CHAPTER X"

Absolute Values

§1. DEFINITIONS, DEPENDENCE, AND
INDEPENDENCE

Let K be a field. An absolute value v on K is a real-valued function x — [ x|,
on K satisfying the following three properties:

AV 1. We have |x|, = 0 for all xe K, and |x|, = 0 if and only if x = 0.
AV 2. Forall x, ye K, we have |xy|, = |x],]¥],-
AV 3. Forallx, yeK, we have |x + y|, = |x], + |yl,-
If instead of AV 3 the absolute value satisfies the stronger condition
AV4. |x+ yl, < max(|x],, |y].)

then we shall say that it is a valuation, or that it is non-archimedean.

The absolute value which is such that | x|, = 1 for all x # 0 is called trivial.

We shall write | x| instead of | x|, if we deal with just one fixed absolute value.
We also refer to v as the absolute value.

An absolute value of K defines a metric. The distance between two elements
x, y of K in this metricis [x — y|. Thus an absolute value defines a topology on
K. Two absolute values are called dependent if they define the same topology.
If they do not, they are called independent.

We observe that |1] = |12| = |(—1)?| = |1|*> whence

"] =|—1]=1.

Also, | —x| = |x|forall xe K, and |x~'| = |x| ™! for x # 0.
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466 ABSOLUTE VALUES XIi, §1

Proposition 1.1.  Let | |, and | |, be non-trivial absolute values on a field K.
They are dependent if and only if the relation

x|, <1

implies |x|, < 1. If they are dependent, then there exists a number 1 > 0
such that |x|, = |x|% for all xe K.

Proof. 1If the two absolute values are dependent, then our condition is
satisfied, because the set of x € K such that |x|; < 1 is the same as the set such
that lim x” = 0 for n - co. Conversely, assume the condition satisfied. Then
|x|; > 1 implies |x|, > 1 since |x~!|; < 1. By hypothesis, there exists an
element x, € K such that |xy]; > 1. Let a = [xo|; and b = |x,],. Let

1= log b'
log a

Letxe K,x # 0. Then|x|; = |x, [} for some number «. Ifm, n are integers such
that m/n > o« and n > 0, we have

x> Ixol7"
whence
|x"/xg 1 <1,
and thus
[x"/x5 1, < 1.
This implies that | x|, < |x,[3/". Hence
[x]2 = [xol3-
Similarly, one proves the reverse inequality, and thus one gets
|x]2 = [xo0l3

for all xe K, x # 0. The assertion of the proposition is now obvious, ie.
|xl, = [xI1.

We shall give some examples of absolute values.

Consider first the rational numbers. We have the ordinary absolute value
such that [m| = m for any positive integer m.

For each prime number p, we have the p-adic absolute value v, defined by the
formula

|p'm/n|, = 1/p"
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where r is an integer, and m, n are integers # 0, not divisible by p. One sees at
once that the p-adic absolute value is non-archimedean.

One can give a similar definition of a valuation for any field K which is the
quotient field of a principal ring. For instance, let K = k(t) where k is a field
and tis a variable over k. We have a valuation v, for each irreducible polynomial
p(t)in k[t], defined as for the rational numbers, but there is no way of normalizing
it in a natural way. Thus we select a number ¢ with 0 < ¢ < 1 and for any
rational function p’f /g where f, g are polynomials not divisible by p, we define

/g1, = ¢

The various choices of the constant ¢ give rise to dependent valuations.

Any subfield of the complex numbers (or real numbers) has an absolute
value, induced by the ordinary absolute value on the complex numbers. We shall
see later how to obtain absolute values on certain fields by embedding them into
others which are already endowed with natural absolute values.

Suppose that we have an absolute value on a field which is bounded on the
prime ring (i.e. the integers Z if the characteristic is 0, or the integers mod p if
the characteristic is p). Then the absolute value is necessarily non-archimedean.

Proof. For any elements x, y and any positive integer n, we have

= nC max(|x]|, |y|)"

[CERUES) ’ (")xy

Taking n-th roots and letting n go to infinity proves our assertion. We note that
this is always the case in characteristic > 0 because the prime ring is finite!

If the absolute value is archimedean, then we refer the reader to any other
book in which there is a discussion of absolute values for a proof of the fact that
it is dependent on the ordinary absolute value. This fact is essentially useless
(and is never used in the sequel), because we always start with a concretely given
set of absolute values on fields which interest us.

In Proposition 1.1 we derived a strong condition on dependent absolute
values. We shall now derive a condition on independent ones.

Theorem 1.2. (Approximation Theorem). (Artin-Whaples). Let K be
afieldand| |, ...,| |snon-trivial pairwise independent absolute values on K.
Let x4, ..., x; be elements of K, and ¢ > 0. Then there exists x € K such that

|x — x;|; <€

for all i.
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Proof. Consider first two of our absolute values, say v, and v,. By hypo-
thesis we can find o € K such that [a|, < 1 and |«|, = 1. Similarly, we can find
peKsuchthat|f|, =2 1and|f|, < 1. Puty = f/o. Then|y|, > land|y|, < L.

We shall now prove that there exists z € K such that [z|; > 1 and [z]; <1
for j = 2,...,s. We prove this by induction, the case s = 2 having just been
proved. Suppose we have found z € K satisfying

lzl; >1 and |[z|;<1 for j=2...,s =1

If |z|; £ 1 then the element z"y for large n will satisfy our requirements.
If |z|; > 1, then the sequence

n

z
1+

t, =

tendsto l1atv, andv;,andtendstoOatv;(j = 2,...,s — 1). Forlargen,itis then
clear that ¢, y satisfies our requirements.

Using the element z that we have just constructed, we see that the sequence
z"/(1 + z")tendsto 1 at v, and to OQat v;forj = 2,...,s. Foreachi=1,...,s
we can therefore construct an element z; which is very close to 1 at v; and very
close to 0 at v; (j # i). The element

X=2zx3 + -+ ZgX

then satisfies the requirement of the theorem.

§2. COMPLETIONS

Let K be a field with a non-trivial absolute value v, which will remain fixed
throughout this section. One can then define in the usual manner the notion of a
Cauchy sequence. It is a sequence {x,} of elements in K such that, given ¢ > 0,
there exists an integer N such that for all n, m > N we have

[ X, — Xl < €.
We say that K is complete if every Cauchy sequence converges.
Proposition 2.1.  There exists a pair (K, i) consisting of a field K,,, complete
under an absolute value, and an embedding i: K — K, such that the absolute

value on K is induced by that of K, (i.e. | x|, = |ix]| for x € K), and such that iK
is dense in K,. If (K., i) is another such pair, then there exists a unique
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isomorphism ¢ : K, — K preserving the absolute values, and making the
following diagram commutative:

K———*K’

\ S

Proof. The uniqueness is obvious. One proves the existence in the well-
known manner, which we shall now recall briefly, leaving the details to the reader.

The Cauchy sequences form a ring, addition and multiplication being taken
componentwise.

One defines a null sequence to be a sequence {x,} such that lim x, = 0. The

n—w
null sequences form an ideal in the ring of Cauchy sequences, and in fact form a
maximal ideal. (If a Cauchy sequence is not a null sequence, then it stays away
from O for all n sufficiently large, and one can then take the inverse of almost all
itsterms. Upto a finite number of terms, one then gets again a Cauchy sequence.)

The residue class field of Cauchy sequences modulo null sequences is the
field K,. We embed K in K, “on the diagonal”, i.e. send x € K on the sequence
(x,x,x,...).

We extend the absolute value of K to K, by continuity. If {x,} is a Cauchy
sequence, representing an element ¢ in K, we define |£| = lim|x,|. It is easily
proved that this yields an absolute value (independent of the choice of repre-
sentative sequence {x,} for £), and this absolute value induces the given one on K.

Finally, one proves that K, is complete. Let {&,} be a Cauchy sequence in
K,. For each n, we can find an element x, € K such that |£, — x,| < 1/n. Then
one verifies immediately that {x,} is a Cauchy sequence in K. We let & be its
limit in K,. By a three-e¢ argument, one sees that {£,} converges to &, thus
proving the completeness.

A pair (K,, i) as in Proposition 2.1 may be called a completion of K. The
standard pair obtained by the preceding construction could be called the
completion of K.

Let K have a non-trivial archimedean absolute value v. If one knows that the
restriction of v to the rationals is dependent on the ordinary absolute value, then
the completion K, is a complete field, containing the completion of Q as a
closed subfield, i.e. containing the real numbers R as a closed subfield. It will be
worthwhile to state the theorem of Gelfand-Mazur concerning the structure of
such fields. First we define the notion of normed vector space.

Let K be a field with a non-trivial absolute value, and let E be a vector space
over K. By a norm on E (compatible with the absolute value of K) we shall
mean a function ¢ — |¢| of E into the real numbers such that:

NO1. |¢|=0foralléeE,and = Oifand onlyif &£ = 0



470 ABSOLUTE VALUES Xil, §2

NO 2. Forallx € K and ¢ € E we have |x¢| = [1|4].
NO3. If¢ EeEthen|E+ & Z €+ |

Twonorms| |, and| |, are called equivalent if there exist numbers Cy, C, > 0
such that for all £ € E we have

Cilély = 18l = G L]

Suppose that E is finite dimensional, and let w,..., ®, be a basis of E
over K. If we write an element

§=XIO)1 + -+ X0,
in terms of this basis, with x; € K, then we can define a norm by putting

&1 = max| x|,

i

The three properties defining a norm are trivially satisfied.

Proposition 2.2. Let K be a complete field under a non-trivial absolute value,
and let E be a finite-dimensional space over K. Then any two norms on E
(compatible with the given absolute value on K) are equivalent.

Proof. We shall first prove that the topology on E is that of a product space,
ie ifwy,..., w,is a basis of E over K, then a sequence

= X, + oot X, aeK,

is a Cauchy sequence in E only if each one of the n sequences x{" is a Cauchy
sequence in K. We do this by induction on n. It is obvious for n = 1. Assume
n = 2. We consider a sequence as above, and without loss of generality, we may
assume that it converges to 0. (If necessary, consider & — &® for v, u — 00.)
We must then show that the sequences of the coefficients converge to 0 also.
If this is not the case, then there exists a number a > 0 such that we have for
some j,sayj = 1,

[xP] > a

for arbitrarily large v. Thus for a subsequence of (v), £*/x{” converges to 0, and
we can write

f(v) x(zv) x:'\')

x(lv) 1 x(lv) 2 n

x{

We let # be the right-hand side of this equation. Then the subsequence 7
converges (according to the left-hand side of our equation). By induction, we
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conclude that its coefficients in terms of w,, ..., w, also converge in K, say to
V1, ..., ¥n. Taking the limit, we get

Wy = Y05 + -+ Y0y,

contradicting the linear independence of the w;.

We must finally see that two norms inducing the same topology are equivalent.
Let| |, and| |, be these norms. There exists a number C > 0 such that for any
& e E we have

|€]; £ C implies [&], £ 1

Letae K besuchthat 0 < |a| < 1. For every ¢ € E there exists a unique integer
s such that

Clal < |a¢|; £ C.
Hence |a*¢|, £ 1 whence we get at once
1<), = C_1|a|_l|f|1-

The other inequality follows by symmetry, with a similar constant.

Theorem 2.3. (Gelfand-Mazur). Let A be a commutative algebra over the
real numbers, and assume that A contains an element j such that j> = —1. Let
C = R + Rj. Assume that A is normed (as a vector space over R), and that
lxy| = |x| |y| for all x, y € A. Given x, € A, xy % 0, there exists an element
¢ € C such that xy — c is not invertible in A.

Proof. (Tornheim). Assume that x, — z is invertible for all zeC.
Consider the mapping f : C —» 4 defined by

f@)=(xo—2)7".

It is easily verified (as usual) that taking inverses is a continuous operation.
Hence f is continuous, and for z # 0 we have

1 1
f@) =2 oz = )7 = .

2\ X _
z

From this we see that f(z) approaches 0 when z goes to infinity (in C). Hence the
map z — | f(z)] is a continuous map of C into the real numbers = 0, is bounded,
and is small outside some large circle. Hence it has a maximum, say M. Let D
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be the set of elements z € C such that |f(z)] = M. Then D is not empty; D is
bounded and closed. We shall prove that D is open, hence a contradiction.

Let ¢, be a point of D, which, after a translation, we may assume to be the
origin. We shall see that if r is real > 0 and small, then all points on the circle of
radius r lie in D. Indeed, consider the sum

S(n) = Z

nk IXO—(UV

where w is a primitive n-th root of unity. Taking formally the logarithmic

derivative of X" — " = [](X — *r) shows that
k=1

2 S
X' —-r = X-o¥v

and hence, dividing by n, and by X"~ !, and substituting x, for X, we obtain

1

0 T

If r is small (say |r/xq| < 1), then we see that

0

lim |S(n)| =

n— o

= M.

Suppose that there exists a complex number 4 of absolute value 1 such that

1
Xo — Ar

< M.

Then there exists an interval on the unit circle near A, and there exists ¢ > O such
that for all roots of unity { lying in this interval, we have

1

<M -—c
o — Cr

(This is true by continuity.) Let us take n very large. Let b, be the number of
n-th roots of unity lying in our interval. Then b,/n is approximately equal to the
length of the interval (times 27): We can express S(n) as a sum

O
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the first sum ), being taken over those roots of unity w* lying in our interval, and
the second sum being taken over the others. Each term in the second sum has
norm £ M because M is a maximum. Hence we obtain the estimate

COIEONEIT

< (M ~ 0 + (1~ b))

b
M-l
n

This contradicts the fact that the limit of [S(n)| is equal to M.

Corollary 2.4. Let K be a field, which is an extension of R, and has an

absolute value extending the ordinary absolute value on R. Then K = R or
K =_C.

Proof. Assume first that K contains C. Then the assumption that K is a
field and Theorem 2.3 imply that K = C.
If K does not contain C, in other words, does not contain a square root of

—1,welet L = K(j)where j2 = —1. We define a norm on L (as an R-space) by
putting

[x + yjl = |x] + |yl

for x, ye K. This clearly makes L into a normed R-space. Furthermore, if
z=x+ yjand 2’ = x' + y’jare in L, then

[zz'| = [xx" — yy'| + |xy" + x'y|
S x|+ [yy' |+ Ixy' ]+ (Xl
< XX+ vy T+ Ix Y]+ X1yl
S (Ix[+ [yDUXT+ 1Y'D
< lzllzl,

and we can therefore apply Theorem 2.3 again to conclude the proof.
As an important application of Proposition 2.2, we have:
Proposition 2.5. Let K be complete with respect to a nontrivial absolute

value v. If E is any algebraic extension of K, then v has a unique extension to
E. If E is finite over K, then E is complete.

Proof. In the archimedean case, the existence is obvious since we deal
with the real and complex numbers. In the non-archimedean case, we postpone
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the existence proof to a later section. It uses entirely different ideas from the
present ones. As to uniqueness, we may assume that E is finite over K. By
Proposition 2.2, an extension of v to E defines the same topology as the max
norm obtained in terms of a basis as above. Given a Cauchy sequence ¢ in E,

é(V) = X,y + -+ Xyn W

the n sequences {x,}(i = 1,..., n) must be Cauchy sequences in K by the
definition of the max norm. If {x,;} converges to an element z; in K, then it
is clear that the sequence ¢™ converges to z,w; + -+ + z,m,. Hence E is
complete. Furthermore, since any two extensions of v to E are equivalent,
we can apply Proposition 1.1, and we see that we must have A = 1, since the
extensions induce the same absolute value v on K. This proves what we want.

From the uniqueness we can get an explicit determination of the absolute
value on an algebraic extension of K. Observe first that if E is a normal extension
of K, and ¢ is an automorphism of E over K, then the function

X |ox|
is an absolute value on E extending that of K. Hence we must have
lox| = |x]|

for all x e E. If E is algebraic over K, and o is an embedding of E over K in K?,
then the same conclusion remains valid, as one sees immediately by embedding
E in a normal extension of K. In particular, if o is algebraic over K, of degree n,
andifa,, ..., o, are its conjugates (counting multiplicities, equal to the degree of
inseparability), then all the absolute values |« | are equal. Denoting by N
the norm from K(a) to K, we see that

IN(@)| = |al",

and taking the n-th root, we get:

Proposition 2.6. Let K be complete with respect to a non-trivial absolute
value. Let o be algebraic over K, and let N be the norm from K(o) to K. Let
n = [K(a):K]. Then

| = [N(@)|'"

In the special case of the complex numbers over the real numbers, we can
write & = a + bi with a, b e R, and we see that the formula of Proposition 2.6 is
a generalization of the formula for the absolute value of a complex number,

x = (a® + b2,

since a® + b? is none other than the norm of « from C to R.
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Comments and examples. The process of completion is widespread in
mathematics. The first example occurs in getting the real numbers from the
rational numbers, with the added property of ordering. I carry this process out
in full in [La 90a], Chapter IX, §3. In all other examples I know, the ordering
property does not intervene. We have seen examples of completions of fields in
this chapter, especially with the p-adic absolute values which are far away from
ordering the field. But the real numbers are nevertheless needed as the range of
values of absolute values, or more generally norms.

In analysis, one completes various spaces with various norms. Let V be a
vector space over the complex numbers, say. For many applications, one must
also deal with a seminorm, which satisfies the same conditions except that in
NO 1 we require only that || || = 0. We allow | £]] = 0 even if £ # 0.

One may then form the space of Cauchy sequences, the subspace of null
sequences, and the factor space V. The seminorm can be extended to a seminorm
on V by continuity, and this extension actually turns out to be a norm. It is a
general fact that V is then complete under this extension. A Banach space is a
complete normed vector space.

Example. Let V be the vector space of step functions on R, a step function
being a complex valued function which is a finite sum of characteristic functions
of intervals (closed, open, or semiclosed, i.e. the intervals may or may not
contain their endpoints). For f € V we define the L!-seminorm by

17 = [ 15l ax
R

The completion of V with respect to this seminorm is defined to be L'(R). One
then wants to get a better idea of what elements of L!(R) look like. It is a simple
lemma that given an L'-Cauchy sequence in V, and given £ > 0, there exists a
subsequence which converges uniformly except on a set of measure less than ¢.
Thus elements of L'(R) can be identified with pointwise limits of L!-Cauchy
sequences in V. The reader will find details carried out in [La 85].

Analysts use other norms or seminorms, of course, and other spaces, such
as the space of C™ functions on R with compact support, and norms which may
bound the derivatives. There is no end to the possible variations.

Theorem 2.3 and Corollary 2.4 are also used in the theory of Banach algebras,
representing a certain type of Banach algebra as the algebra of continuous func-
tions on a compact space, with the Gelfand-Mazur and Gelfand-Naimark theo-
rems. Cf. [Ri 60] and [Ru 73].

Arithmetic example. For p-adic Banach spaces in connection with the
number theoretic work of Dwork, see for instance Serre [Se 62], or also
[La 90b], Chapter 15.

In this book we limit ourselves to complete fields and their finite extensions.
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§3. FINITE EXTENSIONS

Throughout this section we shall deal with a field K having a non-trivial
absolute value v.

We wish to describe how this absolute value extends to finite extensions of K.
If E is an extension of K and w is an absolute value on E extending v, then we shall
write w|v. ,

If we let K, be the completion, we know that v can be extended to K, and
then uniquely to its algebraic closure K2. If E is a finite extension of K, or even
an algebraic one, then we can extend v to E by embedding E in K2 by an iso-
morphism over K, and taking the induced absolute value on E. We shall now
prove that every extension of v can be obtained in this manner.

Proposition 3.1. Let E be a finite extension of K. Let w be an absolute value
on E extending v, and let E,, be the completion. Let K,, be the closure of K in
E,, and identify E in E,,. Then E,, = EK,, (the composite field).

Proof. We observe that K, is a completion of K, and that thg'composite
field EK,, is algebraic over K, and therefore complete by Proposition 2.5. Since
it contains E, it follows that E is dense in it, and hence that E,, = EK,.

If we start with an embedding ¢: E — K% (always assumed to be over K),
then we know again by Proposition 2.5 that ¢E - K, is complete. Thus this
construction and the construction of the proposition are essentially the same, up
to an isomorphism. In the future, we take the embedding point of view. We
must now determine when two embeddings give us the same absolute value on E.

Given two embeddings o, 7: E — K2, we shall say that they are conjugate
over K, if there exists an automorphism 4 of K} over K, such that ¢ = Ar. We
see that actually A is determined by its effect on tE, or 1E - K,,.
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Proposition 3.2. Let E be an algebraic extension of K. Two embeddings
o, 7: E — K& give rise to the same absolute value on E if and only if they are
conjugate over K ,.

Proof. Suppose they are conjugate over K,. Then the uniqueness of the
extension of the absolute value from K, to K% guarantees that the induced
absolute values on E are equal. Conversely, suppose this is the case. Let
A:1E — oF be an isomorphism over K. We shall prove that A extends to an
isomorphism of 7E - K, onto ¢E - K, over K,. Since tE is dense in 7E- K,
an element x € tE - K, can be written

x = lim 7x,

with x, € E. Since the absolute values induced by ¢ and 7 on E coincide, it
follows that the sequence Atx, = ox, converges to an element of ¢E - K, which
we denote by Ax. One then verifies immediately that Ax is independent of the
particular sequence tx, used, and that the map A:tE-K, — ¢E- K, is an iso-
morphism, which clearly leaves K, fixed. This proves our proposition.

In view of the previous two propositions, if w is an extension of v to a finite
extension E of K, then we may identify E,, and a composite extension EK, of E
and K,. If N = [E: K] is finite, then we shall call

Nw = [Ew : Kv]

the local degree.

Proposition 3.3. Let E be a finite separable extension of K, of degree N. Then

N=YN,.

wlv

Proof. We can write E = K(«) for a single element a. Let f(X) be its
irreducible polynomial over K. Then over K,, we have a decomposition

JX) = fi(X) - f(X)

into irreducible factors f(X). They all appear with multiplicity 1 according to
our hypothesis of separability. The embeddings of E into K? correspond to the
maps of « onto the roots of the f;. Two embeddings are conjugate if and only if
they map o onto roots of the same polynomial f;. On the other hand, it is clear
that the local degree in each case is precisely the degree of f;. This proves our
proposition.

Proposition 3.4. Let E be a finite extension of K. Then

Y [E,:K,] < [E:K].

wiv
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If E is purely inseparable over K, then there exists only one absolute value w on
E extending v.

Proof. Let us first prove the second statement. If E is purely inseparable
over K, and p"is its inseparable degree, then «”” € K for every « in E. Hence v has
a unique extension to E. Consider now the general case of a finite extension, and
let F = E”K. Then F is separable over K and E is purely inseparable over F.
By the preceding proposition,

2 IF,:K,] = [F:K],

wtv
and for each w, we have [E, : F,] £ [E: F]. From this our inequality in the
statement of the proposition is obvious.

Whenever v is an absolute value on K such that for any finite extension E of K
we have [E: K] = ) [E, : K,] we shall say that v is well behaved. Suppose we

wly

have a tower of finite extensions, L > E > K. Let w range over the absolute
values of E extending v, and u over those of L extending v. If u|w then L,
contains E,,. Thus we have:

; [L.,:K,]=) ) [L,EJ]IE,:K,]

wlv u|lw

= ZI [E,:K,] ; [L,:E,]
< Y [E,:KJ][L:E]

wlv
< [E:K][L:E].

From this we immediately see that if v is well behaved, E finite over K, and w
extends v on E, then w is well behaved (we must have an equality everywhere).

Let E be a finite extension of K. Let p” be its inseparable degree. We recall
that the norm of an element o € K is given by the formula

Ni() =[] oo?”

where o ranges over all distinct isomorphisms of E over K (into a given algebraic

closure).

If w is an absolute value extending v on E, then the norm from E , to K, will
be called the local norm.

Replacing the above product by a sum, we get the trace, and the local trace.
We abbreviate the trace by Tr.

Proposition 3.8. Let E be a finite extension of K, and assume that v is well
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behaved. Let o€ E. Then:

Nk@) =[] Nix(@)

wlv

Tk = ¥ Trke(@)
wlv

Proof. Suppose first that E = K(a), and let f(X) be the irreducible poly-
nomial of ¢ over K. If we factor f(X) into irreducible terms over K, then

J(X) = fi(X)--- f(X)

where each f}(X) is irreducible, and the f; are distinct because of our hypothesis
that v is well behaved. The norm NE£(a) is equal to (—1)%¢#/ times the constant
term of f, and similarly for each f;. Since the constant term of f is equal to the
product of the constant terms of the f;, we get the first part of the proposition.
The statement for the trace follows by looking at the penultimate coefficient of f
and each f;.

If E is not equal to K(«), then we simply use the transitivity of the norm and
trace. We leave the details to the reader.

One can also argue directly on the embeddings. Leto,, ..., o, be thedistinct
embeddings of E into K2 over K, and let p" be the inseparable degree of E
over K. The inseparable degree of ¢E - K, over K, for any ¢ is at most equal
to p". If we separate o,,..., 0, into distinct conjugacy classes over K,,
then from our hypothesis that v is well behaved, we conclude at once that the
inseparable degree of ¢;E - K, over K, must be equal to p" also, for each i.
Thus the formula giving the norm as a product over conjugates with multi-
plicity p" breaks up into a product of factors corresponding to the conjugacy
classes over K.

Taking into account Proposition 2.6, we have:

Proposition 3.6. Let K have a well-behaved absolute value v. Let E be a
finite extension of K, and a € E. Let

for each absolute value w on E extending v. Then

[Tl = INK@)],.

wlv
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§4. VALUATIONS

In this section, we shall obtain, among other things, the existence theorem
concerning the possibility of extending non-archimedean absolute values to
algebraic extensions. We introduce first a generalization of the notion of non-
archimedean absolute value.

Let I" be a multiplicative commutative group. We shall say that an ordering
is defined in I' if we are given a subset S of I" closed under multiplication such
that I is the disjoint union of S, the unit element 1, and the set S~ ! consisting of
all inverses of elements of S.

If o, BeT we define « < B to mean af~' €S. We have « < 1 if and only if
a € S. One easily verifies the following properties of the relation <:

1. For o, fe " we have a < f, or a = f, or < a, and these possibilities
are mutually exclusive.

2. o < fimplies ay < By for any yeT.
3. « < fand B < y implies « < .

(Conversely, a relation satisfying the three properties gives rise to a subset S
consisting of all elements < 1. However, we don’t need this fact in the sequel.)

It is convenient to attach to an ordered group formally an extra element 0,
such that Oz = 0,and 0 < a for all « e I'. The ordered group is then analogous
to the multiplicative group of positive reals, except that there may be non-
archimedean ordering.

Ifa eI’ and n is an integer # 0, such that «" = 1, then « = 1. This follows at
once from the assumption that S is closed under multiplication and does not
contain 1. In particular, the map a+ o" is injective.

Let K be a field. By a valuation of K we shall mean a map x — |x| of K into
an ordered group I', together with the extra element 0, such that:

VAL 1. |x|=0ifand onlyifx = 0.
VAL 2. |xy| = |x]||y]|for all x, ye K.
VAL3. |x + y| < max(|x],|y|).

We see that a valuation gives rise to a homomorphism of the multiplicative
group K*into I'. The valuation is called trivial if it maps K*on 1. If the map
giving the valuation is not surjective, then its image is an ordered subgroup of I,
and by taking its restriction to this image, we obtain a valuation onto an ordered
group, called the value group.

We shall denote valuations also by v. If v, v, are two valuations of K, we
shall say that they are equivalent if there exists an order-preserving isomorphism
A of the image of v, onto the image of v, such that

Ixl; = Alx];
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for all xe K. (We agree that 4(0) = 0.)
Valuations have additional properties, like absolute values. For instance,
|1] = 1 because |1]| = |1]%. Furthermore,

|+ x| = |x]|
for all xe K. Proof obvious. Also, if |x| < |y| then
lx + vyl = [yl
To see this, note that under our hypothesis, we have
Iyl =1y + x — x| £ max(|y + x|, [x]) = |x + y[ £ max(|x], [y]) = |y].
Finally, in a sum
X+ -+ x,=0,

at least two elements of the sum have the same value. This is an immediate
consequence of the preceding remark.

Let K be a field. A subring o of K is called a valuation ring if it has the
property that for any x € K we have xeo or x™ ! eo.

We shall now see that valuation rings give rise to valuations. Let o be a
valuation ring of K and let U be the group of units of 0. We contend that o isa
local ring. Indeed suppose that x, y € o are not units. Say x/yeo. Then

1+ x/y=(x+y)yeo.

Ifx + ywereaunit then 1/y € o, contradicting the assumption that y is not a unit.
Hence x + yisnotaunit. One sees trivially that for z € o, zx is not a unit. Hence
the nonunits form an ideal, which must therefore be the unique maximal ideal
of o.

Let m be the maximal ideal of o and let m* be the multiplicative system of
nonzero elements of m. Then

Kf=m*uoUum*'

is the disjoint union of m*, U, and m* ', The factor group K*/U can now be
given an ordering. If x € K*, we denote the coset xU by [x|. We put |0] = 0.
We define |x| < 1 (i.e. | x| € S) if and only if x e m*. Our set S is clearly closed
under multiplication, and if we let I' = K*/U then I is the disjoint union of S,
1, S™'. In this way we obtain a valuation of K.

We note that if x, ye K and x, y # 0, then

x| < |yl<|x/y] < l < x/yem*.

Conversely, given a valuation of K into an ordered group we let o be the
subset of K consisting of all x such that |x| < 1. It follows at once from the
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axioms of a valuation that o is a ring. If |[x| < 1then |[x™!| > 1 so that x™ ! is
not in o. If |x| = 1 then |[x~'| = 1. We see that o is a valuation ring, whose
maximal ideal consists of those elements x with | x| < 1 and whose units consist
of those elements x with | x| = 1. The reader will immediately verify that there is
a bijection between valuation rings of K and equivalence classes of valuations.

The extension theorem for places and valuation rings in Chapter VII now
gives us immediately the extension theorem for valuations.

Theorem 4.1. Let K be a subfield of a field L. Then a valuation on K has an
extension to a valuation on L.

Proof. Let o be the valuation ring on K corresponding to the given valua-
tion. Let ¢ : o — o/m be the canonical homomorphism on the residue class field,
and extend ¢ to a homomorphism of a valuation ring O of L as in §3 of Chapter
VII. Let IR be the maximal ideal of £. Since P N o contains m but does not
contain 1, it follows that ¢ No = m. Let U’ be the group of units of . Then
U' N K = U is the group of units of o. Hence we have a canonical injection

K*/U - L*/U’

which is immediately verified to be order-preserving. Identifying K*/U in
L*/U’ we have obtained an extension of our valuation of K to a valuation of L.

Of course, when we deal with absolute values, we require that the value group
be a subgroup of the multiplicative reals. Thus we must still prove something
about the nature of the value group L*/U’, whenever L is algebraic over K.

Proposition 4.2. Let L be a finite extension of K, of degree n. Let w be a
valuation of L with value group T". Let T be the value group of K. Then
TI:nH=sn

Proof. Let y,,...,y, be elements of L whose values represent distinct
cosets of I in I". We shall prove that the y; are linearly independent over K. In
a relation a;y, + --- + a,y, = 0 with a;€ K, a; # 0 two terms must have the
same value, say |a;y;| = |a;y;| with i # j, and hence

lyil = Iai_laj”yjl'

This contradicts the assumption that the values of y;, y; (i # j) represent distinct
cosets of I' in I, and proves our proposition.

Corollary 4.3. There exists an integer e = 1 such that the map 7y y*
induces an injective homomorphism of T into T'.

Proof. Take e to be the index (I : I).
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Corollary 4.4. If K is a field with a valuation v whose value group is an
ordered subgroup of the ordered group of positive real numbers, and if L is an
algebraic extension of K, then there exists an extension of v to L whose value
group is also an ordered subgroup of the positive reals.

Proof. Weknow that we can extend v to a valuation w of L with some value
group I”, and the value group I of v can be identified with a subgroup of R*.
By Corollary 4.3, every element of I'" has finite period modulo I'. Since every
element of R has a unique e-th root for every integer e = 1, we can find in an
obvious way an order-preserving embedding of I"" into R* which induces the
identity on I'. In this way we get our extension of v to an absolute value on L.

Corollary 4.5. If L is finite over K, and if T is infinite cyclic, then T is also
infinite cyclic.

Proof. Use Corollary 4.3 and the fact that a subgroup of a cyclic group is
cyclic.

We shall now strengthen our preceding proposition to a slightly stronger one.
We call (I : T') the ramification index.

Proposition 4.6. Let L be a finite extension of degree n of a field K, and let O
be a valuation ring of L. Let M be its maximal ideal, let o = O n K, and let m
be the maximal ideal of v, i.e. m = MM N o. Then the residue class degree
[O/M : o/m] isfinite. If wedenote it by f, and if e is the ramification index, then
ef <n

Proof. Lety,,...,y,berepresentatives in L* of distinct cosets of I'"/T" and
let zy, ..., z, be elements of O whose residue classes mod I are linearly inde-
pendent over o/m. Consider a relation

Z aiijyi = 0
L

with a;;€ K, not all ¢;; = 0. In an inner sum
s
2. 4iZj,
j=1

divide by the coefficient a;, having the biggest valuation. We obtain a linear
combination of z,, .. ., z; with coefficients in o, and at least one coefficient equal
to a unit. Since zy, ..., z; are linearly independent mod M over o/m, it follows
that our linear combination is a unit. Hence

= laivl

S
) aj2;
j=1




484 ABSOLUTE VALUES Xll, §4

§ (g

viewed as a sum on i, at least two terms have the same value. This contradicts
the independence of |y, |, ..., |v.| mod I just as in the proof of Proposition 4.2.

for some index v. In the sum

IIM\\

Remark. Our proof also shows that the elements {z;y;} are linearly in-
dependent over K. This will be used again later.

If w is an extension of a valuation v, then the ramification index will be
denoted by e(w|v) and the residue class degree will be denoted by f(w|v).

Proposition 4.7. Let K be a field with a valuation v, and let K < E < L be
finite extensions of K. Let w be an extension of v to E and let u be an extension
ofwto L. Then

e(u|wle(w|v) = e(u|v),
Swlw)f(wlv) = f(ulv).
Proof. Obvious.

We can express the above proposition by saying that the ramification index
and the residue class degree are multiplicative in towers.

We conclude this section by relating valuation rings in a finite extension with
the integral closure.

Proposition 4.8. Let o be a valuation ring in a field K. Let L be a finite
extension of K. Let O be a valuation ring of L lying above o, and IR its maximal
ideal. Let B be the integral closure of o in L, and let p = M B. Then D is
equal to the local ring Byp.

Proof. Itisclear that By is contained in O. Conversely, let x be an element
of ©. Then x satisfies an equation with coefficients in K, not all 0, say

a”xn+"'+a0=0, a,-GK.
Suppose that a; is the coefficient having the biggest value among the g; for the
valuation associated with the valuation ring o, and that it is the coefficient

farthest to the left having this value. Let b, = a;/a,. Then all b;€ 0 and

b,, ..., b, €I
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Divide the equation by x°. We get
_ 1 1
(b,,x"s+"'+bs+1x+l)+; bs_1+"'+b0xT_‘T =0

Let y and z be the two quantities in parentheses in the preceding equation, so
that we can write

—y=z/x and —-xy=z.

To prove our proposition it will suffice to show that y and z lie in B and that y is
not in B.

We use Proposition 3.5 of Chapter VII. If a valuation ring of L above
contains x, then it contains y because y is a polynomial in x with coefficients in

Hence such a valuation ring also contains z = —xy. If on the other hand the
valuation ring of L above contains 1/x, then it contains z because z is a
polynomial in 1/x with coefficients in . Hence this valuation ring also contains
y. From this we conclude by Chapter VII, Proposition 3.5, that y, z lie in B.

Furthermore, since xe O, and b,, ..., b,,, are in M by construction, it
follows that y cannot be in I, and hence cannot be in B. This concludes the
proof.

Corollary 4.9. Let the notation be as in the proposition. Then there is only
a finite number of valuation rings of L lying above .

Proof. This comes from the fact that there is only a finite number of
maximal ideals P of B lying above the maximal ideal of o (Corollary of Pro-
position 2.1, Chapter VII).

Corollary 4.10. Let the notation be as in the proposition. Assume in addition
that L is Galois over K. If O and O’ are two valuation rings of L lying above o,
with maximal ideals M, M’ respectively, then there exists an automorphism o
of L over K such that 60 = O’ and oIk = M'.

Proof. Let B =90 N Band P’ = O’ n B. By Proposition 2.1 of Chapter
VII, we know that there exists an automorphism o of L over K such that
o = L'. From this our assertion is obvious.

Example. Let k be a field, and let K be a finitely generated extension of
transcendence degree 1. Ifz is a transcendence base of K over k, then K is finite
algebraic over k(t). Let O be a valuation ring of K containing k, and assume that
Dis # K. Let o = O n k(t). Then o is obviously a valuation ring of k(t) (the
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condition about inverses is a fortiori satisfied), and the corresponding valuation
of k(t) cannot be trivial. Either tor¢~ ! eo. Sayteo. Then o n k[t] cannot be
the zero ideal, otherwise the canonical homomorphism o — o/m of o modulo its
maximal ideal would induce an isomorphism on k[¢] and hence an isomorphism
on k(t), contrary to hypothesis. Hence m n k[t] is a prime ideal p, generated by
an irreducible polynomial p(t). The local ring k[¢], is obviously a valuation
ring, which must be o because every element of k() has an expression of type p'u
where u is a unit in k[¢],. Thus we have determined all valuation rings of k(t)
containing k, and we see that the value group is cyclic. Such valuations will be
called discrete and are studied in greater detail below. In view of Corollary 4.5,
it follows that the valuation ring © of K is also discrete.

The residue class field o/m is equal to k[t]/p and is therefore a finite exten-
sion of k. By Proposition 4.6, it follows that £/ is finite over k (if ¢ denotes
the maximal ideal of O).

Finally, we observe that there is only a finite number of valuation rings O
of K containing k such that ¢ lies in the maximal ideal of ©. Indeed, such a
valuation ring must lie above k[¢], where p = () is the prime ideal generated by
t, and we can apply Corollary 4.9.

§5. COMPLETIONS AND VALUATIONS

Throughout this section, we deal with a non-archimedean absolute value
von a field K. This absolute value is then a valuation, whose value group I'y isa
subgroup of the positive reals. We let o be its valuation ring, m the maximal ideal.

Let us denote by K the completion of K at v, and let 8 (resp. fit) be the closure
of o (resp. m) in K. By continuity, every element of 8 has value < 1, and every
element of K which is not in # has value > 1. If xeK then there exists an
element y € K such that |x — y| is very small, and hence |x| = |y| for such an
element y (by the non-archimedean property). Hence § is a valuation ring in
K, and 1 is its maximal ideal. Furthermore,

0NnK=p0p and mNn K =m,
and we have an isomorphism
o/m— d/iit.

Thus the residue class field o/m does not change under completion.

Let E be an extension of K, and let oz be a valuation ring of E lying above o.
Let m be its maximal ideal. We assume that the valuation corresponding to og
is in fact an absolute value, so that we can form the completion E. We then have
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a commutative diagram:

g/ —— O/t

|

o/m ——— §/f

the vertical arrows being injections, and the horizontal ones being isomorphisms.
Thus the residue class field extension of our valuation can be studied over the
completions E of K.

We have a similar remark for the ramification index. Let I'(K) and I'y(K)
denote the value groups of our valuation on K and K respectively (i.e. the image
of the map x — |x| for x € K* and x € K* respectively). We saw above that
I'(K) = I'(K); in other words, the value group is the same under completion,
because of the non-archimedean property. (This is of course false in the archime-
dean case.) If E is again an extension of K and w is an absolute value of E
extending v, then we have a commutative diagram

[ (E) ——T(E)

[ (K)——T(K)

from which we see that the ramification index (I (E): T (K)) also does not
change under completion.

§6. DISCRETE VALUATIONS

A valuation is called discrete if its value group is cyclic. In that case, the
valuation is an absolute value (if we consider the value group as a subgroup of
the positive reals). The p-adic valuation on the rational numbers is discrete for
each prime number p. By Corollary 4.5, an extension of a discrete valuation to a
finite extension field is also discrete. Aside from the absolute values obtained
by embedding a field into the reals or complex numbers, discrete valuations are
the most important ones in practice. We shall make some remarks concerning
them.

Let v be a discrete valuation on a field K, and let o be its valuation ring. Let
m be the maximal ideal. There exists an element 7 of m which is such that its
value || generates the value group. (The other generator of the value group is
|n~'|.) Such an element 7 is called a local parameter for v (or for m). Every
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element x of K can be written in the form

x = un
with some unit # of o, and some integer r. Indeed, we have |x| = |n|" = |7"|
for some r € Z, whence x/n" is a unit in 0. We call r the order of x at v. Itis
obviously independent of the choice of parameter selected. We also say that x
has a zero of order r. (If r is negative, we say that x has a pole of order —r.)

In particular, we see that mis a principal ideal, generated by . As an exercise,
we leave it to the reader to verify that every ideal of o is principal, and is a power
of m. Furthermore, we observe that o is a factorial ring with exactly one prime
element (up to units), namely 7.

If x, ye K, we shall write x ~ y if |[x| =|y|. Let ;;(i=1,2,...) be a
sequence of elements of o such that m; ~ n'. Let R be a set of representatives of
o/m in o. This means that the canonical map o — o/m induces a bijection of R
onto o/nt.

Assume that K is complete under our valuation. Then every element x of o can
be written as a convergent series

X=ayg+any +a,m, + -

with a; € R, and the a; are uniquely determined by x.

This is easily proved by a recursive argument. Suppose we have written
X=ag+ -+ a,n, (modm"*1l)

then x — (g + -+ + a,m,) = n,4,y for some yeo. By hypothesis, we can
write y = a,,, + 7z with some a,,, € R. From this we get

X =4y +-- 4 Ap+ 1Ty + ¢ (mOd m"+2)’

and it is clear that the n-th term in our series tends to 0. Therefore our series
converges (by the non-archimedean behavior!). Thefactthat R contains precisely
one representative of each residue class mod m implies that the g; are uniquely
determined.

Examples. Consider first the case of the rational numbers with the p-adic
valuation v,. The completion is denoted by Q,,. Itis the field of p-adic numbers.
The closure of Z in Q, is the ring of p-adic integers Z,. We note that the prime
number p is a prime element in both Z and its closure Z,. We can select our set
of representatives R to be the set of integers (0, 1,..., p — 1). Thus every p-
adic integer can be written uniquely as a convergent sum > a,p' where g, is an
integer, 0 = a; = p — 1. This sum is called its p-adic expansion. Such sums
are added and multiplied in the ordinary manner for convergent series.
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For instance, we have the usual formalism of geometric series, and if we take
p = 3, then

-1 =~2—=2(1+3+32+---).
1-3

We note that the representatives (0, 1, ..., p — 1) are by no means the only
ones which can be used. In fact, it can be shown that Z, contains the (p — 1)-th
roots of unity, and it is often more convenient to select these roots of unity as
representatives for the non-zero elements of the residue class field.

Next consider the case of a rational field k(t), where k is any field and ¢ is
transcendental over k. We have a valuation determined by the prime element ¢
in the ring k[t]. This valuation is discrete, and the completion of k[¢] under this
valuation is the power series ring k[[t]]. In that case, we can take the elements
of k itself as repersentatives of the residue class field, which is canonically
isomorphic to k. The maximal ideal of k[[¢]] is the ideal generated by ¢.

This situation amounts to an algebraization of the usual situation arising in
the theory of complex variables. For instance, let z, be a point in the complex
plane. Let o be the ring of functions which are holomorphic in some disc around
zo. Then o is a discrete valuation ring, whose maximal ideal consists of those
functions having a zero at z,. Every element of o has a power series expansion

[e o]

f@) = ) afz - zo)"
v=m
The representatives of the residue class field can be taken to be complex numbers,
a,. Ifa, # 0, then we say that f(z) has a zero of order m. The order is the same,
whether viewed as order with respect to the discrete valuation in the algebraic
sense, or the order in the sense of the theory of complex variables. We can select a
canonical uniformizing parameter namely z — z,, and

f(2) = (z = 29)"9(2)

where g(z) is a power series beginning with a non-zero constant. Thus g(z) is
invertible.

Let K be again complete under a discrete valuation, and let E be a finite
extension of K. Let og, my be the valuation ring and maximal ideal in E lying
above o, min K. Let m be a prime element in E. If I'z and 'y are the value
groups of the valuations in E and K respectively, and

e=Tg: Ty

is the ramification index, then

|| =[],
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and the elements
i, 05ige—-1,j=0,1,2,...

have order je + iin E.

Let w,, ..., o, be elements of E such that their residue classes mod my from
a basis of og/mg. If R is as before a set of representatives of o/m in o, then the set
consisting of all elements

a,w; + -+ arWy

with a; € R is a set of representatives of og/mg in og. From this we see that every
element of o admits a convergent expansion

e—1

J i
v,}nwﬂ

HM
”MS

Thus the elements {w,IT'} form a set of generators of oz as a module over o.
On the other hand, we have seen in the proof of Proposition 4.6 that these
elements are linearly independent over K. Hence we obtain:

Proposition 6.1. Let K be complete under a discrete valuation. Let E be a
finite extension of K, and let e, f be the ramification index and residue class
degree respectively. Then

ef =[E:K].

Corollary 6.2. Let a€E, o # 0. Let v be the valuation on K and w its
extension to E. Then

ord, Ni(a) = f(w|v) ord,, a.
Proof. This is immediate from the formula
INK(@)] = ||
and the definitions.

Corollary 6.3. Let K be any field and v a discrete valuation on K. Let E be a
finite extension of K. If v is well behaved in E ( for instance if E is separable
over K), then

Y ew|v)f(w|v) = [E:K].

wlv

If E is Galois over K, then all e,, are equal to the same number e, all f,, are
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equal to the same number f, and so
efr = [E:K],
where r is the number of extensions of v to E.

Proof. Our first assertion comes from our assumption, and Proposition 3.3.
If E is Galois over K, we know from Corollary 4.10 that any two valuations of E
lying above v are conjugate. Hence all ramification indices are equal, and
similarly for the residue class degrees. Our relation efr = [E: K] is then
obvious.

§7. ZEROS OF POLYNOMIALS IN
COMPLETE FIELDS

Let K be complete under a non-trivial absolute value.

Let
JX) =[1(X — )

be a polynomial in K[ X] having leading coefficient 1, and assume the roots «;
are distinct, with multiplicities r;. Let d be the degree of f. Let g be another
polynomial with coefficients in K*, and assume that the degree of g is also d, and
that g has leading coefficient 1. We let |g| be the maximum of the absolute values
of the coefficients of g. One sees easily that if |g| is bounded, then the absolute
values of the roots of ¢ are also bounded.

Suppose that g comes close to f, in the sense that | f — g| is small. If §is
any root of g, then

[fB) = gBI=1fB) =[]l = BI

is small, and hence  must come close to some root of f. As 8 comes close to
say a = ay, its distance from the other roots of f approaches the distance of o,
from the other roots, and is therefore bounded from below. In that case, we say
that f belongs to .

Proposition 7.1.  If g is sufficiently close to f,and B, . .., P, are the roots of g
belonging to o (counting multiplicities), then s = r, is the multiplicity of o in f.

Proof. Assume the contrary. Then we can find a sequence g, of poly-
nomials approaching f with precisely s roots B¢, ..., B¢ belonging to «, but
with s # r. (We can take the same multiplicity s since there is only a finite
number of choices for such multiplicities.) Furthermore, the other roots of g also
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belong to roots of f, and we may suppose that these roots are bunched together,
according to which root of f they belong to. Sincelimg, = f, we conclude that
must have multiplicity s in f, contradiction.

Next we investigate conditions under which a polynomial has a root in a
complete field.

We assume that K is complete under a discrete valuation, with valuation ring o,
maximal ideal p. We let 7 be a fixed prime element of p.

We shall deal with n-space over 0. We denote a vector (a,, ..., a,) with
a;eoby A. If f(X,..., X,)eo[X]isa polynomial in n variables, with integral
coefficients, we shall say that A is a zero of f if f(4) = 0, and we say that A is a
zero of f mod p™ if f(4) = 0 (mod p™).

Let C = (co, ..., ¢,) beino®* 1. Let m be an integer = 1. We consider the
nature of the solutions of a congruence of type

*) ™(co + ¢1Xy + -+ ¢,x,) =0 (mod p™t1).
This congruence is equivalent with the linear congruence
(**) co+exy+--+¢,x,=0 (mod p).

If some coefficient ¢; (i = 1, ..., n)isnot = 0(mod p), then the set of solutions is
not empty, and has the usual structure of a solution of one inhomogeneous
linear equation over the field o/p. In particular, it has dimension n — 1.
A congruence (*) or (**) with some ¢; # 0 (mod p) will be called a proper
congruence.

As a matter of notation, we write D, f for the formal partial derivative of f
with respect to X;. We write

grad f(X) = (D, f(X), ..., D, f(X)).

Proposition 7.2. Let f(X)eo[X]. Let r be an integer = 1 and let A € 0™ be
such that

f(A) =0 (mod p*~ "),
D;f(A) =0 (modp 1Y), forall i=1,...,n,
D, f(A)# 0 (mod p"), forsomei=1,...,n
Let v be an integer = 0 and let B € o™ be such that
B=A (modp") and f(B)=0 (modp> '*).
A vector Y € o' satisfies

Y=B (modp™") and f(Y)=0 (modp>*")
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if and only if Y can be written in the form' Y = B + n"**C, with some C € o™
satisfying the proper congruence

f(B)+ n* grad f(B)-C =0 (mod p>*).

Proof. The proof is shorter than the statement of the proposition. Write
Y = B + n"**C. By Taylor’s expansion,
f(B+nC) = f(B) + n"*¥ grad f(B)-C (mod p**?").

To solve this last congruence mod p>"**, we obtain a proper congruence by

hypothesis, because grad f(B) = grad f(4) = 0 (mod p"~ ).
Corollary 7.3. Assumptions being as in Proposition 7.2, there exists a zero
of f in o™ which is congruent to A mod p".

Proof. We can write this zero as a convergent sum
A+n"C,+n*C, + -+
solving for Cy, C,, ... inductively as in the proposition.

Corollary 7.4. Let f be a polynomial in one variable in o[ X], and let aco
be such that f(a) = 0 (mod D) but f'(a) # 0 (mod p). Then there exists
beo, b = a(mod p) such that f(b) = 0.

Proof. Taken = 1and r = 1 in the proposition, and apply Corollary 7.3.

Corollary 7.5. Let m be a positive integer not divisible by the characteristic
of K. There exists an integer r such that for any a€ o, a = 1 (mod p"), the
equation X™ — a = 0 has a root in K.

Proof. Apply the proposition.
Example. In the 2-adic field Q,, there exists a square root of —7, ie.
v —7€Q,, because —7 =1 — 8.

When the absolute value is not discrete, it is still possible to formulate a
criterion for a polynomial to have a zero by Newton approximation. (Cf. my
paper, “On quasi-algebraic closure,” Annals of Math. (1952) pp. 373-390.

Proposition 7.6. Let K be a complete under a non-archimedean absolute
value (nontrivial). Let o be the valuation ring and let f(X) € o[ X] be a poly-
nomial in one variable. Let o, € o be such that

| f(@o)] < | f'(20)?

(here f’ denotes the formal derivative of f). Then the sequence

)
RS
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converges to a root o of f in o, and we have

lo — 0| < ff(S‘O"))Z <1
Proof. Letc = | f(ap)/f'(2o)*| < 1. We show inductively that:
L ol =1,
2. |o; — ol S
3. | flw) < 2
S| =

These three conditions obviously imply our proposition. If i = 0, they are
hypotheses. By induction, assume them for i. Then:

1. lf(“i)/f’(“i)zl = ¢ gives |o; g — oy S ¢ < 1, whence |a; ;| = 1.
2. foq — o] S max{|o,; — o, lo; — ogl} = c.

3. By Taylor’s expansion, we have

_ oo S (@) f@)?
fe) = fla) — fo m + ﬁ(f'(ai))
for some f € o, and this is less than or equal to
f) 2
Sf()

in absolute value.

Using Taylor’s expansion on f'(«;, ;) we conclude that

| f"(@iv D] =1 ()]

From this we get
f@i41)
Sl 1)2

< czi+1

as desired.

The technique of the proposition is also useful when dealing with rings, say a
local ring o with maximal ideal m such that m" = 0 for some integer r > 0.
If one has a polynomial f in o[ X] and an approximate root «, such that

f'(ap) # 0 mod m,
then the Newton approximation sequence shows how to refine o, to a root of f.
Example in several variables. Ler K be complete under a non-archimedean

absolute value. Let f(X,, . .., X,+1) € KIX] be a polynomial with coefficients
inK. Let (ay, ..., a, b) € K", Assume that f(a, b) = 0. Let D, be the
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partial derivative with respect to the (n + 1)-th variable, and assume that
D, .1 f(a, b) £ 0. Let (a) € K" be sufficiently close to (a). Then there exists an
element b of K close to b such that f(a, b) = 0.

This statement is an immediate corollary of Proposition 7.6. By multiplying
all a;, b by a suitable non-zero element of K one can change them to elements
of 0. Changing the variables accordingly, one may assume without loss of gen-
erality that a;, b € o, and the condition on the partial derivative not vanishing
is preserved. Hence Proposition 7.6 may be applied. After perturbing (a) to
(a), the element b becomes an approximate solution of f(a, X). As (a) approaches
(a), f(a, b) approaches O and D,.,f(a, b) approaches D, f(a, b) # 0.
Hence for (a) sufficiently close to (a), the conditions of Proposition 7.6 are
satisfied, and one may refine b to a root of f(a, X), thus proving the assertion.

The result was used in a key way in my paper “On Quasi Algebraic Closure”.
It is the analogue of Theorem 3.6 of Chapter XI, for real fields.

In the language of algebraic geometry (which we now assume), the result
can be reformulated as follows. Let V be a variety defined over K. Let P be a
simple point of V in K. Then there is a whole neighborhood of simple points of
Vin K. Especially, suppose that V is defined by a finite number of polynomial
equations over a finitely generated field k over the prime field. After a suitable
projection, one may assume that the variety is affine, and defined by one equa-

tion f(X(,..., X,+;) = O as in the above statement, and that the point is
P = (ay,..., a,, b) as above. One can then select a; = x; close to ag; but such
that (x;, ..., x,) are algebraically independent over k. Let y be the refinement

of b such that f(x, y) = 0. Then (x, y) is a generic point of V over k, and the
coordinates of (x, y) lie in K. In geometric terms, this means that the function
field of the variety can be embedded in K over k, just as Theorem 3.6 of Chapter
XI gave the similar result for an embedding in a real closed field, e.g. the real
numbers.

EXERCISES

1. (a) Let K be a field with a valuation. If
fXy=ay+a, X+ -+ a,X"

is a polynomial in K[ X7, define | f'| to be the max on the values |g;|(i =0, ..., n).
Show that this defines an extension of the valuation to K[X], and also that the
valuation can be extended to the rational field K(X). How is Gauss’ lemma a
special case of the above statement? Generalize to polynomials in several variables.
(b) Let f be a polynomial with complex coefficients. Define | f| to be the maximum
of the absolute values of the coefficients. Let d be an integer = 1. Show that
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there exist constants C,, C, (depending only on d) such that, if f, g are polynomials
in C[X] of degrees < d, then

Cilfligl = 1491 £ Calf 1Igl

[Hint: Induction on the number of factors of degree 1. Note that the right
inequality s trivial.]
2. Let Mg be the set of absolute values consisting of the ordinary absolute value and all
p-adic absolute values v, on the field of rational numbers Q. Show that for any rational
number a€ Q, a # 0, we have

I1 lal, = 1.
veMqQ
If K is a finite extension of Q, and My denotes the set of absolute values on K extending
those of Mg, and for each w e My we let N, be the local degree [K,, : Q,], show that
forae K, a # 0, we have

I lak-=1.

weMg

3. Show that the p-adic numbers Q, have no automorphisms other than the identity.
[Hint: Show that such automorphisms are continuous for the p-adic topology. Use
Corollary 7.5 as an algebraic characterization of elements close to 1.]

4. Let A be a principal entire ring, and let K be its quotient field. Let o be a valuation ring
of K containing 4, and assume o # K. Show that o is the local ring A, for some prime
element p. [This applies both to the ring Z and to a polynomial ring k[ X ] over a field k.]

5. Let A be the subring of polynomials f(X) € Q[X] such that the constant coefficient
of f is in Z. Show that every finitely generated ideal in A is principal, but the ideal
of polynomials in 4 with 0 constant coefficient is not principal. [Laura Wesson
showed me the above, which gives a counterexample to the exercise stated in previ-
ous editions and printings, using the valuation ring o on Q(X) containing Q and
such that X has order 1. Then o # A, for any element p of 4.]

6. Let Q, be a p-adic field. Show that Q, contains infinitely many quadratic fields of

type Q(./ —m), where m is a positive integer.
7. Show that the ring of p-adic integers Z , is compact. Show that the group of units in Z,
is compact.

8. If K is a field complete with respect to a discrete valuation, with finite residue class field,
and if o is the ring of elements of K whose orders are > 0, show that o is compact. Show
that the group of units of o is closed in o and is compact.

9. Let K be a field complete with respect to a discrete valuation, let o be the ring of integers
of K, and assume that o is compact. Let f}, f,, ... be a sequence of polynomials in n
variabies, with coefficients in 0. Assume that all these polynomials have degree < d,
and that they converge to a polynomial f (i.e. that | f — f;| - Oasi — co). Ifeach f; has
azero in o, show that f has a zero in o. If the polynomials f; are homogeneous of degree
d, and if each f; has a non-trivial zero in o, show that f has a non-trivial zero in 0. [Hint:
Use the compactness of o and of the units of o for the homogeneous case.]

(For applications of this exercise, and also of Proposition 7.6, cf. my paper “On
quasi-algebraic closure,” Annals of Math., 55 (1952), pp. 412-444.)
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10. Show that if p, p" are two distinct prime numbers, then the fields Q, and Q,. are not

11.

12.

13.

14.

15.

16.

17.

isomorphic.

Prove that the field Q, contains all (p — 1)-throots of unity. [Hint: Use Proposition 7.6,
applied to the polynomial X»~* — 1 which splits into factors of degree 1 in the residue
class field.J Show that two distinct (p — 1)-th roots of unity cannot be congruent mod p.

(a) Let f(X) be a polynomial of degree = 1 in Z[X]. Show that the values f(a) for
a € Z are divisible by infinitely many primes.

(b) Let F be a finite extension of Q. Show that there are infinitely many primes p
such that all conjugates of F (in an algebraic closure of Q,) actually are contained
in Q,. [Hint: Use the irreducible polynomial of a generator for a Galois extension
of Q containing F.]

Let K be a field of characteristic 0, complete with respect to a non-archimedean absolute
value. Show that the series

X2 3
exp(x)=1+x+2—!+-3—!+-~-
2 x3
log(1+x)=x——2-+-3——---~

converge in some neighborhood of 0. (The main problem arises when the characteristic
of the residue class field is p > 0, so that p divides the denominators n! and n. Get an
expression which determines the power of p occurring in n'.) Prove that the exp and
log give mappings inverse to each other, from a neighborhood of 0 to a neighborhood
of 1.

Let K be as in the preceding exercise, of characteristic 0, complete with respect to a non-
archimedean absolute value. For every integer n > 0, show that the usual binomial
expansion for (1 + x)'/" converges in some neighborhood of 0. Do this first assuming
that the characteristic of the residue class field does not divide n, in which case the asser-
tion is much simpler to prove.

Let F be a complete field with respect to a discrete valuation, let o be the valuation ring,
n a prime element, and assume that o/(n) = k. Prove thatifa, be oand a = b (mod n")
with r > 0 then a”" = b?" (mod n"*") for all integers n = 0.

Let F be as above. Show that there exists a system of representatives R for o/(r) in o
such that R? = R and that this system is unique (Teichmiiller). [ Hint: Let a be a residue
class in k. For each v 2 0 let a, be a representative in o of a? ~ and show that the
sequence af” converges for v — oo, and in fact converges to a representative a of a,
independent of the choices of a,.] Show that the system of representatives R thus
obtained is closed under multiplication, and that if F has characteristic p, then R is
closed under addition, and is isomorphic to k.

(a) (Witt vectors again). Let k be a perfect field of characteristic p. We use the
Witt vectors as described in the exercises of Chapter VI. One can define an
absolute value on W(k), namely |x| = p~” if x, is the first non-zero component
of x. Show that this is an absolute value, obviously discrete, defined on the ring,
and which can be extended at once to the quotient field. Show that this quotient
field is complete, and note that W(k) is the valuation ring. The maximal ideal
consists of those x such that x, = 0, i.e. is equal to pW(k).
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18.

19.

20.

(b) Assume that F has characteristic 0. Map each vector x € W(k) on the element
Y

where £, is a representative of x; in the special system of Exercise 15. Show that
this map is an embedding of W(k) into o.

(Local uniformization). Let k be a field, K a finitely generated extension of transcendence
degree 1,and o a discrete valuation ring of K over k, with maximal ideal m. Assume that
o/m = k. Let x be a generator of m, and assume that K is separable over k(x). Show that
there exists an element y € o such that K = k(x, y), and also having the following
property. Let ¢ be the place on K determined by 0. Let a = ¢(x), b = @(y) (of course
a =0). Let f(X, Y) be the irreducible polynomial in k[ X, Y] such that f(x, y) = 0.
Then D, f(a,b) # 0. [Hint: Write first K = k(x, z) where z is integral over k[x]. Let
z=12z4,...,2{n = 2) be the conjugates of z over k(x), and extend o to a valuation
ring © of k(x, z,, ..., z,). Let

z=aytax+---+ax +---

be the power series expansion of z with a; €k, and let P(x) = g, + --- + a,x". For
i=1,...,nlet

_ Zi — P r(x)
i x, .
Taking r large enough, show that y, has no pole at O but y,, ..., y, have poles at O.
The elements y,, ..., y, are conjugate over k(x). Let f(X, Y) be the irreducible poly-
nomial of (x, y) over k. Then f(x, Y) = ¢, (x)Y" + --- + Yo(x) with Y, (x)k[x]. We
may also assume ¥,(0) # 0 (since f is irreducible). Write f(x, Y) in the form

FY) =)y, yY =y 'Y — D)oy, 'Y = 1)

Show that ¥,(x)y, - - - y, = udoes not have a pole at O. If w € D, let w denote its residue
class modulo the maximal ideal of O. Then

0+ f(X, Y) = (-1y"'a(Y — 3y).

Lety = y,, 7 = b. We find that D, f(a, b) = (—1)"" 1 # 0]

Prove the converse of Exercise 17, i.e. if K = k(x, y), f(X, Y) is the irreducible poly-
nomial of (x, y) over k, and if a, bek are such that f(a, b) = 0, but D, f(a, b) # 0,
then there exists a unique valuation ring o of K with maximal ideal m such that x = a
and y = b (mod m). Furthermore, o/m = k, and x — a is a generator of m. [Hint:
If g(x, y) e k[x, y] is such that g(a, b) = 0, show that g(x, y) = (x — a)A(x, y)/B(x, y)
where A, B are polynomials such that B(a, b) # 0. If A(a, b) = O repeat the process.
Show that the process cannot be repeated indefinitely, and leads to a proof of the desired
assertion.]

(Iss’sa-Hironaka Ann. of Math 83 (1966), pp. 34—46). This exercise requires a good
working knowledge of complex variables. Let K be the field of meromorphic functions
on the complex plane C. Let O be a discrete valuation ring of K (containing the
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constants C). Show that the function z is in . [Hint: Let a;, a,, . . . be a discrete
sequence of complex numbers tending to infinity, for instance the positive integers.
Let vy, v,, ..., be a sequence of integers, 0 = v; = p — 1, for some prime number

p, such that 2, v;p' is not the p-adic expansion of a rational number. Let f be an entire
function having a zero of order v,p’ at a; for each i and no other zero. If z is not in
o, consider the quotient

-1

l_—l (z — ap*

From the Weierstrass factorization of an entire function, show that g(z) = h(z)?" "' for
some entire function h(z). Now analyze the zero of g at the discrete valuation of o in
terms of that of f and [ ] (z — a;)"** to get a contradiction.]

If U is a non-compact Riemann surface, and L is the field of meromorphic functions
on U, and if o is a discrete valuation ring of L containing the constants, show that every
holomorphic function g on U liesino. [Hint: Map ¢ : U — C,and get a discrete valua-
tion of K by composing ¢ with meromorphic functions on C. Apply the first part of the
exercise.] Show that the valuation ring is the one associated with a complex number.
[Further hint: If you don’t know about Riemann surfaces, do it for the complex plane.
Foreach ze U, let f, be a function holomorphic on U and having only a zero of order 1
at z. Iffor some z,, the function f,  has order > 1 at o, then show that o is the valuation
ring associated with z,. Otherwise, every function f, has order O at 0. Conclude that the
valuation of o is trivial on any holomorphic function by a limit trick analogous to that
of the first part of the exercise.]





