Chapter 7 ()
Linear Transformations Check for

Together with the theory of linear equations and matrices, the notion of linear
transformations is crucial in both classical and quantum physics. In this chapter
we introduce them and study their main properties.

7.1 Linear Transformations and Matrices

We have already seen that differently looking sets may have the same vector space
structure. In this chapter we study mappings between vector spaces which are, in a
proper sense, compatible with the vector space structure. The action of such maps
will be represented by matrices.

Example 7.1.1 Let A = (i z) € R?2, Let us define the map f : R*? — R? by

f(X) = AX

where X = (x, y) is a (column) vector representing a generic element in R?> and AX
denotes the usual row by column product, that is

X ab X
()= () )
With X = (x1, x2) and Y = (y1, y2) two elements in R?, using the properties of
the matrix calculus it is easy to show that

fFX+Y)=AX+Y)=AX+AY = f(X)+ f(Y)
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98 7 Linear Transformations
as well as, with A € R, that
FOX) =AMNX) = MAX) =\ f(X).
This example is easily generalised to matrices of arbitrary dimensions.
Exercise 7.1.2 Given A = (g;;) € R™" one considers the map f : R* — R”
f(X) = AX,
with X ='(x1,...,x,) and AX the usual row by column product. The above

properties are easily generalised so this map satisfies the identities f(X +Y) =
fX)+ f(Y)forany X,Y € R" and f(AX) = A f(X) forany X € R", A e R.
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The above lines motivate the following.

Example 7.1.3 Let A = ( ) € R%3. The associated map f : R — RZis

given by

Definition 7.1.4 Let V and W be two vector spaces over R. Amap f : V — W
is called linear if the following properties hold:

(L) f(X+Y)=f(X)+ f(¥Y) forallX,Y eV,
L2) fOX) = AF(X) forall X e V, AeR.

The proof of the following identities is immediate.

Proposition 7.1.5 If f : V — W is a linear map then,

(a) f(Oy) = Ow,

(b) f(—v)=—f)foranyv eV,

(c) flaivy+---+apv,) =af(v)+---+a,f(vy),foranyvy,...,v, € Vand
ap,...,ap €R

Proof (a) Since Oy = 0z0y the (L2) defining property gives
S Oy) = f(OrOy) = Or f(Ov) = Oy.
(b) Since —v = (—1)v, again from (L2) we have
f(=v) = f((=Dv) = (=D f(v) = = f(v).

(c) This is proved by induction on p. If p = 2 the claim follows directly from (L1)
and (L2) with
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flaivy +axv) = flaivy) + faxvz) = ay f(vy) + az f(v2).

Let us assume it to be true for p — 1. By setting w = ajv; + -+ a,_1v,_1,
we have

flajvy +--- +apvp) = fw +apvp) = fw) + f(apvp) = f(w) +apf(vp)

(the first equality follows from (L1), the second from (L2)). From the induction
hypothesis, we have f(w) = ay f(v)) 4+ -+ ap—1 f (vp—1), 50

flayvy +--- +apvy) = S (w) +apf(vp) =ayf(v) +--- +ap—1f(vp—1) +apf(vp)7

which is the statement for p.
O

Example 7.1.6 The Example 7.1.1 and the Exercise 7.1.2 show how one associates
a linear map between R"” and R™ to a matrix A € R™". This construction can be
generalised by using bases for vector spaces V and W.

Let us consider a basis B = (vy, ..., v,) for V and a basis C = (wy, ..., w,)
for W. Given the matrix A = (a;;) € R™" we define f : V — W as follows. For
any v € V we have uniquely v = x vy + - - - 4+ x,,v,,, thatis v = (xy, ..., x,,) 3. With
X ="(xy,...,x,),weconsider the vector AX € R" withAX ="(y, ..., ym)c. We
write then

f(U) =Yiwp+ -+ YW

which can be written as

X
f(&x, . x)p) = A
X)) o
. . . 1 2 1 2 3 .
Exercise 7.1.7 Let us consider the matrix A = 1-10 e R, with V = R[X],

and W = R[X];. With respect to the bases B = (1, X, X?) for V and C = (1, X) for
W the map corresponding to A as in the previous example is

fla+bX +cX?) = (A'(a,b,c)c
that is
fla+bX+cX)=(@+2b+c,a—b)ec=a+2b+c+(a—bX.

Proposition 7.1.8 The map f : V — W defined in the Example 7.1.6 is linear.

Proof Let v,v' € V with v = (x,...,x,)g and v' = (x], ..., x,)5. From the
Remark 2.4.16 we have
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v+v =+, X+ X0)B
So we get

F+V)=(AG +x],....x, +x,))c
= (A'(xy, ..., x))e + (AX), ..o x))e
=f+ f()

(notice that the second equality follows from the Proposition 4.1.10). Along the same
line one shows easily that for any A € R one has f(\v) = Af(v). O

The following definition (a rephrasing of Example 7.1.6) plays a central role in
the theory of linear transformations.

Definition 7.1.9 With V and W two vector spaces over Randbases 5 = (vy, ..., v,)
for Vand C = (wy, ..., wy) for W, consider a matrix A = (g;;) € R™". The linear
map

By s ow
defined by
Vosv=xv+-+xv, — f’c(v)zylwl—i----—i—ymwm e W

with
t(yla MR ] )’m) == At(xla AR 7-xn)?
is the linear map corresponding to the matrix A with respect to the basis I3 e C.

Remark 7.1.10 Denoting ff’B = f, one immediately sees that the n columns in A
provide the components with respect to C in W of the vectors f(vy), ..., f(v,),
with (vy, ..., v,) the basis BB for V. One has

v = lvl +0U2+"'+0vn = (1709"'50)6’
thus giving

fw) = (AY(1,0,...,0)c ="(a, ..., amc

= f(v) = anwy + -+ AGpiwy.

It is straightforward now to show that f(v;) = (ay;, ..., an;)c for any index j.

IfA = (a;;) e R™"and f : R" — R™isthelinearmapdefinedby f(X) = AX,
then the columns of A give the images under f of the vectors (ey, ...e,) of the
canonical basis &, in R”. This can be written as

A= (f(er) flea) -+ flew).
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Exercise 7.1.11 Let us consider the matrix
11-1

110

with B = C 53 the canonical basis in R?, and the corresponding linear map
f=fos — R If (x,y,2) € R? then f((x,y,2)) =A'(x,y,z). The
action of f is then given by

f((x,y,Z))Z(x-i-y—Z,y-i-ZZ,x—i—)’)-

Being B the canonical basis, it is also

fle)=(1,0,1), flea)=(1,1,1), fles) =(-1,2,0).

We see that f(e;), f(e2), f(e3) are the columns of A. This is not an accident:
as mentioned the columns of A are, in the general situation, the components of
f(e1), f(ea), f(e3) with respect to a basis C—in this case the canonical one.

The Proposition 7.1.8 shows that, given a matrix A, the map ff’B is linear. Our
aim is now to prove that for any linearmap f : V — W there exists amatrix A such
that f = f f €, with respect to two given bases 553 and C for V and W respectively.

In order to determine such a matrix we use the Remark 7.1.10: given a matrix A
the images under ff’B of the elements in the basis B of V are given by the column
elements in A. This suggests the following definition.

Definition 7.1.12 Let B = (vy, ..., v,) be a basis for the real vector space V and

= (wy, ..., wy) a basis for the real vector space W.Let f : V — W be a linear
map. The matrix associated to f with respect to the basis B and C, that we denote
by M; ¢B is the element in R™" whose columns are given by the components with
respect to C of the images under f of the basis elements in B. That is, the matrix
Mjcc B-aA= (a;j) is given by

f) =anwi+ -+ apwn

f(vn) =ajpw; + -+ dppWpes
which can be equivalently written as

= (fD), ... ., f(a).

Such a definition inverts the one given in the Definition 7.1.9. This is the content
of the following proposition, whose proof we omit.
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Proposition 7.1.13 Let V be a real vector space with basis B = (vy, ..., v,) and
W a real vector space with basis C = (wy, ..., wy). The following results hold.

(i) If f : V. — W isa linear map, by setting A = MESB it holds that
f
AC’B = f.

(ii) If A € R™", by setting [ = ff’B it holds that

c.B _
My" = A.
Proposition 7.1.14 Let V and W be two real vector spaces with (vy, . . ., v,) a basis
for V. For any choice of {uy, ..., u,} of n elements in W there exists a unique linear

map f 'V — W suchthat f(vj) =u; forany j =1,..., n.

Proof To define such a map one uses that any vector v € V can be written uniquely
as

v=av; + -+ a,v,
with respect to the basis (vy, ..., v,). By setting
f)y=a f(v)+- - +anf(v) =au + -+ ayuy

we have a linear (by construction) map f that satisfies the required condition
f;)=u;forany j € 1,...,n.

Let us now suppose this map is not unique and that there exists a second linear
mapg : V — W with g(v;) = u;. From the Proposition 7.1.5 we could then write

g(v) :alg(vl) + - +ang(vn) =auy + -+ au, = f(U),

thus getting g = f. O

What we have discussed so far gives two equivalent ways to define a linear map
between two vector spaces V and W.

I. Once a basis B for V, a basis C for W and a matrix A = (a;;) € R™" are fixed,
from the Proposition 7.1.13 we know that the linear map ff’B is uniquely
determined.

II. Once abasis B = (vy, ..., v,) for V and n vectors {uy, ..., u,}in W are fixed,
we know from the Proposition 7.1.14 that there exists a unique linear map
f:V - Wwith f(vj) =ujforany j =1,...,n.

From now on, if V =R" and B = £ is its canonical basis we shall denote by
f((x1, ..., x,)) what we have previously denoted as f ((xy, ..., x,)5). Analogously,
with C = £ the canonical basis for W = R” we shall write (yy, ..., y,) instead of
()’1, cet )’m)C
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With such a notation, if f : R” — R is the linear map which, with respect to
the canonical basis for both vector spaces corresponds to the matrix A, its action is
written as

Fxp, . x0) = AN(xyg, ..., Xp)

or equivalently
f((xla o Xp)) = (@nxy o F AnXn, oo, QX1 s A Xy).

Exercise 7.1.15 Let fy : V — W be the null (zero) map, that is fy(v) = Oy for
any v € V. With B and C arbitrary bases for V and W respectively, it is clearly

cB _
Mfo = Ogman,
that is the null matrix.

Exercise 7.1.16 If idy(v) = v is the identity map on V then, using any basis
B = (vi, ..., v,) for V, one has the following expression

idy(;) =v; =(0,...,0, 1 ,0,...,0)5

forany j = 1,...,n. Thatis Mg;B is the identity matrix I,,. Notice that ij’VB #* 1,
if B#C.

Exercise 7.1.17 Let us consider for R? both the canonical basis & = (e, 2, €3)
and the basis B = (vy, va, v3) with

v =0, 1 1), vu=(1,0,1), v3=(1,1,0).

A direct computation gives

011 (-1t
mEEP=1[101], Miff”‘fz5 1 -1 1
110 11 -1

and each of these matrices turns out to be the inverse of the other, that is
&,B B.& _
M3 My =1,
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7.2 Basic Notions on Maps

Before we proceed we recall in a compact and direct way some of the basic notions
concerning injectivity, surjectivity and bijectivity of mappings between sets.

Definition 7.2.1 Let X and Y be two non empty sets and f : X — Y a map
between them. The element f(x) in Y is called the image under f of the element
x € X. The set

Im(f) = {yeY[IxeX : y=fx)

is called the image (or range) of f in Y. The set (that might be empty)
Tl =freX : f0)=y)
defines the pre-image of the element y € Y.

Definition 7.2.2 Let X and Y be two non empty sets, withamap f : X — Y.One
says that:

(i) f isinjective if, for any pair x;, x, € X with x| # xp,1itis f(x;) # f(x2),
(i) f is surjective if Im(f) = Y,
(1) f is bijective if f is both injective and surjective.

Definition 7.2.3 Let f : X — Yandg : Y — Z be two maps. The composition
of g with f is the map
gof:X = Z

defined as (g o f)(x) = g(f(x)) for any x € X.

Definition 7.2.4 Amap f : X — Yisinvertibleifthereexistsamapg : ¥ — X
such that g o f = idxy and f o g = idy. In such a case the map g is called the
inverse of f and denoted by f~!. It is possible to prove that, if f is invertible, then
f~"is unique.

Proposition 7.2.5 Amap f : X — Y is invertible if and only if it is bijective. In
such a case the map =" is invertible as well, with (f~1)~! = f.

7.3 Kernel and Image of a Linear Map

Injectivity and surjectivity of a linear map are measured by two vector subspaces
that we now introduce and study.

Definition 7.3.1 Consider a linear map f : V — W. The set

V2 ker(f) ={veV : f(v)=0w}
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is called the kernel of f, while the set
WOoOIm(f) ={fweW :3dJveV:w= f(v)}

is called the image of f.

Theorem 7.3.2 Given a linear map f : V. — W, the set ker(f) is a vector sub-
space in V and Im(f) is a vector subspace in W.

Proof We recall the Proposition 2.2.2. Given v, v' € ker(f) and A\, ' € R weneed to
compute f(Av + N'v'). Since f(v) = Oy = f(v') by hypothesis, from the Proposi-
tion 7.1.5 we have f(Av + Nv') = Af(v) + X f(v') = Oy. This shows that ker( f)
is a vector subspace in V.

Analogously, let w, w’ € Im(f) and A\, \' € R. From the hypothesis there exist
v,v" € V such that w = f(v) and w’ = f(v); thus we can write A\w + Nw' =
Af@)+NfQ) = f(Av+ Nv) e Im(f) again from he Proposition 7.1.5. This
shows that Im( f) is a vector subspace in W. O

Having proved that Im( f) and ker( f) are vector subspaces we look for a system
of generators for them. Such a task is easier for the image of f as the following
lemma shows.

Lemma?7.33 With f:V — W a linear map, one has that
Im(f) = L(f(v1), ..., f(vy)), where B = (vy,...,v,) is an arbitrary basis for
V. The map f is indeed surjective if and only if f(vy), ..., f(v,) generate W.

Proof Letw eIm(f),thatisw= f(v) forsome v € V.Being B abasis for V, one has
v =av| + -+ a,v, and since f islinear,one has w = a; f(vy) + - -+ + a, f (v,),
thus givingw € L(f (vy), ..., f(v,)). WehavethenIm(f) € L(f(vy), ..., f(vy)).
The opposite inclusion is obvious since Im( f) is a vector subspace in W and contains
the vectors f(vy), ..., f(v,).

The last statement is the fact that f is surjective (Definition 7.2.2) if and only if
Im(f)=W. O

Exercise 7.3.4 Let us consider the linear map f : R® — R? given by
fx,y,20)=0+y—z,x—y+2).

From the lemma above, the vector subspace Im(f) is generated by the images
under f of an arbitrary basis in R3. With the canonical basis £ = (e, e, €3) we

have Im(f) = L(f(e1), f(e2), f(e3)), with
fle =0, D,  fle)=(1,-1),  fles) = (=1 1.

It is immediate to see that Im( f) = R?, that is f is surjective.
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Lemma 7.3.5 Let f : V — W be a linear map between two real vector spaces.
Then,

(i) f isinjective if and only ifker(f) = {0y},
(ii) if f isinjective and (vy, ..., v,) is a basis for V, the vectors f(v1), ..., f(v,)
are linearly independent.

Proof (i) Let us assume that f is injective and v € ker(f), that is f(v) = Oy.

From the Proposition 7.1.5 we know that f(0y) = Oy. Since f is injective it
must be v = Oy, that is ker(f) = {Oy}.
Viceversa, let us assume thatker( f) = Oy and let us consider two vectors vy, v,
such that f(v;) = f(v,). Since f is linear this reads Oy = f(vy) — f(v2) =
f(vy —vy), that is vy — vy € ker(f) which, being the latter the null vector
subspace, thus gives v; = v;.

(i) In order to study the linear independence of the system of vectors
{f(v),..., f(vy)} let us take scalars Aj,...,\, € R such that
Af()+ -+ N f(vy) =0w. Being f linear, this gives f(Ajv; +---+
Anvy) = Oy and then A\jv; + -+ - + \,v, € ker(f). Since f is injective, from
(i) wehaveker(f) = {Oy}soitis \jv; + - - - + Ayv, = Oy.Being (vy, ..., v,)
a basis for V, we have that \| =--- = A, = Og thus proving that also
f1), ..., f(v,) are linearly independent.

O

Exercise 7.3.6 Let us consider the linear map f : R> — R3 given by

J(x, ) = (x+y,x =y, 2x + 3y).

The kernel of f is given by

ker(f) = {(x,y) € R?| f((x,y)) = (x +y,x —y,2x +3y) = (0,0,0)}

so we have to solve the linear system

x+y=0
x—y=0 .
2x +3y =0

Its unique solution is (0, 0) so ker(f) = {Og2} and we can conclude, from the
lemma above, that f is injective. From the same lemma we also know that the
images under f of a basis for R?> make a linearly independent set of vectors. If we
take the canonical basis for R? with e; = (1, 0) and e, = (0, 1), we have

f(el):(lvl’2)7 f(ez)z(l,—l,?a)
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7.4 Isomorphisms

Definition 7.4.1 Let V and W be two real vector spaces. A bijective linear map
f V. — Wiscalled an isomorphism. Two vector spaces are said to be isomorphic
if there exists an isomorphism between them. If f : V — W is an isomorphism
we write V = W.

Proposition 7.4.2 If the map f : V — W is an isomorphism, such is its inverse
flaw = V.

Proof From the Proposition 7.2.5 we have that f is invertible, with an invertible
inverse map f~!'. We need to prove that £~ is linear. Let us consider two arbitrary
vectors wy, wy € W with v; = f~'(w;) and v, = f~!(w») in V; this is equivalent
to w; = f(vy) and w, = f(vy). Let us consider also \j, A\, € R. Since f is linear
we can write

Awy + Awy = f(Avr + Aav).

For the action of f~! is then
7 Oqwr 4 Aawa) = Ajvg + Ava = A f 7w + X f T w),

which amounts to say that f~! is a linear map. O
In order to characterise isomorphisms we first prove a preliminary result.

Lemma7.43 Let f : V — W be a linear map with (vy, ..., v,) a basis for V.
The map f is an isomorphism if and only if (f (vy), ..., f(v,)) is a basis for W.

Proof If f is an isomorphism, it is both injective and surjective. From the
Lemma 7.3.3 the system f (vy), ..., f(v,) generates W, while from the Lemma 7.3.5
such a system is linearly independent. This means that ( f (vy), ..., f(v,)) is a basis
for W.

Let us now assume that the vectors ( f (vy), ..., f(v,)) are abasis for W. From the
Proposition 7.1.14 there exists a linear map ¢ : W — V such that g(f(v;)) = v;
forany j = 1, ..., n. This means that the linear maps g o f and idy coincide on the
basis (vy, ..., v,) in V and then (again from Proposition 7.1.14) they coincide, that
is g o f = idy. Along the same lines it is easy to show that f o g = idy, so we have
g = f~';the map f is then invertible so it is an isomorphism. O

Theorem 7.4.4 Let V and W be two real vector spaces. They are isomorphic if and
only if dim(V) = dim(W).

Proof Let us assume V and W to be isomorphic, that is there exists an isomor-
phism f : V — W.From the previous lemma, if (vy, ..., v,) is a basis for V, then
(f(v1), ..., f(vy,)) is abasis for W and this gives dim(V) = n = dim(W).

Let us now assume n = dim(V) = dim(W) and try to define an isomorphism
f 'V — W.Byfixingabasis B = (v, ..., v,) for VandabasisC = (wy, ..., w,)
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for W, we define the linear map f (v;) = w; forany j. Such alinear map exists and it
is unique from the Proposition 7.1.14. From the lemma above, f is an isomorphism
since it maps the basis B to the basis C for W. O

Corollary 7.4.5 If V is a real vector space with dim(V) = n, then V. = R". Any
choice of a basis B for V induces the natural isomorphism

a: V = R givenby (x1,...,x)BH (X1,...,X,).

Proof The first claim follows directly from the Theorem 7.4.4 above. Once the
basis B = (vy, ..., v,) is chosen the map « is defined as the linear map such that
a(vj) =ej forany j =1,...,n. From the Lemma 7.4.3 such a map « is an iso-
morphism. It is indeed immediate to check that the action of « on any vector in V is
givenby a : (x,...,x,)8 — (X1, ...,x,). O

Exercise 7.4.6 Let V = R[X], be the space of the polynomials whose degree is
not higher than 2. As we know, V has dimension 3 and a basis for it is given by
B = (1, X, X?). Theisomorphisma : R[X], —> RR?corresponding to such a basis
reads

a+bX+cX?* — (a,b,c).

It is simple to check whether a given system of polynomials is a basis for R[ X],.
As an example we consider

pi(X)=3X — X%, p(X)=1+X, p3(X)=2+3X"

By setting v; = a(p;) = (0,3, —1), v = a(p2) = (1,1,0) and v3 = a(p;3) =
(2,0, 3), it is clear that the rank of the matrix whose columns are the vectors
vy, U2, v3 is 3, thus proving that (v;, v, v3) is a basis for R3. Since « is an iso-
morphism, the inverse a ! R3 > R[X],is an isomorphism as well: the vectors
a~'(vy), a”'(v2), o !(vy) provide a basis for R[X], and coincide with the given
polynomials p; (X), p2(X), p3(X).

Theorem 7.4.4 shows that a linear isomorphism exists only if its domain has the
same dimension of its image. A condition that characterises isomorphism can then
be introduced only for vector spaces with the same dimensions. This is done in the
following sections.

7.5 Computing the Kernel of a Linear Map

We have seen that isomorphisms can be defined only between spaces with the same
dimension. Being not an isomorphism indeed means for a linear map to fail to be
injective or surjective. In this section and the following one we characterise injectivity
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and surjectivity of a linear map via the study of its kernel and its image. In particular,
we shall describe procedures to exhibit bases for such spaces.

Proposition 7.5.1 Let f : V. — W be a linear map between real vector spaces,
and dim(V') = n. Fix a basis B for V and a basis C for W, with associated matrix
A= M?‘B. Bydenoting ¥ : AX = Othelinear system associatedto A, the following
hold:

(i) Sy = ker(f) via the isomorphism (x1, ..., X,) — (X1, ..., X,)5,
(ii) dim(ker(f)) = n — rk(A),
(iii) if (v, ..., vp) is a basis for Ss, the vectors ((vl)g, ey (v,,)B) are a basis for
ker(f).

Proof (1) With the given hypothesis, from the definition of the kernel of a linear
map we can write

ker(f)={veV : f(v)=0w)}

X1 0
=jv=0p,....,x)B€V : |A] : =\:

Xn) ) ¢ 0/,
={(x1,...,x)B €V : (x1,...,x,) € Sg}

with Sy denoting the space of solutions for ¥. As in Corollary 7.4.5 we can
then write down the isomorphism Sy — ker(f) given by

(X],...,xn) = (xlv--~»xn)B~
(i) From the isomorphism of the previous point we then have
dim(ker(f)) = dim(Sy) = n —rtk(A)

where the last equality follows from the Theorem 6.4.3.
(iii) From the Lemma 7.4.3 we know that, under the isomorphism Sy, — ker(f),
a basis for Sy is mapped into a basis for ker(f).
O

Exercise 7.5.2 Consider the linear map f : R> — R3 defined by
flx,y,98) = +y—z,x —y+2z2x)¢
where B = ((1,1,0), (0,1, 1), (1,0, 1)) and € is the canonical basis for R*. We

determine ker( f) and compute a basis for it with respect to both B and £. Start by
considering the matrix associated to the linear map f with the given basis,
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To solve the linear system ¥ : AX = 0 we reduce the matrix A by rows:

11-1 11-1
A 200 — 200
200 000

and the space Sy of the solutions of X is then given by
Sy = {(0,a,a) : a e R} = L((0, 1, 1)).

This reads
ker(f) ={(0,a,a)p : a e R},

with a basis given by the vector (0, 1, 1) g. With the explicit expression of the elements
of B,
0, 1,Dp = (0,1, )+ (1,0, 1) = (1,1,2).

This shows that the basis vector for ker( f) given by (0, 1, 1) on the basis B is the
same as the basis vector (1, 1, 2) with respect to the canonical basis £ for R3.

Exercise 7.5.3 With canonical bases £, consider the linear map f : R® — R3
given by
f((x1y7z)) = (x+y_zv-x_y+zﬂz-x)'

To determine the space ker(f), we observe that the matrix associated to f is
the same matrix of the previous exercise, so the linear system X : AX = 0 has
solutions Sy = L((0, 1, 1)) = ker(f), since £ is the canonical basis.

Since the kernel of a linear map is the preimage of the null vector in the image
space, we can generalise the above procedure to compute the preimage of any element
we W.Wedenoteitas f~'(w) ={v eV : fv)=w}, withker(f) = f~'(Ow).
Notice that we denote the preimage of a set under f by writing f~! also when f is
not invertible.

Proposition 7.5.4 Consider a real vector space V with basis B and a real vec-
tor space W with basis C. Let f : V — W be a linear map with A = MJC»'B its
corresponding matrix. Given any w = (¥1, ..., Ym)c € W, it is

) ={@, ) eV s Al x) = T v

Proof 1Tt is indeed true that, with v = (xy, ..., x,)5, one has
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f) = f((x1,....,x)8) = (A'(x1,...,x)c.

The equality f(v) =w 1is the equality of components, given by
Al(x1, ..., %) ="y, ..., Ym), on the basis C. O

Remark 7.5.5 Thisfactcanbe expressed vialinear systems. Given w € W, its preim-
age f~!(w) is made of vectors in V whose components with respect to 3 solve the
linear system AX = B, where B is the column of the components of w with respect

toC.

Exercise 7.5.6 Consider the linear map f : R? — R given in the Exercise 7.5.2.
We compute Y (w) forw = (1, 1, 1). We have then to solve the systemX : AX = B,
with B = (1, 1, 1). We reduce the matrix (A, B) as follows

11 —11 11-11 11-11
A,By=|1-111|— (2002|1001
20 01 200 1 000 1

This shows that the system X has no solution, that is w ¢ Im(f).
Next, let us compute f ~l(u) for u = (2,0,2), so we have the linear system
¥ : AX = B with B ='(2, 0, 2). Reducing by row, we have

11 —-12 11-12 11-12
A,By=|1-110)— [(2002]+ |200 2
20 02 20 0 2 0000

The system X is then equivalent to

x=1
y=z+1
whose space of solutions is Sy, = {(1,a + 1, a) : a € R}. We can then write

f’1(2,0,2) ={(l,a+1l,a)p:aeR} ={a+1,a+2,2a+1) : a € R}

7.6 Computing the Image of a Linear Map

We next turn to the study of the image of a linear map.

Proposition 7.6.1 Let f : V — W be a linear map between real vector spaces,
with dim(V) = n and dim(W) = m. Fix a basis B for V and a basis C for W, with
associated matrix A = M?B and with C(A) its space of columns. The following
results hold:

(i) Im(f) = C(A) via the isomorphism (y1, ..., Ym)c > Vis vy Ym),
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(it) dim(Im(f)) = rk(A),
(iii) if (wi, ..., w,) is a basis for C(A), then ((wi)¢c, ..., (w,)c) is a basis for
Im(f).

Proof (i) With the given hypothesis, from the definition of the image of a linear
map we can write

Im(f)={fweW:3veV:w=[f(v)

i X
=1w=0U..., Ym)e € W I(xy,..., X)) €V : =1A
Ym/ o Xn c
v x|
=101+, Ymde €W 1 I(x1, ..., Xy) € R” cl=A
Ym Xn
Representing the matrix A by its columns, thatis A = (C; --- C,), we have
X1
Al - | = x1C + -+ + x,C.
X
We can therefore write
Y1
Im(f) = (y1a--«’)’m)C€W:El(xl,---»xn)GRH: = x1C1 + - x,Cy
Ym
Y1
=101, ymc €W | 1| € C(A)
Ym

We have then the isomorphism C(A) — Im(f) defined by

Ot oo ¥m) = O Ymde

(compare this with the one in the Corollary 7.4.5).
(i) Being Im(f) = C(A), itis dim(Im(f)) = dim(C(A)) = rk(A).
(iii) The claim follows from (i) and the Lemma 7.4.3.
O

Remark 7.6.2 To determine a basis for C(A) as in (iii) above, one can proceed as
follows.

(a) If the rank of A is known, one has to select n linearly independent columns:
they will give a basis for C(A).
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(b) If the rank of A is not known, by denoting A’ the matrix obtained from A by
reduction by columns, a basis for C (A) is given by the r non zero columns of A’.

Exercise 7.6.3 Let f : R® — R3 be the linear map with associated matrix

112
A=Mj£-5= 01 -3
211

for the canonical basis £ and basis C = (wy, wy, wz), with wy; = (1, 1, 0),
wy = (0,1, 1), ws = (1,0, 1). We reduce A by columns

Cor> C1+C) 10 0 Ci— C3+3C) 100
A —m8m 01-3 _ 010 = A"
C3 C3 —2C, 21-3 210

Being A’ reduced by columns, its non zero columns yield a basis for the space
C(A). Thus, C(A) = C(A") = L£((1,0,2),(0, 1, 1)). From the Proposition 7.6.1
a basis for Im( f) is given by the pair (1, u»),

uy = (1507 2)C = w +2w3 = (37 17 2)
uy = (0,1, D =wr + w3 = (1, 1,2).

Clearly, dim(Im(f)) = 2 = rk(A).
From the previous results we have the following theorem.

Theorem 7.6.4 Let f : V — W be a linear map. It holds that
dim(ker(f)) + dim(Im(f)) = dim(V).

Proof Let A be any matrix associated to f (that is irrespective of the bases chosen
in V and W). From the Proposition 7.5.1 one has dim(ker(f)) = dim(V) — rk(A),
while from the Proposition 7.6.1 one has dim(Im(f)) = rk(A). The claim follows.

O

From this theorem, the next corollary follows easily.

Corollary 7.6.5 Let f : V — W be a linear map, with dim(V) = dim(W). The
following statements are equivalent.

(i) f isinjective,

(ii) f is surjective,
(iii) f is an isomorphism.
Proof Clearly it is sufficient to prove the equivalence (i) < (ii). From the Lemma
7.3.5 we know that f is injective if and only if dim(ker(f)) = 0. We also known
that f is surjective if and only if dim(Im( f)) = dim(W). Since dim(V) = dim(W)
by hypothesis, the statement thus follows from the Theorem 7.6.4. O
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7.7 Injectivity and Surjectivity Criteria
In this section we study conditions for injectivity and surjectivity of a linear map
through properties of its associated matrix.

Proposition 7.7.1 (Injectivity criterion) Let f : V. — W be a linear map. Then f
is injective if and only if tk(A) = dim(V) for any matrix A associated to f (that is,
irrespective of the bases with respect to which the matrix A is given).

Proof From (i) in the Lemma 7.3.5 we know that f is injective if and only if
ker(f) = {Oy}, which means dim(ker(f)) = 0. From the Proposition 7.5.1 we have
that dim(ker(f)) = dim(V) — rk(A) for any matrix A associated to f. We then have
that f is injective if and only if dim(V) — rk(A) = 0. m|

Exercise 7.7.2 Let f : R[X], — R?? be the linear map associated to the matrix

210
-101
A=1,11
100

with respect to two given basis. SinceA is already reduced by column, rk(A) = 3,
the number of its non zero columns. Being dim(R[X],) = 3 we have, from the
Proposition 7.7.1, that f is injective.

Proposition 7.7.3 (Surjectivity criterion) Let f : V. — W be a linear map. The
map f is surjective if and only if tk(A) = dim(W) for any matrix associated to f
(again irrespective of the bases with respect to which the matrix A is given).

Proof This follows directly from the Proposition 7.6.1. O
Exercise 7.7.4 Let f : R® — R? be the linear map given by
f,y,)=(x+y—2z2x —y+2z).

With £ the canonical basis in R? and C the canonical basis in R2, we have
e (11 —1Y
amwe = (315):
11-1 ,
A (3 01 ) = A

We know that rk(A) = rk(A") = 2, the number of non zero rows in A’. Being
dim(R?) = 2, the map f is surjective from the Proposition 7.7.3.

by reducing by rows,
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We have seen in the Proposition 7.4.2 that if a linear map f is an isomorphism,
then its domain and image have the same dimension. Injectivity and surjectivity of
a linear map provide necessary conditions on the relative dimensions of the domain
and the image of the map.

Remark 7.7.5 Let f : V — W be a linear map. One has:

(a) If f is injective, then dim(V) < dim(W). This claim easily follows from
the Lemma 7.3.5, since the images under f of a basis for V gives linearly
independent vectors in W.

(b) If fissurjective, thendim(V) > dim(W). This claim follows from the Lemma
7.3.3, since the images under f of a basis for V generate (that is they linearly
span) W.

Remark 7.7.6 Let f : V — W be a linear map, with A its corresponding matrix

with respect to any basis. One has:

(a) Withdim(V) < dim(W), f is injective if and only if rk(A) is maximal;
(b) With dim(V) > dim(W), f is surjective if and only if tk(A) is maximal;
(¢) Withdim(V) = dim(W), f is an isomorphism if and only if rk(A) is maximal.

Exercise 7.7.7 The following linear maps are represented with respect to canonical
bases.
(1) Letthe map f : R* — R*be defined by

x,y,2) > (x—=—y+2z,y+2z,—x+2z2x+y).

To compute the rank of the corresponding matrix A with respect to the canonical
basis, as usual we reduce it by rows. We have

1

—_—

S = =N

1
0
A= 1

HOH'
O = =N
[ R
oo~ |

2
and the rank of A is maximal, rk(A) = 3. Since dim(V) < dim(W) we have that f
is injective.

(2) Letthe map f : R* — R? be defined by

(x,y,2,1) > (x—y+2z+t,y+z+3t,x —y+2z+21).
We proceed as above and compute, via the following reduction,
1-121 1-121

A=10113} (01 13},
1-122 0001
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that rk(A) = 3. Since rk(A) is maximal, with dim(V) > dim(W), f turns out to be
surjective.
(3) Let f : R® — R3 be represented as before by the matrix

1 21
A=1211],
1—-12
which, by reduction, becomes
12 1
A~ |0-3-1],
00 2

whose rank is clearly maximal. Thus f is an isomorphism since dim(V) = dim(W).

7.8 Composition of Linear Maps

We rephrase the general Definition 7.2.3 of composing maps.

Definition 7.8.1 Let f : V — Wandg : W — Z be two linear maps between
real vector spaces. The composition between g and f is the map

gof X - Z
defined as (g o f)(v) = g(f(v)), forany v € X.

Proposition7.8.2 If f : V — Wandg : W — Z are two linear maps, the com-
positionmap go f 1 'V — Z islinear as well.

Proof Forany v,v" € V and A\, X' € R, the linearity of both f and g allows one to
write:

(g o AU+ XNv) = g(f(Av+ Nv))
=g\ f() + N f)
= Xg(f(v)) +Ng(f(")
=Ago HW)+N(go H),

showing the linearity of the composition map. O

The following proposition, whose proof we omit, characterises the matrix corre-
sponding to the composition of two linear maps.
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Proposition 7.8.3 Let V, W, Z be real vector spaces with basis B, C, D respectively.
Givenlinearmaps f : V. — Wandg : W — Z, the corresponding matrices with
respect to the given bases are related by

D.B _ 2D,C 3sC.B
M, =M, M.

The following theorem characterises an isomorphism in terms of its corresponding
matrix.

Theorem 7.8.4 Let f : V — W be a linear map. The map f is an isomorphism
if and only if, for any choice of the bases B for V and C for W, the corresponding
matrix M with respect to the given bases is invertible, with

~1
B.C _ c.B
MBS = (Mf ) .

Proof Letusassumethat f is anisomorphism: we can then write dim(V) = dim(W),
SO M;‘B is a square matrix whose size is n x n (say). From the Proposition 7.4.2 we

know that f~! exists as a linear map whose corresponding matrix, with the given
bases, will be M f;lc. From the Proposition 7.8.3 we can write

-1
BC ,,CB _ BB _ BB _ BC _ (1,CB
Mpr M= =M, =My, =1L, = Moo= (Mf ) :

We set now A = M?‘B . By hypothesis A is a square invertible matrix, with
inverse A~!, so we can consider the linear map

g=fil W —> V.

In order to show that g is the inverse of f, consider the matrix corresponding to
g o f with respect to the basis . From the Proposition 7.8.3,

BB __ B.C C.B _ ,-1 _
MEP = MPBC - MGP=A"1 A =1,

Since linear maps are in bijection with matrices, we have that g o f = idy.
Along the same lines we can show that f o g = idy, thus provingg = f~!. O

Exercise 7.8.5 Consider the linear map f : R* — R? defined by
f((x,y,2) = (x—y+2z,2y+2z2).
With the canonical basis £ for R? the corresponding matrix is

1

111
A:ang: 021
001
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Since rk(A) = 3, f is an isomorphism, with f~! the linear map corresponding to
A~!. From the Proposition 5.3.3, we have

| 11/2 =3/2
= — (ay) =012 =172 = MEE.
det(A) (Oé]) 0 é / £

1

7.9 Change of Basis in a Vector Space

In this section we study how to relate the components of the same vector in a vector
space with respect to different bases. This problem has a natural counterpart in
physics, where different bases for the same vector space represent different reference
systems. Thus different observers measuring observables of the same physical system
in a compatible way.

Example 7.9.1 We start by considering the vector space R? with two bases given by
E=(e1=(1,0),e2=(0,1), B=(by=(,2), by=(3,4).
Any vector v € R? will then be written as
v = (x1,x)8 = (1, »e,

or, more explicitly,
v = x1by + x2by = yier + yae.

By writing the components of the elements in B in the basis &, that is
bl = €] +26‘2, b2 = 361 +4€2,
we have

yier + y2ex = xi(e; + 2e2) + x2(3e; + 4er)
= (x1 + 3x2)e; + (2x1 4+ 4xp)es.

We have then obtained
yi = x1+3x2,  y2 = 2x; +4x;.

These expression can be written in matrix form

Y1 _ X1 +3X2 N Vi _ 13 X1
2 B 2x1 + 4XQ i) B 24 X2 ’
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Such a relation can be written as
()-6)
2 X2
13
= ()

Notice that the columns of A above are given by the components of the vectors
in B with respect to the basis £. We have the following general result.

where

Proposition 7.9.2 Let V be a real vector space with dim(V) = n. Let B and C be
two bases for V and denote by (x1, ..., x,)p and (y1, ..., Yy.)c the component of
the same vector v with respect to them. It is

V1 X1
_ C,B
- Mldv

Yn Xn

Such an expression will also be written as

Oy = MEE TG ).
Proof This is clear, by recalling the Definition 7.1.12 and the Proposition 7.1.13. O

Definition 7.9.3 The matrix M¢ 5 = MS’VB is called the matrix of the change of
basis from B to C. The columns of this matrix are given by the components with
respect to C of the vectors in B.

Exercise 7.9.4 Let B = (v, va, v3) and C = (wq, wy, wsz) two different bases for
R3, with

vy =(0,1,-1), vu=(1,0,-1), v3=(2,-2,2),
w; = (0,1, 1), wy=(1,0,1), ws=(110).

We consider the vector v = (1, —1, 1)z and we wish to determine its components
with respect to C. The solution to the linear system

v = ajw; + axwy + azws
vy = apw) +apws +anws

V3 = aj3wy + a;ws + azws

give the entries for the matrix of the change of basis, which is found to be
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0 —1-1
MCB=|-10 3
1 1 -1
‘We can then write
1 X1 0 —1-1 1 0
_ _ c.B _ _
v=|wm = |\M X2 = -1 0 3 -1 = 2
/e X3 c 1 1 -1 1 c —1 c

Theorem 7.9.5 Let B and C be two bases for the vector space V over R. The matrix
MC B is invertible, with
(MC,B)—l — MBC.

Proof This easily follows by applying the Theorem 7.8.4 to M5 = Miﬁ'VB, since

idy = idy". a]
Theorem 7.9.6 Let A € R™" be an invertible matrix. Denoting by vy, ..., v, the
column vectors in A and setting B = (vy, ..., vy,), it holds that:

(i) Bis a basis for R",
(ii) A = MB-€ with & the canonical basis in R".

Proof (i) From the Remark 7.7.6, we know that A has maximal rank, that is
rk(A) = n. Being the column vectors in A, the system vy, ..., v, is then free.
A system of n linearly independent vectors in R” is indeed a basis for R" (see
the Corollary 2.5.5 in Chap. 2).
(i) It directly follows from the Definition 7.9.3.
O

Remark 7.9.7 From the Theorems 7.9.5 and 7.9.6 we have that the group GL(n, R)
of invertible matrices of order n, is the same as (the group of) matrices providing
change of basis in R”.

Exercise 7.9.8 The matrix
11-1
A=1012
00 1

is invertible since rk(A) = 3 (the matrix A is reduced by rows, so its rank is the
number of non zero columns). The column vectors in A, that is

vy = (1,0,0), vo = (1,1,0), vz = (—=1,2,1),

form a basis for R?. Ttis also clear that A = M&B = M

B .
ids with B = (vy, v, v3).



7.9 Change of Basis in a Vector Space 121

We next turn to study how M f’B , the matrix associatedtoalinearmap f : V — W
with respect to the bases 3 for V and C in W, is transformed under a change of basis
in V and W. In the following pages we shall denote by Vs the vector space V referred
to its basis .

Theorem 7.9.9 Let B and B’ be two bases for the real vector space V and C and
C' two bases for the real vector space W. With f : V. — W a linear map, one has
that ,

MGF =M€ mGE . MBE

Proof The commutative diagram

f
Vg —— W¢

idy T J' idw

Vg ——— We

shows the claim: going from V), to W, along the bottom line is equivalent to going
around the diagram, that is

f =idwo foidy.
Such a relation can be translated in a matrix form,
C.B _ a,C.B
Mf - Midwofoidv
and, by recalling the Proposition 7.8.3, we have

c.B _ a.CC C.B BB
Midwofoidv = Midw 'Mf ‘Midv ’

which proves the claim. O

Exercise 7.9.10 Consider the linear map f : ]R% — R% whose corresponding

matrix is
12

A:M?’BI -10
11

withrespectto B = ((1, 1), (0, 1)) andC = ((1, 1,0), (1,0, 1), (0, 1, 1)). We deter-
mine the matrix B = M %’52 , with &, the canonical basis for R? and &; the canonical

basis for R3. The commutative diagram above turns out to be
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idge T J idgs 5

2 3
R%e, — R°g,
£3.6

Is

which reads

B = M7% = M5C AMPE,
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We have to compute the matrices M€ and M52, Clearly,

110
M&€ =1[101],
011

and, from the Theorem 7.9.5, it is

e (1)

10
—11

(the last equality follows from the Proposition 5.3.3). We have then

110\ (12
B=|101][-10 (_11(1))2
0o11) \ 11

-22
—-13
—11

We close this section by studying how to construct linear maps with specific

properties.

Exercise 7.9.11 We ask whether there is a linear map f : R* — R3 which fulfils
the conditions f(1,0,2) = 0and Im(f) = L£((1, 1,0), (2, —1, 0)). Also, if such a

map exists, is it unique?

We start by setting v; = (1,0, 2), v, = (1, 1,0), v3 = (2, —1, 0). Since a linear
map is characterised by its action on the elements of a basis and v; is required to
be in the kernel of f, we complete v, to a basis for R3. By using the elements of
the canonical basis &3, we may take the set (v, e1, €2), which is indeed a basis: the

matrix
102

100},
010
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whose rows are given by (vi, e;, e>) has rank 3 (the matrix is already reduced by
rows). So we can take the basis B = (vy, e1, ¢») and define

f 1) = Ops,
fle) = v,
fle2) =vs.

Such a linear map satisfies the required conditions, since ker(f) = {v,} and

Im(f) = L(f(v1), f(e1), fe2)) = L(v2, v3).
With respect to the bases £ and 3 we have

01 2
MEP = [01-1
00 0

In order to understand whether the required conditions can be satisfied by a dif-
ferent linear map f, we start by analysing whether the set (v;, v,, v3) itself provides
a basis for R3. As usual, we reduce by rows the matrix associated to the vectors,

2 102
O — (110
0 300

10
A=111
2 -1

Such a reduction gives rk(A) = 3, thatis C = (vy, v, v3) is a basis for R3. Then,
let g : R® — R?be defined by

g(v1) = Ops,
g(v2) = vy,
g(v3) = vs.

Also the linear map g satisfies the conditions we set at the beginning and the

matrix
000

M€ =010
001

represents its action by the basis C. It seems clear that f and g are different.
In order to prove this claim, we shall see that their corresponding matrices with
respect to the same pair of bases differ. We need then to find M f ‘B_We know that
MEE = MEC MCEP, with
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01 2
Mjcz 01-1],
00 0

since the column vectors in M 5 € are given by g(v1), g(v2), g(v3). The columns of
the matrix M g are indeed the components with respect to C of the vectors in 55,
that is

v = vy,
1 1
€1=§Uz+§v3,
2 1
e2=§v2—§v3.
Thus we have
300
MEF =1lo1 2 |,
01 -1
and in turn,
01 2 300 010
MEP = MECMEF = [o1—-1] 5|01 2] =001
00 0 01 -1 000

This shows that MZ-P # M_f’B, sothat g # f.
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