
CHAPTER X
Noetherian Rings and
Modules

This chapter may serve as an introduction to the method s of algebraic geometry
rooted in commutative algebra and the theory of modules, mostly over a Noeth­
erian ring .

§1. BASIC CRITERIA

Let A be a ring and M a module (i.e., a left A-module). We shall say that
M is Noetherian if it satisfies anyone of the following three conditions :

(1) Every submodule of M is finitely generated.

(2) Every ascending sequence of submodules of M,

such that M, =I: M j + I is finite.

(3) Every non-empty set S of submodules of M has a maximal element
(i.e., a submodule M0 such that for any element N of S which contains
M o we have N = Mo).

We shall now prove that the above three conditions are equivalent.
(I) = (2) Suppose we have an ascending sequence of submodules of M as

above. Let N be the union of all the M, (i = 1,2, ...). Then N is finitely gen­
erated, say by elements XI" ' " X" and each generator is in some M j • Hence
there exists an index j such that
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Then
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whence equality holds and our implication is proved.
(2) = (3) Let No be an element of S. If No is not max imal, it is properly

contained in a submodule N i- If N, is not maximal, it is properly contained in
a submodule N 2 ' Inductively, if we have found N, which is not maximal, it is
contained properly in a submodule N i + , . In thi s way we could construct an
infinite chain, which is impossible.

(3) = (1) Let N be a submodule of M . Let ao E N. If N # <ao>, then
there exists an element a, EN which does not lie in <ao) ' Proceeding induc­
tively, we can find an ascending sequence of submodules of N, namely

where the inclusion each time is proper. The set of these submodules has a
maximal element, say a submodule <ao, a" ... , ar ) , and it is then clear that
this finitely generated submodule must be equal to N, as was to be shown.

Proposition 1.1. Let M be a Noetherian A-module. Then every submodule
and every factor module of M is Noetherian.

Proof. Our assertion is clear for submodules (say from the first condi­
t ion). For the factor module, let N be a submodule and f: M ---+ MIN the
canonical homomorphism. Let M , c M 2 C .. . be an ascending chain of sub­
modules of MIN and let M, = f- ' (M;). Then M , c M2 C . . . is an ascending
chain of submodules of M, which must have a maximal element, say M" so
that M, = M, for r ~ i. Then f(M ;) = M , and our assertion follows.

Proposition 1.2. Let M be a module, N a submodule. Assume that Nand
MIN are Noeth erian. Then M is Noetherian.

Proof. With every submodule L of M we associate the pair of modules

L f---+(L r. N , (L + N)IN).

We contend : If E c F are two submodules of M such that their associated
pairs are equal, then E = F. To see this , let x E F. By the hypothesis that
(E + N)IN = (F + N)IN there exist elements u, v E Nand y E E such that
y + u = x + v. Then

x - y = u - V E F (') N = E (') N .

Since y E E, it follows the x E E and our contention is proved. If we have an
ascending sequence
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then the associated pairs form an ascending sequence of submodules of Nand
MIN respectively, and these sequences must stop. Hence our sequence
£1 c £2 ' " also stops, by our preceding contention.

Propositions 1.1 and 1.2 may be summarized by saying that in an exact
sequence °--> M' --> M --> M " --> 0, M is Noetherian if and only if M ' and M"
are Noetherian.

Corollary 1.3. Let M be a module, and let N , N ' be submodules. If
M = N + N ' and if both N, N ' are Noetherian, then M is Noetherian. A
finite direct sum of Noetherian modules is Noetherian.

Proof. We first observe that the direct product N x N' is Noetherian
since it contains N as a submodule whose factor module is isomorphic to N',
and Proposition 1.2 applies. We have a surjective homomorphism

N x N' --> M

such that the pair (x, x ') with x E N and x ' EN' maps on x + x' . By Prop­
osition 1.1, it follows that M is Noetherian. Finite products (or sums) follow
by induction.

A ring A is called Noetherian if it is Noetherian as a left module over itself.
This means that every left ideal is finitely generated.

Proposition 1.4. Let A be a Noetherian ring and let M be afinitely generated
module. Then M is Noetherian .

Proof. Let Xl" ' " x, be generators of M. There exists a homomorphism

f : A x A x .. . x A --> M

of the product of A with itself n times such that

This homomorphism is surjective. By the corollary ofthe preceding proposition,
the product is Noetherian, and hence M is Noetherian by Proposition 1.1.

Proposition 1.5. Let A be a ring which is Noetherian, and let qJ : A --> B be
a surjective ring-homomorphism. Then B is Noetherian.

Proof. Let b 1 C . .. c b, c . .. be an ascending chain of left ideals of B
and let u, = qJ - I(bi ) . Then the ai form an ascending chain of left ideals of A
which must stop, say at c.. Since qJ(aJ = b, for all i, our proposition is proved.

Proposition 1.6. Let A be a commutative Noetherian ring, and let S be a
multiplicative subset of A. Then S-I A is Noetherian.

Proof. We leave the proof as an exercise.



416 NOETHERIAN RINGS AND MODULES X, §2

Examples. In Chapter IV, we gave the fundamental examples of Noeth­
erian rings, namely polynomial rings and rings of power series. The above
propositions show how to construct other examples from these, by taking factor
rings or modules, or submodules .

We have already mentioned that for applications to algebraic geometry, it is
valuable to consider factor rings of type k[X]/a , where a is an arbitrary ideal.
For this and similar reasons, it has been found that the foundations should be
laid in terms of modules, not just ideals or factor rings . Notably, we shall first
see that the prime ideal associated with an irreducible algebraic set has an analogue
in terms of modules . We shall also see that the decomposition of an algebraic
set into irreducibles has a natural formulation in terms of modules, namely by
expressing a submodule as an intersection or primary modules .

In §6 we shall apply some general notions to get the Hilbert polynomial of
a module of finite length, and we shall make comments on how this can be
interpreted in terms of geometric notions . Thus the present chapter is partly
intended to provide a bridge between basic algebra and algebraic geometry .

§2. ASSOCIATED PRIMES

Throughout this section, we let A be a commutative ring. Modules and homo­
morphisms are A-modules and A-homomorphisms unless otherwise specified.

Proposition 2.1. Let S be a multiplicative subset of A, and assume that S
does not contain O. Then there exists an ideal of A which is maximal in the
set of ideals not intersecting S, and any such ideal is prime.

Proof. The existence of such an ideal p follows from Zorn's lemma (the
set of ideals not meeting S is not empty, because it contains the zero ideal, and is
clearly inductively ordered). Let p be maximal in the set. Let a, b E A, ab E p,
but a i p and b i p. By hypothesis, the ideals (a, p) and (b, p) generated by a
and p (or band p respectively) meet S, and there exist therefore elements
s, s' E S, C, c', x, x ' E A, p, p' E P such that

s = ca + xp and s' = c'b + x 'p'.

Multiplying these two expressions, we obtain

ss' = cc'ab + p"

with some p" E p, whence we see that ss' lies in p. This contradicts the fact
that p does not intersect S, and proves that p is prime.

An element a of A is said to be nilpotent if there exists an integer n ~ 1 such
that an = O.
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Corollary 2.2 . An element a of A is nilpotent if and only if it lies in every
prime ideal of A.

Proof. If an = 0, then an E p for every prime p, and hence a E p. If an =I- 0
for any positi ve integer n, we let S be the multiplicative sub set of powers of a,
namely {l, a, a' , .. .}, and find a prime ideal as in the proposition to prove the
converse.

Let a be an ideal of A. Th e radical of a is the set of all a E A such that an E a
for some integer n ~ 1, (or equi valently, it is the set of elements a E A whose
image in the factor ring Al a is nilpotent). We obser ve that the radical of a is an
ideal, for if an = 0 and b" = 0 then (a + W= 0 if k is sufficiently large : In the
binomial expansion, either a or b will appear with a power at least equal to
nor m.

Corollary 2.3. An element a of A lies in the radical ofan ideal a if and only
if it lies in every prime ideal containing a.

Proof. Corollary 2.3 is equivalent to Corollary 2.2 applied to the ring AIa.

We shall extend Corollary 2.2 to modules . We first make some remarks on
localization. Let S be a multiplicative subset of A. If M is a module, we can
define S- I M in the same way that we defined S- I A. We con sider equivalence
classes of pa irs (x, s) with x E M and s E S, two pairs (x, s) and (x', s') being
equivalent if there exists S l E S such that S I(S'X - sx ') = O. We denote the
equ ivalence class of (x , s) by xis, and verify a t once that the set of equivalence
classes is an additive group (unde r the obvious operations). It is in fact an
A-module, under the operation

(a, xis ) 1--+ axis.

We shall denote thi s module of equivalence classe s by S - 1M. (We note that
S- I M could also be viewed as an S- I A-module.)

If p is a prime ideal of A, and S is the complement of p in A, then S- I M is
also denoted by M P'

It follow s trivially from the defin itions that if N --> M is an injective homo­
morphism, then we have a natural injection S- 1N --> S - 1M. In other words, if
N is a submodule of M, then S-1 N can be viewed as a submodule of S-1 M .
If x E Nand s E S, then the fraction xis can be viewed as an element of S-1 N
or S-1 M. If xis = 0 in S-I M, then there exists Sl E S such that SIX = 0, and
thi s means that xis is also 0 in S- I N. Thus if p is a prime ideal and N is a sub­
module of M, we have a natural inclusion of N; in M p • We shall in fact identify
N p as a submodule of M p ' In particular, we see that M p is the sum of its sub­
modules (Ax)p, for x E M (but of course not the direct sum).

Let x E M. The annihilator a of x is the ideal consisting of all elements
a E A such that ax = O. We ha ve an isomorphism (of modules)

Ala =. Ax
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under the map

a --+ ax .
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Lemma 2.4. Let x be an element of a module M, and let a be its annihilator.
Let p be a prime ideal of A. Then (Ax)p =1= 0 if and only if p contains a.

Proof. The lemma is an immediate consequence of the definitions, and
will be left to the reader.

Let a be an element of A. Let M be a module. The homomorphism

X f--> ax , xEM

will be called the principal homomorphism associated with a, and will be de­
noted by aM' We shall say that aM is locally nilpotent if for each x E M there
exists an integer n(x) f; I such that an(x)x = O. This condition implies that
for every finitely generated submodule N of M, there exists an integer n f; 1
such that a'N = 0 : We take for n the largest power of a annihilating a finite
set of generators of N. Therefore, if M is finitely generated, aM is locally
nilpotent if and only if it is nilpotent.

Proposition 2.5. Let M be a module, a E A. Then aM is locally nilpotent
if and only if a lies in every prime ideal p such that Mp =1= O.

Proof. Assume that aM is locally nilpotent. Let p be a prime of A such
that Mp =1= O. Then there exists x E M such that (Ax)p =1= O. Let n be a positive
integer such that a'x = O. Let a be the annihilator of x. Then an E a, and hence
we can apply the lemma, and Corollary 4.3 to conclude that a lies in every prime
p such that M p =1= O. Conversely, suppose aM is not locally nilpotent , so there
exists x E M such that anx = 0 for all n ~ O. Let S = {I, a, a2, •• • } , and
using Proposition 2.1 let p be a prime not intersecting S. Then (Ax), oF 0, so
Mp oF 0 and a¢' p , as desired .

Let M be a module. A prime ideal p of A will be said to be associated with
M if there exists an element x E M such that p is the annihilator of x. In par­
ticular, since p =1= A, we must have x =1= O.

Proposition 2.6. Let M be a module =1= O. Let p be a maximal element in the
set ofideals which are annihilators of elements x E M, x =1= O. Then p is prime.

Proof. Let p be the annihilator of the element x =1= O. Then p =1= A. Let
a, b e A, ab E p, a ¢ p. Then ax =1= O. But the ideal (b, p) annihilates ax, and
contains p. Since p is maximal, it follows that b E p, and hence p is prime.

Corollary 2.7. If A is Noetherian and M is a module oF 0, then there exists
a prime associated with M.

Proof. The set of ideals as in Proposition 2.6 is not empty since M oF 0,
and has a maximal element because A is Noetherian .
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Coroilary 2.8. Assume that both A and M are Noetherian, M =I O. Then
there exists a sequence of submodules

M = M 1 => M 2 => . .. => M r = 0

such that each factor module M;/Mi + 1 is isomorphic to A/Pi for some
prime Pi'

Proof. Consider the set of submodules having the property described in
the corollary. It is not empty, since there exists an associated prime P of M,
and if P is the annihilator of x, then Ax ~ A/p . Let N be a maximal element in
the set. If N =I M , then by the preceding argument applied to M/N, there exists
a submodule N ' of M containing N such that N '/N is isomorphic to A/p for
some p, and this contradicts the maximality of N.

Proposition 2.9. Let A be Noetherian, and a E A. Let M be a module.
Then aM is injective if and only if a does not lie in any associated prime of M.

Proof. Assume that aM is not injective, so that ax = 0 for some x E M,
x oF O. By Corollary 2.7, there exists an associated prime p of Ax, and a is an
element of p. Conversely, if aM is injective, then a cannot lie in any associated
prime because a does not annihilate any non-zero element of M .

Proposition 2.10. Let A be Noetherian, and let M be a module. Let a E A.
T he following conditions are equivalent :

(i) aM is locally nilpotent.

(ii) a lies in every associated prime of M .

(iii) a lies in every prime p such that M" =I O.

If P is a prime such that M" oF 0, then p contains an associated prime of M .

Proof. The fact that (i) implies (ii) is obvious from the definitions, and
does not need the hypothesis that A is Noetherian. Neither does the fact that
(iii) implies (i), which has been proved in Proposition 2.5 . We must therefore
prove that (ii) implies (iii) which is actually implied by the last statement. The
latter is proved as follows . Let p be a prime such that M" oF O. Then there ex ists
x E M such that (Ax)" oF O. By Corollary 2.7 , there exi sts an associated prime
q of (Ax)" in A . Hence there exi sts an element y / s of (Ax)" , with y E Ax ,
s ¢: p , and y / s oF 0, such that q is the annihilator of y / s . It follows that q c p,
for otherwise , there exists b E q, b ¢: p, and 0 = by]«, whence y/s = 0 , contra­
diction . Let b l , . . . , b; be generators for q. For each i , there ex ists Si E A ,
si ¢: p , such that sib iY = 0 because biy / s = O. Let t = s, ... sn ' Then it is
trivially verified that q is the annihilator of ty in A. Hence q c p, as desired.

Let us define the support of M by

supp(M) = set of primes p such that M" =I O.
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We also have the annihilator of M ,

ann(M) = set of elements a E A such that aM = O.

We use the notation

ass(M) = set of associated primes of M .

For any ideal a we have its radical,

X, §2

rad(a) = set of elements a E A such that an E a for some integer n ~ 1.

Then for finitely generated M, we can reformulate Proposition 2.10 by the
following formula:

rad(ann(M» = n p = n p.
P Esupp(M) P Eass(M)

Corollary 2.11. Let A be Noetherian,and let M be a module. Thefollowing
conditions are equivalent :

(i) There exists only one associated primeof M .

(ii) We have M # 0, andfor every a E A, the homomorphism aM is injective,
or locally nilpotent.

If these conditions are satisfied, then the set of elements a E A such that aM
is locallynilpotent is equal to the associated primeof M .

Proof. Immediate consequence of Propositions 2.9 and 2 .10.

Proposition 2.12. Let N be a submodule of M. Every associated prime of
N is associated with M also. An associated prime of M is associated with N
or with MIN.

Proof. The first assertion is obvious. Let p be an associated prime of M ,
and say p is the annihilator of the element x # O. If Ax n N = 0, then Ax is
isomorphic to a sub module ofM / N, and hence p is associated with M / N. Suppose
Ax n N *' O. Let y = ax E N with a E A and y *' O. Then p annihilates y.
We claim p = ann(y) . Let b E A and by = O. Then ba E p but a ¢= p, so
b E p . Hence p is the annihilator of y in A, and therefore is associated with
N , as was to be shown.
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§3. PRIMARY DECOMPOSITION
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We continue to assume that A is a commutative ring, and that modules (resp.
homomorphisms) are A-modules (resp. A-homomorphisms), unless otherwise
specified.

Let M be a module. A submodule Qof M is said to be primary if Q =1= M,
and if given a E A, the homomorphism aM/Q is either injective or nilpotent.
Viewing A as a module over itself, we see that an ideal q is primary if and only
if it satisfies the following condition :

Given a, b E A, ab E q and a ~ q, then b" E q for some n ~ 1.

Let Q be pr imary. Let p be the ideal of elements a E A such that aM/Q is
nilpotent. Then p is prime. Indeed, suppose that a, b E A, ab E p and a ~ p.
Then aM/Q is injective, and consequently a~/Q is injective for all n ~ 1. Since
(ab)M /Q is nilpotent, it follows that bM/Qmust be nilpotent, and hence that b E p,
proving that p is prime. We shall call p the prime belonging to Q, and also say
that Q is p-primary.

We note the corresponding property for a primary module Q with prime p:

Let b e A and x E M be such that bx E Q. If x ¢. Q then b E p,

Examples. Let m be a maximal ideal of A and let q be an ideal of A such
that mk C q for some positive integer k. Then q is primary, and m belongs to
q. We leave the proof to the reader.

The above conclusion is not always true if m is replaced by some prime ideal
p. For instance, let R be a factorial ring with a prime element t . Let A be the
subring of polynomials !CX) E R[X] such that

!(X) = Go + a tX + .. .

with a\ divisible by t. Let p = (tX ,X2 ,X3) . Then p is prime but

p2 = (t 2X2, tX3, X 4 )

is not primary, as one sees because X 2 ~ p2 but tk ~ p2 for all k ~ 1, yet
t 2X 2 E p2.

Proposition 3.1. Let M be a module, and QI' , Qrsubmoduleswhichare
p-primary for the same prime p. Then QI n n Qr is also p-primary.

Proof. Let Q = QI n ... n Qr' Let a E p, Let n, be such that (aM/Q)"; =°
for each i = 1, . . . , r and let n be the maximum of nt , . .. , nr • Then a~/Q = 0,
so that aM/Q is nilpotent. Conversely, suppose a ~ p. Let x E M, x ~ Qj for
some j. Then a"x ~ Qj for all positive integers n, and consequently aM/Q is
injective . This proves our proposition.
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Let N be a submodule of M . When N is written as a finite intersection of
primary submodules, say

we shall call this a primary decomposition of N. Using Proposition 3.1, we
see that by grouping the Qi according to their primes, we can always obtain
from a given primary decomposition another one such that the primes belonging
to the primary ideals are all distinct. A primary decomposition as above such
that the prime ideals PI' . . . , P, belonging to Ql ' .. . ' Q, respectively are distinct,
and such that N cannot be expressed as an intersection of a proper subfamily
of the primary ideals {Q I ' . .. , Q,} will be said to be reduced. By deleting some
of the primary modules appearing in a given decomposition, we see that if N
admits some primary decomposition, then it admits a reduced one. We shall
prove a result giving certain uniqueness properties of a reduced primary
decomposition.

Let N be a submodule of M and let x ~ i be the canonical homomorphism.
Let Qbe a sub module of M = M / N and let Q be its inverse image in M . Then
directly from the definition, one sees that Qis primary if and only if Q is primary;
and if they are primary, then the prime belonging to Q is also the prime belonging
to Q. Furthermore, if N = QI n . . . n Qr is a primary decomposition of N in
M, then

(0) = QI n . . . n Qr

is a primary decomposition of (0) in M , as the reader will verify at once from
the definitions . In addition , the decomposition of N is reduced if and only if the
decomposition of (0) is reduced since the primes belonging to one are the same
as the primes belonging to the other.

Let QI n . .. n Q, = N be a reduced primary decomposition , and let Pi
belong to Qi. If Pi does not contain Pi (j =I i) then we say that Pi is isolated.
The isolated primes are therefore those primes which are minimal in the set
of primes belonging to the primary modules Qi.

Theorem 3.2. Let N be a submodule of M, and let

N = QIn · . . n Qr = Q'I n .. . n Q~

be a reduced primary decomposition of N. Then r = s. The set of primes
belonging to QI' . . . , Q, and Q'l' .. . ' Q~ is the same. If {PI'···' Pm} is the
set of isolated primes belonging to these decompositions, then Qi = Q; for
i = 1, ... , m, in other words, the primary modules corresponding to isolated
primes are uniquelydetermined.

Proof. The uniqueness of the number of terms in a reduced decomposition
and the uniqueness of the family of primes belonging to the primary components
will be a consequence of Theorem 3.5 below .
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There remains to pro ve the uniqueness of the primary module belonging
to an isolated prime, say PI' By definition, for each j = 2, . .. , r there exists
aj E Pj and aj ¢ PI ' Let a = a2 .•. ar be the product. Then a E Pj for allj > 1,
but a ¢ P I ' We can find an integer n ~ 1 such that aM/Qj = 0 for j = 2, . .. , r.
Let

N I = set of x E M such that a"x E N.

We contend that QI = N I ' Thi s will prove the desired uniqueness. Let x E Qi­

Then a"x E QI n·· · n Qr = N, so X E N I • Conversely, let x E N I , so that
a'x E N, and in particular a'x E Qi - Since a ¢ PI ' we know by definition that
aM/Q, is injective. Hence x E QI' thereby proving our theorem.

Theorem 3.3. Let M be a Noetherian module. Let N be a submodule of
M. Then N admits a primary decomposition.

Proof. We consider the set of submodules of M which do not admit a
primary decomposition. If this set is not empty, then it has a maximal element
because M is Noetherian. Let N be this maximal element. Then N is not
primary, and there exists a E A such that aM/Nis neither injective nor nilpotent.
The increasing sequence of modules

Ker aM/N c Ker a~/N c Ker a1 /N c . ..

stops, say at a~/N ' Let tp : MIN --+ MIN be the endomorphism cp = a~/N '

Then Ker cp 2 = Ker cpo Hence 0 = Ker cp n Im cp in MIN, and neither the
kernel nor the image of cp is O. Taking the inverse image in M, we see that N is
the intersection of two submodules of M, unequal to N. We conclude from the
maximality of N that each one of these submodules admits a pr imary de­
composition , and therefore that N admits one also, contradiction.

We shall conclude our discussion by relating the primes belonging to a
primary decomposition with the asso ciated primes discussed in the prev ious
section.

Proposition 3.4. Let A and M be Noetherian. A submodule Q of M is
primary if and only if MIQ has exactly one associated prime P, and in that
case, P belongs to Q, i.e. Q is p-primary.

Proof. Immediate con sequence of the definitions, and Corollary 2.11 .

Theorem 3.5. Let A and M be Noetherian. The associated primes of M
are precisely the primes which belong to the primary modules in a reduced
primary decomposition of 0 in M. In particular, the set of associated primes
of M is finite.

Proof . Let
0= Q I n·· · n Qr
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be a reduced primary decomposition of 0 in M. We have an injective homo­
morphism

r

M --> EBM/Qj'
j= I

By Proposition 2.12 and Proposition 3.4, we conclude that every associated
prime of M belongs to some Qj. Conversely, let N = Q2 n ... n Qr' Then
N#-O because our decomposition is reduced. We have

Hence N is isomorphic to a submodule of M /QI' and consequently has an
associated prime which can be none other than the prime PI belonging to QI'
This proves our theorem.

Theorem 3.6. Let A be a Noetherian ring. Then the set of divisors of zero
in A is the set-theoretic union of all primes belonging to primary ideals in a
reduced primary decomposition of O.

Proof. An element of a E A is a divisor of 0 if and only if aA is not injective .
According to Proposition 2.9 , this is equivalent to a lying in some associated
prime of A (viewed as module over itself). Applying Theorem 3.5 concludes the
proof.

§4. NAKAYAMA'S LEMMA

We let A denote a commutative ring, but not necessarily Noetherian.

When dealing with modules over a ring, many properties can be obtained
first by localizing, thus reducing problems to modules over local rings. Inpractice,
as in the present section, such modules will be finitely generated. This section
shows that some aspects can be reduced to vector spaces over a field by reducing
modulo the maximal ideal of the local ring. Over a field, a module always has
a basis. We extend this property as far as we can to modules finite over a local
ring. The first three statements which follow are known as Nakayama's lemma .

Lemma 4.1. Let a be an ideal ofA which is contained in every maximal ideal
of A . Let E be a finitely generated A-module. Suppose that aE = E. Then
E = {OJ.
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Proof. Induction on the number of generators of E. Let XI"' " Xs be
generators of E. By hypothesis , there exist elements ai ' .. . , as E a such that

so there is an element a (namely as) in a such that (l + a)x s lies in the module
generated by the first s - 1 generators. Furthermore 1 + a is a unit in A,
otherwise 1 + a is contained in some maximal ideal, and since a lies in all
maximal ideals, we conclude that 1 lies in a maximal ideal, which is not possible.
Hence X s itself lies in the module generated by s - 1 generators, and the proof
is complete by induction.

Lemma 4.1 applies in particular to the case when A is a local ring, and
a = m is its maximal ideal.

Lemma 4.2. Let A be a local ring, let E be afinitely generated A-module, and
F a submodule. If E = F + mE, then E = F.

Proof. Apply Lemma 4.1 to ElF.

Lemma 4.3. Let A be a local ring. Let E be a finitely generated A-module.
If XI, . . . , Xn are generators for E mod mE, then they are generators for E.

Proof. Take F to be the submodule generated by XI " ' " X n •

Theorem4.4. Let A be a local ring and E a finite projective A-module.
Then E is free. In fact, if X I' . . . , Xn are elements of E whose residue classes
XI "'" xn are a basis of ElmE over Aim, then XI" ' " x, are a basis of E
over A. If XI"'" x, are such that XI"' " X, are linearly independent over
A/m, then they can be completed to a basis of E over A.

Proof I am indebted to George Bergman for the following proof of the
first statement. Let F be a free module with basis el> .. . , em and letf: F ~ E
be the homomorphism mapping e, to X i' We want to prove thatfis an isomor­
phism. By Lemma 4.3, f is surjective . Since E is projective, it follows that f
splits, i.e. we can write F = Po EB PI, where Po = Ker f and PI is mapped
isomorphically onto E by f, Now the linear independence of XI> .. • , Xn mod
mE shows that

Po emF = mPo EB mP!.

Hence Po c mPo. Also, as a direct summand in a finitely generated module, Po
is finitely generated. So by Lemma 4.3, Po = (0) and f is an isomorphism, as
was to be proved.

As to the second statement, it is immediate since we can complete a given
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sequence xl> , x, with Xl> . . . , xr linearly independent over Aim , to a
sequence XI , ,Xn with Xl , . . . ,xn linearly independent over Aim, and then
we can apply the first part of the proof. This concludes the proof of the theorem.

Let E be a module over a local ring A with maximal ideal m. We let
E(m) = ElmE. If f: E -+ F is a homomorphism, then f induces a homo­
morphism

hm):E(m) -+ F(m).

Iff is surjective, then it follows trivially that !em) is surjective.

Proposition 4.5. Let f: E -+ F be a homomorphism of modules, finite over a
local ring A. Then :

(i) If hm) is surjective, so is f.

(ii) Assume f is injective. If hm) is surjective, then f is an isomorphism.

(iii) Assume that E, F are free . Ifhm) is injective (resp. an isomorphism) then
f is injective (resp. an isomorphism).

Proof. The proofs are immediate consequences of Nakayama's lemma and
will be left to the reader. For instance, in the first statement, consider the exact
sequence

E -+ F -+ Fllmf -+ 0

and apply Nakayama to the term on the right. In (iii) , use the lifting of bases
as in Theorem 4.4.

§5. FILTERED AND GRADED MODULES

Let A be a commutative ring and E a module. By a filtration of E one means
a sequence of submodules

Strictly speaking, this should be called a descending filtration. We don't
consider any other.

Example. Let a be an ideal of a ring A, and E an A-module. Let

Then the sequence of submodules {En} is a filtration.

More generally, let {En} be any filtration of a module E. We say that it is
an a-filtration if aEn c En + 1 for all n. The preceding example is an a-filtration.
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We say that an a-filtr ation is a-stable, or stable if we have aEn = En+ 1 for all n
sufficiently large.

Proposition 5.1. Let {En} and {E~} be stable a-filtrations of E. Then there
ex ists a positive integer d such that

f or all n ~ O.

Proof. It suffices to prove the proposition when E~ = anE. Since
aEn c En+ 1 for all n, we have anE c En. By the stability hypothesis, there
exists d such that

En + d = «e, canE,

which proves the proposition.

A ring A is called graded (by the natural numbers) if one can write A as a
direct sum (as abelian group),

such that for all integers m, n ~ 0 we have AnA m c An+ m • It follows in par­
ticular that Ao is a subring, and that each component An is an Ao-module.

Let A be a graded ring. A module E is called a graded module if E can be
expressed as a direct sum (as abelian group)

such that AnE m c En+ m • In particular, En is an Ao-module. Elements of En are
then called homogeneous of degree n. By definition, any element of E can be
written un iquely as a finite sum of homogeneous elements.

Example. Let k be a field, and let X 0 , ... , X r be independent variables.
The polynomial ring A = k[X0, .. . , Xr] is a graded algebra, with k = Ao.
The homogeneous elements of degree n are the polynomials generated by the
monomials in X 0 ' . .. , X r of degree n, that is

r

x1f' ...X~r with I. d, = n.
i =O

An ideal I of A is called homogeneous if it is graded, as an A-module. If this
is the case , then the factor ring AII is also a graded ring.

Proposition 5.2. Let A be a graded ring. Then A is No etherian if and only
if Ao is No etherian, and A is fi nitely generated as Ao-algebra.
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Proof. A finitely generated algebra over a Noetherian ring is Noetherian,
because it is a homomorphic image of the polynomial ring in finitely many
variables, and we can apply Hilbert's theorem.

Conversely, suppose that A is Noetherian. The sum

is an ideal of A, whose residue class ring is Ao, which is thus a homomorphic
image of A, and is therefore Noetherian. Furthermore, A + has a finite number
of generators x I' . .. , Xs by hypothesis. Expressing each generator as a sum of
homogeneous elements, we may assume without loss of generality that these
generators are homogeneous, say of degrees dI' . . . ,ds respectively, with all
d, > O. Let B be the subring of A generated over Ao by XI"' " X s ' We claim
that An C B for all n. This is certainly true for n = O. Let n > O. Let X be
homogeneous of degree n. Then there exist elements a, E An - d, such that

s

X = Lajx j.
i= I

Since d, > 0 by induction, each a, is in Ao[x l , • •• , x.] = B, so this shows x E B
also, and concludes the proof.

We shall now see two ways of constructing graded rings from filtrations.
First, let A be a ring and a an ideal. We view A as a filtered ring, by the

powers an. We define the first associated graded ring to be

00

Sa(A) = S = EB an.
n=O

Similarly, if E is an A-module, and E is filtered by an a-filtration, we define

Then it is immediately verified that Es is a graded S-module.
Observe that if A is Noetherian, and a is generated by elements Xl" ' " x,

then S is generated as an A-algebra also by XI"'" x.. and is therefore also
Noetherian.

Lemma 5.3. Let A be a Noetherian ring, and E afinitely generated module,
with an a-filtration. Then Es is finite over S if and only if the filtration of E
is a-stable.

Proof. Let
n

F; = EBE j ,

i=O
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and let
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Then G; is an S-submodule of Es , and is finite over S since F; is finite over A.
We have

Since S is Noetherian, we get :

Es is finite over S ¢> Es = GN for some N

-ee- EN+ m= amEN for all m ~ 0

¢> the filtration of E is a-stable.

This proves the lemma.

Theorem 5.4. (Artin-Rees). Let A be a Noetherian ring, a an ideal, E a
finite A-module with a stable a-filtration. Let F be a submodule, and let
F; = F n En . Then {Fn} is a stable a-filtration of F.

Proof. We have

a(F n En) C aF n «E; c F n En + l '

so {F n } is an a-filtration of F. We can then form the associated graded S-module
Fs, which is a submodule of Es , and is finite over S since S is Noetherian. We
apply Lemma 5 .3 to conclude the proof.

We reformulate the Artin-Rees theorem in its original form as follow s.

Corollary 5.5. Let A be a Noetherian ring, E a finite A-module, and F a
submodule. Let a be an ideal. There exists an integer s such that for all
integers n ~ s we have

anE n F = an - "(aSE n F).

Proof. Special case of Theorem 5.4 and the definitions .

Theorem 5.6. (Krull). Let A be a Noetherian ring, and let a be an ideal
contained in every maximal ideal of A. Let E be a finite A-module. Then

ccnanE = O.
n =1

Proof. Let F = nanE and apply Nakayama's lemma to conclude the
proof.
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Corollary 5.7. Lee0 be a local Noetherian ring with maximal idealm. Then

00nm" = O.
"=1

Proof. Special case of Theorem 5.6 when E = A.

The second way of forming a graded ring or module is done as follows. Let
A be a ring and a an ideal of A. We define the second associated graded ring

00

gro(A) = EB a"/a" + 1.

"=0

Multiplication is defined in the obvious way. Let a E a" and let a denote its
residue class mod n"" 1. Let b e o" and let 5 denote its residue class mod am + 1.

We define the product aD to be the residue class of ab mod am +" + 1. It is easily
verified that this definition is independent of the choices of representatives and
defines a multiplication on gro(A) which makes gro(A) into a graded ring .

Let E be a filtered A-module. We define

00

gr(E) = EB En/En + i-
n=O

If the filtration is an a-filtration, then gr(E) is a graded gro(A)-module.

Proposition 5.8. Assume that A is Noetherian, and let a be an ideal of A.
Then gra<A) is Noetherian. If E is afinite A-modulewith a stable a-filtration,
then gr(E) is a finite gra<A)-module.

Proof. Let Xl' .. . , Xs be generators of a. Let Xi be the residue class of Xi

in a/a 2
• Then

is Noetherian, thus proving the first assertion. For the second assertion, we
have for some d,

for all m ~ O.

Hence gr(E) is generated by the finite direct sum

gr(E)O EEl •. • EEl gr(E)d '

But each gr(E)n = En/En + 1 is finitely generated over A, and annihilated by a,
so is a finite A/a-module. Hence the above finite direct sum is a finite A/a­
module, so gr(E) is a finite gro(A)-module, thus concluding the proof of the
proposition.
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§6. THE HILBERT POLYNOMIAL
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The ma in point of this section is to study the lengths of certain filtered
modules over local rings , and to show that they are polynomials in appropriate
cases . However, we first look at graded modules, and then relate filtered
modules to graded ones by using the construction at the end of the preceding
section.

We start with a graded Noetherian ring together with a finite graded A-module
E, so

and E = EB En-
n=O

We have seen in Proposition 5.2 that Ao is Noetherian , and that A is a finitely
generated Ao-algebra . The same type of argument shows that E has a finite number
of homogeneous generators , and En is a finite Ao-module for all n ?; O.

Let <p be an Euler-Poincare Z-vaiued function on the class of all finite
Ao-moduies, as in Chapter III, §8. We define the Poincare series with respect
to <p to be the power series

00

Prp(E, t) = L <p(En)tnE Z[[t]].
n=O

We write P(E, t) instead of Prp(E, t) for simplicity.

Theorem 6.1. (Hilbert-Serre). Let s be the number of generators of A as
Ao-algebra. Then P(E, t) is a rational function of type

P(E, t) = s f(t)

TI (l - td
,)

i = 1

with suitable positive integers d., and f(t) E Z[t].

Proof. Induction on s. For s = 0 the assertion is trivially true . Let s ?; 1.
Let A = Aolx J> . . . , xs ], deg . Xi = d, ?; I. Multiplication by Xs on E gives rise
to an exact sequence

Let

K = EBKn and L = EBLn •
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for all n ~ m.

Then K, L are finite A-modules (being submodules and factor modules of E),
and are annihilated by XS ' so are in fact graded Ao[x(, ... , xs_d-modules . By
definition of an Euler-Poincare function, we get

Multiplying by tn +dsand summing over n, we get

(l - tds)P(E, t) = P(L, t) - r-ro; t) + g(t),

where g(t) is a polynomial in Z[t] . The theorem follows by induction.

Remark. In Theorem 6.1, if A = Ao[Xl' . .. , xs] then d, = deg Xi as shown
in the proof. The next result shows what happens when all the degrees are
equal to 1.

Theorem 6.2. Assume that A is generated as an Ao-algebra by homogeneous
elementsofdegree 1. Let d be the order of the pole of P(E, t) at t = 1. Then
for all sufficiently large n, cp(En) is a polynomial in n of degree d - 1. (For
this statement, the zero polynomial is assumed to have degree -1.)

Proof. By Theorem 6.1, cp(En ) is the coefficient of t" in the rational function

P(E, t) = f(t) j(1 - ty.

Cancelling powers of I - t, we write P(E, t) = h(t)j(1 - t)d, and h(l) i= 0, with
h(t) E Z[t]' Let

m

h(t) = L aktk.
k=O

We have the binomial expansion

(l - t)-d = Jo (d : : ~ 1)tk
.

For convenience we let (_~) = °for n ~ °and (_~) = 1 for n = -1. We

then get

m (d + n - k- 1)
cp(En) = Joak d - 1

The sum on the right-hand side is a polynomial in n with leading term

This proves the theorem.
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The polynomial of Theorem 6.2 is called the Hilbert polynomial of the
graded module E, with respect to ep.

We now put together a number of results of thi s chapter , and give an application
of Theorem 6.2 to certain filtered modules.

Let A be a Noetherian loc al ring with maximal ide al rn, Let q be an m­
primary ideal. Then A/q is also Noetherian and local. Since some power of m
is contained in q, it follows that A/q has only one associated prime, viewed as
module over itself, namely m/q itself. Similarly, if M is a finite A/q-module,
then M ha s only one associated prime, and the only sim ple A/q-module is in
fact an A/m-module which is one-dimensional. Again since some power of m
is contained in q, it follows that A/q has finite length, and M also has finite
length. We now use the length function as an Euler-Poincare function in
applying Theorem 6.2 .

Theorem 6.3. Let A be a Noetherian local ring with maximal ideal m.
Let q be an m-primary ideal, and let E be a finitely generated A-module, with
a stable q-filtration. Then :

(i) E/En hasfinit e lengthfo r n ~ O.

(ii) For all sufficiently large n, this length is a polynomial g(n) of degree ~ s,
where s is the least number of generators ofq.

(iii) The degree and leading coefficient ofg(n) depend only on E and q, but not
on the chosenfilt ration.

Proof. Let

Then gr(E) = E8 En/En+ 1 is a graded G-module, and Go = A/q. By Proposition
5.8, G is Noetherian and gr (E ) is a finit e G-module. By th e remarks preceding
the theo rem, E/En has finite length, and if cp denotes the length, then

n

cp(E/En) = L cp(E j _ I/E).
j= 1

If x ., . . . , X s generate q, then the images XI' . . . , Xs in q /q2 generate G as A/q­
algebra, and each Xi has degree 1. By Theorem 6.2 we see that

is a polynomial in n of degree ~ s - I for sufficiently large n. Since

it follows by Lemma 6 .4 below that ep(EI En) is a pol ynomial g(n) of degree
~ s for all large n. The last statement concerning the independence of the degree
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(1)

of 9 and its leading coefficient from the chosen filtration follows immediately
from Proposition 5.1, and will be left to the reader. This concludes the proof.

From the theorem, we see that there is a polynomial XE,q such that

for all sufficiently large n. IfE = A, then XA,q is usually called the characteristic
polynomial of q. In particular, we see that

for all sufficiently large n.
For a continuation of these topics into dimension theory , see [AtM 69] and

[Mat 80] .

We shall now study a particularly important special case having to do with
polynomial ideal s . Let k be a field , and let

A = k[Xo, . . . , XN ]

be the polynomial ring in N + I variable. Then A is graded, the elements of
degree n being the homogeneous polynomials of degree n. We let a be a homo­
geneous ideal of A, and for an integer n ~ a we define :

cp(n) = dim, An

cp(n, a) = dim, an

x(n , a) = dim, An/an = dim, An - dim, an = cp(n) - cp(n, a) .

As earlier in this section , An denotes the k-space of homogeneous elements of
degree n in A, and similarly for aw Then we have

(
N + n)

cp(n) = N .

We shall consider the binomial polynomial

(J - T(T - 1) ... (T - d + 1) _ Td

- d' - d' + lower terms .d . .

If f is a function , we define the difference function fJ.f by

fJ.f(T) = f(T + 1) - f(T) .

Then one verifies directly that

(2)
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Lemma 6.4. Let P E Q[T] be a polynomial of degree d with rational
coefficients.

(a) If Pen) E Z for all sufficiently large integers n, then there exist integers
co' ... , Cd such that

In particular, Pen) E Zfor all integers n.

(b) Iff: Z -7 Z is any function, and if there exists a polynomial Q(T) E Q[T]
such that Q(Z) C Z and /If(n) = Q(n) for all n sufficiently large, then
there existsa polynomialP as in (a) such thatf(n) = P(n)for all n sufficiently
large.

Proof. We prove (a) by induction. If the degree of Pis 0 , then the assertion
is obvious . Suppose deg P ;;; 1. By (1) there exist rational numbers co' . .. , cd
such that peT) has the expression given in (a) . But /lP has degree strictly smaller
than deg P. Using (2) and induction, we conclude th at co' . . . , cd-I must be
integers . Finally Cd is an integer because Pen) E Z for n sufficiently large . This
proves (a) .

As for (b) , using (a) , we can write

Q(T) = co( T ) + . . . + Cd-I
d - I

with integers co' . .. , Cd- I' Let PI be the " integral" of Q, that is

Then 1J..(f - PI)(n) = °for all n sufficiently large . Hence (f - P1)(n) is equal

to a constant Cd for all n sufficiently large, so we let P = PI + Cd to conclude
the proof.

Proposition 6.5. Let a, b be homogeneous ideals in A . Then

<pen, a + b) = <pen , a) + <pen, b) - <pen, a n b)

x(n , a + b) = x(n, a) + x(n, b) - x(n , an b) .

Proof. The first is immediate, and the second follows from the definition
of X.
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Theorem 6.6. Let F be a homogeneous polynomial ofdegree d. Assume that
F is not a divisor of zero mod a. that is : if G EA . FG Ea . then G Ea . Then

x(n , a + (F)) = x(n, a) - x(n - d, a) .

Proof. First observe that trivially

'P(n, (F» = 'P(n - d) ,

because the degree of a product is the sum of the degrees . Next , using the
hypothesis that F is not divisor of 0 mod a, we conclude immediately

'P(n, an (F)) = 'P(n - d, a).

Finally, by Proposition 6.5 (the formula for X), we obtain :

x(n, a + (F) = x(n, a) + x(n , (F)) - x(n, a n (F))

= x(n, a) + 'P(n) - 'P(n, (F) - 'P(n) + 'P(n, a n (F)

= x(n, a) - 'P(n - d) + 'P(n - d, a)

= x(n, a) - x(n - d, a)

thus proving the theorem.

We denote by m the maximal ideal m = (Xo, . . . , XN ) in A. We call m the
irrelevant prime ideal. An ideal is called irrelevant if some positive power of
m is contained in the ideal. In particular, a primary ideal q is irrelevant if and
only if m belongs to q . Note that by the Hilbert nullstellensatz , the condition
that some power of m is contained in a is equivalent with the condition that the
only zero of a (in some algebraically closed field containing k) is the trivial zero .

Proposition 6.7. Let a be a homogeneous ideal .
(a) If a is irrelevant. then x(n. a) = 0 for n sufficiently large .
(b) In general . there is an expression a = qIn . . . n q s as a reduced primary

decomposition such that all qi are homogeneous.
(c) If an irrelevant primary ideal occurs in the decomposition . let b be the

intersection of all other primary ideals. Then

x(n, a) = x(n. b)

for all n sufficiently large .

Proof. For (a), by assumption we have An = an for n sufficiently large, so
the assertion (a) is obvious . We leave (b) as an exercise . As to (c), say qs is
irrelevant, and let b = qIn . . . n qs-(' By Proposition 6.5, we have

x(n, b + qs) = x(n, b) + x(n , qs) - x(n, a) .

But b + qs is irrelevant, so (c) follows from (a), thus concluding the proof.



X, §6 THE HILBERT POLYNOMIAL 437

We now want to see that for any homogeneous ideal a the function f such
that

f (n) = x (n , a)

satisfies the conditions of Lemma 6.4(b). First, we observ e that if we change
the ground field from k to an algebraicall y clo sed field K containing k, and we
let AK = K[Xo, .. . , XN ], aK = Ka, then

and

Hence we can assume that k is algebraically clo sed .
Second, we shall need a geometric notion , that of dimension. Let V be a

variety over k, say affine , with generic point (x) = (Xl> .. . , XN )' We define its
dimension to be the transcendence degree of k(x) over k. For a projective variety,
defined by a homogeneous prime ideal p, we define its dimension to be the
dimension of the homogeneous variety defined by p minus 1.

We now need the following lemma.

Lemma 6.8. Let V, W be varieties over a field k.

[fV::J Wand dim V = dim W, then V = W.

Proof. Say V, Ware in affine space AN. Let Pv and Pw be the respective
prime ideals of V and Win k[X]. Then we have a canonical homomorphism

k[X] /p v ~ k[x] - k[y] ~ k[X]/p w

from the affine coordinate ring of V onto the affine coordinate ring of W. If the
transcendence degree of k(x ) is the same as that of k ( y ), and say YI' . .. , Yr form
a tran scendence basis of k( y ) over k , then X l ' . . . , .r, is a tran scendence basis
of k(x ) over k, the homomorphism k[x] - k[y] induces an isomorphism

and hence an isomorphism on the finite extension k[x] to k[y], as desired .

Theorem 6.9. Let a be a homogeneous ideal in A. Let r be the maximum
dimension of the irreducible components of the algebraic space in projective
space defined by a. Then there exists a polynomial P E Q[T] of degree ~ r,
such that P(Z ) C Z , and such that

P(n) = x(n, a )

for all n sufficiently large.
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Proof. By Proposition 6.7(c), we may assume that no primary component
in the primary decomposition of a is irrelevant. Let Z be the algebraic space of
zeros of a in projective space . We may assume k algebraically clo sed as noted
previously . Then there exists a homogeneous polynomial L E k[X] of degree I
(a linear form) which does not lie in any of the prime ideals belonging to the
primary ideals in the given decompos ition . In particular, L is not a divisor of
zero mod a. Then the components of the algebraic space of zeros of a + (L)
must have dimension ~ r - 1. By induction and Theorem 6 .6 , we conclude
that the difference

x(n, a) - x(n - I , 0)

satisfies the conditions of Lemma 6.4(b) , which concludes the proof.

The polynomial in Theorem 6.9 is called the Hilbert polynomial of the
ideal u,

Remark. The above results give an introduction for Hartshorne 's [Ha 77],
Chapter I, especially §7. If Z is not empty, and if we write

nr

x(n, a) = c, + lower terms ,
r.

then c > 0 and c can be interpreted as the degree of Z, or in geometric terms ,
the number of points of intersection of Z with a sufficiently general linear variety
of complementary dimension (counting the points with certain multiplicities) .
For explanations and details , see [Ha 77], Chapter I, Proposition 7.6 and Theorem
7.7 ; van der Waerden [vdW 29] wh ich does the same thing for multihomogeneous
polynomial ideals; [La 58], referred to at the end of Chapter VIII , §2 ; and the
papers [MaW 85], [Ph 86], making the link with van der Waerden some six
decades before .
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§7. INDECOMPOSABLE MODULES

Let A be a ring, not necessar ily commutative, and E an A-module. We
say that E is Artinian if E satisfies the descending chain condition on sub­
modules, that is a sequence

must stabil ize : there exists an integer N such that if n ~ N then En = En + i ­

Example 1. If k is a field, A is a k-algebra, and E is a finite-dimensional
vector space over k which is also an A-module, then E is Artinian as well as
Noetherian.

Example 2. Let A be a commutative Noetherian local ring with maximal
ideal m, and let q be an m-primary ideal. Then for every positive integer n,
Alqn is Artinian. Indeed, Alqn has a Jordan-Holder filtration in which each
factor is a finite dimensional vector space over the field Aim, and is a module
of finite length. See Proposition 7.2 .

Conversely, suppose that A is a local ring which is both Noetherian and
Artinian. Let m be the maximal ideal. Then there exists some positive integer
n such that m" = 0. Indeed, the descending sequence m" stabilizes, and
Nakayama's lemma implies our assertion. It then also follows that every
primary idea l is nilpotent.

As with Noetherian rings and modules, it is easy to verify the following
statements :

Proposition 7.1. Let A be a ring , and let

°-> E' -> E -> E" -> 0

be an exact sequence of A-modules. Then E is Artinian if and only if E' and
E" are Artinian.

We leave the proofto the reader. The proof is the same as in the Noetherian
case , revers ing the inclu sion relations between modules.

Proposition 7.2. A module E has a finite simple filtration if and only if E
is both Noetherian and Artinian.

Proof. A simple modul e is gene rated by one element , and so is Noetherian.
Since it contains no proper submodule =1= 0 , it is also Artinian . Propo sition 7.2
is then immediate from Proposition 7. I .

A module E is called decomposable if E can be written as a direct sum
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with E1 =1= E and E2 =1= E. Otherwise, E is called indecomposable . If E is
decomposable as above, let e l be the projection on the first factor, and
e2 = 1 - e l the projection on the second factor. Then e l , e2 are idempotents
such that

Conversely, if such idempotents exist in End(E) for some module E, then E is
decomposable, and ej is the projection on the submodule e.E,

Let u : E -. E be an endomorphism of some module E. We can form the
descending sequence

1m u ::::l 1m u2
::::l 1m u3 ::::l • • •

If E is Artinian, this sequence stabilizes, and we have

for all sufficiently large n.

We call this submodule uOO(E), or 1m U
OO .

Similarly, we have an ascending sequence

Ker u c Ker u2 c Ker u3 c . ..

which stabilizes if E is Noetherian, and in this case we write

Ker U
OO = Ker u" for n sufficiently large.

Proposition 7.3. (Fitting's Lemma). Assume that E is Noetherian and
Artinian. Let u E End(E) . Then E has a direct sum decomposition

E = 1m U
OO EB Ker u" ,

Furthermore, the restriction ofu to 1m U
OO is an automorphism,and the restric­

tion of u to Ker U
OO is nilpotent.

Proof. Choose n such that 1m U
OO = 1m u" and Ker U

OO = Ker u". We
have

1m U OO 11 Ker U
OO = {O},

for if x lies in the intersection, then x = un(y) for some y E E, and then
o= un(x) = u2n(y). So y E Ker u2n = Ker u", whence x = un(y) = O.

Secondly, let x E E. Then for some y E un(E) we have
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Then we can write
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x = x - Un( y) + Un( y),

which shows that E = 1m u" + Ker u", Combined with the first step of the
proof, this shows that E is a direct sum as stated.

The final assertion is immediate, since the restriction of u to 1m u" is sur­
jective, and its kernel is 0 by the first part of the proof. The restriction of u to
Ker u" is nilpotent because Ker u" = Ker u". This concludes the proof of the
proposition.

We now generalize the notion of a local ring to a non-commutative ring.
A ring A is called local if the set of non-units is a two-sided ideal.

Proposition 7.4. Let E be an indecomposable module over the ring A. Assume
E Noetherian and Artinian. Any endomorphism of E is either nilpotent or an
automorphism. Furthermore End(E) is local.

Proof. By Fitting's lemma, we know that for any endomorphism u, we
have E = 1m u" or E = Ker u" , So we have to prove that End(E) is local.
Let u be an endomorphism which is not a unit, so u is nilpotent. For any
endomorphism v it follows that uv and vu are not surjective or injective respec­
tively, so are not automorphisms. Let u1, U2 be endomorphisms which are not
units . We have to show U 1 + U 2 is not a unit. If it is a unit in End(E), let
Vi = Ui(U I + U2)-1 . Then V I + V2 = 1. Furthermore, VI = 1 - V2 is invertible
by the geometric series since V2 is nilpotent. But V 1 is not a unit by the first part
of the proof, contradiction. This concludes the proof.

Theorem 7.5. (Krull-Remak-Schmidt). Let E i= 0 be a module which is
both Noetherian and Artinian. Then E is a finite direct sum ofindecomposable
modules. Up to a permutation, the indecomposable components in such a
direct sum are uniquely determined up to isomorphism.

Proof. The existence of a direct sum decomposition into indecomposable
modules follows from the Artinian condition. If first E = E 1 EB E2 , then either
E 1, E2 are indecomposable, and we are done ; or, say, E I is decomposable.
Repeating the argument, we see that we cannot continue this decomposition
indefinitely without contradicting the Artinian assumption.

There remains to prove uniqueness. Suppose

where Ei> Fj are indecomposable. We have to show that r = s and after some
permutation, E, ~ F j • Let ei be the projection of E on Ei> and let uj be the
projection of Eon Fj , relative to the above direct sum decompositions. Let:
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Then I Uj = idE implies that

s

I VjWj lE I = idE"
j= I

X, §7

By Proposition 7.4, End(E I ) is local, and therefore some VjWj is an automor­
ph ism of EI. After renumbering, we may assume that VIWI is an automorphism
of E I' We claim that V I and WI induce isomorphisms between El and F I'

This follows from a lemma.

Lemma 7.6. Let M, N be modules, and assume N indecomposable. Let
u :M -. N and v :N -. M be such that vu is an automorphism. Then u, v
are isomorphisms.

Proof. Let e = U(VU)-IV. Then e2 = e is an idempotent, lying in End(N),
and therefore equal to 0 or 1 since N is assumed indecomposable. But e =1= 0
because idM =1= 0 and

So e = idN • Then u is injective because vu is an automorphism ; v is injective
because e = id; is injective ; u is surjective because e = idN ; and v is surjective
because vu is an automorphism. This concludes the proof of the lemma.

Returning to the theorem, we now see that

E = F I EB (E 2 EB . . . EB E.).

Indeed, e I induces an isomorphism from F I to EI' and since the kernel of e I

is E2 EB ... EB E. it follows that

F I 1\ (E2 EB .. . EB E.) = O.

But also, F I == EI (mod E2 EB .. . EB E.), so E is the sum of F I and E2 EB· . . EB E.,
whence E is the direct sum, as claimed. But then

The proof is then completed by induction.

We apply the preceding results to a commutative ring A. We note that an
idempotent in A as a ring is the same thing as an idempotent as an element of
End(A), viewing A as module over itself. Furthermore End(A) :::::: A. Therefore,
we-find the special cases:

Theorem 7.7. Let A be a Noetherian and Artinian commutative ring.
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(i) If A is indecomposable as a ring, then A is local.

(ii) In general, A is a direct product of local rings, which are Artinian and
Noetherian.

Another way of deriving this theorem will be given in the exercises.

EXERCISES

I. Let A be a commutative ring. Let M be a module, and N a submodule. Let
N = QI n n Qr be a primary decomposition of N. Let Qi = QJN . Show that
0= QI n n Qr is a primary decomposition of 0 in MIN. State and prove the
converse .

2. Let V be a prime ideal, and a, b ideals of A. If ab c V, show that a c V or b c V.

3. Let q be a primary ideal. Let a, b be ideals, and assume ab c q. Assume that b is
finitely generated. Show that a c q or there exists some positive integer n such that
b" c q.

4. Let A be Noetherian, and let q be a p-primary ideal. Show that there exists some n ;;;; 1
such that V" c q.

5. Let A be an arbitrary commutative ring and let S be a multiplicative subset. Let V
be a prime ideal and let q be a p-primary ideal. Then V intersects S if and only if q
intersects S. Furthermore, if q does not intersect S, then S-Iq is S-Iv-primary in
S-IA.

6. If a is an ideal of A, let as = S- Ia. If Ips : A --+ S- IA is the canonical map, abbreviate
Ips I(as) by as n A, even though Ips is not injective. Show that there is a bijection
between the prime ideals of A which do not intersect S and the prime ideals of S- IA,
given by

Prove a similar statement for primary ideals instead of prime ideals.

7. Let a = qIn · . . n q, be a reduced primary decomposition of an ideal. Assume that
q. , .. . , q; do not intersect S, but that qj intersects S for j > i. Show that

is a reduced primary decomposition of as.

8. Let A be a local ring. Show that any idempotent # 0 in A is necessarily the unit
element. (An idempotent is an element e E A such that el = e.)

9. Let A be an Artinian commutative ring. Prove :
(a) All prime ideals are maximal. [Hint : Given a prime ideal V, let x E A, x(V) = O.

Consider the descending chain (x) ::::> (Xl) ::::> (x ' ) ::::> ••• •]
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(b) There is only a finite number of prime, or maximal , ideals. [Hint : Among all
finite intersections of maximal ideals , pick a minimal one.]

(c) The ideal N of nilpotent elements in A is nilpotent, that is there exists a positive
integer k such that N~ = (0). [Him : Let k be such that N~ = Nk' ' . Let 0 = N~.

Let b be a minimal ideal t= 0 such that bo t= O. Then b is principal and bo = b.]
(d) A is Noetherian.
(e) There exists an integer r such that

A = nAIrn'

where the product is taken over all maximal ideals .
(0 We have

where again the product is taken over all pr ime ideals p.

10. Let A, B be local rings with maximal ideals m,; mB , respectively. Let j' : A --+ B be a
homomorphism. We say thatjis local ifj -l(mB) = rnA' Suppose this is the case.
Assume A, B Noetherian, and assume that :

I. A/I1I A --+ B/I1I H is an isomorphism :

2. m, --+ mH/rn~ is surjective :

3. B is a finite A-module, via f.
Prove thatj" is surjective. [Hint : Apply Nakayama twice.]

For an ideal a, recall from Chapter IX, §5 that ?1 (a) is the set of primes containing a.

II . Let A be a commutative ring and M an A-module. Define the support of M by

supp(M) = {pEspec(A) :Mp"l= O}.

If M is finite over A, show that supp(M) = ?1 (ann(M», where ann(M) is the annihilator
of M in A, that is the set of elements a E A such that aM = O.

12. Let A be a Noetherian ring and M a finite A-module. Let I be an ideal of A such that
supp(M) C ?1 (I) . Then PM = 0 for some n > O.

13. Let A be any commutative ring, and M, N modules over A. If M is finitely presented,
and S is a multiplicative subset of A, show that

This is usually applied when A is Noetherian and M finitely generated, in which case
M is also finitely presented since the module of relations is a submodule of a finitely
generated free module.

14. (a) Prove Proposition 6.7(b) .
(b) Prove that the degree of the polynomial P in Theorem 6.9 is exactly r .

Locally constant dimensions

15. Let A be a Noetherian local ring. Let E be a finite A-module. Assume that A has no
nilpotent clements. For each prime ideal p of A, let k(p) be the residue class field. If
dim~(p, Ep/pEp is constant for all p, show that E is free. [Hint: Let XI" ' " X, E A be
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such that the residue classes mod the maximal ideal form a basis for ElmE over k(m ).

We get a surjective homomorphism

A' -+ E -+ O.

Let J be the kernel. Show that J. c m. A~ for all p so J c p for all p and J = 0.]

16. Let A be a Noetherian local ring without nilpotent element s. Let j": E -+ F be a homo­
morphism of A-modules, and suppose E, F are finite free. For each prime p of A let

/ ;. , : E. /pEp -+ Fp/pFp

be the correspo ndi ng k(p)-homom orph ism, where k(p ) = Ap/p Ap is the residue class
field at p. Assum e that

is constant.
(a) Pro ve that Film ! and Im j" are free, and that there is an isomorphism

F;::: Im!® (F ilm f) .

[Hint : Use Exercise 15.]

(b) Prove that Ker f is free and E ;::: (Ker f) ® (1m f) . [Hint: Use that finite
projective is free.]

The next exercises depend on the notion of a complex , which we have not yet formally
defined . A (finite) complex E is a sequence of homomorphisms of module s

d O d ' d no~ EO~ E ' ~ . . .~ E n~ 0

and homorphisms d' : E i~ E' " I such that d' -t I 0 d' = 0 for all i. Thu s Im(d i) C Ker (d i + 1).

The homology H i of the complex is defined to be

H i = Ker(di+I)/lm(di).

By definition , H O= EOand H" = E n/ l m(d n). You may want to look at the first section
of Chapter XX , becau se all we use here is the basic notion , and the following property ,
which you can easily prove . Let E, F be two complexes . By a homomorphismj': E~ F
we mean a sequence of homomorphisms

Ii: Ei ~ F i

making the diagram commutative for all i :

di

Ei~Ei+1

!il l!i +1

Fi~F i +l

d}:

Show that such a homomorphism! induce s a homomorphism H(f ) : H (E )~ H (F ) on the
homology; that is , for each i we have an induced homomorphism
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The following exercises are inspired from applications to algebraic geometry, as for
instance in Hartshorne, Algebraic Geometry, Chapter III, Theorem 12.8 . See also Chapter
XXI, § I to see how one can construct complexes such as those considered in the next
exercises in order to compute the homology with respect to less tractable complexes .

Reduction of a complex mod p

17. Let 0 -> KO -> K 1 -> . . . -> K" -> 0 be a complex of finite free modules over a local
Noetherian ring A without nilpotent elements. For each prime p of A and module E,
let E(p) = Ep/pEp, and similarly let K(p) be the complex localized and reduced mod p.
For a given integer i, assume that

is constant, where Hi is the i-th homology of the reduced complex. Show that Hi(K)
is free and that we have a natural isomorphism

[Hint: First write dIp) for the map induced by di on Ki(p). Write

dimklP) Ker dIp) = dimk(p) Ki(p) - dimk(p) Im dIp) .

Then show that the dimensions dim k1p) Irn dIp) and dim klP) 1m d;;;1 must be constant.
Then apply Exercise 12.]

Comparison of homology at the special point

18. Let A be a Noetherian local ring . Let K be a finite complex, as follows :

o-> KO -> . . . -> Kn -> 0,

such that K i is finite free for all i. For some index i assume that

is surjective. Prove :
(a) This map is an isomorphism.
(b) The following exact sequences split:

(c) Every term in these sequences is free.

19. Let A be a Noetherian local ring. Let K be a complex as in the previous exercise. For
some i assume that

is surjective (or equivalently is an isomorphism by the previous exercise). Prove that
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the following conditions are equivalent :
(a) H i

- I(K)(m) -> H i
-

1(K(m)) is surjective.
(b) H i - 1(K)(m) -> H i

- 1(K(m)) is an isomorphism.
(c) Hi(K) is free.

[Hint : Lift bases until you are blue in the face.]
(d) If these conditions hold, then each one of the two inclusions

splits, and each one of these modules is free. Reducing mod m yields the
corresponding inclusions

and induce the isomorphism on cohomology as stated in (b). [Hint : Apply
the preceding exercise.]




