
CHAPTER XIX
The Alternating Product

The alternating product has applications throughout mathematics . In differ­
ential geometry, one takes the maximal alternating product of the tangent space
to get a canonical line bundle over a manifold . Intermediate alternating products
give rise to differential forms (sections of these products over the manifold) . In
this chapter, we give the algebraic background for these constructions .

For a reasonably self-contained treatment of the action of various groups of
automorphisms of bilinear forms on tensor and alternating algebras, together
with numerous classical examples, I refer to:

R. HOWE, Remarks on classical invariant theory, Trans. AMS 313 (1989),
pp . 539-569

§1 DEFINITION AND BASIC PROPERTIES

Consider the category of modules over a commutative ring R.
We recall that an r-multilinear map f: E(') --+ F is said to be alternating

if !(XI, ... , x.) = 0 whenever Xi = Xj for some i =1= j .
Let ar be the submodule of the tensor product F(E) generated by all elements

of type

Xl @ . . . @x,

where Xi = x j for some i =1= j. We define

/\'(E) = T'(E)/a, .

Then we have an r-multilinear map E(') --+ /\'(E) (called canonical) obtained
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732 THE ALTERNATING PRODUCT

from the composition

E(r) --+ Tr(E) --+ T'(Ei]«, = /\ r(E).

XIX, §1

It is clear that our map is alternating. Furthermore, it is universal with respect
to r-multilinear alternating maps on E. In other words, if f :E(r) --+ F is such a
map, there exists a unique linear map f* : /\r(E) --+ F such that the following
diagram is commutative :

/\r(E)

E(r) /l
f.

<.
F

Our map f* exists because we can first get an induced map r(E) --+ F making
the following diagram commutative :

and this induced map vanishes on an hence inducing our f* .
The image of an element (XI " ' " x.) E E(r) in the canonical map into

/\r(E) will be denoted by Xl /\ ... /\ x. . It is also the image of Xl ® . .. ® x, in
the factor homomorphism Tr(E) --+ /\r(E).

In this way, r: becomes a functor, from modules to modules . Indeed, let
u: E ~ F be a homomorphism. Given elements XI , . . . , x, E E, we can map

(xI>' . . , xr) ~ U(XI) 1\ • • • 1\ u(xr) E Ar(F).

This map is multilinear alternating, and therefore induces a homomorphism

A r(u): Ar(E) ~ Ar(F).

The association u ~ Ar(u) is obviously functorial.

Example. Open any book on differential geometry (complex or real) and
you will see an application of this construction when E is the tangent space of
a point on a manifold , or the dual of the tangent space . When taking the dual,
the construction gives rise to differential forms .

We let /\(E) be the direct sum

00

/\ (E) = EB /\ r(E).
r=O
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We shall make I\(E) into a graded R-algebra and call it the alternating algebra
of E, or also the exterior algebra, or the Grassmann algebra. We shall first
discuss the general situation, with arbitrary graded rings .

Let G be an additive monoid again, and let A = EB A r be a G-graded
reG

R-algebra. Suppose given for each A r a submodule an and let a = EB o..
reG

Assume that a is an ideal of A . Then a is called a homogeneous ideal, and we can
define a graded structure on A/a. Indeed, the bilinear map

sends o, x Asinto ar +sand similarly, sends Ar x as into ar +s' Thus using repre­
sentatives in An As respectively, we can define a bilinear map

and thus a bilinear map A/a x A/a -+ A/a, which obviously makes A/a into a
graded R-algebra .

We apply this to r(E) and the modules u, defined previously. If

in a product X l II. . . . II. x., then for any Yl " ' " Ys E E we see that

X l II. .. . II. x, II. Yl II. .. . II. Ys

lies in ar +s ' and similarly for the product on the left. Hence the direct sum EB o,
is an ideal of T(E), and we can define an R-algebra structure on T(E)/a. The
product on homogeneous elements is given by the formula

We use the symbol II. also to denote the product in I\(E). This product is called
the alternating product or exterior product. If x E E and y E E, then
x A y = - y A x , as follows from the fact that (x + y) A (x + y) = O.

We observe that 1\ is a functor from the category of modules to the category
ofgraded R-algebras. To each linear map f : E -+ F we obtain a map

rs» :I\(E) -+ I\(F)

which is such that for Xl ' ... , x, E E we ha ve

Furthermore, I\(f) is a homomorphism of graded R-algebras.
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Proposition 1.1. Let E be free of dimension n over R. If r >I n then
I\r(£) = O. Let { VI' . . . , vn} be a basis of E over R . If I ~ r ~ n, then
I\r(£) is free over R, and the elements

form a basis of I\r(E) over k. We have

dim, I\r(E) = (~).

Proof We shall first prove our assertion when r = n. Every element of E
can be written in the form L ai Vi> and hence using the formula x /\ y = - y /\ X

we conclude that VI /\ •. • /\ Vn generates I\n(E). On the other hand, we know
from the theory of determinants that given a E R, there exists a unique multi­
linear alternating form fa on E such that

Consequently, there exists a unique linear map

taking the value a on VI /\ ' " /\ Vn • From this it follows at once that
VI /\ •• • /\ Vn is a basis of I\n(E) over R.

We now prove our statement for I ~ r ~ n. Suppose that we have a relat ion

0= "a(.)v. /\ ... /\ v·L I I I I,.

with i 1 < . .. < i rand a ti ) E R. Select any r-tuple (j) = (j1> • . • , ir) such that
il < . ,. < ir and letjr +I" " .i, be those values of i which do not appear among
01, ' " ,i r)' Take the alternating product with vi, +I /\ . . • /\ vin' Then we shall
have alternating products in the sum with repeated components in all the terms
except the (j)-term, and thus we obtain

Reshuffling Vii /\ .. . /\ vin into VI /\ ••• /\ Vn simply changes the right-hand
side by a sign. From what we proved at the beginning of this proof, it follows
that a(j) = 0. Hence we have proved our assertion for I ~ r ~ n.

When r = 0, we deal with the empty product, and I is a basis for 1\O(E) = R
over R. We leave the case r > n as a trivial exercise to the reader.

The assertion concerning the dimension is tri vial, considering that there is a
bijection between the set of basis elements, and the subsets of the set of integers
(1, . .. , n).
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Remark. It is possible to give the first part of the proof, for I\n(E), without
assuming known the existence of determinants. One must then show that an
admits a l-dimensional complementary submodule in Tn(E). This can be done
by simple means, which we leave as an exercise which the reader can look up
in the more general situation of §4 . When R is a field, this exercise is even more
trivial, since one can verify at once that VI @ . .. @ u; does not lie in an- This
alternative approach to the theorem then proves the existence of determinants .

Proposition 1.2. Let

o~ E' ~ E ~ E"~ 0

be an exact sequence offree R-modules offinite ranks r, n, and s respectively.
Then there is a natural isomorphism

cp : I\ rE' 0 I\s E"~ 1\-e.

This isomorphism is the unique isomorphismhaving thefollowing property. For
elements VI ' . . . , u; E E' and WI' . .. , W s E E", let UI . . . . , Us be liftings of
WI • . . . , W s in E. Then

CP«VI /\ . .. /\ vr) @ (wI /\ .. . /\ ws)) = VI /\ . .. /\ Vr /\ UI /\ . . . /\ us'

Proof. The proof proceeds in the usual two steps . First one shows the
existence of a homomorphism cP having the desired effect. The value on the right
of the above formula is independent of the choice of UI " . . , Us lifting
wI' . . . , W s by using the alternating property, so we obtain a homomorphism cp .
Selecting in particular {VI' . . . , vr } and {WI' ... , ws } to be bases of E' and E"
respectively, one then sees that cp is both injective and surjective . We leave the
detail s to the reader.

Given a free module E of rank n, we define its determinant to be

det E = I\maxE = 1\-t:

Then Proposition 1.2 may be reformulated by the isomorphism formula

det(E') 0 det(E") = det(E).

If R = k is a field, then we may say that det is an Euler-Poincare map on the
category of finite dimensional vector spaces over k.

Example. Let V be a finite dimensional vector space over R. By a volume
on V we mean a norm IIII on det V. Since V is finite dimensional , such a norm
is equivalent to assigning a positive number c to a given basis of det(V) . Such
a basis can be expressed in the form el /\ . .. /\ en' where {e. , ... , en} is a basis
of V. Then for a E R we have

Ilael /\ .. . /\ enll = laic.
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In analysis, given a volume as above, one then defines a Haar measure JL on V
by defining the measure of a set S to be

JL (S) = f llel II ... II enll dx , ... dxn,
s

where xI ' . . . , xn are the coordinates on V with respect to the above basis. As
an exercise , show that the expression on the right is the independent of the choice
of basis .

Proposition 1.2 is a special case of the following more general situation. We
consider again an exact sequence of free R-modules of finite rank as above . With
respect to the submodule E' of E, we define

1\7E = submodule of I\nEgenerated by all elements

XiI /\ . .. /\ x; /\ Yi+I /\ . . . /\ Yn

with XiI' . . . , x; E E' viewed as submodule of E.

Then we have a filtration

Proposition 1.3. There is a natural isomorphism

Proof Let x';, . .. , x:-i be elements of E", and lift them to elements
YI' . . . , Yn-i of E. We consider the map

(X'I"'" xi, x'; , ... ,X:-i) t---+ X'I /\ ... /\ xi /\ Y I /\ ... /\ Yn- i

with the right-hand side taken mod 1\7+IE. Then it is immediate that this map
factors through

and picking bases shows that one gets an isomorphism as desired.

In a similar vein, we have :

Proposition 1.4. Let E = E' EB E" be a direct sum of finite fr ee modules .
Then for every positive integer n, we have a module isomorphism

I\nE ~ EB I\PE' ® I\qE".
p+q=n
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In terms of the alternating algebras, we have an isomorphism

I\E:=:: I\E' @su I\E" .

where @su is the superproduct of graded algebras.

Proof. Each natural injection of E' and E" into E induces a natural map on
the alternating algebras , and so gives the homomorphism

I\E' @ I\E" -+ I\E,

which is graded, i.e. for p = 0, . . . , n we have

To verify that this yields the desired isomorphism, one can argue by picking
bases, which we leave to the reader . The anti-commutation rule of the alternating
product immediately shows that the isomorphism is an algebra isomorphism for
the super product I\E' e; I\E".

We end this sect ion with comments on duality. In Exercise 3, you will prove :

Proposition 1.5. Let E be free of rank n over R. For each positive integer
r, we have a natural isomorphism

The isomorphism is explicitly described in that exercise. A more precise property
than "natural" would be that the isomorphism is functorial with respect to the
category whose objects are finite free modules over R, and whose morphisms
are isomorphisms .

Examples. Let L be a free module over R of rank 1. We have the dual
module LV = HomR(L, R), which is also free of the same rank . For a positive
integer m, we define

L@-m = (LV)@m = LV@ . . . 0 LV (tensor product taken m times) .

Thus we have defined the tensor product of a line with itself for negative integers .
We define L@O = R. You can easily verify that the rule

L@P 0 L@q :=:: L@(p+q)

holds for all integers p, q E Z, with a natural isomorphism. In particular, if
q = -p then we get R itself on the right-hand side .

Now let E be an exact sequence of free modules:
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We define the determinant of this exact sequence to be

det(E) = ® det(Eiy~(-I ); .

XIX, §2

As an exercise, prove that det(E) has a natural isomorphism with R, functorial
with respect to isomorphisms of exact sequences.

Examples. Determinants of vector spaces or free modules occur in several
branches of mathematics , e.g. complexes of partial differential operators, homol­
ogy theories, the theory of determinant line bundles in algebraic geometry, etc .
For instance, given a non-singular projective variety V over C, one define s the
determinant of cohomology of V to be

det H(V) = ® det H i(V)0( -Ii,

where H i(V) are the cohomology groups. Then det H(V) is a one-dimensional
vector space over C, but there is no natural identification of this vector space
with C , because a priori there is no natural choice of a basi s . For a notable
application of the determinant of cohomology, following work of Faltings, see
Deligne , Le determinant de la cohomologie, in Ribet, K. (ed .) , Current Trends
in Arithmetical Algebraic Geometry, Proc . Arcata 1985. (ContemporaryMath. vol
67, AMS (1985) , pp . 93-178.)

§2. FITTING IDEALS

Certain ideals generated by determinants are coming more and more into
use, in several branches of algebra and algebraic geometry. Therefore I include
this section which summarizes some of their properties. For a more extensive
account, see Northcott's book Finite Free Resolutions which I have used , as well
as the appendix of the paper by Mazur-Wiles : "Class Fields of abelian extensions
of Q, " which they wrote in a self-contained way . (Invent. Math. 76 (1984), pp.
179-330.)

Let R be a commutative ring . Let A be a p x q matrix and B a q x s matrix
with coefficients in R. Let r ~ 0 be an integer. We define the determinant ideal
Ir(A) to be the ideal generated by all determinants of r x r submatrices of A.
This ideal may also be described as follows. Let S~ be the set of sequences

J = ii.. .. . ,jr) with 1 ~ i, < i, < < jr ~ p.

Let A = (aij)' Let 1 ~ r ~ min(p, q). Let K = (k \, , kr ) be another element
of S~. We define

ahk, ahk2 «»:

A(r) - ahk, ahk2 ahkr
JK -

«», ajrk2 ajrkr
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where tile vertical bars denote the determinant. With J, K ra nging over S~

we may view A1k as the JK-component of a matrix A(r) which we call the r-th
exterior power of A.

One may also describe the matrix as follcws . Let {e. , . . . , ep } be a basis of
RP and {u" . . . , uq } a basi s of R" , Then the elements

e, /\ .. . /\ e,
)1 J,.

form a basis for !\RP and similarly for a basis of !\Rq. We may view A as a
linear map of RP into R", and the matrix AIr) is then the matrix representing the
exterior power !\rA viewed as a linear map of !\RP into !\Rq. On the whole,
this interpretation will not be especially useful for certain computations, but it
does give a slightly more conceptual context for the exterior power. Just at the
beginning , this interpretation allows for an immediate proof of Proposition 2.1 .

For r = 0 we define A(O) to be the 1 x 1 matrix whose single entry is the
unit element of R. We also note that A(1) = A.

Proposition 2.1. Let A be a p X q matrix and B a q X s matrix . Then

If one uses the alternating products as mentioned above, the proof simply
says that the matrix of the composite of linear maps with respect to fixed bases
is the product of the matrices. If one does not use the alternating products, then
one can prove the proposition by a direct computation which will be left to the
reader.

We have formed a matrix whose entries are indexed by a finite set S~. For
any finite set S and doubly indexed family (cJ K ) with J, K E S we may also
define the determinant as

det(C}K) = L E(O')( n C} .G(}))
G } eS

where 0' ranges over all permutations of the set.
For r ~ 0 we define the determinant ideallr(A) to be the ideal generated by

all the components of A(r) , or equivalently by all r x r subdeterminants of A.
We have by definition

A(O) = Rand A(1) = ideal generated by the components of A.

Furthermore

l/A) = 0 for r> min(p, q)

and the inclusions
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By Proposition 10.1, we also have

XIX, §2

( I) fr(AB) c fr(A) n fr(B).

Therefore, if A = VBV' where V, V' are square matrices of determinant I , then

(2) fr(A) = [reB).

Next, let E be an R-module. Let X l' . . . , x q be generators of E. Then we
may form the matrix of relations (ai ' .. . , aq) E Rq such that

q

L a j Xj = O.
j= I

Suppose first we take only finitely many relations, thus giving rise to a p x q
matrix A. We form the determinant ideal [rCA). We let the determinant ideals
of the family of generators be :

[r(X I" ", xq) = fr( x) = ideal generated by fr(A) for all A.

Thus we may in fact take the infinite matrix of relations, and say that [rex) is
generated by the determinants of all r x r submatrices. The inclu sion rela tions
of (I ) show that

R = f o(x)::> fl(x)::> fix)::> ...

fr( x) = 0 if r > q.

Furthermore, it is easy to see that if we form a submatrix M of the matrix of all
relations by taking only a family of relations which generate the ideal of all
relations in R'', then we have

fr (M) = [rex).

We leave the verification to the reader. We can take M to be a finite matrix when
E is finitely presented, which happens if R is Noetherian.

In terms of this representation of a module as a quotient of R", we get the
following characterization.

Proposition 2.2. Let Rq~ E~ 0 be a representation of E as a quotient of
Rq, and let Xl" ' " xq be the images of the unit vectors in R", Then fr(x) is the
ideal generated by all values

where WI' .. . , w, E Ker(Rq -+ E) and A. E L~(Rq, R).

Proof. This is immediate from the definition of the determinant ideal.
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The above proposition can be useful to replace a matrix computation by a
more conceptual argument with fewer indices . The reader can profitably trans­
late some of the following matrix arguments in these more invariant terms .

We now change the numbering, and let the Fitting ideals be:

when k » q.

Lemma 2.3. The Fitting ideal Fk(x) does not depend on the choice of
generators (x) .

Proof. Let YI' . . . , Ys be elements of E. We shall prove that

Ir(x) = Ir+,(x, y).

The relations of (x, y) constitute a matrix of the form

all al q 0 0

w= a p l a pq 0 0
bll b l q I 0 0

bSI bsq 0

By elementary column operations, we can change this to a matrix

and such operations do not change the determinant ideals by (2). Then we
conclude that for all r ~ 0 we have

Ir(A) = Ir+.(W) c Ir+.(x, y).

This proves that Ir(x) c Ir+.(x, y).
Conversely, let C be a matrix of relations between the generators (x, y).

We also have a matrix of relations

z=

C

By elementary row operations, we can bring this matrix into the same shape
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as B above, with some mat rix of relati ons A' for (x), namel y

Then

XIX, §2

whence Ir+s(C) c Ir(x). Taking all possible matrices of relations C sho ws
that Ir+.(x , y) c Ilx), which combined with the previous inequality yields
Ir+.(x , y) = Ir(x).

Now given two families of generators (x) and (y), we simply put them side
by side (x, y) and use the new numbering for the F, to conclude the proof of
the lemma.

Now let E be a finitely generated R-module with presentation

°-+ K -+ Rq -+ E -+ 0,

where the sequence is exact and K is defined as the kernel. Then K is generated
by q-vectors, and can be viewed as an infinite matrix. The images of the unit
vectors in Rq are generators (x I ' ... ,xq). We define the Fitting ideal of the
module to be

Lemma 2.3 shows that the ideal is independent of the choice of presentation .
The inclu sion relations of a determinant ideal I/A ) of a matrix now translate
into reverse inclu sion relations for the Fitting ideal s , namel y:

Proposition 2.4.

(i) We have

(ii) If E can be generated by q elements, then

(iii) If E isfinitely presented then Fk(E) is finitely generated for all k .

Thi s last sta tement merel y repe at s the property that the determinant ideals of a
matrix can be genera ted by the determinan ts associated with a finite submatrix
if the ro w space of the matrix is finitel y generated .
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Example. Let E = Rqbe the free module of dimension q. Th en :

if 0 ~ k < q

if k ~ q.

This is immedia te fro m the defin ition s and the fact that the only relati on of a
basis for E is the tri vial one.

The Fitting ideal Fo(E) is ca lled the zero-th or initial Fitting ideal. In some
applications it is the onl y o ne which comes up , in which case it is called " the"
Fitting ideal F(E) of E. It is the ideal generated by all q x q determinants in
the matrix of relation s of q genera to rs of the module.

For an y module E we let annR(E) be the annihilat or of E in R, that is the
set of elements a E R such th at aE = O.

Proposition 2.5 . Suppose that E can be generated by q elements. Then

In particular, if E can be generated by one element, then

F(E) = annR(E).

Proof. Let Xl ' .. . , xq be generators of E. Let a l , . . . , aq be elements of R
annihilating E. Then the diagonal matrix whose diagonal components are
a l , • .• , aq is a mat rix of relati ons, so the definition of the Fitt ing ideal shows
that the determinant of th is mat rix, which is the product al .. . aq lies in
Iq(E) c Fo(E). This proves the inclusion

annR(E)q c F(E).

Con versely, let A be a q x q matrix of relations between X I" '" xq • Then
det(A)xj = 0 for all i so det(A) E annR(E). Since F(E) is genera ted by such
determinants, we get the reverse inclu sion which proves the proposition .

Corollary 2.6. Let E = Ria for some ideal a . Then F(E) = a.

Proof. The module Ria can be generated by one element so the corollary
is an immediate consequence of the proposition.

Proposition 2.7. Let

o-> E' -> E -> En -> 0

be an exact sequence offinite R-modules. For integers m, n ~ 0 we have
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/11 particular for F = Fo.

F(E')F(E") c F(E).

XIX, §2

Proof. We may assume E' is a submodule of E. We pick generators
X I" '" x p of E' and elements YI" ' " Yq in E such that their images i ;, ... ,Y;
in E" generate E". Then (x , y) is a family of generators for E. Suppose first that
m ~ p and 11 ~ q. Let A be a matrix of relations among y';, ... , Y; with q
columns. If (a I' . . . , aq ) is such a relation, then

so there exist elements b l , . . . , b, E R such that

I aiJ'i + L bjXj = O.

Thus we can find a matrix B with p columns and the same number of rows as
A such that (B, A) is a matrix of relations of (x, y). Let C be a matrix of relations
of (XI"' " x p ) . Then

is a matrix of relations of (x , y). If D" is a (q - 11) X (q - 11) subdeterminant of
A and D' is a (p - m) x (p - m) subdeterminant of C then D"D' is a

(p + q - m - n) x (p + q - m - 11)

subdeterminant of the matrix

and D"D' E Fm+n(E). Since Fm(E') is generated by determinants like D' and
Fn(E") is generated by determinants like D", this proves the proposition in the
present case.

Ifm > pandn > q then Fm+n(E) = Fm(E') = Fn(E") = Rsotheproposition
is trivial in this case.

Say m ~ p and n > q. Then FiE") = R = FiE") and hence

Fm(E')Fn(E") = FiE")Fm(E') c Fp+iE) c Fm +n(E)

where the inclusion follows from the first case. A similar argument proves
the remaining case with m > p and n ~ q. This concludes the proof.

Proposition 2.8. Let E', E" be finite R-modules . For any integer n ~ 0 we
have

Fn(E' EB E") = I F,(E')F.(E").
r+s=n
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Proof. Let x I' .. . , xp generate Ei and YI' . . . , Yq generate E". Then (x, Y)
generate E' EB E". By Proposition 2.6 we know the inclusion

LFr(E')Fs(E") c FiE' EB E"),

so we have to prove the converse. If n ~ p + q then we can take r ~ p and
s ~ q in which case

and we are done. So we assume n < p + q. A relation between (x, y) in the
direct sum splits into a relation for (x) and a relation for (y). The matrix of
relations for (x, y) is therefore of the form

(
A' 0)

C = 0 A"

where A' is the matrix of relations for (x) and A" the matrix of relations for
(y). Thus

Fn(E' EB E") = 2:)p+Q-iC)
c

where the sum is taken over all matrices C as above. Let D be a

(p + q - n) x (p + q - n)

subdeterminant. Then D has the form

I
B' 0 ID= o B"

where B' is a k' x (p - r) matrix, and B" is a k" x (q - s) matrix with some
positive integers k', k", r, s satisfying

k' + k" = p + q - nand r + s = n.

Then D = 0 unless k' = p - rand k" = q - s. In that case

D = det(B')det(B") E Fr(E')Fs(E"),

which proves the reverse inclusion and concludes the proof of the proposition.

Corollary 2.9. Let
s

E = EB Ria;
j= 1

where a j is an ideal. Then F(E) = a l '" as.

Proof. This is really a corollary of Proposition 2.8 and Corollary 2 .6 .
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§3. UNIVERSAL DERIVATIONS
AND THE DE RHAM COMPLEX

In this section, all rings R, A, etc. are assumed commutative.

XIX, §3

Let A be an R-algebra and M an A-module. By a derivation D : A --+ M
(over R) we mean an R-linear map satisfying the usual rules

D(ab) = aDb + bDa.

Note that D(1) = 2D(1) so D(1) = 0, whence D(R) = 0. Such derivations form
an A-module DerR(A, M) in a natural way, where aD isdefined by(aD)(b) = aDb.

By a universal derivation for A over R, we mean an A-module Q, and a
derivation

d :A--+Q

such that, given a derivation D : A --+ M there exists a unique A-homomorphism
I :Q --+ M making the following diagram commutative :

A~Q

~}
M

It is immediate from the definition that a universal derivation (d, Q) is uniquely
determined up to a unique isomorphism. By definition, we have a functorial
isomorphism

I DerR(A, M) ~ HomA(Q, M). I
We shall now prove the existence of a universal derivation.
The following general remark will be useful. Let

ft,f2:A -+ B

be two homomorphisms of R-algebras, and let J be an ideal in B such that
P = 0. Assume that It == f2 mod J; this means that ft(x) == fix) mod J for
all x in A. Then

D=/2-ft

is a derivation. This fact is immediately verified as follows :

12(ab) = f2(a)/2(b) = Ut(a) + D(a)]Ut(b) + D(b)]
= ft(ab) + ft(b)D(a) + ft(a)D(b) .
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But the A-module structure of J is given via I I or 12 (which amo unt to the same
thing in light of our assumptions on II' 12), so the fact is proved.

Let the tens or product be taken over R.
Let m, : A ® A -+ A be the multiplication homomorphism, such that

m ACa ® b) = abo Let J = Ker rnA- We define the module of differentials

n AIR = JIJ 2
,

as an ideal in (A ® A)jJ2 . The A-module structure will always be given via the
embedding on the first fact or:

A -+ A ® A by a 1---+ a ® I.

Note that we have a direct sum decomposition of A-modules

A ® A = (A ® 1) ffi J ,

and therefore

(A ® A)/P = (A ® 1) ffi J jJ2.

Let

d :A --+ J jJ2 be the R-linear map a 1---+ 1 ® a - a ® I mod J2.

Tak ing fl : a 1---+ a i8l I and f2 :a 1---+ I i8l a, we see that d = f2 - fl ' Hence d is
a derivation when viewed as a map into J/P.

We note that J is generated by elements of the form

t-.«.
Indeed, if L Xi ® Yi E J , then by definition L XiYi = 0, and hence

L Xi ® Yi = L x;(1 ® Yi - Yi ® 1),

according to the A-module structure we have put on A ® A (operation of A on
the left factor.)

Theorem 3.1. The pair (J/ J 2, d) is universal for derivations of A. This
means : Given a derivation D: A ~ M there exists a unique A-linear map
f : J/ J 2~ M making the f ollowing diagram commutative.

\1
M
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Proof There is a unique R-bilinear map

f : A @ A ...... M given by x@Yf--> xDy,

which is A-linear by our definition of the A-module structure on A @ A. Then
by definition, the diagram is commutative on elements of A, when we take f
restricted to J, because

f(l @ y - y @ 1) = Dy.

Since l iP is generated by elements of the form x dy, the uniqueness of the map
in the diagram of the theorem is clear. This proves the desired universal
property.

We may write the result expressed in the theorem as a formula

The reader will find exercises on derivations which give an alternative way of
constructing the universal derivation, especially useful when dealing with
finitely generated algebras, which are factors of polynomial rings.

I insert here without proofs some further fundamental constructions, im­
portant in differential and algebraic geometry. The proofs are easy, and provide
nice exercises.

Let R ...... A be an R-algebra of commutative rings. For i ~ 0 define

Ai I\i A1
UA /R = ~~A/R '

where O~/R = A.

Theorem 3.2. There exists a unique sequence of R-homomorphisms

d . Ai A i+1
i . UA /R ...... ~~A/R

such that for W E Oi and I] E OJ we have

d(W 1\ 1]) = do: 1\ I] + (- 1Yw 1\ dn.

Furthermore d od = O.

The proof will be left as an exercise.
Recall that a complex of modules is a sequence of homomorphisms

. I d i - 1 • d i . I. . . ~ E' - ----,) E'~ E' + ~

such that d! 0 di - \ = O. One usually omits the superscript on the maps d. With
this terminology , we see that the O~/R form a complex, called the De Rham
complex.
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Theorem 3.3. Let k be a field of characteristic 0, and let A = k[X I, . . . , Xnl
be the polynomial ring in n variables . Then the De Rham complex

is exact.

Again the proof will be left as an exerci se. Hint : Use induction and
integrate formall y.

Other results concerning connections will be found in the exercises below.

§4. THE CLIFFORD ALGEBRA

Let k be a field. By an algebra throughout this section, we mean a k-algebra
given by a ring homomorphism k~ A such that the image of k is in the center
of A.

Let E be a finite dimensional vector space over the field k, and let 9 be a
symmetric form on E. We would like to find a universal algebra over k, in which
we can embed E, and such that the square in the algebra corresponds to the value
of the quadratic form in E. More precisely, by a Clifford algebra for g, we
shall mean a k-algebra C(g) , also denoted by C/E), and a linear map
p: E ~ C(g) having the following property: If !/J : E ~ L is a linear map of E
into a k-algebra L such that

r/J(X)2 = g(x, x) . I (l = unit element of L)

for all x E E, then there exi sts a unique algebra-homomorphism

C(!/J ) = !/J*: C(g) -+ L

such that the following diagram is commutative :

E~C(g)

~I
L

By abstract nonsense, a Clifford algebra for 9 is uniquely determined, up to a
unique isomorphism. Furthermore, it is clear that if (C(g ), p) exists, then C(g)
is generated by the image of p, i.e. by p(E), as an algebra over k.

We shall write p = Pgif it is necessary to specify the reference to 9 explicitly.
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We have trivially

p(X)2 = g(X, x ) . 1

for all x E E, and

p(x)p( y) + p(y)p(x) = 2g(x, y) . 1

as one sees by replacing x by x + y in the preceding relation .

XIX, §4

Theorem 4.1. Let g be a symmetric bilinear form on a finite dimensional
vector space E over k. Then the Clifford algebra (C(g), p) exists. The map p
in injective, and C(g) has dimension 2n over k, if n = dim E.

Proof. Let T(E) be the tensor algebra as in Chapter XVI, §7 . In that algebra,
we let I 9 be the two-sided ideal generated by all elements

x 0 x - g(x, x) . I for x E E.

We define CgCE) = T(E)IIg. Observe that E is naturally embedded in T(E) since

T(E) = k EB E EB (E 0 E) EB . . ..

Then the natural embedding of E in TE followed by the canonical homomorphisms
of T(E) onto Cg(E) defines our k-linear map p : E ---'> Cg(E) . It is immediate from
the universal property of the tensor product that Cg(E) as just defined satisfies
the universal property of a Clifford algebra , which therefore exists . The only
problem is to prove that it has the stated dimension over k.

We first prove that the dimension is ~ 2n . We give a proof only when
the characteristic of k is oF 2 and leave characteristic 2 to the reader. Let
{VI' .. . , vn } be an orthogonal basis of E as given by Theorem 3.1 of Chapter
XV . Let e, = ljJ(Vj), where ljJ : E ---'> L is given as in the beginning of the sec­
tion. Let c, = g(Vj, Vj). Then we have the relations

er= Cj ,

Thi s immediately implies that the subalgebra of L generated by ljJ(E) over k is
generated as a vector space over k by all elements

ell . . . e~n with Vj = °or 1 for i = I, .. . , n.

Henc e the dimens ion of this subalgebra is ~ 2n . In particular, dim CgCE) ~ 2n

as desired.
There remains to show that there exists at least one ljJ : E ---'> L such that L

is generated by ljJ(E) as an algebra over k, and has dimension 2n ; for in that
case , the homomorphism ljJ* : CgCE) ---'> L being surjective, it follows that dim
C/E) ~ 2n and the theorem will be proved . We construct L in the following
way . We first need some general notion s.

Let M be a module over a commutative ring . Let i, j E Z/2Z. Suppose M
is a direct sum M = Mo EEl M) where 0, I are viewed as the elements of Z /2Z.
We then say that M is Z/2Z-graded . If M is an algebra over the ring, we say
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it is a Z/2Z-graded algebra if M;Mj C M;+j for all i , j E Z/2Z. We simply
say graded , omitting the Z/2Z prefix when the reference to Z/2Z is fixed
throughout a discussion , which will be the case in the rest of thi s section .

Let A, B be graded modules as above , with A = Ao ffi AI and B = Bo ffi B I'

Then the tensor product A 0 B has a direct sum decomposit ion

A 0 B = EB A; 0 Bj .

t.i

We define a grading on A Q9 B by letting (A 0 B)o con sist of the sum over indices
i , j such that i + j = 0 (in Z/2Z), and (A Q9 B)I consist of the sum over the
indices i , j such that i + j = I .

Suppose that A, B are graded algebras over the given commutative ring. There
is a unique bilinear map of A Q9 B into itself such that

(a Q9 b)(a' Q9 b') = (-I );jaa' Q9 bb'

if a' E Ai and b E Bj . Just as in Chapter XVI, §6, one verifies associativity and
the fact that this product gives rise to a graded algebra , whose product is called
the super tensor product , or super product. As a matter of notation, when we
take the super tensor product of A and B, we shall denote the resulting algebra
by

A e, B

to distinguish it from the ordinary algebra A 0 B of Chapter XVI , §6.
Next suppose that E has dimension lover k. Then the factor pol ynomial ring

kIX] / (x2 - CI) is immediately verified to be the Clifford algebra in this case .
We let t l be the image of X in the factor ring , so Cg(E ) = k[tJl with tT = CI '

The vector space E is imbedded as kt I in the direct sum k ffi kt I '

In general we now take the super ten sor product inductively:

CiE) = k[tJl 0 su kIt:!) 0 su . • • Q9S1i kit,,], with kIt;] = k[X) / (X2 - c,).

Its dimension is 2". Then E is embedded in Cg(E) by the map

al vl + . .. + a"v" ~ altl EB ... EB a"tll"

The desired commutation rules among t i , tj are immediately verified from the
definition of the super product , thu s concluding the proof of the dimension of
the Clifford algebra .

Note that the proof gives an explicit representation of the relations of the
algebra , which also makes it easy to compute in the algebra . Note further that
the alternating algebra of a free module is a special case , taking Ci = 0 for all
i. Taking the c, to be algebraically independent shows that the alternating algebra
is a specialization of the generic Clifford algebra , or that Clifford algebras are
what one calls perturbations of the alternating algebra. Ju st as for the alternating
algebra , we have immediately from the construction :

Theorem 4.2. Let g , g' by symmetric fo rms on E, E' respectively. Then we
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have an alg ebra isomorphism

C( g EB g' ) = C(g ) @suC(g' ).

XIX, §4

Examples. Cl ifford algebras have had increasing ly wide applications in
physics , different ial geometry, topo logy, group represent ations (finite groups
and Lie groups), and number theory. First , in topology I refer to Adams [Ad 62]
and [ABS 64] giving applications of the Clifford algebra to various problems
in topolog y, notably a descr iption of the way Cli fford algebras over the real s
are related to the existence of vector fields on spheres . The multipl ication in the
Clifford algebra give s rise to a multiplication on the sphere, whence to vector
field s. [ABS 64] also give s a number of computations related to the Cli fford
algebra and its applications to topology and physics. For instance , let E = Rn

and let 9 be the negative of the standard dot product. Or more invariantly , take
for E an n-dimensional vector space over R, and let 9 be a negative definite
symmetric form on E. Let C; = C(g) .

The operation

V I 0 . .. @ u; ~ u, @ ... @ V I = (VI @ ... 0 vr )* for Vi E E

induces an endomorphism of F (E) for r ~ O. Since V 0 V - g(v , v ) . I (for
V E E ) is invariant under this operation, there is an induced endomorphism
* : C;~ Cn' which is actually an involution , that is x** = x and (xy)* = y*x*
for x E Cn' We let Spin(n) be the subgroup of unit s in C; generated by the unit
sphere in E (i .e. the set of elements such that g(v , v ) = -I ), and lying in the
even part of Cn' Equi valently , Spin (n) is the group of elements x such that
xx* = I . The name date s back to Dirac who used this group in his study of elec­
tron spin. Topologists and others view that group as being the universal cover­
ing group of the special orthogonal group SO(n) = SUn(R).

An account of some of the results of [Ad 62] and [ABS 64] will also be
found in [Hu 75], Chapter II. Second I refer to two work s encompassing two
decades , concerning the heat kernel , Dirac operator, index theorem, and number
theory, ranging from Atiyah, Bott and Patodi [ABP 73] to Faltings [Fa 91], see
especially §4 , entitled "The local index theorem for Dirac operators" . The vector
space to which the general theory is applied is mostly the cotangent space at a
point on a manifold. I recommend the book [BGV 92], Chapter 3.

Finally, I refer to Brocker and Tom Dieck for applications of the Clifford
algebra to representation theory , starting with their Chapter I, §6, [BtD 85].
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EXERCISES

I. Let E be a finite dimensional vector space over a field k. Let Xl' . . . , x p be elements of E
such that XI II ... II x p # 0, and similarly YI II . . . II Yp # o. If c E k and

X l II II x p = CY I II . . . II Yp

show that XI " ' . ' xp and YI , , Yp generate the same subspace . Thus non-zero
decomposable vectors in IVE up to non-zero scalar multiples correspond to
p-dimensional subspaces of E.

2 . Let E be a free module of dimension n over the commutative ring R. Let f :E -+ E
be a linear map. Let rt.,(f) = tr /\'(f ), where /\,(f ) is the endomorphism of /\,(E)
into itself induced by f. We have

rt.o(f) = 1, rt.1(f) = tr(f), rt.n(f) = det [,

and rt.,(f) = 0 if r > n. Show that

det(l + f) = 2:>,(f).
r ~O

[Hint: As usual, prove the statement when f is represented by a matrix with variable
coefficients over the integers.] Interpret the rt.,(f ) in terms of the coefficients of the
characteristic polynomial of f.

3. Let E be a finite dimensional free module over the commutative ring R. Let EV be
its dual module . For each integer r ~ I show that I\'Eand l\' Ev are dual modules
to each other, under the bilinear map such that

(V I 1\ • • • 1\ v" v; 1\ •• • 1\ v~) ~ det «Vi' vi»
where (V i' vi>is the value of vi on Vi' as usual , for Vi E E and vi E E V.

4 . Notation being as in the preceding exercise, let F be another R-module which is free,
finite dimensional. Let f: E -+ F be a linear map. Relative to the bilinear map of the
preceding exercise, show that the transpose of /\'f is /\'('!), i.e. is equal to the roth
alternating product of the transpose of f.

5 . Let R be a commutative ring . If E is an R-module, denote by L~(E) the module of
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r-multilinear alt ernating maps of E into R itself (i.e . the r-multil inear alternating
forms on E). Let L~(E) = R, and let

00

Q(E) = EB L~(E).
r = O

Show that Q(E) is a graded R-algeb ra, the multiplication being defined as follows. If
W E L~(E) and if! E L~(E), and VI' . .. , Vr+s are elemen ts of E, then

(w A if! )(v\> . . . , vr+ s) = I £(a)w(vul' . . . • Vur)if!(Vu(r+I ) , • .. , vus)'

the sum being taken over all permutations a of (I , . .. , r + s) such that a l < . . . < or
and a(r + 1) < .. . < as.

Derivations

In thefollowing ex ercises on derivations, all rings are assumed commutative. Among
other things , the exercises give another proof of the existence of universal derivat ions.

Let R -> A be a R-algebra (of commutative rings, according to our convention).
We denote the module of universal derivations of A over R by (dA1R, Q~IR)' but we do not
assume that it necessaril y exists. Sometimes we write d instead of dA/ R for simplicity
if the reference to AIR is clear.

6. Let A = R[X,] be a polynomial ring in variables X•• where ex ranges over some
indexing set, possibly infinite. Let Q be the free A-module on the symbols dX" and let

d :A -> Q

be the mapping defined by

af
df( X ) = I -a ax;

a x,

Show that the pair (d, Q) is a universal deri vat ion (dA1R, Q~IR)'

7. Let A -> B be a homomorphism of R-algebras. Assume that the universal der ivations
for AIR, BIR, and BIA exist. Show that one has a natural exact sequence :

[Hint : Consider the sequence

which you prove is exact. Use the fact that a sequence of B-module s

N' -> N -> N" -> 0

is exact if and only if its Hom into M is exact for every B-module M. Apply this to the
sequence of der ivations.]

8. Let R -> A be an R-algebra, and let I be an ideal of A. Let B = A/I. Suppose that the
universal der ivat ion of A over R exists. Show that the universal der ivation of B over R
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also exists, and that there is a natural exact sequence

[Hint: Let M be a B-module. Show that the sequen ce
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is exact.]

9. Let R ~ B be an R-algebra . Show that the universal derivation of B over R exists
as follows . Represent B as a quot ient of a polynomial ring , possibly in infinitely
many variables . App ly Exercises 6 and 7.

10. Let R -+ A be an R-algebra. Let So be a mult iplicative subset of R,and S a multiplicative
subset of A such that So map s into S. Show that the univer sal der ivat ion of S- 1A over
So 1R is (d, S-lQ~/R)' where

II . Let B be an R-algebra and M a B-module. On B EEl M define a product

(b, x ) (b', y ) = (bb', by + b'x ).

Show that B EEl M is a B-algeb ra, if we identify an element b e B with (b,O). For any
R-algebra A, show that the algebra homomorphisms Hom Alg/R(A, B EEl M) consist of
pairs (qJ , D), where qJ : A -+ B is an algebra homomorphism, and D : A -+ M is a
der ivation for the A-module struc ture on M induced by tp.

12. Let A be an R-algebra. Let s : A -+ R be an algebra homomorphism, which we call an
augmentation. Let M be an R-m odule. Define an A-module structure on M via 1:, by

a · x = f.(a)x for aEA and xE M.

Wr ite M, to den ote M with this new module struc ture. Let :

Der,(A, M) = A-module of deri vation s for the s-module struc ture on M

1= Ker s.

Then Der,(A , M) is an A/I-module. Note that there is an R-module direct sum de­
compositio n A = R EEl I. Show that there is a natural A-module isomorphism

and an R-module isom orphism

In particular, let IJ : A -+ 1/12 be the projection of A on 1/12 relati ve to the direct sum
decomposition A = R EEl I. Then IJ is the uni versal s-derivation.

Derivations and connect ions

13. Let R -+ A be a homomorphi sm of commutative rings, so we view A as an R-algebra.
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Let E be an A-module. A connection on E is a homomorphism of abelian groups

such that for a E A and x E E we have

V(ax) = aV(x) + da ® x,

where the tensor product is taken over A unless otherwise specified. The kernel of V,
denoted by Ev , iscalled the submoduleofhorizontal elements, or the horizontal submodule
of(E, V).

(a) For any integer i ;;;; I , define

ni I\inl
"AIR = "AIR '

Show that V can be extended to a homomorphism of R-modules

by

Vlw ® x) = dw ® x + (-I)iW 1\ Vex).

(b) Define the curvature of the connection to be the map

Show that K is an A-homomorphism. Show that

Vi + 1 0 Vlw ® x) = W 1\ K(x)

for w E n~/R and x E E.
(c) Let Der(A/R) denote the A-module of derivations of A into itself, over R.

Let V be a connection on E. Show that V induces a unique A-linear map

V: Der(A/R) -+ EndR(E)

such that

V(D)(ax) = D(a)x + aV(D) (x).

(d) Prove the formula

In this formula , the bracket is defined by [f, g] = f og - g o f for two endo­
morphisms f, gof E. Furthermore, the right-hand side is the composed mapping
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14. (a) For any derivation D ofa ring A into itself, prove Leibniz's rule:

(b) Suppose A has characteristic p. Show that DP is a derivation.

15. Let A/R be an algebra, and let E be an A-module with a connection V. Assume that R
has characteristic p. Define

tj;: Der (A/R) -+ EndR(E)

by

tj;(D) = (V(D»P - V(DP).

Prove that tj;(D) is A-linear. [Hint : Use Leibniz's formula and the definition of a
connection.] Thus the image of tj; is actually in EndiE).

Some Clifford exercises

16. Let Cg(E) be the Clifford algebra as defined in §4. Define Fj(Cg) = (k + E)i, viewing
E as embedded in Cg. Define the similar object F;C I\E) in the alternating algebra . Then
Fi+ 1 ::::> F, in both case s , and we define the i-th graded module gr, = FjFj_ l • Show
that there is a natural (functorial) isomorphism

grj(Cg(E» .z, gr;(I\E).

17. Suppose that k = R, so E is a real vector space , which we now assume of even
dimension 2m. We also assume that g is non-degenerate . We omit the index g since
the symmetric form is now fixed , and we write C+, C- for the spaces of degree 0
and I respecti vely in the Z/2Z-grading. For elements x , y in C + or C- , define their
supercommutator to be

{x , y} = xy - (_ I)(dep )(deg \' )yx .

Show that F2m - 1 is generated by supercommutators .

18. Still assuming g non-degenerate , let 1 be an automorphism of (E, g) (i .e.
g(Jx , ly) = g(x, y ) for all x , y E E) such that j2 = -id. Let Ec = C Q9RE be the
extension of scalars from R to C . Then Ec has a direct sum decompo sition

Ec = EcEB Ec
into the eigenspaces of 1, with eigenvalues I and - I respect ively . (Proof?) There
is a representation of Ec on I\Ec, i.e . a homomorphism Ec ~ Endc(Ec)whereby
an element of Ecoperates by exterior multiplication, and an element of Ecoperates
by inner multiplication , defined as follow s.

For x' E Ec there is a unique C-Iinear map having the effect
r

X '(X I 1\ • •• 1\ x r ) = -22: ( - I)i- I (x', x ) x \ 1\ • •• 1\ Xi 1\ • • • 1\ x r .
;= 1
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Prove that under this operation, you get an isomorphism

Cg(E)c ~ Endd AEc)'

XIX, Ex

[Hint : Count dimensions .]

19. Consider the Clifford algebra over R. The standard notation is Cn if E = R" with
the negative definite form, and C~ if E = R n with the positive definite form. Thus
dim Cn = dim C~ = 2n

•

(a) Show that

Cz = H (the division ring of quatemions)

C2= M z(R) (2 x 2 matrices over R)

20. Establish isomorphisms:

C 0 R C = C x C; C 0 R H = Mz(C); H 0 R H = M 4(R)

where Md(F) = d x d matrices over F . For the third one, with H 0 H, define an
isomorphism

f : H 0 R H ~ HomR(H , H) = M 4(R)

by f(x 0 y)(z) = xzy, where if y = Yo + y1i + yzj + Y3k then

y = Yo - y1i - yzj - Y3k.

21 . (a) Establish isomorphisms

Cn+ Z = C~ 0 Cz and

[Hint: Let {e" . . . , en+z} be the orthonormalized basis with e; = -I. Then for
. the first isomorphism map ei H e; 0 e,ez for i = 1, . .. , n and map en+I' en+z

on 1 0 e, and I 0 ez respectively .]
(b) Prove that Cn + & = C; 0 M I 6(R ) (which is called the periodicity property) .
(c) Conclude that Cn is a semi-simple algebra over R for all n.

From (c) one can tabulate the simple modules over Cn' See [ABS 64], reproduced
in Husemoller [Hu 75], Chapter II, §6.




