
Chapter 12
Spectral Theorems on Hermitian Spaces

In this chapter we shall extend to the complex case some of the notions and results
of Chap. 10 on euclidean spaces, with emphasis on spectral theorems for a natural
class of endomorphisms.

12.1 The Adjoint Endomorphism

Consider the vector space C
n and its dual space C

n∗, as defined in Sect. 8.1. The
duality between C

n and C
n∗ allows one to define, for any endomorphism φ of Cn ,

its adjoint.

Definition 12.1.1 Given φ : C
n → C

n , the map φ† : ω ∈ C
n∗ �→ φ†(ω) ∈ C

n∗
defined by

(φ†(ω))(v) = ω(φ(v)) (12.1)

for any ω ∈ C
n∗ and any v ∈ C

n is called the adjoint to φ.

Remark 12.1.2 From the linearity of φ and ω it follows that φ† is linear, so φ† ∈
End(Cn∗).

Example 12.1.3 LetB = (b1, b2) be a basis forC2, withB∗ = (β1,β2) its dual basis
for C2∗. If φ is the endomorphism given by

φ : b1 �→ kb1 + b2
φ : b2 �→ b2,
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with k ∈ C, we see from the definition of adjoint that

φ†(β1) : b1 �→ β1(φ(b1)) = k

φ†(β1) : b2 �→ β1(φ(b2)) = 0

φ†(β2) : b1 �→ β2(φ(b1)) = 1

φ†(β2) : b2 �→ β2(φ(b2)) = 1.

The (linear) action of the adjoint map φ† to φ is then

φ† : β1 �→ kβ1

φ† : β2 �→ β1 + β2.

Consider now the canonical hermitian space Hn = (Cn, ·), that is the vector space
C

n with the canonical hermitian product (see Sect. 3.4). As described in Sect. 8.2,
the hermitian product allows one to identify Cn∗ with Cn . Under such identification,
the defining relation for φ† can be written as

(φ†u) · v = u · (φ v) or equivalently 〈φ†(u) | v〉 = 〈u|φ(v)〉

for any u, v ∈ C
n , so that φ† is an endomorphism of Hn = (Cn, ·).

Definition 12.1.4 Given a matrix A = (ai j ) ∈ C
n,n , its adjoint A† ∈ C

n,n is the
matrix whose entries are given by (A†)ab = aba .

Thus, adjoining a matrix is the composition of two compatible involutions, the
transposition and the complex conjugation.

Exercise 12.1.5 Clearly

A =
(
1 α
0 β

)
⇒ A† =

(
1 0
ᾱ β̄

)
.

Exercise 12.1.6 By using the matrix calculus we described in the previous chapters,
it comes as no surprise that the following relations hold.

(A†)† = A,

(AB)† = B†A†,

(A + αB)† = (A† + ᾱB†)

for any A, B ∈ C
n,n and α ∈ C. The second line indeed parallels the Remark 8.2.1.

If we have two endomorphisms φ,ψ ∈ End(Hn), one has

〈(φ ψ)†(u)|v〉 = 〈u|φ ψ(v)〉 = 〈φ†(u)|ψ(v)〉 = 〈ψ†φ†(u)|v〉,
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for any u, v ∈ Hn . With α ∈ C, it is also

〈(φ + α ψ)†u|v〉 = 〈u|(φ + α ψ)v〉 = 〈φ(u)|v〉 + α〈ψ(u)|v〉 = 〈(φ† + ᾱψ†)(u)|v〉.

Again using the properties of the hermitian product together with the definition
of adjoint, it is

〈(φ†)†u|v〉 = 〈u|φ†(v)〉 = 〈φ(u)|v〉

The above lines establish the following identities

(φ†)† = φ,

(φ ψ)† = ψ†φ†,

(φ + α ψ)† = φ† + ᾱψ†

which are the operator counterpart of the matrix identities described above.

Definition 12.1.7 An endomorphism φ on Hn is called

(a) self-adjoint, or hermitian, if
φ = φ†,

that is if 〈φ(u)|v〉 = 〈u|φ(v)〉 for any u, v ∈ Hn ,
(b) unitary, if

φφ† = φ†φ = In,

that is if 〈φ(u)|φ(v)〉 = 〈u|v〉 for any u, v ∈ Hn ,
(c) normal, if φφ† = φ†φ.

In parallel to these, a matrix A ∈ C
n,n is called

(a) self-adjoint, or hermitian, if A† = A,
(b) unitary, if AA† = A†A = In ,
(c) normal, if AA† = A†A.

Remark 12.1.8 Clearly the condition of unitarity for φ is equivalent to the condition
φ† = φ−1. Also, both unitary and self-adjoint endomorphisms are normal. From the
Remark 12.1.6 it follows that for any endomorphism ψ, the compositions ψψ† and
ψ†ψ are self-adjoint.

Remark 12.1.9 The notion of adjoint of an endomorphism can be introduced also
on euclidean spaces En , where it is identified, at a matrix level, by the transposition.
Then, it is clear that the notion of self-adjointness in Hn generalises that in En , since
if A = tA in En , then A = A† in Hn , while orthogonal matrices in En are unitary
matrices in Hn with real entries.

The following theorem is the natural generalisation for hermitian spaces of a
similar result for euclidean spaces. Its proof, that we omit, mimics indeed that of the
Theorem 10.1.11.
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Theorem 12.1.10 Let C be an orthonormal basis for the hermitian vector space Hn

and let B be any other basis. The matrix MC,B of the change of basis from C to B is
unitary if and only if B is orthonormal.

The following proposition, gives an ex-post motivation for the definitions above.

Proposition 12.1.11 If E is the canonical basis for Hn, with φ ∈ End(Hn), it holds
that

ME,E
φ† = (ME,E

φ )†

Proof Let E = (e1, . . . , en) be the canonical basis for Hn . If ME,E
φ ∈ C

n,n is the
matrix that represents the action of φ on Hn with respect to the basis E , its entries
are given (see 8.7) by

(ME,E
φ )ab = 〈ea|φ(eb)〉.

By denoting φab = (ME,E
φ )ab, the action of φ is given by φ(ea) = ∑n

b=1 φbaeb, so
we can compute

(ME,E
φ† )ab = 〈ea|φ†(eb)〉 = 〈φ(ea)|eb〉 =

n∑
c=1

〈φcaec|eb〉 = φba

As an application of this proposition, the next proposition also generalises to
hermitian spaces analogous results proven in Chap. 10 for euclidean spaces.

Proposition 12.1.12 The endomorphism φ on Hn is self-adjoint (resp. unitary, resp.
normal) if and only if there exists an orthonormal basis B for Hn with respect to
which the matrix MB,B

φ is self-adjoint (resp. unitary, resp. normal).

Exercise 12.1.13 Consider upper triangular matrices in C
2,2,

M =
(
a b
0 c

)
⇒ M† =

(
ā 0
b̄ c̄

)
.

One explicitly computes

MM† =
(
aā + bb̄ bc̄

cb̄ bb̄ + cc̄

)
, M†M =

(
aā bā
ab̄ bb̄ + cc̄

)
,

and the matrix M is normal, MM† = M†M , if and only if bb̄ = 0 ⇔ b = 0. Thus
an upper triangular matrix in 2-dimension is normal if and only if it is diagonal. In
such a case, the matrix is self-adjoint if the diagonal entries are real, and unitary if
the diagonal entries have norm 1.
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Exercise 12.1.14 We consider the following family of matrices in C2,2,

M =
(
a b
c 0

)
, M† =

(
ā c̄
b̄ 0

)
.

It is

MM† =
(
aā + bb̄ ac̄

cā +cc̄

)
, M†M =

(
aā + cc̄ bā

ab̄ +bb̄

)
.

The conditions for which M is normal are

bb̄ = cc̄, ac̄ = bā.

These are solved by b = Reiβ, c = Reiγ, A = |A|eiα with 2α = (β + γ) mod 2π,
where R > 0 and |A| > 0 are arbitrary moduli for complex numbers.

Exercise 12.1.15 With the Dirac’s notation as in (8.6), an endomorphism φ and its
adjoint are written as

φ =
n∑

a,b=1

φab |ea〉〈eb| and φ† =
n∑

a,b=1

φba |ea〉〈eb|

with φab = 〈ea|φ(eb)〉 = (ME,E
φ )ab with respect to the orthonormal basis

E = (e1, . . . , en).
With u = (u1, · · · , un) and v = (v1, . . . , vn) vectors in Hn we have the endo-

morphism P = |u〉〈v|. If we decompose the identity endomorphism (see the point
(c) from the Proposition 10.3.7) as

id =
n∑

s=1

|es〉〈es |

we can write

P = |u〉〈v| =
n∑

ab=1

|ea〉〈ea|u〉〈v|eb〉〈eb| =
n∑

ab=1

Pab |ea〉〈eb|

with Pab = uavb = 〈ea|P(eb)〉. Clearly then

P† = |v〉〈u|.
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Example 12.1.16 Let φ an endomorphism Hn with matrix ME,E
φ with respect to the

canonical orthonormal basis, thus (ME,E
φ )ab = 〈ea|φ(eb)〉. If B = (b1, . . . , bn) is a

second orthonormal basis for Hn , we have two decompositions

id =
n∑

k=1

|ek〉〈ek | =
n∑

s=1

|es〉〈es |.

Thus, by inserting these two expressions of the identity operators, we have

〈ea|φ(eb)〉 =
n∑

k,s=1

〈ea|bk〉〈bk |φ(bs)〉〈bs |eb〉,

giving in components,

(ME,E
φ )ab =

n∑
k,s=1

〈ea|bk〉(MB,B
φ )ks〈bs |eb〉.

The matrix of the change of basis from E to B has entries 〈ea|bk〉 = (ME,B)ak , with
its inverse matrix entries given by (MB,E)sb = 〈bs |eb〉. From the previous examples
we see that

(MB,E†)ak = (MB,E)ka = 〈bk |ea〉 = 〈ea|bk〉 = (ME,B)ak

thus finding that the change of basis is given by a unitary matrix.

Proposition 12.1.17 For any endomorphism φ in Hn, there is an orthogonal vector
space decomposition

Hn = Im(φ) ⊕ ker(φ†)

Proof If u is any vector in Hn , the vector φ(u) cover over all of Im(φ), so the
condition 〈φ(u)|w〉 = 0 characterises the elements w ∈ (Im(φ))⊥. It is now easy to
compute

0 = 〈φ(u)|w〉 = 〈u|φ†(w)〉.

Since u is arbitrary and the hermitian product is not degenerate, we have
ker(φ†) = (Im(φ))⊥. �
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12.2 Spectral Theory for Normal Endomorphisms

We prove a few results for normal endomorphisms which will be useful for spectral
theorems.

Proposition 12.2.1 Let φ be a normal endomorphism of Hn.

(a) With u ∈ Hn, we can write

‖φ(u)‖2 = 〈φ(u)|φ(u)〉 = 〈u|φ†φ(u)〉 = 〈u|φφ†(u)〉 = 〈φ†(u)|φ†(u)〉 = ‖φ†(u)‖2.

Since the order of these computations can be reversed, we have the following
characterisation.

φφ† = φ†φ ⇔ ‖φ(u)‖ = ‖φ†(u)‖ for all u ∈ Hn.

(b) From this it also follows that ker(φ) = ker(φ†). So from the Proposition 12.1.17,
we have the following orthogonal decomposition,

Hn = Im(φ) ⊕ ker(φ).

(c) Clearly (φ − λI ) is a normal endomorphism if φ is such. This gives
ker(φ − λI ) = ker(φ† − λ̄I ), meaning that if λ is an eigenvalue of a normal
endomorphism φ, then λ̄ is an eigenvalue for φ†, with the same eigenspaces.

(d) Let λ,μ be two distinct eigenvalues for φ, with φ(v) = λv and φ(w) = μw.
Then we have

(λ − μ)〈v|w〉 = 〈λ̄v|w〉 − 〈v|μw〉 = 〈φ†(v)|w〉 − 〈v|φ(w)〉 = 0.

We can conclude that the eigenspaces corresponding to distinct eigenvalues for
a normal endomorphism are mutually orthogonal. 
�

We are ready to characterise a normal operator in terms of its spectral properties.
The proof of the following result generalises to hermitian spaces the proof of the
Theorem 10.4.5 on the diagonalization of symmetric endomorphisms on euclidean
spaces.

Theorem 12.2.2 An endomorphism φ of Hn is normal if and only there exists an
orthonormal basis for Hn made of eigenvectors for φ.

Proof If B = (b1, . . . , bn) is an orthonormal basis of eigenvectors for φ, with corre-
sponding eigenvalues (λ1, . . . ,λn), we can write

φ =
n∑

a=1

λa |ba〉〈ba| and φ† =
n∑

a=1

λa |ba〉〈ba|



204 12 Spectral Theorems on Hermitian Spaces

which directly yields (see the Exercise 12.1.15)

φφ† =
n∑

a=1

|λa|2 |ba〉〈ba| = φ†φ.

The converse, the less trivial part of the statement, is proven once again by induc-
tion.

Consider first a normal operator φ on the two dimensional hermitian space H 2.
With respect to any basis, the characteristic polynomial pφ(T ) has two complex
roots, from the fundamental theorem of algebra. A normal endomorphism of H 2

with only the zero eigenvalue, would be the null endomorphism. So we can assume
there is a root λ �= 0, with v a (normalised) eigenvectors, that is φ(v) = λv with
‖v‖ = 1. If C = (v,w) is an orthonormal basis for H 2 that completes v, we have,
from point (c) above,

〈φ(w)|v〉 = 〈w|φ†(v)〉 = 〈w|v〉λ̄ = 0.

Being λ �= 0, this shows that φ(w) is orthogonal to L(v), so that there must exists a
scalarμ, such that φ(w) = μw. In turn this shows that if φ is a normal endomorphism
of H 2, then H 2 has an orthonormal basis of eigenvectors for φ.

Inductively, let us assume that the statement is valid when the dimension of the
hermitian space is n − 1. The n-dimensional case is treated analogously to what done
above. If φ is a normal endomorphism of Hn , its characteristic polynomial pφ(T )

has at least a non zero complex root, λ say, with v a corresponding normalised
eigenvector: φ(v) = λv, with ‖v‖ = 1. (Again, a normal endomorphism of Hn with
only the zero eigenvalue is the null endomorphism.) We have Hn = Vλ ⊕ V⊥

λ and v

can be completed to an orthonormal basis C = (v,w1, . . . , wn) for Hn . If w ∈ V⊥
λ

we compute as above

〈φ(w)|v〉 = 〈w|φ†(v)〉 = 〈w|v〉λ̄ = 0.

This shows that φ maps V⊥
λ to itself, while also φ† maps V⊥

λ to itself since,

〈φ†(w)|v〉 = 〈w|φ(v)〉 = 〈w|v〉λ = 0.

The restriction of φ to V⊥
λ is then a normal operator on a (n − 1) dimensional

hermitian space, and by assumption there exists an orthonormal basis (u1, . . . , un−1)

forV⊥
λ madeof eigenvectors forφ. The basisE = (v, u1, . . . , un−1) is an orthonormal

basis for Hn of eigenvectors for φ. �

Remark 12.2.3 Since the field of real numbers is not algebraically closed (and the
fundamental theorem of algebra is valid on C), it is worth stressing that an analogue
of this theorem for normal endomorphisms on euclidean spaces does not hold. A
matrix A ∈ R

n,n such that (tA) A = A (tA), needs not be diagonalisable. An example
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is given by an antisymmetric (skew-adjoint, see Sect. 11.1) matrix A, which clearly
commutes with tA, being nonetheless not diagonalisable.

We showed in the Remark 12.1.8 that self-adjoint and unitary endomorphisms are
normal. Within the set of normal endomorphisms, they can be characterised in terms
of their spectrum.

If λ is an eigenvalue of a self-adjoint endomorphism φ, with φ(v) = λv, then

λv = φ(v) = φ†(v) = λ̄v

and thus one hasλ = λ̄. Ifλ is an eigenvalue for a unitary operatorφ, withφ(v) = λv,
then

‖v‖2 = ‖φ(v)‖2 = |λ|2‖v‖2,

which gives |λ| = 1. It is easy to show also the converse of these claims, so to have
the following.

Theorem 12.2.4 A normal operator on Hn is self-adjoint if and only if its eigenval-
ues are real. A normal operator on Hn is unitary if and only if its eigenvalues have
modulus 1.

As a corollary, by merging the previous two theorems, we have a characterisation
of self-adjoint and unitary operators in terms of their spectral properties, as follows.

Corollary 12.2.5 An endomorphism φ on Hn is self-adjoint if and only if its spec-
trum is real and there exists an orthonormal basis for Hn of eigenvectors for φ. An
endomorphism φ on Hn is unitary if and only if its spectrum is a subset of the unit
circle in C, and there exists an orthonormal basis for Hn of eigenvectors for φ.

Exercise 12.2.6 Consider the hermitian space H 2, with E = (e1, e2) its canonical
orthonormal basis, and the endomorphism φ represented with respect to E by

ME,E
φ =

(
0 a

−a 0

)
with a ∈ R.

This endomorphism is not diagonalisable over R, since it is antisymmetric (see
Sect. 11.1) and the Remark 12.2.3. Being normal with respect to the hermitian struc-
ture in H 2, there exists an orthonormal basis for H 2 of eigenvectors for φ. The
eigenvalue equation is pφ(T ) = T 2 + a2 = 0, so the eigenvalues are λ± = ±ia,
with normalised eigenvectors u± given by

λ± = ±i a u± = 1√
2
(1,±i)E ,

while the unitary conjugation that diagonalises the matrix ME,E
φ is given by

1
2

(
1 −i
1 i

) (
0 a

−a 0

) (
1 1
i −i

)
=

(
i a 0
0 −i a

)
.
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The comparison of this with the content of the Example 12.1.16 follows by writing
the matrix giving the change of basis from E to B = (u+, u−) as

MB,E = 1
2

(
1 −i
1 i

)
=

(〈u+|e1〉 〈u+|e2〉
〈u−|e1〉 〈u−|e2〉

)
.

Wenext study a family of normal endomorphisms, whichwill be useful when con-
sidering the properties of unitary matrices. The following definition comes naturally
from the Definition12.1.7.

Definition 12.2.7 An endomorphism φ in Hn is named skew-adjoint if
〈u|φ(v)〉 + 〈φ†(u)|v〉 = 0 for any u, v ∈ Hn . A matrix A ∈ C

n,n is named skew-
adjoint if A† = −A.

We list some important results on skew-adjoint endomorphisms and matrices.

(a) It is clear that an endomorphism φ on Hn is skew-adjoint if and only if there
exists an orthonormal basis E for Hn with respect to which the matrix ME,E

φ is
skew-adjoint.

(b) Skew-adjoint endomorphisms are normal. We know from the Proposition 12.2.1
point (c), that if λ is an eigenvalue for the endomorphism φ, then λ̄ is an eigen-
value for φ†. This means that if λ is an eigenvalue For a skew-adjoint endomor-
phism φ, then λ̄ = −λ, so any eigenvalue for a skew-adjoint endomorphism is
either purely imaginary or zero.

(c) There exists an orthonormal basis E = (e1, . . . , en) of eigenvectors for φ such
that

φ =
n∑

a=1

iλa |ea〉〈ea| with λa ∈ R.

(d) The real vector space of skew-adjoint matrices A = −A† ∈ C
n,n is a matrix

Lie algebra (see the Definition 11.1.6), that is the commutator of skew-adjoint
matrices is a skew-adjoint matrix; it is denoted u(n) and it has dimension n.

Remark 12.2.8 In parallel with the Remark 11.1.9, self-adjoint matrices do notmake
up a Lie algebra since the commutator of two self-adjoint matrices is a skew-adjoint
matrix.

Exercise 12.2.9 On the hermitian space H 3 we consider the endomorphismφwhose
representing matrix is, with respect to the canonical basis E , given by

ME,E
φ =

⎛
⎝ 0 i a

i 0 0
−a 0 0

⎞
⎠ ,
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with a a real parameter. Since (ME,E
φ )† = −ME,E

φ , then φ is skew-adjoint (and thus
normal). Its characteristic equation

pφ(T ) = −T (1 + a2 + T 2) = 0

has solutions λ = 0 and λ± = ±i
√
1 + a2. Explicit calculations show that the

eigenspaces are given by ker(φ) = Vλ=0 = L(u0) and Vλ± = L(u±) with

u0 = 1√
1+a2

(0, ia, 1),

u± = 1√
2(1+a2)

(
√
1 + a2,±1,±ia).

It is immediate to see that the set B = (u0, u±) gives an orthonormal basis for
H 3.

Exercise 12.2.10 We close this section by studying an endomorphism which is not
normal, and indeed diagonalisable with an eigenvector basis which is not orthonor-
mal. In H 2 with respect to E = (e1, e2), consider the endomorphism whose repre-
senting matrix is

M =
(
0 1
a 0

)

with a ∈ R. Than M is normal if and only if a = 1. The characteristic equation is

pM(T ) = T 2 − a = 0

so its spectral decomposition is given by

λ± = ±√
a, Vλ± = L(u±) with u± = (1,±√

a)E .

Being 〈u+|u−〉 = 1 − a, the eigenvectors are orthogonal if and only if M is normal.

12.3 The Unitary Group

If A, B ∈ C
n,n are two unitary matrices, A†A = In and B†B = In (see the Definition

12.1.7), one has (AB)†AB = B†A†AB = In . Furthermore, det(A†) = det(A), so
from det(AA†) = 1 we have | det(A)| = 1. Clearly, the identity matrix In is unitary
and these leads to the following definition.

Definition 12.3.1 The collection of n × n unitary matrices is a group, called the
unitary group of order n and denoted U(n). The subset SU(n) = {A ∈ U(n) :
det(A) = 1} is a subgroup of U(n), called the special unitary group of order n.
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Remark 12.3.2 With the the natural inclusion of real matrices as complex matrices
whose entries are invariant under complex conjugation, it is clear that O(n) is a
subgroup of U(n) and SO(n) is a subgroup of SU(n).

Now, the exponential of a matrix as in the Definition 11.2.1 can be extended to
complex matrices. Thus, for a matrix A ∈ C

n,n , its exponential is defined by by the
expansion,

eA =
∞∑
k=0

1
k! A

k .

Then, all properties in the Proposition 11.2.2 have a counterpart for complexmatrices,
with point (e) there now reading eA

† = (eA)†.

Theorem 12.3.3 Let M,U ∈ C
n,n. One has the following results.

(a) If M† = −M, then eM ∈ U(n). If M† = −M and tr(M) = 0, then eM ∈ SU(n).
(b) Conversely, ifUU † = In, there exists a skew-adjoint matrix M = −M† such that

U = eM. If U is a special unitary matrix, there exists a skew-adjoint traceless
matrix, M = −M† with tr(M) = 0, such that U = eM.

Proof LetM be a skew-adjoint matrix. From the previous section we know that there
exists a unitary matrix V such that M = V�MV †, with�M = diag(iρ1, . . . , iρn) for
ρa ∈ R. We can then write

eM = eV�MV † = V e�M V †

with e�M = diag(eiρ1 , . . . , eiρn ). This means that e�M is a unitary matrix, and we
can conclude that the starting matrix eM is unitary. If tr(M) = 0, then eM is a special
unitary matrix.

Alternatively, the result can be shown as follows. If M = −M†, then

(eM)† = eM
† = e−M = (eM)−1.

This concludes the proof of point (a).
Consider then a unitary matrixU . SinceU is normal, there exists a unitary matrix

V such thatU = V�UV † with �U = diag(eiϕ1 , . . . , eiϕn ), where eiϕk are the mod-
ulus 1 eigenvalues of U . Clearly, the matrix �U can be written as

�U = eδU

with δU = diag(iϕ1, . . . , iϕn) = −(δU )†. This means that

U = V eδU V † = eV δU V †

with (V δUV †)† = −(V δUV †). If U ∈ SU(n), then one has tr(V δUV †) = 0. This
establishes point (b) and concludes the proof. 
�
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Exercise 12.3.4 Consider the matrix, with a, b ∈ R,

A =
(
b a
a b

)
= A†.

Its eigenvalues λ are given by the solutions of the characteristic equation

pA(T ) = (b − T )2 − a2 = (b − T − a)(b − T + a) = 0.

Its spectral decomposition turns out to be

λ± = b ± a, Vλ± = L((1,±1)).

To exponentiate the skew-adjoint matrix iA we can follow two ways.

• By normalising the eigenvectors, we have the conjugation with its diagonal form
A = V�AV †,

(
b a
a b

)
= 1√

2

(
1 1

−1 1

) (
b − a 0
0 b + a

)
1√
2

(
1 −1
1 1

)

so we have

eiA = eiV�AV † = Vei�A V † = 1
2

(
1 1

−1 1

) (
ei(b−a) 0

0 ei(b+a)

) (
1 −1
1 1

)

= 1
2

(
ei(b−a) + ei(a+b) −ei(b−a) + ei(a+b)

−ei(b−a) + ei(a+b) ei(b−a) + ei(a+b)

)
=

(
eib cos a ieib sin a
ieib sin a eib cos a

)
.

Notice that det(eiA) = e2ib = eitr(A).
• By setting

A = Ã + B̃ =
(
0 a
a 0

)
+

(
b 0
0 b

)

we see that A is the sum of two commuting matrices, since B̃ = bI2. So we can
write

eiA = ei( Ã+B̃) = ei ÃeiB̃ .

Since B̃ is diagonal, eiB̃ = diag(eib, ei ib). Computing as in the Exercise 11.2.4
we have

Ã2k =
(

(−1)ka2k 0
0 (−1)ka2k

)
, Ã2k+1 =

(
0 (−1)k ia2k+1

(−1)k ia2k+1 0

)

so that

ei Ã =
(
cos a i sin a
i sin a cos a

)
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and

eiA =
(
cos a i sin a
i sin a cos a

) (
eib 0
0 eib

)
=

(
eib cos a ieib sin a
ieib sin a eib cos a

)
.

Exercise 12.3.5 In this exercise we describe how to reverse the construction of the
previous one. That is, given the unitary matrix

U = 1√
2

(
1 1

−1 1

)
,

we determine the self-adjoint matrix A = A† such that U = eiA. Via the usual tech-
niques it is easy to show that the spectral decomposition of U is given by

λ± = a ± i√
1 + a2

, with Vλ± = L((1,±i)).

Notice that |λ±| = 1 so we can write λ± = eiϕ± and, by normalising the eigenvectors
for U ,

U = V�UV
† = 1

2

(
1 1
−i i

) (
eiϕ− 0
0 eiϕ+

) (
1 i
1 −i

)
,

with V †V = I2. Since �U = eiδU with δU = δ†U = diag(ϕ−,ϕ+), we write

U = VeiδU V † = eiV δU V † = eiA

where A = A† with

A = V δUV † = 1
2

(
1 1
−i i

) (
eiϕ− 0
0 eiϕ+

) (
1 i
1 −i

)
= 1

2

(
ϕ− + ϕ+ i(ϕ− − ϕ+)

i(ϕ− − ϕ+) ϕ− + ϕ+

)
.

Notice that the matrix A is not uniquely determined by U , since the angular
variables ϕ± are defined up to 2π periodicity by

cosϕ± = a√
1 + a2

, sinϕ± = ± 1√
1 + a2

.

We close this section by considering one parameter groups of unitary matrices.
We start with a self-adjoint matrix A = A† ∈ C

n,n , and define the matrix

Us = eis A, for s ∈ R.

From the properties of the exponential of a matrix, it is easy to show that, for any
real s, s ′, the following identities hold.
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(i) (Us)
†Us = In ,

that is Us is unitary,
(ii) U0 = In ,
(iii) (Us)

† = U−s ,
(iv) Us+s ′ = UsUs ′ = Us ′Us ,

thus in particular, these unitary matrices commute for different values of the
parameter.

The map R → U(n) given by s �→ Us is, according to the definition in the
Appendix A.4, a group homomorphism between (R,+) and U(n) (with group mul-
tiplication), that is between the abelian group R with respect to the sum and the non
abelian group U(n) with respect to the matrix product. This leads to the following
definition.

Definition 12.3.6 If Us is a family (labelled by a real parameter s) of elements in
U(n) such that, for any value of s ∈ R, the above identities ii) − iv) are fulfilled,
then Us is called a one parameter group of unitary matrices of order n.

For any self-adjoint matrix A, we have a one parameter group of unitary matrices
given byUs = eis A. The matrix A is usually called the infinitesimal generator of the
one parameter group.

Proposition 12.3.7 For any A = A† ∈ C
n,n, the elements Us = eis A give a one

parameter group of unitary matrices in Hn. Conversely, if Us is a one parameter
group of unitary matrices in Hn, there exists a self-adjoint matrix A = A† such that
Us = eis A.

Proof Let Us ∈ U(n) be a one parameter group of unitary matrices. For each value
s ∈ R the matrix Us can be diagonalised, and since Us commutes with any Us ′ , it
follows that there exists an orthonormal basis B for Hn of common eigenvectors for
any Us . So there is a unitary matrix V (providing the change of basis from B to the
canonical base E) such that

Us = V {diag(eiϕ1(s),...,iϕn(s))}V †

where eiϕk (s) are the eigenvalues of Us . From the condition UsUs ′ = Us+s ′ it follows
that the dependence of the eigenvalues on the parameter s is linear, and fromU0 = In
we know that ϕk(s = 0) = 0. We can eventually write

Us = V {diag(eisϕ1,...,isϕn )}V † = Veis δV † = eis V δV †

where δ = diag(ϕ1, . . . ,ϕn) is a self-adjoint matrix. We then set A = V δV † = A†

to be the infinitesimal generator of the given one parameter group of unitarymatrices.
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