Chapter 2 ®)
Vector Spaces oo

The notion of vector space can be defined over any field K. We shall mainly consider
the case K = R and briefly mention the case K = C. Starting from our exposition,
it is straightforward to generalise to any field.

2.1 Definition and Basic Properties

The model of the construction is the collection of all vectors in the space applied at
a point with the operations of sum and multiplication by a scalar, as described in the
Chap. 1.

Definition 2.1.1 A non empty set V is called a vector space over R (or a real vector
space or an R-vector space) if there are defined two operations,

(a) aninternal one: a sum of vectorss : V xV — V,
VxVswv)—sv)=v+7,
(b) an exterior one: the productby ascalar p : R x V — V
RxV > (k,v)— plk,v)=kov,

and these operations are required to satisfy the following conditions:

(1) There exists an element Oy € V, which is neutral for the sum, such that
(V, +, Oy) is an abelian group.
For any k, k" € R and v, v' € V one has

2) (k+K)Yv=kv+k'v

3) k(v+v) =kv+kv
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18 2 Vector Spaces

@) k(k'v) = (kk")v
5) 1v=v,with1 = 1.

The elements of a vector space are called vectors; the element Oy is the zero or null
vector. A vector space is also called a linear space.

Remark 2.1.2 Given the properties of a group (see A.2.9), the null vector Oy and the
opposite —v to any vector v are (in any given vector space) unique. The sums can
be indeed simplified, that is v + w = v + u = w = u. Such a statement is easily
proven by adding to both terms in v + w = v + u the element —v and using the
associativity of the sum.

As already seen in Chap. 1, the collections Vzo (vectors in a plane) and V30 (vectors
in the space) applied at the point O are real vector spaces. The bijection V30 «— R3
introduced in the Definition 1.2.5, together with the Remark 1.2.9, suggest the natural
definitions of sum and product by a scalar for the set R?® of ordered triples of real
numbers.

Proposition 2.1.3 The collection R? of triples of real numbers together with the
operations defined by

L (x1,x2, x3) + (1, y2, ¥3) = (X1 + y1, X2 + 2, x3 + y3), for any (x1, x2, x3),
(1, y2, y3) € R?,
IL. a(xy, xp, x3) = (axy, axy, ax3), foranya € R, (x1, x2, x3) € R?,

is a real vector space.

Proof We verify that the conditions given in the Definition 2.1.1 are satisfied. We
first notice that (a) and (b) are fullfilled, since R? is closed with respect to the
operations in I. and II. of sum and product by a scalar. The neutral element for the
sum is Ogs = (0, 0, 0), since one clearly has

(x1, x2,x3) +(0,0,0) = (x1, x2, x3).

The datum (R?, +, Ors) is an abelian group, since one has

e The sum (R?, +) is associative, from the associativity of the sum in R:

(x1, x2, x3) + (01, y2, ¥3) + (21, 22, 23))
= (x1, x2,x3) + (y1 + 21, Y2 + 22, y3 + 23)
=1+ O +z), %2+ 02+ 22), x3+ (3 +23)
= ((x1+y1) + 21, 2+ ¥2) + 22, (33 + ¥3) +23)
= (x1 + y1, X2 + y2, X3 + y3) + (21, 22, 23)
= ((x1, x2, x3) + (V1, Y2, ¥3)) + (21, 225 23)-
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e From the identity
(x1, X2, X3) + (—x1, —x2, —x3) = (x1 — X1, X2 — X2, x3 — x3) = (0,0,0)

one has (—x;, —xz, —x3) as the opposite in R3 of the element (x1, x2, x3).
e The group (R?, +) is commutative, since the sum in R is commutative:

(x1, X2, x3) + (¥1, y2, ¥y3) = (X1 + y1, X2 + y2, X3 + ¥3)
= (1 +x1, 2 +x2, y3 + x3)
= (y1, y2, ¥y3) + (x1, x2, x3).

We leave to the reader the task to show that the conditions (1), (2), (3), (4) in Defi-
nition 2.1.1 are satisfied: for any A\, A’ € R and any (x1, x2, x3), (y1, y2, ¥3) € R3 it
holds that

Lo (A4 N)(x1, x2, x3) = A(xq, X2, x3) + N (x1, X2, X3)

2. AM((xrs x2, x3) + (V15 Y2, ¥3)) = A(x1, x2, X3) + A(y1, y2, ¥3)

30 AN (x1, X2, x3)) = (AN)(x1, X2, X3)

4. 1()61,)62,)63) =(X1,XZ,)C3). O
The previous proposition can be generalised in a natural way. If n € N is a positive
natural number, one defines the n-th cartesian product of R, that is the collection of
ordered n-tuples of real numbers

R"={X = (x1,...,%,) : xx € R},

and the following operations, witha € R, (x, ..., x,), (y1, ..., yn) € R™

In. (xp, oo X)) + O ees ) = 0+ Y150 Xn 4 V)
IIn. a(xy,...,x,) = (axy,...,ax,).
The previous proposition can be directly generalised to the following.

Proposition 2.1.4 With respect to the above operations, the set R" is a vector space
over R.

The elements in R" are called n-tuples of real numbers. With the notation
X =(x1,...,x,) € R", the scalar x;, with k = 1,2, ..., n, is the k-th component
of the vector X.

Example 2.1.5 As in the Definition A.3.3, consider the collection of all polynomials
in the indeterminate x and coefficients in R, that is

Rix] = {f(x) = ap + a1x + axx® +--- +a,x" : ax € R, n >0},

with the operations of sum and product by a scalar A\ € R defined, for any pair of
elements in R[x], f(x) =ag + a;x + ax*> + - -- + a,x" and g(x) = by + b1x +
boxt+ -+ byx™, component-wise by
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Ip. f(x)+g(x)=ao+bo+ (a+b)x+ (a2 +b)x*+ -
Ilp. A\f(x) = Aap + \ajx + Arx? 4 - 4 da,x".

Endowed with the previous operations, the set R[x] is a real vector space; R[x] is
indeed closed with respect to the operations above. The null polynomial, denoted by
Oppyj (that is the polynomial with all coefficients equal zero), is the neutral element
for the sum. The opposite to the polynomial f(x) = ag + a;x + ax* + - - - + a,x"
is the polynomial (—ag — a;x — arx?> —--- — a,x") € R[x] that one denotes by
— f(x). We leave to the reader to prove that (R[x], 4, Og[y]) is an abelian group and
that all the additional conditions in Definition 2.1.1 are fulfilled.

Exercise 2.1.6 We know from the Proposition A.3.5 that R[x],, the subset in R[x]
of polynomials with degree not larger than a fixed » € N, is closed under addition
of polynomials. Since the degree of the polynomial A f (x) coincides with the degree
of f(x) for any A # 0, we see that also the product by a scalar, as defined in Ilp.
above, is defined consistently on R[x],. It is easy to verify that also R[x], is a real
vector space.

Remark 2.1.7 The proof that R”, R[x] and R[x], are vector space over R relies on
the properties of R as a field (in fact a ring, since the multiplicative inverse in R does
not play any role).

Exercise 2.1.8 The set C", that is the collection of ordered n-tuples of complex
numbers, can be given the structure of a vector space over C. Indeed, both the
operations In. and IIn. considered in the Proposition 2.1.3 when intended for complex
numbers make perfectly sense:

IC' (Zl;-~-7Zn)+(w],-~~,wn)Z(Zl+wl,-~-7Zn+wn)
Ilc. c(zi,...,20) = (c21,...,C2Zn)
withc € C, and (z1, ..., 2,), (wy, ..., w,) € C".

The reader is left to show that C" is a vector space over C.

The space C" can also be given a structure of vector space over R, by noticing
that the product of a complex number by a real number is a complex number. This
means that C" is closed with respect to the operations of (component-wise) product
by a real scalar. The condition Ilc. above makes sense when ¢ € R.

We next analyse some elementary properties of general vector spaces.

Proposition 2.1.9 Let V be a vector space over R. For any k € Rand any v € V it
holds that:

(i) Orv = Oy,

(ii) kOy = Oy,
(iii) if kv = Oy then it is either k = Og or v = Oy,
(iv) (—k)v = —(kv) = k(—v).

Proof (i) From Orv = (Og 4+ Or)v = Orv + Ogrv, since the sums can be simpli-
fied, one has that Ogv = Oy.
(i1) Analogously: kOy = k(Oy + Oy) = kOy + kOy which yields kOy = Oy .
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(iii) Letk # 0, so k~' € Rexists. Then, v = lv = k~'kv = k~'0y = Oy, with the
last equality coming from (ii).

(iv) Since the product is distributive over the sum, from (i) it follows that
kv 4+ (—k)v = (k + (—k))v = Ogv = Oy that is the first equality. For the sec-
ond, one writes analogously kv + k(—v) = k(v — v) = kOy = Oy O

Relations (i), (ii), (iii) above are more succinctly expressed by the equivalence:

kv=0y <= k=0 or v=0y.

2.2 Vector Subspaces

Among the subsets of a real vector space, of particular relevance are those which
inherit from V a vector space structure.

Definition 2.2.1 Let V be a vector space over R with respect to the sum s and the
product p as given in the Definition 2.1.1. Let W C V be a subset of V. One says
that W is a vector subspace of V if the restrictions of s and p to W equip W with
the structure of a vector space over R.

In order to establish whether a subset W C V of a vector space is a vector subspace,
the following can be seen as criteria.

Proposition 2.2.2 Let W be a non empty subset of the real vector space V. The
following conditions are equivalent.

(i) W is a vector subspace of V,
(ii) W is closed with respect to the sum and the product by a scalar, that is

(a) w+w €W, foranyw,w € W,
(b) kwe W, foranyk e Randw € W,

(iii) kw +k'w' € W, foranyk,k' € R and any w, w' € W.

Proof The implications (i) = ii) and (ii) = (iii) are obvious from the definition.

(iii) = (ii): By taking k = k" = 1 one obtains (a), while to show point (b) one
takes k' = Op.

(i1) = (i): Notice that, by hypothesis, W is closed with respect to the sum and
product by a scalar. Associativity and commutativity hold in W since they hold in V.

One only needs to prove that W has a neutral element Oy and that, for such a
neutral element, any vector in W has an opposite in W. If Oy € W, then Oy is the
zero element in W: for any w € W one has Oy + w = w + Oy = w since w € V;
from ii, (b) one has Orw € W for any w € W; from the Proposition 2.1.9 one has
Orw = Oy; collecting these relations, one concludes that Oy € W. If w € W, again
from the Proposition 2.1.9 one gets that —w = (—1)w € W. (]
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Exercise 2.2.3 Both W = {Oy} C V and W = V C V are trivial vector subspaces
of V.

Exercise 2.2.4 We have already seen that R[x], € R[x] are vector spaces with
respect to the same operations, so we may conclude that R[x], is a vector subspace
of R[x].

Exercise 2.2.5 Let v € V anon zero vector in a vector space, and let
LW)={av : aeR}CV

be the collection of all multiples of v by a real scalar. Given the elements w = av
and w’ = a’v in L(v), from the equality

ow + od'w' = (ca + da’)v € L(v)

for any o, o € R, we see that, from the Proposition 2.2.2, £L(v) is a vector subspace
of V, and we call it the (vector) line generated by v.

Exercise 2.2.6 Consider the following subsets W C R2:

Wy ={(x,y) eR?>: x =3y =0},
Wy ={(x,y) eR* : x+y=1},
Wi ={(x,y) e R* : x e N},

4. Wy={(x,y) eR? : x2—y=0}.

w =

From the previous exercise, one sees that W; is a vector subspace since
Wi = L((3, 1)). On the other hand, W,, W3, W, are not vector subspaces of R2. The
zero vector (0, 0) ¢ W,; while W5 and W, are not closed with respect to the product
by ascalar, since, for example, (1, 0) € W but %(1, 0) = (%, 0) ¢ W3. Analogously,
(1,1) e Wabut2(1,1) = (2,2) ¢ Wy.

The next step consists in showing how, given two or more vector subspaces of a
real vector space V, one can define new vector subspaces of V via suitable operations.

Proposition 2.2.7 The intersection Wi N W, of any two vector subspaces Wy and
W, of a real vector space V is a vector subspace of V.

Proof Considera, b € R and v, w € W; N W,. From the Propostion 2.2.2 it follows
that av + bw € W, since W, is a vector subspace, and also that av + bw € W, for
the same reason. As a consequence, one has av + bw € W; N W,. |

Remark 2.2.8 In general, the union of two vector subspaces of V is not a vector
subspace of V. As an example, the Fig. 2.1 shows that, if £(v) and £(w) are generated
by different v, w € RZ, then £(v) U L(w) is not closed under the sum, since it does
not contain the sum v + w, for instance.
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Fig. 2.1 The vector line £(v + w) with respect to the vector lines £(v) and £(w)

Proposition 2.2.9 Let W and W, be vector subspaces of the real vector space V
and let W + W, denote

Wi+W={veV]|v=w +wy w €W, wye W} CV.

Then Wy + W, is the smallest vector subspace of V which contains the union
Wi U W,.

Proof Leta,a’ € Rand v, v € W; + W,; this means that there exist w;, wj € W,
and wy, w), € Wa, so that v = w; + w; and v’ = w; + wj. Since both W; and W,
are vector subspaces of V, from the identity

av +a'v' = aw; + aw, + d'w] + d'w) = (aw, + d'w)) + (awz + a'w)),

onehasaw; + a’w| € Wyandaw, + a’w) € W,.Itfollows that W; + W, is a vector
subspace of V.

It holds that Wy + W, D W; U W,: if wy € Wy, it is indeed w; = w; 4+ Oy in
W, + W,; one similarly shows that W, C W + W,.

Finally, let Z be a vector subspace of V containing W; U W,; then for any
w; € Wy and w, € W, it must be w; + wy € Z. This implies Z 2> W; + W,, and
then W, + W, is the smallest of such vector subspaces Z. O

Definition 2.2.10 If W, and W, are vector subspaces of the real vector space V the
vector subspace W; + W, of V is called the sum of W) e W,.

The previous proposition and definition are easily generalised, in particular:

Definition 2.2.11 If Wy, ..., W, are vector subspaces of the real subspace V, the
vector subspace

Wi+ +W,=fveV]iv=w+--+w,; wyeW;, i=1,...,n}

of V is the sum of Wy, ..., W,.
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Definition 2.2.12 Let W, and W, be vector subspaces of the real vector space V. The
sum W, 4+ W, is called direct if Wi N W, = {0y }. A direct sum is denoted W & W,.

Proposition 2.2.13 Let Wi, W, be vector subspaces of the real vector space V.
Their sum W = W, + W, is direct if and only if any element v € W, 4+ W, has a
unique decomposition as v = wy + wy with w; € W;, i = 1,2.

Proof We first suppose that the sum W, + W, is direct, that is Wi N W, = {Oy }. If
there exists anelementv € W, + Wy withv = wy + wp, = w| + w),andw;, w; € W;,
then w; — w| = w) — w; and such an element would belong to both W; and W-.
This would then be zero, since W; N W, = {Oy}, and then w; = w] and w, = wj.
Suppose now that any element v € W; + W, has a unique decomposition
v=w; +wy withw;, e W;, i =1,2. Letve WNW,, thenve Wiand v e W,
which gives Oy = v — v € W + W,, so the zero vector has a unique decomposition.

Butclearly also Oy = Oy + Oy and being the decomposition for Oy unique, this gives
V= Ov. O

These proposition gives a natural way to generalise the notion of direct sum to an
arbitrary number of vector subspaces of a given vector space.

Definition 2.2.14 Let Wy, ..., W, be vector subspaces of the real vector space V.
The sum W) 4 - - -+ W, is called direct if any of its element has a unique decom-
position as v = w; + --- + w, with w; € W;, i =1, ..., n. The direct sum vector
subspace is denoted W, & - - - & W,,.

2.3 Linear Combinations

We have seen in Chap. 1 that, given a cartesian coordinate system ¥ = (0O; 1, j, k)
for the space S, any vector v € V3 can be written as v = ai + bj + ck. One says
that v is a linear combination of i, j, K. From the Definition 1.2.5 we also know that,
given X, the components (a, b, ¢) are uniquely determined by v. For this one says
that i, j, k are linearly independent. In this section we introduce these notions for an
arbitrary vector space.

Definition 2.3.1 Letuvy, ..., v, be arbitrary elements of a real vector space V. A vec-
torv € Visalinear combinationof vy, ..., v, ifthereexistn scalars \j, ..., \, € R,
such that

V=Avr + -4+ Aoy
The collection of all linear combinations of the vectors vy, ..., v, is denoted by
Ly, ...,v,). If I C V is an arbitrary subset of V, by £(/) one denotes the col-

lection of all possible linear combinations of vectors in 7, that is

L) ={ Nvi+---+Mv, | eR, v el, n>0}
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The set £(1) is also called the linear span of I.

Proposition 2.3.2 The space L(vy, ..., v,) is a vector subspace of V, called the
space generated by vy, ..., v, or the linear span of the vectors vy, . .., Up.

Proof After Proposition 2.2.2, it is enough to show that L(vy, ..., v,) is closed
for the sum and the product by a scalar. Let v, w € L(vy, ..., v,); it is then
v=MNv+---+ A\, and w = vy + -+ - + p,v,, for scalars Aj, ..., A\, and
Wi, ..., 4y Recalling point (2) in the Definition 2.1.1, one has

U+w:(>\1+N1)U1+"'+(>\n+ﬂn)vneﬁ(vlv---»vn)-

Next, let a € R. Again from the Definition 2.1.1 (point 4)), one has av = (aA;)v; +
-+ + (aA\,)v,, which gives av € L(vy, ..., v,). O

Exercise 2.3.3 The following are two examples for the notion just introduced.

(1) Clearly one has V2 = L(i, j) and V}, = L(i, j, k).

(2) Letv = (1,0, —1) and w = (2, 0, 0) be two vectors in R3; it is easy to see that
L(v,w) is a proper subset of R3. For example, the vector
u=(0,1,0) ¢ L(v, w). If u were in L(v, w), there should be «, 3 € R such
that

0,1,0) = a(1,0,—-1) + 5(2,0,0) = (o + 205, 0, —a).

No choice of «, 3 € R can satisfy this vector identity, since the second com-
ponent equality would give 1 = 0, independently of «, 3.

It is interesting to explore which subsets I € V yield £(I) = V. Clearly, one has
V = L(V). The example (1) above shows that there are proper subsets I C V
whose linear span coincides with V itself. We already know that V2 = L(i, j) and
that V(3) = L(i, j, k): both V(3) and Vé are generated by a finite number of (their)
vectors. This is not always the case, as the following exercise shows.

Exercise 2.3.4 The real vector space R[x] is not generated by a finite num-
ber of vectors. Indeed, let fi(x), ..., f,(x) € R[x] be arbitrary polynomials. Any
px) e L(fi,..., fn) is written as

p(x) = ALfi(x) + -+ A fu(x)

with suitable A}, ..., A, € R.If one writes d; = deg(f;) and d = max{d,, ..., d,},
from Remark A.3.5 one has that

deg(p(x)) = deg(A1 fi(x) + -+ + Ay fu(x¥)) < max{d,, ..., d,} =d.

This means that any polynomial of degree d 4+ 1 or higher is not contained in
L(f1, ..., fn). This is the case for any finite n, giving a finite d; we conclude that, if
n is finite, any £(I) with I = (fi(x), ..., fu(x)) is a proper subset of R[x] which
can then not be generated by a finite number of polynomials.
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On the other hand, R[x] is indeed the linear span of the infinite set

(1, x,x%, ..., x L ).

Definition 2.3.5 A vector space V over R is said to be finitely generated if
there exists a finite number of elements v,...,v, in V which are such that
V = L(vy,...,v,). In such a case, the set {vy, ..., v,} is called a system of gen-
erators for V.

Proposition 2.3.6 Let I C V andv € V. It holds that
LEIUI) = L) = veLd).

Proof “ =" Let us assume that L({v} U ) = L(I). Since v € L{v} U I), then
ve L)

“<«” We shall prove the claim under the hypothesis that we have a finite
system {vy, ..., v,}. The inclusion £(I) € L({v}U ) is obvious. To prove the
inclusion L({v} U I) € L(I), consider an arbitrary element w € L({v} U I), so that
w=av+ v +---+ pu,v,. By the hypothesis, ve L(I) so it is
v = A\{v; + --- 4+ \,v,. We can then write

w = OZ()\]U] + .- +)\nUn) +/1'1U1 + .- +ann-

From the properties of the sum of vectors in V', one concludes that w € L(vy, ..., v,)
= L(). O

Remark 2.3.7 From the previous proposition one has also the identity
Ly, ..., 0, 00) = L(v1, ..., v,)

for any vy, ..., v, € V.

If I is a system of generators for V, the next question to address is whether /
contains a minimal set of generators for V, that is whether there exists a set J C 1
(with J # I) such that £(J) = L(I) = V. The answer to this question leads to the
notion of linear independence for a set of vectors.

Definition 2.3.8 Givenacollection/ = {vy, ..., v,} of vectors in a real vector space
V, the elements of I are called linearly independent on R, and the system [ is said
to be free, if the following implication holds,

)\1v1+-~-+)\,,vn=OV EESS )\1:"'2)\,1:0]]{.

That is, if the only linear combination of elements of I giving the zero vector is the
one whose coefficients are all zero.

Analogously, an infinite system I C V is said to be free if any of its finite subsets
is free.
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The vectors vy, ...,v, € V are said to be linearly dependent if they are not
linearly independent, that is if there are scalars (A, ..., \;) # (0, ..., 0) such that
)\1U1 —+ -+ )\nvn = Ov.

Exercise 2.3.9 It is clear that i, j, k are linearly independent in V3, while the vec-
tors v; =i+ j, v, =j — k and vz = 2i — j + 3k are linearly dependent, since one
computes that 2v; — 3v; —v3 = 0.

Proposition 2.3.10 Let V be a real vector space and I = {vy, ..., v,} be a collec-
tion of vectors in V. The following properties hold true:

(i) if Oy € I, then I is not free,
(ii) 1 is not free if and only if one of the elements v; is a linear combination of the
other elements vy, ..., Vi—1, Vitl, ..., Up,
(iii) if I is not free, then any J 2 I is not free,
(iv) if I is free, then any J such that J C I is free; that is any subsystem of a free
system is free.

Proof 1) Without loss of generality we suppose that v; = Oy. Then, one has
Irvy 4+ Ogvy + - - - 4+ Orv, = Oy,

which amounts to say that the zero vector can be written as a linear combination
of elements in / with a non zero coefficients.

(i1) Suppose I is not free. Then, there exists scalars (A, ..., A,) # (0,...,0) giv-
ing the combination Ajv; + - - - + A\, v, = Oy. Without loss of generality take
A1 # 0; so A\ is invertible and we can write

v = )\1_1(—)\21)2 — o= Ap) € L(v2, ..., V).

In order to prove the converse, we start by assuming that a vector v; is a linear
combination

Vi = Avr s Ao A Vi o+ A
This identity can be written in the form
Avp 4 NV = U+ A Vi e+ A, = 0y
The zero vector is then written as a linear combination with coefficients not all
identically zero, since the coefficient of v; is —1. This amounts to say that the

system [ is not free.
We leave the reader to show the obvious points (iii) and (iv). [l
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2.4 Bases of a Vector Space

Given areal vector space V, in this section we determine its smallest possible systems
of generators, together with their cardinalities.

Proposition 2.4.1 Let V be a real vector space, with vy, ..., v, € V. The following

facts are equivalent:

(i) the elements vy, ..., v, are linearly independent,

(ii) vy # Oy and, for any i > 2, the vector v; is not a linear combination of
Uy eeny Ui—1.

Proof The implication (i) = (ii) directly follows from the Proposition 2.3.10.
To show the implication (ii) = (i) we start by considering a combination
vy + -+ + \v, = Oy. Under the hypothesis, v, is not a linear combination of

Vl,...,Us_1, SO it must be )\, =0: were it not, one could write v, =
AN (=M — - = A\y_1v,—1). We are then left with \jvy + -+ + X\,_1v,1 = Oy,
and an analogous reasoning leads to \,_; = 0. After n — 1 similar steps, one has
Av; = 0; since v # 0 by hypothesis, it must be (see 2.1.5) that \; = 0. O

Theorem 2.4.2 Any finite system of generators for a vector space V contains a free
system of generators for V.

Proof Let I = {vy, ..., v} be a system of generators for a real vector space V.
Recalling the Remark 2.3.7, we can take v; # 0 for any i = 1,...,s. We define
iteratively a system of subsets of 7, as follows:

etake I} =1 = {vy,..., v},

o ifv, € L(vy), take I, = I, \ {va};if vy ;ﬁ L(vy), take I, = I,

o if V3 € E(Ul, Uz), take 13 = 12 \ {U3}; if U3 ;ﬁ L(vl, Uz), take 13 = 12,
e [terate the steps above.

The whole procedure consists in examining any element in the starting /; = I, and
deleting it if it is a linear combination of the previous ones. After s steps, one ends
upwithachain/; 2 --- 2D ;D 1.

Notice that, for any j =2,...,s,itis £(I;) = L(I;_;). Itis indeed either /; =
I;_1 (which makes the claim obvious)or I;_; = I; U {v;}, withv; € L(vy, ..., vj_1)
C L(Ij_1); from Proposition 2.3.6, it follows that £L(I;) = L(I;—;).

One has then £(I) = L(I}) = --- = L(Iy), and [ is a system of generators of
V. Since no element in I is a linear combination of the previous ones, the Proposi-
tion 2.4.1 shows that /I, is free. O

Definition 2.4.3 Let V be a real vector space. An ordered system of vectors [ =
(v1,...,v,)in Vis called a basis of V if I is a free system of generators for V, that
isV =L(vy,...,v,) and vy, ..., v, are linearly independent.

Corollary 2.4.4 Any finite system of generators for a vector space contains (at least)
a basis. This means also that any finitely generated vector space has a basis.
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Proof 1t follows directly from the Theorem 2.4.2. (]
Exercise 2.4.5 Consider the vector space R? and the system of vectors I = {vy, ..., vs}
with

vi=(,1, =D, v=(-2,-22), =201, vu=(1-12), vs=(0,11D.

Following Theorem 2.4.2, we determine a basis for L£(vy, vy, v3, v4, Vs).

At the first step I} = 1.

Since v; = —2vy, so that v, € L(vy), delete v, and take I, = I \ {v,}.

One has v ¢ L(v), so keep v; and take I3 = 1.

One has v4 € L(vy, v3) if and only if there exist «, 5 € R such that vy =
avy + fus, thatis (1, —1, 2) = (a 4+ 206, a, —a + (). By equating components,
one has a« = —1, 3 = 1. This shows that v4 = —v; + v3 € L(vy, v3); therefore
delete vy and take Iy = I3\ {v4}.

e Similarly one shows that vs ¢ L(v;, v3). A basis for £(I) is then Is = I, =
(v1, v3, vs).

The next theorem characterises free systems.

Theorem 2.4.6 A system I = {vy, ..., v,} of vectors in V is free if and only if any
element in L(vy, ..., v,) can be written in a unique way as a linear combination of
the elements vy, ..., v,.

Proof We assume that [ is free and that L(vy, .. ., v,) contains a vector, say v, which
has two linear decompositions with respect to the vectors v;:

U=/\1U1+"‘+)\,1Un:M1U1+"'+/.L,1Un.

This identity would give (A\; — p1)vy + - - - + (A — ) v, = Oy ; since the elements
v; are linearly independent it would read

)\1_,[1/1:07 e 7)\n_un=05

thatis \; = p; forany i = 1, ..., n. This says that the two linear expressions above
coincide and v is written in a unique way.

We assume next that any element in L(vy, ..., v,) as a unique linear decomposi-
tion with respect to the vectors v;. This means that the zero vector Oy € L(vy, ..., v,)
has the unique decomposition Oy = Ogrv; + - - - + Ogrv,. Let us consider the expres-
sion A\jv; 4 - -+ 4+ A,v, = Oy; since the linear decomposition of Oy is unique, it

is \; =0 for any i =1, ..., n. This says that the vectors vy, ..., v, are linearly
independent. (]
Corollary 2.4.7 Let vy, ..., v, be elements of a real vector space V. The system
I = (vy,...,vy) is a basis for V if and only if any element v € V can be written in

a unique way as v = A\jv; + - - - + A\, vy
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Definition 2.4.8 Let I = (v, ..., v,) be a basis for the real vector space V. Any
v € V is then written as a linear combination v = A\jv; + - -+ + \,v, is a unique
way. The scalars Ay, ..., A, (which are uniquely determined by Corollary 2.4.7) are
called the components of v on the basis /. We denote this by

v=(A1 L A

Remark 2.4.9 Notice that we have taken a free system in a vector space V and
a system of generators for V not to be ordered sets while on the other hand, the
Definition 2.4.3 refers to a basis as an ordered set. This choice is motivated by the
fact that it is more useful to consider the components of a vector on a given basis
as an ordered array of scalars. For example, if I = (v, vp) is a basis for V, so it is
J = (v2, v1). But one considers I equivalent to J as systems of generators for V,
not as bases.

Exercise 2.4.10 With £ = (i, j) and £ = (j, i) two bases for Vf), the vector v =
2i + 3j has the following components

v=(2,3)e=(3,2¢

when expressed with respect to them.

Remark 2.4.11 Consider the real vector space R” and the vectors

er =(1,0,...,0),
622(0’17-~-10)1

en = (0,0,...,1).

Since any element v = (x1, ..., X,) can be uniquely written as
(X1, -0y X)) = X101 + - -+ X,
the system £ = (ey, ..., ¢,) is a basis for R".
Definition 2.4.12 The system £ = (ey, ..., e,) above is called the canonical basis
for R".

The canonical basis for R? is £ = (e, 3), with e; = (1, 0) and e, = (0, 1); the
canonical basis for R3 is €& = (e, e, €3), with ¢; = (1,0, 0), e, = (0, 1,0) and
e3 = (0,0, 1).

Remark 2.4.13 We have meaningfully introduced the notion of a canonical basis for
R”". Our analysis so far should nonetheless make it clear that for an arbitrary vector
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space V over R there is no canonical choice of a basis. The exercises that follow
indeed show that some vector spaces have bases which appear more natural than
others, in a sense.

Exercise 2.4.14 We refer to the Exercise 2.1.8 and consider C as a vector space
over R. As such it is generated by the two elements 1 and i since any complex
number can be written as z = a + ib, with a, b € R. Since the elements 1,1 are
linearly independent over R they are a basis over R for C.

As already seen in the Exercise 2.1.8, C" is a vector space both over C and over R.
As a C-vector space, C" has canonical basis £ = (ey, ..., e,), where the elements
e; are given as in the Remark 2.4.11. For example, the canonical basis for C? is
E = (ey, ), withe; = (1,0), e, = (0, 1).

As a real vector space, C" has no canonical basis. It is natural to consider for it
the following basis B = (b1, ¢y ..., b,, ¢,), made of the 2n following elements,

by =(1,0,...,0), ¢ =(G,0,...,0),
b, =(0,1,...,0), c=(0,i,...,0),

b, =(0,0,...,1), ¢, =(0,0,...,1).

For C? such a basis is B = (b1, ¢y, ba, ¢2), with b, = (1,0), ¢; = (i,0), and
by =(0,1),c; = (0,1).

Exercise 2.4.15 The real vector space R[x], has a natural basis given by all the
monomials (1, x,x2,...,x") with degree less than r, since any element
p(x) € R[x], can be written in a unique way as

px) =ap+aix + ax®+ - ax,

with a; € R.

Remark 2.4.16 We have seen in Chap. 1 that, by introducing a cartesian coordinate
system in V3, and with the notion of components for the vectors, the vector space
operations in V}, can be written in terms of operations among components. This fact
is generalised in the following way.

LetI = (vy,...,v,) beabasisfor V.Letv, w € V,withv = (\,..., \,); and
w = (uy, ..., uy)s the corresponding components with respect to /. We compute
the components, with respect to 7, of the vectors v + w. We have

vt+w = ()\lvl +"'+)\nvn)+(,ulvl +"'+ann)
= (>\1 +N1)U1 +--+ ()\n +/ffn)vns

SO We can write
U+w=(>\l +M19~~-,An+,un)l'
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Next, with a € R we also have
av = a()\lvl +--+ )\nvn) = ((1)\1)01 + -+ (a)\n)vn’

SO We can write
av = (a\,...,a\,);.

If z = av + bw with, z = (&1, ..., &)y, it is immediate to see that

&1y oo &)1 = (@M +bur, ..., aX, + by

or equivalently
& =a)i + by, forany i=1,...,n.

Proposition 2.4.17 Let V be a vector space over R, and I = (vy, ..., v,) a basis
for V. Consider a system

wi = A, oA w2 =ar,c Ao)r e Wy = (A, o, A

of vectors in V, and denote z = (&1, ..., &) 1. One has that

Z=aywi + -+ agw; — S =a i+ +aghg forany i =1,..., n.
The i-th component of the linear combination z of the vectors wy, is given by the
same linear combination of the i-th components of the vectors wy.

Proof Tt comes as a direct generalisation of the previous remark. (]

Corollary 2.4.18 With the same notations as before, one has that

(a) the vectors wy, ..., wy are linearly independent in V if and only if the corre-
sponding n-tuples of components (A1, ..., AMn)s - - oy (As1, « - - s Asn) are linearly
independent in R",

(b) the vectors wy, ..., ws form a system of generators for V if and only if the cor-
responding n-tuples of components (Ai1, ..., An)s - -« (g1, - . ., Asn) generate
R™.

A free system can be completed to a basis for a given vector space.

Theorem 2.4.19 Let V be a finitely generated real vector space. Any free finite
system is contained in a basis for V.

Proof Let I = {vy, ..., vs} be a free system for the real vector space V. By the
Corollary 2.4.4, V has a basis, that we denote B = (eq, ..., e,). The set ] UB =
{vi,..., v, eq,...,e,} obviously generates V. By applying the procedure given

in the Theorem 2.4.2, the first s vectors are not deleted, since they are linearly
independent by hypothesis; the subsystem /3’ one ends up with at the end of the
procedure will then be a basis for V' that contains /. ]
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2.5 The Dimension of a Vector Space

The following (somewhat intuitive) result is given without proof.

Theorem 2.5.1 Let V be a vector space over R with a basis made of n elements.
Then,

(i) any free system I in 'V contains at most n elements,
(ii) any system of generators for V has at least n elements,
(iii) any basis for V has n elements.

This theorem makes sure that the following definition is consistent.

Definition 2.5.2 If there exists a positive integer n > 0, such that the real vector
space V has a basis with n elements, we say that V has dimension n, and write
dimV =n. If V is not finitely generated we set dimV = oo. If V = {0y} we set
dimV =0.

Exercise 2.5.3 Following what we have extensively described above, it is clear that
dim V% = 2 and dim V% = 3. Also dim R" = n, with dim R = 1, and we have that
dim R[x] = oo while dim R[x], = r + 1. Referring to the Exercise 2.4.14, one has
that dim¢ C" = n while dimp C" = 2n.

We omit the proof of the following results.

Proposition 2.5.4 Let V be a n-dimensional vector space, and W a vector subspace
of V. Then, dim(W) < n, while dim(W) = n if and only if W = V.

Corollary 2.5.5 Let V be a n-dimensional vector space, and vy, ..., v, € V. The
following facts are equivalent:

(i) the system (vy, ..., v,) is a basis for V,
(ii) the system {vy, ..., v,} is free,
(iii) the system {vy, ..., v,} generates V.

Theorem 2.5.6 (Grassmann) Let V a finite dimensional vector space, with U and
W two vector subspaces of V. It holds that

dim(U + W) = dim(U) + dim(W) — dim(U N W).

Proof Denote r = dim(U), s = dim(W) and p = dim(U N W). We need to show
that U + W has a basis with r + s — p elements.

Let (v, ..., v,) be a basis for U N W. By the Theorem 2.4.19 such a free sys-
tem can be completed to a basis (vi,...,v,, Uy, ...,u,—p) for U and to a basis
Wiy .oV, Wi, ., we—p) for W

We then show that I = (v, ..., vp, Uy, ..., Ur—p, Wi, ..., Ws—p) is a basis for

the vector space U + W. Since any vectorin U + W has the formu + w, withu € U
and w € W, and since u is a linear combination of vy, ..., v,, uy, ..., u,_,, while w
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is a linear combination of vy, ..., v,, wy, ..., wy_,, the system I generates U + W.
Next, consider the combination

avy + - oy + iy o+ B pltp—p V1w F - F Y pWs—p = Oy

Denoting forbrevity v = 37 cyvi,u = 3 °\2 Bjujand w = 37, 7Y yewy, we write
this equality as
v+u—+w =0y,

withveUNW,uelU, we W.Sincev,u e U,thenw=—-v—uecU;sow e
U N W. This implies

w = YW +"'+stfpwsfp = )\lvl +"'+)\pvp

for suitable scalars A;: in fact we know that {vy, ..., v,, wy, ..., ws—,} is a free
system, so any -y, must be zero. We need then to prove that, from

avy + - apvp + B+ A+ Bepty—p = Oy

it follows that all the coefficients «; and 3; are zero. This is true, since (vy, ..., vp,
ui,...,ur_p)is abasis for U. Thus I is a free system. [l

Corollary 2.5.7 Let W, and W, be vector subspaces of V. If W\ & W, can be
defined, then
dim(W; @ W,) = dim(W;) 4 dim(W5).

Also, if By = (w), ..., w;) and B, = (w{, ..., w)) are basis for Wy and W, respec-
tively, a basis for Wi @ W, is given by B = (w}, ..., w,, w{, ..., w/).

Proof By the Grassmann theorem, one has
dim(W; + W,) + dim(W; N W,) = dim(W;) + dim(W,)

and from the Definition 2.2.12 we also have dim(W; N W,) = 0, which gives the
first claim.

With the basis B; and B3, one considers B = 3; U B, which obviously generates
W @ W,. The second claim directly follows from the Corollary 2.5.5. ]

The following proposition is a direct generalization.

Proposition 2.5.8 Let Wy, ..., W, be subspaces of a real vector space V and let
the direct sum W, @ - - - @ W, be defined. One has that

dm(W, @ --- @ W,) = dim(W;) + - - - + dim(W,,).



	2 Vector Spaces
	2.1 Definition and Basic Properties
	2.2 Vector Subspaces
	2.3 Linear Combinations
	2.4 Bases of a Vector Space
	2.5 The Dimension of a Vector Space




