<l—x+x—2— + o
200777 (2n—=1)! — 20 777 (2n)!
12.89. Prove that (12.40) holds for all x.
12.90. Prove that forallx >0 andn > 1,
| x2+x4 =2 . o x2+x4 . A
274 G2y = 2@ T )
and
B0 Kn—1 . . 3 +xs . K+l
TR S T T @pny SN SA Tyt @n+ 1)
12.91. Prove that forallx >0 and n > 1,
2 w2 2 K2l
— 4. . ——<log(l - — .
X 2—|— o og(l+x)<x 2+ +2n—|—1
12.92. Prove that for all x € [0, 1],
2 3
x= x
log(1 =x——+—=——....
og(l4+x)=x 2+3
As a special case,
1 1
log2=1—=-+-—....
o8 273
12.93. Prove that
B0 =1 areter < B0 Kl
X g—i—g 4n_17arch7x §+§ +4.}17—|—1
foreveryx >0andn > 1.
12.94. Prove that
arct x3+x5
X=x——+——....
5 375

for every |x| < 1.
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As a special case,

:171+77.... (12.42)
12.95. Let
x*(24sin(1/x)), ifx#0,
fx) = {o, if x—0.
Show that f has a strict local minimum at 0, but that " does not change sign at 0. (S)
12.96. Let
s/~ " if x > 0,
{O, ifx=0.
Prove that

(a) f is continuous on [0,c0),

(b) f is differentiable on [0, <o),

(c) f is strictly monotone increasing on [0, ),

(d) f/(1/(2mk)) =0if k € NT, thatis, f is 0 at infinitely many places in the interval
[0,1].

12.97. Give a function that is monotone decreasing and differentiable on (0,c0),

satisfies )}grolof(x) =0, but }ijgof’(x) #0.

12.98. Let f be differentiable on a punctured neighborhood of a, and let

o 10— (@)

X—a X a

— oo,

Does it then follow that lim f'(x) = oo?

Xx—a
12.99. Let f be convex and differentiable on the open interval 1. Prove that f has a
minimum at the point a € [ if and only if f'(a) = 0.

12.100. Let f be convex and differentiable on (0, 1). Prove that if limy_,01¢ f(x) =
oo, then limy_,04¢ f'(x) = —eco. Show that the statement no longer holds if we drop
the convexity assumption.

12.101. Carry out a complete investigation of each of the functions below.

x> —3x, x2 =i, x —arctgx, x+e ™,
x+x72, arctg(1/x), cosx?, sin(sinx),
sin(1/x), x-e ¥, xX'e ¥, x—logx,

1/(14sin’x), 1+ (141" Ve ?,

(
x-sin(logx), x5, x, (logx)/x,

==
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x-logx, X (1—x)1, arctgx — 5 log(1+x?),
arctgx — iy, ¥/ (14x)3, e /(1+x), e*/shx,
log?/x, e . [% sinx — % cosx} ,

2
" le™ (neN).
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