
Chapter 14
Affine Linear Geometry

14.1 Affine Spaces

Intuitively, an affine space is a vector space without a ‘preferred origin’, that is as
a set of points such that at each of these there is associated a model (a reference)
vector space.

Definition 14.1.1 The real affine space of dimension n, denoted byAn(R) or simply
A

n , is the set Rn equipped with the map

α : A
n × A

n → R
n

given by
α((a1, . . . , an), (b1, . . . , bn)) = (b1 − a1, . . . , bn − an).

Notice that the domain of α is the cartesian product of Rn × R
n , while the range

of α is the vector space R
n . The notation A

n stresses the differences between an
affine space structure and a vector space structure on the same set Rn . The n-tuples
of An are called points.

By A
1 we have the affine real line, by A

2 the affine real plane, by A
3 the affine

real space. There is an analogous notion of complex affine space An(C), modelled
on the vector space Cn .

Remark 14.1.2 The following properties for An easily follows from the above defi-
nition:

(p1) for any point P ∈ A
n and for any vector v ∈ R

n , there exists a unique point Q
in An such that α(P, Q) = v,

(p2) for any triple P, Q, R of points in A
n , it holds that α(P, Q) + α(Q, R) =

α(P, R).
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Fig. 14.1 The sum rule (Q − P) + (R − Q) = R − P

The property (p2) amounts to the sum rule of vectors (see Fig. 14.1).

Remark 14.1.3 Given the points P, Q ∈ A
n and the definition of the map α, the

vector α(P, Q) will be also denoted by

v = α(P, Q) = Q − P.

Then, from the property (p1), we shall write

Q = P + v.

And property (p2), the sum rule for vectors in R
n , is written as

(Q − P) + (R − Q) = R − P.

Remark 14.1.4 Given an affine space An , from (p2) we have that

(a) for any P ∈ A
n it is α(P, P) = 0Rn (setting P = Q = R),

(b) for any pair of points P, Q ∈ A
n it is (setting R = P), α(P, Q) = −α(Q, P) .

A reference system in an affine space is given by selecting a point O ∈ A
n so

that from (p1) we have a bijection

αO : An → R
n, αO(P) = α(O, P) = P − O, (14.1)

and then a basis B = (v1, . . . , vn) for Rn .

Definition 14.1.5 The datum (O,B) is called an affine coordinate system or an
affine reference system forAn with origin O and basis B. With respect to a reference
system (O,B) for An , if

P − O = (x1, . . . , xn)B = x1v1 + · · · + xnvn

we call (x1, . . . , xn) the coordinates of the point P ∈ A
n and often write

P = (x1, . . . , xn). If E is the canonical basis for Rn , then (O, E) is the canonical
reference system for An .
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Remark 14.1.6 Once an origin has been selected, the affine space An has the struc-
tures of R

n as a vector space. Given a reference system (O,B) for A
n , with

B = (b1, . . . , bn), the points Ai in An given by

Ai = O + bi

for i = 1, . . . , n, are called the coordinate points ofAn with respect to B. They have
coordinates

A1 = (1, 0, . . . , 0)B, A2 = (0, 1, . . . , 0)B, . . . An = (0, 0, . . . , 1)B.

With the canonical basisE = (e1, . . . , en), forRn the coordinates points Ai = O + ei
will have coordinates

A1 = (1, 0, . . . , 0), A2 = (0, 1, . . . , 0), . . . An = (0, 0, . . . , 1).

Definition 14.1.7 With w ∈ R
n , the map

Tw : A
n → A

n, Tw(P) = P + w.

is called the translation of An along ws.

It is clear that Tw is a bijection between A
n and itself, since T−w is the inverse

map to Tw. Once a reference system has been introduced in An , a translation can be
described by a set of equations, as the following exercise shows.

Exercise 14.1.8 Let us fix the canonical cartesian coordinate system (O, E) for A3,
and consider the vector w = (1,−2, 1). If P = (x, y, z) ∈ A

3, then
P − O = xe1 + ye2 + ze3 and we write

Tw(P) − O = (P + w) − O

= (P − O) + w

= (xe1 + ye2 + ze3) + (e1 − 2e2 + e3)

= (x + 1)e1 + (y − 2)e2 + (z + 1)e3,

so Tw

(
(x, y, z)) = (x + 1, y − 2, z + 1

)
.

Following this exercise, it is easy to obtain the equations for a generic translation.
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Proposition 14.1.9 LetAn be an affine space with the reference system (O,B). With
a vector w = (w1, . . . , wn)B in Rn, the translation Tw has the following equations

Tw

(
(x1, . . . , xn)B

) = (x1 + w1, . . . , xn + wn)B.

Remark 14.1.10 The translation Tw induces an isomorphism of vector spaces φ :
R

n → R
n given by

P − O �→ Tw(P) − Tw(O).

It is easy to see that φ is the identity isomorphism. By fixing the orthogonal carte-
sian reference system (O, E) for An , with corresponding coordinates (x1, . . . , xn)
for a point P , and a vector w = w1e1 + · · · + wnen , we can write

R
n � P − O = x1e1 + · · · + xnen

and

Tw(P) = (x1 + w1, . . . , xn + wn), Tw(O) = (w1, . . . , wn),

so that we compute

Tw(P) − Tw(O) = (Tw(P) − O) − (Tw(O) − O)

= (
(x1 + w1)e1 + · · · (xn + wn)en

) − (w1e1 + · · · + wnen)

= x1e1 + · · · + xnen = P − O.

More precisely, such an isomorphism is defined between two distinct copies of the
vector space Rn , those associated to the points O and O ′ = Tw(O) in An thought of
as the origins of two different reference systems forAn . This is depicted in Fig. 14.2.

Fig. 14.2 The translation Tw
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14.2 Lines and Planes

From the notion of vector line in R
2, using the bijection αO : A2 �→ R

2, given in
(14.1), it is natural to define a (straight) line by the origin the subset in A

2 that
corresponds to L(v) in R2.

Exercise 14.2.1 Consider v = (1, 2) ∈ R
2. The corresponding line by the origin in

A
2 is the set

{P ∈ A
2 : (P − O) ∈ L(v)} = {(x, y) = λ(1, 2), λ ∈ R}.

Based on this, we have the following definition.

Definition 14.2.2 A (straight) line by the origin in An is the subset

rO = {P ∈ A
n : (P − O) ∈ L(v)}

for a vector v ∈ R
n\{0}. The vector v is called the direction vector of rO .

Using the identification between A
n and R

n given in (14.1) we write

rO = {P ∈ A
n : P = λv, λ ∈ R},

or even
rO : P = λv , λ ∈ R.

We call such an expression the vector equation for the line rO . Once a reference
system (O,B) for An is chosen, via the identification of the components of P − O
with respect to B with the coordinates of a point P , we write the vector equation
above as

rO : (x1, . . . , xn) = λ(v1, . . . , vn) , with λ ∈ R

with v = (v1, . . . , vn) providing the direction of the line.

Remark 14.2.3 It is clear that the subset rO coincides with L(v), although they
belong to different spaces, that is rO ⊂ A

n while L(v) ⊂ R
n . With such a caveat,

these sets will be often identified.

Exercise 14.2.4 The line rO inA3 with direction vector v = (1, 2, 3) has the vector
equation,

rO : (x, y, z) = λ(1, 2, 3), λ ∈ R.

Exercise 14.2.5 Consider the affine space A2 with the orthogonal reference system
(O, E). The subset given by

r = {(x, y) = (1, 2) + λ(0, 1), λ ∈ R}
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clearly represents a line that runs parallel to the second reference axis. Under the
translation Tu with u = (−1,−2) we get the set

Tu(r) = {P + u, P ∈ r}
= {(x, y) = λ(0, 1), λ ∈ R},

which is a line by the origin (indeed the second axis of the reference system). If
rO = Tu(r), a line by the origin, it is clear that r = Tw(rO), with w = −u.

This exercise suggests the following definition.

Definition 14.2.6 A set r ⊂ A
n is called a line if there exist a translation Tw in A

n

and a line rO by the origin such that r = Tw(rO).

Being the sets rO andL(v) inRn coincident, we shall refer toL(v) as the direction
of r , and we shall denote it by Sr (with the letter S referring to the fact that L(v) is
a vector subspace in Rn). Notice that, for a line, it is dim(Sr ) = 1.

The equation for an arbitrary line follows easily from that of a line by the origin.
Let us consider a line by the origin,

rO : P = λv , λ ∈ R,

and the translation Tw with w ∈ R
n . If w = Q − O , the line r = Tw(rO) is given by

r = {P ∈ A
n : P = Tw(PO), PO ∈ rO}

= {P ∈ A
n : P = Q + λv, λ ∈ R},

so we write
r : P = Q + λv. (14.2)

With respect to a reference system (O,B), where Q = (q1, . . . , qn)B and
v = (v1, . . . , vn)B, the previous equation can be written as

r : (x1, . . . , xn) = (q1, . . . , qn) + λ(v1, . . . , vn), (14.3)

or equivalently

r :

⎧
⎪⎨

⎪⎩

x1 = q1 + λv1
...

xn = qn + λvn

. (14.4)

Definition 14.2.7 The expression (14.2) (or equivalently 14.3) is called the vector
equation of the line r , while the expression (14.4) is called the parametric equation
of r (stressing that λ is a real parameter).
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Fig. 14.3 The translation Tw′ with w′ − w ∈ L(v) maps r into rO

Remark 14.2.8 Consider the line whose vector equation is r : P = Q + λv.

(a) We have a unique point in r for each value of λ, and selecting a point of r gives
a unique value for λ. The point in r is Q if and only if λ = 0;

(b) The direction of r is clearly the vector line L(v). This means that the direction
vector v is not uniquely determinedby the equation, since each elementv′ ∈ L(v)

is a direction vector for r . This arbitrariness can be re-absorbed by a suitable
rescaling of the parameter λ: with a rescaling the equation for r can always be
written in the given form with v its direction vector.

(c) The point Q is not unique. As the Fig. 14.3 shows, if Q = O + w is a point in
r , then any translation Tw′ with w′ − w ∈ L(v) maps r into the same line by
the origin.

Exercise 14.2.9 We check whether the following lines coincide:

r : (x, y) = (1, 2) + λ(1,−1),

r ′ : (x, y) = (2, 1) + μ(1,−1).

Clearly r and r ′ have the same direction, which is Sr = Sr ′ = L((1,−1)) = rO .
If we consider Q = (1, 2) ∈ r and Q′ = (2, 1) ∈ r ′ with w = Q − O = (1, 2) and
w′ = Q′ − O = (2, 1) we compute,

r = Tw(rO), r ′ = Tw′(rO).

We have that r coincides with r ′: as described in the remark above,
w − w′ = (−1, 1) ∈ L((1,−1)).

In analogy with the definition of affine lines, one defines planes in An .

Definition 14.2.10 A plane through the origin in An is any subset of the form

πO = {P ∈ A
n : (P − O) ∈ L(u, v)},

with two linearly independent vectors u, v ∈ R
n .
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With the usual identification of a point P ∈ A
n with its image α(P) ∈ R

n

(see 14.1), we write

πO = {P ∈ A
n : P = λu + μv, λ,μ ∈ R},

or also
πO : P = λu + μv

with λ,μ real parameters.

Definition 14.2.11 A subset π ⊂ A
n is called a plane if there exist a translation

map Tw in A
n and a plane πO through the origin such that π = Tw(πO). Since we

can identify the elements in πO with the vectors in L(u, v) ⊂ R
n , generalising the

analogue Definition14.2.6 for a line, we define the space Sπ = L(u, v) to be the
direction of π. Notice that dim(Sπ) = 2.

If Q = Tw(O), that is w = Q − O , the points P ∈ π are characterised by

P = Q + λu + μv. (14.5)

Let (O,B) be a reference system for A
n . If Q = (q1, . . . , qn)B ∈ A

n , with
u = (u1, . . . , un)B and v = (v1, . . . , vn)B ∈ R

n , the above equation can be written
as

π :

⎧
⎪⎨

⎪⎩

x1 = q1 + λu1 + μv1
...

xn = qn + λuv + μvn

. (14.6)

The relation (14.5) is the vector equation of the plane π, while (14.6) is a parametric
equation of π.

Exercise 14.2.12 Given the linearly independent vectors v1 = (1, 0, 1) and
v2 = (1,−1, 0) with respect to the basis B in R

3, the plane πO through the origin
associated to them is the set of points P ∈ A

3 given by the vector equation

P = λ1v1 + λ2v2, λ1,λ2 ∈ R.

With the reference system (O,B), with P = (x, y, z) its parametric equations is

(x, y, z) = λ1(1, 0, 1) + λ2(1,−1, 0) ⇔ π :
⎧
⎨

⎩

x = λ1 + λ2

y = −λ2

z = λ1

.
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Exercise 14.2.13 Given the translation Tw in A3 with w = (1,−1, 2) in a basis B,
the plane πO of the previous exercise is mapped into the plane π = Tw(πO) whose
vector equation is

π : P = Q + λ1v1 + λ2v2,

with Q = Tw(O) = (1,−1, 2). We can equivalently represent the points in π as

π : (x, y, z) = (1,−1, 2) + λ1(1, 0, 1) + λ2(1,−1, 0).

Exercise 14.2.14 Let us consider the vectors v1, v2 in R
4 with the following com-

ponents
v1 = (1, 0, 1, 0), v2 = (2, 1, 0,−1)

in a basis B, and the point Q in A4 with coordinates

Q = (2, 1, 1, 2).

in the corresponding reference system (O,B). The plane π ⊂ A
4 through Q whose

direction is Sπ = L(v1, v2) has the vector equation

π : (x1, x2, x3, x4) = (2, 1, 1, 2) + λ1(1, 0, 1, 0) + λ2(2, 1, 0,−1)

and parametric equation

π :

⎧
⎪⎪⎨

⎪⎪⎩

x1 = 2 + λ1 + 2λ2

x2 = 1 + λ2

x3 = 1 + λ1

x4 = 2 − λ2

.

Remark 14.2.15 The natural generalisation of the Remark14.2.8 holds for planes as
well. A vector equation for a given plane π is not unique. If

π : P = Q + λu + μv

π′ : P = Q′ + λu′ + μv′

are two planes in A
n , then

π = π′ ⇔
{
Sπ = Sπ′ (that is L(u, v) = L(u′, v′))
Q − Q′ ∈ Sπ

Proposition 14.2.16 Given two distinct points A, B inAn (with n ≥ 2), there is only
one line through A and B. A vector equation is

rAB : P = A + λ(B − A).
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Proof Being A 
= B, this vector equation gives a line since B − A is a non zero
vector and the set of points P − A is a one dimensional vector space (that is the
direction is one dimensional). The equation rAB contains A (for λ = 0) and B (for
λ = 1). This shows there exists a line through A and B.

Let us consider another line rA through A. Its vector equationwill be P = A + μv,
with v ∈ R

n and μ a real parameter. The point B is contained in rA if and only if
there exists a valueμ0 of the parameter such that B = A + μ0v, that is B − A = μ0v.
Thus the direction of rA would be SrA = L(v) = L(B − A) = SrAB . The line rA then
coincides with rAB . ��
Exercise 14.2.17 The line inA2 through the points A = (1, 2) and B = (1,−2) has
equation

P = (x, y) = (1, 2) + λ(0,−4).

Exercise 14.2.18 Let the points A and B in A
3 have coordinates A = (1, 1, 1) and

B = (1, 2,−2). The line rAB through them has the vector

(x, y, z) = (1, 1, 1) + λ(0, 1,−3).

Does the point P = (1, 0, 4) belong to rAB? In order to answer this question we
need to check whether there is a λ ∈ R that solves the linear system

⎧
⎨

⎩

1 = 1
0 = 1 + λ
4 = 1 − 3λ.

It is evident that λ = −1 is a solution, so P is a point in rAB .

An analogue of the Proposition14.2.16 holds for three points in an affine space.

Proposition 14.2.19 Let A, B,C be three points in an affine spaceAn (with n ≥ 3).
If they are not contained in the same line, there exists a unique plane πABC through
them, with a vector equation given by

πABC : P = A + λ(B − A) + μ(C − A).

Proof The vectors B − A and C − A are linearly independent, since they are not
contained in the same line. The direction of πABC is then two dimensional, with
SπABC = L(B − A,C − A). The point A is inπABC , corresponding to P(λ = μ = 0);
the point B is in πABC , corresponding to P(λ = 1,μ = 0); the point C is in πABC

corresponding to P(λ = 0,μ = 1).
We have then proven that a plane through A, B,C exists. Let us suppose that

π′ : P = A + λu + μv.

gives a plane through the points A, B,C (which are not on the same line) with u and
v linearly independent (so its direction is given by Sπ′ = L(u, v)). This means that
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B − A ∈ L(u, v) andC − A ∈ L(u, v). Since the spaces are both two dimensional,
this reads L(B − A,C − A) = L(u, v), proving that π′ coincides with πABC . ��
Exercise 14.2.20 Let A = (1, 2, 0), B = (1, 1, 1) and C = (0, 1,−1) be three
points in A

3. They are not on the same line, since the vectors B − A = (0,−1, 1)
andC − A = (−1,−1,−1) are linearly independent. A vector equation of the plane
πABC is

π : (x, y, z) = (1, 2, 0) + λ(0,−1, 1) + μ(−1,−1,−1).

14.3 General Linear Affine Varieties and Parallelism

The natural generalisation of (straight) lines and planes leads to the definition of a
linear affine variety L inAn , where the direction of L is a subspace inRn of dimension
greater than 2.

Definition 14.3.1 A linear affine variety of dimension k in An is a set

L = {P ∈ A
n : (P − Q) ∈ V },

where Q is a point in the affine space A
n and V ⊂ R

n is a vector subspace of
dimension k in R

n . The vector subspace V is called the direction of the variety L ,
and denoted by SL = V . If V = L(v1, . . . , vk), a vector equation for L is

L : P = Q + λ1v1 + · · · + λkvk

for scalars λ1, . . . ,λk in R.

Remark 14.3.2 It is evident that a line is a one dimensional linear affine variety,
while a plane is a two dimensional linear affine variety.

Definition 14.3.3 An linear affine variety of dimension n − 1 in A
n is called a

hyperplane in An .

It is clear that a line is a hyperplane in A2, while a plane is a hyperplane in A3.

Exercise 14.3.4 We consider the affine space A
4, the point Q with coordinates

Q = (2, 1, 1, 2)with respect to a given reference system (O,B), and the vector sub-
space S = L(v1, v2, v3) in R

4 with generators v1 = (1, 0, 1, 0), v2 = (2, 1, 0,−1),
v3 = (0, 0,−1, 1) with respect to B. The vector equation of the linear affine variety
L with direction SL = L(v1, v2, v3) and containing Q is

L : (x1, x2, x3, x4) = (2, 1, 1, 2) + λ1(1, 0, 1, 0) + λ2(2, 1, 0,−1) + λ3(0, 0,−1, 1),
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while its parametric equation reads

L :

⎧
⎪⎪⎨

⎪⎪⎩

x1 = 2 + λ1 + 2λ2

x2 = 1 + λ2

x3 = 1 + λ1 − λ3

x4 = 2 − λ2 + λ3

.

Definition 14.3.5 Let L , L ′ be two linear affine varieties of the same dimension k
in A

n . We say that L is parallel to L ′ if they have the same directions, that is if
SL = SL ′ .

Exercise 14.3.6 Let LO ⊂ A
n be a line through the origin. A line L inAn is parallel

to LO if and only if L = Tw(LO), for w ∈ R
n . From the Remark14.2.15 we know

that L = LO if and only if w ∈ SL .
Let us consider the line through the origin inA2 given by LO : (x, y) = λ(3,−2).

A line will be parallel to LO if and only if its vector equation is given by

L : (x, y) = (α,β) + λ(3,−2),

with (α,β) ∈ R
2. The line L is moreover distinct from L ′ if and only if (α,β) /∈ SL .

Definition 14.3.7 Let us consider inAn a linear affine variety L of dimension k and
a second linear affine variety L ′ of dimension k ′, with k > k ′. The variety L is said
to be parallel to L ′ if SL ′ ⊂ SL , that is if the direction of L ′ is a subspace of the
direction of L .

Exercise 14.3.8 Let us consider in A3 the plane given by

π : (x, y, z) = (0, 2,−1) + λ1(1, 0, 1) + λ2(0, 1, 1).

We check whether the following lines,

r1 : (x, y, z) = λ(1,−1, 0)

r2 : (x, y, z) = (0, 3, 0) + λ(1, 1, 2)

r3 : (x, y, z) = (1,−1, 1) + λ(1, 1, 1),

are parallel to π.
If Sπ denotes thedirectionofπ,we clearly have that Sπ =L(w1, w2) = L((1, 0, 1),

(0, 1, 1)), while we denote by vi a vector spanning the direction Sri of the line
ri , i = 1, 2, 3. To verify whether Sri ⊂ Sπ it is sufficient to compute the rank of the
matrix whose rows are given by (w1, w2, vi ).

• For i = 1, after a reduction procedure we have,

⎛

⎝
w1

w2

v1

⎞

⎠ =
⎛

⎝
1 0 1
0 1 1
1 −1 0

⎞

⎠ �→
⎛

⎝
1 0 1
0 1 1
0 1 1

⎞

⎠ .
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Since this matrix has rank 2, we have that v1 ∈ L(w1, w2), that is Sr1 ⊂ Sπ . We
conclude that r1 is parallel to π. One also checks that r1 
⊂ π, since (0, 0, 0) ∈ r1
but (0, 0, 0) /∈ π. To show this, one notices that the origin (0, 0, 0) is contained in
π if and only if the linear system

(0, 0, 0) = (0, 2,−1) + λ1(1, 0, 1) + λ2(0, 1, 1) ⇒
⎧
⎨

⎩

0 = λ1

0 = 2 + λ2

0 = −1 + λ1 + λ2

has a solution. It is evident that such a solution does not exist.
• For i = 2 we proceed as above. The following reduction by rows

⎛

⎝
w1

w2

v2

⎞

⎠ =
⎛

⎝
1 0 1
0 1 1
1 1 2

⎞

⎠ �→
⎛

⎝
1 0 1
0 1 1
0 1 1

⎞

⎠

shows that v2 ∈ L(w1, w2), thus r2 is parallel to π. Now r2 ⊂ π: a point P is in r2
if and only there exists a λ ∈ R such that P = (λ,λ + 3, 2λ). For any value of λ,
the linear system

(λ,λ + 3, 2λ) = (0, 2,−1) + λ1(1, 0, 1) + λ2(0, 1, 1) ⇒
⎧
⎨

⎩

λ = λ1

λ + 3 = 2 + λ2

2λ

has the unique solution λ1 = λ, λ2 = λ + 1.
• For i = 3 the following reduction by rows

⎛

⎝
w1

w2

v3

⎞

⎠ =
⎛

⎝
1 0 1
0 1 1
1 1 1

⎞

⎠ �→
⎛

⎝
1 0 1
0 1 1
0 1 0

⎞

⎠

shows that the matrix t (w1, w2, v3) has rank 3, so r3 is not parallel to π.

Definition 14.3.9 Let L , L ′ ⊆ A
n two distinct linear affine varieties. We say that L

and L ′ are incident if their intersection is non empty, while they are said to be skew
if they are neither parallel nor incident.

Remark 14.3.10 It is easy to see that two lines (or a line and a plane) are incident
if they have a common point. Two distinct planes in A

n (with n ≥ 3) are incident if
they have a common line.

Exercise 14.3.11 In the affine space A
3 we consider the line r3 and the plane π

as in the Exercise14.3.8. We know already that they are not parallel, and a point
P = (x, y, z) belongs to the intersection r3 ∩ π if and only if there exists aλ such that
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P = (1 + λ,−1 + λ, 1 + λ) ∈ r3 and there exist scalars λ1,λ2 such that
P = (λ1, 2 + λ2,−1 + λ1 + λ2) ∈ π. These conditions are equivalent to the linear
system ⎧

⎨

⎩

1 + λ = λ1

−1 + λ = 2 + λ2

1 + λ = −1 + λ1 + λ2

that has the unique solution (λ = 4,λ1 = 5,λ2 = 1). This corresponds to
P = (5, 3, 5) ∈ r3 ∩ π.

Exercise 14.3.12 Consider again the lines r1 and r2 in the Exercise14.3.8. We know
they are not parallel, since v1 /∈ L(v2). They are not incident: there are indeed no
values of λ and μ such that a point P = λ(1,−1, 0) in r1 coincides with a point
P = (0, 3, 0) + μ(1, 1, 2) in r2, since the following linear system

⎧
⎨

⎩

λ = μ
−λ = 3 + μ
0 = 2μ

has no solution. Thus r1 and r2 are skew.

Exercise 14.3.13 Given the planes

π : (x, y, z) = (0, 2,−1) + λ1(1, 0, 1) + λ2(0, 1, 1)

π′ : (x, y, z) = (1,−1, 1) + λ1(0, 0, 1) + λ2(2, 1,−1)

in A3, we determine all the lines which are parallel to both π and π′.
We denote by r a generic line satisfying such a condition. From the Defini-

tion14.3.5, we require that Sr ⊆ Sπ ∩ Sπ′ for the direction Sr of r . Since
Sπ = L((1, 0, 1), (0, 1, 1))while Sπ′ = L((0, 0, 1), (2, 1,−1)), in order to compute
Sπ ∩ Sπ′ we write the condition

α(1, 0, 1) + β(0, 1, 1) = α′(0, 0, 1) + β′(2, 1,−1)

as the linear homogeneous system for (α,β,α′,β′) given by � : AX = 0 with

A =
⎛

⎝
1 0 0 2
0 1 0 1
1 1 1 −1

⎞

⎠ , X =

⎛

⎜⎜
⎝

α
β

−α′
−β′

⎞

⎟⎟
⎠ .

The space of solution for such a linear system is easily found to be

S� = {(α,β,−α′,−β′) = t (2, 1,−4,−1) : t ∈ R},
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so we have that the intersection Sπ ∩ Sπ′ is one dimensional and spanned by the
vector

2(1, 0, 1) + (0, 1, 1) = 4(0, 0, 1) + (2, 1,−1) = (2, 1, 3).

This gives that Sr = L((2, 1, 3)), so we finally write

r : (x, y, z) = (a, b, c) + λ(2, 1, 3).

for an arbitrary (a, b, c) ∈ A
3.

14.4 The Cartesian Form of Linear Affine Varieties

In the previous sections we have seen that a linear affine variety can be described
either with a vector equation or a parametric equation. In this section we relate linear
affine varieties to systems of linear equations.

Proposition 14.4.1 A linear affine variety L ⊆ A
n corresponds to the space of the

solutions of an associated linear system with m equations in n unknowns, that is

�L : AX = B, for A ∈ R
m,n . (14.7)

Moreover, the space of solutions of the corresponding homogeneous linear system
describes the direction space SL = LO of L, that is

�LO : AX = 0.

We say that the linear system �L given in (14.7) is the cartesian equation for
the linear affine variety L of dimension n − rk(A). By computing the space of the
solutions of �L in terms of n − rk(A) parameters, one gets the parametric equation
for L . Conversely, given the parametric equation of L , its corresponding cartesian
equation is given by consistently ‘eliminating’ all the parameters in the parametric
equation. This linear affine variety can be represented both by a cartesian equation
and by a parametric equation, which are related as

linear system � : AX = B
(cartesian equation)

⇐⇒ space of the solutions for � : AX = B
(parametric equation)

Notice that for a linear affine variety L a cartesian equation is not uniquely deter-
mined: any linear system �′ which is equivalent to �L (that is for which the spaces
of the solutions for �L and �′ coincide) describe the same linear affine variety. An
analogue result holds for the direction space of L , which is equivalently described
by any homogenous linear system �′

O equivalent to �LO .
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We avoid an explicit proof of the Proposition14.4.1 in general, and analyse the
equivalence between the two descriptions via the following examples.

Exercise 14.4.2 Let us consider the line r ⊂ A
2 with parametric equation

r :
{
x = 1 + λ
y = 2 − λ

.

We can express the parameter λ in terms of x from the first relation, that is
λ = x − 1, and replace this in the second relation, having

x + y − 3 = 0.

We set
s = {(x, y) ∈ A

2 : x + y − 3 = 0}

and show that s coincides with r . Clearly r ⊆ s, since a point with coordinates
(1 + λ, 2 − λ) ∈ r solves the linear equation for s:

(1 + λ) + (2 − λ) − 3 = 0.

In order to prove that s ⊆ r , consider a point P = (x, y) ∈ s, so that
P = (x, y = 3 − x) for any value of x : this means considering x as a real parame-
ter. By writing λ = x − 1, we have P = (x = λ + 1, y = 2 − λ) for any λ ∈ R, so
P ∈ r . We have then s = r as linear affine varieties.

Proposition 14.4.3 Given a, b, c inRwith (a, b) 
= (0, 0), the solutions of the equa-
tion

�r : ax + by + c = 0 (14.8)

provide the coordinates of all the points P = (x, y) of a line r in A
2 whose direc-

tion Sr = L((−b, a)) is given by the solutions of the associated linear homogenous
equation

�rO : ax + by = 0.

Moreover, if r ⊂ A
2 is a line with direction Sr = L((−b, a)), then there exists c ∈ R

such that the cartesian form for the equation of r is given by (14.8).

Proof We start by showing that the solutions of (14.8) give the coordinates of the
points representing the line with direction L((−b, a)) in parametric form.

Let us assume a 
= 0. We can then write the space of the solutions for (14.8) as

(x, y) = (− b

a
μ − c

a
,μ)
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where μ ∈ R is a parameter. By rescaling the parameter, that is defining λ = μ/a,
we write the space of solutions as the points having coordinates,

(x, y) = (−bλ − c

a
, aλ)

= (− c

a
, 0) + λ(−b, a).

This expression gives the vector (and the parametric) equation of a line through
(−c/a, 0) with direction Sr = L((−b, a)).

If a = 0, we can write the space of the solutions for (14.8) as

(x, y) = (μ,− c

b
)

where μ ∈ R is a parameter. By rescaling the parameter, we can write

(x, y) = (−λb,− c

b
) = (0,− c

b
) + λ(−b, 0),

giving the vector equation of a line through the point (0,−c/b) with direction
Sr = L((−b, 0)).

Now let r be a line in A2 with direction Sr = L((−b, a)). Its parametric equation
is of the form

r :
{
x = x0 − bλ
y = y0 + aλ

where (x0, y0) is an arbitrary point in A
2. If a 
= 0, we can eliminate λ by setting

λ = y − y0
a

from the second relation and then

x = x0 − b

a
(y − y0),

resulting into the linear equation

ax + by + c = 0

with c = −(ax0 + by0).
If a = 0 then b 
= 0, so by rescaling the parameter as μ = x0 − λb, the points of

the line r are (x = μ, y = y0). This is indeed the set of the solutions of the linear
equation

ax + by + c = 0
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with a = 0 and c = −by0. We have then shown that any line with a given direction
has the cartesian form given by a suitable linear equation (14.8). ��

The equation ax + by + c = 0 is called the cartesian equation of a line in A2.

Remark 14.4.4 As already mentioned, a line does not uniquely determine its carte-
sian equation. With ax + by + c = 0 the cartesian equation for r , any other linear
equation

ρax + ρby + ρc = 0, with ρ 
= 0

yields a cartesian equation for the same line, since

ρax + ρby + ρc = 0 ⇔ ρ(ax + by + c) = 0 ⇔ ax + by + c = 0.

Exercise 14.4.5 The line�r : 2x − y + 3 = 0 inA2 has direction�rO : 2x − y = 0,
or Sr = L((1, 2)).

Exercise 14.4.6 We turn now to the description of a plane in the three dimensional
affine space in terms of a cartesian equation. Let us consider the plane π ⊂ A

3 with
parametric equation

π :
⎧
⎨

⎩

x = 1 + 2λ + μ
y = 2 − λ − μ
z = μ

.

We eliminate the parameter μ by setting μ = z from the third relation, and write

π :
⎧
⎨

⎩

x = 1 + 2λ + z
y = 2 − λ − z
μ = z

.

We can then eliminate the parameter λ by using the second (for example) relation,
so to have λ = 2 − y − z and write

π :
⎧
⎨

⎩

x = 1 + 2(2 − y − z) + z
λ = 2 − y − z
μ = z

.

Since these relations are valid for any choice of the parameters λ and μ, we have
a resulting linear equation with three unknowns:

�π : x + 2y + z − 5 = 0.

Such an equation still representsπ, since every point P ∈ π solves the equation (as
easily seen by taking P = (1 + 2λ + μ, 2 − λ − μ,μ)) and the space of solutions
of �π coincides with the set π.
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This example has a general validity for representing in cartesian form a plane in
A

3. A natural generalisation of the proof of the previous Proposition14.4.3 allows
one to show the following result.

Proposition 14.4.7 Given a, b, c, d in R with (a, b, c) 
= (0, 0, 0), the solutions of
the equation

�π : ax + by + cz + d = 0 (14.9)

provide the coordinates of all the points P = (x, y, z) of a plane π in A
3 whose

direction Sπ is given by the solutions of the associated linear homogenous equation

�πO : ax + by + cz = 0. (14.10)

If π ⊂ A
3 is a plane with direction Sπ = R

2 given by the space of the solutions
of (14.10), then there exists d ∈ R such that the cartesian form for the equation of
π is given by (14.9).

The equation
ax + by + cz + d = 0

is called the cartesian equation of a plane in A3.

Remark 14.4.8 Analogously to what we noticed in the Remark14.4.4, the cartesian
equation of a planeπ inA3 is not uniquely determined, since it can be againmultiplied
by a non zero scalar.

Exercise 14.4.9 We next look for a cartesian equation for a line in A
3. As usual,

by way of an example, we start by considering the parametric equation of the line
r ⊂ A

3 given by

r :
⎧
⎨

⎩

x = 1 + 2λ
y = 2 − λ
z = λ

.

By eliminating the parameter λ via (for example) the third relation λ = z we have

r :
⎧
⎨

⎩

x = 1 + 2z
y = 2 − z
λ = z

.

Since the third relations formally amounts to redefine a parameter, we write

�r :
{
x − 2z − 1 = 0
y + z − 2 = 0

,

which is a linear system with three unknowns and rank 2, thus having ∞1 solutions.
In analogy with the procedure used above for the other examples, it is easy to show
that the space of solutions of �r coincides with the line r in A3.



254 14 Affine Linear Geometry

The following result is the natural generalisation of the Propositions14.4.3 and
14.4.7.

Proposition 14.4.10 Given the (complete, see the Definition 6.1.5) matrix

(A, B) =
(
a1 b1 c1 −d1
a2 b2 c2 −d2

)
∈ R

2,4

with

rk(A) = rk

(
a1 b1 c1
a2 b2 c2

)
= 2,

the solutions of the linear system

�π : AX = B ⇔
{
a1x + b1y + c1z + d1 = 0
a2x + b2y + c2z + d2 = 0

(14.11)

provide the coordinates of all the points P = (x, y, z)of a line r inA3whose direction
Sr is given by the solutions of the associated linear homogenous system

�rO : AX = 0. (14.12)

If r ⊂ A
3 is a line whose direction Sr = R is given by the space of the solutions

of the linear homogenous system (14.12) with A ∈ R
3,2 and rk(A) = 2, then there

exists a vector B = t (−d1,−d2) such that the cartesian form for the equation of r
is given by (14.11).

The linear system

�r :
{
a1x + b1y + c1z + d1 = 0
a2x + b2y + c2z + d2 = 0

with rk

(
a1 b1 c1
a2 b2 c2

)
= 2 is called the cartesian equation of the line r in A3.

Remark 14.4.11 We notice again that the cartesian form (14.11) is not uniquely
determined by the line r , since any linear system �′ which is equivalent to �r

describes the same line.

We now a few examples of linear affine varieties described by cartesian equations
obtained via removing parameters in their parametric equations.

Exercise 14.4.12 We consider the hyperplane in A4 with parametric equation

H :

⎧
⎪⎪⎨

⎪⎪⎩

x = 1 + λ + μ + ν
y = λ − μ
z = μ + ν
t = ν

.
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Let us eliminate the parameters: we start by eliminating μ via the fourth relations,
then ν by the third relation and eventually λ via the second relation. We have then

H :

⎧
⎪⎪⎨

⎪⎪⎩

x = 1 + λ + μ + t
y = λ − μ
z = μ + t
ν = t

⇔

⎧
⎪⎪⎨

⎪⎪⎩

x = 1 + λ + (z − t) + t
y = λ − (z − t)
μ = z − t
ν = t

⇔

⎧
⎪⎪⎨

⎪⎪⎩

x = 1 + (y + z − t) + (z − t) + t
λ = y + z − t
μ = z − t
ν = t

.

As we have noticed previously, since these relations are valid for each value of
the parameters λ,μ, ν, the computations amount to a redefinition of the parameters
to y, z, t , so we consider only the first relation, and write

�H : x − y − 2z + t − 1 = 0

as the cartesian equation of the hyperplane H in A
4 with the starting parametric

equation. The direction SH = R
3 of such a hyperplane is given by the vector space

corresponding to the space of the solutions of the homogeneous linear equation

x − y − 2z + t = 0.

Exercise 14.4.13 We consider the plane π in A3 whose vector equation is given by

π : P = Q + λv1 + μv2,

with Q = (2, 3, 0) and v1 = (1, 0, 1), v2 = (1,−1, 0). By denoting the coordinates
P = (x, y, z) we write

⎛

⎝
x
y
z

⎞

⎠ =
⎛

⎝
2
3
0

⎞

⎠ + λ

⎛

⎝
1
0
1

⎞

⎠ + μ

⎛

⎝
1

−1
0

⎞

⎠ ,

which reads as the parametric equation

π :
⎧
⎨

⎩

x = 2 + λ + μ
y = 3 − μ
z = λ

.
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If we eliminate the parameters we write

H :
⎧
⎨

⎩

λ = z
μ = 3 − y
x = 2 + z + 3 − y

so to have the following cartesian equation for π:

�π : x + y − z − 5 = 0.

The direction Sπ = R
2 of the plane π is the space of the solutions of the homo-

geneous equation
x + y − z = 0,

and it is easy to see that Sπ = L(v1, v2).

Exercise 14.4.14 Weconsider the line r : P=Q + λv inA4,withQ = (1,−1, 2, 1)
and direction vector v = (1, 2, 2, 1). Its parametric equation is given by

r :

⎧
⎪⎪⎨

⎪⎪⎩

x1 = 1 + λ
x2 = 2 − λ
x3 = 2 + 2λ
x4 = 1 + λ

.

If we use the first relation to eliminate the parameter λ, we write

r :

⎧
⎪⎪⎨

⎪⎪⎩

λ = x1 − 1
x2 = 2 − (x1 − 1)
x3 = 2 + 2(x1 − 1)
x4 = 1 + (x1 − 1)

which amounts to the following cartesian equation

�r :
⎧
⎨

⎩

x1 + x2 − 3 = 0
2x1 + x3 = 0
x1 + x4 = 0

.

Again, the direction Sr = R of the line r is given by the space of the solutions for
the homogeneous linear system

⎧
⎨

⎩

x1 + x2 = 0
2x1 + x3 = 0
x1 + x4 = 0

.

It is easy to see that SrO = L(v).
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Exercise 14.4.15 We consider the plane π ⊆ A
3 whose cartesian equation is

�π : 2x − y + z − 1 = 0.

By choosing as free unknowns x, y, we have z = −2x + y + 1, that is
P = (x, y, z) ∈ π if and only if

(x, y, z) = (a, b,−2a + b + 1) = (0, 0, 1) + a(1, 0,−2) + b(0, 1, 1)

for any choice of the real parameters a, b. The former relation is then the vector
equation of π.

Exercise 14.4.16 We consider the line r ⊆ A
3 with cartesian equation

�r :
{
x − y + z − 1 = 0
2x + y + 2 = 0

.

In order to have a vector equation for r we solve such a linear system, getting

�r :
{
y = −2x − 2
z = −3x − 3

.

Then the space of the solutions for �r is given by the elements

(x, y, z) = (a,−2a − 2,−3a − 3) = (0,−2,−3) + a(1,−2,−3).

This relation yields a vector equation for r .

We conclude this section by rewriting the Proposition14.4.1, whose formulation
should appear now clearer.

Proposition 14.4.17 Given the matrix

(A, B) =

⎛

⎜⎜
⎜
⎝

a11 a12 . . . a1n −b1
a21 a22 . . . a2n −b2
...

...
...

am1 am2 . . . amn −bm

⎞

⎟⎟
⎟
⎠

∈ R
m,n

with

rk(A) = rk

⎛

⎜⎜⎜
⎝

a11 a12 . . . a1n
a21 a22 . . . a2n
...

...

am1 am2 . . . amn

⎞

⎟⎟⎟
⎠

= m < n,
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the solutions of the linear system

�L : AX = B ⇔
⎧
⎨

⎩

a11x1 + a12x2 + · · · + a1nxn + b1 = 0
. . .

am1x1 + am2x2 + · · · + amnxn + bm = 0
(14.13)

give the coordinates of all points P = (x1, x2, . . . , xn) of a linear affine variety L in
A

n of dimension k = n − m and whose direction SL is given by the solutions of the
associated linear homogenous system

�LO : AX = 0. (14.14)

If L ⊂ A
n is a linear affine variety of dimension k, whose direction SL ∼= R

k is
the space of solutions of the linear homogenous system AX = 0 with A ∈ R

m,n and
rk(A) = m < n, then there is a vector B = t (−b1, . . . ,−bm) such that the cartesian
form for the equation of L is given by (14.13).

14.5 Intersection of Linear Affine Varieties

In this section, by studying particular examples, we introduce some aspects of the
general problem of the intersection (that is of the mutual position) of different linear
affine varieties.

14.5.1 Intersection of two lines in A
2

Let r and r ′ be the lines in A2 given by the cartesian equations

�r : ax + by + c = 0; �r ′ : a′x + b′y + c′ = 0.

Their intersection is given by the solutions of the linear system

�r∩r ′ :
{
ax + by = −c
a′x + b′y = −c′ .

By defining

A =
(
a b
a′ b′

)
, (A, B) =

(
a b −c
a′ b′ −c′

)

the matrices associated to such a linear system, we have three different possibilities:

• if rk(A) = rk((A, B)) = 1, the system�r∩r ′ is solvable,with the space of solutions
S�r∩r ′ containing ∞1 solutions. This means that r = r ′, the two lines coincide;

• if rk(A) = rk((A, B)) = 2, the system�r∩r ′ is solvable,with the space of solutions
S�r∩r ′ made of only one solution, the point P = (x0, y0) of intersection between
the lines r and r ′;
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• if rk(A) = 1 and rk((A, B)) = 2, the system �r∩r ′ is not solvable, which means
that r ∩ r ′ = ∅; the lines r and r ′ are therefore parallel, with common direction
given by L((−b, a)).

We can summarise such cases as in the following table

rk(A) rk((A, B)) S�r∩r ′ r ∩ r ′
1 1 ∞1 r = r ′
2 2 1 P = (x0, y0)
1 2 ∅ ∅

The following result comes easily from the analysis above.

Corollary 14.5.2 Given the lines r and r ′ in A
2 with cartesian equations

�r : ax + by + c = 0 and �r ′ : a′x + b′y + c′ = 0, we have that

r = r ′ ⇐⇒ rk

(
a b −c
a′ b′ −c′

)
= 1.

Exercise 14.5.3 Given the lines r and s on A
2 whose cartesian equations are

�r : x + y − 1 = 0, �s : x + 2y + 2 = 0,

we study their mutual position. We consider therefore the linear system

�r∩s :
{
x + y = 1
x + 2y = −2

.

The reduction

(A, B) =
(
1 1 1
1 2 −2

)
�→

(
1 1 1
0 1 −3

)
= (A′, B ′)

proves that rk(A, B) = rk(A′, B ′) = 2 and rk(A) = rk(A′) = 2. The lines r and s
have a unique point of intersection, which is computed to be r ∩ s = {(4,−3)}.
Exercise 14.5.4 Consider the lines r and sα given by their cartesian equations

�r : x + y − 1 = 0, �sα : x + αy + 2 = 0

with α ∈ R a parameter. We study the mutual position of r and sα as depending on
the value of α. We therefore study the linear system

�r∩sα :
{
x + y = 1
x + αy = −2

.
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We use the reduction

(A, B) =
(
1 1 1
1 α −2

)
�→

(
1 1 1
0 α − 1 −3

)
= (A′, B ′),

proving that rk(A, B) = rk(A′, B ′) = 2 for anyvalueofα,while rk(A) = rk(A′) = 2
if and only if α 
= 1. This means that r is parallel to sα if and only if α = 1 (being
in such a case �s1 : x + y + 2 = 0), while for any α 
= 1 the two lines intersects in
one point, whose coordinates are computed to be

r ∩ sα = (
α + 2

α − 1
,

3

1 − α
).

The following examples show how to study themutual position of two lines which
are not given in the cartesian form. They present different methods without the need
to explicitly transforming a parametric or a vector equation into its cartesian form.

Exercise 14.5.5 We consider the line r in A2 with vector equation

r : (x, y) = (1, 2) + λ(1,−1),

and the line s whose cartesian equation is

�s : 2x − y − 6 = 0.

These line intersect for each value of the parameter λ giving a point in r whose
coordinates solve the equation �s . From

r :
{
x = 1 + λ
y = 2 − λ

we have
2(1 + λ) − (2 − λ) − 6 = 0 ⇔ λ = 2.

This means that r and s intersects in one point, the one with coordinates
(x = 3, y = 0).

Exercise 14.5.6 As in the exercise above we consider the line r given by the vector
equation

r : (x, y) = (1,−1) + λ(2,−1)

and the line s given by the cartesian equation

�s : x + 2y − 3 = 0.
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Their intersections correspond to the value of the parameter λ which solve the
equation

(1 + 2λ) + 2(−1 − λ) − 3 = 0 ⇔ −4 = 0.

This means that r ∩ s = ∅; these two lines are parallel.
Exercise 14.5.7 Consider the lines r and s in A

2 both given by a vector equation,
for example

r : (x, y) = (1, 0) + λ(1,−2), s : (x, y) = (1,−1) + μ(−1, 1).

The intersection r ∩ s corresponds to values of the parameters λ and μ for which
the coordinates of a point in r coincide with those of a point in s. We have then to
solve the linear system

{
1 + λ = 1 − μ
−2λ = −1 + μ

⇔
{

λ = −μ
2μ = −1 + μ

⇔
{

λ = 1
μ = −1

.

Having such a linear system one solution, the intersection s ∩ r = P where the
point P corresponds to the value λ = 1 in r or equivalently to the value μ = −1 in s.
Then r ∩ s = (2,−2).

Exercise 14.5.8 As in the previous exercise, we study the intersection of the lines

r : (x, y) = (1, 1) + λ(−1, 2), s : (x, y) = (1, 2) + μ(1,−2).

We proceed as above, and consider the linear system

{
1 − λ = 1 + μ
1 + 2λ = 2 − 2μ

⇔
{−λ = μ
1 − 2μ = 2 − 2μ

⇔
{−λ = μ
1 = 2

.

Since this linear system is not solvable, we conclude that r does not intersect s,
and since the direction of r and s coincide, we have that r is parallel to s.

14.5.9 Intersection of two planes in A
3

Consider the planes π and π′ in A3 with cartesian equations given by

�π : ax + by + cz + d = 0, �π′ : a′x + b′y + c′z + d ′ = 0.

Their intersection is given by the solutions of the linear system

�π∩π′ :
{
ax + by + cz + d = 0
a′x + b′y + c′z + d ′ = 0
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which is characterized by the matrices

A =
(
a b c
a′ b′ c′

)
, (A, B) =

(
a b c −d
a′ b′ c′ −d ′

)
.

We have the following possible cases.

rk(A) rk((A, B)) S�π∩π′ π ∩ π′
1 1 ∞2 π = π′
2 2 ∞1 line
1 2 ∅ ∅

Notice that the case π ∩ π′ = ∅ corresponds to π parallel to π′.

The following corollary parallels the one in Corollary14.5.2.

Corollary 14.5.10 Consider two planes π and π′ in A3 having cartesian equations
�π : ax + by + cz + d = 0 and �π′ : a′x + b′y + c′z + d ′ = 0. One has

π = π′ ⇐⇒ rk

(
a b c −d
a′ b′ c′ −d ′

)
= 1.

Exercise 14.5.11 We consider the planes π and π′ in A3 whose cartesian equations
are

�π : x − y + 3z + 2 = 0 �π′ : x − y + z + 1 = 0.

The intersection is given by the solutions of the system

�π∩π′ :
{
x − y + 3z = −2
x − y + z = −1

.

By reducing the complete matrix of such a linear system,

(A, B) =
(
1 −1 3 −2
1 −1 1 −1

)
�→

(
1 −1 3 −2
0 0 2 −1

)
,

we see that rk(A, B) = rk(A) = 2, so the linear system has∞1 solutions. The inter-
section π ∩ π′ is therefore a line with cartesian equation given by �π∩π′ .

Exercise 14.5.12 We consider the planes π and π′ in A3 given by

�π : x − y + z + 2 = 0 �π′ : 2x − 2y + 2z + 1 = 0.
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As in the previous exercise, we reduce the complete matrix of the linear system
�π∩π′ ,

(A, B) =
(
1 −1 1 −2
2 −2 2 −1

)
�→

(
1 −1 1 −2
0 0 0 3

)
,

to get rk(A) = 1 while rk(A, B) = 2, so π ∩ π′ = ∅. Since these planes are in A
3,

they are parallel.

Exercise 14.5.13 We consider the planes π,π′,π′′ in A3 whose cartesian equations
are given by

�π : x − 2y − z + 1 = 0

�π′ : x + y − 2 = 0

�π′′ : 2x − 4y − 2z − 5 = 0 .

For the mutual positions of the pairs π,π′ and π,π′′, we start by considering the
linear system

�π∩π′ :
{
x − 2y − z = −1
x + y = 2

.

For the complete matrix

(A, B) =
(
1 −2 −1 −1
1 1 0 2

)

we easily see that rk(A) = rk(A, B) = 2, so the intersection π ∩ π′ is the line whose
cartesian equation is the linear system �π∩π′ .

For the intersections of π with π′′ we consider the linear system

�π∩π′′ :
{
x − 2y − z = −1
2x − 4y − 2z = 5

.

The complete matrix

(A, B) =
(
1 −2 1 −1
2 −4 −2 5

)
,

has rk(A) = 1 and rk(A, B) = 2. This means that �π∩π′′ has no solutions, that is
the planes π and π′ are parallel, having the same direction given by the vector space
solutions of SπO : x − 2y − z = 0.
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14.5.14 Intersection of a line with a plane in A
3

We consider the line r and the plane π in A3 given by the cartesian equations

�r :
{
a1x + b1y + c1z + d1 = 0
a2x + b2y + c2z + d2 = 0

, �π : ax + by + cz + d = 0.

Again, their intersection is given by the solutions of the linear system

�π∩r :
⎧
⎨

⎩

a1x + b1y + c1z = −d1
a2x + b2y + c2z = −d2
ax + by + cz = −d

,

with its associated matrices

A =
⎛

⎝
a1 b1 c1
a2 b2 c2
a b c

⎞

⎠ , (A, B) =
⎛

⎝
a1 b1 c1 −d1
a2 b2 c2 −d2
a b c −d

⎞

⎠ .

Since the upper two row vectors of both A and (A, B) matrices are linearly
independent, because the corresponding equations represent a line in A

3, only the
following cases are possible.

rk(A) rk((A, B)) S�π∩r π ∩ r
2 2 ∞1 r
3 3 ∞0 point
2 3 ∅ ∅

Notice that, when rk(A) = rk(A, B) = 2, it is r ⊂ π, while, if rk(A) = 2 and
rk(A, B) = 3, then r is parallel to π. Indeed, when rk(A) = 2, then Sr ⊂ Sπ , the
direction of r is a subspace in the direction of π. In order to show this, we consider
the linear systems for the directions Sr and Sπ ,

�rO :
{
a1x + b1y + c1z = 0
a2x + b2y + c2z = 0

, �πO : ax + by + cz = 0.

Since rk(A) = 2 and the upper two row vectors are linearly independent, we can
write

(a, b, c) = λ1(a1, b1, c1) + λ2(a2, b2, c2).

If P = (x0, y0.z0) is a point in Sr , then ai x0 + bi y0 + ci z0 = 0 for i = 1, 2. We
can then write

ax0 + by0 + cz0 = (λ1a1 + λ2a2)x0 + (λ1b1 + λ2b2)y0 + (λ1c1 + λ2c2)z0
= λ1(a1x0 + b1y0 + c1z0) + λ2(a2x0 + b2y0 + c2z0)

= 0

and this proves that P ∈ Sπ , that is the inclusion Sr ⊂ Sπ .
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Exercise 14.5.15 Given in A3 the line r and the plane π with cartesian equations

�r :
{
x − 2y − z + 1 = 0
x + y − 2 = 0

, �π : 2x + y − 2z − 5 = 0,

their intersection is given by the solutions of the linear system�π∩r : AX = Bwhose
associated complete matrix, suitably reduced, reads

(A, B) =
⎛

⎝
1 −2 −1 −1
1 1 0 2
2 1 −2 5

⎞

⎠ �→
⎛

⎝
1 −2 −1 −1
1 1 0 2
0 5 0 7

⎞

⎠ = (A′, B ′).

Then rk(A) = 3 and rk(A, B) = 3, so the linear system �π∩r has a unique solu-
tion, which corresponds to the unique point P of intersection between r and π. The
coordinates of P are easily computed to be P = ( 35 ,

7
5 ,− 6

5 ).

Exercise 14.5.16 We consider in A3 the line r and the plane πh with equations

�r :
{
x − 2y − z + 1 = 0
x + y − 2 = 0

, �π : 2x + hy − 2z − 5 = 0,

where h is a real parameter. The complete matrix of to the linear system
�πh∩r : AX = B giving the intersection of πh and r is

(Ah, B) =
⎛

⎝
1 −2 −1 −1
1 1 0 2
2 h −2 5

⎞

⎠ .

We notice that the rank of Ah is at least 2, with rk(Ah) = 3 if and only if
det(Ah) 
= 0. It is det(Ah) = −h − 4, so rk(Ah) = 3 if and only if h 
= −4. In such
a case rk(Ah) = 3 = rk(Ah, B), and this means that r and πh 
=−4 have a unique point
of intersection.

If h = −4, then rk(A−4) = 2: the reduction

(A−4, B) =
⎛

⎝
1 −2 −1 −1
1 1 0 2
2 −4 −2 5

⎞

⎠ �→
⎛

⎝
1 −2 −1 −1
1 1 0 2
0 0 0 7

⎞

⎠

shows that rk(A−4, B) = 3, so the linear system A−4X = B has no solutions, and r
is parallel to π.
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Exercise 14.5.17 As in the Exercise14.5.15 we study the intersection of a plane π
(represented by a cartesian equation) and a line r in A3 (represented by a parametric
equation). Consider for instance,

r : (x, y, z) = (3,−1, 5) + λ(1,−1, 2), �π : x + y − z + 1 = 0.

As before, the intersection π ∩ r corresponds to the values of the parameter λ
for which the coordinates P = (3 + λ,−1 − λ, 5 + 2λ) of a point in r solve the
cartesian equation for π, that is

(3 + λ) + (−1 − λ) − (5 + 2λ) + 1 = 0 ⇒ −2λ − 2 = 0 ⇒ λ = −1.

We have then r ∩ π = (2, 0, 3).

14.5.18 Intersection of two lines in A
3

We consider a line r and a line r ′ in A3 with cartesian equations

�r :
{
a1x + b1y + c1z + d1 = 0
a2x + b2y + c2z + d2 = 0

, �′
r :

{
a′
1x + b′

1y + c′
1z + d ′

1 = 0
a′
2x + b′

2y + c′
2z + d ′

2 = 0
.

The intersection is given by the linear system�r∩r ′ whose associated matrices are

A =

⎛

⎜⎜
⎝

a1 b1 c1
a2 b2 c2
a′
1 b

′
1 c

′
1

a′
2 b

′
2 c

′
2

⎞

⎟⎟
⎠ , (A, B) =

⎛

⎜⎜
⎝

a1 b1 c1 −d1
a2 b2 c2 −d2
a′
1 b

′
1 c

′
1 −d ′

1
a′
2 b

′
2 c

′
2 −d ′

2

⎞

⎟⎟
⎠ .

Once again, different possibilities depending on the mutual ranks of these. As
we stressed in the previous case 14.5.14, since r and r ′ are lines, the upper two row
vectors R1 and R2 of both A and (A, B) are linearly independent, as are the last two
row vectors, R3 and R4. Then,

rk(A) rk((A, B)) S�r∩r ′ r ∩ r ′
2 2 ∞1 r
3 3 ∞0 point
2 3 ∅ ∅
3 4 ∅ ∅

In the first case, with rk(A) = rk(A, B) = 2, the lines r, r ′ coincide, while in the
second case, with rk(A) = rk(A, B) = 3, they have a unique point of intersection,
whose coordinates are given by the solution of the system AX = B.
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In the third and the fourth case, the condition rk(A) 
= rk(A, B) means that the
two lines do not intersect. If rk(A) = 2, then the row vectors R3 and R4 of A are both
linearly dependent of R1 and R2, and therefore the homogeneous linear systems

�rO :
{
a1x + b1y + c1z = 0
a2x + b2y + c2z = 0

, �r ′
O

:
{
a′
1x + b′

1y + c′
1z = 0

a′
2x + b′

2y + c′
2z = 0

,

are equivalent. We have then that Sr = Sr ′ , the direction of r coincide with that of
r ′, that is r is parallel to r ′. If rk(A) = 3 (the fourth case in the table above) the lines
are not parallel and do not intersect, so they are skew.

Exercise 14.5.19 We consider the line r and r ′ in A3 whose cartesian equations are

�r :
{
x − y + 2z + 1 = 0
x + z − 1 = 0

, �r ′ :
{
y − z + 2 = 0
x + y + z = 0

.

We reduce the complete matrix associated to the linear system �r∩r ′ , that is

(A, B) =

⎛

⎜
⎜
⎝

1 −1 2 −1
1 0 1 1
0 1 −1 −2
1 1 1 0

⎞

⎟
⎟
⎠ �→

⎛

⎜
⎜
⎝

1 −1 2 −1
0 1 −1 2
0 1 −1 −2
0 2 −1 1

⎞

⎟
⎟
⎠

�→

⎛

⎜⎜
⎝

1 −1 2 −1
0 1 −1 2
0 0 0 −4
0 0 1 −3

⎞

⎟⎟
⎠ = (A′, B ′).

Since rk(A′) = 3 and rk(A′, B ′) = 4, the two lines are skew.
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