Chapter 18
The Stieltjes Integral

In this chapter we discuss a generalization of the Riemann integral that is often used
in both theoretical and applied mathematics. Stieltjes! originally introduced this
concept to deal with infinite continued fractions,” but it was soon apparent that the
concept is useful in other areas of mathematics—and thus in mathematical physics,
probability, and number theory, independently of its role in continued fractions.
We illustrate the usefulness of the concept with two simple examples.

Example 18.1. Consider a planar curve parameterized by y(t) = (x(¢),y(r)) ¢ €
[a,D]), where the x-coordinate function is strictly monotone increasing and continu-
ous, and the y-coordinate function is nonnegative on [a, b]. The problem is to find the
area under the region bounded by the curve. If a =1y <#; <--- <t, = b is a partition
of the interval [a,b] and ¢; € [t;_1,] for all i, then the area can be approximated by
the sum

n

> (e (x(5) = x(ti-1)).

i=1

We can expect the area to be the limit—in a suitable sense—of these sums.

Example 18.2. Consider a metal rod of negligible thickness but not negligible mass
M > 0. Suppose that the rod lies on the interval [a,b], and let the mass of the rod
over the subinterval [a,x] be m(x) for all x € [a,b]. Our task is to find the center of
mass of the rod.

We know that if we place weights my,...,m, at the points x,...,x,, then the
center of mass of this system of points {xi,...,x,} is

nmixy+---+myx,
m1+...+mn :

I Thomas Joannes Stieltjes (1856—1894), Dutch mathematician.
2 For more on continued fractions, see [5].
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Consider a partition a =1y < f; < --- < t, = b and choose points ¢; € [t;_1,1;] for
all i. If we suppose that the mass distribution of the rod is continuous (meaning
that the mass of the rod at every single point is zero), then the mass of the rod over
the interval [t;,_;,7;] is m(t;) — m(#;— ). Concentrating this weight at the point ¢;, the
center of mass of the system of points {cj,...,c,} is

ci(m(t) —m(t0)) + -+ + e (m(tn) —m(ty—1))
" .

This approximates the center of mass of the rod itself, and once again, we expect
that the limit of these numbers in a suitable sense will be the center of mass.

We can see that in both examples, a sum appears that depends on two functions.
In these sums, we multiply the value of the first function (which, in Example 18.2,
was the function x) at the inner points by the increments of the second function.

We use the following notation and naming conventions. Let f,g: [a,b] — R be
given functions, let F: a = xo < x; < --- < x,, = b be a partition of the interval [a, b],
and let ¢; € [x;—1,x;] (i =1,...,n) be arbitrary inner points. Then the sum

n

> flei) - (8(xi) — g(xiz1))

i=
is denoted by oF(f,g:(c;)), and is called the approximating sum of f with
respect to g.

Definition 18.3. Let f,g: [a,b] — R be given functions. We say that the Stieltjes
integral fab fdg of f with respect to g exists and has value I if for every € > 0, there
exists a 0 > 0 such that if F: a =x0 < x; < --- < x, = b is a partition of [a,b] with
mesh smaller than 6 and ¢; € [x;_1,x;] (i = 1,...,n) are arbitrary inner points, then

lor (f.8:(ci)) —1| <e. (18.1)

Remarks 18.4. 1. Let g(x) = x for all x € [a,b]. It is clear that the Stieltjes integral
i) f fdg exists exactly when the Riemann integral [ : fdx does, and in this case, their
values agree.

2. If the function g is constant, then the Stieltjes integral [ ab fdg always exists, and
its value is zero. If the function f is constant and has value c, then the Stieltjes
integral [ f dg always exists and has value ¢ (g(b) — g(a)).

3. The existence of the Stieltjes integral fab fdg is not guaranteed by f and g being
Riemann integrable in [a,b]. One can show that if f and g share a point of discon-
tinuity, then the Stieltjes integral fab fdg does not exist. (See Exercise 18.4.) Thus
if f and g are bounded functions in [a,b] and are continuous everywhere except at
a common point, then they are both Riemann integrable in |a, b], while the Stieltjes
integral | f fdg does not exist.

4. For the Stieltjes integral [ ;’ fdg to exist, it is not even sufficient for f and g to be
continuous in [a, b]. See Exercise 18.5.
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Now we show that if g is strictly monotone and continuous, then the Stieltjes
integral | ab fdg can be reduced to a Riemann integral.

Theorem 18.5. [f g: [a,b] =R is strictly monotone increasing and continuous, then
the Stieltjes integral jab fdg exists if and only if the Riemann integral j;i(:)) fog ldx

b g(b) {
[ rag=[ “rogax
Ja Jg(a)

Proof. fF:a=x9<x| <---<x,=Dbisapartition and ¢; € [x;—1,x;] (i=1,...,n)
are arbitrary inner points, then the points #; = g(x;) (i = 1,...,n) give us a partition
F of the interval [g(a),g(b)], and we have g(c;) € [g(xi—1),g(x;)] foralli=1,...,n.
Then

does, and then

n n

S fle) - (gxi) —g(xie1)) = D (fog ") (glei) - (ti—ti-1) (18.2)

i=1 i=1

is an approximating sum of the Riemann sum [ ;(E,b)) f o g 'dx. Conversely, if we

have F: g(a) =ty <t; <--- <t, =g(b) as a partition of the interval [g(a),g(D)]
and d; € [t;_1,t;] foralli=1,...,n, then the points x;, = g ' (t;) (i=1,...,n) create a
partition F of the interval [a,b]. If ¢; = g~ (d;), then ¢; € [x;_1,x;] foralli=1,...,n,
and (18.2) holds.

By the uniform continuity of g, we know that for every 6 > 0, if the partition F
has small enough mesh, then F has mesh smaller than §. Thus comparing statement
(iii) of Theorem 14.23 with equality (18.2), we get that if the Riemann integral
f;((:)) fog ldx exists, then the Stieltjes integral jab fdg also exists, and they are
equal.

Since the function g~ is also uniformly continuous, it follows that for every
& > 0, if the partition F has small enough mesh, then F has mesh smaller than §.
Thus by the definition of the Stieltjes integral, by statement (iii) of Theorem 14.23,
and by equality (18.2), it follows that if the Stieltjes integral |, ab fdg exists, then the

Riemann integral |’ ;((ub)> fog !dx exists as well, and they have the same value. O

1

The following statements can be deduced easily from the definition of the Stielt-
jes integral. We leave their proofs to the reader.

Theorem 18.6.

(i) If the Stieltjes integrals fabfl dg and fabfgdg exist, then for all cy,cy; € R,
the Stieltjes integral ff (c1fi + cafp)dg exists as well, taking on the value
ci- [P frdg+ca- [P frdg.

(ii) If the Stieltjes integrals f:fdgl and f:fdgg exist, then for all ¢1,c; € R, the
Stieltjes integral fabfd(clgl + c2g0) exists as well, and has value ¢, -fabfdgl +
2 J? fdgo.

The following theorem gives us a necessary and sufficient condition for the exis-
tence of Stieltjes integrals. For the proof of the theorem, see Exercise 18.6.
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Theorem 18.7 (Cauchy’s Criterion). The Stieltjes integral ff fdg exists if and
only if for every € > 0, there exists a 0 > 0 such that if F| and F, are partitions
of |a,b] with mesh smaller than 8, then

’GF| (fvgs (Ci)) - GFZ (fﬂg’ (d/))| <é&
with an arbitrary choice of the inner points ¢; and d;.

With the help of Cauchy’s criterion, it is easy to prove the following theorem.
We leave the proof to the reader once again.

Theorem 18.8. If the Stieltjes integral |, ab fdg exists, then for all a < c < b, the
integrals [€ fdg and [” fdg also exist, and [° fdg = [ fdg+ [" fdg.

We should note that the existence of the Stieltjes integrals |7 fdg and fcb fdg
alone does not imply the existence of [ f fdg (see Exercise 18.2). If, however, at
least one of f and g is continuous at ¢, and the other function is bounded then the
existence of | f fdg already follows (see Exercise 18.3).

The following important theorem shows that the roles of f and g in the Stieltjes

integral are symmetric in some sense. We remind our readers that [F]2 denotes the
difference F(b) — F(a).

Theorem 18.9 (Integration by Parts). If the Stieltjes integral jf fdg exists, then
fabgdf also exists, and fabfdg—kfabgdf =1[f-gl’

Proof. The proof relies on Abel’s rearrangement (see equation (14.31)).

Let F: a=xp <x; < - <x, =b be a partition, and let ¢; € [x;_1,x] (i =
1,...,n) be inner points. If we apply Abel’s rearrangement to the approximating
sum of (g,f; (ci)), we get that

or (g, fi(ci)) = ig(ci) (f(xi) = flxic1)) =

n

= f(b)g(b) — fa)g(a) = Y, f(xi)(g(ciy1) —g(ci)),  (18.3)

i=0

where co =a and ¢,+1 =b. Sincea=cp < ¢} < ... <cpr1 = b and x; € [¢j,¢i41]
foralli=0,...,n, we have

n

> fxi) (8(civ1) —glei)) = op (f,8: (di)), (18.4)

i=0

where F' denotes the partition defined by the points ¢; (0 < i < n) with the corre-
sponding inner points. (We list each of the ¢; points only once. Note that on the left-
hand side of (18.4), we can leave out the terms in which ¢; = ¢;;+1.) Then by (18.3),

or (8, f3(ct) = f gl — 0w (f.8:(di).



18 The Stieltjes Integral 411

Let £ > 0 be given, and suppose that 6 > 0 satisfies the condition of Definition 18.3.
It is easy to see that if the mesh of the partition F' is smaller than § /2, then the mesh
of F' is smaller than &, and so |0'F/ (f,g; (di)) —1| < g, where I = jffdg. This
shows that if the mesh of F is smaller than §/2, then |oF (g, f; (ci)) — ([fg]5—1)| <

¢ for an arbitrary choice of the inner points. It follows that the integral jf gdf exists,
and that its value is [fg]} — 1. O

Since Cauchy’s criterion (Theorem 18.7) is hard to apply in deciding whether a
specific Stieltjes integral exists, we need other conditions guaranteeing the existence
of the Stieltjes integral that can be easier to check. The simplest such condition is
the following.

Theorem 18.10. If one of the functions f and g defined on the interval [a,b] is con-
tinuous, while the other is of bounded variation, then the Stieltjes integrals | ab fdg
and ffgdf exist.

Proof. By Theorem 18.9, it suffices to prove the existence of the integral [ f fdg,
and we can also assume that f is continuous and g is of bounded variation.
By Theorems 17.8 and 18.6, it suffices to consider the case that g is monotone
increasing.

For an arbitrary partition F: a =xy < x1 < --- < x, = b, let

Sk = gm, (8(xi) —g(xi-1)) and  Sp= gMi' (g(xi) —g(xi-1)),

where m; = min{f(x): x € [x;_1,x]} and M; = max{f(x): x € [x;_1,x;]} for all
i=1,...,n. Since g(x;) — g(x;—1) > 0 for all i,

sp < or(f,8:(ci)) < Sr (18.5)

with any choice of inner points c;.

Itis easy to see that sy, < Sp, for any partitions F; and F (by repeating the proofs
of Lemmas 14.3 and 14.4, using that g is monotone increasing). Thus the set of
“lower sums” sg is nonempty and bounded from above. If I denotes the supremum
of this set, then sp <1 < Sf for every partition F.

Now we show that f:fdg exists, and its value is /. Let € > 0 be given. By
Heine’s theorem, f is uniformly continuous on [a, b], so there exists a 0 > 0 such that
|f(x) — f(y)] < € whenever x,y € [a,b] and |[x—y| < 6. Let F:a=x) <x] <+ <
X, = b be an arbitrary partition with mesh smaller than 8. By Weierstrass’s theorem,
for each i, there are points ¢;,d; € [x;_1,x;] such that f(c;) =m; and f(d;) = M;. Then
|d; —ci] < x;—x;—1 < J, so by our choice of 8, we have M; —m; = f(d;) — f(c;) < €.
Thus

M=

(M; —m;) - (g(xi) — g(xim1)) < &Y, (8(xi) —g(xim1)) =

(b) —g(a)) -&.

Sp—Sp =

-

—_

i=1

—
oo
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Now using (18.5), we get that
I—(g(b)—g(a))-€ <sr < oF(f.g:(ci)) <Sp <I+(g(b)—g(a)) €

for arbitrary inner points c;. This shows that [ ab fdg exists and that its value is . O

Remark 18.11. One can show that the class of continuous functions and the class
of functions of bounded variation are “dual classes” in the sense that a function f
is continuous if and only if fab fdg exists for all functions g that are of bounded
variation, and a function g is of bounded variation if and only if | [f’ fdg exists for
every continuous function f. (See Exercises 18.8 and 18.9.)

The following theorem can often be applied to computing Stieltjes integrals.

Theorem 18.12. If f is Riemann integrable, g is differentiable, and g' is Riemann
integrable on |a,b), then the Stieltjes integral of f with respect to g exists, and

(Abfdg:iéhf-ydx (18.6)

Proof. Since f and g’ are integrable on [a,b], the Riemann integral on the right-
hand side of (18.6) exists. Let its value be /. We want to show that for an arbitrary
€ >0, there exists a 6 >0 such that for every partition a =xy) <x; <---<x,=b
with mesh smaller than &, (18.1) holds with an arbitrary choice of inner values
¢i € [xim1,x] (i=1,...,n).

Let € > 0 be given. Since f is Riemann integrable on [a,b], there must exist a
61 > 0 such that Qp(f) < € whenever the partition F has mesh smaller than 0.
By Theorem 14.23, there exists a &, > 0 such that whenever a = xp < x; < -+ <
X, = b is a partition with mesh smaller than &;,

1= f(d)g'(di)(xi —xi1)| < € (18.7)
i=1

holds for arbitrary inner points d; € [xi_1,x;] (i=1,...,n).

Let 6 = min(J;,6;), and consider an arbitrary partition F: a =xp < x] < -+ <
X, = b with mesh smaller than J. Let ¢; € [x;—1,x;] (i =1,...,n) be arbitrary inner
points.

Since g is differentiable on [a, b], by the mean value theorem,

Z flei) (g(xi) —g(xiz1)) = Y, f(ci)g (di) (xi — xi—1) (18.8)
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for suitable numbers d; € [x;_1,x;]. Let K denote an upper bound of |g’| on [a,b].
Then

<

1— if(cz') (8(xi) —g(xil))‘ =

i=1

- if<ci>g'<di><xi—xil>

n

Y (flei) = f(di)) g (di) (xi —xi-1)

i=1

< - <

1= F(d)g (di) (i —xi-1)
i=1

<8+K'i(x)(f;[Xi—lyxi])'(xi_xi—l) =e+K - Qp(f) <(1+K)-g,
-1

4

which concludes the proof of the theorem. a

Remarks 18.13. 1. The conditions for the existence of the integral in Theorem 18.12
can be significantly weakened. So for example, the integral [, fdg is guaranteed to
exist if f is Riemann integrable and g is Lipschitz (see Exercise 18.11).

2. In the statement above, the Lipschitz property of g can be weakened further. We
say that the function f: [a,b] — R is absolutely continuous if for each £ > 0, there
exists a 6 > 0 such that whenever [a;,b1],...,[an, by] are nonoverlapping subinter-
vals of [a,b] such that Y} (b; —a;) < 8, then X, |f(b;) — f(ai)| < €. One can
show that if f is Riemann integrable and g is absolutely continuous in |a,b), then
the Stieltjes integral |, : fdg exists.

3. The class of Riemann integrable functions and the class of absolutely continuous
functions are also dual: a function f is Riemann integrable if and only if fab fdg
exists for every absolutely continuous function g, and a function g is absolutely
continuous if and only if |, f fdg exists for every Riemann integrable function f. The
proof of this theorem, however, uses concepts from measure theory that we do not
deal with in this book.

A number-theoretic application. In the introduction of the chapter we men-
tioned that Stieltjes integrals pop up in many areas of mathematics, such as in
number theory. Dealing with an important problem—namely the distribution of
the prime numbers—we often need to approximate sums that consist of the val-
ues of specific functions at the prime numbers. For example, L(x) =X ,<.(logp)/p
and R(x) = Y,<, 1/p are such sums. In these sums, we need to add the numbers
(logp)/p or 1/p for all prime numbers p less than or equal to x. Transforming these
sums (often using Abel’s rearrangement) can be efficiently done with the help of the
Stieltjes integral, as shown by the following theorem.

Let a sequence a; < ap < --- that tends to infinity and the function ¢ defined
at the numbers a, be given. Let A(x) = ¥, <, ¢(ax). (If (ay) is the sequence of
prime numbers and ¢(x) = (logx)/x, then A(x) = L(x), and if @(x) = 1/x, then
A(x) =R(x).)

Theorem 18.14. Suppose that f is differentiable and f’ is integrable on [a,b], where
a<ay <b. Then

S fan) - 0lan) = £(5)-A(b) /fA(x) f () dx. (18.9)

a,<b



414 18 The Stieltjes Integral

Proof. We show that ¥, —, f(an) - @(an) = |, ab fdA. The function A(x) is constant
on the interval [a,_;,a,), and has a jump discontinuity at the point a,, and there,
A(ay) —limy_4,—0A(x) = @(ay). Thus if we take a partition of the interval [a, b] with
mesh small enough, then any approximating sum of the Stieltjes integral fab fdA will
consist of mostly zero terms, except for the terms that correspond to a subinterval
containing one of a, < b, and the nth such term will be close to f(a,) - ¢(a,) by the
continuity of f.
Now integration by parts (Theorem 18.9) gives

n) = dA = Ad A-fd
a%ﬂﬂ¢()/f 10)-AG) — [ adr = ye)-A@)~ [“a-sa
also using Theorem 18.12. a

If (a,) is the sequence of prime numbers and @ = 1, then the value of A(x) is the
sum of prime numbers up to x, that is 7(x). This gives us the following corollary.

Corollary 18.15. Suppose that f is differentiable and f' is integrable on the interval
[L,x] (x >2). Then

> £(p) = £x)-20) ~ [ 7(0)- (1) . (18.10)

p=x

If, for example, f(x) = 1/x, then we get that ¥, 1/p > [5(n(t)/1*)dt. Now
there exists a constant ¢ > 0 such that w(x) > ¢-x/logx. (See [5], Corollary 8.6.)
Since [, dt/(t-logt) =loglogx, we get that ¥, 1/p > c-loglogx. This proves the
following theorem.

Corollary 18.16.
1

I

p P

We can get a much better approximation for the partial sums if we use the fact
that the difference between the function L(x) = ¥ ,<,(log p) /p and log x is bounded.
(A proof of this fact can be found in [5, Theorem 8.8(b)].) Let n(x) = L(x) — logx.

Let (a,) be the sequence of prime numbers, and apply (18.9) with the choices
¢(x) = (logx)/x and f(x) = 1/logx. Then A(x) = L(x), and so

1 L x o L(t
z,:<n+/ )4y
P logx )2 r-logTt
X X
:1+n(x)+/ L dt+/ g -
logx  J2 t-logt 2 t-log-t
xon(

ne n()2
logx /2 t-log*t

=loglogx —loglog2+ 1+
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Here if x — o, then 17(x)/logx tends to zero, and we can also show that the integral
L@/ log? 1)) dt has a finite limit as x — oo; this follows easily by the theory of
improper integrals; see the next chapter. Comparing all of this, we get the following.

Theorem 18.17. The limit limy_,.. (Zpgx % — loglogx) exists and is finite.

Exercises
18.1. Let
0,(0<x<1) I, (x=0) 0, (x#£1/2)
o = ; = 5 = .
) {1,(x_1) Pl {0, 0<x<1) "7V xz1)2)
Show that the following Stieltjes integrals exist, and compute their values.
(a) fol sinxdo; (b) fol adsinx; (c) fol e dp;
(d) fy Bde"; ) Jo x*dy; () Jo vda*;
@ J e dlx; (b J[x]de.
18.2. Let

0, if —1<x<0 0, if—1<x<0
Fflx)= ) and g(x)= )
1, if 0<x<1 1, if 0<x<1.

Prove that the Stieltjes integrals f?l fdgand fol fdg exist, but [! 1 fdg does not.

18.3. Prove that if the Stieltjes integrals [ fdg and fcb fdg exist, at least one of f
or g is continuous at ¢, and the other function is bounded then the Stieltjes integral
fffdg also exists.

18.4. Prove that if the functions f and g share a point of discontinuity, then the
Stieltjes integral fab fdg does not exist. (H S)

18.5. Let f(x) = /x-sin(1/x) if x # 0, and f(0) = 0. Prove that the Stieltjes integral
Jo fdf does not exist. (H S)

18.6. Prove Theorem 18.7. (H)
18.7. Prove that if [” fdf exists, then its value is (f(6)* = f(a)?) /2.

18.8. Prove that if f: fdg exists for every function g that is of bounded variation,
then f is continuous. (H)

18.9. Prove that if fab fdg exists for every continuous function f, then g is of
bounded variation. (H)
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18.10. Let .# be an arbitrary set of functions defined on the interval [a,b]. Let ¢ be
the set of those functions g: [a,b] — R for which the integral | f fdg exists for all
f € .Z. Furthermore, let 7 denote the set of functions /: [a,b] — R whose integral
i) ab hdg exists for all g € 4. Show that 57 and ¢ are dual classes, that is, a function
h satisfies h € 77 if and only if f: hdg exists for all g € ¢, and a function g satisfies
g €% if and only if fabhdg exists for all h € 7.

18.11. Prove that if f is Riemann integrable and g is Lipschitz on [a,b], then the
Stieltjes integral fah fdg exists. (H)

18.12. Show that

(a) if f is Lipschitz, then it is absolutely continuous;
(b) if f is absolutely continuous, then it is continuous and of bounded variation.
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