Chapter 9 ®)
Endomorphisms and Diagonalization i

Both in classical and quantum physics, and in several branches of mathematics, it
is hard to overestimate the role that the notion of diagonal action of a linear map
has. The aim of this chapter is to introduce this topic which will be crucial in all the
following chapters.

9.1 Endomorphisms

Definition 9.1.1 Let V be a real vector space. A linear map ¢ : V — V is called
an endomorphism of V. The set of all endomorphisms of V is denoted End(V'). Non
invertible endomorphisms are also called singular or degenerate.

Asseenin Sect. 8.1, the set End(V) is areal vector space with dim(End(V)) = n?
if dim(V) = n.

The question we address now is whether there exists a class of bases of the vector
space V, with respect to which a matrix M f B hasa particular (diagonal, say) form.
We start with a definition.

Definition 9.1.2 The matrices A, B € R™" are called similar if there exists a real
vector space V and an endomorphism ¢ € End(V) such that A = M 5.5 and

1)
B = Mg’c, where B and C are bases for V. We denote similar matrices by A ~ B.

Similarity between matrices can be described in a purely algebraic way.

Proposition 9.1.3 The matrices A, B € R™" are similar if and only if there exists
an invertible matrix P € GL(n), such that P"'AP = B.
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132 9 Endomorphisms and Diagonalization

Proof Letus assume A ~ B: we then have a real vector space V, bases B and C for
it and an endomorphism ¢ € End(V) such that A = Mf’B eB = M([c),c. From the
Theorem 7.9.9 we have ‘

B = M“% A MPEC.

Since the matrix M 8 is invertible, with (MS58)~!1 = MB-C the claim follows with
P = MBC,

Next, let us assume there exists a matrix P € GL(n) such that P"'AP = B.
From the Theorem7.9.6 and the Remark7.9.7 we know that the invertible matrix
P gives a change of basis in R": there exists a basis C for R" (the columns of P),
with P = M&C and P~' = M. Let ¢ = ff’g be the endomorphism in R”
corresponding to the matrix A with respect to the canonical bases, A = Mﬁ’g. We
then have

Plap
_ MC,E Mf,f MS.C

_ ..CC
—Mo .

B

This shows that B corresponds to the endomorphism ¢ with respect to the different
basis C, that is A and B are similar. O

Remark 9.1.4 The similarity we have introduced is an equivalence relation in R"",
since it is

(a) reflexive, thatis A ~ A since A = I,Al,,

(b) symmetric, thatis A ~ B = B ~ A since

P'AP=B = PBP'=A,

(c) transitive, thatis A ~ Band B ~ C imply A ~ C, since P'AP = Band
Q'BQ = Cclearlyimply Q"' P~'APQ = (PQ)"'A(PQ) = C.

If A € R™", we denote its equivalence class by similarity as [A] = {B € R"" :
B ~ A}.

Proposition 9.1.5 Let matrices A, B € R™" be similar. Then
det(B) = det(A) and tr(B) =tr(A).

Proof FromProposition9.1.3, we know there exists an invertible matrix P € GL(n),
such that P~' AP = B. From the Binet Theorem 5.1.16 and the Proposition4.5.2 we
can write

det(P~'AP)
det(P~") det(A) det(P) = det(P~") det(P) det(A)
= det(A)

det(B)

and tr(B) = tr(P~'AP) = tr(PP'A) = tr(A). m]
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A natural question is whether, for a given A, the equivalence class [A] contains a
diagonal element (equivalently, whether A is similar to a diagonal matrix).

Definition 9.1.6 A matrix A € R"" is called diagonalisable if it is similar to a
diagonal (A say) matrix, that is if there is a diagonal matrix A in the equivalence
class [A].

Such a definition has a counterpart in terms of endomorphisms.

Definition 9.1.7 An endomorphism ¢ € End(V) is called simple if there exists a
basis B for V such that the matrix MS’B is diagonalisable.

We expect that for an endomorphism to be simple is an intrinsic property which
does not depend on the basis with respect to which its corresponding matrix is given.
The following proposition confirms this point.

Proposition 9.1.8 Let V be a real vector space, with ¢ € End(V). The following
are equivalent:
(i) ¢ is simple, there is a basis B for V such that MS’B is diagonalisable,

(ii) there exists a basis C for V such that Mg'c is diagonal,

(iii) given any basis D for V, the matrix Mf’D is diagonalisable.

Proof (1) = (ii): Since Mf’B is similar to a diagonal matrix A, from the proof
of the Procposition 9.1.3 we know that there is a basis C with respect to which
A= Mg is diagonal.

(ii) = (iii): Let C be a basis of V such that M(f’c = A is diagonal. For any basis D
we have then Mf’D ~ A, thus Mf’D is diagonalisable.

(iii) = (i): obvious.

9.2 Eigenvalues and Eigenvectors

Remark 9.2.1 Let¢ : V — V beasimple endomorphism, with A = Mg'c adiag-
onal matrix associated to ¢. It is then

A 0O 0
0 X0 0
A = .. 3
000---X,
for scalars \; € R, with j =1, ..., n. By setting C = (vy, ..., v,), we write then

d)(l)j) = )\jl)j.
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The vectors of the basis C and the scalars A; plays a prominent role in the analysis
of endomorphisms. This motivates the following definition.

Definition 9.2.2 Let ¢ € End(V) with V a real vector space. If there exists a non
zero vector v € V and a scalar A € R, such that

P(v) = Av,

then A is called an eigenvalue of ¢ and v is called an eigenvector of ¢ associated to
. The spectrum of an endomorphism is the collection of its eigenvalues.

Remark 9.2.3 Let ¢ € End(V) and C be a basis of V. With the definition above,
the content of the Remark 9.2.1 can be rephrased as follow:

(a) Mg’c is diagonal if and only if C is a basis of eigenvectors for ¢,
(b) ¢ is simple if and only if V has a basis of eigenvectors for ¢ (from the Defini-
tion9.1.7).

Notice that each eigenvector v for an endomorphism ¢ is uniquely associated to
an eigenvalue )\ of ¢. On the other hand, more than one eigenvector can be associated
to a given eigenvalue \. It is indeed easy to see that, if v is associated to A, also awv,
with @ € R, is associated to the same A since p(av) = ap(v) = a(Av) = A(av).

Proposition 9.2.4 IfV is a real vector space , and ¢ € End(V), the set
Vi={veV: o = Av}

is a vector subspace in V.

Proof We explicitly check that V), is closed under linear combinations. With vy, v, €
Vyand a;, a, € R, we can write

Plarv) + arv2) = a19(v1) + a2p(v2) = a1 Avy + a2 vy = AMa vy + axvy),

showing that V) is a vector subspace of V O

Definition 9.2.5 If A € R is an eigenvalue of ¢ € End(V), the space V), is called
the eigenspace corresponding to .

Remark 9.2.6 Itiseasytoseethatif A\ € Risnotan eigenvalue for the endomorphism
¢, then the set V), = {v € V | ¢(v) = Av} contains only the zero vector. It is indeed
clear that, if V), contains the zero vector only, then A is not an eigenvalue for ¢. We
have that A € R is an eigenvalue for ¢ if and only if dim(V)) > 1.

Exercise 9.2.7 Let ¢ € End(R?) be defined by ¢((x,y)) = (y,x). Is A =2 an
eigenvalue for ¢? The corresponding set V, would then be

Vi = veR?: ¢(v) =20} = {(x,y) € R? : (y,x) =2(x, »)},
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that is, V, would be given by the solutions of the system

y=2x N y =2x N x=0
x =2y x =4x y=0"

Since V, = {(0, 0)}, we conclude that A\ = 2 is not an eigenvalue for ¢.

Exercise 9.2.8 The endomorphism ¢ € End(R?) given by ¢((x, y)) = (2x, 3y) is
simple since the corresponding matrix with respect to the canonical basis £ = (ey, e2)

is diagonal,
ge _ (20
M5 = (0 3>.

Its eigenvalues are \; = 2 (with eigenvector e;) and A\, = 3 (with eigenvector e;).
The corresponding eigenspaces are then Vo = L(e;) and V3 = L(ey).

Exercise 9.2.9 We consider again the endomorphism ¢((x, y)) = (v, x) in R? given
in the Exercise 9.2.7. We wonder whether it is simple. We start by noticing that its
corresponding matrix with respect to the canonical basis is the following,

£& 01
M —<10)’

which is not diagonal. We look then for a basis (if it exists) with respect to which
the matrix corresponding to ¢ is diagonal. By recalling the Remark9.2.3 we look
for a basis of R? made up of eigenvectors for ¢. In order for v = (a, b) to be an
eigenvector for ¢, there must exist a real scalar A such that ¢((a, b)) = A(a, b),

b=\
a=M\b’

It follows that the eigenvalues, if they exist, must fulfill the condition A\> = 1. For
A = 1 the corresponding eigenspace is

Vi = {(,y) €R?: o((x,y) = (x. 1)) = {(x.x) e R} = L((1, 1)).
And for A = —1 the corresponding eigenspace is

Vop = {(x,y) e R* 1 ¢((x,y) = —(x,»)} = {(x, —x) e R*} = L((1, —1)).

Since the vectors (1, 1), (1, —1) form a basis B for R? with respect to which the

matrix of ¢ is
BB _ 10
= (65),
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we conclude that ¢ is simple. We expect M f B Mg’g, since they are associated
to the same endomorphism; the algebraic proof of this claim is easy. By defining

11
— pmEB
P=M _<1_1>

the matrix of the change of basis, we compute explicitly,

(15) (9 (1) =65

that is P’IM(f’gP = Mf’B (see the Proposition9.1.3).
Not any endomorphism is simple as the following exercise shows.

Exercise 9.2.10 The endomorphism in R? defined as ¢((x, y)) = (—y, x) is not
simple. For v = (a, b) to be an eigenvector, ¢((a, b)) = A(a, b) it would be equiv-
alent to (—b, a) = A(a, b), leading to \> = —1. The only solution in R is then
a = b = 0, showing that ¢ is not simple.

Proposition 9.2.11 Let V be a real vector space with ¢ € End(V). If \j, \»
are distinct eigenvalues, any two corresponding eigenvectors, 0 # v, € Vy, and
0 # vy € V), are linearly independent. Also, the sum Vy, + V., is direct.

Proof Let us assume that v; = avy, with R 5 a # 0. By applying the linear map
¢ to both members, we have ¢(v;) = ad(v;). Since v and v, are eigenvectors with
eigenvalues \; and \,,

p(v1) = Ay
p(2) = vy

and the relation ¢(v,) = a¢(vy), using v, = av; become
Avy = a(Avy) = Aj(auy) = Ajvg,

that is
(A2 = ApDvy =0y

Since A\, # A1, this would lead to the contradiction v, = Oy . We therefore conclude
that v; and v, are linearly independent.

For the last claim we use the Proposition2.2.13 and show that V), N V), = {Oy}.
If v € V), NV),, we could write both ¢(v) = Ajv (since v € V),) and ¢(v) = \v
(since v € V),): it would then be A\jv = v, that is (A\; — X\p)v = Oy. From the
hypothesis A\; # \,, we would get v = Oy. O

The following proposition is proven along the same lines.
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Proposition 9.2.12 Let V be a real vector space, with ¢ € End(V). Let Ay, ...,
As € Rbedistinct eigenvalues of p withOy # vj € Vi, j = 1,..., s corresponding
eigenvectors. The set {vy, ..., vs} is free, and the sum V), + --- 4+ V) is direct.

Corollary 9.2.13 If ¢ is an endomorphism of the real vector space V, withdim(V) =
n, then ¢ has at most n distinct eigenvalues.

Proof 1If ¢ had s > n distinct eigenvalues, there would exist a set vy, ..., vy of non
zero corresponding eigenvectors. From the proposition above, such a system should
be free, thus contradicting the fact that the dimension of V is n. O

Remark 9.2.14 Let ¢ and 1 be two commuting endomorphisms, that is they are
such that ¢(1p(w)) = Y(p(w)) for any v € V. If v € V) is an eigenvector for ¢
corresponding to A, it follows that

P(h() = Y(9()) = AY(v).
Thus the endomorphism 1) maps any eigenspace V), of ¢ into itself, and analogously

¢ preserves any eigenspace V, of 1.

Finding the eigenspaces of an endomorphism amounts to compute suitable ker-
nels. Let f : V — W be a linear map between real vector spaces with bases B and
C. We recall (see Proposition 7.5.1) thatif A = M]Cc’B and ¥ : AX = Ois the linear
system associated to A, the map Sy — ker(f) given by

X1, ...,x) = (X1,...,X%)58

is an isomorphism of vector spaces.

Lemma 9.2.15 If'V is a real vector space with basis B, let € End(V) and )\ € R.
Then
Vi = ker(¢p — Aidy) = Sy,

where Sy, is the space of the solutions of the linear homogeneous system
Sz, 0 (MEP =L)X = 0.
Proof From the Definition9.2.4 we write

Vi={veV: o =}
={veV: ¢ — =0y}
= ker(¢ — \idy).

Such a kernel is isomorphic (as recalled above) to the space of solutions of the linear
system given by the matrix M fil;dv’ where B is an arbitrary basis of V. We conclude

by noticing that Mf_‘fidv = MS'B — A,. O
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Proposition 9.2.16 Ler ¢ € End(V) be an endomorphism of the real vector space
V, with dim(V) = n, and let A € R. The following are equivalent:

(i) A is an eigenvalue for ¢,
(ii) dim(Vy) > 1,
(iii) det(Mf’B — Al,) =0 forany basis Bin V.

Proof (i) < (ii) is the content of the Remark 9.2.6;
(i) < (iii). Let B be an arbitrary basis of V, and consider the linear system

Sy : (Mf’B _ )\In)
X = 0. We have

dim(Vy) = dim(Sx,)
=n —1k (MOB’B — )\I,,) ;

the first and the second equality follow from Definition 6.2.1 and Theorem 6.4.3
respectively. From Proposition 5.3.1 we finally write

dim(Vy) >1 & 1k (Mf’B - /\I,,> <n o det (Mf’B - Aln) —0,

which concludes the proof. O

This proposition shows that the computation of an eigenspace reduces to finding
the kernel of a linear map, a computation which has been described in the Proposi-
tion7.5.1.

9.3 The Characteristic Polynomial of an Endomorphism

In this section we describe how to compute the eigenvalues of an endomorphism.
These will be the roots of a canonical polynomial associate with the endomorphism.

Definition 9.3.1 Given a square matrix A € R™", the expression
pa(T) = det(A—T1,)

is a polynomial of order n in T with real coefficients. Such a polynomial is called
the characteristic polynomial of the matrix A.

ap ap

Exercise 9.3.2 If A = (
a1 an

) is a square 2 x 2 matrix, then

pa(T) =

ayn—T ap
ay ap—T

=T? — (a +an) T + (aj1a2 — apa)

T? — (tr(A) T + (det(A)).
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If A\; and X, are the zeros (the roots) of the polynomial p4(T), with elementary
algebra we write
pa(T) =T — M+ X)) T + A

thus obtaining

A+ = an +an = tr(A), Ay = (anan — apax) = det(A).

Proposition 9.3.3 Let V be a real vector space with dim(V) =n, and let
¢ € End(V). For any choice of bases B and C in V, with corresponding matri-
ces A= MP and B = MSC, itis

pa(T) = pp(T).

Proof We know that B = P~'AP, with P = M5C the matrix of change of basis.
So we write

B—TI, =P 'AP — P (TI,)P = P"'(A = TI,)P.

From the Binet Theorem 5.1.16 we have then

det(B — T1,) = det(P~"(A — TI1,)P) = det(P~")det(A — T1,)det(P)
= det(A — T1,),
which yields a proof of the claim, since det(P~') det(P) = det(I,) = 1. O

Given a matrix A € R™", an explicit computation of det(A — T I,,) shows that
pa(T) = (=D)"T" 4+ (=1)""'tr(A) T" ' 4+ ... 4 det(A).

The case n = 2 is the Exercise 9.3.2.
Given ¢ € End(V), the Proposition9.3.3 shows that the characteristic polyno-
mial of the matrix associated to ¢ does not depend on the given basis of V.

Definition 9.3.4 For any matrix A associated to the endomorphism ¢ € End(V),
the polynomial p,(T) = pa(T) is called the characteristic polynomial of ¢.

From the Proposition9.2.16 and the Definition 9.3.4 we have the following result.

Corollary 9.3.5 The eigenvalues of the endomorphism ¢ € End(V) (the spectrum
of @) are the real roots of the characteristic polynomial p4(T).

Exercise 9.3.6 Let ¢ € End(R?) be associated to the matrix

ge (01
e = (1),

Since p,(T) = T? + 1, the endomorphism has no (real) eigenvalues.
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Definition 9.3.7 Let p(X) be a polynomial with real coefficients, and let « be one of
its real root. From the fundamental theorem of algebra (see the Proposition A.5.7) we
know that then (X — «) is a divisor for p(X), and that we have the decomposition

pX) =X — )"(@) - q(X)

where g (X) is not divisible by (X — a) and 1 < m(«) is an integer depending on
a. Such an integer is called the multiplicity of a.

Exercise 9.3.8 Let p(X) = (X —2)(X — 3)(X? + 1).Itsreal roots are 2 (with mul-
tiplicity m(2) = 1, since (X — 3)(X 2 4+ 1) cannot be divided by 2) and 3 (with multi-
plicity m(3) = 1). Clearly the polynomial p(X) has also two imaginary roots, given
by =i.

Proposition 9.3.9 Let V be a real vector space with ¢ € End(V). If X is an eigen-
value for ¢ with multiplicity m(\) and eigenspace V), it holds that

1 < dim(Vy) < m(N).

Proof Letr = dim(V)) and C be a basis of V). We complete C to a basis 5 for V. We
then have B = (vy, ..., vy, Uy41, ..., Uy), Where the first elements vy, ..., v, € V)
are eigenvectors for \. The matrix M f ‘5 has the following block form,

AO...0 alr4+1 ... Qinp
0OMN...0 arr+1 ... A2p
A MB’B 00... A Arr+1 -+ Qrp
= ° =
! 00...0 Ar41,r+1 -+ Ar4ln
00...0 Ar42r+1 « -+ Ar42.n
00...0 apry1 --- aun

If det(A — T1,) is computed by the Laplace theorem (with respect to the first row,
say), we have
po(T) = det(A =T I,) = (A — T) g(T),

where g(T') is the characteristic polynomial of the lower diagonal (n — r) x (n —r)
square block of A. We can then conclude that r < m(}\). O

Definition 9.3.10 The integer dim(V)) is called the geometric multiplicity of the
eigenvalue A\, while m () is called the algebraic multiplicity of the eigenvalue \.

Remark 9.3.11 Let ¢ € End(V).

(a) If A = 0is an eigenvalue for ¢, the corresponding eigenspace V) is ker(¢).
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(b) If A # 0 is an eigenvalue for ¢, then V) C Im(¢):
let us indeed consider Oy # v € V) with ¢(v) = Av. Since A # 0, we divide
by A and write

v = Ao = s\ 'v) € Im(¢).

(c) If A\ # Ay # .-+ # ) aredistinct non zero eigenvalues for ¢, from the Propo-
sition9.2.12 we have the direct sum of corresponding eigenspaces and

Vy®---@Vy < Im(9).
Exercise 9.3.12 Let ¢ € End(R*) be given by
o((x,y,z,1)) = 2x +4y, x +2y,—z—=2t,z2+1).

The corresponding matrix with respect to the canonical basis &y is

24 0 0
ee 1200
A=M" = 10012
001 1

Its characteristic polynomial reads

ps(T) = pa(T) = det(A — T1)

2-T 4 0 0

1 2-T 0 0

0 0 —-1-T -2

0 0 1 1-7
2-T 4 —-1-T -2

1 2-T 1 1-7

= T(T —4)(T*+1).

The eigenvalues (the real roots of such a polynomial) of ¢ are A = 0, 4. It is easy to
compute that

Vo = ker(6) = L£((—=2, 1,0, 0)),
Vi = ker(¢ — 41,) = £((2, 1,0, 0)).

This shows that V; is the only eigenspace corresponding to a non zero eigenvalue
for ¢.
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From the Theorem 7.6.4 we know that dim Im(¢) = 4 — dim ker(¢) = 3, with a
basis of the image of ¢ given by 3 linearly independent columns in A. It is immediate
to notice that the second column is a multiple of the first one, so we have

Im(¢) = £((2,1,0,0), (0,0,—1,1), (0,0,-2,1)).
It is evident that V, C Im(¢), as shown in general in the Remark 9.3.11.
Exercise 9.3.13 We consider the endomorphism in R* given by
o((x,y,z,1) = Qx +4y,x +2y, —z,2+1),
whose corresponding matrix with respect to the canonical basis &, is

24 00
1200
00-10
0011

£E _
A=M® =

The characteristic polynomial reads

po(T) = pa(T) = det(A — T1y)

2-T 4 0 0
1 2-T7 0 0
0 0 —-1-T7 O
0 0 1 1-T

= T(T — (T + 1)(T —1).
The eigenvalues are given by A = 0,4, —1, 1. The corresponding eigenspaces are

Vo = ker(¢) = L((=2,1,0,0)),

Vy =ker(¢p —41) = £((2,1,0,0)),
Vo =ker(¢ + Is) = L((0,0, -2, 1)),
Vi =ker(¢ — Lh) = L£((0,0,0, 1)),

with
Im@)=V_i@ Vi@ Vs

The characteristic polynomial p4(7T) of an endomorphism over areal vector space

has real coefficients. If A, ..., \; are its non zero real distinct roots (that is, the
eigenvalues of ¢), we can write

po(T) = (T — A)™ - (T = Ap)™ - q(T),
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where m;, j =1, ..., s are the algebraic multiplicities and ¢ (7T") has no real roots.
We have then
deg(py(T)) = my + -+ + m;.

This proves the following proposition.

Proposition 9.3.14 Let V be a real vector space with dim(V) = n, and let ¢ €
End(V). By denoting A1, ..., A\ the distinct eigenvalues of ¢ with corresponding
algebraic multiplicities my, . .., mg, one has

mi+ - +mg <n,

with the equality holding if and only if every root in py(T) is real. O

9.4 Diagonalisation of an Endomorphism

In this section we describe conditions under which an endomorphism is simple. As we
have seen, this problem is equivalent to study conditions under which a square matrix
is diagonalisable. The first theorem we prove characterises simple endomorphims.

Theorem 9.4.1 Let V be a real n-dimensional vector space, with ¢ € End(V).
If \i, ..., Ay are the different roots of p,(T) with multiplicities m, ..., my, the
following claims are equivalent:

(a) ¢ is a simple endomorphism,

(b) V has a basis of eigenvectors for ¢,

(c) NieRforanyi =1,...,5,withV =V, ®---® V),
(d) A\i e Randm; =dim(V),) foranyi =1,...,s.

When ¢ is simple, each basis of V of eigenvectors for ¢ contains m; eigenvectors for
each distinct eigenvalues \;, fori = 1,...,s.

Proof e (a) < (b): this has been shown in the Remark 9.2.3.
e (b) = (¢c):letB = (vy,...,v,) beabasis of V of eigenvectors for ¢. Any vector
v; belongs to one of the eigenspaces, so we can write

V = L(vy,...,v,) C V)\] + -+ V)\X’

while the opposite inclusion is obvious. Since the sum of eigenspaces corre-
sponding to distinct eigenvalues is direct (see the Proposition9.2.12), we have
V=V,& - dV),.

e (c) = (b): let B; be a basis of V), for any i. Since V is the direct sum of all the
eigenspaces V), theset 3 = B U ... U B;isabasis of V made by eigenvectors
for ¢.
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e (¢) = (d): from the Grassmann Theorem?2.5.8, we have

n=dim(V) = dim(Vy, @--- @ Vy)
= dim(Vy) +--- +dim(Vy)
mi + e + mg

-

= n,
where the inequalities follow from the Propositions 9.3.9 and 9.3.14. We can then
conclude that dim(V),) = m()\;) for any i.

e (d) = (c): from the hypothesis m; = dim(V),) for any i =1,...,s, and the
Proposition9.3.14 we have

n=m+---+m; =dim(Vy) + --- + dim(V),).

We have then n = dim(V), @ --- @ V),) and this equality amounts to prove the
claim, since V), @ - - - @ V), has dimension n and therefore coincides with V. O

Corollary 9.4.2 If\; e Rand m(\;) = 1 foranyi =1, ..., n, then is ¢ simple.

Proof It is immediate, by recalling the Proposition9.3.9 and (d) in the Theorem
94.1. O

Exercise 9.4.3 Let ¢ be the endomorphism in R? whose corresponding matrix with
respect to the canonical basis is the matrix

= (3D,

It is po(T) = (1 — T)?: such a polynomial has only one root A = 1 with alge-
braic multiplicity m = 2. It is indeed easy to compute that V; = £((1, 0)), so the
geometric multiplicity is 1. This proves that the matrix A is not diagonalisable, the
corresponding endomorphism is not simple.

Proposition 9.4.4 Let ¢ € End(V) be a simple endomorphism and C be a basis of
V such that A = M(fc Then,

(a) the eigenvalues A, ..., s for ¢, counted with their multiplicities m(\), ...,
m(\), are the diagonal elements for A;

(b) the diagonal matrix A is uniquely determined up to permutations of the eigen-
values (such a permutation corresponds to a permutation in the ordering of the
basis elements in C).

Proof (a) From the Remark9.2.1 we know that the diagonal elements in A =

Mg’c € R™" are given by the eigenvalues Ay, ..., A;: each eigenvalue \; must

be counted as many times as the geometric multiplicity of the eigenvector v;,
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since C is a basis of eigenvectors. From the claim (d) in the Theorem 9.4.1, the
geometric multiplicity of each eigenvalue coincides with its algebraic multiplic-
ity.

(a) This is obvious. O

Proposition 9.4.5 Let ¢ be a simple endomorphism on V, with IB an arbitrary basis
of V. By setting A = Mf’B, let P be a matrix such that

PlAP = A.

Then the columns in P are the components, with respect to I3, of a basis of V made
by eigenvectors for ¢.

Proof LetC be abasis of V such that A = M@C’C. From the Remark 9.2.3 the basis C

is made by eigenvectors for ¢. The claim follows by setting P = MB-C, that is the
matrix of the change of basis. O

Definition 9.4.6 Givenamatrix A € R™", its diagonalisation consists of determin-
ing, (if they exist) a diagonal matrix A ~ A and an invertible matrix P € GL(n)
suchthat P7' AP = A.

The following remark gives a resumé of the steps needed for the diagonalisation
of a given matrix.

Remark 9.4.7 (An algorithm for the diagonalisation) Let A € R™" be a square
matrix. In order to diagonalise it:

(1) Write the characteristic polynomial p4(T) of A and find its roots Aj, ..., A
with the corresponding algebraic multiplicities m, . . ., m;.

(2) If one of the roots \; ¢ R, then A is not diagonalisable.

3) If \; € Rforanyi = 1,...,s, compute the geometric multiplicities

dim(Vy,) = n — rk(A — N\ 1,).

If there is an eigenvalue ); such that m; # dim(V),), then A is not diagonalis-
able.

4) if \; e Rand m(\); = dim(V,,) foranyi =1, ..., s, then A is diagonalisable.
In such a case, A is similar to a diagonal matrix A: the eigenvalues J);, counted
with their multiplicities, give the diagonal elements for A.

) itisA =M f B where B is a basis of V given by eigenvectors for the endomor-
phism corresponding to the matrix A. By defining P = M5B itis A = P~'AP.
Since V is the direct sum of the eigenspaces for A (see Theorem 9.4.1), it follows
that B = B; U--- U By, with B; abasisof V), foranyi = 1, ..., s. (The spaces
V), can be obtained explicitly as in the Lemma 9.2.15.)
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Exercise 9.4.8 We study whether the matrix
311
A=1102
120

is diagonalisable. Its characteristic polynomial is

pa(T) = det(A — TI3)

3—-T 1 1
= 1 =T 2
1 2 T

= —T3 + 37> + 6T — 8 = (T — 1)(T —4)(T +2).

Its eigenvalues are found to be \; = 1, \; = 4, \3 = —2. Since each root of the
characteristic polynomial has algebraic multiplicity m = 1, from the Corollary 9.4.2
the matrix A is diagonalisable, and indeed similar to

100
A=1040
00 -2

We compute a basis B for R? of eigenvectors for A. We know that V; = ker(A — I3),
so Vj is the space of the solutions of the homogeneous linear system (A — I3)X =0
associated to the matrix

21 1
A—-L=1[1-121],
1 2 —1
which is reduced to
211
303
000

The solution of such a linear system are given by (x, y,z) = (x, —x, —x), thus
Vi = L((—1, 1, 1)). Along the same lines we compute

Vi = ker(A — 45) = L((2,1, 1)),
V_, = ker(A + 2I3) = L((0, —1,1)).



9.4 Diagonalisation of an Endomorphism 147
We have then B = ((—1, 1, 1), (2,1, 1), (0, —1, 1)) and

12 0
P=MB=|11-1
111

It is easy to compute that P~' A P = A,

Proposition 9.4.9 Let A € R™" be diagonalisable, with eigenvalues Ay, . . ., A\; and
corresponding multiplicities my, ..., m. Then

det(A) = NI AL\

tr(A) = miA +modo + -+ mg.

Proof Since A is diagonalisable, there exists an invertible n-dimensional matrix P
such that A = P~! A P. The matrix A is diagonal, and its diagonal elements are
(see the Proposition9.4.4) the eigenvalues of A counted with their multiplicities.
Then, from the Proposition9.1.5 on has,

det(A) = det(P™'AP) = det(A) = A" - \J2 - ... LA™
and

tr(A) = tr(P~'AP) = tr(A) = mi A + mada + -+ - + my ).

9.5 The Jordan Normal Form

In this section we briefly describe the notion of Jordan normal form of a matrix. As we
have described before in this chapter, a square matrix is not necessarily diagonalis-
able, that is it is not necessarily similar to a diagonal matrix. It is nonetheless possible
to prove that any square matrix is similar to a triangular matrix J which is not far
from being diagonal. Such a matrix J is diagonal if and only if A is diagonalisable;
if not it has a ‘standard’ block structure.

An example of a so called Jordan block is the non diagonalisable matrix A in
Exercise 9.4.3. We denote it by

11
JL(1) = <0 1) .
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A Jordan block of order k is a k-dimensional upper triangular square matrix of the
form

A10---0
OA1---0
Sy = | -,
IR
000--- X

where the diagonal terms are given by a scalar A € R, the (J;()\)); j+1 entries are
1 and the remaining entries are zero. It is immediate to show that the characteristic
polynomial of such a matrix is given by

Proy(T) = (T — M,

and the parameter \ is the unique eigenvalue with algebraic multiplicity m) = k.
The corresponding eigenspace is

Vi = ker(Jk(\) — A1) = L£((1,0,...,0)),

with geometric multiplicity dim(V)) = 1. Thus, if K > 1, a Jordan block is not diag-
onalisable.

A matrix J is said to be in (canonical or normal) Jordan form if it has a block
diagonal form

JoyA) 0 .. 0
0 Ji,()... 0
J = . . . . ,
0 0 ... J,(N\)
where each Ji,; (Aj) is aJordan block of order k; and eigenvalue A;,for j =1,..., 5.

Notice that nothing prevents from having the same eigenvalue in different Jordan
blocks, thatis A; = A, even with k; # k;. Since each Jordan block Ji; ();) provides
a one dimensional eigenspace for )}, the geometric multiplicity of A; coincides with
the number of Jordan blocks with eigenvalue A;. The algebraic multiplicity of A;
coincides indeed with the sum of the orders of the Jordan blocks having the same
eigenvalue ;.

Theorem 9.5.1 (Jordan) Let A € R™" such that its characteristic polynomial has
only real roots (such roots are all the eigenvalues for A). Then,

(i) the matrix A is similar to a Jordan matrix,
(ii) two Jordan matrices J and J' are similar if and only if one is mapped into the
other under a block permutation.
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We omit a complete proof of this theorem, and we limit ourselves to briefly
introduce the notion of generalised eigenvector of a matrix A. We recall that, when
A is not diagonalisable, the set of eigenvectors for A is not enough for a basis of R”.
The columns of the invertible matrix P that realises the similarity between A and
the Jordan form J (such that P~'AP = J) are the components with respect to the
canonical basis &, of the so called generalised eigenvectors for A.

Given an eigenvalue A for A with algebraic multiplicity m) > 1, a corresponding
generalised eigenvector is a non zero vector v that solves the linear homogeneous
system

(A — A1)"v = Opn.

It is possible to show that such a system has m solutions v; (with v; =1,...,m)
which can be obtained by recursion,

(A = X)v = Ops,
(A — )\I,,)vk = Vj—1, k=2,...m.

The elements v; span the generalised eigenspace V) for A corresponding to the
eigenvalue \. The generalised eigenvectors satisfy the condition

(A= XI)'v =0 forany k=1,2,...m.

Since the characteristic polynomial of A has in general complex roots, we end by
noticing that a more natural version of the Jordan theorem is valid on C.

Exercise 9.5.2 We consider the matrix

5 4 2 1
0 1 —1—1
A=1_1-13 o
11 -1 2

Its characteristic polynomial is computed to be p4(T) = (T — )(T — 2)(T — 4)2,
so its eigenvalues are A = 1, 2, 4, 4. Since the algebraic multiplicity of the eigen-
values A =1 and A =2 is 1, their geometric multiplicity is also 1. An explicit
computation shows that

dim(ker(A — 4 1)) = 1.

We have then that A is not diagonalisable, and that the eigenvalue A\ = 4 corresponds
to a Jordan block. A canonical form for the matrix A is then given by

1000
0200
0041
0004
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Exercise 9.5.3 The matrices

3100 3100
0300 , o300
T=10030]|" T =10031
0003 0003

have the same characteristic polynomial, the same determinant, and the same trace.
They are however not similar, since they are in Jordan form, and there is no block
permutation under which J is mapped into J'.
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