
Chapter 5
Scatter Search

Manuel Laguna

5.1 Introduction

Scatter search (SS) is an evolutionary approach for optimization. It has been applied
to problems with continuous and discrete variables and with one or multiple obj-
ectives. The success of SS as an optimization technique is well documented in a
constantly growing number of journal articles, book chapters (Glover et al. 2003a,
2003b, 2004; Laguna 2002) and a book (Laguna and Martí 2003). This chapter
contains some of the material that can be found in the aforementioned publications
but also contains some new ideas that are based on research that has been performed
and reported in recent years. The chapter focuses on the basic SS framework, which
is responsible for most of the outcomes reported in the literature. SS consists of five
methods:

1. Diversification generation
2. Improvement
3. Reference set update
4. Subset generation
5. Solution combination.

The diversification generation method is used to generate a set of diverse solu-
tions that are the basis for initializing the search. The most effective diversification
methods are those capable of creating a set of solutions that balances diversification
and quality. It has been shown that SS produces better results when the diversifica-
tion generation method is not purely random and constructs solutions by reference
to both a diversification measure and the objective function.

The improvement method transforms solutions with the goal of improving qua-
lity (typically measured by the objective-function value) or feasibility (typically
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measured by some degree of constraint violation). The input to the improvement
method is a single solution that may or may not be feasible. The output is a solution
that may or may not be better (in terms of quality or feasibility) than the original
solution. The typical improvement method is a local search with the usual rule of
stopping as soon as no improvement is detected in the neighborhood of the current
solution. There is the possibility of basing the improvement method on procedures
that use a neighborhood search but that are able to escape local optimality. Tabu
search, simulated annealing and variable neighborhood search qualify as candidates
for such a design. This may seem as an attractive option as a general approach for
an improvement method, however, these procedures do not have a natural stopping
criterion. The end result is that choices need to be made to control the amount of
computer time that is spent improving solutions (by running a metaheuristic-based
procedure) versus the time spent outside the improvement method (e.g. combin-
ing solutions). In general, local search procedures seem to work well and most SS
implementations do not include mechanisms to escape local optimality within the
process of improving a solution.

The reference set update method refers to the process of building and maintaining
a reference set of solutions that are used in the main iterative loop of any SS imple-
mentation. While there are several implementation options, this element of SS is
fairly independent from the context of the problem. The first goal of the reference
update method is to build the initial reference set of solutions from the population
of solutions generated with the diversification method. Subsequent calls to the refer-
ence update method serve the purpose of maintaining the reference set. The typical
design of this method builds the first reference set by blending high-quality solu-
tions and diverse solutions. When choosing a diverse solution, reference needs to
be made to a distance metric that typically depends on the solution representation.
That is, if the problem context is such that continuous variables are used to represent
solutions, then diversification may be measured with Euclidean distances. Other sol-
ution representations (e.g. binary variables or permutations) result in different ways
of calculating distances and in turn diversification. The updating of the reference set
during the SS iterations is customarily done on the basis of solution quality.

The subset generation method produces subsets of reference solutions which
become the input to the combination method. The typical implementation of this
method consists of generating all possible pairs of solutions. The SS framework
considers also the generation of larger subsets of reference solutions; however, most
SS implementations have been limited to operate on pairs of solutions. Clearly, no
context information is needed to implement the subset generation method.

The solution combination method uses the output from the subset generation
method to create new solutions. New trial solutions are the results of combining,
typically two but possibly more, reference solutions. The combination of reference
solutions is usually designed to exploit problem context information and solution
representation. Linear combinations of solutions represented by continuous vari-
ables have been used often since suggested by Glover (1998) in connection with
the solution of nonlinear programming problems. Several proposals for combining
solutions represented by permutations have also been applied (Martí et al. 2005).
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1. Diversification generation and improvement methods
2. while (stopping criteria not satisfied) {
3. Reference set update method
4. while(new reference solutions) {
5. Subset generation method
6. Combination method
7. Improvement method
8. Reference set update method
9. }

10. Rebuild reference set
11. }

Fig. 5.1 Scatter search framework

The strategy known as path relinking, originally proposed within the tabu search
methodology (Glover and Laguna 1997), has also played a relevant role in designing
combination methods for SS implementations.

The basic SS framework is outlined in Fig. 5.1. The search starts with the app-
lication of the diversification and improvement methods (step 1 in Fig. 5.1). The
typical outcome consists of a set of about 100 solutions that is referred to as the
population (denoted by P). In most implementations, the diversification generation
method is applied first followed by the improvement method. If the application of
the improvement method results in the shrinking of the population (due to more than
one solution converging to the same local optimum) then the diversification method
is applied again until the total number of improved solutions reaches the desired
target. Other implementations construct and improve solutions, one by one, until
reaching the desired population size.

The main SS loop is shown in lines 2–11 of Fig. 5.1. The input to the first exe-
cution of the reference set update method (step 3) is the population of solutions
generated in step 1 and the output is a set of solutions known as the reference set
(or RefSet). Typically, ten solutions are chosen from a population of 100. The first
five solutions are chosen to be the best solutions (in terms of the objective-function
value) in the population. The other five are chosen to be the most diverse with respect
to the solutions in the reference set. If the diverse solutions are chosen sequentially,
then the sixth solution is the most diverse with respect to the five best solutions that
were chosen first. The seventh solution is the most diverse with respect to the first
six and so on until the tenth one is added to the reference set.

The inner while-loop (lines 4–9) is executed as long as at least one reference so-
lution is new in the RefSet. A solution is considered new if it has not been subjected
to the subset generation (step 5) and combination (step 6) methods. If the reference
set contains at least one new solution, the subset generation method builds a list
of all the reference solution subsets that will become the input to the combination
method. The subset generation method creates new subsets only. A subset is new if it
contains at least one new reference solution. This avoids the application of the com-
bination method to the same subset more than once, which is particularly wasteful
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when the combination method is completely deterministic. Combination methods
that contain random elements may be able to produce new trial solutions even when
applied more than once to the same subset of reference solutions. However, this is
generally discouraged in favor of introducing new solutions in the reference set by
replacing some of the old ones in the rebuilding step (line 10).

The combination method (step 6) is applied to the subsets of reference solutions
generated in the previous step. Most combination methods are designed to produce
more than one trial solution from the combination of the solutions in a subset. These
trial solutions are given to the improvement method (step 7) and the output forms a
pool of improved trial solutions that will be considered for admission in the refer-
ence set (step 8).

If no new solutions are added to the reference set after the execution of the refer-
ence set update method, then the process exits the inner while-loop. The rebuilding
step in line 10 is optional. That is, it is possible to implement a SS procedure that
terminates the first time that the reference set does not change. However, most im-
plementations extend the search beyond this point by executing a RefSet rebuilding
step. The rebuilding of the reference set entails the elimination of some current ref-
erence solutions and the addition of diverse solutions. In most implementations, all
solutions except the best are replaced in this step. The diverse solutions to be added
may be either population solutions that have not been used or new solutions con-
structed with the generation diversification method. Note that only ten solutions out
of 100 are used from the population to build the initial reference set and therefore
the remaining 90 could be used for rebuilding purposes.

The process (i.e. the main while-loop in lines 2–11) continues as long as the
stopping criteria are not satisfied. Possible stopping criteria include number of re-
building steps or elapsed time. When SS is applied in the context of optimizing
expensive black boxes, a limit on the number of calls to the objective-function eval-
uator (i.e. the black box) may also be used as a criterion for stopping. We now
expand our description and provide examples of each of the SS methods.

5.2 Diversification Generation Method

The most effective form of diversification generation is one in which the solutions
are not only diverse but their collective quality is better than the outcome of a purely
random process. Campos et al. (2001) conducted an experimental study to determine
the effectiveness of ten different diversification generation methods. They used two
normalized measures to assess the quality and the diversity of the populations gen-
erated with each method. The methods varied from purely deterministic to purely
random. Most methods were based on semi-greedy constructions, popularized by
the first phase of GRASP (Feo and Resende 1995).

Figure 5.2 shows a summary of the results from this experiment. In this figure,
ΔC and Δd are values in the range from 0 to 1 that respectively represent the qual-
ity and diversity of the population generated by each method. Maximum quality
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Fig. 5.2 Population diversity versus quality for ten diversification generation methods

or diversity is given by a value of 1 and therefore the maximum score for a
diversification method is 2. DG08 is a purely random diversification generation
method that achieves the highest level of diversity but also the lowest quality level.
DG09 is a purely deterministic method that is designed to achieve maximum di-
versity without considering the objective-function value during the generation of
solutions. The most effective methods, measured by the results achieved at the end
of the search, are DG07 and DG10. These methods show an almost perfect balance
between diversification and quality of the populations that they generate, as shown
by their ΔC and Δd values in Fig. 5.2. DG07 is a semi-greedy construction proce-
dure that uses six different randomized and adaptive functions to select elements to
add to a partial solution. DG10 also uses an adaptive function as well as frequency
memory to bias the selection of elements during the construction process.

We focus on semi-greedy construction procedures as the basis for developing
generation diversification methods. We assume that the problem to be solved con-
sists of minimizing f (x), where x is a solution to the problem. We do not restrict
the representation of the problem to any particular form. That is, x may be a vec-
tor of real, integer or binary numbers, a permutation, or a set of edges in a graph.
We assume, however, that the problem being solved is such that solutions can be
constructed by selecting elements one at a time. Selecting an element may refer to
choosing a value for a variable, adding an edge to a graph or a task to a sequence.
Figure 5.3 outlines the semi-greedy procedure to construct solutions.

Because we assume that the objective of the problem is to minimize a func-
tion f , adding elements to a partial solution results in a non-negative change in
the objective-function value. Therefore, the increase of the objective function value
caused by all the candidate elements is evaluated as the initialization step for the
construction process (see step 1 in Fig. 5.3). Following Resende and Ribeiro (2003),
let c(e) be the objective-function increase caused by adding element e to the partial
solution. Also let cmax and cmin be the maximum and minimum c values, respec-
tively. A purely greedy construction would select, at each iteration, the element e
such that c(e) = cmin.



124 M. Laguna

1. Evaluate incremental f values for candidate elements
2. while (construction is partial) {
3. Build the restricted candidate list (RCL)
4. Randomly choose an element from RCL
5. Add the selected element to the partial solution
6. Re-evaluate incremental f values
7. }

Fig. 5.3 Semi-greedy construction

The procedure in Fig. 5.3 is semi-greedy because the next element to be added
is randomly selected from a restricted candidate list (RCL). Candidate elements
are assumed to be ordered in such a way that the top candidate has an incremen-
tal objective-function value of cmin and the last candidate’s incremental objective-
function value is cmax. The RCL may be formed in two different ways:

• Cardinality-based: the top k candidate elements
• Value-based: all elements e such c(e)≤ cmin +α(cmax − cmin).

Both of these alternatives require a parameter value that controls the level of rand-
omization. For instance, if α= 1, the value-based procedure becomes totally random
because all candidate elements have the same probability of being chosen. If α = 0,
the value-based procedure is totally greedy and results in the same construction
every time that the procedure is executed.

A variation of the semi-greedy approach consists of adding a frequency memory
structure that is typical to tabu search implementations (Glover and Laguna 1997).
The main idea is to keep track of the number of times an element has been assigned
a certain value (or occupied a certain position). The frequency counts are then used
to modify the c values to discourage (in the probabilistic sense) an element to take
on a value that has often been assigned to it in previous constructions. Let q(e,v)
be the number of times element e has been given the value v (or has been assigned
to position v) in previous constructions, then the modified evaluation that measures
the attractiveness of choosing element e is given by

c′(e) = c(e)+β
(

q(e,v)
qmax

)
.

The value of β should create a balance between the increase in the objective-function
value and the importance given to moving the element away from values (or posi-
tions) that it has taken in past constructions. In this equation, qmax refers to the
maximum frequency count and is used to normalize the individual frequency counts
in order to facilitate the tuning of the β value. Note that we refer to an element
taken on a particular value v only as a way of simplifying our discussion. However,
this should be reinterpreted in each context. For instance, in nonlinear optimization
with continuous variables, v could be interpreted as a particular range of values from
which a variable should be moving away due to a frequency count that indicates that
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1. Current solution is the trial solution being improved
2. while (current solution improves) {
3. Identify the best neighbor of the current solution
4. if (neighbor solution is better than current solution)
5. Make neighbor the current solution
6. }

Fig. 5.4 Local search

such a variable has often taken values in the given range. Similarly, v could represent
a position in a permutation or a value that indicates whether or not an element (such
as an arc in a graph) has been part of the final construction.

When using frequency memory, the selection of elements in each step of the con-
struction does not require the RCL or random components. The first construction
results in the pure greedy solution because all frequency counts are zero and c′(e) =
c(e). However, as the frequency counts grow, the constructions start diverting from
the pure greedy solution. It is also possible, however, to include random compo-
nents and use the c′(e) to set probabilities proportional to the c′ values, where the
probability of choosing e increases as c′(e) decreases.

5.3 Improvement Method

As discussed in the introduction to this chapter, most improvement methods within
SS implementations consist of local search procedures. Problem context is relevant
to the design of an effective local search. The design process starts with the defini-
tion of a neighborhood that depends on the moves that may be applied to a solution
to transform it into another. Figure 5.4 shows the outline of a local search.

Identifying the best neighbor solution may have different meanings according to
the problem context and the current solution. For instance, for an unconstrained opt-
imization problem where all the solutions in the solution space generated by a par-
ticular solution representation are feasible, the best neighbor of the current solution
may be the one that locally minimizes the objective-function value. If the optimiza-
tion problem contains constraints, then the best neighbor may be either a feasible
one that minimizes the objective function, if at least one feasible neighbor exists,
or the one that minimizes a measure of infeasibility, if no feasible solutions can be
found in the current neighborhood. The local search outlined in Fig. 5.4 results in
either a better solution (either a feasible solution with a better objective-function
value or an infeasible solution with a smaller infeasibility value) or the unchanged
trial solution that was submitted to the improvement method. In either case, the
method guarantees finding a locally optimal solution with respect to the defined
neighborhood, because it stops only when the current solution cannot be improved
(line 2 in Fig. 5.4).
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1. Current solution is the trial solution being improved
2. while (current solution improves) {
3. Set k to 1
4. while k ≤ kmax {
5. Identify the best neighbor of the current solution in
6. neighborhood k
7. if (neighbor is better than current solution)
8. Make neighbor the current solution
9. Set k to 1

10. else
11. Make k = k+1
12. }
13. }

Fig. 5.5 Variable neighborhood descent

Variable neighborhood descent (VND) represents an attractive alternative for an
improvement method within SS. VND (Hansen and Mladenović 2003) operates
on a finite set of neighborhood structures that are systematically changed until no
improvement is obtained. Let k indicate the current neighborhood being explored
and kmax the maximum number of neighborhoods. The VND steps are outlined in
Fig. 5.5.

VND is the simplest form of the family of variable neighborhood search (VNS)
procedures. The basic VNS employs deterministic and stochastic rules for changing
the neighborhood that results in a randomized descent method with a first improve-
ment strategy. Extensions transform the basic VNS into a descent–ascent method
with first or best improvement strategies.

The appeal of VND as improvement method for SS is its deterministic orientation
and its natural termination criterion. As mentioned in the introduction, allowing
the improvement method to operate as a metaheuristic capable of escaping local
optimality poses the problem of balancing the time spent improving solutions versus
the time spent performing SS iterations. In other words, if the improvement method
is a metaheuristic in its own right, then there is a risk of diminishing the role of the
SS framework to a simple mechanism that provides starting points. Campos et al.
(2005), for instance, test the use of a tabu search with a simple short-term memory
that terminates after a number of iterations without improvement. This number is
set to a relatively small value (e.g. less than or equal to 10) to balance the amount of
computational effort spent in the improvement method and the other SS methods.

While the most effective improvement methods are designed for specific prob-
lems, it is also possible to develop generic or pseudo-generic local searches. Con-
sider, for instance, the improvement method developed by Campos et al. (2005).
In this work, SS is applied to a class of permutation problems. The improvement
method is given limited information about the problem instance. In particular, the
improvement method is provided only with a flag that indicates whether the objec-
tive function tends to be influenced more by the absolute positions of the elements
in the permutation (e.g. as in the linear ordering problem) than by their relative
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positions (e.g. as in the traveling salesman problem). The actual form of the objective
function is not known and therefore the improvement method operates as a black-box
optimizer, requiring a context-independent neighborhood search. For permutation
problems, a generic local search could consist of either all swaps of two elements or
the insertion of one element in every possible position in the permutation. A swap
of elements i and j in a permutation with n elements may be represented as follows:

(1, . . . , i−1, i, i+1, . . . , j−1, j, j+1, . . . ,n)

→ (1, . . . , i−1, j, i+1 . . . , j−1, i, j+1 . . . ,n).

An insertion of element i before element j produces the following changes in the
permutation:

(1, . . . , i−1, i, i+1, . . . , j−1, j, j+1, . . . ,n)

→ (1, . . . , i−1, i+1, . . . , j−1, i, j, j+1, . . . ,n).

Note that both neighborhoods are large, containing O(n2) moves, where n is the
number of elements in the permutation. To avoid exploring such a large neighbor-
hood (and in the SS spirit of using strategy instead of relying on randomness) fre-
quency information is used to create a list of promising insertion positions for an
element in the permutation. A promising position is one where historically (given
by a frequency count) the objective function has improved when the element was
placed there. The structure and updating of the frequency count depend on the gen-
eral class of permutation problem. Thus, for an absolute-position permutation prob-
lem a frequency count freq(i, p j) may indicate the number of times that the objective
function improved when moving (via a swap or an insert) element i to position p j.
Likewise, for a relative-position problem a frequency count freq(i, j) may indicate
the number of times that the objective function improved when moving (via a swap
or an insert) element i immediately before element j. When exploring a neighbor-
hood, the moves are limited to those where the frequency counts indicate that there
may be merit in placing an element under consideration.

5.4 Reference Set Update

The execution of the diversification generation and improvement methods in line 1
of Fig. 5.1 results in a population P of solutions. The reference set update method is
executed in two different parts of the SS procedure. The first time that the method
is called, its goal is to produce the initial RefSet, consisting of a mix of b (typically
ten) high-quality and diverse solutions drawn from P. The mix of high-quality and
diverse solutions could be considered a tunable parameter; however, most imple-
mentations populate the initial reference set with half of the solutions chosen by
quality and half chosen by diversity.
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Choosing solutions by quality is straightforward. From the population P, the best
(according to the objective-function value) b/2 solutions are chosen. These solu-
tions are added to RefSet and deleted from P. To choose the remaining half, an app-
ropriate measure of distance d(r, p) is needed, where r is a reference solution and p
is a solution in P. The distance measure depends on the solution representation, but
must satisfy the usual conditions for a metric, that is

d(r, p) = 0 if and only if r = p
d(r, p) = d(p,r)> 0 if r �= p
d(r,q)+d(q, p)≥ d(r, p) triangle inequality.

For instance, the Euclidean distance is commonly used when solutions are repre-
sented by continuous variables:

d (r, p) =
(
∑n

i=1 (ri − pi)
2
) 1

2
.

Likewise, the Hamming (1950) distance is appropriate for two strings of equal
length. The distance is given by the number of positions for which the correspond-
ing symbols are different. In other words, the distance is the number of changes
required to transform one string into the other:

d (r, p) = ∑n
i=1 vi vi =

{
0 ri = pi

1 ri �= pi.

This distance has been typically used for problems whose solution representation
is given by binary vectors (e.g. the max-cut and knapsack problems) and permuta-
tion vectors (e.g. the traveling salesman, quadratic assignment and linear ordering
problems).

The distance measure is used to calculate the minimum distance dmin(p) of a
population solution and all the reference solutions r:

dmin(p) = min
r∈RefSet

d(r, p).

Then, the next population solution p to be added to RefSet and deleted from P is
the one with the maximum dmin value. That is, we want to choose the population
solution p∗ that has the maximum minimum distance between itself and all the
solutions currently in RefSet:

p∗ =
{

p : max
p∈P

dmin(p)

}
.

The process is repeated b/2 times to complete the construction of the initial RefSet.
Note that after the first calculation of the dmin values, they can be updated as follows.
Let p∗ be the population solution most recently added to the RefSet. Then, the dmin

value for a population solution p is given by

dmin(p) = min(dmin(p),d (p, p∗)) .
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Alternatively, the diverse solutions for the initial reference set may be chosen by
solving the maximum diversity problem (MDP). The MDP consists of finding, from
a given set of elements and corresponding distances between elements, the most
diverse subset of a given size. The diversity of the chosen subset is given by the
sum of the distances between every pair of elements. The special version of the
MDP that must be solved includes a set of elements that have already been chosen
(i.e. the high-quality solutions). Mathematically, the problem may be formulated as
follows:

Maximize ∑(p,p′)∈P:p �=p′ d (p, p′)xpxp′
Subject to ∑p∈P xp = b

xp = 1 ∀p ∈ Re f Set
xp = {0,1} ∀p ∈ P.

The formulation assumes that a subset of high-quality solutions in P have already
been chosen and added to RefSet. The binary variables indicate whether a popula-
tion solution p is chosen (xp = 1) or not (xp = 0). The second set of constraints in
the formulation force the high-quality solutions to be included in the set of b so-
lutions that will become the initial RefSet. This nonlinear programming model has
been translated into an integer program for the purpose of solving it as well as for
showing that the MDP is NP-hard. Martí et al. (2009) embed the MDP in a SS pro-
cedure for the max-cut problem. Instead of solving the MDP exactly, they employ
the GRASP_C2 procedure developed by Duarte and Martí (2007). The procedure
was modified to account for the high-quality solutions that are chosen before the
subset of diverse solutions is added to the RefSet. The procedure is executed for 100
iterations and the most diverse RefSet is chosen to initiate the SS.

The reference set update method is also called in step 8 of Fig. 5.1. This step
is performed after a set of one or more trial solutions has been generated by the
sequential calls to the subset generation, combination and improvement methods
(see steps 5–7 in Fig. 5.1). The most common update consists of the selection of
the best (according to the objective function value) solutions from the union of the
reference set and the set of trial solutions generated by steps 5–7 in Fig. 5.1. Other
updates have been suggested in order to preserve a certain amount of diversity in the
RefSet. These advanced updating mechanisms are beyond the scope of this tutorial
chapter but the interested reader is referred to Laguna and Martí (2003, Chap. 5) for
a detailed description and to Laguna and Martí (2005) for experimental results.

5.5 Subset Generation

This method is in charge of providing the input to the combination method. This
input consists of a list of subsets of reference solutions. The most common subset
generation consists of creating a list of all pairs (i.e. all 2-subsets) of reference sol-
utions for which at least one of the solutions is new. A reference solution is new if
it hasn’t been used by the combination method. The first time that this method is
called (step 5 in Fig. 5.1), all the reference solutions are new, given that the method
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is operating on the initial RefSet. Therefore, the execution of the subset generation
method results in the list of all 2-subsets of reference solutions, consisting of a total
of (b2 −b)/2 pairs. Because the subset generation method is not based on a sample
but rather on the universe of all possible pairs, the size of the RefSet in SS imple-
mentation must be moderate (e.g. less than 20). As mentioned in the introduction, a
typical value for b is 10, resulting in 45 pairs the first time that the subset generation
method is executed.

When the inner while-loop (steps 5–8 in Fig. 5.1) is executing, the number of new
reference solutions at the time that the subset generation method is called depends
on the strategies implemented in the reference set update method. Nonetheless, the
number of new solutions decreases with the number of iterations within the inner
while-loop. Suppose that b is set to 10 and that, after the first iteration of the inner
while-loop, six solutions are replaced in the reference set. This means that the refer-
ence set that will serve as the input to the subset generation method will consist of
four old solutions and six new solutions. Then, the output of the subset generation
method will be 39 2-subsets. In general, if the reference set contains n new solutions
and m old ones, the number of 2-subsets that the subset generation method produces
is given by

nm+
n2 −n

2
.

The SS methodology also considers the generation of subsets with more than two
elements for the purpose of combining reference solutions. As described in Laguna
and Martí (2003), the procedure uses a strategy to expand pairs into subsets of larger
size while controlling the total number of subsets to be generated. In other words,
the mechanism does not attempt to create all 2-subsets, then all 3-subsets, and so on
until reaching the b− 1-subsets and finally the entire RefSet. This approach would
not be practical because there are 1,013 subsets in a reference set of size b = 10.
Even for a smaller reference set, combining all possible subsets would not effec-
tive because many subsets will be very similar. For example, a subset of size four
containing solutions 1–4 is almost the same as all the subsets with four solutions
for which the first three solutions are solutions 1–3. And even if the combination
of subset {1, 2, 3, 5}would generate a different solution than the combination of
subset {1, 2, 3, 6}, these new trial solutions would likely reside in the same basin
of attraction and therefore converge to the same local optimum after the application
of the improvement method. Instead, the approach selects representative subsets of
different sizes by creating subset types:

• Subset Type 1: all 2-element subsets.
• Subset Type 2: 3-element subsets derived from the 2-element subsets by aug-

menting each 2-element subset to include the best solution not in this subset.
• Subset Type 3: 4-element subsets derived from the 3-element subsets by aug-

menting each 3-element subset to include the best solutions not in this subset.
• Subset Type 4: the subsets consisting of the best i elements, for i = 5 to b.

Campos et al. (2001) designed an experiment with the goal of assessing the con-
tribution of combining subset types 1–4 in the context of the linear ordering prob-
lem. The experiment undertook to identify how often, across a set of benchmark
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problems, the best solutions came from combinations of reference solution subsets
of various sizes. The experimental results showed that most of the contribution
(measured as the percentage of time that the best solutions came from a particu-
lar subset type) could be attributed to subset type 1. It was acknowledged, however,
that the results could change if the subset types were generated in a different seq-
uence. Nonetheless, the experiments indicate that the basic SS that employs only
subsets of type 1 is quite effective and explains why most implementations do not
use subset types of higher dimensions.

5.6 Solution Combination

The implementation of this method depends on the solution representation. Problem
context can also be exploited by this method; however, it is also possible to cre-
ate context-independent combination mechanisms. When implementing a context-
independent procedure, it is beneficial to employ more than one combination method
and track their individual performance. Consider, for instance, the context-independ-
ent SS implementations for permutation problems developed by Campos et al. (2005)
and Martí et al. (2005). The following combination methods for permutation vectors
with n elements were proposed:

1. An implementation of a classical GA crossover operator. The method randomly
selects a position k to be the crossing point from the range [1,n/2]. The first
k elements are copied from one reference point while the remaining elements
are randomly selected from both reference points. For each position i (i = k+
1, . . . ,n) the method randomly selects one reference point and copies the first
element that is still not included in the new trial solution.

2. A special case of 1, where the crossing point k is always fixed to one.
3. An implementation of what is known in the GA literature as the partially mat-

ched crossover. The method randomly chooses two crossover points in one ref-
erence solution and copies the partial permutation between them into the new
trial solution. The remaining elements are copied from the other reference solu-
tion preserving their relative ordering (Michalewicz 1994).

4. A special case of what the GA literature refers to as a mutation operator, and
it is applied to a single solution. The method selects two random positions in a
chosen reference solution and inverts the partial permutation between them. The
inverted partial permutation is copied into the new trial solution. The remaining
elements are directly copied from the reference solution preserving their relative
order.

5. A combination method that operates on a single reference solution. The method
scrambles a sublist of elements randomly selected in the reference solution. The
remaining elements are directly copied from the reference solution into the new
trial solution.

6. A special case of combination method 5 where the sublist always starts in
position 1 and the length is randomly selected in the range [2,n/2].
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7. A method that scans (from left to right) both reference permutations, and uses
the rule that each reference permutation votes for its first element that is still
not included in the combined permutation (referred to as the incipient element).
The voting determines the next element to enter the first still-unassigned posi-
tion of the combined permutation. This is a min–max rule in the sense that if
any element of the reference permutation is chosen other than the incipient ele-
ment, then it would increase the deviation between the reference and the com-
bined permutations. Similarly, if the incipient element were placed later in the
combined permutation than its next available position, this deviation would also
increase. So the rule attempts to minimize the maximum deviation of the com-
bined solution from the reference solution under consideration, subject to the
fact that the other reference solution is also competing to contribute. A bias
factor that gives more weight to the vote of the reference permutation with
higher quality is also implemented for tie breaking. This rule is used when
more than one element receives the same votes. Then the element with highest
weighted vote is selected, where the weight of a vote is directly proportional to
the objective-function value of the corresponding reference solution. Additional
details about this combination method can be found in Campos et al. (2001).

8. A variant of combination method 7. As in the previous method, the two refer-
ence solutions vote for their incipient element to be included in the first still-
unassigned position of the combined permutation. If both solutions vote for the
same element, the element is assigned. But in this case, if the reference solutions
vote for different elements and these elements occupy the same position in both
reference permutations, then the element from the permutation with the better
objective function is chosen. Finally, if the elements are different and occupy
different positions, then the one in the lower position is selected.

9. Given two reference solutions r1 and r2, this method probabilistically selects
the first element from one of these solutions. The selection is biased by the
objective-function value corresponding to r1 and r2. Let e be the last element
added to the new trial solution. Then, r1 votes for the first unassigned element
that is positioned after e in the permutation r1. Similarly, r2 votes for the first
unassigned element that is positioned after e in r2. If both reference solutions
vote for the same element, the element is assigned to the next position in the new
trial solution. If the elements are different then the selection is proportionally
weighted by the objective-function values of r1 and r2.

10. A deterministic version of combination method 9. The first element is chosen
from the reference solution with the better objective-function value. Then ref-
erence solutions vote for the first unassigned successor of the last element as-
signed to the new trial solution. If both solutions vote for the same element,
then the element is assigned to the new trial solution. Otherwise, the “winner”
element is determined with a score, which is updated separately for each refer-
ence solution in the combination. The score values attempt to keep the propor-
tion of times that a reference solution “wins” close to its relative importance,
where the importance is measured by the value of the objective function. The
scores are calculated to minimize the deviation between the “winning rate” and
the “relative importance”. For example, if two reference solutions r1 and r2 have
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objective-function values of value(r1) = 40 and value(r2) = 60, then r1 should
contribute with 40 % of the elements in the new trial solution and r2 with the
remaining 60 % in a maximization problem. The scores are updated so that after
all the assignments are made the relative contribution from each reference sol-
ution approximates the target proportion. More details about this combination
method can be found in Glover (1994).

The form of these combination methods show that SS provides great flexibility
in terms of generating new trial solutions. That is, the methodology accepts fully
deterministic combination methods or those containing random elements that are
typically used in genetic algorithms (and labeled crossover or mutation operators).
At each execution of step 6 of Fig. 5.1, a combination method is randomly selected.
Initially, all combination methods have the same probability of being selected but,
as the search progresses and after a specified number of iterations, the probability
values increase for those combination methods that have been more successful. Suc-
cess is measured by the quality of the solutions that the methods are able to produce.
Suppose that the RefSet is ordered in such a way that the first solution is the best
and the bth solution is the worst (according to the objective-function value). Then
a score for each combination method is kept throughout the search. Initially, all the
scores are zero. If a combination method generates a solution that is admitted as the
jth reference solution, then a value of b− j+1 is added to the score of this combi-
nation method. The probability of selecting a combination method is proportional
to its score and therefore combination methods that generate high-quality solutions
accumulate higher scores and increase their probability of being chosen.

The same procedure is used by Gortazar et al. (2010) in the context of binary
problems. They develop seven combination methods that are probabilistically sel-
ected according to the success score. One of these combination methods is based on
the path relinking strategy. As described in Martí et al. (2006), the strategy of creat-
ing trajectories of moves passing through high-quality solutions was first proposed
in connection with tabu search by Glover (1998). The approach was then elaborated
in greater detail as a means of integrating intensification and diversification strate-
gies, and given the name path relinking (PR), in the context of tabu search (Glover
and Laguna 1997). PR generally operates by starting from an initiating solution,
selected from a subset of high-quality solutions, and generating a path in the neigh-
borhood space that leads toward the other solutions in the subset, which is called the
guiding solution. This is accomplished by selecting moves that introduce attributes
contained in the guiding solutions. PR variants consider the use of more than one
guiding solution as well as reversing the roles of initiating and guiding solutions
resulting in the approach known as simultaneous relinking.

Path relinking can be considered an extended form of the combination method.
Instead of directly producing a new solution when combining two or more origi-
nal solutions, PR generates paths between and beyond the selected solutions in the
neighborhood space. The character of such paths is easily specified by reference
to solution attributes that are added, dropped or otherwise modified by the moves
executed.



134 M. Laguna

Gortazar et al. (2010) apply path relinking to combine two binary vectors as
follows. The procedure gradually transforms the initiating solution into the guiding
solution by changing the value of the variables in the initiating solution with their
value in the guiding solution. If the value is the same in both solutions, then no
change is made and the procedure moves to the next variable. The procedure exa-
mines the variables in lexicographical order and in at most n steps (where n is the
number of variables) it reaches the guiding solution. The procedure uses a first-
improving strategy, meaning that if during the relinking process it finds an interme-
diate solution that is better than either the initiating or guiding solutions, then the
procedure stops. If no better solution is found, the solution that is most distant from
the initiating and guiding solutions is the combined solution resulting from the ap-
plication of this method. In addition, the procedure reverses the roles of the initiating
and guiding solutions and chooses the best solution found during both processes to
be the outcome of the combination method.

5.7 Multiobjective Optimization

Evolutionary procedures have enjoyed a fair amount of success in multiobjective
optimization, as documented by Coello et al. (2002). SS is starting to be applied
to this area. Molina et al. (2007) developed a tabu/SS hybrid for approximating the
efficient frontier of multiobjective nonlinear problems with continuous variables.
The method consists of two major phases:

1. Generation of an initial set of efficient points through various tabu searches;
2. Combination of solutions and updating of the efficient frontier approximation

via a SS.

As we have discussed above for single-objective problems, the RefSet contains a
mixture of high-quality and diverse solutions, where quality is measured with ref-
erence to the single objective function and diversity is measured by an appropriate
metric in the solution space. The role of the RefSet must be modified to deal with the
special characteristics of multiobjective optimization. In particular, solution quality
is measured considering multiple objective functions and solution diversity is mea-
sured in the objective-function space. The notion of diversity is related to the ability
of finding solutions that cover the efficient frontier. Hence, measuring diversity in
the objective-function space is an effective means to produce the desired results.

One of the key search mechanisms is the combination of solutions that are cur-
rently considered efficient and therefore belong to the best approximation of the
efficient frontier. The RefSet is a subset of efficient solutions of a size larger than the
number of objective functions in the problem and is initially constructed as follows:

• Select the best solution in the current approximation of the efficient froniter for
each of the objective functions and add them to RefSet. (Note that it is possible,
but unlikely, to select fewer solutions than the number of objective function if a
solution happens to be best for more than one objective function.)
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• Select additional solutions (up to a total of b) from the approximation of the
efficient frontier in order to maximize the distance between them and those solu-
tions already in the RefSet, where distance is measured in the objective-function
space.

The construction of the initial RefSet reveals that in the multiobjective implementa-
tion of SS, the population P is the best approximation of the efficient frontier. This
is an expanded role for P (when compared to single-objective optimization) because
it not only supports the diversification of the RefSet but also acts as a repository of
efficient solutions. A list of solutions that have been selected as reference points is
kept to prevent the selection of those solutions in future iterations. Therefore, every
solution that is added to the RefSet is also added to a TabuRefSet. The size of the
TabuRefSet increases as the search progresses because this memory function is an
explicit record of past reference solutions. The motivation for creating and main-
taining the TabuRefSet is that the final approximation of the efficient frontier must
have adequate density. To achieve this, the procedure must encourage a uniform
generation of points in the efficient frontier and avoid gaps that may be the result of
generating too many points in one region while neglecting other regions.

Combination methods operate in the solution space and therefore are similar to
their single-objective counterpart. Improvement methods, however, must consider
more than one objective and are typically based on concepts from compromise
programming. A global criterion is used to guide the search and the goal is to min-
imize a function that measures the distance to an ideal point. Given that the ideal
point consists of the optimal (or best known) values of the individual objective func-
tions, compromise programming assumes that it is logical for the decision maker to
prefer a point that is closer to the ideal point over one that is farther away.

The same framework has been adapted for multiobjective combinatorial opti-
mization. In particular, Caballero et al. (2011) tackled partitioning problems for
cluster analysis that requires the simultaneous optimization of more than one ob-
jective function. They considered two main classes of multiobjective partitioning
problems: (1) partitioning of objects using one partitioning criterion but multiple
dissimilarity matrices and (2) partitioning of objects using one dissimilarity ma-
trix but more than one partitioning criteria. The adaptation consists of formulating
an appropriate solution representation and employing the representation to develop
combination and improvement methods. Other methods (particularly those that op-
erate in the objective-function space) were applied with minor or no changes.

5.8 Tricks of the Trade

Tricks associated with implementing SS are extensively addressed in three tutorial
Chaps. (2–4) in Laguna and Martí (2003). We summarize a few here:

1. Effective diversification generation methods employ controlled randomization
and frequency-based memory to generate a set of diverse solutions. The use of
frequency-based memory is typical in implementations of tabu search.
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2. The diversification generation method is used at the beginning of the search to
generate a set of diverse solutions. In most SS applications, the size of this pop-
ulation of solutions is generally set at max(100,5∗b), where b is the size of the
reference set.

3. While some solution generation is done without considering the objective func-
tion, in other words, some diversification generation methods focus on diversi-
fication and not on the quality of the resulting solutions, it is generally more
effective to design a procedure that balances diversification and solution quality
(such as those based on GRASP constructions).

4. Improvement methods must be capable of handling starting solutions that are
either feasible or infeasible. When encountering an infeasible solution, an im-
provement method should search for a feasible solution first and then launch a
search for improvement.

5. Whenever possible, the improvement method should be a known local search
procedure. For example, when using SS for nonlinear optimization, the improve-
ment method could be the well-known Nelder and Mead simplex procedure.

6. The reference set update method to try first is the so-called static update. Trial
solutions that are constructed as combination of reference solutions are placed
in a solution pool. After the application of both the combination method and the
improvement method, the pool is full and the reference set is updated. The new
reference set consists of the best b solutions (where b is the size of the reference
set) from the solutions in the current reference set and the solutions in the pool,
i.e. the updated reference set contains the best b solutions in the union of the
reference set and the pool.

7. The subset generation method should be limited to generating all solution pairs
first before trying more sophisticated designs to include more than two solutions
in each subset. Even when the combination method includes stochastic elements,
it is generally more effective to create only solution subsets that include at least
one new reference solution (i.e. a solution that has been added to the reference
set in the previous iteration).

8. The number of solutions created from the combination of two or more reference
solutions should depend on the quality of the solutions being combined. For in-
stance, the maximum number of solutions generated by the combination method
should happen when the two best solutions in the reference set are being com-
bined. Likewise, only one solution should be the result of combining the two
reference solutions with the worst objective-function value.

9. If SS is implemented to exploit problem context, the combination method should
take full advantage of the information associated with the problem being solved.
For instance, a combination method for the linear ordering problem should take
into consideration that the largest contribution to the objective-function value
comes from the items that are placed in the first positions of the permutation.

10. Employing multiple combination methods has been shown to be an effective
strategy. The combination methods are applied probabilistically, starting with
an equal probability of selecting any of the available methods. The probability
changes, with the success of each method, where success is typically defined
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as creating trial solutions that are admitted to the reference set because of their
quality. As the search progresses, the more effective (i.e. successful) methods
are chosen more often. This strategy is particularly useful when SS is used as a
black-box optimizer, where no context information is used to create combination
methods that are known to be effective for certain classes of problems.

5.9 Conclusions

The goal of this chapter is to introduce the SS framework at a level that would make
it possible for the reader to implement a basic but robust procedure. A number of
extensions are possible and some of them have already been explored and reported
in the literature. It is not possible within the limited scope of this chapter to detail
completely many of the aspects of SS that warrant further investigation. Additional
implementation considerations, including those associated with intensification and
diversification processes, and the design of accompanying methods to improve so-
lutions produced by combination strategies are found in several of the references
listed below.

5.10 Promising Areas for Future Research

SS is at the core of OptQuest, a popular commercial software package for global
optimization. OptQuest is implemented as a black-box optimizer that focuses on
searching for high-quality solutions to problems with expensive objective-function
evaluations (such as those characterized by a computer simulation). SS has shown
merit in applications where the optimization horizon (represented by a number of
objective function evaluations) is severely limited. This is a promising SS research
avenue, considering the importance of optimizing black boxes in general and simu-
lations in particular.

One way of creating effective heuristic search procedures with limited objective-
function evaluations is through the use of rough set theory. Rough sets have been
successfully adapted as a mechanism to combine solutions and to perform local opt-
imization in the context of multiobjective optimization. They have been hybridized
with search methods such as differential evolution (Hernández-Díaz et al. 2006),
particle swarm optimization (Santana-Quintero et al. 2006) and metamodels based
on radial basis functions (Santana-Quintero et al. 2007). Multiobjective optimization
results are encouraging, showing the effectiveness of the hybrid implementations in
obtaining dense approximations of the Pareto fronts. Additional details on the use
of rough sets in multiobjective optimization can be found in Hernández-Díaz et al.
(2008). These studies point to the merit of exploring the addition of mechanisms
based on rough sets to SS implementations for multiobjective optimization.
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While the merging of SS and rough sets for multiobjective optimization remains
to be explored, Laguna et al. (2010) employed a rough-set theory procedure as a
combination method within a SS for nonlinear optimization with a single multi-
modal objective function. The goal of this work was to find high-quality solutions to
difficult multimodal functions while limiting the number of objective-function eval-
uations. The search process was divided into two stages, starting from a coarsely
discretized solution space and ending at the original solution space represented by
continuous variables. The authors adapted the standard SS methodology to provide
the data that rough-set theory needs to identify promising areas in the solution space.
The implementation departed from the traditional SS framework in that a sampling
procedure was used to create subsets of solutions to which the rough-set combina-
tion method was applied. Similar mechanisms are worth exploring in order to create
innovative ways of combining solutions for both single-objective and multiobjective
optimization problems that are tackled with SS.

The experiments with 92 problems instances from the literature presented by
Laguna et al. (2010) showed the merit of the SS/rough-set combination when com-
pared to an existing method based on particle swarm optimization. A potential
extension to this work is in the area of simulation optimization. As mentioned above,
the evaluation of the objective function in this context typically requires a signifi-
cant amount of computational effort and is noisy. The use of rough sets to reduce the
number of evaluations required to identify promising regions in the solution space
may be of great advantage, particularly in situations where the number of objective-
function evaluations (i.e. calls to the simulation module) is limited to no more than
100 times the number of decision variables in the problem. Coupling rough sets,
metamodels and ranking and selection may result in a highly effective approach
for dealing with expensive and noisy objective functions. Also, given that rough
sets have been shown to be effective in multiobjective optimization (see Hernández-
Díaz et al. 2006, 2008), another promising research avenue is the development of
a SS/rough-sets for multiobjective simulation optimization, an area that has gener-
ated a fair amount of interest in engineering and science (Lee et al. 1996; Mebarki
and Castagna 2000; Yang and Chou 2005; Pasandideh and Niaki 2006; Rosen et al.
2007, 2008; Teng et al. 2007; Zhang 2008; Willis and Jones 2008).

Sources of Additional Information

The best source of information to get started with SS is the book by Laguna and
Martí (2003). This book contains three tutorials, including searches in continuous
spaces (nonlinear unconstrained optimization), constrained binary spaces (knapsack
problems) and combinatorial optimization (linear ordering problem). Advanced strat-
egies are also addressed and computer code is provided that can be easily modi-
fied to create basic and even advanced implementation of SS for other optimization
problems.
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Several SS tutorials have appeared in the literature and can be found at http://
leeds-faculty.colorado.edu/laguna. Some of these chapters and tutorials include im-
plementations that use path relinking as a mechanism to combine solutions within a
SS framework.

The Optsicom Website (http://heur.uv.es/optsicom/) contains the description of
several optimization procedures based on metaheuristics, including SS. Implemen-
tations of SS as black-box optimizer and for particular problem classes can be found
in this website.
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