CHAPTER XI

Real Fields

§1. ORDERED FIELDS

Let K be a field. An ordering of K is a subset P of K having the following
properties:

ORD 1. Given x € K, we have either x e P, or x = 0, or —x € P, and these
three possibilities are mutually exclusive. In other words, K is the
disjoint union of P, {0}, and —P.

ORD 2. Ifx,yeP, thenx + yand xyeP.

We shall also say that X is ordered by P, and we call P the set of positive
elements.

Let us assume that K is ordered by P. Since 1 # 0 and 1 = 1% = (—1)?
we see that 1 e P. By ORD 2, it follows that 1 + -.- + 1€ P, whence K has
characteristic 0. If xe P, and x # 0, then xx~! = 1 P implies that x~ ! e P.

Let x, ye K. We define x < y(or y > x)to mean that y — xeP. If x <0
we say that x is negative. This means that — x is positive. One verifies trivially
the usual relations for inequalities, for instance:

x<y and y<z implies x <z,

x<y and z>0 implies Xz < yz,
L 1 1

x<y and x,y>0 implies 5 < >

We define x < ytomeanx < yorx = y. Thenx £ yand y < x imply x = y.
If K is ordered and x € K, x # 0, then x? is positive because x? = (—x)?
and either x € P or —x € P. Thus a sum of squares is positive, or 0.

Let E be a field. Then a product of sums of squares in E is a sum of squares.
If a, b e E are sums of squares and b # 0 then a/b is a sum of squares.
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450 REAL FIELDS X, §1

The first assertion is obvious, and the second also, from the expression
a/b = ab(b™ ')~

If E has characteristic # 2, and —1 is a sum of squares in E, then every
element a € E is a sum of squares, because 4a = (1 + a)> — (1 — a)*.

If K is a field with an ordering P, and F is a subfield, then obviously, P N F
defines an ordering of F, which is called the induced ordering.

We observe that our two axioms ORD 1 and ORD 2 apply to a ring. If
A is an ordered ring, with 1 # 0, then clearly 4 cannot have divisors of 0, and
one can extend the ordering of A to the quotient field in the obvious way: A
faction is called positive if it can be written in the form a/b with a, be A and
a, b > 0. One verifies trivially that this defines an ordering on the quotient
field.

Example. We define an ordering on the polynomial ring R[¢] over the
real numbers. A polynomial

f) = a,t" + - + a

with a, # 0 is defined to be positive if a, > 0. The two axioms are then trivially
verified. We note that ¢t > a for all a e R. Thus ¢ is infinitely large with respect
to R. The existence of infinitely large (or infinitely small) elements in an ordered
field is the main aspect in which such a field differs from a subfield of the real
numbers.

We shall now make some comment on this behavior, i.e. the existence of
infinitely large elements.

Let K be an ordered field and let F be a subfield with the induced ordering.
Asusual,we put |x] = xifx > Oand |[x| = —xif x < 0. We say that an element
o in K is infinitely large over F if |«| = x for all x e F. We say that it is infinitely
smallover F if 0 < |a| < |x|forall x e F, x # 0. We see that a is infinitely large
if and only if &~ ! is infinitely small. We say that K is archimedean over F if K
has no elements which are infinitely large over F. An intermediate field F,,
K D F; D F, is maximal archimedean over F in X if it is archimedean over F,
and no other intermediate field containing F, is archimedean over F. If F; is
archimedean over F and F; is archimedean over F; then F, is archimedean over
F. Hence by Zorn’s lemma there always exists a maximal archimedean subfield
F, of K over F. We say that F is maximal archimedean in X if it is maximal
archimedean over itself in K.

Let K be an ordered field and F a subfield. Let o be the set of elements of K
which are not infinitely large over F. Then it is clear that o is a ring, and that for
any x e K, we have a or a~ ! € 0. Hence o is what is called a valuation ring,
containing F. Let m be the ideal of all « € K which are infinitely small over F.
Then m is the unique maximal ideal of o, because any element in o which is not
in m has an inverse in 0. We call o the valuation ring determined by the ordering
of K|/F.
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Proposition 1.1. Let K be an ordered field and F a subfield. Let o be the
valuation ring determined by the ordering of K/F, and let m be its maximal
ideal. Then o/m is a real field.

Proof. Otherwise, we could write
—1=Yal+a

with o;€ 0 and aem. Since ) of is positive and a is infinitely small, such a
relation is clearly impossible.

§2. REAL FIELDS

A field K is said to be real if —1 is not a sum of squares in K. A field K is
said to be real closed if it is real, and if any algebraic extension of K which is real
must be equal to K. In other words, K is maximal with respect to the property
of reality in an algebraic closure.

Proposition 2.1. Let K be a real field.

(i) If ae K, then K(\/a) or K(\/ —a) is real. If a is a sum of squares in K,
then K(\/c_z) is real. If K(\/c_z) is not real, then —a is a sum of squares
inK.

(it) If f is an irreducible polynomial of odd degree n in K[ X and if a is a root
of f, then K(a) is real.

Proof. LetaeK. Ifaisasquarein K, then K(\/E) = K and hence is real by
assumption. Assume that ais not a squarein K. If K (\/2) 1s not real, then there
exist b;, ¢; € K such that

1 =Y (b + e
=Y (b + 2¢;bii/a + cta).

Since ,/a is of degree 2 over K, it follows that

—1=Yb+a) i

If a is a sum of squares in K, this yields a contradiction. In any case, we con-
clude that

B RPN
a———zCi2

is a quotient of sums of squares, and by a previous remark, that —a is a sum of
squares. Hence K(Va) is real, thereby proving our first assertion.
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As to the second, suppose K(a) is not real. Then we can write

-1= Z gi(“)z

with polynomials g; in K[X] of degree < n — 1. There exists a polynomial h
in K[ X] such that

—1 =Y g(X)* + h(X)f(X).

The sum of g,(X)? has even degree, and this degree must be > 0, otherwise — 1
is a sum of squares in K. This degree is < 2n — 2. Since f has odd degree n, it
follows that h has odd degree < n — 2. If f is a root of h then we see that —1
is a sum of squares in K(f). Since deg h < deg f, our proof is finished by
induction.

Let K be a real field. By a real closure we shall mean a real closed field L
which is algebraic over K.

Theorem 2.2. Let K be a real field. Then there exists a real closure of K.
If R is real closed, then R has a unique ordering. The positive elements are
the squares of R. Every positive element is a square, and every polynomial of
odd degree in R[X] has a root in R. We have R* = R(V=1).

Proof. By Zorn’s lemma, our field K is contained in some real closed field
algebraic over K. Now let R be a real closed field. Let P be the set of non-zero
elements of R which are sums of squares. Then P is closed under addition and
multiplication. By Proposition 2.1, every element of P is a square in R, and given
a€R,a # 0,we must have ae P or —a € P. Thus P defines an ordering. Again
by Proposition 2.1, every polynomial of odd degree over R has a root in R. Our
assertion follows by Example 5 of Chapter VI, §2.

Corollary 2.3. Let K be a real field and a an element of K which is not a
sum of squares. Then there exists an ordering of K in which a is negative.

Proof. The field K(,/ —a) is real by Proposition 1.1 and hence has an
ordering as a subfield of a real closure. In this ordering, —a > 0 and hence a is
negative.

Proposition 2.4. Let R be a field such that R # R* but R* = R(/ —1). Then
R is real and hence real closed.

Proof. Let P be the set of elements of R which are squares and # 0. We
contend that P is an ordering of R. Let ae R, a # 0. Suppose that a is not a
square in R. Let a be a root of X? — a = 0. Then R(2)) = R(\/j), and hence
there exist ¢, d € R such that « = ¢ + d\/——l . Then

o =c? 4 2cd /-1 - d>
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Since 1, ./ —1 are linearly independent over R, it follows that ¢ = 0 (because
a¢ R?), and hence —a is a square.

We shall now prove that a sum of squares is a square. For simplicity, write
i= \/—_1 . Since R(i) is algebraically closed, given a, b € R we can find ¢,d e R
such that (¢ + di)> = a + bi. Thena = ¢? — d* and b = 2cd. Hence

a® + b = (2 + d*P,

as was to be shown.
Ifae R, a # 0, then not both a and —a can be squares in R. Hence P is an
ordering and our proposition is proved.

Theorem 2.5. Let R be a real closed field, and f(X) a polynomial in R[X].
Let a, be R and assume that f(a) <0 and f(b) > 0. Then there exists ¢
between a and b such that f(c) = 0.

Proof. Since R(\/ —1) is algebraically closed, it follows that [ splits into a
product of irreducible factors of degree 1 or 2. If X? + aX + B is irreducible
(o, f € R) then it is a sum of squares, namely

(xe3) +(r-%)

and we must have 48 > «? since our factor is assumed irreducible. Hence the
change of sign of f must be due to the change of sign of a linear factor, which is
trivially verified to be a root lying between a and b.

Lemma 2.6. Let K be a subfield of an ordered field E. Let a € E be algebraic
over K, and a root of the polynomial

f(X)=X"+a,_ X" '+ +a,

with coefficients in K. Then |a| £ 1 + |a,_,| + -+ + |ao].

Proof. 1If || < 1, the assertion is obvious. If |a| > 1, we express |a|" in
terms of the terms of lower degree, divide by |«|"" !, and get a proof for our
lemma.

Note that the lemma implies that an element which is algebraic over an
ordered field cannot be infinitely large with respect to that field.

Let f(X) be a polynomial with coefficients in a real closed field R, and
assume that f has no multiple roots. Let u < v be elements of R. By a Sturm
sequence for f over the interval [u, v] we shall mean a sequence of polynomials

S:{f=f0,fl=f1,...,fm}

having the following properties:
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ST 1. The last polynomial f,, is a non-zero constant.

ST 2. There is no point x € [u, v] such that f(x) = f;,(x) = 0 for any
value0 <j<m-— 1L

ST3. If xe[u, v] and f(x) = O for some j = 1,...,m — 1, then f;_;(x)
and f;, ;(x) have opposite signs.

ST 4. We have f(u) # Oand f(v) # Oforallj=0,...,m

For any x € [u, v] which is not a root of any polynomial f; we denote by
Ws(x) the number of sign changes in the sequence

{f(X), fl(x)7 et fm(x)},
and call Wy(x) the variation of signs in the sequence.
Theorem2.7. (Sturm’s Theorem). The number of roots of f between u and v
is equal to Wy(u) — Wy(v) for any Sturm sequence S.

Proof. We observe that if o, < a, < --- < o, is the ordered sequence of
roots of the polynomials f;in [u, v] (j = 0, ..., m — 1), then Wy(x) is constant
on the open intervals between these roots, by Theorem 2.5. Hence it will suffice
to prove that if there is precisely one element « such that u < o < vand ais a
root of some f;, then Wy(u) — Ws(v) = 1 if a is a root of f, and 0 otherwise.
Suppose that « is a root of some f;, for 1 <j < m — 1. Then f;_,(a), f;+ ()
have opposite signs by ST 3, and these signs do not change when we replace «
by u or v. Hence the variation of signs in

{fi- 1), f(w), fi+1)} and  {f;_1(), fi(v), f;+:1(0)}
is the same, namely equal to 2. If o is not a root of f, we conclude that
Ws(u) = Ws(v).

If a is a root of f, then f(u) and f(v) have opposite signs, but f'(u) and f'(v)
have the same sign, namely, the sign of f'(x). Hence in this case,

Ws(u) = Wy(v) + L.
This proves our theorem.

It is easy to construct a Sturm sequence for a polynomial without multiple
roots. We use the Euclidean algorithm, writing

=9/ -5
fa=9:/1i— f5

fm—Z = gm—lfm—l - fm’
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using /" = f,. Since f, f" have no common factor, the last term of this sequence
is non-zero constant. The other properties of a Sturm sequence are trivially
verified, because if two successive polynomials of the sequence have a com-
mon zero, then they must all be 0, contradicting the fact that the last one is not.

Corollary 2.8. Let K be an ordered field, f an irreducible polynomial of
degree = 1 over K. The number of roots of f in two real closures of K inducing
the given ordering on K is the same.

Proof. We can take v sufficiently large positive and u sufficiently large
negative in K so that all roots of f and all roots of the polynomials in the Sturm
sequence lie between u and v, using Lemma 2.6. Then Wy(u) — Wy(v) is the
total number of roots of f in any real closure of K inducing the given ordering.

Theorem 2.9. Let K be an ordered field, and let R, R’ be real closures of K,
whose orderings induce the given ordering on K. Then there exists a unique
isomorphism ¢ : R —» R’ over K, and this isomorphism is order-preserving.

Proof. We first show that given a finite subextension E of R over K, there
exists an embedding of E into R over K. Let E = K(«), and let

f(X) = Irr(e, K, X).

Then f(o) = 0and the corollary of Sturm’s Theorem (Corollary 2.8) shows that
fhasaroot fin R". Thus there exists an isomorphism of K(x) on K(f) over K,
mapping « on f.

Letay, ..., o, be the distinct roots of fin R, and let S, ..., f8,, be the distinct
roots of fin R'. Say

oy < ---<a, inthe ordering of R,

B, <--- <P, inthe ordering of R".

We contend that m = n and that we can select an embedding ¢ of K(«y, .. ., a,)
into R’ such that ga; = B, for i = 1,..., n. Indeed, let y; be an element of R
such that

“,’,-2=O(i+1—0(1~ fOI‘ l:1, ,I’l—l
and let E; = K(oty,..., %, ¥1,--+, Yu—1)- By what we have seen, there exists

an embedding ¢ of E, into R’, and then oo;,, — o, is a square in R’. Hence

O'O(l <---<O'O(n.

This proves that m = n. By symmetry, it follows that m = n. Furthermore,
the condition that oo; = f; for i = 1, ..., n determines the effect of ¢ on
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K(ay, ..., o,). We contend that ¢ is order-preserving. Let ye K(a,,...,a,)
and 0 < y. Let y€ R be such that y> = y. There exists an embedding of

K(ala""an’ yl&"'ayn—I,Y)

into R’ over K which must induce ¢ on K(a, ..., a,) and is such that ¢y is a
square, hence > 0, as contended.

Using Zorn’s lemma, it is now clear that we get an isomorphism of R onto R’
over K. This isomorphism is order-preserving because it maps squares on
squares, thereby proving our theorem.

Proposition 2.10. Let K be an ordered field, K’ an extension such that there is
no relation

n
_1 = Zaiaiz
i=1

witha;e K,a; > 0,and o; € K'. Let L be the field obtained from K' by adjoining
the square roots of all positive elements of K. Then L is real.

Proof. 1If not, there exists a relation of type
—1= )Y a0}
i=1

with a;e K, a; > 0, and ;€ L. (We can take a; = 1.) Let r be the smallest
integer such that we can write such a relation with «; in a subfield of L, of type

K'(/by,..., /b))

with b;e K, b; > 0. Write
o = X; + y,-\/ET,
with x;, y; € K’(\/E, ey \/l:). Then
—1=Y af(x; + yi\/f)',)2
=Y afx} + 2xiy,~\/b>, + y2b,).
By hypothesis, \/E, is not in K'(b,, ..., \/i):: ). Hence
—1=Y axx} + ) a;by?,
contradicting the minimality of r.

Theorem 2.11. Let K be an ordered field. There exists a real closure R of K
inducing the given ordering on K.
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Proof. Take K’ = K in Proposition 2.10. Then L is real, and is contained
in a real closure. Qur assertion is clear.

Corollary 2.12. Let K be an ordered field, and K' an extension field. In order
that there exist an ordering on K' inducing the given ordering of K, it is
necessary and sufficient that there is no relation of type

witha;e K, a; > 0, and a,€ K'.

Proof. 1If there is no such relation, thenr Proposition 2.10 states that L is
contained in a real closure, whose ordering induces an ordering on K’, and the
given ordering on K, as desired. The converse is clear.

Example. Let Q? be the field of algebraic numbers. One sees at once that
Q admits only one ordering, the ordinary one. Hence any two real closures of Q
in Q* are isomorphic, by means of a unique isomorphism. The real closures of Q
in Q? are precisely those subfields of Q* which are of finite degree under Q®.
Let K be a finite real extension of Q, contained in Q*. An element o of K is a
sum of squares in K if and only if every conjugate of « in the real numbers is
positive, or equivalently, if and only if every conjugate of « in one of the real
closures of Q in Q? is positive.

Note. The theory developed in this and the preceding section is due to Artin-
Schreier. See the bibliography at the end of the chapter.

§3. REAL ZEROS AND HOMOMORPHISMS

Just as we developed a theory of extension of homomorphisms into an
algebraically closed field, and Hilbert’s Nullstellensatz for zeros in an alge-
braically closed field, we wish to develop the theory for values in a real closed
field. One of the main theorems is the following:

Theorem 3.1. Let k be a field, K = k(x,,...,x,) a finitely generated
extension. Assume that K is ordered. Let R, be a real closure of k inducing
the same ordering on k as K. Then there exists a homomorphism

@ k[xy,...,x,] = R,

over k.
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As applications of Theorem 3.1, one gets:

Corollary 3.2. Notation being as in the theorem, let y,, ..., y.€k[x] and
assume

V1 <)Vo<: - <Vm
is the given ordering of K. Then one can choose ¢ such that

Oy < < QY.

Proof. Let y;e K* be such that y? = y,.; — y;. Then K(y,,..., Vn-1)
has an ordering inducing the given ordering on K. We apply the theorem to the
ring

KXt oo X VT s s P s Vs o> Ve 1 -

Corollary 3.3. (Artin). Let k be a real field admitting only one ordering.
Let f(X,, ..., X,)€k(X) be a rational function having the property that for
all (a) = (ay, . .., a,) € R such that f(a) is defined, we have f(a) = 0. Then
f(X) is a sum of squares in k(X).

Proof. Assume that our conclusion is false. By Corollary 2.3, there exists
an ordering of k(X) in which f is negative. Apply Corollary 3.2 to the ring

k(X4 ..o X M(X)™ Y]

where h(X) is a polynomial denominator for f(X). We can find a homo-
morphism ¢ of this ring into R, (inducing the identity on k) such that ¢(f) < 0.
But

o(f) = f(@X, ..., 0X,).

contradiction. We let a; = ¢(X;) to conclude the proof.

Corollary 3.3 was a Hilbert problem. The proof which we shall describe for
Theorem 3.1 differs from Artin’s proof of the corollary in several technical
aspects.

We shall first see how one can reduce Theorem 3.1 to the case when K has
transcendence degree 1 over k, and k is real closed.

Lemma 3.4. Let R be a real closed field and let Ry be a subfield which is
algebraically closed in R (i.e. such that every element of R not in R, is tran-
scendental over R,). Then Ry, is real closed.

Proof. Let f(X) be an irreducible polynomial over R,. It splits in R into
linear and quadratic factors. Its coefficients in R are algebraic over R,, and
hence must lie in R,,. Hence f(X) is linear itself, or quadratic irreducible already
over Ry. By the intermediate value theorem, we may assume that f is positive
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definite, 1.e. f(a) > O for all ae R,. Without loss of generality, we may assume
that f(X) = X* + b? for some b e R,. Any root of this polynomial will bring

/ —1 with it and therefore the only algebraic extension of R, is RO(\/TI).
This proves that R, is real closed.

Let Ry be a real closure of K inducing the given ordering on K. Let R, be
the algebraic closure of k in Rg. By the lemma, R, is real closed.

We consider the field Ry(x,, ..., x,). If we can prove our theorem for the
ring Ry[xy, ..., x,], and find a homomorphism

W:Ro[xh"'axn] _'RO$

then we let 6 : Ry — Ry be an isomorphism over k (it exists by Theorem 2.9), and
we let ¢ = o oy to solve our problem over k. This reduces our theorem to the
case when k is real closed.

Next, let F be an intermediate field, K > F o k, such that K is of tran-
scendence degree 1 over F. Again let Ry be a real closure of K preserving the
ordering, and let Ry be the real closure of F contained in Rg. If we know our
theorem for extensions of dimension 1, then we can find a homomorphism

lp:}zl’[xla"'axn]—)I(F'

We note that the field k(yx,, ..., ¥x,) has transcendence degree < n — 1,
and is real, because it is contained in R;. Thus we are reduced inductively to
the case when K has dimension 1, and as we saw above, when k is real closed.

One can interpret our statement geometrically as follows. We can write
K = R(x, y) with x transcendental over R, and (x, y) satisfying some irreducible
polynomial f(X, Y) = 0in R[X, Y]. What we essentially want to prove is that
there are infinitely many points on the curve f(X, Y) = 0, with coordinates
lying in R, i.e. infinitely many real points.

The main idea is that we find some point (a, b) € R® such that f(a, b) = 0
but D, f(a, b) # 0. We can then use the intermediate value theorem. We see
that f(a, b + h) changes sign as h changes from a small positive to a small
negative element of R. If we take a’' € R close to a, then f(a’, b + h) also changes
sign for small i, and hence f(a’, Y) has a zero in R for all o’ sufficiently close to a.
In this way we get infinitely many zeros.

To find our point, we consider the polynomial f(x, Y)as a polynomial in one
variable Y with coefficients in R(x). Without loss of generality we may assume
that this polynomial has leading coefficient 1. We construct a Sturm sequence
for this polynomial, say

{f(x’ Y)’ fl(x’ Y)’ ] fm(xa Y)}

Let d = deg f. If we denote by A(x) = (a,_,(x), ..., ax(x)) the coefficients of
f(x, Y), then from the Euclidean alogrithm, we see that the coefficients of the
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polynomials in the Sturm sequence can be expressed as rational functions
{G(A(x))}

in terms of a,_,(x), ..., ag(x).
Let

o(x) = 1+ ag-,00) £ -+ £ ag(x) + 5,

where s is a positive integer, and the signs are selected so that each term in this
sum gives a positive contribution. We let u(x) = —u(x), and select s so that
neither u nor v is a root of any polynomial in the Sturm sequence for f. Now
we need a lemma.

Lemma 3.5. Let R be a real closed field, and {h{x)} a finite set of rational
functions in one variable with coefficients in R. Suppose the rational field
R(x) ordered in some way, so that each h{(x) has a sign attached to it. Then
there exist infinitely many special values ¢ of x in R such that hy(c) is defined
and has the same sign as h/(x), for all i.

Proof. Considering the numerators and denominators of the rational
functions, we may assume without loss of generality that the h; are polynomials.
We then write

hix) = a [ (x = ) [] px),

where the first product is extended over all roots A of h; in R, and the second
product is over positive definite quadratic factors over R. For any £ € R, p(&) is
positive. It suffices therefore to show that the signs of (x — 4) can be preserved
for all A by substituting infinitely many values o for x. We order all values of A
and of x and obtain

e < x< A<

where possibly 4, or 4, is omitted if x is larger or smaller than any 4. Any value
o of x in R selected between A, and A, will then satisfy the requirements of our
lemma.

To apply the lemma to the existence of our point, we let the rational functions
{h;(x)} consist of all coefficients a;_;(x), ..., ag(x), all rational functions
G,(A(x)), and all values f(x, u(x)), fi(x, v(x)) whose variation in signs satisfied
Sturm’s theorem. We then find infinitely many special values o of x in R which
preserve the signs of these rational functions. Then the polynomials f(a, Y)have
roots in R, and for all but a finite number of «, these roots have multiplicity 1.

It is then a matter of simple technique to see that for all but a finite number of
points on the curve, the elements x, ..., x, lie in the local ring of the homo-
morphism R[x, y] - R mapping (x, y) on (a, b) such that f(a, b) = 0 but
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D, f(a, by # 0. (Cf. for instance the example at the end of §4, Chapter X1I, and
Exercise 18 of that chapter.) One could also give direct proofs here. In this
way, we obtain homomorphisms

R[xy, ..., x,] = R,
thereby proving Theorem 3.1.

Theorem 3.6. Let k be a real field, K = k(x,,...,x,,y) =k(x,y) a
finitely generated extension such that x, . . ., x, are algebraically independent
over k, and y is algebraic over k(x). Let f(X, Y) be the irreducible polynomial
in k[X, Y] such that f(x,y) = 0. Let R be a real closed field containing k,
and assume that there exists (a, b) € R"* ") such that f(a, b) = 0 but

D, f(a,b) #0.
Then K is real.

Proof. Lett,,...,t,be algebraically independent over R. Inductively, we
can put an ordering on R(t,, ..., t,) such that each ¢, is infinitely small with
respect to R, (cf. the example in §1). Let R’ be a real closure of R(t,,...,1t,)
preserving the ordering. Let u; = a; + t;foreachi=1,...,n Thenf(u, b + h)
changes sign for small h positive and negative in R, and hence f(u, Y) has a
root in R’,say v. Since f is irreducible, the isomorphism of k(x) on k(u) sending
x; on u; extends to an embedding of k(x, y) into R’, and hence K is real, as was to
be shown.

In the language of algebraic geometry, Theorems 3.1 and 3.6 state that the
function field of a variety over a real field k is real if and only if the variety has a
simple point in some real closure of k.

EXERCISES

1. Let o be algebraic over Q and assume that Q(«) is a real field. Prove that o is a sum of
squares in Q(a) if and only if for every embedding ¢ of Q(«) in R we have oo > 0.

2. Let F be a finite extension of Q. Let ¢:F — Q be a Q-linear functional such that
@(x*) > Oforallxe F,x # 0. Letae F,a # 0. If p(ax?) = Ofor all x € F, show that « is
a sum of squares in F, and that F is totally real, i.e. every embedding of F in the complex
numbers is contained in the real numbers. [Hint: Use the fact that the trace gives an
identification of F with its dual space over Q, and use the approximation theorem of
Chapter XII, §1.]
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3.

Leta <t < fbeareal interval, and let f(t) be a real polynomial which is positive on this
interval. Show that f(t) can be written in the form

QO+ Y (t—0Q2+ Y (B— 10D

where Q* denotes a square, and ¢ = 0. Hint: Split the polynomial, and use the identity:

(t—a*B-—0+ - — t)z.

(t—a)(f -1 = R

Remark. The above seemingly innocuous result is a key step in developing the
spectral theorem for bounded hermitian operators on Hilbert space. See the appendix
of [La 72} and also [La 85].

. Show that the field of real numbers has only the identity automorphism. [Hint: Show

that an automorphism preserves the ordering.]

Real places

10.

For the next exercises, cf. Krull [Kr 32] and Lang [La 53]. These exercises form a
connected sequence, and solutions will be found in [La 53].

. Let K be a field and suppose that there exists a real place of K; that is, a place ¢

with values in a real field L. Show that K is real.

. Let K be an ordered real field and let F be a subfield which is maximal archimedean

in K. Show that the canonical place of K with respect to F is algebraic over F (i.e.
if o is the valuation ring of elements of X which are not infinitely large over F, and
m is its maximal ideal, then o/m is algebraic over F).

. Let K be an ordered field and let F be a subfield which is maximal archimedean in

K. Let K' be the real closure of K (preserving the ordering), and let F’ be the real
closure of F contained in K'. Let ¢ be the canonical place of K’ with respect to F'.
Show that ¢(K') is F'-valued, and that the restriction of ¢ to K is equivalent to the
canonical place of K over F.

. Define a real field K to be quadratically closed if for all « € K either Va or

V'—a lies in K. The ordering of a quadratically closed real field K is then uniquely
determined, and so is the real closure of such a field, up to an isomorphism over XK.
Suppose that K is quadratically closed. Let F be a subfield of K and suppose that
F is maximal archimedean in K. Let ¢ be a place of K over F, with values in a
field which is algebraic over F. Show that ¢ is equivalent to the canonical place of
K over F.

. Let K be a quadratically closed real field. Let ¢ be a real place of K, taking its values

in a real closed field R. Let F be a maximal subfield of K such that ¢ is an isomorphism
on F, and identify F with ¢(F). Show that such F exists and is maximal archimedean
in K. Show that the image of ¢ is algebraic over F, and that ¢ is induced by the
canonical place of K over F.

Let K be a real field and let ¢ be a real place of K, taking its values in a real closed
field R. Show that there is an extension of ¢ to an R-valued place of a real closure
of K. [Hint: first extend ¢ to a quadratic closure of K. Then use Exercise 5.]
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I1.

12.

13.

Let K C K, C K, be real closed fields. Suppose that K is maximal archimedean in
K, and K, is maximal archimedean in K,. Show that K is maximal archimedean in
Kz.

Let K be a real closed field. Show that there exists a real closed field R containing
K and having arbitrarily large transcendence degree over K, and such that K is maximal
archimedean in R.

Let R be a real closed field. Let f|, ..., f, be homogeneous polynomials of odd
degrees in n variables over R. If n > r, show that these polynomials have a non-
trivial common zero in R. (Comments: If the forms are generic (in the sense of Chapter
IX), and n = r + 1, it is a theorem of Bezout that in the algebraic closure R? the
forms have exactly d, - - d,, common zeros, where d; is the degree of f;. You may
assume this to prove the result as stated. If you want to see this worked out, see
[La 53], Theorem 15. Compare with Exercise 3 of Chapter IX.)
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