
Chapter 10
Spectral Theorems on Euclidean Spaces

In Chap.7 we studied the operation of changing a basis for a real vector space. In
particular, in the Theorem7.9.6 and the Remark7.9.7 there, we showed that any
matrix giving a change of basis for the vector spaceRn is an invertible n × n matrix,
and noticed that any n × n invertible yields a change of basis for Rn .

In this chapter we shall consider the endomorphisms of the euclidean space
En = (Rn, ·), where the symbol · denotes the euclidean scalar product, that we
have described in Chap.3.

10.1 Orthogonal Matrices and Isometries

Aswe noticed, the natural notion of basis for a euclidean space is that of orthonormal
one. This restricts the focus to matrices which gives a change of basis between
orthonormal bases for En .

Definition 10.1.1 A square matrix A ∈ R
n,n is called orthogonal if its columns

form an orthonormal basis B for En . In such a case A = ME,B, that is A is the
matrix giving the change of basis from the canonical basis E to the basis B.
It follow from this definition that an orthogonal matrix is invertible.

Exercise 10.1.2 The identity matrix In is clearly orthogonal for each En . Since the
vectors

v1 = 1√
2
(1, 1), v2 = 1√

2
(1,−1)
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152 10 Spectral Theorems on Euclidean Spaces

form an orthonormal basis for E2, the matrix

A = 1√
2

(
1 1
1 −1

)

is orthogonal.

Proposition 10.1.3 A matrix A is orthogonal if and only if

tA A = In,

that is if and only if A−1 = tA.

Proof With (v1, . . . , vn) a system of vectors in En , we denote by A = (v1 · · · vn)
the matrix with columns given by the given vectors, and by

tA =
⎛
⎜⎝

tv1
...

tvn

⎞
⎟⎠

its transpose. We have the following equivalences. The matrix A is orthogonal (by
definition) if and only if (v1, . . . , vn) is an orthonormal basis for En , that is if and
only if vi · v j = δi j for any i, j . Recalling the representation of the row by column
product of matrices, one has vi · v j = δi j if and only if (tAA)i j = δi j for any i, j ,
which amounts to say that tAA = In . �

Exercise 10.1.4 For the matrix A considered in the Exercise10.1.2 one has easily
compute that A = tA and A2 = I2.

Exercise 10.1.5 The matrix

A =
(
1 0
1 1

)

is not orthogonal, since

tAA =
(
1 1
0 1

) (
1 0
1 1

)
=

(
2 1
1 1

)
�= I2.

Proposition 10.1.6 If A is orthogonal, then det(A) = ±1.

Proof This statement easily follows from the Binet Theorem 5.1.16: with tAA = In ,
one has

det(tA) det(A) = det(In) = 1,

and the Corollary5.1.12, that is det(tA) = det(A), which then implies
(det(A))2 = 1. �
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Remark 10.1.7 The converse to this statement does not hold. The matrix A from the
Exercise10.1.5 is not orthogonal, while det(A) = 1.

Definition 10.1.8 An orthogonal matrix Awith det(A) = 1 is called special orthog-
onal.

Proposition 10.1.9 The set O(n) of orthogonal matrices in R
n,n is a group, with

respect to the usual matrix product. Its subset SO(n) = {A ∈ O(n) : det(A) = 1}
is a subgroup of O(n) with respect to the same product.

Proof We prove that O(n) is stable under thematrix product, has an identity element,
and the inverse of an orthogonal matrix is orthogonal as well.

• The identity matrix In is orthogonal, as we already mentioned.
• If A and B are orthogonal, then we can write

t (AB)AB = tB tAAB

= tB In B

= tBB = In,

that is, AB is orthogonal.
• If A is orthogonal, tAA = In , then

t (A−1)A−1 = (A tA)−1 = In,

that proves that A−1 is orthogonal.

From the Binet theorem it easily follows that the set of special orthogonal matrices
is stable under the product, and the inverse of a special orthogonal matrix is special
orthogonal. �

Definition 10.1.10 The group O(n) is called the orthogonal group of order n, its
subset SO(n) is called the special orthogonal group of order n.

We know from the Definition10.1.1 that a matrix is orthogonal if and only if
it is the matrix of the change of basis between the canonical basis E (which is
orthonormal) and a second orthonormal basis B. A matrix A is then orthogonal if
and only if A−1 = tA (Proposition10.1.3).

The next theorem shows that we do not need the canonical basis. If one defines
a matrix A to be orthogonal by the condition A−1 = tA, then A is the matrix for
a change between two orthonormal bases and viceversa, any matrix A giving the
change between orthonormal bases satisfies the condition A−1 = tA.

Theorem 10.1.11 Let C be an orthonormal basis for the euclidean vector space En,
with B another (arbitrary) basis for it. The matrix MC,B of the change of basis from
C to B is orthogonal if and only if also the basis B is orthonormal.
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Proof We start by noticing that, since C is an orthonormal basis, the matrix ME,C

giving the change of basis between the canonical basis E and C is orthogonal by the
Definition10.1.1. It follows that, being O(n) a group, the inverse MC,E = (ME,C)−1

is orthogonal. With B an arbitrary basis, from the Theorem 7.9.9 we can write

MC,B = MC,E ME,E ME,B

= MC,E In M
E,B = MC,EME,B.

Firstly, let us assume B to be orthonormal. We have then that ME,B is orthogonal;
thus MC,B is orthogonal since it is the product of orthogonal matrices.

Next, let us assume that MC,B is orthogonal; from the chain relations displayed
above we have

ME,B = (MC,E)−1MC,B = ME,CMC,B.

This matrix ME,B is then orthogonal (being the product of orthogonal matrices), and
therefore B is an orthonormal basis. �

We pass to endomorphisms corresponding to orthogonal matrices. We start by
recalling, from the Definition3.1.4, that a scalar product has a ‘canonical’ form
when it is given with respect to orthonormal bases.

Remark 10.1.12 Let C be an orthonormal basis for the euclidean space En . If
v,w ∈ En are given by v = (x1, . . . , xn)C and w = (y1, . . . , yn)C , one has that
v · w = x1y1 + · · · + xn yn . By denoting X and Y the one-column matrices whose
entries are the components of v,w with respect to C, that is

X =
⎛
⎜⎝
x1
...

xn

⎞
⎟⎠ , Y =

⎛
⎜⎝
y1
...

yn

⎞
⎟⎠ ,

we can write

v · w = x1y1 + · · · + xn yn = (
x1 . . . xn

)
⎛
⎜⎝
y1
...

yn

⎞
⎟⎠ = tXY.

Theorem 10.1.13 Let φ ∈ End(En), with E the canonical basis of En. The follow-
ing statements are equivalent:

(i) The matrix A = ME,E
φ is orthogonal.

(ii) It holds that φ(v) · φ(w) = v · w for any v,w ∈ En.
(iii) IfB = (b1, . . . , bn) is anorthonormal basis for En, then the setB′ = (φ(b1), . . . ,

φ(bn)) is such.
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Proof (i) ⇒ (ii): by denoting X = tv and Y = tw we can write

v · w = tXY, φ(v) · φ(w) = t (AX)(AY ) = tX (tAA)Y,

and since A is orthogonal, tAA = In , we conclude that φ(v) · φ(w) = v · w for
any v,w ∈ En .

(ii) ⇒ (iii): let A = MC,C
φ be the matrix of the endomorphismφ with respect to the

basis C. We start by proving that A is invertible. By adopting the notation used
above, we can represent the condition φ(v) · φ(w) = v · w as t (AX)(AY ) =
tXY for any X,Y ∈ En . It follows that tAA = In , that is A is orthogonal, and
then invertible. This means (see Theorem7.8.4) that φ is an isomorphism, so it
maps a basis for En into a basis for En . If B is an orthonormal basis, then we
can write

φ(bi ) · φ(b j ) = bi · b j = δi j

which proves that B′ is an orthonormal basis.
(iii) ⇒ (i): since E , the canonical basis for En , is orthonormal, then (φ(e1), . . . ,

φ(en)) is orthonormal. Recall the Remark7.1.10: the components with respect
to E of the elements φ(ei ) are the column vectors of the matrixME,E

φ , thus ME,E
φ

is orthogonal. �

We have seen that, if the action of φ ∈ End(En) is represented with respect to the
canonical basis by an orthogonal matrix, then φ is an isomorphism and preserves the
scalar product, that is, for any v,w ∈ En one has that,

v · w = φ(v) · φ(w).

The next result is therefore evident.

Corollary 10.1.14 If φ ∈ End(En) is an endomorphism of the euclidean space En

whose corresponding matrix with respect to the canonical basis is orthogonal then
φ preserves the norms, that is, for any v ∈ En one has

‖φ(v)‖ = ‖v‖.

This is the reason why such an endomorphism is also called an isometry.

The analysis we developed so far allows us to introduce the following definition,
which will be more extensively scrutinised when dealing with rotations maps.

Definition 10.1.15 If φ ∈ End(En) takes the orthonormal basis B = (b1, . . . , bn)
to the orthonormal basis B′ = (b′

1 = φ(b1), . . . , b′
n = φ(bn)) in En , we say that B

and B′ have the same orientation if the matrix representing the endomorphism φ is
special orthogonal.
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Remark 10.1.16 It is evident that this definition provides an equivalence relation
within the collection of all orthonormal bases for En . The corresponding quotient
can be labelled by the values of the determinant of the orthogonal map giving the
change of basis, that is det φ = {±1}. This is usually referred to by saying that the
euclidean space En has two orientations.

10.2 Self-adjoint Endomorphisms

We need to introduce an important class of endomorphisms.

Definition 10.2.1 An endomorphismφ of the euclidean vector space En is called
self-adjoint if

φ(v) · w = v · φ(w) ∀ v,w ∈ E .

From the Proposition9.2.11 we know that eigenvectors corresponding to dis-
tinct eigenvalues are linearly independent. When dealing with self-adjoint endomor-
phisms, a stronger property holds.

Proposition 10.2.2 Let φ be a self-adjoint endomorphism of En, with λ1,λ2 ∈ R

different eigenvalues for it. Any two corresponding eigenvectors, 0 �= v1 ∈ Vλ1 and
0 �= v2 ∈ Vλ2 , are orthogonal.

Proof Since φ is self-adjoint, one has φ(v1) · v2 = v1 · φ(v2) while, v1 and v2 being
eigenvectors, one has φ(vi ) = λivi for i = 1, 2. We can then write

(λ1v1) · v2 = v1 · (λ2v2)

which reads

λ1(v1 · v2) = λ2(v1 · v2) ⇒ (λ2 − λ1)(v1 · v2) = 0.

The assumption that the eigenvalues are different allows one to conclude that
v1 · v2 = 0, that is v1 is orthogonal to v2. �

The self-adjointness of an endomorphism can be characterised in terms of proper-
ties of thematrices representing its action on En .We recall from theDefinition4.1.21
that a matrix A = (ai j ) ∈ R

n,n is called symmetric if tA = A, that is if one has
ai j = a ji , for any i, j .

Theorem 10.2.3 Let φ ∈ End(En) and B an orthonormal basis for En. The endo-
morphism φ is self-adjoint if and only if MB,B

φ is symmetric.
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Proof Using the usual notation, we set A = (ai j ) = MB,B
φ and X,Y be the columns

giving the components with respect to B of the vectors v,w in En . From the
Remark10.1.12 we write

φ(v) · w = t (AX)Y = (tX tA)Y = tX tAY

and v · φ(w) = tX (AY ) = tX AY.

Let us assume A to be symmetric. From the relations above we conclude that φ(v) ·
w = v · φ(w) for any v,w ∈ En , that is φ is self-adjoint.

If we assume φ to be self-adjoint, then we can equate

tX tAY = tX AY

for any X,Y in Rn . If we let X and Y to range on the elements of the canonical basis
E = (e1, . . . , en) in R

n , such a condition is just the fact that ai j = a ji for any i, j ,
that is A is symmetric. �

Exercise 10.2.4 The following matrix is symmetric:

A =
(

2 −1
−1 3

)
.

Then the endomorphism φ ∈ End(E2) corresponding to A with respect to the
canonical basis is self-adjoint. This can also be shown by a direct calculation:
φ((x, y)) = (2x − y,−x + 3y); then

(a, b) · φ((x, y)) = a(2x − y) + b(−x + 3y)

= (2a − b)x + (−a + 3b)y

= φ((a, b)) · (x, y).

Exercise 10.2.5 The following matrix is not symmetric

B =
(

1 1
−1 0

)
.

Thecorresponding (with respect to the canonical basis) endomorphismφ ∈ End(E2)

is indeed not self-adjoint since for instance,

φ(e1) · e2 = (1,−1) · (0, 1) = −1,

e1 · φ(e2) = (1, 0) · (1, 0) = 1.

An important family of self-adjoint endomorphisms is illustrated in the following
exercise.
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Exercise 10.2.6 We know from Sect. 8.2 that, if B = (e1, . . . , en) is an orthonormal
basis for En , then the action of an endomorphism φ whose associated matrix is
� = MB,B

φ can be written with the Dirac’s notation as

φ =
n∑

a,b=1

�ab|ea〉〈eb|,

with �ab = 〈ea|φ(eb)〉. Then, the endomorphismφ is self-adjoint if and only if
�ab = �ba . Consider vectors u = (u1, . . . , un)B, v = (v1, . . . , vn)B in En , and
define the operator L = |u〉〈v|. We have

〈ea|Leb〉 = 〈ea|u〉〈v|eb〉 = uavb,

〈eb|Lea〉 = 〈eb|u〉〈v|ea〉 = ubva,

so we conclude that the operator L = |u〉〈v| is self-adjoint if and only if u = v.

Exercise 10.2.7 Let φ be a self-adjoint endomorphism of the euclidean space En ,
and let the basisB = (e1, . . . , en)made of orthonormal eigenvectors forφwith corre-
sponding eigenvalues (λ1, . . . ,λn) (not necessarily all distinct).Adirect computation
shows that, in the Dirac’s notation, the action of φ can be written as

φ = λ1|e1〉〈e1| + · · · + λn|en〉〈en|,

so that, for any v ∈ En , one writes

φ(v) = λ1|e1〉〈e1|v〉 + · · · + λn|en〉〈en|v〉.

10.3 Orthogonal Projections

As we saw in Chap.3, given any vector subspace W ⊂ En , with orthogonal com-
plementW⊥ we have a direct sum decomposition En = W ⊕ W⊥, so for any vector
v ∈ En we have (see the Proposition3.2.5) a unique decomposition v = vW + vW⊥ .
This suggests the following definition.

Definition 10.3.1 Given the (canonical) euclidean space En with W ⊂ En a vector
subspace and the orthogonal sum decomposition v = vW + vW⊥ , the map

PW : En → En, v �→ uW

is linear, and it is called the orthogonal projection onto the subspace W . The dimen-
sion of W is called the rank of the orthogonal projection PW .

If W ⊂ En it is easy to see that Im(PW ) = W while ker(PW ) = W⊥. Moreover,
since PW acts as an identity operator on its range W , one also has P2

W = PW . If
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u, v are vectors in En , with orthogonal sum decomposition u = uW + uW⊥ and v =
vW + vW⊥ , we can explicitly compute

PW (u) · v = uW · (vW + vW⊥)

= uW · vW and

u · PW (v) = (uW + uW⊥) · vW

= uW · vW .

This shows that orthogonal projectors are self-adjoint endomorphisms. To which
extent can one reverse these computations, that is can one characterise, within all
self-adjoint endomorphisms, the collection of orthogonal projectors? This is the
content of the next proposition.

Proposition 10.3.2 Given the euclidean vector space En, an endomorphism
φ ∈ End(En) is an orthogonal projection if and only if it is self-adjoint and sat-
isfies the condition φ2 = φ.

Proof Wehave already shown that the conditions are necessary for an endomorphism
to be an orthogonal projection in En . Let us now assume that φ is a self-adjoint
endomorphism fulfilling φ2 = φ. For any choice of u, v ∈ En we have

((1 − φ)(u)) · φ(v) = u · φ(v) − φ(u) · φ(v)

= u · φ(v) − u · φ2(v)

= u · φ(v) − u · φ(v) = 0

with the second line coming from the self-adjointness of φ and the third line from
the condition φ2 = φ. This shows that the vector subspace Im(1 − φ) is orthogo-
nal to the vector subspace Im(φ). We can then decompose any vector y ∈ En as
an orthogonal sum y = yIm(1−φ) + yImφ + ξ, where ξ is an element in the vector
subspace orthogonal to the sum Im(1 − φ) ⊕ Im(φ). For any u ∈ En and any such
vector ξ we have

φ(u) · ξ = 0, ((1 − φ)(u)) · ξ = 0.

These conditions give that u · ξ = 0 for any u ∈ En , so we can conclude that ξ = 0.
Thus we have the orthogonal vector space decomposition

En = Im(1 − φ) ⊕ Im(φ).

We show next that ker(φ) = Im(1 − φ). If u ∈ Im(1 − φ), we have u = (1 − φ)v

with v ∈ En , thus φ(u) = φ(1 − φ)v = 0, that is Im(1 − φ) ⊆ ker(φ). Conversely,
if u ∈ ker(φ), then φ(u) · v = 0 for any v ∈ En , and u · φ(v) = 0, since φ is self-
adjoint, which gives ker(φ) ⊆ (Im(φ))⊥ and ker(φ) ⊆ Im(1 − φ), from the decom-
position of En above.
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Ifw ∈ Im(φ), thenw = φ(x) for a given x ∈ En , thusφ(w) = φ2(x) = φ(x) = w.
We have shown that we can identify φ = PIm(φ). This concludes the proof. �

Exercise 10.3.3 Consider the three dimensional euclidean space E3 with canon-
ical basis and take W = L((1, 1, 1)). Its orthogonal subspace is given by the
vectors (x, y, z) whose components solve the linear equation � : x + y + z = 0,
so we get S� = W⊥ = L((1,−1, 0), (1, 0,−1)). The vectors of the canonical
basis when expressed with respect to the vectors u1 = (1, 1, 1) spanning W and
u2 = (1,−1, 0), u3 = (1, 0,−1) spanning W⊥, are written as

e1 = 1

3
(u1 + u2 + u3),

e2 = 1

3
(u1 − 2u2 + u3),

e3 = 1

3
(u1 + u2 − 2u3).

Therefore,

PW (e1) = 1

3
u1, PW (e2) = 1

3
u1, PW (e3) = 1

3
u1,

and

PW⊥(e1) = 1

3
(u2 + u3), PW⊥(e2) = 1

3
(−2u2 + u3), PW⊥(e3) = 1

3
(u2 − 2u3).

Remark 10.3.4 Given anorthogonal spacedecomposition En = W ⊕ W⊥, the union
of the basis BW and BW⊥ of W and W⊥, is a basis B for W . It is easy to see that the
matrix associated to the orthogonal projection operator PW with respect to such a
basis B has a block diagonal structure

MB,B
PW

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 · · · 0 0 · · · 0
...

...
...

...

0 · · · 1 0 · · · 0
0 · · · 0 0 · · · 0
...

...
...

...

0 · · · 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where the order of the diagonal identity block is the dimension ofW = Im(PW ). This
makes it evident that an orthogonal projection operator is diagonalisable: its spectrum
contains the real eigenvalue λ = 1 with multiplicity equal to mλ=1 = dim(W ) and
the real eigenvalue λ = 0 with multiplicity equal to mλ=0 = dim(W⊥).

It is clear that the rank of PW (the dimension ofW ) is given by the trace tr(MB,B
PW

)

irrespectively of the basis chosen to represent the projection (see the Proposi-



10.3 Orthogonal Projections 161

tion9.1.5) since as usual, for a change of basis with matrix MB,C , one has that
MC,C

PW
= MC,BMB,B

PW
MB,C , with MB,C = (MC,B)−1.

Exercise 10.3.5 The matrix

M =
(

a
√
a − a2√

a − a2 1 − a

)

is symmetric and satisfiesM2 = M for any a ∈ (0, 1].With respect to an orthonormal
basis (e1, e2) for E2, it is then associated to an orthogonal projection with rank given
by tr(M) = 1. In order to determine its range, we diagonalise M . Its characteristic
polynomial is

pM(T ) = det(M − T I2) = T 2 − T

and the eigenvalues are then λ = 0 and λ = 1. Since they are both simple, the
matrixM is diagonalisable. The eigenspace Vλ=1 corresponding to the range of the
orthogonal projection is one dimensional and given as the solution (x, y) of the
system (

a − 1
√
a − a2√

a − a2 −a

) (
x
y

)
=

(
0
0

)
,

that is (x,
√

1−a
a x) with x ∈ R. This means that the range of the projection is given

by L((1,
√

1−a
a )).

We leave as an exercise to show that M is the most general rank 1 orthogonal
projection in E2.

Exercise 10.3.6 We know from Exercise10.2.6 that the operator L = |u〉〈u| is self-
adjoint. We compute

L2 = |u〉〈u|u〉〈u| = ‖u‖2L .

Thus such an operator L is an orthogonal projection if and only if ‖u‖ = 1. It is then
the rank one orthogonal projection L = |u〉〈u| = PL(u).

Let us assume that W1 and W2 are two orthogonal subspaces (to be definite we
take W2 ⊆ W⊥

1 ). By using for instance the Remark10.3.4 it is not difficult to show
that PW1 PW2 = PW2 PW1 = 0. As a consequence,

(PW1 + PW2)(PW1 + PW2) = P2
W1

+ P2
W2

+ PW1 PW2 + PW2 PW1 = (PW1 + PW2).

Since the sum of two self-adjoint endomorphisms is self-adjoint, we can conclude
(from Proposition10.3.2) that the sum PW1 + PW2 is an orthogonal projector, with
PW1 + PW2 = PW1⊕W2 . This means that with two orthogonal subspaces, the sum of
the corresponding orthogonal projectors is the orthogonal projection onto the direct
sum of the given subspaces.
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These results can be extended. If the euclidean space has a finer orthogonal
decomposition, that is there are mutually orthogonal subspaces {Wa}a=1,...,k with
En = W1 ⊕ · · · ⊕ Wk , then we have a corresponding set of orthogonal projectors
PWa . We omit the proof of the following proposition, which we shall use later on in
the chapter.

Proposition 10.3.7 If En = W1 ⊕ · · · ⊕ Wk with mutually orthogonal subspaces
Wa, a = 1, . . . , k, then the following hold:

(a) For any a, b = 1, . . . , k, one has

PWa PWb = δab PWa .

(b) If W̃ = Wa1 ⊕ · · · ⊕ Was is the vector subspace given by the direct sum of the
orthogonal subspaces {Waj } with a j any subset of (1, . . . , k) without repeti-
tion, then the sum P̃ = PWa1

+ . . . + PWas
is the orthogonal projection operator

P̃ = PW̃ .
(c) For any v ∈ En, one has

v = (PW1 + · · · + PWk )(v).

Notice that point (c) shows that the identity operator acting on En can be decom-
posed as the sum of all the orthogonal projectors corresponding to any orthogonal
subspace decomposition of En .

Remark 10.3.8 All we have described for the euclidean space En can be natu-
rally extended to the hermitian space (Cn, ·) introduced in Sect. 3.4. If for example
(e1, . . . , en) gives a hermitian orthonormal basis for Hn , the orthogonal projection
onto Wa = L(ea) can be written in the Dirac’s notation (see the Exercise10.3.6) as

PWa = |ea〉〈ea|,

while the orthogonal projection onto W̃ = Wa1 ⊕ · · · ⊕ Was (point b) of the Propo-
sition10.3.7) as

PW̃ = |ea1〉〈ea1 | + · · · + |eas 〉〈eas |.

The decomposition of the identity operator can be now written as

idHn = |e1〉〈e1| + · · · + |en〉〈en|.

Thus, any vector v ∈ Hn can be decomposed as

v = |v〉 = |e1〉〈e1|v〉 + · · · + |en〉〈en|v〉.
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10.4 The Diagonalization of Self-adjoint Endomorphisms

The following theorem is a central result for the diagonalization of real symmetric
matrices.

Theorem 10.4.1 Let A ∈ R
n,n be symmetric, tA = A. Then, any root of its charac-

teristic polynomial pA(T ) is real.

Proof Let us assume λ to be a root of pA(T ). Since pA(T ) has real coefficients,
its roots are in general complex (see the fundamental theorem of algebra, Theo-
remA.5.7). We therefore think of A as the matrix associate to an endomorphism

φ : C
n −→ C

n,

with ME,E
φ = A with respect to the canonical basis E for Cn as a complex vector

space. Let v be a non zero eigenvector for φ, that is

φ(v) = λv.

By denoting with X the column of the components of v = (x1, . . . , xn) with respect
to E , we write

tX = t(x1, . . . , xn), AX = λX.

Under complex conjugation, with Ā = A since A has real entries, we get

tX̄ = t (x̄1, . . . , x̄n), AX̄ = λ̄X̄ .

From these relations we can write the scalar tX̄ AX in the following two ways,

tX̄ AX = tX̄(AX) = tX̄(λX) = λ (tX̄ X)

and tX̄ AX = (tX̄ A)X = t (AX̄)X = t (λ̄X̄)X = λ̄ (tX̄ X).

By equating them, we have
(λ − λ̄) (tX̄ X) = 0.

The quantity tX̄ X = x̄1x1 + x̄2x2 + · · · + x̄nxn is a positive real number, since
v �= 0Cn ; we can then conclude λ = λ̄, that is λ ∈ R. �

Example 10.4.2 The aim of this example is threefold, namely

• it provides an ad hoc proof of the Theorem 10.4.1 for symmetric 2 × 2 matrices;
• it provides a direct proof for the Proposition10.2.2 for symmetric 2 × 2 matrices;
• it shows that, ifφ is a self-adjoint endomorphism in E2, then E2 has an orthonormal
basismade up of eigenvectors forφ. This result anticipates the general result which
will be proven in the Theorem10.4.5.
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We consider then a symmetric matrix A ∈ R
2,2,

A =
(
a11 a12
a12 a22

)
.

Its characteristic polynomial pA(T ) = det(A − T I2) is then

pA(T ) = T 2 − (a11 + a22)T + a11a22 − a212.

The discriminant of this degree 2 characteristic polynomial pA(T ) is not negative:

� = (a11 + a22)
2 − 4(a11a22 − a212)

= (a11 − a22)
2 + 4a212 ≥ 0

being the sum of two square terms; therefore the roots λ1,λ2 of pA(T ) are both real.
We prove next that A is diagonalisable, and that the matrix P giving the change of

basis is orthogonal. We consider the endomorphism φ corresponding to A = ME,E
φ ,

for the canonical basis E for E2, and compute the eigenspaces Vλ1 and Vλ2 .

• If � = 0, then a11 = a22 and a12 = 0. The matrix A is already diagonal, so we
may take P = I2. There is only one eigenvalue λ1 = a11 = a22. Its algebraic mul-
tiplicity is 2 and its geometric multiplicity is 2, with corresponding eigenspace
Vλ1 = E2.

• If � > 0 the characteristic polynomial has two simple roots λ1 �= λ2 with corre-
sponding one dimensional orthogonal (from the Proposition10.2.2) eigenspaces
Vλ1 and Vλ2 . The change of basis matrix P , whose columns are the normalised
eigenvectors

v1

‖v1‖ and
v2

‖v2‖ ,

is then orthogonal by construction. We notice that P can be always chosen to be
an element in SO(2), since a permutation of its columns changes the sign of its
determinant, and is compatible with the permutation of the eigenvalue λ1,λ2 in
the diagonal matrix.

In order to explicitly compute the matrix P we see that the eigenspace Vλi for any
i = 1, 2 is given by the solutions of the linear homogeneous system associated to the
matrix

A − λi I2 =
(
a11 − λi a12

a12 a22 − λi

)
.

Since we already know that dim(Vλi ) = 1, such a linear system is equivalent to a
single linear equation. We can write

Vλi = {(x, y) : (a11 − λi )x + a12y = 0}
= L((−a12, a11 − λi )) = L(vi ),
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where we set

v1 = (−a12, a11 − λ1), v2 = (−a12, a11 − λ2).

For the scalar product,

v1 · v2 = a212 + a211 − (λ1 + λ2)a11 + λ1λ2 = 0

since one has

λ1 + λ2 = a11 + a22, λ1λ2 = a11a22 − a212.

Exercise 10.4.3 We consider again the symmetric matrix

A =
(

2 −1
−1 3

)

from the Exercise10.2.4. Its characteristic polynomial is

pA(T ) = det(A − T I2) = pA(T ) = T 2 − 5T + 5,

with roots

λ± = 1

2
(5 ± √

5).

The corresponding eigenspaces V± are the solutions of the homogeneous linear
systems associated to the matrices

A − λ± I2 = 1

2

(
(−1 ∓ √

5) −2
−2 (1 ± √

5)

)
.

one has dim(V±) = 1, so each system is equivalent to a single linear equation, that
is

V± = L((−2, 1 ± √
5) = L(v±),

where

v+ = (−2, 1 + √
5), v− = (−2, 1 − √

5),

and one computes that
v+ · v− = 4 − 4 = 0,
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that is the eigenspaces are orthogonal. The elements

u1 = v+
‖v+‖ and u2 = v−

‖v−‖

form an orthonormal basis for E2 of eigenvectors for the endomorphism φA.

We present now the fundamental result of this chapter, that is the spectral theorem
for self-adjoint endomorphisms and for symmetric matrices. Towards this, it is worth
mentioning that the whole theory, presented in this chapter for the euclidean space
En , can be naturally formulated for any finite dimensional real vector space equipped
with a scalar product (see Chap.3).

Definition 10.4.4 Let φ : V → V be an endomorphism of the real vector space
V , and let Ṽ ⊂ V be a vector subspace in V . If the image of Ṽ for φ is a subset of the
same Ṽ (that is, φ(Ṽ ) ⊆ Ṽ ), there is a well defined endomorphism φṼ : Ṽ → Ṽ
given by

φṼ (v) = φ(v), for all v ∈ Ṽ

(clearly a linear map). The endomorphism φṼ acts in the same way as the endomor-
phism φ, but on a restricted domain. This is why φṼ is called the restriction to Ṽ
of φ.

Proposition 10.4.5 (Spectral theorem for endomorphisms) Let (V, ·) be a real vec-
tor space equipped with a scalar product, and let φ ∈ End(V ). The endomorphism
φ is self-adjoint if and only if V has an orthonormal basis of eigenvectors for φ.

Proof Let us assume the orthonormal basisC forV ismade of eigenvectors forφ. This
implies that MC,C

φ is diagonal and therefore symmetric. From the Theorem10.2.3 we
conclude that φ is self-adjoint.

The proof of the converse is by induction on n = dim(V ). For n = 2 the state-
ment is true, as we explicitly proved in the Example10.4.2. Let us then assume it
to be true for any (n − 1)-dimensional vector space. Then, let us consider a real
n-dimensional vector space (V, ·) equipped with a scalar product, and let φ be a
self-adjoint endomorphism on V . With B an orthonormal basis for V (remember
from the Theorem3.3.9 that such a basis always exists V finite dimensional), the
matrix A = MB,B

φ is symmetric (from the Theorem10.2.3) and thus any root of the
characteristic polynomial pA(T ) is real. Denote by λ one such an eigenvalue for φ,
with v1 a corresponding eigenvector that we can assume of norm 1.

Then, let us consider the orthogonal complement to the vector line spanned
by v1,

Ṽ = (L(v1))
⊥ .

In order to meaningfully define the restriction to Ṽ of φ, we have to verify that for
any v ∈ Ṽ one has φ(v) ∈ Ṽ , that is, we have to prove the implication

v · v1 = 0 ⇒ φ(v) · v1 = 0.
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By recalling that φ is self-adjoint and φ(v1) = λv1 we can write

φ(v) · v1 = v · φ(v1) = v · (λv1)

= λ (v · v1) = 0.

This proves that φ can be restricted to a φṼ : Ṽ → Ṽ , clearly self-adjoint. Since
dim(Ṽ ) = n − 1, by the inductive assumption there existn − 1 elements (v2, . . . , vn)
of eigenvectors forφṼ making up an orthonormal basis for Ṽ . SinceφṼ is a restriction
of φ, the elements (v2, . . . , vn) are eigenvectors for φ as well, and orthogonal to v1
as they all belong to Ṽ . Then the elements (v1, v2, . . . , vn) are orthonormal and
eigenvectors for φ. Being n = dim(V ), they are an orthonormal basis for V . �

10.5 The Diagonalization of Symmetric Matrices

There is a counterpart of Proposition10.4.5 for symmetric matrices.

Proposition 10.5.1 (Spectral theorem for symmetricmatrices)Let A ∈ R
n,n be sym-

metric. There exists an orthogonalmatrix P such that tP AP is diagonal. This result is
often referred to by saying that symmetric matrices are orthogonally diagonalisable.

Proof Let us consider the endomorphism φ = f E,E
A : En → En , which is self-

adjoint since A is symmetric and E is the canonical basis (see the Theorem10.2.3).
From the Proposition10.4.5, the space En has an orthonormal basis C of eigenvectors
for φ, so the matrixMC,C

φ is diagonal. From Theorem7.9.9 we can write

MC,C
φ = MC,E ME,E

φ ME,C .

Since ME,E
φ = A, by setting P = MC,E we have that P−1AP is diagonal. The

columns of the matrix P are given by the components with respect to E of the
elements in C, so P is orthogonal since C is orthonormal. �

Remark 10.5.2 The orthogonal matrix P can always be chosen in SO(n), since, as
already mentioned, the sign of its determinant changes under a permutation of two
columns.

Exercise 10.5.3 Consider φ ∈ End(R4) given by

φ((x, y, z, t)) = (x + y, x + y,−z + t, z − t).
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Its corresponding matrix with respect to the canonical basis E in R4 is given by

A = ME,E
φ =

⎛
⎜⎜⎝
1 1 0 0
1 1 0 0
0 0 −1 1
0 0 1 −1

⎞
⎟⎟⎠ .

Being A symmetric and E orthonormal, than φ is self-adjoint. Its characteristic poly-
nomial is

pφ(T ) = pA(T ) = det(A − T I4)

=
∣∣∣∣ 1 − T 1

1 1 − T

∣∣∣∣
∣∣∣∣−1 − T 1

1 −1 − T

∣∣∣∣
= T 2(T − 2)(T + 2).

The eigenvalues are then λ1 = 0 with (algebraic) multiplicity m(0) = 2, λ2 = −2
with m(−2) = 1 and λ2 = 2 with m(2) = 1. The corresponding eigenspaces are
computed to be

V0 = ker(φ) = L((1,−1, 0, 0), (0, 0, 1, 1)),

V−2 = ker(φ − 2I4) = L((1, 1, 0, 0)),

V2 = ker(φ − I4) = L((0, 0, 1,−1))

and as we expect, these three eigenspaces are mutually orthogonal, with the two
basis vectors spanning V0 orthogonal as well. In order to write the matrix P which
diagonalises A one just needs to normalise such a system of four basis eigenvectors.
We have

P = 1√
2

⎛
⎜⎜⎝

1 0 1 0
−1 0 1 0
0 1 0 1
0 1 0 −1

⎞
⎟⎟⎠ , tP AP =

⎛
⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 −2 0
0 0 0 2

⎞
⎟⎟⎠ ,

where we have chosen an ordering for the eigenvalues that gives det(P) = 1.

Corollary 10.5.4 Let φ ∈ End(En). If the endomorphism φ is self-adjoint then it is
simple.

Proof The proof is immediate. From the Proposition10.4.5 we know that the self-
adjointness ofφ implies that En has an orthonormal basis of eigenvectors forφ. From
the Remark9.2.3 we conclude that φ is simple. �
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Exercise 10.5.5 The converse of the previous corollary does not hold in general.
Consider for example the endomorphismφ in E2 whose matrix with respect to the
canonical basis E is

A =
(
1 1
0 −1

)
.

An easy calculation gives for the eigenvalues λ1 = 1 e λ2 = −1 and φ is (see the
Corollary9.4.2) therefore simple. But φ is not self-adjoint, since

φ(e1) · e2 = (1, 0) · (0, 1) = 0,

e1 · φ(e2) = (1, 0) · (1,−1) = 1,

or simply because A is not symmetric. The eigenspaces are given by

V1 = L((1, 0)), V−1 = L((1,−2)),

and they are not orthogonal. As a further remark, notice that the diagonalising matrix

P =
(
1 1
0 −2

)

is not orthogonal.

What we have shown in the previous exercise is a general property characterising
self-adjoint endomorphisms within the class of simple endomorphisms, as the next
theorem shows.

Theorem 10.5.6 Let φ ∈ End(En) be simple, with Vλ1 , . . . , Vλs the corresponding
eigenspaces. Then φ is self-adjoint if and only if Vλi ⊥ Vλ j for any i �= j .

Proof That the eigenspaces corresponding to distinct eigenvalues are orthogonal for
a self-adjoint endomorphism comes directly from the Proposition10.2.2.

Conversely, let us assume that φ is simple, so that En = Vλ1 ⊕ · · · ⊕ Vλs . The
union of the bases given by applying the Gram-Schmidt orthogonalisation proce-
dure to an arbitrary basis for each Vλ j , yield an orthonormal basis for En , which is
clearly made of eigenvectors for φ. The statement then follows from the
Proposition10.4.5. �
Exercise 10.5.7 The aim of this exercise is to define (if possible) a self-adjoint
endomorphismφ : E3 → E3 such that ker(φ) = L((1, 2, 1)) and λ1 = 1, λ2 = 2
are eigenvalues of φ.

Since ker(φ) �= {(0, 0, 0)}, then λ3 = 0 is the third eigenvalue for φ, with
ker(φ) = V0. Thus φ is simple since it has three distinct eigenvalues, with E3 =
V1 ⊕ V2 ⊕ V0. In order for φ to be self-adjoint, we have to impose that Vλi ⊥ Vλ j ,
for all i �= j . In particular, one has

(ker(φ))⊥ = (V0)
⊥ = V1 ⊕ V2.



170 10 Spectral Theorems on Euclidean Spaces

We compute

(ker(φ))⊥ = (L((1, 2, 1))⊥

= {(α,β,−α − 2β) : α,β ∈ R}
= L((1, 0,−1), (a, b, c))

where we impose that (a, b, c) belongs to L((1, 2, 1))⊥ and is orthogonal to
(1, 0,−1). By setting {

(1, 2, 1) · (a, b, c) = 0
(1, 0,−1) · (a, b, c) = 0

,

we have (a, b, c) = (1,−1, 1), so we select

V1 = L((1, 0,−1)), V2 = L((1,−1, 1)).

Having a simple φ with mutually orthogonal eigenspaces, the endomorphism φ self-
adjoint. To get a matrix representing φ we can choose the basis in E3

B = ((1, 0,−1), (1,−1, 1), (1, 2, 1)),

thus obtaining

MB,B
φ =

⎛
⎝1 0 0
0 2 0
0 0 0

⎞
⎠ .

By defining e1 = (1, 0,−1), e2 = (1,−1, 1) we can write, in the Dirac’s notation,

φ = |e1〉〈e1| + 2|e2〉〈e2|.

Exercise 10.5.8 This exercise defines a simple, but not self-adjoint, endomor-
phismφ : E3 → E3 such that ker(φ) = L((1,−1, 1)) and Im(φ) = (ker(φ))⊥.

We know that φ has the eigenvalue λ1 = 0 with V0 = ker(φ). For φ to be simple,
the algebraic multiplicity of the eigenvalueλ1 must be 1, and there have to be two
additional eigenvalues λ2 and λ3 with either λ2 = λ3 or λ2 �= λ3. If λ2 = λ3, one
has then

Vλ2 = Im( f ) = (ker( f ))⊥ = (Vλ1)
⊥.

In such a case, φ would be a simple endomorphism with mutually orthogonal
eigenspaces for distinct eigenvalues. This would imply φ to be self-adjoint. Thus
to satisfy the conditions we require for φ we need λ2 �= λ3. In such a case, one has
Vλ2 ⊕ Vλ3 = Im(φ) and also clearly Vλi ⊥ V0 for i = 2, 3. In order for φ to be sim-
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ple but not self-adjoint, we select the eigenspaces Vλ2 and Vλ3 to be not mutually
orthogonal subspaces in Im( f ). Since

Im( f ) = (L((1,−1, 1)))⊥

= {(x, y, z) : x − y + z = 0}
= L((1, 1, 0), (0, 1, 1))

we can choose

Vλ2 = L((1, 1, 0)), Vλ3 = L((0, 1, 1)).

If we set B = (
(1,−1, 1), (1, 1, 0), (0, 1, 1)

)
(clearly not an orthonormal basis for

E3), we have

MB,B
φ =

⎛
⎝0 0 0
0 λ2 0
0 0 λ3

⎞
⎠ .

Exercise 10.5.9 Consider the endomorphism φ : E3 → E3 whose corresponding
matrix with respect to the basis B = (

v1 = (1, 1, 0), v2 = (1,−1, 0), v3 = (0, 0,−1)
)
is

MB,B
φ =

⎛
⎝1 0 0
0 2 0
0 0 3

⎞
⎠ .

WithE as usual the canonical basis for E3, in this exercisewewould like to determine:

(1) an orthonormal basis C for E3 given by eigenvectors for φ,
(2) the orthogonal matrixME,C ,
(3) the matrix MC,E ,
(4) the matrix ME,E

φ ,
(5) the eigenvalues of φ with their corresponding multiplicities.

(1) We start by noticing that, since MB,B
φ is diagonal, the basis B is given by eigen-

vectors of φ, as the action of φ on the basis vectors in B can be clearly written
as φ(v1) = v1, φ(v2) = 2v2, φ(v3) = 3v3. The basis B is indeed orthogonal, but
not orthonormal, and for an orthonormal basis C of eigenvectors for φ we just
need to normalize, that is to consider

u1 = v1

‖v1‖ , u2 = v2

‖v2‖ , u3 = v3

‖v3‖

just obtaining C = ( 1√
2
(1, 1, 0), 1√

2
(1,−1, 0), (0, 0,−1)). While the existence

of such a basis C implies that φ is self-adjoint, the self-adjointness of φ could
not be derived from the matrix MB,B

φ , which is symmetric with respect to a basis
B which is not orthonormal.
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(2) From its definition, the columns of ME,C are given by the components with
respect to E of the vectors in C. We then have

ME,C = 1√
2

⎛
⎝1 1 0
1 −1 0
0 0 −√

2

⎞
⎠ .

(3) We know that MC,E = (
ME,C)−1

. Since the matrix above is orthogonal, we
have

MC,E = t
(
ME,C) = 1√

2

⎛
⎝1 1 0
1 −1 0
0 0 −√

2

⎞
⎠ .

(4) From the Theorem7.9.9 we have

ME,E
φ = ME,C MC,C

φ MC,E .

Since MC,C
φ = MB,B

φ , the matrix ME,E
φ can be now directly computed.

(5) Clearly, fromMB,B
φ the eigenvalues for φ are all simple and given by λ = 1, 2, 3.
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