
CHAPTER XIII
Matrices and Linear Maps

Presumably reader s of this chapter will have had some basic acquaintance
with linear algebra in elementary courses . We go beyond such courses by pointing
out that a lot of results hold for free modules over a commutative ring. This is
useful when one wants to deal with familie s of linear maps , and reduction modulo
an ideal.

Note that §8 and §9 give examples of group theory in the context of linear
groups.

Throughout this chapter, we let R be a commutative ring, and we let
E, F be R-modules. We suppress the prefix R in front of linear maps and
modules.

§1. MATRICES

By an m x n matrix in R one means a doubly indexed family of elements
of R, (ai) , (i = 1, . . . , m and j = 1, . . . , n), usually written in the form

We call the elements a., the coefficients or components of the matrix . A
1 x n matrix is called a row vector (of dimension, or size, n) and a m x 1 matrix
is called a column vector (of dimension, or size, m). In general, we say that
(m, n) is the size of the matrix, or also m x n.

We define addition for matrices of the same size by components. IfA = (ai)
and B = (bi) are matrices of the same size, we define A + B to be the matrix
whose (i-component is a ij + bi j • Addition is obviously associative. We define
the multiplication of a matrix A by an element C E R to be the matrix (cai),
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504 MATRICES AND LINEAR MAPS XIII, §1

whose ij-component is caij' Then the set of m x n matrices in R is a module
(i.e. an R-module).

We define the product AB of two matrices only under certain conditions.
Namely, when A has size (m, n) and B has size (n, r) , i.e. only when the size of
the rows of A is the same as the size of the columns of B. If that is the case, let
A = (aj) and let B = (bjk). We define AB to be the m x r matrix whose ik­
component is

n

Laijbjk.
j= 1

If A, B, C are matrices such that AB is defined and BC is defined, then so is
(AB)C and A(BC) and we have

(AB)C = A(BC).

This is trivial to prove. If C = (Ck'), then the reader will see at once that the
ii-component of either of the above products is equal to

L L aijbjkck/'
j k

An m x n matrix is said to be a square matrix if m = n. For example, a
1 x 1 matrix is a square matrix, and will sometimes be identified with the
element of R occurring as its single component.

For a given integer n ~ 1 the set of square n x n matrices forms a ring.

This is again trivially verified and will be left to the reader.
The unit element of the ring of n x n matrices is the matrix

0 . .. 0 0
1 0

In =

0 0

whose components are equal to 0 except on the diagonal, in which case they
are equal to 1. We sometimes write I instead of In.

If A = (aij) is a square matrix, we define in general its diagonal components
to be the elements ajj'

We have a natural ring-homomorphism of R into the ring of n x n matrices,
given by

Thus cl; is the square n x n matrix having all its components equal to 0 except
the diagonal components, which are equal to c. Let us denote the ring of n x n
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matrices in R by Matn(R). Then Matn(R) is an algebra over R (with respect to
the above homomorphism).

Let A = (aij) be an m X n matrix. We define its transpose fA to be the matrix
(aji) (j = I, ... , nand i = I, . . . , m). Then fA is an n X m matrix . The reader
will verify at once that if A, B are of the same size, then

If c E R then '(cA) = c ~ . If A, B can be multiplied, then 'B ~ is defined and we
have

We note the operations on matrices commute with homomorphisms. More
precisely, let qJ: R -+ R' be a ring-homomorphism. If A, B are matrices in R,
we define qJA to be the matrix obtained by applying qJ to all the components of
A. Then

qJ(A + B) = qJA + qJB, qJ(AB) = (qJA)(qJB),

qJeA) = fqJ(A).

qJ(cA) = qJ(c)qJA,

A similar remark will hold throughout our discussion of matrices (for
instance in the next section).

Let A = (aij) be a square n x n matrix in a commutative ring R. We define
the trace of A to be

"
tr(A) = Laii ;

i = I

in other words, the trace is the sum of the diagonal elements.

If A, Bare n x n matrices, then

tr(AB) = tr(BA).

Indeed, if A = (aij) and B = (bi) then

tr(AB) = LLa i. b•i = tr(BA).
i v

As an application, we observe that if B is an invertible n x n matrix, then

tr(B- lAB) = tr(A).

Indeed, tr(B- 1AB) = tr(ABB - 1
) = tr(A).
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§2. THE RANK OF A MATRIX

XIII, §2

Let k be a field and let A be an m x n matrix in k . By the row rank of A we
shall mean the maximum number of linearly independent rows of A, and by the
column rank of A we shall mean the maximum number of linearly independent
columns of A. Thus these ranks are the dimensions of the vector spaces gen­
erated respectively by the rows of A and the columns of A. We contend that
these ranks are equal to the same number, and we define the rank of A to be
that number.

Let AI, .. . , A" be the columns of A, and let Ai"'" Am be the rows of A.
Let IX = (Xl ' . . . , xm) have components Xi E k. We have a linear map

of k(m) onto the space generated by the row vectors. Let W be its kernel. Then
W is a subspace of k(m) and

dim W + row rank = m.

If Y is a column vector of dimension m, then the map

(X, Y)H'XY = X · Y

is a bilinear map into k, if we view the 1 x 1 matrix IXY as an element of k.
We observe that W is the orthogonal space to the column vectors AI, . .. , A",
i.e. it is the space of all X such that X . Ai = 0 for allj = 1, . . . , n. By the duality
theorem of Chapter III , we know that kIm) is its own dual under the pairing

(X, Y)HX , Y

and that k(m)/w is dual to the space generated by AI, .. . , A". Hence

dim k(m)/w = column rank,

or

dim W + column rank = m.

From this we conclude that

column rank = row rank,

as desired .

We note that W may be viewed as the space of solutions of the system of n
linear equations
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in m unknowns Xl> ... , Xm • Indeed, if we write out the preceding vector equation
in terms of all the coordinates, we get the usual system of n linear equations.
We let the reader do this if he or she wishes.

§3. MATRICES AND LINEAR MAPS

Let E be a module, and assume that there exists a basis <:B = { ~ 1" '" ~n }

for E over R. This means that every element of E has a unique expression as a
linear combination

with Xi E R. We call (x I ' ... , xn) the components of x with respect to the basis .
We may view this n-tuple as a row vector. We shall denote by X the transpose
of the row vector (XI' ... , xn) . We call X the column vector of x with respect to
the basis .

We observe that if {~'I' .. . , ~~} is another basis of E over R, then m = n.
Indeed, let p be a maximal ideal of R. Then E/pE is a vector space over the
field R/pR, and it is immediately clear that if we denote by ~i the residue class
of ~i mod pE, then {~l> .. . , ~n} is a basis for E/pE over R/pR. Hence n is also
the dimension of this vector space, and we know the invariance of the cardinality
for bases of vector spaces over fields. Thus m = n. We shall call n the dimension
of the module E over R.

We shall view R(n) as the module of column vectors of size n. It is a free
module of dimension n over R. It has a basis consisting of the unit vectors
e l

, • . . , en such that

lei = (0, . . . , 0, 1,0, . . . , 0)

has components 0 except for its i-th component, which is equal to 1.
An m x n matrix A gives rise to a linear map

by the rule

X 1--+ AX.

Namely, we have A(X + Y) = AX + A Y and A(cX) = cAX for column
vectors X. Y and c E R.
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The above considerations can be extended to a slightly more general
context, which can be very useful. Let E be an abelian group and assume that
R is a commutative subring of

End z (E) = Homz(E, E).

Then E is an R-module. Furthermore, if A is an m x n matrix in R, then we get
a linear map

defined by a rule similar to the above, namely X H AX. However, this has to
be interpreted in the obvious way. If A = (aij) and X is a column vector of
elements of E, then

n

where Yi = L: aijxj '
j= 1

If A, B are matrices in R whose product is defined, then for any C E R we
have

Thus we have associativity, namely

A(BX) = (AB)X .

An arbitrary commutative ring R may be viewed as a module over itself.
In this way we recover the special case of our map from R(n) into R(m). Further­
more, ifE is a module over R, then R may be viewed as a ring of endomorphisms
of E.

Proposition 3.1. Let E be a free module over R, and let {x 1, .. . ,xn } be a
basis. Let Yl' . . . ,Yn be elements of E. Let A be the matrix in R such that

{}()
Then {Yl' ... , Yn} is a basis of E if and only if A is invertible.

Proof. Let X, Y be the column vectors of our elements. Then AX = Y.
Suppose Y is a basis. Then there exists a matrix C in R such that CY = X.
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Then CAX = X, whence CA = I and A is invertible . Conversely, assume that
A is invertible. Then X = A -I Y and hence x l ' . .. 'Xn are in the module
generated by Yl' ... , Yn ' Suppose that we have a relation

with b, E R. Let B be the row vector (b1, • •. , bn) . Then

BY = 0

and hence BAX = O. But { X l> " " x n} is a basis. Hence BA = 0, and hence
BAA - 1 = B = O. This proves that the components of Yare linearly indepen­
dent over R, and proves our proposition.

We return to our situation of modules over an arbitrary commutative
ring R.

Let E, F be modules. We shall see how we can associate a matrix with a
linear map whenever bases of E and F are given. We assume that E, F are free.
Welet<B =UI"'" {n}and (1\' ={{;, . . . , {~}bebasesofEandFrespectively.
Let

J:E -+ F

be a linear map. There exist unique elements aij E R such that

or in other words,

m

J(~) = L aij~;
i=1

(Observe that the sum is over the first index.) We define

If X = X 1~ 1 + ... + x, ~n is expressed in terms of the basis, let us denote the
column vector X of components of x by M(jl(x). We see that

M(jl .(J(x)) = M~.(J)M(jl(x).

In other words, if X ' is the column vector ofJ(x), and M is the matrix associated
withJ then X' = MX . Thus the operation of the linear map is reflected by the
matrix multiplication, and we have J = LM .
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Proposition 3.2. Let E, F, D be modules, and let CB , CB ', CB " be finite bases
of E, F, D, respectively. Let

be linear maps. Then

Proof. Let A and B be the matrices associated with the maps f , g respec­
tively, with respect to our given bases. If X is the column vector associated with
x E E, the vector associated with g(f(x)) is B(AX) = (BA)X. Hence BA is the
matrix associated with g 0 f. This pro ves what we wanted.

Corollary 3.3. Let E = F. Then

M~.(id)M~ ·(id) = M~:(id) = I.

Each matrix M~,(id) is invertible (i.e. is a unit in the ring of matrices).

Proof. Obvious .

Corollary 3.4. Let N = M~.(id ). Then

(8 ' (8 "d) (8(f) (8 ' "d) (8( f) - 1M(8 ,(f) = M(8.(1 M(8 M(8 (I = N M(8 N .

Proof. Obvious

Corollary 3.5. Let E be a free module of dimension n over R. Let CB be a
basis of E over R. The map

f l-+ M~(f)

is a ring-isomorphism of the ring ofendomorphisms of E onto the ring ofn x n
matrices in R. Infact, the isomorphism is one of algebras over R.

We shall call the matrix M~(f) the matrix associated withfwith respect to
the basis CB .

Let E be a free module of dimension n over R. By GL(E) or AutR(E) one
mean s the group of linear automorphisms of E. It is the group of units in
EndR(E). By GLn(R) one means the group of invertible n x n matrices in R.
Once a basis is selected for E over R, we have a group-isomorphism

with respect to this basis.
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Let E be as above . If

f: E -+ E

DETERMINANTS 511

is a linear map, we select a basis CB and let M be the matrix associated with f
relative to CB . We define the trace of f to be the trace of M, thus

tr(f) = tr(M).

If M' is the matrix off with respect to another basis, then there exists an in­
vertible matrix N such that M' = N- I MN, and hence the trace is independent
of the choice of basis.

§4. DETERMINANTS

Let E I , .. • , En' F be modules. A map

f :E I X • • • x En -+ F

is said to be R-multilinear (or simply multilinear) if it is linear in each variable,
i.e, if for every index i and elements XI"' " Xi -I ' Xi+ I' ... , X n , Xj E Ej , the map

is a linear map of E, into F.
A multilinear map defined on an n-fold product is also called n-multilinear.

If E I = . .. = En = E, we also say thatfis a multilinear map on E, instead of
saying that it is multilinear on E(n).

Let f be an n-multilinear map. If we take two indices i, j and i # j then
fixing all the variables except the i-th and j-th variable, we can view f as a
bilinear map on E, x Ej •

Assume that E I = . . . = En = E. We say that the multilinear map f is
alternating iff(x l , ... , xn) = 0 whenever there exists an index i, 1 ~ i ~ n - 1,
such that Xi = Xi+ I (in other words, when two adjacent elements are equal).

Proposition 4.1. Let f be an n-multilinear alternating map on E. Let
xI, .. . , XnE E. Then

f( ·· · , Xi ' Xi+ I' . ..) = - f(· · ·, x.; I> Xi> ...) .

In other words, when we interchange two adjacent arguments off, the value
off changes by a sign. If Xi = x.for i # j then f(xl> " " xn) = o.
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Proof Restricting our attention to the factors in the i-th and j -th place, with
j = i + l , we may assume f is bilinear for the first statement. Then for all x,
y E E we have

o= f(x + y, x + y) = f(x , y) + fe y, x).

This proves what we want, namely fe y, x) = - f(x, y). For the second asser­
tion, we can interchange successively adjacent arguments off until we obtain
an n-tuple of elements of E having two equal adjacent arguments. This shows
that when Xi = Xj' i =F j, then f(x" . . . , xn) = O.

Corollary 4.2. Let f be an n-multilinear alternating map on E. Let
Xl ' . . . , x, E E. Let i =F j and let a E R. Then the value off on (x., . . . ,xn)

does not change if we replace Xi by Xi + aXj and leave all other components
fixed.

Proof. Obvious.

A multilinear alternating map taking its value in R is called a multilinear
alternating form.

On repeated occasions we shall evaluate multilinear alternating maps on
linear combinations of elements of E. Let

Let f be n-multilinear alternating on E. Then

We expand this by multilinearity, and get a sum of terms of type

where (1 ranges over arbitrary maps of {I, .. . , n} into itself. If (1 is not a bijection
(i.e. a permutation), then two arguments Va(i) and va(j) are equal for i =F j, and
the term is equal to O. Hence we may restrict our sum to permutations (1.
Shuffling back the elements (vaO)' . . . , vaIn) to their standard ordering and using
Proposition 4.1, we see that we have obtained the following expansion:

Lemma 4.3. If Wi' ..• , Wn are as above, then

f(w l , · · · , wn) = L£((1)a l , a ( l) ' " an,a(n)f( vl>"" Vn)
a

where the sum is taken over all permutations (1 of {l, . . . , n} and £((1) is the
sign of the permutation.
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For determinants, I shall follow Artin's treatment in Galois Theory.
By an n x n determinant we shall mean a mapping

also written

which, when viewed as a function of the column vectors A l, . . . , Anof a matrix
A, is multilinear alternating, and such that D(I) = 1. In this chapter, we use
mostly the letter D to denote determinants.

We shall prove later that determinants exist. For the moment, we derive
properties.

Theorem 4.4. (Cramer's Rule). Let A 1, . • . , Anbe columnvectorsofdimen­
sion n. Let Xl' ... , x; E R be such that

xlA l + ... + xnAn = B

for some column vector B. Thenfor each i we have

x jD(A l
, •. • , An) = D(A l

, • . . , B, . .. , An),

where B in this last line occurs in the i-th place.

Proof. Say i = 1. We expand

n

D(B, A 2
, • • • , An) = L xjD(Aj, A 2

, •• • , An),
j = 1

and use Proposition 4.1 to get what we want (all terms on the right are equal
to 0 except the one having Xl in it).

Corollary 4.5. Assume that R is a field. Then A l, .. . ,An are linearly
dependent if and only if D(A l, . .. , An) = o.
Proof. Assume we have a relation

with Xi E R. Then xjD(A) = 0 for all i. If some X i =1= 0 then D(A) = O. Con­
versely, assume that A l, .. . , Anare linearly independent. Then we can express
the unit vectors e l

, . . . , en as linear combinations
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with bij E R. But

1 = D(el
, •• • , en).

XIII, §4

Using a previous lemma, we know that this can be expanded into a sum of
terms involving D(A I , . . . , An), and hence D(A) cannot be O.

Proposition 4.6. IJ determinants exist, they are unique. IJ A I, . . . , An are
the column vectors oj dimension n, of the matrix A = (aij), then

D(A I , . . . , An) = L£(a)a"(l).1 . . . a,,(n).n,
a

where the sum is taken over all permutations a oj {l, .. . , n}, and /;(a) is the
sign oj the permutation.

ProoJ. Let e l
, . . • , en be the unit vectors as usual. We can write

Therefore

D(A I , . .. , An) = L£(a)a"(I).1 ... a,,(n).n
a

by the lemma. This proves that the value of the determinant is uniquely deter­
mined and is given by the expected formula.

Corollary 4.7. Let cp : R --+ R' be a ring-homomorphism into a commutative
ring. IJ A is a square matrix in R, define cpA to be the matrix obtained by
applying cp to each component oj A. Then

cp(D(A» = D(cpA).

Proof. Apply cp to the expression of Proposition 4.6.

Proposition 4.8. IJ A is a square matrix in R then

D(A) = D('A).

Proof. In a product

a,,( 1) .1 . . . a,,(n) .n

each integer k from 1to n occurs precisely once among the integers a(1), . .. , a(n).
Hence we can rewrite this product in the form
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Since £(0") = £(0"-1), we can rewrite the sum in Proposition 4.6 in the form

L £(O" - I)al .a- I (1 ) • . • an,a I (n)'

a

In this sum, each term corresponds to a permutation 0". However, as 0" ranges
over all permutations, so does 0"-1. Hence our sum is equal to

L £(O")al ,a(l) .. . an, a(n),
a

which is none other than DCA), as was to be shown.

Corollary 4.9. The determinant is multilinear and alternating with respect
to the rows of a matrix.

We shall now prove existence, and prove simultaneously one additional
important property of determinants.

When n = 1, we define D(a) = a for any a E R.
Assume that we have proved the existence of determinants for all integers

< n (n ~ 2). Let A be an n x n matrix in R, A = (aij)' We let Aij be the
(n - 1) x (n - 1) matrix obtained from A by deleting the i-th row and j-th
column. Let i be a fixed integer, 1 ~ i ~ n. We define inductively

D(A) = (-1y+ lailD(Ail) + ... + (-I)i +nainD(Ain)'

(This is known as the expansion of D according to the i-th row.) We shall prove
that D satisfies the definition of a determinant.

Consider D as a function of the k-th column, and consider any term

( -lY+iaijD(A i).

Ifj =1= k then aij does not depend on the k-th column, and D(A i) depends linearly
on the k-th column. If j = k, then aij depends linearly on the k-th column, and
D(Ai) does not depend on the k-th column. In any case our term depends
linearly on the k-th column. Since D(A) is a sum of such terms, it depends linearly
on the k-th column, and thus D is multilinear.

Next, suppose that two adjacent columns of A are equal, say Ak = Ak+ I .

Letj be an index =1= k and =1= k + 1. Then the matrix Aij has two adjacent equal
columns, and hence its determinant is equal to O. Thus the term corresponding
to an index j =1= k or k + 1 gives a zero contribution to D(A). The other two
terms can be written

The two matrices Aik and Ai,k+1 are equal because of our assumption that the
k-th column of A is equal to the (k + l)-th column. Similarly, aik = ai,k+I'
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Hence these two terms cancel since they occur with opposite signs. Th is proves
that our form is alternating, and gives :

Proposition 4.10. Determinants exist and satisfy the rule of expansion
according to rows and columns.

(For columns, we use the fact that D(A) = DCA).)

Example. We mention explicity one of the most important determinants .
Let XI ' • .• , xn be elements of a commutative ring . The Vandermonde deter­
minant V = V(xl" . . , xn ) of these elements is defined to be

X2
V=

whose value can be determined explicitly to be

V = Il (x, - Xi) '
i<j J

If the ring is entire and Xi '* Xj for i '* j, it follows that V '* 0. The proof for
the stated value is done by multiplying the next to the last row by XI and subtracting
from the last row. Then repeat this step going up the rows, thus making the
elements of the first column equal to 0, except for I in the upper left-hand corner.
One can then expand according to the first column, and use the homogeneity
property and induction to conclude the proof of the evaluation of V.

Theorem4.11. Let E be a module over R, and let VI' • •• , Vn be elements ojE.
Let A = (a;) be a matrix in R, and let

Let A be an n-multilinear alternating map on E. Then

Proof. Weexpand

and find precisely what we want, taking into account D(A) = DCA).
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Let E, F be modules, and let L:(E, F) denote the set of n-multilinear alter­
nating maps of E into F. If F = R, we also writeL:(E, R) = L:(E). It is clear
that L:(E, F) is a module over R, i.e. is closed under addition and multiplication
by elements of R.

Corollary 4.12. Let E be afree moduleover R, and let {v j , • •• , vn } be a basis.
Let F be any module, and let WE F. There exists a unique n-multilinear
alternating map

~w : Ex · . . x E --+ F

such that ~w(Vj, . . . , vn) = w.

Proof. Without loss of generality, we may assume that E = R(n), and then,
if A j, • • • , Anare column vectors, we define

~w(A j, ••• , An) = D(A)w.

Then ~w obviously has the required properties.

Corollary 4.13. If E isfree over R, and has a basis consisting ofn elements,
then L:(E) isfree over R, and has a basis consisting of 1 element.

Proof. We let AI be the multilinear alternating map taking the value 1 on a
basis {v j , • •• , vn} . Any element q> E L:(E) can then be written in a unique way
as C~l' with some c E R, namely c = q>(v j , • •• , vn) . This proves what we wanted.

Any two bases of L:(E) in the preceding corollary differ by a unit in R. In
other words, if ~ is a basis of L:(E), then ~ = C~l = ~c for some c E R, and c
must be a unit. Our ~ j depends of course on the choice of a basis for E. When
we consider R(nl, our determinant D is precisely ~1' relative to the standard
basis consisting of the unit vectors e1, • . . , en.

It is sometimes convenient terminology to say that any basis of L:(E) is a
determinant on E. In that case, the corollary to Cramer's rule can be stated as
follows.

Corollary 4.14. Let R be a field. Let E be a vector space of dimension n.
Let ~ be any determinant on E. Let V j , •• • , Vn E E. In order that {V\l"" vn}

be a basis of E it is necessary and sufficient that

Proposition 4.15. Let A, B be n x n matrices in R. Then

D(AB) = D(A)D(B).
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Proof. This is actually a corollary of Theorem 4.11. We take Vl> " " Vn
to be the unit vectors e', ... , en, and consider

We obtain

D(w" .. . , wn) = D(AB)D(e', . .. , en).

On the other hand , by associativity, applying Theorem 4.11 twice,

D(w1, •• • , wn) = D(A)D(B)D(e', . .. , en).

Since D(e1
, • •• , ~) = 1, our proposition follows.

Let A = (aij) be an n x n matrix in R. We let

A = (bij)

be the matrix such that

i+j )bij = (-1) D(Aj i •

(Note the reversal of indices!)

Proposition 4.16. Let d = D(A). Then AA = AA = dI. The determinant
D(A) is invertible in R if and only if A is invertible, and then

A-l=~A­
d .

Proof For any pair of indices i, k the ik-component of AA is

If i = k, then this sum is simply the expansion of the determinant according
to the i-th row, and hence this sum is equal to d. If i =/: k, let A be the matrix
obtained from A by replacing the k-th row by the i-th row, and leaving all other
rows unchanged. Ifwe delete the k-th row and thej-th column from A,we obtain
the same matrix as by deleting the k-th row and j-th column from A. Thus

and hence our sum above can be written
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This is the expansion of the determinant of A according to the i-th row. Hence
D(A) = 0, and our sum is O. We have therefore proved that the ik-component
of AA is equal to d if i = k (i.e. if it is a diagonal component), and is equal to 0
otherwise. This proves that AA = dI . On the other hand, we see at once from
the definitions that ?4 = ~. Then

and consequently, AA = dI also, since t(dI) = dI . When d is a unit in R, then A
is invertible, its inverse being d- 1A. Conversely, if A is invertible, and AA - 1 = I,
then D(A)D(A -1) = 1, and hence D(A) is invertible, as was to be shown.

Corollary 4.17. Let F be any R-module, and let WI' ... • Wn be elements of
F. Let A = (a(;) be an n X n matrix in R . Let

allwi + ... + alnwn = VI

Then one can solve explicitly

(D(~)WI ) (~I) _(~ J ): = D(A) : = A : .

D(A)wn wn vn

In particular, if Vi = 0 for all i. then D(A)wi = 0 for all i. If Vi = 0 for all i
and F is generated by wI• . . . , wn' then D(A)F = O.

Proof. This is immediate from the relation AA = D(A)/, using the remarks
in §3 about applying matrices to column vectors whose components lie in the
module.

Proposition 4.18. Let E, F be free modules of dimension n over R. Let
f: E -> F be a linear map. Let CB, CB ' be bases of E, F respectively over R.
Then f is an isomorphism if and only if the determinant of its associated
matrix M~{f) is a unit in R.

Proof Let A = M~.(f). By definition, f is an isomorphism if and only
if there exists a linear map 9 : F -> E such that 9 0 f = id and f og = id. If f is
an isomorphism, and B = M~'(g), then AB = BA = I. Taking the determinant
of the product, we conclude that D(A) is invertible in R. Conversely, if D(A)
is a unit, then we can define A-I by Proposition 4 .16 . This A-I is the associated
matrix of a linear map g :F~ E which is an inverse for f, as desired .

Finally, we shall define the determinant of an endomorphism.
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Let E be a free module over R, and let (B be a basis. Let J:E -+ E be an
endomorphism of E. Let

If (B' is another basis of E, and M' = M~:(J), then there exists an invertible
matrix N such that

Taking the determinant, we see that D(M') = D(M). Hence the determinant
does not depend on the choice of basis , and will be called the determinant of the
linear map f We shall give below a characterization of this determinant which
does not depend on the choice of a basis.

Let E be any module. Then we can view L:(E) as a functor in the variable E
(contravariant). In fact, we can view L:(E, F) as a functor of two variables,
contravariant in the first, and covariant in the second. Indeed, suppose that

E'4E

is a linear map. To each multilinear map cp : E(n) -+ F we can associate the
composite map cp 0 pn),

E' x ... X E'~Ex .. · x E ~ F

where pn)is the product of J with itself n times. The map

L:(J) : L:(E, F) -+ L:(E', F )

given by

cp f-+ cp 0 p n),
is obviou sly a linear map, which defines our functor. We shall sometimes write
f* instead of L;U)·

In particular, consider the case when E = E' and F = R. We get an induced
map

Proposition 4.19. Let E be afree moduleoverR,ojdimensionn. Let {A} be a
basis oj L:(E). Let J: E -+ E be an endomorphism oj E. Then

J*b. = D(J)b..

Proof This is an immediate consequence of Theorem 4.11. Namely, we
let {v" . . . , vn } be a basis of E, and then take A (or ~) to be a matrix of J relative
to this basis. By definition,

J*b.(v " .. . , vn) = b.(J(v,), .. . ,J(vn»,
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and by Theorem 4.11, this is equal to

D(A) ~(VI" .. , Vn)'

By Corollary 4.12, we conclude thatf*~ = D(A)~ since both of these forms take
on the same value on (VI" . . , vn)'

The above considerations have dealt with the determinant as a function on
all endomorphisms of a free module . One can also view it mult iplicatively , as
a homomorphism.

det : GLn(R) -+ R*

from the group of invertible n x n matrices over R into the group of units of R.
The kernel of this homomorphism, consisting of those matrices with deter­
minant I , is called the special linear group, and is denoted by SL.(R).

We now give an application of determinants to the situation of a free module
and a submodule considered in Chapter III, Theorem 7.8 .

Proposition 4.20. Let R be a principal entire ring. Let F be a free module
over R and let M be a finitely generated submodule . Let {el • . . . . em' . . . } be
a basis of F such that there exist non-zero elements ai , . .. • am E R such that:

(i) The elements al e) . . . . . amemform a basis of Mover R .
(ii) We have aj Iaj+) for i = 1, . . . , m - 1.

Let L~ be the set of all s-multilin ear alternating form s on F . Let i s be the ideal
generated by all elements f(y ). . . . . ys)' with f E L~ and y ), . . . • ys EM. Then

i s = (a , . . . as)'

Proof We first show that J s c (a I . . . as)' Indeed, an element y E M can be
written in the form

Hence if YI , . . . • Ys EM, andfis multilinear alternating on F , thenj'(y., . .. , Ys)
is equal to a sum in terms of type

This is non-zero only when ei " , • • , eis are distinct, in which case the product
al ... as divides this term, and hence i s is contained in the stated ideal.

Conversely, we show that there exists an s-multilinear alternating form which
gives precisely this product. We deduce th is from determinants. We can write
F as a direct sum

F = (e" . . " er)Ej;)Fr
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with some submodule Fr . Let j; (i = 1, ... , r) be the linear map F --+ R such
that/;(e) = Di j , and such that j, has value 0 on Fr. For VI ' •• • , VsE F we define

f(VI> .. . , vs) = det(/;(v) .

Then f is multilinear alternating and takes on the value

f(e z, .. . , es ) = 1,

as well as the value

This proves the proposition.

The uniqueness of Chapter III, Theorem 7.8 is now obvious, since first (a\)

is unique, then (a ta2) is unique and the quotient (a2) is unique, and so forth by
induction.

Remark. Compare the above theorem with Theorem 2.9 of Chapter XIX,
in the theory of Fitting ideals , which gives a fancier context for the result.

§5. DUALITY

Let R be a commutative ring, and let E, F be modules over R. An R­
bilinear form on E x F is a map

f:E x F--+R

having the following properties: For each x E E, the map

y 1-+ f(x, y)

is R-linear, and for each y E F, the map

x 1-+ f(x , y)

is R-linear. We shall omit the prefix R- in the rest of this section, and write
( x, y ) f or ( x, y ) instead of f(x, y). If x E F, we write x 1.)' if ( x, y ) = O.
Similarly, if S is a subset of F, we define x 1. S if x 1. y for all yES. We then say
that x is perpendicular to S. We let SJ. consist of all elements of E which are
perpendicular to S. It is obviously a submodule of E. We define perpendicu­
larity on the other side in the same way. We define the kernel offon the left
to be Flo and the kernel on the right to be E1. . We say thatfis non-degenerate
on the left if its kernel on the left is O. We say that f is non-degenerate on the
right if its kernel on the right is O. If Eo is the kernel offon the left, then we



XIII, §5

get an induced bilinear map
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EIEo x F -. R

which is non-degenerate on the left, as one verifies trivially from the definitions.
Similarly, if F 0 is the kernel of J on the right, we get an induced bilinear map

EIEo x FIFo -. R

which is non-degenerate on either side. This map arises from the fact that the
value ( x, y) depends only on the coset of x modulo Eo and the coset of y
modulo Fo.

We shall denote by L2(E, F; R) the set of all bilinear maps of E x F into R.
It is clear that this set is a module (i.e. an R-module), addition of maps being the
usual one, and also multiplication of maps by elements of R.

The form J gives rise to a homomorphism

({JI: E -. HomR(F , R)

such that

((Jix)(y) = J(x, y) = (x, y ),

for all xeEandyeF. We shall call HomR(F, R) the dual module ofF, and denote
it by FV

• We have an isomorphism

given by JI-+ ({JI' its inverse being defined in the obvious way: If

({J : E -. HomR(F, R)

is a homomorphism, we let J be such that

J(x, y) = ({J(x)(y).

We shall say that J is non-singular on the left if ({JI is an isomorphism, in
other words if our form can be used to identify E with the dual module of F.
We define non-singular on the right in a similar way, and say that J is non­
singular if it is non-singular on the left and on the right.

Warning : Non-degeneracy does not necessarily imply non-singularity.

We shall now obtain an isomorphism

depending on a fixed non-singular bilinear mapJ :E x F -. R.
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Let A E EndR(E) be a linear map of E into itself. Then the map

(x , y ) 1---+ <Ax, y ) = <Ax, y ) f

XIII, §5

is bilinear, and in this way, we associate linearly with each A E EndR(E)a bilinear
map in L2(E, F;R).

Conversely, let h : E x F ..... R be bilinear. Given x E E, the map h, : F ..... R
such that hiy) = h(x, y) is linear, and is in the dual space FV

• By assumption,
there exists a unique element x' E E such that for all y E F we have

h(x, y) = ( x' , y ) .

It is clear that the association x 1---+ x' is a linear map of E into itself. Thus with
each bilinear map E x F ..... R we have associated a linear map E ..... E.

It is immediate that the mappings described in the last two paragraphs are
inverse isomorphisms between EndR(E) and L 2(E, F ; R). We emphasize of
course that they depend on our form [.

Of course, we could also have worked on the right, and thus we have a
similar isomorphism

depending also on our fixed non-singular form f
As an application , let A : E ~ E be linear , and let (x, y) 1---+ (Ax , y) be its

associated bilinear map. There exists a unique linear map

such that

<Ax, y ) = ( x, 'Ay )

for all x E E and y E F. We call I A the transpose of A with respect to f
It is immediately clear that if, A, B are linear maps of E into itself, then for

cER,

More generally, let E, F be modules with non-singular bilinear forms denoted
by ( , )E and ( , )F respectively. Let A : E ~ F be a linear map. Then by the
non-singularity of ( , )E there exists a unique linear map 'A: F~ E such that

(Ax, Y)F = (x, 'AY)E for all x E E and Y E F .

We also call 'A the transpose with respect to these forms.

Examples. For a nice classical example of a transpose , see Exercise 33.
For the systematic study when a linear map is equal to its transpose , see the
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spectral theorems of Chapter XV. Next I give another example of a transpose
from analysis as follow s. Let E be the (infinite dimen sional) vector space of
ex functions on R, having compact support , i.e . equal to 0 outs ide some finite
interval. We define the scalar product

oc

(j, g) = J j(x)g(x)dx .

Let D: E~ E be the derivative . Then one has the formula

(Dj, g) = -(j, Dg).

Thus one says that 'D = - D , even though the scalar product is not "non-singular",
but much of the formalism of non-singular form s goes over. Also in analysis,
one puts various norms on the spaces and one extends the bilinear form by
continuity to the completions , thus leaving the domain of algebra to enter the
domain of estimates (analysis) . Then the spectral theorems become more com­
plicated in such analytic contexts .

Let us assume that E = F. Let f : E x E -+ R be bilinear. By an auto­
morphism of thepair(E,J), or simply off, we shall mean a linear automorphism
A : E -+ E such that

( A x , Ay ) = ( x, y )

for all x, y E E. The group of automorphisms of f is denoted by Aut(f).

Proposition 5.1. Let f :E x E -+ R be a non-singular bilinear form . Let
A: E -+ E be a linear map. Th en A is an automorphism of f if and only if
'AA = id, and A is invertible.

Proof From the equality

( x , y ) = ( Ax , Ay ) = ( x, 'AA y )

holding for all x, y E E, we conclude that 'AA = id if A is an automorphism off
The converse is equally clear.

Note. If E is free and finite dimensional , then the condition 'AA = id
implies that A is invertible.

Let f :E x E -+ R be a bilinear form . We say that f is symmetric if
f(x , y) = Its.x) for all x, y E E. The set of symmetric bilinear forms on E will
be denoted by L;(E). Let us take a fixed symmetric non-singular bilinear form
.r on E, denoted by (x, y) H ( x , .1' ) . An endomorphism A: E -+ E will be said
to be symmetric with respect to f if 'A = A . It is clear that the set of sym­
metric endomorphisms of E is a module, which we shall denote by Sym(E).
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Depending on our fixed symme tric non-singular f, we have an isomorphism

which we describe as follows. If 9 is symmetric bilinear on E, then there exists
a unique linear map A such that

g(x , y) = (Ax , y)

for all x, y E E. Using the fact that both f , 9 are symmetric , we obtain

( Ax, y ) = ( Ay, x ) = ( y, tAx ) = ( tAx , y ) .

Hence A = tAo The association 9 1---+ A gives us a homomorphism from L;(E)
into Sym(E) . Conversely, given a symmetric endomorphism A of E, we can
define a symmetric form by the rule (x, y) 1---+ ( A x, y), and the association of
this form to A clearly gives a homomorphism of Sym(E) into L ;(E) which is
inverse to the preceding homomorphism. Hence Sym(E) and L;(E) are iso­
morphic.

We recall that a bilinear form g: E x E -+ R is said to be alternating if
g(x, x ) = 0 for all x E E, and consequently g(x, y ) = -g(y, x) for all x, y E E.
The set of bilinear alternating forms on E is a module, denoted by L;(E).

Let f be a fixed symmetric non-singular bilinear form on E. An endo­
morphism A : E -t E will be said to be skew-symmetric or alternating with
respect to! if tA = - A, and also ( Ax, x ) = 0 for all x E E. If for all a E R,
2a = 0 implies a = 0, then this second condition ( Ax, x ) = 0 is redundant,
because ( A x, x ) = - ( Ax, x ) implies ( Ax, x ) = O. It is clear that the set of
alternating endomorphisms of E is a module, denoted by Alt(E). Depending
on our fi xed symmetric non-singular form ! , we have an isomorphism

L~(E) ..... Alt(E)

described as usual. If 9 is an alternating bilinear form on E, its corresponding
linear map A is the one such that

g(x, y) = ( Ax, y )

for all x, y E E. One verifies trivially in a manner similar to the one used in the
symmetric case that the correspondence g ..... A gives us our desired iso­
morphism.

Examples. Let k be a field and let E be a finite-dimensional vector space
over k. Let j": E x E ~ E be a bilinear map, denoted by (x, y ) 1---+ xy . To each
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X E E, we associate the linear map Ax : E H E such that

Then the map obtained by taking the trace , namely

is a bilinear form on E. If xy = yx, then this bilinear form is symmetric.
Next, let E be the space of continuous functions on the interval [0, 1]. Let

K(s, t) be a continuous function of two real variables defined on the square°~ s ~ 1 and °~ t ~ 1. For sp , IjJ E E we define

<<p, 1jJ ) = ff<p(s)K(s, t)ljJ(t) dsdt,

the double integral being taken on the square. Then we obtain a bilinear form
on E. IfK(s, t) = Kit, s), then the bilinear form is symmetric. When we discuss
matrices and bilinear forms in the next section, the reader will note the similarity
between the preceding formula and the bilinear form defined by a matrix.

Thirdly, let U be an open subset of a real Banach space E (or a finite-dimen­
sional Euclidean space, if the reader insists), and let f : U ~ R be a map which
is twice continuously differentiable. For each x E U, the derivative
Df(x) :E -> R is a continuous linear map , and the second derivative D2f(x)

can be viewed as a continuous symmet ric bilinear map of E x E into R.

§6. MATRICES AND BILINEAR FORMS

We shall investigate the relation between the concepts introduced above and
matrices. Letf :E x F ~ R be bilinear. Assume that E, F are free over R. Let
CB = {VI , . .. , vm } be a basis for E over R, and let CB' = {WI , . . . , wn } be a basis
for F over R. Let gi j = <Vb Wj ) ' If

and

are elements of E and F respectively, with coordinates X b Yj E R, then

m n

<x,y ) = L L gijXiYj-
i = I j = I
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Let X , Y be the column vectors of coordinates for x, Y respectively, with respect
to our bases. Then

( x, y) = 'XGY

where G is the matrix (g j)' We could write G = M~.(f). We call G the matrix
associated with the Cormfrelative to the bases <B , <B'.

Conversely, given a matrix G (of size m x n), we get a bilinear form from
the map

In th is way, we get a correspondence from bilinear forms to matrices and back ,
and it is clear that this correspondence induces an isomorphism (of R-modules)

given by

jf-. M~,(f).

The two maps between these two modules which we described above are clearly
inverse to each other.

If we have bases <B={vl, . . . , vn } and <B '={wl, . .. , wn } such that
<Vj, wj ) = 6;j ' then we say that these bases are dual to each other. In that case,
if X is the coordinate vector of an element of E, and Y the coordinate vector of
an element of F, then the bilinear map on X , Y has the value

X· Y = XIYI + ... + XnYn

given by the usual dot product.
It is easy to derive in general how the matrix G changes when we change

bases in E and F. However, we shall write down the explicit formula only when
E = F and <B = <B'. Thus we have a bilinear form j: E x E --+ R. Let e be
another basis of E and write X (Il and Xe for the column vectors belonging to
an element x of E, relative to the two bases. Let C be the invertible matrix
M~(id), so that

X(Il = CXe ·

Then our form is given by

We see that

(1)

In other words, the matrix of the bilinear form changes by the transpose.
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If F is free over R. with a basis {'T/]• . . . , 'T/ll}' then HomR(F, R) is also free.
and we have a dual basis {'T/ \, . . . , 'T/~ } such that

'T/; ( 'T/j) = aij '

This has already been mentioned in Chapter Ill, Theorem 6.1.

Proposition 6.1. Let E, F be free modules of dimension n over R and let
f : E x F -+ R be a bilinear form. Then the fo llowing conditions are equiv­
alent :

f is non-singular on the left .
f is non-singular on the right.
f is non-singular.
The determinant of the matrix of f relative to any bases is invertible in R.

Proof Assume that f is non-singular on the left. Fix bases of E and F
relative to which we write elements of these modules as column vectors, and
giving rise to the matrix G for f Then our form is given by

(X , y) f-+ 'XGY

where X, Yare column vectors with coefficients in R. By assumption the map

X f-+ 'X G

gives an isomorphism between the module of column vectors, and the module
of row vectors of length n over R. Hence G is invertible, and hence its deter­
minant is a unit in R. The converse is equally clear, and if det(G) is a unit, we
see that the map

Y-+ GY

must also be an isomorphism between the module of column vectors and itself.
This pro ves our assertion.

We shall now investigate how the transpose behaves in terms of matrices.
Let E, F be free over R, of dimension n.

Let f : E x F -+ R be a non-singular bilinear form, and assume given a basis
(B of E and (B' of F. Let G be the matrix of f relat ive to these bases. Let
A : E -+ E be a linear map. If x E E, y E F, let X , Y be their column vectors
relative to (B, (B ' . Let M be the matrix of A relative to (B. Then for x E E and
y E F we have

<Ax, y ) = '(MX )GY = 'X'MGY.

Let N be the matrix of 'A relative to the basis (B '. Then N Y is the column vector
of lAy relat ive to (B '. Hence

<x, lA y ) = IX GN Y.
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From this we conclude that fMG = GN, and since G is invertible , we can solve
for N in terms of M. We get :

Proposition 6.2. Let E, F befree over R, ofdimension n. Let f :E x F -> R
be a non-singular bilinear f orm. Let eB , eB ' be bases of E and F respecti vely
over R , and let G be the matrix of f relati ve to these bases. Let A : E -> E be a
linear map, and let M be its matrix relati ve to eB. Th en the matrix of fA
relati ve to eB ' is

Corollary 6.3. If G is the unit matrix, then the matrix of the transpose is
equal to the transpo se of the matrix.

In terms of matrices and bases, we obtain the following characterization
for a matrix to induce an automorphism of the form.

Corollary 6.4. Let the notation be as in Proposition 6.2, and let E = F,
eB = eB'. An n x n matrix M is the matrix of an automorphism of the form
f (relati ve to our basis) if and only if

'MGM = G.

If this condition is satisfie d, then in particular , M is invertibl e.

Proof. We use the definitions, together with the formula given in
Proposition 6.2. We note that M is invertible, for instance because its deter­
minant is a unit in R.

A matrix M is said to be symmetric (resp . alternating) if 'M = M (resp.
'M = - M and the diagonal elements of Mare 0).

Let f: E x E -> R be a bilinear form . We say that f is symmetric if
f(x, y) = f( y, x) for all x, y E E. We say that f is alternating iff(x, x) = 0 for
all x E E.

Proposition 6.5. Let E be a fre e module of dimension n over R, and let eB
be a fixed basis. Th e map

f f-> M~(f)

induces an isomorphism between the module of symmetric bilinear forms on
E x E (resp. the module of alternating forms on E x E) and the module of
symmetric n x n matric es over R (resp. the module of alternating n x n
matrices over R) .
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Proof. Consider first the symmetric case. Assume that f is symmetric. In
terms of coordinates, let G = M~(f). Our form is given by rXGY which must
be equal to 'YGX by symmetry. However, IXGY may be viewed as a 1 x 1
matrix, and is equal to its transpose, namely lylGX. Thus

for all vectors X, Y. It follows that G = IG. Conversely, it is clear that any
symmetric matrix defines a symmetric form.

As for the alternating case, replacing x by x + y in the relation ( x, x) = 0
we obtain

<x, y) + <y,x) = o.
In terms of the coordinate vectors X, Y and the matrix G, this yields

'XGY + IYGX = O.

Taking the transpose of, say, the second of the 1 x I matrices entering in this
relation, yields (for all X , Y) :

'XGY + IXIGY = O.

Hence G + 'G = O. Furthermore, letting X be anyone of the unit vectors

'(0, . . . , 0, I, 0, .. . , 0)

and using the relation 'XGX = 0, we see that the diagonal elements of G
must be equal to O. Conversely, if G is an n x n matrix such that 'G + G = 0,
and such that gii = 0 for i = I, . . . , n then one verifies immediately that the
map

defines an alternating form. This proves our proposition.

Of course, if as is usually the case, 2 is invertible in R, then our condition
1M = - M implies that the diagonal elements of M must be O. Thus in that
case, showing that G + 'G = 0 implies that G is alternating.

§7. SESQUILINEAR DUALITY

There exist forms which are not quite bilinear, and for which the results
described above hold almost without change, but which must be handled
separately for the sake of clarity in the notation involved.
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Let R have an automorphism of period 2. We write this automorphism as
a t-> a(and think of complex conjugation).

Following Bourbaki, we say that a map

f :E x F-+R

is a sesquilinear form if it is Z-bilinear, and if for x E E, Y E F, and a E R we
have

f(ax, y) = af(x, y)

and

f(x , ay) = af(x. y).

(Sesquilinear means l~ times linear, so the terminology is rather good.)
Let E, E' be modules. A map qJ :E -+ E' is said to be anti-linear (or semi­

linear) if it is Z-Iinear, and qJ(ax) = aqJ(x) for all x E E. Thus we may say that
a sesquilinear form is linear in its first variable, and anti-linear in its second
variable. We let HomR(E, E') denote the module of anti-linear maps of E
into E'.

We shall now go systematically through the same remarks that we made
previously for bilinear forms .

We define perpendicularity as before, and also the kernel on the right and
on the left for any sesquilinear form f. These kernels are submodules, say Eo
and F 0 ' and we get an induced sesquilinear form

EIEo x FIFo -+ R,

which is non-degenerate on either side.
Let F be an R-module. We define its anti-module F to be the module whose

additive group is the same as F, and such that the operation R x F -+ F is
given by

(a, y) t-> ay.

Then F is a module. We have a natural isomorphism

as R-modules.
The sesquilinear form f: E x F -+ R induces a linear map

qJf : E -+ HomR(F, R).

We say that f is non-singular on the left if qJf is an isomorphism. Similarly, we
have a corresponding linear map
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from F into the du al space of E, and we say that f is non-singular on the right
if qJf is an isomo rphism. We say th at f is non-singular if it is non-singular on
the left and on the right.

We observe th at our sesquilinea r form f can be viewed as a bilinear form

f :E x F --+ R,

and that our not ion s of non-singularity are then compatible with th ose defined
pre viou sly for bilinear form s.

If we have a fixed non-singular sesquilinea r form on E x F, then depending
on th is form, we obtain an isomorphism between the module of sesquilinear
forms on E x F and the module of endomorphisms of E. We also obtain an
anti-isomo rphism between the se modules and the module of end omorphisms
of F. In particular, we can define the analogue of the transpose, which in the
present case we shall call the adjoi nt. Thus, letf : E x F --+ R be a non-singular
sesquilinear form. Let A : E --+ E be a linear map. There exists a unique linear
map

A* :F--+F

such that

( Ax, y ) = ( x, A*y )

for a ll x E E and y E F. Note that A* is linear, not anti-linea r. We call A* the
adjoint of A with respect to our forrn j. We have the rules

(cA)* = cA*, (A + B)* = A* + B*, (A B)* = B*A*

for all linear maps A, B of E into itself, and c E R.
Let us assume that E = F. Let f :E x E --+ R be sesquilinear. By an

automorphism offwe sha ll mean a linear a uto mo rphism A : E --+ E such that

( Ax, Ay) = ( x , y )

ju st as we did for bilinear form s.

Proposition 7.1. Let f: E x E --+ R be a non-singular sesquilinear form.
Let A : E --+ E be a linear map. Th en A is an automorphism of f if and only
if A*A = id, and A is invertible.

The proof, and also the proofs of subsequent propositions, which are
completely similar to those of the bilinear case , will be omitted.

A sesquilinear form g : E x E --+ R is sa id to be hermitian if

g(x, y) = g( y, x)

for all x, y E E. The set of hermitian forms on E will be denoted by L~(E). Let
Ro be the subring of R consist ing of all elements fixed under our automorphism
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a --. ii (i.e. cons isting of all elements a E R such that a = ii) . Then L~(E) is an
Ro-module.

Let us take a fixed hermitian non-singular form f on E, denoted by
(x , y) 1-+ ( x, y ). An endomorphism A : E --. E will be said to be hermitian
with respect to f if A* = A. It is clear that the set of hermitian endomorphisms
is an Ro-module, which we shall denote by Herm(E). Depending on our fixe d
hermitian non-singular form f , we have an Ro-isomorphism

L~(E) <--+ Herm(E)

described in the usual way. A hermitian form g corresponds to a hermitian
map A if and only if

g(x, y) = <Ax, y)

for all x, y E E.
We can now describe the relation between our concepts and matrices, just

as we did with bilinear forms .
We start with a sesquilinear form f: E x F --. R.
If E, F are free, and we have selected bases as before, then we can again

associate a matrix G with the form , and in terms of coordinate vectors X, Y
our sesquilinear form is given by

(X, y) 1-+ 'XGY,

where Y is obtained from Y by applying the automorphism to each component
of Y.

If E = F and we use the same basis on the right and on the left, then with
the same notation as that used in formula (1), if f is sesquilinear, the formula
now reads

(1S)

The automorphism appears.

Proposition 7.2. Let E, F be free modules of dimension n over R, and let
f: E x F -+ R be a sesquilinear form. Then the following conditions are
equivalent.

f is non-singular on the left .
f is non-singular on the right.
f is non-singular.

The determinant of the matrix of f relative to any bases is invertible in R.
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Proposition 7.3. Let E, F befree over R, ofdimension n. Let f : E x F ~ R
be a non-singular sesquilinearform. Let ill, ill ' be bases of E and F respectively
over R, and let G be the matrix of f relative to these bases. Let A : E ~ E be
a linear map, and let M be its matrix relative to ill. Then the matrix of A*
relative to ill ' is

Corollary 7.4. If G is the unit matrix, then the matrix of A* is equal to 1M.

Corollary 7.5. Let the notation be as in the proposition, and let ill = ill'
be a basis of E. An n x n matrix M is the matrix of an automorphism of f
(relative to our basis) if and only if

A matrix M is said to be hermitian if 1M = M.
Let Ro be as before the subring of R consisting of all elements fixed under

our automorphism a~ a(i.e. consisting of all elements a E R such that a = a).

Proposition 7.6. Let E be a free module of dimension n over R, and let ill
be a basis. The map

f~ M~(f)

induces an Ro-isomorphism between the Ro-module of hermitian forms on E
and the Ro-module of n x n hermitian matrices in R.

Remark. If we had assumed at the beginning that our automorphism
a ~ ahas period 2 or I (i.e . if we allow it to be the identity), then the results
on bilinear and symmetric forms become special cases of the results of this
section. However, the notational differences are sufficiently disturbing to warrant
a repetition of the results as we have done.

Terminology

For some confusing reason, the group of automorphisms of a symmetric
(resp . alternating, resp. herm itian) form on a vector space is called the orthogonal
(resp. symplectic , resp . unitary) group of the form . The word orthogonal is
especially unfortunate, because an orthogonal map preserves more than
orthogonality: It also preserves the scalar product, i.e. length. Furthermore,
the word symplectic is also unfortunate. It turns out that one can carry out a
discussion of hermitian forms over certain division rings (ha ving automorphisms
of order 2), and their group of aut omorphisms have also been called symplectic,
thereby creating genu ine confus ion with the use of the word relati ve to alter­
nating forms.



536 MATRICES AND LINEAR MAPS XIII, §8

In order to unify and improve the terminology, I have discussed the matter
with several persons, and it seems that one could adopt the following con­
ventions.

As said in the text, the group of automorphisms of an y formjis denoted by
Aut(f).

On the other hand, there is a standard form, described over the real numbers
in terms of coordinates by

j(x, x) = xi + .. . + x; ,

over the complex numbers by

and over the quaternions by the same formula as in the complex case. The
group of automorphisms of this form would be called the unitary group, and
be denoted by Un ' The points of this group in the reals (resp. complex, resp.
quaternions) would be denoted by

UiR), UiC),

and these three groups would be called the real unitary group (resp . complex
unitary group, resp. quaternion unitary group). Similarly, the group of points
of U; in any subfield or subring k of the quatern ions would be denoted by Un(k).

Finally, if j is the standard alternating form , whose matrix is

one would denote its group of automorphisms by A 2n , and call it the alternating
form group, or simply the alternating group, if there is no danger of confusion
with the permutation group. The group of points of the alternating form
group in a field k would then be denoted by A2ik).

As usual , the subgroup of Aut(f) consisting of those elements whose
determinant is I would be denoted by adding the letter S in front , and would
still be called the special group. In the four standard cases, this yields

SUiR), SUiC), SUn(K),

§8. THE SIMPLICITY OF SL 2(F)/ ± 1

Let F be a field. Let n be a positive integer. By GLn(F) we mean the group
of n x n invertible matrices over F. By SLn(F) we mean the subgroup of those
matrices whose determinant is equal to I. By PGLn(F) we mean the factor
group of GLn(F) by the subg roup of scalar matrices (which are in the center).
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Simi larly for PSLn(f} In th is sectio n, we are interested in giving a n appl icati on
of mat rices to the group theo retic struc ture of SL 2 • Th e ana logo us sta tements
for S Ln with n ~ 3 will be pro ved in the next section.

The standard Borel subgroup B of GL 2 is the group of all matrices

with a, b, d e F and ad =f. O. For the Borel subgro up of SL 2 , we require in
addition that ad = I . By a Borel subgroup we mean a subgro up which is
conjugate to the sta nda rd Bor el subgro up (whether in GL 2 or SL 2 ) . We let
U be the group of matrices

u(b) = (~ ~), with b E F.

We let A be the group of diagon al matrices

(~ ~), with a, d e P.

Let

with a E P

and

IV = ( 0 I).
-I 0

For the rest of this sectio n, we let

G = GL iF) or SLiF).

Lemma 8.1. Th e matrices

X(b) = G~) and Y(c) = C~)

generate SLiF).

Proof . Multiplying an arbitrary element of SL 2(F) by matrices of the
above type on the right and on the left corresponds to elementary row and
column operations, that is adding a scalar multiple of a row to the other, etc.
Thus a given matrix can always be brought into a form

(~ a~ l)
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by such multipl ications. We want to express this matr ix with a * I in the form

Matrix multiplication will show that we can solve this equation, by selecting x
arbitrarily * 0, then solving for b, c, and d succe ssively so that

-x -b
I + bx = a , e = I + bx ' d = I + be '

Then one finds I + be = (l + xb) -I and the two symmetric conditions

b + bed + d = °
e + bex + x = 0,

so we get what we want , and thereby prove the lemma .

Let D be the group of lower matrices

Then we see that

Also note the commutation relation

so w normalizes A. Similarly,

wBw- 1 = lJ

is the group of lower triangular matrices.
We note that

B = AV = VA,

and also that A normalizes V .
There is a decomposition of G into disjoint subsets

G = B u BwB.

Indeed, view G as operating on the left of column vectors. The isotropy group of

is obviously V . The orbit Bel consists of all column vectors whose second
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component is 0. On the other hand,
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and therefore the orbit Bwe' consists of all vectors whose second component
is =I: 0, and whose first component is arbitra ry. Since these two orbits of Band
BwB cover the orbit Gel, it follows that the union of Band BwB is equ al to G
(because the isotropy group U is contained in B), and they are obviously
disjoint. This decomposition is called the Bruhat decomposition .

Proposition 8.2. The Borel subgroup B is a maximal propersubgroup.

Proof. By the Bruhat decomposition, any element not in B lies in BwB,
so the assertion follows since B, BwB cover G.

Theorem 8.3. IfF has at least four elements, then SLz(F) is equal to its own
commutatorgroup.

Proof. We have the commutator relation (by matrix multiplication)

s(a)u(b)s(a) -lu(b)-l = u(ba2 - b) = u(b(aZ - 1» .
Let G = SLzCF) for this proof. We let G' be the commutator subgroup, and
similarly let B' be the commutator subgroup of B. We prove the first assertion
that G = G'. From the hypothesis that F has at least four elements, we can
find an element a =I: °in F such that aZ =I: 1, whence the commutator relation
shows that B' = U. It follows that G' :::> U, and since G' is normal, we get

G':::>wUw - l.

From Lemma 8.1, we conclude that G' = G.

Let Z denote the center of G. It consists of ±I, that is ± the identity 2 x 2
matrix if G = SLz(F) ;and Z is the subgroup of scalar matrices if G = GLz(F).

Theorem 8.4. IfF has at leastfour elements, then SLz(F)/Z is simple.

The proof will result from two lemmas.

Lemma 8.5. The intersection of all conjugatesof B in G is equal to Z.

Proof. We leave this to the reader, as a simple fact using conjugation
with w.

Lemma 8.6. Let G = SLz(F) . If H is normal in G, then either H c Z or
H:::> G'.

Proof. By the maximality of B we must have

HB = B or HB = G.
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If HB = B then H c B. Since H is normal, we conclude that H is contained in
every conjugate of B, whence in the center by Lemma 8.5. On the other hand ,
suppose that HB = G. Wr ite

w = hb

with h E H and b E B. Then

because H is normal. Since U c HU and U, Dgenerate SLiF), it follows that
HU = G. Hence

GjH = HUjH:::; Uj(U n H)

is abelian, whence H :::> G', as was to be shown.

The simplicity of Theorem 8.4 is an immediate consequence of Lemma 8.6.

§9. THE GROUP SLn(F), n ~ 3.

In this section we look at the case with n ~ 3, and follow parts of Artin's
Geometric Algebra, Chapter IV. (Art in even treats the case of a non-commuta­
tive division algebra as the group ring, but we omit th is for simplicity.)

For i,j = 1, . . . , nand i i= j and C E F, we let

o

be the matrix which differs from the unit matrix by having c in the ij-component
instead of O. We call such Eij(c) an elementary matrix. Note that

det Eij(c) = 1.

If A is any n x n matrix, then multiplication Eij(c)A on the left adds c times the
j -th row to the i-th row of A. Multiplication AEij(c) on the right adds c times
the i-th column to the j-th column. We shall mostly multiply on the left.

For fixed i i= j the map
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is a hom omorphism of F into the mu ltipli cat ive group of n x n matrices
GLn(F).

Proposition 9.1. T he group SLn(F) is generated by the elementary matrices.
If A E GLiF), then A can be written in the form

A = SD.

where S E SLn(F) and D is a diagonal matrix of the form

D =(~..~..•......~)
o 0 . . . d

so D has I on the diagonal except on the lower right corner, where the com­
ponent is d = det(A).

Proof . Let A E GLn(F). Since A is non-singular, the first component of
some row is not zero, and by an elementary ro w opera tion, we can make
a I I =1= O. Adding a suita ble multiple of the first row to the second row, we make
a2 1 =1= 0, and then add ing a suita ble multiple of the seco nd row to the first we
make al l = 1. Then we subtract multiples of the first row from the others to
make ai l = 0 for i =1= 1.

We now repea t the procedure with the seco nd row and column, to make
a22 = I and a i2 = 0 if i > 2. But then we can a lso make a l 2 = 0 by sub­
tract ing a suita ble mult iple of the seco nd row from the first, so we can get
a i2 = 0 for i =1= 2.

We repeat thi s procedure unt il we are stopped at ann = d =1= 0, and anj = 0
for j =I 11. Subtracting a suita ble mul tipl e of the last row from the preceding
ones yields a matrix D of the form indicated in the sta tement of the the orem,
and concludes the pr oof.

Theorem 9.2. For 11 ~ 3, SLn(F) is equal to its own commutator group.

Proof. It suffices to pr ove that Eij(c) is a commutat or. Using n ~ 3, let
k =I i, j. Then by direct computation,

expresses Eij(c) as a commutat or. This proves the the orem.

We note that if a matrix M commutes with every element of SLn(F), then
it mu st be a scalar matrix. Indeed, just the co mmuta tion with the elementary
matrices
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shows that M commutes with all matrices Iij (hav ing I in the ij-component,
ootherwise), so M commutes with all matrices, and is a scalar matrix. Taking
the determinant shows that the center consists of fJ-n(F)/, where fJ-n(F) is the
group of n-th roots of unity in F .

We let Z be the center of SLn(F) , so we have just seen that Z is the group
of scalar matrices such that the scalar is an n-th root of unity . Then we define

Theorem 9.3. For n ~ 3, PSLn(F) is simple.

The rest of this section is devoted to the proof. We view GLn(F)as operating
on the vector space E = F". If A. is a non-zero functional on E, we let

HA = Ker A.,

and call H A (or simply H) the hyperplane associated with ),. Then dim H = n - I,
and conversely, if H is a subspace of codimension I, then E/H has dimension
l, and is the kernel of a functional.

An element T E GLn(F) is called a transvection if it keeps every element of
some hyperplane H fixed, and for all x E E, we have

Tx = x + h for some h E H.

Given any element U E H A we define a transvection T" by

Every transvection is of this type. If u, v E H A, it is immediate that

If T is a transvection and A E GLnCF), then the conjugate ATA - I is ob­
viously a transvection.

The elementary matrices Eij(c) are transvections, and it will be useful to
use them with this geometric interpretations, rather than formally as we did
before . Indeed, let el ' . . . , en be the standard unit vectors which form a basis
of F(n ). Then Eij(c) leaves ek fixed if k i= j, and the remaining vector ej is moved
by a multiple of e.. We let H be the hyperplane generated by ek with k i= j,
and thus see that Eij(c) is a transvection.

Lemma 9.4. For n ~ 3, the transvections i= / form a single conjugacy class
in SLn(F).

Proof. First, by picking a basis of a hyperplane H = H A and using one
more element to form a basis of r». one sees from the matrix of a transvection
T that det T = 1, i.e. transvections are in SLn(F).
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Let T' be another transvection relative to a hyperplane H'. Say

Tx = x + A(X)U and T'x = x + A'(x)u'

with u E Hand u' E H'. Let z and z' be vectors such that A(Z) = 1 and A'(z') = 1.
Since a basis for H together with z is a basis for F'", and similarly a basis for
H ' together with z' is a basis for r» , there exists an element A E GLn(F) such
that

Au = u', AH=H', Az = z'.

It is then immediately verified that

ATA- 1 = T',

so T, T' are conjugate in GLnCF). But in fact, using n ~ 3, the hyperplanes H,
H' contain vectors which are independent. We can change the image of a basis
vector in H ' which is independent of u' by some factor in F so as to make
det A = 1, so A E SLn(F). This proves the lemma.

We now want to show that certain subgroups of GLn(F) are either con­
tained in the center, or contain SLn(F). Let G be a subgroup of GLnCF). We
say that Gis SL,,-invariant if

AGA -I c G for all A E SLn(F).

Lemma 9.5. Let n ~ 3. Let G be SLn-invariant, and suppose that G contains
a transvection T =P 1. Then SLn(F) c G.

Proof. By Lemma 9.4, all transvections are conjugate, and the set of
transvections contains the elementary matrices which generate SLn(F) by
Proposition 9.1, so the lemma follows.

Theorem 9.6. Let n ~ 3. IfG isa subgroup ofGLn(F) whichis SLn-invariant
and which is not contained in the center of GLnCF), then SLn(F) c G.

Proof. By the preceding lemma, it suffices to prove that G contains a
transvection, and this is the key step in the proof of Theorem 9.3.

We start with an element A E G which moves some line. This is possible
since G is not contained in the center. So there exists a vector u =P 0 such that
Au is not a scalar multiple of u, say Au = v . Then u, v are contained in some
hyperplane H = Ker A. Let T = Tu and let

Then

A T A-I =P T and B = ATA-I T - 1 =P I .
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This is eas ily seen by applying say B to an arbitrary vector x, and using the
defin ition of 7;,. In each case , for some x the left-hand side canno t equ al the
right-hand side.

Fo r any vector x E F(n ) we have

Bx - X E (u, v),

where (u, v) is the plane generated by u, v. It follows that BH c H, so

BH = Hand Bx - x E H.

We now dist ingui sh two cases to conclude the proof. First assume that B
commutes with all transvection s with respect to H. Let WE H. Then from the
definitions, we find for an y vector x :

BTw x = Bx + ..1.(x)Bw

TwBx = Bx + ..1.(Bx)w = Bx + ..1.(x)w.

Since we are in the case BTw = TwB, it follows that Bw = w. Therefore B
leaves ever y vector of H fixed. Since we have seen that Bx - x E H for all x,
it follows that B is a transvection and is in G, thus proving the theorem in th is
case .

Second, suppose there is a transvection T; with WE H such that B does not
commute with Tw • Let

Then C #- I and C E G. Fu rthermore C is a product of T: I and BTwB- 1

whose hyperplanes are Hand BH, which is also H by what we have already
proved. Therefore C is a tran svection, since it is a product of transvections
with the same hyperplane. And C E G. Th is concludes the proof in the second
case, and also concludes the proof of Theorem 9.6.

We now return to the main the orem, that PSLn(F) is simple. Let G be a
normal subgro up of PSLn(F), and let G be its inverse image in SLn(F). Then G
is SLn-invariant, and if G #- I, then G is not equal to the center of SLiF).
Therefore G contains SLn(F) by Theorem 9.6, and therefore G = PSLII(F) , thus
proving that PSLn(F) is simple.

Example. By Exercise 41 of Chapter I, or whatever other means, one sees
that PSL2(Fs) =As (where Fs is the finite field with 5 elements). While you are
in the mood, show also that
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1. Interpret the rank of a matrix A in terms of the dimensions of the image and kernel
of the linear map LA"

2. (a) Let A be an invert ible matrix in a commutative ring R . Show that (lA)-1 = '(A -I).
(b) Let f be a non-singular bilinear form on the module E over R. Let A be an

R-automorphism of E. Show that ('A) -I = '(A - I) . Prove the same thing in the
hermitian case, i.e . (A *) -I = (A - 1)* .

3. Let V, W be finite dimensional vector spaces over a field k . Suppose given
non-degenerate bilinear forms on V and W respectively, denoted both by (, ).
Let L : V ~ W be a surjective linear map and let 'L be its transpose; that is,
(Lv, w) = (v , 'Lw) for v E V and w E W.

(a) Show that 'L is injective .
(b) Assume in addition that if v E V, V * 0 then (v , v) * O. Show that

V = Ker L EB 1m 'L ,

and that the two summands are orthogonal. (Cf. Exerc ise 33 for an example .)

4 . Let A I . . . , Ar be row vectors of dimension n, over a field k. Let X = (x I ' . . . , xn) . Let
h" . . . , b, E k. By a system of linear equations in k one means a system of type

If hi = . . . = b, = 0, one says the system is homogeneous. We call n the number of
variable s, and r the number of equ ations. A solution X of the homogeneous system
is called trivial if Xi = 0, i = I , . . . , n.

(a) Show that a homogeneous system of r linear equations in n unknowns with
n > r always has a non -tr ivial solution.

(b) Let L be a system of homogeneous linear equations over a field k. Let k be a
subfield of k'. If L has a non-trivial solution in k', show that it has a non -trivial
solution in k.

5. Let M be an n x n matrix over a field k. Assume that tr(MX) = 0 for all n x n matrices
X in k. Show that M = O.

6. Let S be a set of n x n matrices over a field k. Show that there exists a column vector
X i= 0 of dimen sion n in k, such that M X = X for all ME S if and only if there exists
such a vector in some extension field k' of k.

7. Let H be the division ring over the real s generated by elements i, i. k such that
i2 = / = k2 = - I , and

ij = - ji = k; jk = - kj = i, ki = - ik = i.

Then H has an automorphism of order 2, given by

ao + ali + a2i + a3kf.--->ao - al i - a2i - a3k.

Denote this automorphism by rx f-+ Ci. What is rxCi ? Show that the theory of hermitian
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form s can be carried o ut over H , which is called the di vision ring of quaternions (o r by
abuse of language , the non-commutati ve field of qu aternion s).

8. Let N be a strictly upper triangular II x II matrix, that is N = (ai) and aij = 0 if i ~ j .
Show that N" = O.

9. Let E be a vecto r space over k, of dimension II . Let T : E -+ E be a linear map such
that T is nilpotent, th at is T" = 0 for some po sitive integer m. Show that there exists
a basis of E over k such that the matrix of T with respect to this basi s is strictly
upper triangular.

10. If N is a nilpotent II x II matrix, show that J + N is invertible.

II. Let R be the set of all upper triangular II x II matrices (ai) with aij in some field k, so
aij = 0 if i > j . Let J be the set of all strictly upper triangular matrices. Show that J

is a two-sided ideal in R. How would you describe the factor ring RjJ ?

12. Let G be the group of upper tr iangular matrices with non-zero diagonal elements.
Let H be the subgroup con sisting of those matrices whose diagonal element is I.
(Actually prove that H is a subgroup). How would you describe the factor group GjH ?

13. Let R be the ring of II X II matrices over a field k. Let L be the subset of matrices
which are 0 except on the first column .

(a) Show that L is a left ideal.
(b) Show that L is a minimal left ideal; that is, if L' C L is a left ideal and

L' "* 0, then L' = L. (For more on this situation , see Chapter VII , §5.)

14. Let F be any field. Let D be the subgroup of diagonal matrices in GL n(F). Let N be
the normalizer of Din GLn(F). Show that NjD is isomorphic to the symmetric group
on II elements.

15. Let F be a finite field with q elements. Show that the order of GLn(F) is

n

(qn _ 1)(qn _ q) .. . (qn _ qn-I) = qn(n- 11/2 n (qi _ I).
i= 1

[Hillt : Let x I ' . .. , x, be a ba sis of F" . Any element of GLn(F) is un iquel y determined
by its effect on thi s ba sis, and thu s the order of GLn(F) is equal to the number of all
possible bases. If A E GLn(F), let AXi = )'i ' For j, we can select any of the qn - I
non-zero vectors in F". Suppose inductively that we ha ve already chosen )'1 " " ' )',

with r < II . These vectors span a subspace of dimension r which contains q' elements.
For Yi + I we can select any of the q" - q' elements outside of this subspace. The
formula drops out.]

16. Again let F be a finite field with q elements. Show that the order of SLn(F) is

qn(n - ll /2 n(qi _ I) ;
;=2

and that the order of PSL.(F) is

I n -1
- qn(n - nrz n (qi - 1),
d i = 2

where d is the greatest common divisor of II and q - I.
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17. Let F be a finite field with q elements. Show that the group of all upper triangular
matrices with 1 on the diagonal is a Sylow subgroup of GLnCF) and of SLn(F).

18. The reduction map Z --+ Z/NZ, where N is a positive integer defines a homomorphism

SLz(Z) --+ SLz(Z/NZ).

Show that this homomorphism is surjective. [Hint : Use elementary divisors, i.e. the
structure of submodules of rank 2 over the principal ring Z.]

19. Show that the order of SLz(Z/NZ) is equal to

N 3 IT (I -~) ,
piN P

where the product is taken over all primes dividing N.

20. Show that one has an exact sequence

1 --+ SL2(Z/NZ) --+ GLz(Z/NZ) ~ (Z /NZ)* --+ I.

In fact, show that

where GN is the group of matrices

(0
1

°d) with d e (Z /NZ)* .

21 . Show that SL2(Z) is generated by the matrices

22 . Let p be a prime ~ 5. Let G be a subgroup of SLz(Z/pnz) with n ~ 1. Assume that
the image of G in SL 2(Z/ pZ) under the natural homomorphism is all of SL 2(Z/ pZ) .
Prove that G = SL 2(Z/p nz) .

Note . Exercise 22 is a generalization by Serre of a result of Shimura; see Serre's Abelian
£-adic Representations and elliptic curves, Benjamin, 1968 , IV, §3, Lemma 3. See also
my exposition in Elliptic Functions , Springer Verlag, reprinted from Addison-Wesley ,
1973, Chapter 17, §4 .

23 . Let k be a field in which every quadratic polynomial has a root. Let B be the Borel
subgroup of GL 2(k) . Show that G is the union of all the conjugates of B . (This cannot
happen for finite groups!)

24. Let A, B be square matrices of the same size over a field k . Assume that B is non­
singular. If t is a variable, show that det(A + tB) is a polynomial in t, whose leading
coefficient is det(B), and whose constant term is det(A) .

25 . Let all' ... , a In be elements from a principal ideal ring, and assume that they generate
the unit ideal. Suppose n > I. Show that there exists a matrix (aij) with this given
first row, and whose determinant is equal to I .
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26. Let A be a commutative ring, and I = (x I' . . . , x.) an ideal. Let cij E A and let

Yi = L cijx j .
j= I

XIII, Ex

Let I' = (YI> . . . , y,). Let D = det(cij)' Show that DI c I'.

27. Let L be a free module over Z with basis el" '" en ' Let M be a free submodule of the
same rank, with basis UI, •• . , Un' Let u, = L Cijej ' Show that the index (L: M) is
given by the determinant :

(L : M) = Idet(ci) I.

28. (The Dedekind determinant). Let G be a finite commutative group and let F be the
vector space of functions of G into C. Show that the characters of G (homomorphisms
of G into the roots of unity) form a basis for this space. Iff: G - C is a function,
show that for a, bEG.

det(f(ab- I » = Il L x(a)f(a),
x eJEG

where the product is taken over all characters. [Hint: Use both the characters and
the char..cteristic functions of elements of G as bases for F, and consider the linear map

T = L f(a)1;.,

where 1;. is translation by a.] Also show that

det(f(ab - I» = (L f(a») det(f(ab -I) - f(b -I»,
aeG

where the determinant on the left is taken for all a, bEG, and the determinant on
the right is taken only for a, b *" 1.

29. Let 9 be a module over the commutative ring R. A bilinear map 9 x 9 -+ g, written
(x, y) ........ [x,y], is said to make 9 a Lie algebra if it is anti-symmetric , i.e.
[x, y] = -[y,x], and if the map Dx : g -+ g defined by Dx(y) = [x, y] is a derivation
of g into itself, that is

D([y, z]) = [Dy, z] + [y, Dz] and D(cy) = cD(y)

for all x, y, z E g and C E R.
(a) Let A be an associative algebra over R. For x,YEA , define [x, y] =

xy - yx. Show that this makes A into a Lie algebra. Example: the algebra
of R-endomorphisms of a module M, especially the algebra of matrices
Matn(R) .

(b) Let M be a module over R. For two derivations D[, D2 of M, define
[D. ,D2] = DID2 - D2D\. Show that the set of derivations of M is a Lie
subalgebra of EndR(M).

(c) Show that the map x ........ Ex is a Lie homomorphism of 9 into the Lie algebra
of derivations of 9 into itself.

30. Given a set of polynomials {PiX i) } in the polynomial ring R[Xij] (1 ~ i,j ~ n), a
zero of this set in R is a matrix x = (Xi) such that xij E Rand P.(Xi) = 0 for all v.

We use vector notation, and write (X) = (Xi)' We let G(R) denote the set of zeros
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of our set of polynomials {PJ. Thus G(R) c Mn(R), and if R' is any commutative
associative R-algebra we have G(R ') c Mn(R '). We say that the set {p.} defines an
algebraic group over R if G(R') is a subgroup of the group GLn(R ') for all R' (where
GLn(R') is the multiplicative group of invertible matrices in R') .

As an example, the group of matrices satisfying the equation t XX = In is an alge­
braic group.

Let R' be the R-algebra which is free, with a basis {l, t} such that t 2 = O. Thus
R' = R[t]' Let g be the set of matrices x E Mn(R) such that In + tx E G(R[t]). Show
that 9 is a Lie algebra. [Hint : Note that

p .(In + tX) = p .(In) + grad p.(In)tX.

Use the algebra R[t, u] where t 2 = u2 = 0 to show that if In + tx E G(R[t]) and
In + uy E G(R[u]) then [x, y] E g.]

(I have taken the above from the first four pages of [Se 65]. For more information
on Lie algebras and Lie Groups, see [Bo 82] and [Ja 79] .

[Bo 82] N. BOURBAKI, Lie Algebras and Lie Groups, Masson, 1982

[Ja 79] N. JACOBSON, Lie Algebras, Dover, 1979 (reprinted from Interscience,
1962)

[Se 65] 1. P . SERRE, Lie Algebras and Lie Groups, Benjamin, 1965. Reprinted
Springer Lecture Notes 1500. Springer/Verlag 1992

Non-commutative cocycles

Let K be a finite Galois extension of a field k. Let I' = GLn(K), and G = Gal(Kjk).

Then G operates on F. By a cocycle of G in I' we mean a family of elements {A(a)}
satisfying the relation

A(a)aA(r) = A(ar).

We say that the cocycle splits if there exists B E I' such that

for all a E G.

In th is non-commutative case, cocycles do not form a group, but one could define an
equivalence relation to define cohomology classes. For our purposes here, we care
only whether a cocycle splits or not. When every cocycle splits, we also say that
H l(G,1) = 0 (or 1).

31. Prove that Hl(G, GL.(K» = 1. [Hint : Let {el , . . . , eN} be a basis of Matn(k) over k,
say the matrices with I in some component and 0 elsewhere. Let

N

X = LXjej
i= 1

with variables Xi ' There exists a polynomial P(X) such that x is invertible if and only
if ~(Xl> " " XN)';' O. Instead of P(Xl " ' " xN) we also write P(x). Let {A(a)} be a
cocycle. Let {ta} be algebraically independent variables over k. Then
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because the polynomial does not vanish when one l y is replaced by I and the others
are replaced by O. By the algebraic independence of automorphisms from Galo is
theory, there exists an element y E K such that if we put

B = I (yy)A(y)

then PCB) ¥- 0, so B is invertible. It is then immediately verified that A(u) = BuB- 1.

But when k is finite, cf. my Algebraic Groups over Finite Fields, Am. J. Vol 78 No.
3, 1956.]

32. Invariant bases. (A. Speiser, Zahlentheoretische Satze aus der Gruppentheorie,
Math. Z. 5 (1919) pp. 1-6. See also Kolchin-Lang, Proc. AMS Vol. 11 No.1,
1960). Let K be a finite Galois extension of k , G = Gal(Klk) as in the preceding
exercise. Let V be a finite-dimensional vector space over K , and suppose G operates
on V in such a way that a(av) = u(a)u(v) for a E K and v E V. Prove that there
exists a basis {WI , .. . , wn } such that UWi = Wi for all i = 1, . .. .n and all a E G (an
invariant basis). Hint: Let {VI , . . . , vn } be any basis, and let

where A(u) is a matrix in GLn(K). Solve for B in the equation (uB)A(u) = B, and let

The next exercises on harmonic polynomials have their source in Whittaker, Math.
Ann. 1902; see also Whittaker and Watson, Modern Analysis, Chapter XIII.

33. Harmonic polynomials. Let Pol(n, d) denote the vector space of homogeneous poly­
nomials of degree d in n variables XI' .. . , X; over a field k of characteristic O.
For an n-tuple of integers (VI ' " . , vn) with Vi ~ 0 we denote by M(v) as usual the
monomial

Prove:

(a) The number of monomials of degree dis (n - I + d) , so this number is
n - I

the dimension of Pol(n, d) .
(b) Let (D) = (D" . . . , Dn ) where D, is the partial derivative with respect to the

i-th variable. Then we can define P(D) as usual. For P, Q E Pol(n, d), define

(P, Q) = P(D)Q(O).

Prove that this defines a symmetric non-degenerate scalar product on
Pol(n, d) . If k is not real , it may happen that P * 0 but (P, P) = O. However ,
if the ground field is real , then (P, P) > 0 for P * O. Show also that the
monomials of degree d form an orthogonal basis. What is (M(v)' M(v»?

(c) The map P ~ P(D) is an isomorphism of Pol(n, d) onto its dual.



XIII, Ex EXERCISES 551

(d) Let a = DI + .. . + D~ . Note that .:l: Pol(n, d )~ Pol(n, d - 2) is a linear
map . Pro ve that .:l is surjective .

(e) Define Har (n , d ) = Kerzs = vector space of harmonic homogeneous poly­
nomials of degree d. Prove that

dim Har (n , d ) = (n + d - 3)! (n + 2d - 2)/ (n - 2) !d!.

In particular , if n = 3, then dim Har(3, d ) = 2d + I .

(f) Let r2 = XI + . . . + X~ . Let S denote multiplication by r2 • Show that

is r, Q) = (P, SQ) for P E Pol(n, d) and Q E Pol(n, d - 2),

so t.:l = S. More generally, for R E Pol(n, m) and Q E Pol(n, d - m) we
have

(R(D)? , Q) = (P, RQ).

(g) Show that [.:l, Sj = 4d + 2n on Pol(n, d) . Here [Il, Sj = Il 0 S - S oil .
Actually , [Il , Sj = 4E + 2n, where E is the Euler operator E = 2:xp;,
which is, however, the degree operator on homogeneous polynomials .

(h) Prove that Pol(n, d) = Har(n , d) EB r2Pol(n , d - 2) and that the two summands
are orthogonal. This is a classical theorem used in the theory of the Laplace
operator.

(i) " 2Let (c l , • .. , cn ) E k" be such that L- C ; = O. Let

H~(X) = (C1X I + .. . + cnXn)d.

Show that H~ is harmonic , i.e . lies in Har(n , d ).
(j) For any Q E Pol(n , d ), and a positive integer m, show that

Q(D)H';' (X ) = m(m - I ) ' " (m - d + I)Q(c)H,;, - d(X) .

34 . (Continuation of Exercise 33) . Prove:

Theorem. Let k be algebraically closed of characteristic O. Let n ~ 3. Then
Har (n , d ) as a vector space over k is generated by all polynomials H~ with (c) E P
such that 2: CT = O.

[Hint: Let Q E Har (n , d ) be orthogonal to all polynomials H~ with (c) E k" , By
Exercise 33(h), it suffices to prove that r 2

1Q. But if 2: CT = 0 , then by Exercise
33(j) we conclude that Q(c) = O. By the Hilbert Nullstellensatz , it follows that there
exists a polynomial F(X) such that

Q(XY = r2(X)F(X) for some positive integer s.

But n ~ 3 implies that r 2(X ) is irreducible , so r 2(X ) divides Q(X) .j

35. (Continuation of Exercise 34). Prove that the representation of D(n) = Un(R ) on
Har(n, d) is irreducible.
Readers will find a proof in the follo wing :

S . HELGASON , Topics in Harmonic Analysis on Homogeneous Spaces, Birkhauser, 1981
(see especially §3, Theorem 3.I(ii))

N. VILENKIN , Special Functions and the Theory of Group Representations , AMS Trans­
lations of mathematical monographs Vol. 22 , 1968 (Russian or iginal , 1965), Chapter
IX, §2.
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R. HOWE and E. C. TAN,Non-Abelian Harmonic Analysis, Universitext , Springer Verlag ,
New York, 1992.

The Howe-Tan proof runs as follows . We now use the hermitian product

(P, Q) = JP(x) Q(x) da(x),
5"-1

where a is the rotation invariant measure on the (n-l)-sphere sn-l . Let
el , . .. . e; be the unit vectors in R" . We can identify O(n - I) as the subgroup of
O(n) leaving en fixed. Observe that O(n) operates on Har(n, d), say on the right by
composition P f-> P o A, A E O(n), and this operation commutes with ~. Let

A: Har(n, d) ---; C

be the funct ional such that A(P) = P(en). Then ). is O(n - I )-invariant, and since the
hermitian product is non-degenerate, there exists a harmonic polynomial Qn such
that

).(P) = <P, Qn > for all P E Har(n,d).

Let Me Har(n ,d) be an O(n)-submodule. Then the restriction AM of ). to M is
nontrivial because O(n) acts transitively on S n-I. Let Q~IJ be the orthogonal pro­
jection of Qn on M. Then Qtt is O(n - I)-invariant, and so is a linear combination

Q~(x) = 2: Cj x{ ~l '
j +2k=d

Furthermore Q1,{ is harmonic. From this you can show that Q1,{ is uniquely determined ,
by showing the existence of recursive relations among the coefficients Cj ' Thus the
submodule M is uniquely determined, and must be all of Har(n, d) .

Irreducibility of sln(F).

36. Let F be a field of characteristic O. Let 9 = sIn(F) be the vector space of matrices
with trace 0, with its Lie algebra structure [X , Y] = XY - YX. Let Eij be the matrix
having (i ,i)-component I and all other components O. Let G = SLn(F) . Let A be
the multiplicative group of diagonal matrices over F.

(a) Let H i = E ii - Ei+l , i+1 for i = I , . . . ,n - I. Show that the elements Eij
(i i= i), HI , . . . ,Hn- I form a basis of 9 over F.

(b) For g E G let c(g) be the conjugation action on g, that is c(g)X = gXg- I •

Show that each Eij is an eigenvector for this action restricted to the group A.
(c) Show that the conjugation representation of G on 9 is irreducible, that is, if

V i= 0 is a subspace of 9 which is c( G)-stable, then V = g. Hint: Look up
the sketch of the proof in [JoL 01], Chapter VII , Theorem 1.5, and put in all
the details. Note that for i i= i the matrix Eij is nilpotent, so for variable t,
the exponential series exp( tEij) is actually a polynomial. The der ivative with
respect to t can be taken in the formal power series F[[t]] , not using limits . If
Xis a matrix, and x(t ) = exp(tX), show that

d _ I-d x(t) Yx(t) I = XY - YX = [X , Yj .
t (=0




