Chapter 1 ®)
Vectors and Coordinate Systems oo

The notion of a vector, or more precisely of a vector applied at a point, originates in
physics when dealing with an observable quantity. By this or simply by observable,
one means anything that can be measured in the physical space—the space of physical
events— via a suitable measuring process. Examples are the velocity of a point
particle, or its acceleration, or a force acting on it. These are characterised at the
point of application by a direction, an orientation and a modulus (or magnitude). In
the following pages we describe the physical space in terms of points and applied
vectors, and use these to describe the physical observables related to the motion of a
point particle with respect to a coordinate system (a reference frame). The geometric
structures introduced in this chapter will be more rigorously analysed in the next
chapters.

1.1 Applied Vectors

We refer to the common intuition of a physical space made of points, where the
notions of straight line between two points and of the length of a segment (or equiv-
alently of distance of two points) are assumed to be given. Then, a vector v can be
denoted as

v=B—A or v=AB,

where A, B are two points of the physical space. Then, A is the point of application
of v, its direction is the straight line joining B to A, its orientation the one of the arrow
pointing from A towards B, and its modulus the real number |B — A|| = ||A — B|,
that is the length (with respect to a fixed unit) of the segment A B.
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Fig. 1.1 The parallelogram rule

If S denotes the usual three dimensional physical space, we denote by
W3 ={B—A|A BeS)
the collection of all applied vectors at any point of S and by
Vi={B—-A|BeS)

the collection of all vectors applied at A in S. Then

wi={J vi.

AeS

Remark 1.1.1 Once fixed a point O in S, one sees that there is a bijection between
the set V3, = {B — O | B € S} and S itself. Indeed, each point B in S uniquely
determines the element B — O in V%, and each element B — O in Vé uniquely
determines the point B in S.

It is well known that the so called parallelogram rule defines in V30 a sum of
vectors, where
(A-0)+(B—-0)=(C-0),

with C the fourth vertex of the parallelogram whose other three vertices are A, O,
B, as shown in Fig. 1.1.

The vector 0 = O — O is called the zero vector (or null vector); notice that its
modulus is zero, while its direction and orientation are undefined.

It is evident that V}, is closed with respect to the notion of sum defined above.
That such a sum is associative and abelian is part of the content of the proposition
that follows.

Proposition 1.1.2 The datum (V3), +, 0) is an abelian group.

Proof Clearly the zero vector 0 is the neutral (identity) element for the sum in V3,
that added to any vector leave the latter unchanged. Any vector A — O has an inverse
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Fig. 1.2 The opposite of a vector: A—0=—(A-0)

g, VW

(v+u)+w=v+(u+w)

Fig. 1.3 The associativity of the vector sum

with respect to the sum (that is, any vector has an opposite vector) given by A’ — O,
where A’ is the symmetric point to A with respect to O on the straight line joining
A to O (see Fig. 1.2).

From its definition the sum of two vectors is a commutative operation. For the
associativity we give a pictorial argument in Fig. 1.3. ([

There is indeed more structure. The physical intuition allows one to consider
multiples of an applied vector. Concerning the collection V), this amounts to define
an operation involving vectors applied in O and real numbers, which, in order not to
create confusion with vectors, are called (real) scalars.

Definition 1.1.3 Given the scalar A € R and the vector A — O € V%, the product
by a scalar
B—0=)XA—-0)

is the vector such that:

(1) A, B, O are on the same (straight) line,
(ii)) B — O and A — O have the same orientation if A > 0, while A — O and
B — O have opposite orientations if A < 0,
(iii) [|B — Ol = [AllA — O]l

The main properties of the operation of product by a scalar are given in the
following proposition.

Proposition 1.1.4 For any pair of scalars A\, u € R and any pair of vectors
A—0O,B— O € V?), it holds that:
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Fig. 1.4 The scaling \(C — O) = (C" — O) with A > 1

Au(A = 0)) = (A — 0),

1(A—0)=A- 0,

AM(A — 0)+ (B — 0)) = MA — 0) + \(B — 0),
ON+m)(A — 0) = \A — 0)+ u(A — 0).

Kb~

Proof 1. SetC — O = A(u(A — O))and D — O = (A\u)(A — O). If one of
the scalars A, p is zero, one trivially has C — O = 0 and D — O = 0, so
Point 1. is satisfied. Assume now that A # 0 and p # 0. Since, by definition,
both C and D are points on the line determined by O and A, the vectors C — O
and D — O have the same direction. It is easy to see that C — O and D — O
have the same orientation: it will coincide with the orientation of A — O or not,
depending on the sign of the product Ay # 0. Since |Ap| = [A||pn] € R, one has
IC — Ol = 1D - 0.

2. It follows directly from the definition.

3.5etC — 0 =(A—-0)+(B — 0)andC' — O = (A — 0)+ (B" — 0),
withA” — O = AM(A — O)and B — O = \(B — O).
We verify that A\(C — O) = C’ — O (see Fig. 1.4).
Since O A is parallel to O A’ by definition, then BC is parallel to B'C’; OB is
indeed parallel to O B’, so that the planar angles OBC and OB'C’ are equal.
Also A\(OB) = OB, \(OA) = OA’,and A\(BC) = B’'C’. It follows that the
triangles O BC and O B’C’ are similar: the vector OC is then parallel OC’ and

they have the same orientation, with |OC’|| = A ||OC||. From this we obtain
oC’ = \O0C).
4. The proof is analogue to the one in point 3. (I

What we have described above shows that the operations of sum and product by a
scalar give Vg an algebraic structure which is richer than that of abelian group. Such
a structure, that we shall study in detail in Chap. 2, is called in a natural way vector
space.
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1.2 Coordinate Systems

The notion of coordinate system is well known. We rephrase its main aspects in terms
of vector properties.

Definition 1.2.1 Given a line r, a coordinate system A on it is defined by a point
O € randavectori = A — O,where A € r and A # O.

The point O is called the origin of the coordinate system, the norm ||[A — O] is
the unit of measure (or length) of A, with i the basis unit vector. The orientation of
i is the orientation of the coordinate system A.

A coordinate system A provides a bijection between the points on the line r and
R. Any point P € r singles out the real number x such that P — O = xi; viceversa,
for any x € R one has the point P € r defined by P — O = xi. One says that P
has coordinate x, and we shall denote it by P = (x), with respect to the coordinate
system A that is also denoted as (O; x) or (O; i).

Definition 1.2.2 Given a plane «, a coordinate system IT on it is defined by a point
O € « and a pair of non zero distinct (and not having the same direction) vectors
i=A—-0Oandj=B—- OwithA,B € a,and ||[A — O| = ||B — O].

The point O is the origin of the coordinate system, the (common) norm of the
vectors i, j is the unit length of I1, with i, j the basis unit vectors. The system is
oriented in such a way that the vector i coincides with j after an anticlockwise
rotation of angle ¢ with 0 < ¢ < 7. The line defined by O and i, with its given
orientation, is usually referred to as a the abscissa axis, while the one defined by O
and j, again with its given orientation, is called ordinate axis.

As before, it is immediate to see that a coordinate system IT on « allows one to
define a bijection between points on « and ordered pairs of real numbers. Any
P € « uniquely provides, via the parallelogram rule (see Fig.1.5), the ordered
pair (x,y) € R? with P — O = xi + yj; conversely, for any given ordered pair
(x,y) € R?, one defines P € aas givenby P — O = xi + yj.

With respect to II, the elements x € R and y € R are the coordinates of P,
and this will be denoted by P = (x, y). The coordinate system IT will be denoted
(0;1,j) or (O; x, y).

0 ¢

i Xi

Fig. 1.5 The bijection P(x,y) <> P — O = xi—+ yjinaplane
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Definition 1.2.3 A coordinate system IT = (O i, j) on a plane « is called an orthog-
onal cartesian coordinate system if ¢ = /2, where ¢ is as before the width of the
anticlockwise rotation under which i coincides with j.

In order to introduce a coordinate system for the physical three dimensional
space, we start by considering three unit-length vectors in V3 givenasu = U — O,
v=V — 0,w =W — O,and we assume the points O, U, V, W not to be on the
same plane. This means that any two vectors, u and v say, determine a plane which
does not contain the third point, say W. Seen from W, the vector u will coincide
with v under an anticlockwise rotation by an angle that we denote by av.

Definition 1.2.4 An ordered triple (u, v, w) of unit vectors in VZ) which do not lie
on the same plane is called right-handed if the three angles av, vw, wu, defined by
the prescription above are smaller than 7. Notice that the order of the vectors matters.

Definition 1.2.5 A coordinate system ¥ for the space S is given by apoint O € S
and three non zero distinct (and not lying on the same plane) vectorsi = A — O,
j=B — Oandk = C — O,withA,B,C € S,and||A — O|| = |B — O] =
IC — O] and (i, j, k) giving a right-handed triple.

The point O is the origin of the coordinate system, the common length of the
vectors i, j, k is the unit measure in X, with i, j, k the basis unit vectors. The line
defined by O and i, with its orientation, is the abscissa axis, that defined by O and j
is the ordinate axis, while the one defined by O and k is the quota axis.

With respect to the coordinate system X, one establishes, via V?), a bijection
between ordered triples of real numbers and points in S. One has

P <« P—-—0 < (x,9,2

with P — O = xi+ yj+ zk as in Fig. 1.6. The real numbers x, y, z are the com-
ponents (or coordinates) of the applied vector P — O, and this will be denoted by
P = (x,y,z). Accordingly, the coordinate system will be denoted by
Y = (0;1,j,k) = (O; x, y, ). The coordinate system X is called cartesian orthog-
onal if the vectors i, j, k are pairwise orthogonal.

By writing v = P — O, itis convenient to denote by v,, v, v, the components
of v with respect to a cartesian coordinate system X, so to have

v=vi+vj+vk
In order to simplify the notations, we shall also write this as
V= (Vy, Vy, V),
implicitly assuming that such components of v refer to the cartesian coordinate sys-

tem (O; 1, j, k). Clearly the components of a given vector v depend on the particular
coordinate system one is using.
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Fig. 1.6 The bijection P(x,y,z) <> P — O = xi+ yj + zKk in the space

Exercise 1.2.6 One has

1. The zero (null) vector0 = O — O has components (0, 0, 0) with respect to any
coordinate system whose origin is O, and it is the only vector with this property.
2. Given a coordinate system ¥ = (O; i, j, k), the basis unit vectors have compo-
nents
i=(,0,00, j=(@©,1,00, k=1(0,0,1).

3. Given a coordinate system X = (O; i, j, k) for the space S, we call coordinate
plane each plane determined by a pair of axes of X. We have v = (a, b, 0), with
a,b € R, if v is on the plane xy, v = (0, /', ¢) if v’ is on the plane yz, and

"= (a",0,c")if v’ is on the plane xz.

Example 1.2.7 The motion of a point mass in three dimensional space is described by
amapt € R — x(t) € V?) where ¢ represents the time variable and x(t) is the posi-
tion of the point mass at time ¢. With respect to a coordinate system X = (O; x, y, 7)
we then write

x(t) = (x(t), y(t),z(t)) orequivalently x(t) = x(®)i+ y(@)j+ z(H)k.

The corresponding velocity is a vector applied in x(¢), that is v(¢) € Vf(l), with
components

dx(r) (dx dy dz)
dr dr dr’ de”

V() = (ve(0), vy(0), v (1)) =
while the acceleration is the vector a(¢) € Vg(t) with components

Cdv()  dx? d?y d%:

t = (—, —, —
a(t) dr de?2 7 dr? 7 de?

).
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One also uses the notations

dx . .
v=—=Xx and a=-—=v=X
dr dr?

In the newtonian formalism for the dynamics, a force acting on the given point
mass is a vector applied in x(¢), thatis F € me with components F = (F,, F,, F;),
and the second law of dynamics is written as

ma =F

where m > 0 is the value of the inertial mass of the moving point mass. Such a
relation can be written component-wise as

d’x d’y d?z

map = Feomgp =he omge =k

A coordinate system for S allows one to express the operations of sum and product
by a scalar in V?) in terms of elementary algebraic expressions.

Proposition 1.2.8 With respect to the coordinate system ¥ = (O;1,j, k), let us
consider the vectors v = v,i + v,j + v.kand w = w,i + w,j + w_k, and the scalar
A € R. One has:

(]) vV+w= (Vx + wx)l + (Vy + wy)J + (VZ + wz)k’
(2) Av = dved + Avyj + Av k.

Proof (1) Sincev 4+ w = (vii 4+ v,j + v.k) + (w,i + w,j + w_K), by using the com-
mutativity and the associativity of the sum of vectors applied at a point, one has

V4w = e+ wed) + (v,J + wyj) + (v Kk + wk).

Being the product distributive over the sum, this can be regrouped as in the
claimed identity.
(2) Along the same lines as (1). O

Remark 1.2.9 By denoting v = (v, vy, v;) and w = (w,, wy, w;), the identities
proven in the proposition above are written as

(sz Vyv Vz) + (wxv wys wZ) = (Vx + w)ﬁ Vy + U)y, vZ + wZ)s
)‘(v,h Vy, Vz) = (>\vX7 )\Vy, )\Vz)~

This suggests a generalisation we shall study in detail in the next chapter. If we
denote by R? the set of ordered triples of real numbers, and we consider a pair of
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elements (xi, x2, x3) and (y1, y2, ¥3) in R3, with A € R, one can introduce a sum of
triples and a product by a scalar:

(x1, X2, x3) + (¥1, 2, ¥3) = (X1 + y1, X2 + y2, X3 + ¥3),
A(x1, X2, x3) = (Ax1, Axa, Axz).

1.3 More Vector Operations

In this section we recall the notions—originating in physics—of scalar product,
vector product and mixed products.

Before we do this, as an elementary consequence of the Pythagora’s theorem, one
has the following (see Fig. 1.6)

Proposition 1.3.1 Letv = (v,, vy, v;) be an arbitrary vector in Vg with respect to
the cartesian orthogonal coordinate system (O; 1, j, z). One has

vl = /v + vg +v2.

Definition 1.3.2 Let us consider a pair of vectors v, w € Vf). The scalar product of
v and w, denoted by v - w, is the real number

v-w = |v] [|[wW] cosa

with o = vw the plane angle defined by v and w. Since cos o = cos(—a), for this
definition one has cos VW = cos wv.

The definition of a scalar product for vectors in Vé is completely analogue.

Remark 1.3.3 The following properties follow directly from the definition.

(1) Ifv=0,thenv-w=0.
(2) Ifv, w are both non zero vectors, then

v-w=0 <= cosa=0 <= v.Lilw.
(3) Forany v € V3, it holds that:
vev=|v|?

and moreover
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(4) From (2), (3), if (O; i, j, k) is an orthogonal cartesian coordinate system, then
i-i=j-j=k-k=1, i-j=j-k=k-i=0.

Proposition 1.3.4 For any choice ofu, v, w € Vg and )\ € R, the following identi-
ties hold.

(i) V-W=wW-v,
(i) AV) - wW=v-(Aw) = A\(Vv-w),
(iii) u-(v+w)=u-v+u-w.

Proof (i) From the definition one has
v-w=|v| W] cos VW = ||w]| [|V] cosWV = w - v.

(ii) Settinga = (Av) - w, b = v - (Aw) and ¢ = A(v - w), from the Definition 1.3.2
and the properties of the norm of a vector, one has

a=(Av)-w = [[Av]| [[w] cosa’ = |A[[Iv]| [w]| cos o/
b=v-(w) = |[v] [|Aw[|cos o” = [[V]| [A[[lw] cos "
c=Av-w) = A(|v]l [lw]l cos @) = Al[v]| [[w] cos a

wherea’:()\/v)\w,a”zmanda:x’f'v\v.IfA:O,thena:b:c:O.
If A> 0, then [\| =\ and o = & = o”; from the commutativity and the
associativity of the product in R, this gives that a = b =c. If A < 0, then
Nl = —Aand o/ = o = 7 — a, thus giving cos &' = cosa”” = — cos . These
reada =b =c.

(iii)) We sketch the proof for parallel u, v, w. Under this condition, the result depends
on the relative orientations of the vectors. If u, v, w have the same orientation,
one has

u-(v+w) = ul [[v+w]
= [[al[([[vIl + Wl
= [lall [IvIl + [[all [[w|
=u-v4+u-w.

If v and w have the same orientation, which is not the orientation of u, one has

u-(v+w) =—lul [[v+w]
= —[uldivil + lIwl)
= —llall [Iv]| = [[ull [[w]|
=u-v+u-w.

We leave the reader to explicitly prove the other cases. O
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By expressing vectors in V?, in terms of an orthogonal cartesian coordinate system,
the scalar product has an expression that will allow us to define the scalar product of
vectors in the more general situation of euclidean spaces.

Proposition 1.3.5 Given (0; i, j, k), an orthogonal cartesian coordinate system for
S; with vectors v = (vy, vy, v;) and W = (Wy, wy, w;) in V?), one has

VoW = VW + VyWy + VW,

Proof Withv = v,i+v,j+v.kandw = w,i + w,j + w_k, from Proposition 1.3.4,
one has

Vew= (v~ vyj+v.Kk) - (wid+ wyj+ wk)
= vw,d-i+vywej-i+vowk-i

+ vewyi-jHvywyj-j+vowykej+ vewi-k+vywj-k+vw k- k.

The result follows directly from (4) in Remark 1.3.3, thatisi-j=j-k=k-i=0
aswellasi-i=j-j=k-k=1. |

Exercise 1.3.6 With respect to a given cartesian orthogonal coordinate system, con-
sider the vectors v = (2,3, 1) and w = (1, —1, 1). We verify they are orthogonal.
From (2) in Remark 1.3.3 this is equivalent to show that v - w = 0. From Proposition
1.35,onehasv-w=2-1+3-(-1)+1-1=0.

Example 1.3.7 Ifthemapx(¢) : R o t — x(t) € V?) describes the motion (notice
that the range of the map gives the trajectory) of a point mass (with mass m), its
kinetic energy is defined by

T =1 Iv(D)|?
= —-m .
2

With respect to an orthogonal coordinate system X = (O;li,j, k), given
v(t) = (vx (1), vy(t),v.(¢)) as in the Example 1.2.7, we have from the Proposi-
tion 1.3.5 that

1
Also the following notion will be generalised in the context of euclidean spaces.

Definition 1.3.8 Given two non zero vectors v and w in V3, the orthogonal projec-
tion of v along w is defined as the vector vy, in V}, given by

vV-w
= w.
[[wl|?

Vw

As the first part of Fig. 1.7 displays, vy is parallel to w.

From the identities proven in Proposition 1.3.4 one easily has
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u

Fig. 1.7 Orthogonal projections

Proposition 1.3.9 For any u, v, w € V3, the following identities hold:

(@) W+ V)y = Uy + Vy,
(b)) V- W=Vy -W=Wy-V.

The point (a) is illustrated by the second part of the Fig. 1.7.

Remark 1.3.10 The scalar product we have defined is a map
CT:V%XV%—)R, o(V,W) =V-w.

Also, the scalar product of vectors on a plane is a map o : Vé X V% — R.

Definition 1.3.11 Letv,w € Vg. The vector product between v and w, denoted by
v A W, is defined as the vector in V% whose modulus is

v Awl=]v| [w]sinc,
where o = VW, with 0 < o < 7 is the angle defined by v e w; the direction of v A w

is orthogonal to both v and w; and its orientation is such that (v, w,v Aw) is a
right-handed triple as in Definition 1.2.4.

Remark 1.3.12 The following properties follow directly from the definition.

(i) ifv=0thenvAw=0,
(@i1) if v and w are both non zero then

VAW=0 <= sina=0 <= v]|w,

(one trivially has v A v = 0),
(iii) if (0;1,j, k) is an orthogonal cartesian coordinate system, then

inj=k=—jAi, jrk=i=—-kAj, kni=j=—-iAk.

We omit to prove the following proposition.
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Proposition 1.3.13 Foranyu,v,w € V% and A € R, the following identities holds:

(i) VAW=—WAY,
(ii) AV) AW =VAAW) = A(VAW)
(iii) WA (V+W) =UAV+UAW,

Exercise 1.3.14 With respect to a given cartesian orthogonal coordinate system,
consider in Vg the vectors v = (1,0, —1) e w = (—2, 0, 2). To verify that they are
parallel, we recall the abov e result (ii) in the Remark 1.3.12 and compute, using the
Proposition 1.3.15, that v A w = 0.

Proposition 1.3.15 Let v = (v, v,,v;) and w = (wy, wy, w;) be elements in V?)
with respect to a given cartesian orthogonal coordinate system. It is

VAW = (VyWw; — V, Wy, V,Wy — Vy Wz, VxWy — VyWy).

Proof Given the Remark 1.3.12 and the Proposition 1.3.13, this comes as an easy
computation. O

Remark 1.3.16 The vector product defines a map
TIVE XV — Vi T(V, W) =VAW.

Clearly, such a map has no meaning on a plane.

Example 1.3.17 By slightly extending the Definition 1.3.11, one can use the vec-
tor product for additional notions coming from physics. Following Sect. 1.1, we
consider vectors u, w as elements in W3, that is vectors applied at arbitrary
points in the physical three dimensional space S, with components w = (i, Uy, u;)
and w = (w,, w,, w;) with respect to a cartesian orthogonal coordinate system
¥ = (0; 1, j, k). Inparallel with Proposition 1.3.15, we define 7 : W3 x W3 > W3
as

UAW = (UyW, — U Wy, U Wy — U W, UyWy — UyWy).

If u € V2 is a vector applied at x, its momentum with respect to a point X' € S is the
vector in W3 defined by

M=(x-x)Au

In particular, if u = F is a force acting on a point mass in X, its momentum is
M= x—x)AF.

If x(1) € Vé describes the motion of a point mass (with mass m > 0), whose
velocity is v(z), then its corresponding angular momentum with respect to a point x’
is defined by

Ly(t) = x(t) = X) A mv(?).
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Exercise 1.3.18 The angular momentum is usually defined with respect to the origin
of the coordinate system X, giving Lo(#) = x(t) A mv(¢).If we consider a circular
uniform motion

X(1) = (x() = r cos(n), y(t) = rsin(w), z(t) =0),
with » > 0 the radius of the trajectory and w € R the angular velocity, then
v(t) = (vx(t) = —rwsin(wt), y(t) =rwecos(wt), v,(t) = O)

so that
Lo(t) = (0,0, mrw).

Thus, a circular motion on the xy plane has angular momentum along the z axis.

Definition 1.3.19 Given an ordered triple u, v, w € V3 | their mixed product is the
real number
u-(vAw).

Proposition 1.3.20 Given a cartesian orthogonal coordinate system in S with
U= (Uy, Uy, U;), V= Vy,Vy,V;) and W = (wy, wy, w;) in V%, one has

u- (VAW =u,(vyw;, —v,wy) +uy(v,wy — viwy) + u (viwy, — vywy).
Proof It follows immediately by Propositions 1.3.5 and 1.3.15. ]

In the space S, the vector product between u A w is the area of the parallelogram
defined by u and v, while the mixed product u- (v A w) give the volume of the
parallelepiped defined by u, v, w.

Proposition 1.3.21 Givenu,v,w € V3.

1. Denote o = VW the angle defined by v and w. Then, the area A of the parallelo-
gram whose edges are u and v, is given by

A= |lv[l [w]sina = [[vAw].

2. Denote 0 = um) the angle defined by w and v A w. Then the volume V of
the parallelepiped whose edges are u, v, w, is given by

V =Alu|cosf = |u-vAw|.

Proof The claim is evident, as shown in the Figs. 1.8 and 1.9. O
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Fig. 1.8 The area of the parallelogramm with edges v and w
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Fig. 1.9 The volume of the parallelogramm with edges v, w, u

1.4 Divergence, Rotor, Gradient and Laplacian
We close this chapter by describing how the notion of vector applied at a point also
allows one to introduce a definition of a vector field.
The intuition coming from physics requires to consider, for each point x in the
physical space S, a vector applied at x. We describe it as a map

S>x +— A(X)GVS.

With respect to a given cartesian orthogonal reference system for S we can write
this in components as X = (xj, x2, x3) and A(x) = (A;(X), A>(X), A3(x)) and one

can act on a vector field with partial derivatives (first order differential operators),
ifa=>b

ifa£b"

0, = (0/0x,) witha = 1, 2, 3, defined as usual by
1
0

8(1 (-xb) = (6ab), with 6ab = {

Then, (omitting the explicit dependence of A on x) one defines

k=1

3
divA = ) (%A) R
rotA = (0,43 — D3 A)i + (0341 — 0143)j + (0142 — DAk € V3
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By introducing the triple V = (9, 05, 03), such actions can be formally written as a
scalar product and a vector product, that is

divA = VA
rotA = VAA.

Furthermore, if f : S — R is a real valued function defined on S, that is a (real)
scalar field on S, one has the grad operator

grad f = Vf = (O f, 0.f, 05f)
as well as the Laplacian operator
3
Vif=diviVe) = (D) ad)f = if+5f +05f.
k=1
Exercise 1.4.1 The properties of the mixed products yields a straightforward proof
of the identity
div(rotA) = V- (VAA) =0,
for any vector field A. On the other hand, a direct computation shows also the identity

rot (grad f) = V A (grad f) = 0,

for any scalar field f.
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