CHAPTER IX

Algebraic Spaces

This chapter gives the basic results concerning solutions of polynomial equa-
tions in several variables over a field k. First it will be proved that if such
equations have a common zero in some field, then they have a common zero in
the algebraic closure of k, and such a zero can be obtained by the process known
as specialization. However, it is useful to deal with transcendental extensions
of k as well. Indeed, if p is a prime ideal in k[X] = k[X,,..., X,], then
k[X]1/p is a finitely generated ring over k, and the images x; of X; in this ring
may be transcendental over k, so we are led to consider such rings.

Even if we want to deal only with polynomial equations over a field, we are
led in a natural way to deal with equations over the integers Z. Indeed, if the
equations are homogeneous in the variables, then we shall prove in §3 and §4
that there are universal polynomials in their coefficients which determine whether
these equations have a common zero or not. “Universal” means that the coef-
ficients are integers, and any given special case comes from specializing these
universal polynomials to the special case.

Being led to consider polynomial equations over Z, we then consider ideals
a in Z[X]. The zeros of such an ideal form what is called an algebraic space. If
p is a prime ideal, the zeros of p form what is called an arithmetic variety. We
shall meet the first example in the discussion of elimination theory, for which
I follow van der Waerden’s treatment in the first two editions of his Moderne
Algebra, Chapter XI.

However, when taking the polynomial ring Z[X]/a for some ideal a, it usually
happens that such a factor ring has divisors of zero, or even nilpotent elements.
Thus it is also natural to consider arbitrary commutative rings, and to lay the
foundations of algebraic geometry over arbitrary commutative rings as did Groth-
endieck. We give some basic definitions for this purpose in §5. Whereas the
present chapter gives the flavor of algebraic geometry dealing with specific
polynomial ideals, the next chapter gives the flavor of geometry developing from
commutative algebra, and its systematic application to the more general cases
just mentioned.
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378 ALGEBRAIC SPACES IX, §1

The present chapter and the next will also serve the purpose of giving the
reader an introduction to books on algebraic geometry, notably Hartshorne’s
systematic basic account. For instance, I have included those results which are
needed for Hartshorne’s Chapter I and II.

§1. HILBERT'S NULLSTELLENSATZ

The Nullstellensatz has to do with a special case of the extension theorem
for homomorphisms, applied to finitely generated rings over fields.

Theorem 1.1. Let k be a field, and let k[x] = k[x,, ..., x,] be a finitely
generated ring over k. Let ¢:k — L be an embedding of k into an alge-
braically closed field L. Then there exists an extension of ¢ to a homo-
morphism of k[x] into L.

Proof. Let M be a maximal ideal of k[x]. Let ¢ be the canonical homo-
morphism o : k[x] — k[x]/9. Then ck[ox,,...,0x,] is a field, and is in fact
an extension field of gk. If we can prove our theorem when the finitely generated
ring is in fact a field, then we apply ¢ - 6~ ! on ok and extend this to a homo-
morphism of gk[ox,, ..., 0x,] into L to get what we want.

Without loss of generality, we therefore assume that k[x] is a field. Ifit is
algebraic over k, we are done (by the known result for algebraic extensions).
Otherwise, let ¢,,...,t, be a transcendence basis, r = 1. Without loss of
generality, we may assume that ¢ is the identity on k. Each element x,, ..., x,
is algebraic over k(tq,...,t,). If we multiply the irreducible polynomial
Irr(x;, k(¢), X) by a suitable non-zero element of k[¢], then we get a polynomial
all of whose coefficients lie in k[t]. Let a,(¢), ..., a,(t) be the set of the leading
coefficients of these polynomials, and let a(r) be their product,

a(t) = a,(t) - - - a,(t).

Since a(t) # 0, there exist elements ¢, ..., ¢, € k? such that a(t') # 0, and
hence a;(¢t') # 0 for any i. Each x; is integral over the ring

k[t t L L ]
b b o |

Consider the homomorphism

@ k[ty,...,t,] > k?

such that ¢ is the identity on k, and ¢(t;) = t;. Let p beits kernel. Then a(t) ¢ p.
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Our homomorphism ¢ extends uniquely to the local ring k[t], and by the
preceding remarks, it extends to a homomorphism of

k1 0xqs o X,]

into k2, using Proposition 3.1 of Chapter VII. This proves what we wanted.

Corollary 1.2. Let k be a field and k[x,, ..., x,] a finitely generated ex-

tension ring of k. If k[x] is a field, then k[x] is algebraic over k.

Proof. All homomorphisms of a field are isomorphisms (onto the image),
and there exists a homomorphism of k[ x] over k into the algebraic closure of k.

Corollary 1.3. Let k[x,, ..., x,] be a finitely generated entire ring over a
field k,and let y,, ..., y,, be non-zero elements of this ring. Then there exists
a homomorphism

Wok[x] - k®
over k such that Y(y;) # 0 forallj=1,...,m.

Proof. Consider the ring k[x,...,x,, i’ ...,y.'] and apply the
theorem to this ring.

Let S be a set of polynomials in the polynomial ring k[X,,..., X,] in n
variables. Let L be an extension field of k. By a zero of S in L one means an
n-tuple of elements (¢, ..., ¢,) in L such that

f(cla"'acn) = 0

for all fe S. If S consists of one polynomial f, then we also say that (¢) is a zero
of f. The set of all zeros of S is called an algebraic set in L (or more accurately
in L™). Let a be the ideal generated by all elements of S. Since S  a it is clear
that every zero of a is also a zero of S. However, the converse obviously holds,
namely every zero of S is also a zero of a because every element of a is of type

(X f[i(X) + -+ + g,(X) fu(X)

with f;€ § and g; € k[X]. Thus when considering zeros of a set S, we may
just consider zeros of an ideal. We note parenthetically that every ideal is
finitely generated, and so every algebraic set is the set of zeros of a finite number
of polynomials. As another corollary of Theorem 1.1, we get:

Theorem 1.4. Let a be an ideal in k[X] = k[X,,..., X,]. Then either
a = k[ X] or a has a zero in k*.
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Proof. Suppose a # k[X]. Then a is contained in some maximal ideal
m, and k[ X]/m is a field, which is a finitely generated extension of k, because
it is generated by the images of X,,..., X, mod m. By Corollary 2.2, this
field is algebraic over k, and can therefore be embedded in the algebraic closure
k*. The homomorphism on k[ X] obtained by the composition of the canonical
map mod m, followed by this embedded gives the desired zero of a, and con-
cludes the proof of the theorem.

In §3 we shall consider conditions on a family of polynomials to have a
common zero. Theorem 1.4 implies that if they have a common zero in some
field, then they have a common zero in the algebraic closure of the field generated
by their coefficients over the prime field.

Theorem 1.5. (Hilbert’s Nullstellensatz). Let a be an ideal in k[X]. Let
[ be a polynomial in k[ X] such that f(c) = 0 for every zero (c) = (cyq,...,¢,)
of ain k® Then there exists an integer m > 0 such that f™ € a.

Proof. We may assume that f # 0. We use the Rabinowitsch trick of
introducing a new variable Y, and of considering the ideal a’ generated by
aand 1 — Y/ in k[X, Y]. By Theorem 1.4, and the current assumption, the
ideal a’ must be the whole polynomial ring k[ X, Y], so there exist polynomials
g;€k[X, Y] and h; € a such that

1 =go(1 = Y)+gihy +---+ g,h,.

We substitute f~! for ¥ and multiply by an appropriate power f™ of f to
clear denominators on the right-hand side. This concludes the proof.

For questions involving how effective the Nullstellensatz can be made, see
the following references also related to the discussion of elimination theory
discussed later in this chapter.
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§2. ALGEBRAIC SETS, SPACES AND VARIETIES

We shall make some very elementary remarks on algebraic sets. Let k be a
field, and let A be an algebraic set of zeros in some fixed algebraically closed
extension field of k. The set of all polynomials f € k[ X, ..., X,] such that
f(x) = 0 for all (x) € 4 is obviously an ideal a in k[ X], and is determined by
A. We shall call it the ideal belonging to A, or say that it is associated with A.
If A is the set of zeros of a set S of polynomials, then S < a, but a may be bigger
than S. On the other hand, we observe that 4 is also the set of zeros of a.

Let A, B be algebraic sets, and q, b their associated ideals. Then it is clear
that A < Bifand only if a > b. Hence A = Bif and only if a = b. This has an
important consequence. Since the polynomial ring k[X] is Noetherian, it
follows that algebraic sets satisfy the dual property, namely every descending
sequence of algebraic sets

A > A, >

must be such that 4,, = 4,,,, = - - for some integer m, i.e. all 4, are equal for
v 2 m. Furthermore, dually to another property characterizing the Noetherian
condition, we conclude that every non-empty set of algebraic sets contains a
minimal element.

Theorem 2.1. The finite union and the finite intersection of algebraic sets
are algebraic sets. If A, B are the algebraic sets of zeros of ideals a, b, respec-
tively, then A U B is the set of zeros of a N b and A ~ B is the set of zeros of
(a, b).

Proof. We first consider A U B. Let (x)e A U B. Then (x) is a zero
of a n'b. Conversely, let (x) be a zero of a n b, and suppose (x) ¢ A. There
exists a polynomial f € a such that f(x) # 0. But ab = an b and hence
(fg)(x) = Ofor all g € b, whence g(x) = 0 for all g € b. Hence (x) lies in B, and
A U B is an algebraic set of zeros of a N b.

To prove that 4 n B is an algebraic set, let (x) e A n B. Then (x) is a zero
of (a, b). Conversely, let (x) be a zero of (a, b). Then obviously (x) € 4 N B, as
desired. This proves our theorem.

An algebraic set V is called k-irreducible if it cannot be expressed as a union
V = A u B of algebraic sets 4, B with 4, B distinct from V. We also say ir-
reducible instead of k-irreducible.

Theorem 2.2. Let A be an algebraic set.
(i) Then A can be expressed as a finite union of irreducible algebraic sets
A=VU...UV.
(ii) If there is no inclusion relation among the V,, i.e. if V. € V: for i # j, then
the representation is unique.
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(iii) Let W, V,, ..., V. be irreducible algebraic sets such that

wCcwvu...UV.
Then W C 'V, for some i.

Proof. We first show existence. Suppose the set of algebraic sets which
cannot be represented as a finite union of irreducible ones is not empty. Let
V be a minimal element in its. Then V cannot be irreducible, and we can write
V = A U B where A, B are algebraic sets, but 4 # V and B # V. Since each
one of A, B is strictly smaller than V, we can express A, B as finite unions of
irreducible algebraic sets, and thus get an expression for ¥, contradiction.

The uniqueness will follow from (iii), which we prove next. Let W be con-
tained in the union V; U ... U V. Then

W=WnNV)U...UWnNVY).

Since each W N V; is an algebraic set, by the irreducibility of W we must have
W = W N V, for some i. Hence W C V, for some i, thus proving (iii).

Now to prove (ii), apply (iii) to each W;. Then for each j there is some i such
that W, C V.. Similarly for each i there exists v such that V; C W,. Since there
is no inclusion relation among the W;’s, we must have W, = V; = W,,. This proves
that each W, appears among the V;’s and each V; appears among the W;’s, and
proves the uniqueness of the representation. It also concludes the proof of Theo-
rem 2.2.

Theorem 2.3 An algebraic set is irreducible if and only if its associated ideal
is prime.

Proof. Let V be irreducible and let p be its associated ideal. If p is not
prime, we can find two polynomials f, g € k[X] such that f €p, g & p, but
fgep. Leta= (p, f) andb = (p, g). Let A be the algebraic set of zeros of a,
and B the algebraic set of zeros ofb. ThenA C V,A # Vand BC V,B # V.
Furthermore A U B = V. Indeed, A U B C V trivially. Conversely, let (x) € V.
Then (fg)(x) = 0 implies f(x) or g(x) = 0. Hence (x) € A or (x) € B, proving
V = A U B, and V is not irreducible. Conversely, let V be the algebraic set
of zeros of a prime ideal p. Suppose V.= A U B with A # Vand B # V.
Let a, b be the ideals associated with A and B respectively. There exist poly-
nomials fe a, f¢p and g €b, g ¢ p. But fg vanishes on A U B and hence lies
in p, contradiction which proves the theorem.

Warning. Given a field k£ and a prime ideal p in k[X], it may be that the
ideal generated by p in k?[X] is not prime, and the algebraic set defined over k2
by pk?[X] has more than one component, and so is not irreducible. Hence the
prefix referring to k is really necessary.

It is also useful to extend the terminology of algebraic sets as follows. Given
an ideal a C k[X], to each field K containing k we can associate to a the set
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¥, (K) consisting of the zeros of ain K. Thus %, is an association
%,: K — %,(K) C K™,

We shail speak of & itself as an algebraic space, so that & is not a set, but
to each field K associates the set ¥ (K). Thus %, is a functor from extensions
K of k to sets (functorial with respect to field isomorphisms). By a k-variety we
mean the algebraic space associated with a prime ideal p.

The notion of associated ideal applies also to such ¥, and the associated
ideal of %, is also rad(a). We shall omit the subscript a and write simply % for
this generalized notion of algebraic space. Of course we have

E‘f,u = gt rad(a)-

We say that & (K) is the set of points of ¥ in K. By the Hilbert Nullstellensatz,
Theorem 1.1, it follows that if X C K’ are two algebraically closed fields
containing k, then the ideals associated with %,(K) and %,(K") are equal to each
other, and also equal to rad(a). Thus the smallest algebraically closed field k?
containing k already determines these ideals. However, it is also useful to consider
larger fields which contain transcendental elements, as we shall see.

As another example, consider the polynomial ring k[X,, ..., X,] = k[X].
Let A" denote the algebraic space associated with the zero ideal. Then A"
is called affine n-space. Let K be a field containing k. For each n-tuple
(€. -+ cy) € K™ we get a homomorphism

o klX,,...,X,] =K

such that ¢(X;) = ¢; for all i. Thus points in A*(K) correspond bijectively to
homomorphisms of £(X) into K.

More generally, let V be a k-variety with associated prime ideal p. Then
k[X]/p is entire. Denote by & the image of X; under the canonical homomorphism
k[X] — k[X1/p. We call (£) the generic point of V over k. On the other hand,
let (x) be a point of V in some field K. Then p vanishes on (x), so the homomor-
phism ¢ : k[X] — k[x] sending X;  x; factors through k[X]/p = k[£], whence
we obtain a natural homomorphism k[§] — k[x]. If this homomorphism is an
isomorphism, then we call (x) a generic point of V in K.

Given two points (x) € A*(K) and (x’) € A(K'), we say that (x') is a
specialization of (x) (over k) if the map x; > x; is induced by a homomorphism
k[x] — k[x']. From the definition of a generic point of a variety, it is then
immediate that:

A variety V is the set of specializations of its generic point, or of a generic
point.

In other words, V(K) is the set of specializations of (&) in K for every field K
containing k.

Let us look at the converse construction of algebraic sets. Let (x) =
(xy,..., x,) be an n-tuple with coordinates x; € K for some extension field
K of k. Let p be the ideal in k[X] consisting of all polynomials f(X) such that
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f(x) = 0. We call p the ideal vanishing on (x). Then pis prime, because if
fg €p so f(x)g(x) = 0, then f € p or g €p since K has no divisors of 0. Hence
¥, is a k-variety V, and (x) is a generic point of V over k because k[X1/p= k[x].

For future use, we state the next result for the polynomial ring over a factorial
ring rather than over a field.

Theorem 2.4. Let R be a factorial ring, and letW,, . . ., W,, be m independent
variables over its quotient field k. Let k(w,, . . ., w,) be an extension of tran-
scendence degree m — 1. Then the ideal in R[W] vanishing on (w) is principal.

Proof. By hypothesis there is some polynomial P(W) € R[W] of degree
= 1 vanishing on (w), and after taking an irreducible factor we may assume
that this polynomial is irreducible, and so is a prime element in the factorial ring
R[W]. Let G(W) € R[W] vanish on (w). To prove that P divides G, after selecting
some irreducible factor of G vanishing on (w) if necessary, we may assume
without loss of generality that G is a prime element in R[W]. One of the variables
W, occurs in P(W), say W,,, so that w, is algebraic over k(wy, ..., w,,_;). Then

(wy, ..., wy,_,) are algebraically independent, and hence W, also occurs in
G. Furthermore, P(w;,..., W,_1, W,) is irreducible as a polynomial in
k(wy, ..., w,_)IW,] by the Gauss lemma as in Chapter IV, Theorem 2.3.

Hence there exists a polynomial H(W,,) € k(wy, ..., w,,_1)[W,,] such that
G(W) = HW,)P(W).

Let R = R[wy,..., W,—;]. Then P, G have content 1 as polynomials in
R'[W,]. By Chapter IV Corollary 2.2 we conclude that H € R'[W,] = R[W],

which proves Theorem 2.4.

Next we consider homogeneous ideals and projective space. A polynomial
f(X) € k[X] can be written as a linear combination

FX) = 2 cyMuyX)

with monomials M,,(X) = X;" -+ - X," and ¢, € k. We denote the degree of
M, by

IV| = deg M(V) = E Vt"

If in this expression for f the degrees of the monomials X* are all the same
(whenever the coefficient ¢, is # 0), then we say that f is a form, or also that
fis a homogeneous (of that degree). An arbitrary polynomial f(X) in K[X] can
also be written

FX) = 2FDX),

where each f@ is a form of degree d (which may be 0). We call f@ the
homogeneous part of f of degree d.

An ideal a of k[X] is called homogeneous if whenever f € a then each
homogeneous part f@ also lies in a.
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Proposition 2.5. Arn ideal a is homogeneous if and only if a has a set of
generators over k[X] consisting of forms.

Proof. Suppose a is homogeneous and that f, ..., f, are generators. By
hypothesis, for each integer d = 0 the homogeneous components (@ also lie in
a, and the set of such f{@ (for all i, d) form a set of homogeneous generators.
Conversely, let f be a homogeneous element in a and let g € K[X] be arbitrary.
For each d, gf lies in a, and g““f is homogeneous, so all the homogeneous
components of gf also lie in a. Applying this remark to the case when f ranges
over a set of homogeneous generators for a shows that a is homogeneous, and
concludes the proof of the proposition.

An algebraic space ¥ is called homogeneous if for every point (x) € % and
t transcencental over k(x), the point (£x) also lies in & . If ¢, u are transcendental
over k(x), then there is an isomorphism

klx, t] = klx, u]

which sends ¢ on u and restricts to the identity on k[x], so to verify the above
condition, it suffices to verify it for some transcendental ¢ over k(x).

Proposition 2.6. An algebraic space ¥ is homogeneous if and only if its
associated ideal a is homogeneous.

Proof. Suppose ¥ is homogeneous. Let f(X) € k[X] vanish on % . For each
{(x) € ¥ and ¢ transcendental over k(x) we have

0 =f(x) = f(zx) = 2, 19D (x).

d
Therefore f@(x) = 0 for all d, whence f@ ea for all d. Hence a is homogeneous.
Conversely, suppose a homogeneous. By the Hilbert Nullstellensatz, we know
that % consists of the zeros of a, and hence consists of the zeros of a set of
homogeneous generators for a. But if f is one of those homogeneous generators
of degree d, and (x) is a point of %, then for ¢ transcendental over k(x) we have

0 = f(x) = 1% (x) = f(tx),

so (zx) is also a zero of a. Hence & is homogeneous, thus proving the proposition.

Proposition 2.7. Let ¥ be a homogeneous algebraic space. Then each irre-
ducible component V of % is also homogeneous.

Proof. LetV =V, ..., V. be the irreducible components of %, without
inclusion relation. By Remark 3.3 we know that V, € V, U ... U V,, so there
is a point (x) € V] such that (x) ¢ V, fori = 2, ..., r. By hypothesis, for ¢ transcen-
dental over k(x) it follows that (zx) € & so (&x) € V, for some i. Specializing to
t = 1, we conclude that (x) € V,, so i = 1, which proves that V; is homoge-
neous, as was to be shown.

Let V be a variety defined over k by a prime ideal pin k[X]. Let (x) be a
generic point of V over k. We say that (x) is homogeneous (over k) if for ¢
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transcendental over k(x), the point (£x) is also a point of V, or in other words,
(tx) is a specialization of (x). If this is the case, then we have an isomorphism

klxy, ..., x,] = kltx, ..., tx,],

which is the identity on & and sends x; on tx;. It then follows from the preceding
propositions that the following conditions are equivalent for a variety V over k:

V is homogeneous.
The prime ideal of V in k[X] is homogeneous.
A generic point of V over k is homogeneous.

A homogeneous ideal always has a zero, namely the origin (0), which will
be called the trivial zero. We shall want to know when a homogeneous algebraic
set has a non-trivial zero (in some algebraically closed field). For this we introduce
the terminology of projective space as follows. Let (x) be some point in A” and
A an element of some field containing k(x). Then we denote by (Ax) the point
(Axq, . .., Ax,). Two points (x), (y) € A*(K) for some field K are called equivalent
if not all their coordinates are 0, and there exists some element A € K, A # 0,
such that (Ax) = (y). The equivalence classes of such points in A*(K) are called
the points of projective space in K. We denote this projective space by P*1,
and the set of points of projective space in K by P*~1(K). We define an algebraic
space in projective space to be the non-trivial zeros of a homogeneous ideal,
with two zeros identified if they differ by a common non-zero factor.

Algebraic spaces over rings

As we shall see in the next section, it is not sufficient to look only at ideals
in k[X] for some field k. Sometimes, even often, one wants to deal with polynomial
equations over the integers Z, for several reasons. In the example of the next
sections, we shall find universal conditions over Z on the coefficients of a system
of forms so that these forms have a non-trivial common zero. Furthermore, in
number theory—diophantine questions—one wants to consider systems of equa-
tions with integer coefficients, and to determine solutions of these equations in
the integers or in the rational numbers, or solutions obtained by reducing mod
p for a prime p. Thus one is led to extend the notions of algebraic space and
variety as follows. Even though the applications of the next section will be over
Z, we shall now give general definitions over an arbitrary commutative ring R.

Let f(X) € R[X] = R[X;, ..., X,] be a polynomial with coefficients in R.
Let R — A be an R-algebra, by which for the rest of this chapter we mean a
homomorphism of commutative rings. We obtain a corresponding homomorphism

R[X] = A[X]

on the polynomial rings, denoted by f +— f, whereby the coefficients of f, are
the images of the coefficients of f under the homomorphism R — A. By a zero
of fin A we mean a zero of f, in A. Similarly, let S be a set of polynomials in
R[X]. By a zero of S in A we mean a common zero in A of all polynomials
f e S. Let abe the ideal generated by S in R[X]. Then a zero of § in A is also
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a zero of ain A. We denote the set of zeros of S in A by ¥ (A), so that we have
Z5(A) = %,(A).

We call ¥,(A) an algebraic set over R. Thus we have an association
X AP % (A)

which to each R-algebra associates the set of zeros of a in that algebra. We note
that R-algebras form a category, whereby a morphism is a ring homomorphism
¢:A — A making the following diagram commutative:

A

7

R ¢

Ny

Then it is immediately verified that & is a functor from the category of R-
algebras to the category of sets. Again we call & an algebraic space over R.

If R is Noetherian, then R[X] is also Noetherian (Chapter IV, Theorem 4.1),
and so if a is an ideal, then there is always some finite set of polynomials §
generating the ideal, so #¢ = ¥, .

The notion of radical of a is again defined as the set of polynomials
h € R[X] such that kN €a for some positive integer N. Then the following state-
ment is immediate:

Suppose that R is entire. Then for every R-algebra R — K with a field K, we
have

g{a (K) = g{ rad(a)(K)-

We can define affine space A" over R. Its points consist of all n-tuples
(xqy,...,x,) = (x) with x; in some R-algebra A. Thus A” is again an association

A — A"(A)

from R-algebras to sets of points. Such points are in bijection with
homormorphisms

RIX]— A

from the polynomial ring over R into A. In the next section we shall limit ourselves
to the case when A = K is a field, and we shall consider only the functor
K — AYK) for fields K. Furthermore, we shall deal especially with the case
when R = Z, so Z has a unique homomorphism into a field K. Thus a field K
can always be viewed as a Z-algebra.

Suppose finally that R is entire (for simplicity). We can also consider projective
space over R. Let a be an ideal in R[X]. We define a to be homogeneous just as
before. Then a homogeneous ideal in R[X] can be viewed as defining an algebraic
subset in projective space P*(K) for each field K (as an R-algebra). If R = Z,
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then a defines an algebraic subset in P"(K) for every field K. Similarly, one can
define the notion of a homogeneous algebraic space % over R, and over the
integers Z a fortiori. Propositions 2.6 and 2.7 and their proofs are also valid in
this more general case, viewing ¥ = % as a functor from fields K to sets P"*(K).

If a is a prime ideal p, then we call %, an R-variety V. If R is Noetherian,
so R[X] is Noetherian, it follows as before that an algebraic space ¥ over R is
a finite union of R-varieties without inclusion relations. We shall carry this out
in §5, in the very general context of commutative rings. Just as we did over a
field, we may form the factor ring Z[X]/p and the image (x) of (X) in this factor
ring is called a generic point of V.

§3. PROJECTIONS AND ELIMINATION

Let (W) =W,,..., W, and (X) = (X;, ..., X,) be two sets of independent
variables. Then ideals in k[W, X] define algebraic spaces in the product space
A™*"_ Let a be an ideal in k[W, X]. Let a; = a N k[W]. Let % be the algebraic
space of zeros of a and let &, be the algebraic space of zeros of a;. We have
the projection

pr:¥mtn — %m or pr: A" — A"

which maps a point (w, x) to its first set of coordinates (w). It is clear that
pr% C %,. In general it is not true that pr % = ¥ ,. For example, the ideal p gen-
erated by the single polynomial W3 — W, X, = 0 is prime. Its intersection with
k[W;, W,] is the zero ideal. But it is not true that every point in the affine
(W;, W,)-space is the projection of a point in the variety %,. For instance, the
point (1, 0) is not the projection of any zero of p. One says in such a case that
the projection is incomplete. We shall now consider a situation when such a
phenomenon does not occur.

In the first place, let p be a prime ideal in k[W, X] and let V be its variety
of zeros. Let (w, x) be a generic point of V. Let p; = p N k[W]. Then (w) is a
generic point of the variety V| which is the algebraic space zeros of p,. This is
immediate from the canonical injective homomorphism

KW1/p, — kIW, X1/p.

Thus the generic point (w) of V; is the projection of the generic point (w, x) of
V. The question is whether a special point (w') of V is the projection of a point
of V.

In the subsequent applications, we shall consider ideals which are homo-
geneous only in the X-variables, and similarly algebraic subsets which are homo-
geneous in the second set of variables in A”.
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An ideal a in k[W, X] which is homogeneous in (X) defines an algebraic space
in A" x P""1_If V is an irreducible component of the algebraic set defined by
a, then we may view V as a subvariety of A™ X P"~!, Let p be the prime ideal
associated with V. Then p is homogeneous in (X). Let p; = p N k[W]. We shall
see that the situation of an incomplete projection mentioned previously is elim-
inated when we deal with projective space.

We can also consider the product A” X P”, defined by the zero ideal over
Z. For each field K, the set of points of A” x P" in K is A™(K) X P"K). An
ideal ain Z[W, X], homogeneous in (X), defines an algebraic space ¥ =%, in
A™ X P". We may form its projection ¥, on the first factor. This applies in
particular when a is a prime ideal p, in which case we call % an arithmetic
subvariety of A" X P”. Its projection V] is an arithmetic subvariety of A™,
associated with the prime ideal p; = pN Z{W].

Theorem 3.1. Let (W)= W,..., W,)and (X) = (X,,..., X,) be indepen-
dent families of variables. Let p be a prime ideal in k[W, X] (resp. Z[W, X])
and assume p is homogeneous in (X). Let V be the corresponding irreducible
algebraic space in A™ X P! Let p; = pN k[W] (resp. p N Z[W]), and let
V| be the projection of V on the first factor. Then V] is the algebraic space
of zeros of p; in A™.

Proof. Let V have generic point (w, x). We have to prove that every zero
(w') of p, in a field is the projection of some zero (w', x’) of p such that not all
the coordinates of (x') are equal to 0. By assumption, not all the coordinates of
(x) are equal to 0, since we viewed V as a subset of A” X P~ ! For definiteness,
say we are dealing with the case of a field k. By Chapter VII, Proposition 3.3,
the homomorphism k[w] — k[w'] can be extended to a place ¢ of k(w, x).
By Proposition 3.4 of Chapter VII, there is some coordinate x; such that
@(x;/x)) # »foralli=1,..., n Weletx] = @(x;/x;) for all i to conclude the
proof. The proof is similar when dealing with algebraic spaces over Z, replacing
kby Z.

Remarks. Given the point (w') € A™, the point (w’, x') in A" X P"~! may
of course not lie in k(w'). The coordinates (x') could even be transcendental
over k(x"). By any one of the forms of the Hilbert Nullstellensatz, say Corollary
1.3 of Theorem 1.1, we do know that (x") could be found algebraic over k(w'),
however. In light of the various versions of the Nullstellensatz, if a set of forms
has a non-trivial common zero in some field, then it has a non-trivial common
zero in the algebraic closure of the field generated by the coefficients of the
forms over the prime field. In atheorem such as Theorem 1.2 below, the conditions
on the coefficients for the forms to have a non-trivial common zero (or a zero
in projective space) are therefore also conditions for the forms to have such a
zero in that algebraic closure.

We shall apply Theorem 3.1 to show that given a finite family of homogeneous
polynomials, the property that they have a non-trivial common zero in some
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algebraically closed field can be expressed in terms of a finite number of universal
polynomial equations in their coefficients. We make this more precise as follows.

Consider a finite set of forms (f) = (f;,..., f,). Letd,,..., d, be their
degrees. We assume d; = 1 for i = 1, ..., r. Each f; can be written
(n) fi = 2w My X)

where M(,)(X) is a monomial in (X) of degree d;, and w; (,, is a coefficient. We
shall say that (f) has a non-trivial zero (x) if (x) # (0) and f;(x) = O for all i.
We let (w) = (w), be the point obtained by arranging the coefficients w; (,, of
the forms in some definite order, and we consider this point as a point in some
affine space A™, where m is the number of such coefficients. This integer m is
determined by the given degrees d, . . ., d,. In other words, given such degrees,
the set of all forms (f) = (f;, ..., f,) with these degrees is in bijection with
the points of A™.

Theorem 3.2. (Fundamental theorem of elimination theory.) Given
degrees d,, . .., d,, the set of all forms (fi, ..., f,) in n variables having a
non-trivial common zero is un algebraic subspace of A™ over Z.

Proof. Let (W) = (W, ) be a family of variables independent of (X). Let
(F) = (F, ..., F,) be the family of polynomials in Z[W, X] given by

@) FA(W, X) = 2 W, (,M(,,(X)

where M(,,(X) ranges over all monomials in (X) of degree d;, so (W) = (W)g.
We call F|, ..., F, generic forms. Let

a = ideal in Z[W, X] generated by F,, ..., F,.

Then a is homogeneous in (X). Thus we are in the situation of Theorem 3.1,
with adefining an algebraic space @ in A™ X P”~ !, Note that (w) is a specialization
of (W), or, as we also say, (f) is a specialization of (F). As in Theorem 3.1,
let @, be the projection of @ on the first factor. Then directly from the definitions,
(f) has a non-trivial zero if and only if (w); lies in @, so Theorem 3.2 is a
special case of Theorem 3.1.

Corollary 3.3. Let (f) be a family of n forms in n variables, and assume
that (w) is a generic point of A", i.e. that the coefficients of these forms are
algebraically independent. Then (f) does not have a non-trivial zero.

Proof. There exists a specialization of () which has only the trivial zero,
namely f; = X%,..., f, = X4,

Next we follow van der Waerden in showing that @ and hence @ are irreducible.

Theorem 3.4. The algebraic space @ of forms having a non-trivial common
zero in Theorem 3.2 is actually a Z-variety, i.e. it is irreducible. The prime ideal
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p in ZIW, X] associated with @ consists of all polynomials G(W, X) € Z[W, X]
such that for some index j there is an integer s = 0 satisfying

*), XiG(W, X) = 0 mod (F,, ..., F); that is, X}GW, X) € a.

If relation (*) holds for one index j, then it holds for every j = 1,..., n. (Of
course, the integer s depends on j.)

Proof. Weconstructa generic pointof @. We select any one of the variables,
say X,, and rewrite the forms F; as follows:

F(W,X)=F§ + Z,X%

where F¥ is the sum of all monomials except the monomial containing Xgi.
The coefficients (W) are thereby split into two families, which we denote by (Y)
and (Z), where (Z) = (Z,,..., Z,) are the coefficients of (X',..., Xdr)in
(Fy,..., F,), and (Y) is the remaining family of coefficients of F¥,..., F¥.
We have (W) = (¥, Z), and we may write the polynomials F; in the form

F(W,X) = F(Y, Z, X) = F¥(Y, X) + Z,X%.

Corresponding to the variables (¥, X) we choose quantities (y, x) algebraically
independent over Z. We let

3) z; = —F¥y, x)/x% = =F¥y, x/x,).

We shall prove that (y, z, x) is a generic point of Q.
From our construction, it is immediately clear that F;(y, z, x) = O for all i,
and consequently if G(W, X) € Z[W, X] satisfies (*), then G(y, z, x) = 0.
Conversely, let G(Y, Z, X) € Z[Y, Z, X] = Z[W, X] satisfy G(y, z, x) = 0.
From Taylor’s formula in several variables we obtain

G(Y,Z,X)=G(Y,..., —F{/X3 + Z, + F¥/X%, ..., X)
G(Y, —F§/X&, X) + 2 (Z; + F¥/X4yH, (Y, Z, X),

where the sum is taken over terms having one factor (Z;, + F ,*/Xzi) to some
power w; > 0, and some factor H,,, in Z[Y, Z, X]. From the way (y, z, x) was
constructed, and the fact that G(y, z, x) = 0, we see that the first term vanishes,
and hence

G(Y,Z, X)= Z Z; + F;“/XZ")“"HW(Y, Z, X).
Clearing denominators of X, for some integer s we get
X,G(Y, Z, X) = 0mod (F, ..., F),
or in other words, (*)4 1s satisfied. This concludes the proof of the theorem.
Remark. Of course the same statement and proof as in Theorem 3.4

holds with Z replaced by a field k. In that case, we denote by q, the ideal in
k[W, X] generated by the generic forms, and similarly by p, the associated prime
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ideal. Then
ag) =a; N kW] and  p,; = p, N K[W].

The ideal p in Theorem 3.4 will be called the prime associated with the
ideal of generic forms. The intersection p; = pN Z[W] will be called the prime
elimination ideal of these forms. If @ denotes as before the zeros of p (or of
a), and @, is its projection on the first factor, then p, is the prime associated
with @,. The same terminology will be used if instead of Z we work over a
field k. (Note: homogeneous elements of p; have been called inertia forms in
the classical literature, following Hurwitz. I am avoiding this terminology be-
cause the word “inertia” is now used in a standard way for inertia groups as in
Chapter VII, §2.) The variety of zeros of p; will be called the resultant vari-
ety. It is determined by the given degrees d,, ..., d,, so we could denote it
by @,(d,, ..., d,).

Exercise. Show that if p is the prime associated with the ideal of generic
forms, then p N Z = (0) is the zero ideal.

Theorem 3.5. Assume r = n, so we deal with n forms in n variables. Then
P, is principal, generated by a single polynomial, so @, is what one calls a
hypersurface. If (w) is a generic point of @, over a field k, then the transcen-
dence degree of k(w) over kism — 1.

Proof. We prove the second statement first, and use the same notation as in
the proof of Theorem 3.4. Let u; = x;/x,. Then u, = 1 and (y), (uy, ..., u,—y)
are algebraically independent. By (3), we have z; = —F¥(y, u), so

k(w) = k(y, z) C k(y, w),

and so the transcendence degree of k(w) over k is = m — 1. We claim that this
transcendence degree is m — 1. It will suffice to prove that u;, ..., u,_ are
algebraic over k(w) = k(y, z). Suppose this is not the case. Then there exists a
place ¢ of k(w, u), which is the identity on k(w) and maps some u; on . Select
an index g such that (u;/u,) is finite foralli = 1,...,n — 1. Let v; = u;/u,
and v} = ¢(y;/ ug). Denote by Y, the coefficient of Xgi in F; and let Y* denote
the variables (Y) from which Yigo- .., ¥q are deleted. By (3) we have for
i=1,...,mn
0 = yudt + z; + FF*(y*% u)

=Yg T Z.—/uf,"’ + FFAy% u/uy).
Applying the place yields
0 =y, + FF*O% v").

In particular, y;, € k(y*, v') foreachi = 1, ..., n. But the transcendence degree
of k(v') over k is at most n — 1, while the elements (y,,, ..., Yng Y*) are
algebraically independent over k, which gives a contradiction proving the
theorem.
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Remark. There is a result (I learned it from [Jo 80]) which is more precise
than Theorem 3.5. Indeed, let @ as in Theorem 3.5 be the variety of zeros of
p, and @, its projection. Then this projection is birational in the following sense.
Using the notation of the proof of Theorem 3.5, the result is not only that k(w)
has transcendence degree m — 1 over k, but actually we have

Q(y, 2) = Q(w) = Q(y, u).

Proof. Let p; = (R), so R is the resultant, generating the principal ideal
p;. We shall need the following lemma.

Lemma 3.6. There is a positive integer s with the following properties. Fix
an index i with 1 =i = n — 1. For each pair of n-tuples of integers = 0

(C!) = (al""’ an) and (B) = (Bl""’ Bn)
with |a| = |B| = d,, we have

oR R
£ . — G =
X,,(M(a)(X) W M g(X) aW,-,(a) =0 mod (F, ..., F,).

To see this, we use the fact from Theorem 3.4 that for some s,
X)RW) = Q\F, + -+ + Q,F, with Q; € Z[W, X].
Differentiating with respect to W, 5 we get
dR

n W QiMp(X) mod (F, ..., F,),
and similarly
X g = QM@(X) mod (Fi..... F,).

We multiply the first congruence by M(,)(X) and the second by M g,(X), and we
subtract to get our lemma.

From the above we conclude that

R R
M0 i ~ Mo 3w,

vanishes on @, i.e. on the point (w, u), after we put X, = 1. Then we select
MyX) = X% and Mp(X) = X4 'X, fori=1,...,n—1,

and we see that we have the rational expression

_ 3R/3Wip

u;‘aR/aWi.(a) yfori=1,...,n—-1,

WM=w)

thus showing that Q(x) C Q(w), as asserted.
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We note that the argument also works over the prime field of characteristic
p. The only additional remark to be made is that there is some partial derivative
R/ dW, () Which does not vanish on (w). This is a minor technical matter, which
we leave to the reader.

The above argument is taken from [Jo 80], Proposition 3.3.1. Jouanolou links
old-time results as in Macaulay [Ma 16] with more recent techniques of com-
mutative algebra, including the Koszul complex (which will be discussed in
Chapter XXI). See also his monographs [Jo 90], [Jo 91].

Still following van der Waerden, we shall now give a fairly explicit deter-
mination of the polynomial generating the ideal in Theorem 3.5. We deal with
the generic forms F;(W, X) (i = 1, ..., n). According to Theorem 3.5, the ideal
p; is generated by a single element. Because the units in Z[W] consist only of
*1, it follows that this element is well defined up to a sign. Let

RW) = R(F,,..., F,)

be one choice of this element. Later we shall see how to pick in a canonical way
one of these two possible choices. We shall prove various properties of this

element, which will be called the resultant of Fi, ..., F,.
Foreachi=1,..., n welet D, be the product of the degrees with d; omitted;
that is,

A
Di=d, -d; - d,.

We let d be the positive integer such that d — 1 = 2, (d; — 1).

Lemma 3.7. Given one of the indices, say n, there is an element R (W) lying
in py, satisfying the following properties.

(a) For each i, R,(W)X¢ = 0 mod (F,, ..., F,) in Z[W, X].

(b) For each i, R,(W) is homogeneous in the set of variables (W, (,)), and is of
degree D, in (W, ,)), i.e. in the coefficient of F,,.

(c) As a polynomial in ZIW], R,(W) has content 1, i.e. is primitive.

Proof. The polynomial R, (W) will actually be explicitly constructed. Let
M ,(X) denote the monomials of degree || = d. We partition the indexing set
S = {o} into disjoint subsets as follows.

Let S; = {0} be the set of indices such that M, (X) is divisible by X¢!.

Let S, = {o,} be the set of indices such that M, (X) is divisible by X§2 but
not by X%1.

Let S, = {0,} be the set of indices such that M,, (X) is divisible by X% but
not by X%, ..., X%y,
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Then § is the disjoint union of S;, ..., S,. Write each monomial as follows:

M, (X) = H, (X)X{* so degH, =d—d,

M, (X) = H, (X)Xd» so deg H, =d—d,
Then the number of polynomials
HyFy,...,H; F,(withay€S§,,...,0,€8,)

is precisely equal to the number of monomials of degree d. We let R, be the
determinant of the coefficients of these polynomials, viewed as forms in (X) with
coefficients in Z[W]. Then R, = R, (W) € Z[W]. We claim that R, (W) satisfies
the properties of the lemma.

First we note that if g, € S, then H, (X) is divisible by a power of X; at
mostd; — 1, fori =1,..., n — 1. On the other hand, the degree of H, (X) in
X,, is determined by the condition that the total degree is d — d,,. Hence S, has
exactly D, elements. It follows at once that R, (W) is homogeneous of degree D,
in the coefficients of F,, i.e. in (W,,.(»). From the construction it also follows

that R, is homogeneous in each set of variables (W, (,)) for each i = 1,...,
n—1.
If we specialize the forms F; (i = 1, ..., n) to X%, then R, specializes to 1,

and hence R,, # 0 and R, is primitive. For each o; we can write

HoF; = 2 Coq(WMX),

where M ,(X) (o € S) ranges over all monomials of degree d in (X), and Co o (W)
is one of the variables (W). Then by definition

R, (W) = det(Cy 5, (W)g,cs))> - - - » Coo,(W)o,es,y) = det(C).

where oy € §, ..., 0, € §, indexes the columns, and o indexes the rows. Let
B = C be the matrix with components in Z[W, X] such that

BC = det(C)I = R,I.
(See Chapter XIII, Corollary 4.17.) Then for each o, we have

R, (WM ,(X) = 2, ZS B; . F..
i oeS;
Given i, we take for o the index such that M,(X) = X¢ in order to obtain the
first relation in Lemma 3.7. By Theorem 3.4, we conclude that R,,(W) € p,. This
concludes the proof of the lemma.

Of course, we picked an index 7 to fix ideas. For each i one has a polynomial
R; satisfying the analogous properties, and in particular homogeneous of degree
D; in the variables (W, (,,) which are the coefficients of the form F;.
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Theorem 3.8. Let R be the resultant of the n generic forms F; over Z, in n
variables. Then R satisfies the following properties.

(a) R is the greatest common divisor in Z[W] of the polynomials R,, ..., R,,.
(b) R is homogeneous of degree D in the coefficients of F;.
(c) Let F; = ... + W, 4, X%, so W, (4, is the coefficient of X%. Then R contains
the monomial
n
D;
+ E[l WPy,
Proof. The idea will be to specialize the forms Fi, ..., F, to products of

generic linear forms, where we can tell what is going on. For that we need a
lemma of a more general property eventually to be proved. We shall use the
following notation. If fi, ..., f, are forms with coefficients (w), then we write

R(fl" c . 7fn) = R(W)

Lemma 3.9. Ler G, H be generic independent forms with deg(GH) = d,.
Then R(GH, F,, . .., F,)) is divisible by R(G, F,, ..., F,))RH, F,, ..., F,).

Proof. By Theorem 3.5, there is an expression

XR(F,,...,F,) = QF, + - + Q,F, with Q; € Z[W, X].

Let W, Wy, We,, ..., Wg,_be the coefficients of G, H, F,, . . ., F, respectively,
and let (w) be the coefficients of GH, F,, ..., F,. Then

Rw) = R(GH, F,, ..., F,),
and we obtain

XaR(w) = Qi(w, X)GH + Qr(w, X)F; + Q,(w, X)F,.

Hence R(GH, F,, . .., F,) belongs to the elimination ideal of G, F,, ..., F, in
the ring Z[Wg;, Wy, Wr,, ..., W ], and similarly with H instead of G. Since
Wy is a family of independent variables over Z[Wg, Wg,, ..., Wg |, it follows
that R(G, F,, . .., F,) divides R(GH, F,, . . ., F,) in that ring, and similarly for
RH, F,, ..., F,). But (Ws;) and (Wy) are independent sets of variables, and so

R(G,F,,...,F,),RH,F,,...,F,) are distinct prime elements in that ring, so
their product divides R(GH, F,, . . ., F,) as stated, thus proving the lemma.
Lemma 3.9 applies to any specialized family of polynomials g, &, f;, ...,

S, with coefficients in a field k. Observe that for a system of s linear forms in
n variables, the resultant is simply the determinant of the coefficients. Thus if
L,,...,L,are generically independent linear forms in the variables X, ..., X,,,
then their resultant R(L,, . . ., L,) is homogeneous of degree 1 in the coefficients
of L; for each i. We apply Lemma 3.9 to the case of forms f,, . . ., f,—1, which
are products of generically independent linear forms. By Lemma 3.9 we conclude
that for this specialized family of form, their resultant has degree at least D, in
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the coefficients of F,, so for the generic forms F, ..., F, their resultant has
degree at least D, in the coefficients of F,. Similarly R(F), ..., F,) has degree
at least D, in the coefficients of F; for each i. But R divides the n elements
R,(W), ..., R, (W) constructed in Lemma 3.7. Therefore we conclude that R has
degree exactly D; in the coefficients of F;. By Theorem 3.5, we know that R
divides each R;. Let G be the greatest common divisor of R, ..., R, in Z{W].
Then R divides G and has the same degree in each set of variables (W, ,)) for
i = 1,..., n. Hence there exists ¢ € Z such that G = ¢cR. We must have
¢ = =*1, because, say, R, is primitive in Z{W]. This proves (a) and (b) of the
theorem.

As to the third part, we specialize the forms to f; = X%,i = 1,..., n. Then
R, specializes to 1, and since R divides R/, it follows that R itself specializes to
+1. Since all coefficients of the forms specialize to O except those which we
denoted by W, 4, it follows that R(W) contains the monomial which is the product
of these variables to the power D;, up to the sign =1. This proves (c¢), and
concludes the proof of Theorem 3.8.

We can now normalize the resultant by choosing the sign such that R contains
the monomial

n
—_ Di
M = z=l—[1 Wi,(di)’
with coefficient +1. This condition determines R uniquely, and we then denote
R also by
R = Res(Fy, ..., F).

Given forms f,, . . ., f, with coefficients (w) in a field K (actually any commu-
tative ring), we can then define their resultant

Res(fl’ LR ’fn) = R(W)

with the normalized polynomial R. With this normalization, we then have a
stronger result than Lemma 3.9.

Theorem 3.10. Let f| = gh be a product of forms such that deg(gh) = d,.
Let f,, ..., f, be arbitrary forms of degrees d,, . . ., d,. Then

Res(gh, fo, ..., fu) = Res(g, fo, .. ., fIRes(h, fo, ..., fo).

Proof. From the fact that the degrees have to add in a product of polynomials,
together with Theorem 3.8(a) and (b), we now see in Lemma 3.9 that we must
have the precise equality in what was only a divisibility before we knew the
precise degree of R in each set of variables.

Theorem 3.10 is very useful in proving further properties of the determinant,
because it allows a reduction to simple cases under factorization of polynomials.
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For instance one has:

Theorem 3.11. Let Fy, ..., F, be the generic forms in n variables, and let
Fy, ..., F, be the forms obtamed by substituting X, = 0, so that F,, ..., F,_,
are the generic forms in n — 1 variables. Let n = 2. Then

ReS(Fl, ey Fn—l’ Xﬁ") = ReS(E, ey I_:n,l)d".

Proof. By Theorem 3.10 it suffices to prove the assertion when d, = 1. By
Theorem 3.4, foreachi = 1,..., n — 1 we have an expression

*) XiRes(Fy, ..., F,o, X,) = QiFy + - + @y 1F 0 + QX

with Q; € Z[W, X] (depending on the choice of i). The left-hand side can be
written as a polynomial in the coefficients of F, ..., F,_, with the notation

XSRWg,, ooy We 1y ) = XEP(Wp ..., Wi ) = XSP(W™D), say;

n-1’
thus in the generic linear form in X, ..., X,, we have specialized all the coef-
ficients to O except the coefficient of X,, which we have specialized to 1. Sub-
stitute X, = O in the right side of (*). By Theorem 3.4, we conclude that
P(WD) lies in the resultant ideal of F,,..., F, ;, and therefore
Res(Fy,..., F,_,) divides P(W® 1), By Theorem 3.8 we know that
P(W™D) has the same homogeneity degree in Wz, (i = 1,..., n — 1)

as Res(F,, ..., F,_;). Hence there is ¢ € Z such that
cRes(Fy,...,F,_) = Res(Fy,..., F,_;, X,)).
One finds ¢ = 1 by specializing Fi, ..., F,_; to X{', ..., X% respectively,

thus concluding the proof.
The next basic lemma is stated for the generic case, for instance in Macaulay

[Ma 16], and is taken up again in [Jo 90], Lemma 5.6.

Lemma 3.12. Let A be a commutative ring. Let fi, ..., f,, 91, ..., g, be
homogeneous polynomials in AlX,, ..., X,]. Assume that

G- 9) T f)
as ideals in A[X). Then
Res(f}, ..., f,) divides Res(g,, ..., g,) in A.
Proof. Express each g; = > h;;f; with h;; homogeneous in A[X]. By spe-
cialization, we may then assume that g; = > H,;F; where H,; and F; have alge-

braically independent coefficients over Z. By Theorem 3.4, for each i we have
a relation

XiRes(gy,--.59,) = 0197 + -+ + 0,9, with some Q; € Z[Wy, W],
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where Wy;, W, denote the independent variable coefficients of the polynomials
H;; and F; respectively. In particular,

(*) X! Res(gy, ..., g,) =0mod (F, ..., F)ZIW,, W, X].

Note that Res(g,,..., g,) = P(Wy, Wr) € Z[Wy, Wg] is a polynomial with
integer coefficients. If (wy) is a generic point of the resultant variety @; over
Z, then P(Wy, wp) = 0 by (*). Hence Res(Fy, . . ., F,) divides P(Wy, Wy), thus
proving the lemma.

Theorem 3.13. Let A be a commutative ring and let d,, . . ., d, be integers
= 1 as usual. Let f; be homogeneous of degree d; in A[X] = A[X,,..., X,].
Let d be an integer = 1, and let g;, . .., g, be homogeneous of degree d in
A[X]. Then

fieg=f91,...,9,)

is homogeneous of degree dd;, and

Res(fi°g,...,f,09) = Res(gy,..., g)" @ Res(fy, ..., )"  inA.

Proof. We start with the standard relation of Theorem 3.4:
* XiRes(F},..., F,) =0mod (F,, ..., F)Z[W:, X].

We let G, . .., G, be independent generic polynomials of degree d, and let W
denote their independent variable coefficients. Substituting G, for X; in (*), we
find

GiRes(F,,...,F,)=0mod (F, ° G, ..., F,oGZ[Wy, Wg, X.

Abbreviate Res(F, ..., F,) by R(F), and let g; = G{R(F). By Lemma 3.12, it
follows that

Res(fi° G, ..., F, ° G) divides Res(GiR(F), . . ., GSR(F)) in Z[Wg, Ws].
By Theorem 3.10 and the homogeneity of Theorem 3.8(b) we find that

Res(GiR(F), ..., G3R(F)) = Res(Gy, ..., G,)™ Res(F,, ..., F,

DN

with integers M, N = 0. Since Res(G, . . ., G,) and Res(F, . . ., F,)) are distinct
prime elements in Z[W;, W] (distinct because they involve independent vari-
ables), it follows that

(**) Res(F,°G,...,F,°G) = ¢eRes(G,,..., G,)*Res(F,, ..., F,)"

with integers a, b = 0 and € = 1 or —1. Finally, we specialize F; to W.X% and
we specialize G; to U;X¢, with independent variables (W,, ..., W,, U,, ..., U,.
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Substituting in (**), we obtain

Res(W,U$X941, . .., W,Udnxddn)
= g Res(UiX4, ..., U, X% Res(W, X9, ..., W, Xdn)b,
By the homogeneity of Theorem 3.8(b) we get

; d: -1 -1 B
H(mUd,)dl-..d,.”d,,d" - EHU‘z‘in aHth_il.‘.d,...d,,b‘
1 14 1

From this we get at once € = | and a, b are what they are stated to be in the
theorem.

Corollary 3.14. Let C = (c;j) be a square matrix with coefficients in A. Let
fA(X) = F,(CX) (where CX is multiplication of matrices, viewing X as a column
vector). Then

Res(fy, ..., f,) = det(C)%4n Res(F,, ..., F,).

Proof. This is the case when d = 1 and g; is a linear form for each i.

Theorem 3.15. Let f,,..., f, be homogeneous in A[X], and suppose
d, = d; for all i. Let h; be homogeneous of degree d, — d; in A[X]. Then

n—1
Res(fis s focts fo + ;} hf) = Res(fi,. .., f,) in A.

Proof. We may assume f; = F; are the generic forms, H; are forms generic
independent from Fy,..., F,, and A = Z[W., Wy], where (Wp) and (Wy)
are the coefficients of the respective polynomials. We note that the ideals

(F,..., F,) and (F},..., F, + ZHij) are equal. From Lemma 3.12 we
j*n

conclude that the two resultants in the statement of the theorem differ by a factor
of 1 or —1. We may now specialize H;; to 0 to determine that the factor is +1,
thus concluding the proof.

Theorem 3.16. Let m be a permutation of {1, ..., n}, and let &(m) be its
sign. Then

Res(Fry, - - - » Fumy) = &(m)@-n Res(Fy, ..., F).

Proof. Again using Lemma 3.12 with the ideals (F;,..., F,) and
(Frays - - - » Fa(ny)» Which are equal, we conclude the desired equality up to a
factor 1, in Z[Ws]. We determine this sign by specializing F; to X%, and using
the multiplicativity of Theorem 3.10. We are then reduced to the case when
F; = X;, so a linear form; and we can apply Corollary 3.14 to conclude the proof.

The next theorem was an exercise in van der Waerden’s Moderne Algebra.
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Theorem 3.17. LetL,, ..., L,_, F be generic forms in n variables, such
thatL,, ..., L,_, are of degree 1, and F has degree d = d,,. Let
AG=1,...,n

be (—1)"/ times the j-th minor determinant of the coefficient matrix of the
forms (L, ..., L,_,). Then

Res(Ly, ..., L,_y, F) = F(A,, ..., A,).

Proof. We first claim that for all j = 1, ..., n we have the congruence
(*) XA — XA, =0mod (Ly,..., L, )Z[W, X],
where as usual, (W) are the coefficients of the forms L, ..., L,_,, F. To see

this, we consider the system of linear equations

WXy + -+ W, X, = LW X) - WX,

WXy ¥t WX = Lo W X) = W, X,

-1,n

If C = (C',..., C" ") is a square matrix with columns C/, then a solution of
a system of linear equations CX = C” satisfies Cramer’s rule

deet(Cl, o, Chy =de(CL...,Cn, L, CrT Y.

Using the fact that the determinant is linear in each column, (*) falls out.
Then from the congruence (*) it follows that

X4FAy, ..., A) = AFX,,...,X,)mod (L,,...,L,_)Z[W,X],
whence
X4F(Ay,...,A)=0mod (L,,...,L,_,, F).

Hence by Theorem 3.4 and the fact that Res(L,, ..., L,_, F) = R(W) generates
the elimination ideal, it follows that there exists ¢ € Z[W] such that

F(A,...,A) =cRes(L;,...,L,_,, F).

Since the left side is homogeneous of degree 1 in the coefficients W and homo-
geneous of degree d in the coefficients W, foreachi =1,...,n — 1, it follows
from Theorem 3.8 that ¢ € Z. Specializing L; to X; and F to X4 makes A; specialize
to 0 if j # n and A, specializes to 1. Hence the left side specializes to 1, and
so does the right side, whence ¢ = 1. This concludes the proof.
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§4. RESULTANT SYSTEMS

The projection argument used to prove Theorem 3.4 has the advantage of
constructing a generic point in a very explicit way. On the other hand, no explicit,
or even effective, formula was given to construct a system of forms defining
@,. We shall now reformulate a version of Theorem 3.4 over Z and we shall
prove it using a completely different technique which constructs effectively a
system of generators for an ideal of definition of the arithmetic variety @ in
Theorem 3.2.

Theorem 4.1. Givendegrees d,, ..., d, Z 1, and positive integers m, n. Let
(W) = (W, (,,) be the variables as in §3, (2) viewed as algebraically independent
elements over the integers L. There exists an effectively determinable finite
number of polynomials R, (W) € Z[W] having the following property. Let ( 1d)
be as in (1), a system of forms of the given degrees with coefficients (w) in
some field k. Then (f) has a non-trivial common zero if and only if R,(w) = 0
for all p.

A finite family {R,} having the property stated in Theorem 4.1 will be called
a resultant system for the given degrees. According to van der Waerden
(Moderne Algebra, first and second edition, §80), the following technique of
proof using resultants goes back to Kronecker elimination, and to a paper of
Kapferer (Uber Resultanten und Resultantensysteme, Sitzzungsber. Bayer. Akad.
Miinchen 1929, pp. 179-200). The family of polynomials {R,(W)} is called a
resultant system, because of the way they are constructed. They form a set of
generators for an ideal b; such that the arithmetic variety @, is the set of zeros
of b,. I don’t know how close the system constructed below is to being a set of
generators for the prime ideal p, in Z[W] associated with @,. Actually we shall
not need the whole theory of Chapter IV, §10; we need only one of the char-
acterizing properties of resultants.
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Let p, g be positive integers. Let

fo
gy = wWoX{ + wX97'X, + - + w, X4

Il

be two generic homogeneous polynomials in Z[v, w, X, X5] = Z]v, wl[X]. In
Chapter IV, §10 we defined their resultant Res(f,, g,,) in case X, =1, but we
find it now more appropriate to work with homogeneous polynomials. For our
purposes here, we need only the fact that the resultant R(v, w) is characterized
by the following property. If we have a specialization (a, b) of (v, w) in a field
K, and if f,, f;, have a factorization

p
Ja = ag ljl X, — a,X;)

q
9y = by Hl X, — BiXy)
j=
then we have the symmetric expressions in terms of the roots:

Mmm=Ranp=%%§pm—@)

%U%@Ahﬂﬂw%ﬂmmn.

From the general theory of symmetric polynomials, it is a priori clear that
R(v, w) lies in Z[v, w], and Chapter IV, §10 gives an explicit representation

Cofy T Wo 8y = X579 'R(v, w)

where ¢, ,, and ¥, ,, € Z{v, w, X]. This representation will not be needed. The
next property will provide the basic inductive step for elimination.

Proposition 4.2. Let f,, g, be homogeneous polynomials with coefficients in
a field K. Then R(a, b) = 0 if and only if the system of equations

foX) =0, g,X)=0
has a non-trivial zero in some extension of K (which can be taken to be finite).

If ay = O then a zero of g, is also a zero of f,; and if by = O then a zero of f,
is also a zero of g,. If aghy # O then from the expression of the resultant as a
product of the difference of roots (a; — B;) the proposition follows at once.

We shall now prove Theorem 4.1 by using resultants. We do this by induction
on n.
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I

If n = 1, the theorem is obvious.

If n =2, r = 1, the theorem is again obvious, taking the empty set for (R,).
If n = 2, r = 2, then the theorem amounts to Proposition 4.2.

Assume now n = 2 and r > 2, so we have a system of homogeneous equations

0 =fX) =fX)=...=fX)

with (X) = (X,, X,). Let d; be the degree of f; and let 4 = max d;. We replace
the family {f(X)} by the family of all polynomials

fi(X)X4 4 and f£(X)X4 4, i=1,...,r.

These two families have the same sets of non-trivial zeros, so to prove Theorem
4.1 we may assume without loss of generality that all the polynomials fi, . . .,
/. have the same degree d.

With n = 2, consider the generic system of forms of degree d in (X):

4 F,(W,X)=0withi =1,..., r, in two variables (X) = (X;, X;),
where the coefficients of F; are W, ..., W, 4 so that

(W)=(WI’O,...,Wl,d,...,m’o,...,m,d).

The next proposition is a special case of Theorem 4.1, but gives the first step
of an induction showing how to get the analogue of Proposition 4.2 for such a
larger system. Let T,..., T, and U, ..., U, be independent variables over
Z[W, X]. Let Fy, ..., F, be the generic forms of §3, (2). Let

f=FWX)T, + -+ FW X)T,
g=FW,X)U, + -+ FW, XU,

so f, g € Z[W, T, U][X]. Then f, g are polynomials in (X) with coefficients in
Z[W, T, U]l. We may form their resultant

Res(f, g) € Z[W, T, U].

Thus Res( f, g) is a polynomial in the variables (7, U) with coefficients in Z[W].
We let (Q,(W)) be the family of coefficients of this polynomial.

Proposition 4.3.  The system {Q,, (W)} just constructed satisfies the property
of Theorem 4.1, i.e. it is a resultant system for r forms of the same degree d.

Proof. Suppose that there is a non-trivial solution of a special system
F(W, X) = 0 with (w) in some field k. Then (w, T, U) is a common non-trivial
zero of f, g, so Res(f, g) = 0 and therefore Q,(w) = O for all u. Conversely,
suppose that Q,(w) = 0 for all u. Let f(X) = Fy(w, X). We want to show
that f(X) fori = 1, ..., r have a common non-trivial zero in some extension of
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k. If all f; are O in k[X,, X,] then they have a common non-trivial zero. If, say,
f1 # 0 in k[X], then specializing T5,..., T, to 0 and T} to 1 in the resultant
Res(f, g), we see that

Res(f]’fZUZ + o +frUr) =0

as a polynomial in k[U,, . . ., U,]. After making a finite extension of k if neces-
sary, we may assume that f;(X) splits into linear factors. Let {a;} be the roots
of fi(X,, 1). Then some (¢;, 1) must also be a zero of LU, + -+ + fU,,
which implies that («;, 1) is a common zero of fi, ..., f, since U,, ..., U,
are algebraically independent over k. This proves Proposition 4.3.

We are now ready to do the inductive step with n > 2. Again, let
X =Fw, X)forj=1,...,r

be polynomials with coefficients (w) in some fields k.

Remark 4.4. There exists a non-trivial zero of the system
i=0G=1,...,n
in some extension of k if and only if there exist
& x, ) FO,...,0) and (x,, 1) ¥ (0, 0)

in some extension of k such that
filexy, ..., tx,_y,x,) =0fori=1,...,r.

So we may now construct the system (R,) inductively as follows.
Let T be a new variable, and let X"~V = (X,,..., X,,_,). Let

gz(st X(n_l)’ Sn7 T) = F‘z(“’y TX]’ L] TXn—l; Xn) € Z[W X(ngl)][Xn’ T]

Then g; is homogeneous in the two variables (X,,, 7). By the theorem for two
variables, there is a system of polynomials (Q,) in Z[W, X"~D] having the
property: if (w, X"~ V) is a point in a field K, then

gi(w, x"D X T) have a non-trivial common zero fori = 1,...,r.

S 0w, x""Dy = 0 for all .

Viewing each Q,, as a polynomial in the variables (X"~ 1), we decompose each
Q, as a sum of its homogeneous terms, and we let (Hy(W, X(*~1)) be the fam-
ily of these polynomials, homogeneous in (X"~1). From the homogeneity
property of the forms F; in (X), it follows that if ¢ is transcendental over K
and g;(w, x*~VD, X,, T) have a non-trivial common zero for j = 1,..., r
then g;(w, x"~D, X,, T) also have a non-trivial common zero. Therefore
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Q,(w, tx"~D) = 0 for all , and so Hy(w, x"~V) = 0. Therefore we may use the
family of polynomials (H,) instead of the family (Q,), and we obtain the property:
if (w, x""V) is a point in a field K, then

g:(w, "V, X, T) have a non-trivial common zero for i = 1,...,r
S Hy(w, x* D) = 0 for all A.

By induction on n, there exists a family (R,(W)) of polynomials in Z[W]
(actually homogeneous), having the property: if (w) is a point in a field K, then

H,(w, X"~ D) have a non-trivial common zero for all A
< R,(w) = 0 for all p.

In light of Remark 4.4, this concludes the proof of Theorem 4.1 by the resultant
method.

§6. SPEC OF A RING

We shall extend the notions of §2 to arbitrary commutative rings.

Let A be a commutative ring. By spec(A) we mean the set of all prime ideals
of A. An element of spec(A) is also called a point of spec(A).

If /e A, we view the set of prime ideals p of spec(4) containing f as the set
of zeros of f. Indeed, it is the set of p such that the image of f in the canonical

homomorphism
A— Alp

is 0. Let a be an ideal, and let % (a) (the set of zeros of a) be the set of all
primes of A containing a. Let a,b be ideals. Then we have:

Proposition 5.1.
(i) %(ab) = % (a) U Z(b).
(i) If {a;} is a family of ideals, then % (2qa;) = M2 (a;).
(iii)) We have % (a) C %(b) if and only if rad(a) D rad(b), where rad(a), the
radical of a, is the set of all elements x € A such that x" € a for some
positive integer n.

Proof. Exercise. See Corollary 2.3 of Chapter X.

A subset C of spec(A) is said to be closed if there exists an ideal a of 4 such
that C consists of those prime ideals p such that a = p. The complement of a
closed subset of spec(A4) is called an open subset of spec(4). The following
statements are then very easy to verify, and will be left to the reader.
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Proposition 5.2. The union of a finite number of closed sets is closed. The
intersection of an arbitrary family of closed sets is closed.

The intersection of a finite number of open sets is open. The union of an
arbitrary family of open sets is open.

The empty set and spec(A) itself are both open and closed.

If S is a subset of A4, then the set of prime ideals p € spec(4) such that S < p
coincides with the set of prime ideals p containing the ideal generated by S.

The collection of open sets as in Proposition 5.2 is said to be a topology on
spec(A), called the Zariski topology.

Remark. In analysis, one considers a compact Hausdorff space S. “Haus-
dorff” means that given two points P, Q there exists disjoint open sets Up, Uy
containing P and Q respectively. In the present algebraic context, the topology
is not Hausdorff. In the analytic context, let R be the ring of complex valued
continuous functions on §. Then the maximal ideals of R are in bijection with
the points of S (Gelfand-Naimark theorem). To each point P € §, we associate
the ideal M, of functions f such that f(P) = 0. The association P — Mp
gives the bijection. There are analogous results in the complex analytic case.
For a non-trivial example, see Exercise 19 of Chapter XII.

Let A, B be commutative rings and ¢: A — B a homomorphism. Then ¢
induces a map

@* = spec(p) = ¢~ ' :spec(B) — spec(A)
by

p— o ().

Indeed, it is immediately verified that ¢~ *(p) is a prime ideal of 4. Note however
that the inverse image of a maximal ideal of B is not necessarily a maximal ideal
of A. Example? The reader will verify at once that spec(¢) is continuous, in the
sense that if U is open in spec(B), then ¢~ '(U) is open in spec(A4).

We can then view spec as a contravariant functor from the category of
commutative rings to the category of topological spaces.

By a point of spec(A) in a field L one means a mapping

spec(¢) : spec(L) — spec(A)
induced by a homomorphism ¢ : 4 — L of 4 into L.
For example, for each prime number p, we get a point of spec(Z), namely

the point arising from the reduction map

7 — Z/pZ.
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The corresponding point is given by the reversed arrow,

spec(Z) « spec(Z/pZ).

As another example, consider the polynomial ring k[ X,, ..., X,] over a
field k. For each n-tuple (cy, ..., ¢,) in k*™ we get a homomorphism

o kX, ..., X,] >k

such that ¢ is the identity on k, and ¢(X,) = ¢; for all i. The corresponding
point is given by the reversed arrow

spec k[ X] <« spec(k?).

Thus we may identify the points in n-space k*™ with the points of spec k[ X]
(over k) in k*.

However, one does not want to take points only in the algebraic closure of
k, and of course one may deal with the case of an arbitrary variety V over k
rather than all of affine n-space. Thus let k[x|, ..., x,] be a finitely generated
entire ring over k with a chosen family of generators. Let V = spec k[x]. Let A
be a commutative k-algebra, corresponding to a homomorphism k£ — A. Then a
point of V in A may be described either as a homomorphism

¢ klx,..., x,] = A,
or as the reversed arrow
spec(A4) — spec(k|x])

corresponding to this homomorphism. If we put ¢; = ¢(x;), then one may call
(c) = (cy, ..., c,) the coordinates of the point in A. By a generic point of V
in a field K we mean a point such that the map ¢:k[x] — K is injective, i.e. an
isomorphism of k[x] with some subring of K.

Let A be a commutative Noetherian ring. We leave it as an exercise to
verify the following assertions, which translate the Noetherian condition into
properties of closed sets in the Zariski topology.

Closed subsets of spec(A) satisfy the descending chain condition, i.c., if

C,oC,oCy> -

is a descending chain of closed sets, then we have C, = C, ., for all sufficiently
large n. Equivalently, let {C,},.; be a family of closed sets. Then there exists a
relatively minimal element of this family, that is a closed set C;; in the family
such that for all i, if C; = C;, then C; = C; . The proof follows at once from
the corresponding properties of ideals, and the simple formalism relating
unions and intersections of closed sets with products and sums of ideals.
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A closed set C is said to be irreducible if it cannot be expressed as the union
of two closed sets

C#C,u(,
with C; # Cand C, # C.

Theorem 5.3. Let A be a Noetherian commutative ring. Then every closed
set C can be expressed as a finite union of irreducible closed sets, and this
expression is unique if in the union

C=C,u---uC(,
of irreducible closed sets, we have C; & C;if i # j.

Proof. We give the proof as an example to show how the version of Theorem
2.2 has an immediate translation in the more general context of spec(A). Suppose
the family of closed sets which cannot be represented as a finite union of irreducible
ones is not empty. Translating the Noetherian hypothesis in this case shows that
there exists a minimal such set C. Then C cannot be irreducible, and we can
write C as a union of closed sets

C=Cuc(C,

with C' # C and C” # C. Since C' and C” are strictly smaller than C, then we
can express C’ and C” as finite unions of irreducible closed sets, thus getting a
similar expression for C, and a contradiction which proves existence.

As to uniqueness, let

C=C,u---u(C=ZuU---UZ

be an expression of C as union of irreducible closed sets, without inclusion
relations. For each Z; we can write

Z;=Z;nCHu---u(Z;nC)

Since each Z; N C; is a closed set, we must have Z; = Z; n C,; for some i. Hence
Z; = C, for some i. Similarly, C; is contained in some Z,. Since there is no
inclusion relation among the Z s, we must have Z; = C; = Z,. This argument
can be carried out for each Z; and each C;. This proves that each Z; appears
among the C/’s and each C; appears among the Z;’s, and proves the uniqueness
of our representation. This proves the theorem.

Proposition 5.4. Let C be a closed subset of spec(A). Then C is irreducible
if and only if C = %(p) for some prime ideal p.
Proof. Exercise.

More properties at the same basic level will be given in Exercises 14-19.
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EXERCISES
Integrality

1. (Hilbert-Zariski) Let k be a field and let V be a homogeneous variety with generic
point (x) over k. Let & be the algebraic set of zeros in k? of a homogeneous ideal in
k[X] generated by forms f,, ..., f, in k[X]. Prove that V N % has only the trivial
zero if and only if each x; is integral over the ring k[ f(x)] = k[fi(x), ..., f,(x)].
(Compare with Theorem 3.7 of Chapter VII.)

2. Let f;, ..., f, be forms in n variables and suppose n > r. Prove that these forms
have a non-trivial common zero.

3. Let R be an entire ring. Prove that R is integrally closed if and only if the local ring
R, is integrally closed for each’prime ideal p.

4. Let R be an entire ring with quotient field K. Let ¢ be transcendental over K. Let
() = 2 a,t’ € K[1]. Prove:
(a) If f(¢) is integral over R[¢], then all g, are integral over R.
(b) If R is integrally closed, then R[?] is integrally closed.

For the next exercises, we let R = k[x] = k[X]/p, where p is a homogeneous prime
ideal. Then (x) is a homogeneous generic point for a k-variety V. We let I be the integral
closure of R in k(x). We assume for simplicity that k(x) is a regular extension of k.

5. Let z = 2, ¢;x; with ¢; € k, and z # 0. If k[x] is integrally closed, prove that k[x/z]
is integrally closed.

6. Define an element f € k(x) to be homogeneous if f(zx) = t%(x) for ¢ transcendental
over k(x) and some integer d. Let f € I. Show that f can be written in the form
f= Ef; where each f; is homogeneous of degree i = 0, and where also f; € I. (Some
f; may be 0, of course.)

We let R,, denote the set of elements of R which are homogeneous of degree m.
Similarly for 7,,. We note that R, and /,, are vector spaces over k, and that R (resp. I)
is the direct sum of all spaces R,, (resp. I,,) form = 0, 1, ... This is obvious for R, and
it is true for I because of Exercise 6.

7. Prove that I can be written as a sum / = Rz, + - -+ + Rz,, where each z; is homoge-
neous of some degree d,.

8. Define an integer m = 1 to be well behaved if I, = I, for all integers g = 1. If
R = I, then all m are well behaved. In Exercise 7, suppose m = max d;. Show that
m is well behaved.

9. (a) Prove that I, is a finite dimensional vector space over k. Let wy, ..., wy, be a
basis for I,, over k. Then k[1,] = k[w].
(b) If m is well behaved, show that k[1,,] is integrally closed.
(c) Denote by k((x)) the field generated over k by all quotients x; /xj with x; # 0,
and similarly for k((w)). Show that k((x)) = k((w)).

(If you want to see Exercises 4—9 worked out, see my Introduction to Algebraic
Geometry, Interscience 1958, Chapter V.)
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Resultants

10. Prove that the resultant defined for n forms in n variables in §3 actually coincides
with the resultant of Chapter IV, or §4 when n = 2.

11. Let a = (f},..., f,) be a homogeneous ideal in k[X|, ..., X,) (with k algebraically
closed). Assume that the only zeros of a consist of a finite number of points
xM), ..., (x) in projective space P*~!, so the coordinates of each x(/’ can be
taken in k. Let u,, ..., u, be independent variables and let

LX) =wuX, + - +uX,
Let R\(u), . .., R(u) € klu] be a resultant system for f, ..., f,, L,.
(a) Show that the common non-trivial zeros of the system R;(u) (i = 1,..., s)
in k are the zeros of the polynomial
[T L, € kiu).
J
(b) Let D(u) be the greatest common divisor of R,(u), ..., Ry(u) in k[u]. Show
that there exist integers m; = 1 such that (up to a factor in k)
d
D) = [T Laym.
j=1
[See van der Waerden, Moderne Algebra, Second Edition, Volume II, §79.]
12. For forms in 2 variables, prove directly from the definition used in §4 that one has
Res(fg, k) = Res(f, h) Res(g, )
Res(f, g) = (—1)e/)deIRes(g, f).
13. Let k be a field and let Z — k be the canonical homomorphism. If F € Z[W, X], we

denote by F the image of F in k[W, X] under this homomorphism. Thus we get R,
the image of the resultant R.
(a) Show that R is a generator of the prime ideal Pr.1 of Theorem 3.5 over the
field k. Thus we may denote R by R,.
(b) Show that R is absolutely irreducible, and so is R,. In other words, R, is
irreducible over the algebraic closure of k.

Spec of a ring

14.

Let A be a commutative ring. Define spec(A) to be connected if spec(A) is not the
union of two disjoint non-empty closed sets (or equivalently, spec(A) is not the union
of two disjoint, non-empty open sets).
(a) Suppose that there are idempotents e, e, in A (that is €} = e, and €3 = ¢,),
# 0, 1, such that eje, = 0 and ¢; + ¢, = 1. Show that spec(A) is not
connected.
(b) Conversely, if spec(A) is not connected, show that there exist idempotents
as in part (a).

In either case, the existence of the idempotents is equivalent with the fact that the
ring A is a product of two non-zero rings, A = A; X A,.
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15.

16.

17.

18.

19.

Prove that the Zariski topology is compact, in other words: let {U};.; be a family of
open sets such that

U U; = spec(A).

Show that there is a finite number of open sets U,,, ..., U; whose union is spec(A4).
[Hint: Use closed sets, and use the fact that if a sum of ideals is the unit ideal, then 1
can be written as a finite sum of elements.]

Let f be an element of A. Let S be the multiplicative subset {1, £, f2, f3,...} con-
sisting of the powers of f. We denote by A the ring S™'A as in Chapter II, §3.
From the natural homomorphism A — A, one gets the corresponding map
spec(Ap) — spec(A).
(a) Show that spec(A;) maps on the open set of points in spec(A) which are not
zeros of f.
(b) Given a point p € spec(A), and an open set U containing p, show that there
exists f such that p € spec(4p) C U.

Let U; = spec(Ay) be a finite family of open subsets of spec(A) covering spec(A).
For each i, let a,/f; € A;. Assume that as functions on U; N U; we have a;/f; = a;/f;
for all pairs i, j. Show that there exists a unique element a € A such that a = a,/f;
in A for all /.

Let k be a field and let k[x,,..., x,] = A C K be a finitely generated subring of
some extension field K. Assume that k(x,, . . ., x,,) has transcendence degree r. Show
that every maximal chain of prime ideals

ADP,DP,D...DP, {0},
with P, # A, P, # P,y,, P, # {0}, must have m = r.

Let A = Z[x,, ..., x,] be a finitely generated entire ring over Z. Show that every
maximal chain of prime ideals as in Exercise 18 must have m = r + 1. Here, r =
transcendence degree of Q(x, .. ., x,) over Q.





