Chapter 10 ®)
Spectral Theorems on Euclidean Spaces e

In Chap.7 we studied the operation of changing a basis for a real vector space. In
particular, in the Theorem7.9.6 and the Remark7.9.7 there, we showed that any
matrix giving a change of basis for the vector space R” is an invertible n X n matrix,
and noticed that any n x n invertible yields a change of basis for R”.

In this chapter we shall consider the endomorphisms of the euclidean space
E" = (R", ), where the symbol - denotes the euclidean scalar product, that we
have described in Chap. 3.

10.1 Orthogonal Matrices and Isometries

As we noticed, the natural notion of basis for a euclidean space is that of orthonormal
one. This restricts the focus to matrices which gives a change of basis between
orthonormal bases for E”.

Definition 10.1.1 A square matrix A € R™" is called orthogonal if its columns
form an orthonormal basis B for E". In such a case A = M5B, that is A is the
matrix giving the change of basis from the canonical basis £ to the basis B.

It follow from this definition that an orthogonal matrix is invertible.

Exercise 10.1.2 The identity matrix [, is clearly orthogonal for each E”. Since the
vectors

v = 50D, w= 50—
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152 10 Spectral Theorems on Euclidean Spaces

form an orthonormal basis for E2, the matrix
11
- L
A=17 (1 - 1)

Proposition 10.1.3 A matrix A is orthogonal if and only if

is orthogonal.

'"AA =1,

that is if and only if A~' = 'A.

Proof With (vy, ..., v,) a system of vectors in E", we denote by A = (v ---v,)
the matrix with columns given by the given vectors, and by

IA — :

fvn
its transpose. We have the following equivalences. The matrix A is orthogonal (by
definition) if and only if (v, ..., v,) is an orthonormal basis for E”, that is if and
only if v; - v; = d;; for any i, j. Recalling the representation of the row by column
product of matrices, one has v; - v; = ¢;; if and only if ('AA);; = ¢;; for any i, j,
which amounts to say that ‘AA = I,. |

Exercise 10.1.4 For the matrix A considered in the Exercise 10.1.2 one has easily
compute that A = ‘A and A2 = .

10
= (1)
is not orthogonal, since

coa _ (11) (10) _ (21
AA—(01><11>—<11)7“2'

Proposition 10.1.6 If A is orthogonal, then det(A) = =+1.

Exercise 10.1.5 The matrix

Proof This statement easily follows from the Binet Theorem 5.1.16: with‘AA = I,
one has
det("A) det(A) = det(l,) = 1,

and the Corollary5.1.12, that is det(A) = det(A), which then implies
(det(A))? = 1. [l
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Remark 10.1.7 The converse to this statement does not hold. The matrix A from the
Exercise 10.1.5 is not orthogonal, while det(A) = 1.

Definition 10.1.8 An orthogonal matrix A with det(A) = 1 is called special orthog-
onal.

Proposition 10.1.9 The set O(n) of orthogonal matrices in R™" is a group, with
respect to the usual matrix product. Its subset SO(n) = {A € O(n) : det(A) = 1}
is a subgroup of O(n) with respect to the same product.

Proof We prove that O(n) is stable under the matrix product, has an identity element,
and the inverse of an orthogonal matrix is orthogonal as well.

e The identity matrix 7, is orthogonal, as we already mentioned.
e If A and B are orthogonal, then we can write

'‘B'AAB
'BI,B
= BB = 1I,,

"(AB)AB

that is, AB is orthogonal.
e If A is orthogonal, ’/AA = I, then

Ahat = @A =1,

that proves that A~! is orthogonal.

From the Binet theorem it easily follows that the set of special orthogonal matrices
is stable under the product, and the inverse of a special orthogonal matrix is special
orthogonal. (]

Definition 10.1.10 The group O(n) is called the orthogonal group of order n, its
subset SO(n) is called the special orthogonal group of order n.

We know from the Definition 10.1.1 that a matrix is orthogonal if and only if
it is the matrix of the change of basis between the canonical basis £ (which is
orthonormal) and a second orthonormal basis B. A matrix A is then orthogonal if
and only if A=! = ’A (Proposition 10.1.3).

The next theorem shows that we do not need the canonical basis. If one defines
a matrix A to be orthogonal by the condition A~! = ‘A, then A is the matrix for
a change between two orthonormal bases and viceversa, any matrix A giving the
change between orthonormal bases satisfies the condition A™! = ‘A.

Theorem 10.1.11 Let C be an orthonormal basis for the euclidean vector space E",
with B another (arbitrary) basis for it. The matrix MCB of the change of basis from
C to B is orthogonal if and only if also the basis B is orthonormal.
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Proof We start by noticing that, since C is an orthonormal basis, the matrix M¢-€
giving the change of basis between the canonical basis £ and C is orthogonal by the
Definition 10.1.1. It follows that, being O(n) a group, the inverse M¢-¢ = (M&:€)~!
is orthogonal. With 3 an arbitrary basis, from the Theorem 7.9.9 we can write

MC,B — MC,S MS.S ME,B
— MC,E I, M:‘,‘,B — MC’SMS‘B.

Firstly, let us assume B to be orthonormal. We have then that M £B ig orthogonal;
thus MSB is orthogonal since it is the product of orthogonal matrices.
Next, let us assume that M5 is orthogonal; from the chain relations displayed
above we have
MEB — (MG~ CB = p&CpCB.

This matrix M¢-5 is then orthogonal (being the product of orthogonal matrices), and
therefore B is an orthonormal basis. (]

We pass to endomorphisms corresponding to orthogonal matrices. We start by
recalling, from the Definition3.1.4, that a scalar product has a ‘canonical’ form
when it is given with respect to orthonormal bases.

Remark 10.1.12 Let C be an orthonormal basis for the euclidean space E". If
v,w € E" are given by v = (xq,...,x,)c and w = (y1,..., Y¥,)c, one has that
v-w=2Xx1y1 + -+ X,y,. By denoting X and Y the one-column matrices whose
entries are the components of v, w with respect to C, that is

X1 i
X = , Y = i
Xn yn
we can write
Y1
vew =Xy 4 xy, = (x.ox) | 2| = XY
Yn

Theorem 10.1.13 Let ¢ € End(E"), with £ the canonical basis of E". The follow-
ing statements are equivalent:

(i) The matrix A = M(f’g is orthogonal.
(it) It holds that ¢(v) - p(w) = v - w for any v,w € E".
(iii) IfB = (b1, ..., by,)isanorthonormal basis for E", thenthe set B = (¢(by), ...,
¢(by)) is such.
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Proof (i) = (ii): by denoting X = ‘v and Y = ‘w we can write
v-w= XY, () dw) = "(AX)(AY) ='X(AA)Y,

and since A is orthogonal, ‘"AA = I,,, we conclude that ¢(v) - ¢(w) = v - w for
any v, w € E".

(i) = (iii): let A = Mg'c be the matrix of the endomorphism ¢ with respect to the
basis C. We start by proving that A is invertible. By adopting the notation used
above, we can represent the condition ¢(v) - p(w) = v-w as "(AX)(AY) =
XY forany X,Y € E". It follows that '"AA = I, that is A is orthogonal, and
then invertible. This means (see Theorem 7.8.4) that ¢ is an isomorphism, so it
maps a basis for E” into a basis for E”. If B is an orthonormal basis, then we
can write

obi) - o(bj) = b -b; = 0

which proves that 5 is an orthonormal basis.

(iii) = (i): since &, the canonical basis for E”, is orthonormal, then (¢(e;), ...,
¢(ey)) is orthonormal. Recall the Remark 7.1.10: the components with respect
to £ of the elements ¢(e;) are the column vectors of the matrix M(f‘g ,thus M f'g
is orthogonal. (]

We have seen that, if the action of ¢ € End(E") is represented with respect to the
canonical basis by an orthogonal matrix, then ¢ is an isomorphism and preserves the
scalar product, that is, for any v, w € E” one has that,

v-w = @) - p(w).
The next result is therefore evident.

Corollary 10.1.14 If ¢ € End(E") is an endomorphism of the euclidean space E"
whose corresponding matrix with respect to the canonical basis is orthogonal then
¢ preserves the norms, that is, for any v € E" one has

o)l = llvll.

This is the reason why such an endomorphism is also called an isometry.

The analysis we developed so far allows us to introduce the following definition,
which will be more extensively scrutinised when dealing with rotations maps.

Definition 10.1.15 If ¢ € End(E") takes the orthonormal basis B = (by, ..., by,)
to the orthonormal basis B = (b] = ¢(by), ..., b, = ¢(b,)) in E", we say that B
and B’ have the same orientation if the matrix representing the endomorphism ¢ is
special orthogonal.
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Remark 10.1.16 1t is evident that this definition provides an equivalence relation
within the collection of all orthonormal bases for E”. The corresponding quotient
can be labelled by the values of the determinant of the orthogonal map giving the
change of basis, that is det ¢ = {£1}. This is usually referred to by saying that the
euclidean space E" has two orientations.

10.2 Self-adjoint Endomorphisms

We need to introduce an important class of endomorphisms.

Definition 10.2.1 An endomorphism ¢ of the euclidean vector space E” is called
self-adjoint if
o(w)-w=v-6(w) VYv,weeE.

From the Proposition9.2.11 we know that eigenvectors corresponding to dis-
tinct eigenvalues are linearly independent. When dealing with self-adjoint endomor-
phisms, a stronger property holds.

Proposition 10.2.2 Let ¢ be a self-adjoint endomorphism of E", with A\j, A\, € R
different eigenvalues for it. Any two corresponding eigenvectors, 0 # v, € V), and
0 # vy € V), are orthogonal.

Proof Since ¢ is self-adjoint, one has ¢(v;) - v = vy - ¢(v,) while, v; and v, being
eigenvectors, one has ¢(v;) = \;v; fori = 1, 2. We can then write

(Avy) - v2 = v1 - (Av2)
which reads
AV - v2) = Ao (v - v2) = (M =ADW ) =0.

The assumption that the eigenvalues are different allows one to conclude that
v; - vy = 0, that is v is orthogonal to v;. O

The self-adjointness of an endomorphism can be characterised in terms of proper-
ties of the matrices representing its action on E”. We recall from the Definition4.1.21
that a matrix A = (a;;) € R"" is called symmetric if ‘A = A, that is if one has
a;j = aj;, forany i, j.

Theorem 10.2.3 Let ¢ € End(E") and B an orthonormal basis for E". The endo-
morphism ¢ is self-adjoint if and only if MS’B is symmetric.
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Proof Using the usual notation, weset A = (a;;) = M, f B and X , Y be the columns

giving the components with respect to B of the vectors v, w in E". From the
Remark 10.1.12 we write

b)) -w = "(AX)Y = (X'A)Y = 'X'AY
and v-op(w) = 'X(AY) = 'XAY.

Let us assume A to be symmetric. From the relations above we conclude that ¢(v) -
w=v-¢(w) for any v, w € E", thatis ¢ is self-adjoint.
If we assume ¢ to be self-adjoint, then we can equate

X'AY ='XAY

forany X, Y in R". If we let X and Y to range on the elements of the canonical basis
& =(ey,...,e,) in R", such a condition is just the fact that a;; = a;; for any i, j,
that is A is symmetric. d

Exercise 10.2.4 The following matrix is symmetric:

2 -1
a= (25
Then the endomorphism ¢ € End(E?) corresponding to A with respect to the

canonical basis is self-adjoint. This can also be shown by a direct calculation:
o((x,y)) = (2x —y, —x + 3y); then

(a,b) - ¢((x,y)) = ax —y) + b(—x + 3y)
= 2a —b)x + (—a+3b)y
= ¢((a, b)) - (x,y).

Exercise 10.2.5 The following matrix is not symmetric

11
s (1)
The corresponding (with respect to the canonical basis) endomorphism ¢ € End(E?)
is indeed not self-adjoint since for instance,

Ppe1)-ex = (1, =1 -(0,1) = —1,
er-dlex) = (1,0)-(1,0) = 1.

An important family of self-adjoint endomorphisms is illustrated in the following
exercise.
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Exercise 10.2.6 We know from Sect. 8.2 that, if B = (ey, ..., ¢,) is an orthonormal
basis for E”, then the action of an endomorphism ¢ whose associated matrix is
d=M f ‘B can be written with the Dirac’s notation as

b= Duled)iesl,

a,b=1

with @, = (e,|p(ep)). Then, the endomorphism ¢ is self-adjoint if and only if
®,, = Dp,. Consider vectors u = (uy,...,u,)g, v=(vy,...,v,)5 in E", and
define the operator L = |u)(v|. We have

(ealLey) = (eqlu)(vles) = uqvp,

(ep|Leq) = (eplu)(viea) = upva,

so we conclude that the operator L = |u)(v]| is self-adjoint if and only if u = v.

Exercise 10.2.7 Let ¢ be a self-adjoint endomorphism of the euclidean space E”,
and let the basis B = (ey, . . ., ¢,) made of orthonormal eigenvectors for ¢ with corre-
sponding eigenvalues (A, .. ., A,) (notnecessarily all distinct). A direct computation
shows that, in the Dirac’s notation, the action of ¢ can be written as

¢ = )\1|€1>(€1| +--- 4+ /\nlen)(enla
so that, for any v € E", one writes

P(v) = Atler)(eilv) + - + Ailen) (enlv).

10.3 Orthogonal Projections

As we saw in Chap. 3, given any vector subspace W C E”", with orthogonal com-
plement W+ we have a direct sum decomposition E” = W @& W+, so for any vector
v € E" we have (see the Proposition 3.2.5) a unique decomposition v = vy + vyL.
This suggests the following definition.

Definition 10.3.1 Given the (canonical) euclidean space E" with W C E" a vector
subspace and the orthogonal sum decomposition v = vy + vy, the map

Py : E" — E", V> Uy

is linear, and it is called the orthogonal projection onto the subspace W. The dimen-
sion of W is called the rank of the orthogonal projection Py .

If W C E" itis easy to see that Im(Py) = W while ker(Py) = W+. Moreover,
since Py acts as an identity operator on its range W, one also has PVZV = Py. If
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u, v are vectors in E", with orthogonal sum decomposition # = uy + uy: and v =
vw + vyL, we can explicitly compute

Py -v=uy- - (vy + vys)
=uwy - vy and

u- Py(v) = (uw +uwr) - vy
=Uwy - Vw.
This shows that orthogonal projectors are self-adjoint endomorphisms. To which
extent can one reverse these computations, that is can one characterise, within all
self-adjoint endomorphisms, the collection of orthogonal projectors? This is the
content of the next proposition.

Proposition 10.3.2 Given the euclidean vector space E", an endomorphism
¢ € End(E") is an orthogonal projection if and only if it is self-adjoint and sat-
isfies the condition ¢* = ¢.

Proof We have already shown that the conditions are necessary for an endomorphism
to be an orthogonal projection in E”. Let us now assume that ¢ is a self-adjoint
endomorphism fulfilling ¢*> = ¢. For any choice of u, v € E" we have

(A=) - () = u-pv) — du) - P(v)
=u-¢p() — u-¢*(v)
= u-¢p(v) —u-d) =0

with the second line coming from the self-adjointness of ¢ and the third line from
the condition ¢> = ¢. This shows that the vector subspace Im(1 — ¢) is orthogo-
nal to the vector subspace Im(¢). We can then decompose any vector y € E" as
an orthogonal sum y = yim—¢) + Yime + &, Where  is an element in the vector
subspace orthogonal to the sum Im(1 — ¢) @ Im(¢). For any u € E" and any such
vector £ we have

Pw)-£=0, (A=) -{=0.

These conditions give that # - £ = 0 for any u € E", so we can conclude that £ = 0.
Thus we have the orthogonal vector space decomposition

E" = Im(l = ¢) & Im(¢).

We show next that ker(¢) = Im(1 — ¢). If u € Im(1 — ¢), we have u = (1 — ¢)v
with v € E", thus ¢(u) = ¢(1 — ¢)v = 0, that is Im(1 — ¢) C ker(¢). Conversely,
if u € ker(¢), then ¢(u) - v =0 for any v € E", and u - ¢(v) = 0, since ¢ is self-
adjoint, which gives ker(¢) € (Im(¢))* and ker(¢) € Im(1 — ¢), from the decom-
position of E" above.
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Ifw € Im(¢),thenw = ¢(x) foragivenx € E", thus p(w) = ¢*(x) = p(x) = w.
We have shown that we can identify ¢ = Pyyg). This concludes the proof. O

Exercise 10.3.3 Consider the three dimensional euclidean space E* with canon-
ical basis and take W = L£((1, 1, 1)). Its orthogonal subspace is given by the
vectors (x, y, z) whose components solve the linear equation ¥ : x +y +z =0,
so we get Sy = W+ = L£((1,—1,0), (1,0, —1)). The vectors of the canonical
basis when expressed with respect to the vectors u#; = (1, 1, 1) spanning W and
uy = (1, —1,0), uz = (1,0, —1) spanning W+, are written as

1
e = §(M1+”2+M3),
1
e = 5(“1—2M2+M3),
1
e3 = g(ul+uz—2M3)-
Therefore,
Py (e1) : Py (e2) : Py (e3) :
e)) = —uj, e) = —uj, e3) = —uj,
w (e 3 w(e2 3 w(e3 3
and

1 1 1
Pyi(er) = 3 (w2 +u3z),  Pyi(er) = 3 (—2uz +u3),  Pyir(e3) = 3 (2 — 2u3).

Remark 10.3.4 Given an orthogonal space decomposition E" = W @ W+, the union
of the basis By and By of W and W+, is a basis B for W. It is easy to see that the
matrix associated to the orthogonal projection operator Py with respect to such a
basis 5 has a block diagonal structure

1---00---0
55 |0--10---0
Mp,” = 0---00---01"

0---00---0

where the order of the diagonal identity block is the dimension of W = Im(Py ). This
makes it evident that an orthogonal projection operator is diagonalisable: its spectrum
contains the real eigenvalue A = 1 with multiplicity equal to m—; = dim(W) and
the real eigenvalue A\ = 0 with multiplicity equal to my—o = dim(W1).

It is clear that the rank of Py (the dimension of W) is given by the trace tr(M ff )
irrespectively of the basis chosen to represent the projection (see the Proposi-
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tion9.1.5) since as usual, for a change of basis with matrix M B.C one has that
My C = MCBMpPMEC, with MBC = (MCB)~.

Exercise 10.3.5 The matrix

=i

is symmetric and satisfies M? = M forany a € (0, 1]. With respect to an orthonormal
basis (e, ey) for E?, it is then associated to an orthogonal projection with rank given
by tr(M) = 1. In order to determine its range, we diagonalise M. Its characteristic
polynomial is

pu(T) =detM —TL)=T>—-T

and the eigenvalues are then A =0 and A = 1. Since they are both simple, the
matrix M is diagonalisable. The eigenspace V,—; corresponding to the range of the
orthogonal projection is one dimensional and given as the solution (x, y) of the

system
(=) 0= 6)

that is (x, / ]%x) with x € R. This means that the range of the projection is given

by L((1,,/E=9).
We leave as an exercise to show that M is the most general rank 1 orthogonal
projection in EZ.

Exercise 10.3.6 We know from Exercise 10.2.6 that the operator L = |u) (u] is self-
adjoint. We compute
L? = |u) {ulu) (| = [lul’L.

Thus such an operator L is an orthogonal projection if and only if ||u|| = 1. Itis then
the rank one orthogonal projection L = |u)(u| = Pr ).

Let us assume that W; and W, are two orthogonal subspaces (to be definite we
take W, € Wjb). By using for instance the Remark 10.3.4 it is not difficult to show
that Py, Py, = Pw, Py, = 0. As a consequence,

(Pw, + Pw,)(Pw, + Pw,) = Py, + Py, + Pw, Py, + Pw,Pw, = (Pw, + Py,).

Since the sum of two self-adjoint endomorphisms is self-adjoint, we can conclude
(from Proposition 10.3.2) that the sum Py, + Py, is an orthogonal projector, with
Py, + Pw, = Pw,ew,. This means that with two orthogonal subspaces, the sum of
the corresponding orthogonal projectors is the orthogonal projection onto the direct
sum of the given subspaces.
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These results can be extended. If the euclidean space has a finer orthogonal
decomposition, that is there are mutually orthogonal subspaces {W,},—;. ...
E"=W,®---® W;, then we have a corresponding set of orthogonal projectors
Py,. We omit the proof of the following proposition, which we shall use later on in
the chapter.

Proposition 10.3.7 If E" = W, & - - - & W) with mutually orthogonal subspaces
Wa., a =1,...,k, then the following hold:

(a) Foranya,b=1,...,k, one has
Py, Py, = Oqp Py, .

(b) If W= Wa, @ - @ W,, is the vector subspace given by the direct sum of the
orthogonal subspages {Wy,} with a; any subset of (1, ..., k) without repeti-
tion, then the sum P = Py, + ...+ Pw, is the orthogonal projection operator
P = Py.

(c) Foranyv € E", one has

V= (PW] +---+ Pwk)(v).
Notice that point (c) shows that the identity operator acting on E” can be decom-

posed as the sum of all the orthogonal projectors corresponding to any orthogonal
subspace decomposition of E”".

Remark 10.3.8 All we have described for the euclidean space E" can be natu-
rally extended to the hermitian space (C", -) introduced in Sect. 3.4. If for example
(eq, ..., e,) gives a hermitian orthonormal basis for H", the orthogonal projection
onto W, = L(e,) can be written in the Dirac’s notation (see the Exercise 10.3.6) as

Py, = les){eal,

while the orthogonal projection onto W= Wy @ --- @ W,, (point b) of the Propo-
sition 10.3.7) as
Pﬁ/ = |ea1)(ea|| + 4+ |eu5><eas|'

The decomposition of the identity operator can be now written as
idgn = ler){ei] + -+ len)(enl.
Thus, any vector v € H" can be decomposed as

v=|v) = ler){er]v) + - -+ len)(en|v).
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10.4 The Diagonalization of Self-adjoint Endomorphisms

The following theorem is a central result for the diagonalization of real symmetric
matrices.

Theorem 10.4.1 Let A € R™" be symmetric, 'A = A. Then, any root of its charac-
teristic polynomial p(T) is real.

Proof Let us assume A to be a root of p4(T). Since p4(T) has real coefficients,
its roots are in general complex (see the fundamental theorem of algebra, Theo-
remA.5.7). We therefore think of A as the matrix associate to an endomorphism

¢: C"— C",

with M(f’g = A with respect to the canonical basis £ for C" as a complex vector
space. Let v be a non zero eigenvector for ¢, that is

o(v) = Av.
By denoting with X the column of the components of v = (x4, ..., x,,) with respect
to £, we write
X = "(x1,..., %), AX = M\X.

Under complex conjugation, with A = A since A has real entries, we get
X ="(%,....5), AX = A\X.
From these relations we can write the scalar X AX in the following two ways,

XAX = 'X(AX) = 'XO\X) = AN (XX)
and  XAX = (XA)X = "(AX)X = "OX)X = A(XX).

By equating them, we have o
A=N(XX) = 0.

The quantity XX = Xi1x1 +Xoxa+ -+ Xpxp, IS a positive real number, since

v # Ocn; we can then conclude A = A, thatis A € R. O

Example 10.4.2 The aim of this example is threefold, namely

e it provides an ad hoc proof of the Theorem 10.4.1 for symmetric 2 x 2 matrices;

e it provides a direct proof for the Proposition 10.2.2 for symmetric 2 x 2 matrices;

e itshows that, if ¢ is a self-adjoint endomorphismin E 2 then E? has an orthonormal
basis made up of eigenvectors for ¢. This result anticipates the general result which
will be proven in the Theorem 10.4.5.
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We consider then a symmetric matrix A € R>?,
A = <l111 6112) )
apz axp
Its characteristic polynomial p4(T) = det(A — T I,) is then
pa(T) = T? — (ay; + an)T + ajjaxn — ai,.
The discriminant of this degree 2 characteristic polynomial p4(7') is not negative:

A = (a1 + ax)® — 4(aaxn — ajy)

(a1 — an)* +4a’, > 0

being the sum of two square terms; therefore the roots A;, A\, of p4(7T') are both real.
We prove next that A is diagonalisable, and that the matrix P giving the change of
basis is orthogonal. We consider the endomorphism ¢ corresponding to A = M(f’g,

for the canonical basis € for E2, and compute the eigenspaces V), and V).

e If A =0, then a;; = ay» and @, = 0. The matrix A is already diagonal, so we
may take P = I,. There is only one eigenvalue \; = a;; = ap,. Its algebraic mul-
tiplicity is 2 and its geometric multiplicity is 2, with corresponding eigenspace
Vy, = E%

e If A > O the characteristic polynomial has two simple roots A\; # A, with corre-
sponding one dimensional orthogonal (from the Proposition 10.2.2) eigenspaces
Vy, and V,,. The change of basis matrix P, whose columns are the normalised
eigenvectors

V1 U2

vl lloall”

is then orthogonal by construction. We notice that P can be always chosen to be
an element in SO(2), since a permutation of its columns changes the sign of its
determinant, and is compatible with the permutation of the eigenvalue A, A, in
the diagonal matrix.

In order to explicitly compute the matrix P we see that the eigenspace V), for any
i = 1, 21s given by the solutions of the linear homogeneous system associated to the

matrix
ap — A\ a
A—ND = 11 i 12 '
ap  ap— A\

Since we already know that dim(V),) = I, such a linear system is equivalent to a
single linear equation. We can write

Vi = {(x,y) : (@1 — A)x +apy =0}
= L((—ap,an — \)) = L(v),
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where we set
v = (—an,ain — A1),  va = (—ap,an — A).
For the scalar product,
v vy = aly +al — O+ A)a + A =0
since one has
M+X=an+an, Ml =anan —aj,.
Exercise 10.4.3 We consider again the symmetric matrix
= (57
from the Exercise 10.2.4. Its characteristic polynomial is
pa(T) = det(A — Th) = pa(T) = T? — 5T +5,

with roots |
A =5 (5% V5).

The corresponding eigenspaces V. are the solutions of the homogeneous linear
systems associated to the matrices

A—M\D =

1((—1¢ﬁ) -2 )
2 2 1+

one has dim(V.) = 1, so each system is equivalent to a single linear equation, that
is

Vi = L((=2,1£5) = L(va),
where

vy = (=2,14++5), v = (=2,1-+5),

and one computes that
vy v =4—-4=0,
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that is the eigenspaces are orthogonal. The elements

Uy v_
= M2
oy |

o1l

form an orthonormal basis for E? of eigenvectors for the endomorphism ¢ ,.

We present now the fundamental result of this chapter, that is the spectral theorem
for self-adjoint endomorphisms and for symmetric matrices. Towards this, it is worth
mentioning that the whole theory, presented in this chapter for the euclidean space
E", can be naturally formulated for any finite dimensional real vector space equipped
with a scalar product (see Chap. 3).

Definition 10.4.4 Let ¢ : V — V be an endomorphism of the real vector space
V, and let Vcv be a vector subspace in V. If the image of V for ¢ is asubset of the
same V (that is, qS(V) C V) there is a well defined endomorphism ¢y : V>V
given by ~

oy (v) = d(v), forall veV

(clearly a linear map). The endomorphism ¢ acts in the same way as the endomor-
phism ¢, but on a restricted domain. This is why ¢ is called the restriction to V

of ¢.

Proposition 10.4.5 (Spectral theorem for endomorphisms) Let (V, -) be a real vec-
tor space equipped with a scalar product, and let ¢ € End(V). The endomorphism
¢ is self-adjoint if and only if V has an orthonormal basis of eigenvectors for ¢.

Proof Letus assume the orthonormal basis C for V is made of eigenvectors for ¢. This
implies that Mg’c is diagonal and therefore symmetric. From the Theorem 10.2.3 we
conclude that ¢ is self-adjoint.

The proof of the converse is by induction on n = dim(V'). For n = 2 the state-
ment is true, as we explicitly proved in the Example 10.4.2. Let us then assume it
to be true for any (n — 1)-dimensional vector space. Then, let us consider a real
n-dimensional vector space (V, -) equipped with a scalar product, and let ¢ be a
self-adjoint endomorphism on V. With B an orthonormal basis for V (remember
from the Theorem3.3.9 that such a basis always exists V finite dimensional), the
matrix A = M f B s symmetric (from the Theorem 10.2.3) and thus any root of the
characteristic polynomial p4(7T) is real. Denote by A one such an eigenvalue for ¢,
with v; a corresponding eigenvector that we can assume of norm 1.

Then, let us consider the orthogonal complement to the vector line spanned
by vy,

= (L))"

In order to meaningfully define the restriction to V of ¢, we have to verify that for
any v € V one has ¢(v) € V, that is, we have to prove the implication

v-uyy =0 = ¢Ww) v =0.
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By recalling that ¢ is self-adjoint and ¢(v;) = Av; we can write

p) - v = v-o(w) = v-(Avy)
=A(w-v) =0.

This proves that ¢ can be restricted to a ¢y : V >V, clearly self-adjoint. Since
dim(\7) = n — 1, by the inductive assumption there existn — 1 elements (v, ..., v,)
of eigenvectors for ¢ making up an orthonormal basis for V. Since ¢y isarestriction
of ¢, the elements (v2,~.. ., Uy) are eigenvectors for ¢ as well, and orthogonal to v;
as they all belong to V. Then the elements (v, vy, ..., v,) are orthonormal and
eigenvectors for ¢. Being n = dim(V), they are an orthonormal basis for V. ]

10.5 The Diagonalization of Symmetric Matrices

There is a counterpart of Proposition 10.4.5 for symmetric matrices.

Proposition 10.5.1 (Spectral theorem for symmetric matrices) Let A € R™" be sym-
metric. There exists an orthogonal matrix P such that'P A P is diagonal. This result is
often referred to by saying that symmetric matrices are orthogonally diagonalisable.

Proof Let us consider the endomorphism ¢ = ng‘E : E" — E", which is self-
adjoint since A is symmetric and £ is the canonical basis (see the Theorem 10.2.3).
From the Proposition 10.4.5, the space E" has an orthonormal basis C of eigenvectors
for ¢, so the matrix Mg’c is diagonal. From Theorem 7.9.9 we can write

MC,C — MC,£ Mcf:,ci' ME,C.

¢ 0]

Since MOS’S = A, by setting P = M%¢ we have that P~'AP is diagonal. The
columns of the matrix P are given by the components with respect to £ of the
elements in C, so P is orthogonal since C is orthonormal. O

Remark 10.5.2 The orthogonal matrix P can always be chosen in SO(n), since, as
already mentioned, the sign of its determinant changes under a permutation of two
columns.

Exercise 10.5.3 Consider ¢ € End(R*) given by

d)((x?y’z’t)) = (x+y’-x+y’ _Z+I,Z_t).
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Its corresponding matrix with respect to the canonical basis £ in R* is given by

110 0
_se _|110 0
A=M"=1o0-11

00 1 —1

Being A symmetric and £ orthonormal, than ¢ is self-adjoint. Its characteristic poly-
nomial is

po(T) = pa(T) = det(A — T Iy)

1-7 1 —1-T 1
1 1-T7T 1 —1-T

=TT = 2)(T +2).

The eigenvalues are then A\; = 0 with (algebraic) multiplicity m(0) = 2, A, = -2
with m(—2) = 1 and )\, = 2 with m(2) = 1. The corresponding eigenspaces are
computed to be

Vo = ker() = L£((1,—1,0,0), (0,0, 1, 1)),
V., = ker(¢ — 21Iy) = L((1, 1,0, 0)),
Vo = ker(é — I) = L£((0,0, 1, —1))

and as we expect, these three eigenspaces are mutually orthogonal, with the two
basis vectors spanning V|, orthogonal as well. In order to write the matrix P which
diagonalises A one just needs to normalise such a system of four basis eigenvectors.
We have

1010 000 0
I [-1010 ; 0000
P‘ﬁ o101 | FAP=1loo-20]

0 10-1 000 2

where we have chosen an ordering for the eigenvalues that gives det(P) = 1.

Corollary 10.5.4 Let ¢ € End(E"). If the endomorphism ¢ is self-adjoint then it is
simple.

Proof The proof is immediate. From the Proposition 10.4.5 we know that the self-
adjointness of ¢ implies that £” has an orthonormal basis of eigenvectors for ¢. From
the Remark 9.2.3 we conclude that ¢ is simple. (]
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Exercise 10.5.5 The converse of the previous corollary does not hold in general.
Consider for example the endomorphism ¢ in E? whose matrix with respect to the

canonical basis £ is
11
A= (1)

An easy calculation gives for the eigenvalues A\; =1 e A\, = —1 and ¢ is (see the
Corollary 9.4.2) therefore simple. But ¢ is not self-adjoint, since

P(e1) -e2 = (1,0)- (0, 1) =0,
er-Plex) = (1,0)- (1, =1) =1,

or simply because A is not symmetric. The eigenspaces are given by
Vl = ‘C((lv O))? V,l = ‘C((l’ _2))’

and they are not orthogonal. As a further remark, notice that the diagonalising matrix
11
r= (o)

What we have shown in the previous exercise is a general property characterising
self-adjoint endomorphisms within the class of simple endomorphisms, as the next
theorem shows.

is not orthogonal.

Theorem 10.5.6 Let ¢ € End(E") be simple, with V,, ..., V), the corresponding
eigenspaces. Then ¢ is self-adjoint if and only if V\, L V), foranyi # j.

Proof That the eigenspaces corresponding to distinct eigenvalues are orthogonal for
a self-adjoint endomorphism comes directly from the Proposition 10.2.2.
Conversely, let us assume that ¢ is simple, so that E" = V) @ --- @ V). The
union of the bases given by applying the Gram-Schmidt orthogonalisation proce-
dure to an arbitrary basis for each Vs yield an orthonormal basis for E”, which is
clearly made of eigenvectors for ¢. The statement then follows from the
Proposition 10.4.5. O

Exercise 10.5.7 The aim of this exercise is to define (if possible) a self-adjoint
endomorphism¢ : E3 — E3 suchthatker(¢) = £((1,2, 1) and \; =1, Xy =2
are eigenvalues of ¢.

Since ker(¢) # {(0,0,0)}, then A\;3 =0 is the third eigenvalue for ¢, with
ker(¢) = Vp. Thus ¢ is simple since it has three distinct eigenvalues, with E* =
Vi @ V2 @ Vp. In order for ¢ to be self-adjoint, we have to impose that V), L V),
for all i # j. In particular, one has ‘

(ker(®) " = (Vo) = Vi @ Vs,
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We compute

(L£((1,2, ))*
{(a, B, —ax—=20) : a,f € R}
= L((1,0,—-1), (a, b, c))

(ker ()™

where we impose that (a, b, ¢) belongs to L£((1,2, 1)* and is orthogonal to
(1,0, —1). By setting
1,2,1)-(a,b,c) =0
(1,0, =1)-(a,b,c)=0"
we have (a, b, c) = (1, —1, 1), so we select
Vi = L((1,0, —1)), Vo = L((1, —1, 1)).

Having a simple ¢ with mutually orthogonal eigenspaces, the endomorphism ¢ self-
adjoint. To get a matrix representing ¢ we can choose the basis in E3

B = ((1,0,—-1), (1, -1, 1), (1,2, 1)),

thus obtaining
100
MPE =020
000

By defining e; = (1,0, —1), e = (1, —1, 1) we can write, in the Dirac’s notation,
¢ = ler){e1| + 2|ea)(ea].

Exercise 10.5.8 This exercise defines a simple, but not self-adjoint, endomor-
phism¢ : E* — E3 such that ker(¢) = L£((1, —1, 1)) and Im(¢) = (ker(¢))*.

We know that ¢ has the eigenvalue \; = 0 with Vy = ker(¢). For ¢ to be simple,
the algebraic multiplicity of the eigenvalue \; must be 1, and there have to be two
additional eigenvalues )\, and A3 with either A\, = A3 or \y # A3. If A\, = A3, one
has then

Vy, =Im(f) = (ker(f)* = (V)"

In such a case, ¢ would be a simple endomorphism with mutually orthogonal
eigenspaces for distinct eigenvalues. This would imply ¢ to be self-adjoint. Thus
to satisfy the conditions we require for ¢ we need A\, # 3. In such a case, one has
Vy, @ V), = Im(¢) and also clearly V), L Vj fori = 2, 3. In order for ¢ to be sim-
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ple but not self-adjoint, we select the eigenspaces V), and V), to be not mutually
orthogonal subspaces in Im( f). Since

Im(f) = (£((1, -1, D)+
={(x,y,2) : x—y+2z=0}
= L((1,1,0), (0,1, 1))

we can choose
Vy, = L((1,1,0)), Vi, = L((0, 1, 1)).

If we set B = ((1, -1, 1), (1,1,0), (0, 1, 1)) (clearly not an orthonormal basis for
E?), we have

o

0
Mf’B = {0\
‘ 0

o o

o
>

3

Exercise 10.5.9 Consider the endomorphism ¢ : E? — E? whose corresponding
matrix with respect to the basis B = (v; = (1, 1,0), v, = (1, —1,0), v3 = (0,0, —1)) is

100
MPE =020
| 003

With & as usual the canonical basis for E?, in this exercise we would like to determine:

(1) an orthonormal basis C for E* given by eigenvectors for ¢,
(2) the orthogonal matrix M¢-C,

(3) the matrix M,

(4) the matrix Mg’g,

(5) the eigenvalues of ¢ with their corresponding multiplicities.

(1) We start by noticing that, since M f B is diagonal, the basis B is given by eigen-
vectors of ¢, as the action of ¢ on the basis vectors in 3 can be clearly written
as ¢(vy) = vy, ¢(v2) = 2v;, ¢(v3) = 3vz. The basis B is indeed orthogonal, but
not orthonormal, and for an orthonormal basis C of eigenvectors for ¢ we just
need to normalize, that is to consider

] U2 U3

Uy = —0, Uy =, Uz =
vl flvzl l[vsll

justobtaining C = (5 (1, 1,0), 75(1, =1,0), (0,0, = 1)). While the existence

of such a basis C implies that ¢ is self-adjoint, the self-adjointness of ¢ could

not be derived from the matrix M f ‘B which is symmetric with respect to a basis

B which is not orthonormal.
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From its definition, the columns of M¢C are given by the components with
respect to £ of the vectors in C. We then have

AR
MEC = — |1-1 0
V2 \o 0 -v2

o1 ) )
We know that M€ = (M%), Since the matrix above is orthogonal, we
have

1 11 0
MC,é' — Z(MS,C) - 1 =1 0
V2
00 —v2

From the Theorem 7.9.9 we have
M:Z,s — MEC Mg,c MCE.

Since MOC‘C = M@B‘B, the matrix M(f’g can be now directly computed.
Clearly, from Mf"B the eigenvalues for ¢ are all simple and givenby A = 1, 2, 3.
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