CHAPTER XIX
The Alternating Product

The alternating product has applications throughout mathematics. In differ-
ential geometry, one takes the maximal alternating product of the tangent space
to get a canonical line bundle over a manifold. Intermediate alternating products
give rise to differential forms (sections of these products over the manifold). In
this chapter, we give the algebraic background for these constructions.

For a reasonably self-contained treatment of the action of various groups of
automorphisms of bilinear forms on tensor and alternating algebras, together
with numerous classical examples, I refer to:

R. Howg, Remarks on classical invariant theory, Trans. AMS 313 (1989),

pp- 539-569

§1 DEFINITION AND BASIC PROPERTIES

Consider the category of modules over a commutative ring R.

We recall that an r-multilinear map f: E” — F is said to be alternating
if f(xy,...,x,) = 0 whenever x; = x; for some i # j.

Let a, be the submodule of the tensor product T7(E) generated by all elements
of type

xl ® e ® xr
where x; = x; for some i # j. We define
/N'(E) = T"(E)/a,.

Then we have an r-multilinear map E” — /\"(E) (called canonical) obtained
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732 THE ALTERNATING PRODUCT XIX, §1

from the composition
E" > T(E) - T(E)/a, = \"(E).

It is clear that our map is alternating. Furthermore, it is universal with respect
to r-multilinear alternating maps on E. In other words, if f: E® — F is such a
map, there exists a unique linear map f,,: /\"(E) - F such that the following
diagram is commutative:

/N(E)

Our map f, exists because we can first get an induced map 7'(E) — F making
the following diagram commutative:

T"(E)

E(’) J
T~ ;

and this induced map vanishes on a,, hence inducing our f, .

The image of an element (x,,...,x,)€E® in the canonical map into
/\'(E) will be denoted by x; A --- A x,. Itisalso theimageof x; ® -+ ® x, in
the factor homomorphism T"(E) —» /\"(E).

In this way, /\” becomes a functor, from modules to modules. Indeed, let
u: E— F be a homomorphism. Given elements x;, ..., x, € E, we can map

X, x) > ulx) A Aulx,) € /\’(F).
This map is multilinear alternating, and therefore induces a homomorphism
N@wy: N(E) = /\'(F).
The association u — /\"(u) is obviously functorial.

Example. Open any book on differential geometry (complex or real) and
you will see an application of this construction when E is the tangent space of
a point on a manifold, or the dual of the tangent space. When taking the dual,
the construction gives rise to differential forms.

We let /\(E) be the direct sum

Am=@Nm
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We shall make /\(E) into a graded R-algebra and call it the alternating algebra
of E, or also the exterior algebra, or the Grassmann algebra. We shall first
discuss the general situation, with arbitrary graded rings.

Let G be an additive monoid again, and let 4 = @ 4, be a G-graded

reG
R-algebra. Suppose given for each A, a submodule q,, and let a = P q,.
reG
Assume that ais an ideal of 4. Then a is called a homogeneous ideal, and we can

define a graded structure on A/a. Indeed, the bilinear map
Ar X As - Ar+s

sends a, x A,into a,,,and similarly, sends 4, x a,into a,,,. Thus using repre-
sentatives in A4,, A, respectively, we can define a bilinear map

Ar/ar X As/as - Ar+s/ar+sa

and thus a bilinear map A/a x A/a — A/a, which obviously makes A/a into a
graded R-algebra.
We apply this to T"(E) and the modules a, defined previously. If

xp=x; (i#])
in a product x; A -+ A Xx,, then for any y,, ..., y, € E we see that
X;p A AX A YL A A Y

liesin a, , and similarly for the product on the left. Hence the direct sum & a,
is an ideal of T(E), and we can define an R-algebra structure on T(E)/a. The
product on homogeneous elements is given by the formula

((cr A AX), (LA AV B XA AX, AYL A A Y

We use the symbol A also to denote the product in /\(E). This product is called
the alternating product or exterior product. If x € £ and y € E, then
XAy = —Yy A x, as follows from the fact that (x + y) A (x + y) = 0.

We observe that /\ is a functor from the category of modules to the category
of graded R-algebras. To each linear map f : E — F we obtain a map

NSO NE) > \(F)

which is such that for x,, ..., x, € E we have

ANDC A Ax) = fxg) A A f(X).

Furthermore, /\(f) is @ homomorphism of graded R-algebras.



734 THE ALTERNATING PRODUCT XIX, §1

Proposition 1.1. Ler E be free of dimension n over R. If r > n then
/N(E) =0. Let {vy,...,v,} be abasis of E over R. If 1 <r < n, then
/N\'(E) is free over R, and the elements

Uy, At AD < <i

i r

form a basis of /\"(E) over k. We have
. n
dlmR /\I(E) = (r)

Proof. We shall first prove our assertion when r = n. Every element of E
can be written in the form )_ a;v;, and hence using the formulax A y = —y A x
we conclude that v, A --- A v, generates /\"(E). On the other hand, we know
from the theory of determinants that given a € R, there exists a unique multi-
linear alternating form f, on E such that

fivy, ..., 0) = a.

Consequently, there exists a unique linear map

AYE) > R

taking the value a on v, A --- A v,. From this it follows at once that
vy A - A v, is a basis of /\"(E) over R.
We now prove our statement for 1 £ r £ n. Suppose that we have a relation

0=>auyv, A AU,

with i} < --- <1, and a; € R. Select any r-tuple (j) = (ji, ..., j,) such that
ji <---<j,andletj,,4,...,J, be those values of i which do not appear among
(jis - - -»J»). Take the alternating product withv; A --- A v;,. Then we shall
have alternating products in the sum with repeated components in all the terms
except the (j)-term, and thus we obtain

O0=agv, Ao AV, A s AU

Reshuffling v;, A -+ A v;, into v, A -+ A v, simply changes the right-hand
side by a sign. From what we proved at the beginning of this proof, it follows
that a;, = 0. Hence we have proved our assertion for 1 £ r < n.

When r = 0, we deal with the empty product, and 1 is a basis for /\°(E) = R
over R. We leave the case r > n as a trivial exercise to the reader.

The assertion concerning the dimension is trivial, considering that there is a
bijection between the set of basis elements, and the subsets of the set of integers

1,...,n).



XIX, §1 DEFINITION AND BASIC PROPERTIES 735

Remark. It is possible to give the first part of the proof, for /\"(E), without
assuming known the existence of determinants. One must then show that a,
admits a 1-dimensional complementary submodule in T"(E). This can be done
by simple means, which we leave as an exercise which the reader can look up
in the more general situation of §4. When R is a field, this exercise is even more
trivial, since one can verify at once that v; ® - - - ® v, does not lie in a,. This
alternative approach to the theorem then proves the existence of determinants.

Proposition 1.2. Let
0—-E -E—E—0

be an exact sequence of free R-modules of finite ranks r, n, and s respectively.
Then there is a natural isomorphism

o:/\N'E'® /\' E"—> /\"E.

This isomorphism is the unique isomorphism having the following property. For

elements vy,..., v, € E' and wy, ..., w, € E", let uy, ..., u, be liftings of
Wy, ..., wgin E. Then
QUL A AD)R (W A AW)) =0V A" AU AU A" A g

Proof. The proof proceeds in the usual two steps. First one shows the
existence of a homomorphism ¢ having the desired effect. The value on the right
of the above formula is independent of the choice of u;,..., u, lifting
Wi, . . ., W, by using the alternating property, so we obtain a homomorphism ¢.
Selecting in particular {v;, ..., v,} and {wy, ..., w,} to be bases of E' and E"
respectively, one then sees that ¢ is both injective and surjective. We leave the
details to the reader.

Given a free module E of rank n, we define its determinant to be
det E = /\™E = /\"E.
Then Proposition 1.2 may be reformulated by the isomorphism formula
det(E') @ det(E") = det(E).

If R = k is a field, then we may say that det is an Euler-Poincaré map on the
category of finite dimensional vector spaces over k.

Example. Let V be a finite dimensional vector space over R. By a volume
on V we mean a norm | || on det V. Since V is finite dimensional, such a norm
is equivalent to assigning a positive number ¢ to a given basis of det(V). Such
a basis can be expressed in the forme; A - - A e,, where {e;, . . ., e,} is a basis
of V. Then for a € R we have

lae a - A e,ll = lalc.
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In analysis, given a volume as above, one then defines a Haar measure u on V
by defining the measure of a set S to be

u<s>=fue1A---Aenudx1---dx,,,
S

where x,, ..., x, are the coordinates on V with respect to the above basis. As
an exercise, show that the expression on the right is the independent of the choice
of basis.

Proposition 1.2 is a special case of the following more general situation. We
consider again an exact sequence of free R-modules of finite rank as above. With
respect to the submodule E’ of E, we define

/\'E = submodule of /\"E generated by all elements
Xp A AXp A Yier At A Yy
with x7, ..., x; € E' viewed as submodule of E.

Then we have a filtration
NIE > Nl iE.
Proposition 1.3. There is a natural isomorphism
/\iE, ® /\"_iE” - /\:'E//\T+ (E.

Proof. Let x7,...,x,_; be elements of E”, and lift them to elements
V1s - .- Yu_; of E. We consider the map

! ! s " ! ’
(X, X XL, XhZ) P XU A AXEAYL A A Y

with the right-hand side taken mod /\}, ,E. Then it is immediate that this map
factors through

NE ® N'E" > NEINI:E,

and picking bases shows that one gets an isomorphism as desired.

In a similar vein, we have:

Proposition 1.4. Let E = E' D E" be a direct sum of finite free modules.
Then for every positive integer n, we have a module isomorphism

NE~ @ NE®NE"

ptq=n
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In terms of the alternating algebras, we have an isomorphism

NE =~ NE' @, N\E".

where Q,, is the superproduct of graded algebras.

Proof. Each natural injection of E’ and E” into E induces a natural map on
the alternating algebras, and so gives the homomorphism

/\E/ ®/\E” N /\E,
which is graded, i.e. for p = 0, ..., n we have

NE ® \'"PE" > NE.

To verify that this yields the desired isomorphism, one can argue by picking
bases, which we leave to the reader. The anti-commutation rule of the alternating
product immediately shows that the isomorphism is an algebra isomorphism for
the super product /\E’ ®,, /\E".

We end this section with comments on duality. In Exercise 3, you will prove:

Proposition 1.5. Let E be free of rank n over R. For each positive integer
r, we have a natural isomorphism

NEY) = N\'(EB) .
The isomorphism is explicitly described in that exercise. A more precise property
than “natural” would be that the isomorphism is functorial with respect to the

category whose objects are finite free modules over R, and whose morphisms
are isomorphisms.

Examples. Let L be a free module over R of rank 1. We have the dual
module LY = Homg(L, R), which is also free of the same rank. For a positive
integer m, we define

L m=(V®m=1"® - --- QL' (tensor product taken m times).

Thus we have defined the tensor product of a line with itself for negative integers.
We define L®° = R. You can easily verify that the rule

LO® ® 1L®1 =~ [®(P+q)

holds for all integers p, ¢ € Z, with a natural isomorphism. In particular, if
q = —p then we get R itself on the right-hand side.
Now let E be an exact sequence of free modules:

E:0—-Ey—E —-—E,—0.
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We define the determinant of this exact sequence to be
det(E) = X) det(E,)® V'

As an exercise, prove that det(E) has a natural isomorphism with R, functorial
with respect to isomorphisms of exact sequences.

Examples. Determinants of vector spaces or free modules occur in several
branches of mathematics, e.g. complexes of partial differential operators, homol-
ogy theories, the theory of determinant line bundles in algebraic geometry, etc.
For instance, given a non-singular projective variety V over C, one defines the
determinant of cohomology of V to be

det H(V) = (X) det H(V)®~D',

where H'(V) are the cohomology groups. Then det H(V) is a one-dimensional
vector space over C, but there is no natural identification of this vector space
with C, because a priori there is no natural choice of a basis. For a notable
application of the determinant of cohomology, following work of Faltings, see
Deligne, Le determinant de la cohomologie, in Ribet, K. (ed.), Current Trends
in Arithmetical Algebraic Geometry, Proc. Arcata 1985. (Contemporary Math. vol
67, AMS (1985), pp. 93-178.)

§2. FITTING IDEALS

Certain ideals generated by determinants are coming more and more into
use, in several branches of algebra and algebraic geometry. Therefore I include
this section which summarizes some of their properties. For a more extensive
account, see Northcott’s book Finite Free Resolutions which I have used, as well
as the appendix of the paper by Mazur-Wiles: “Class Fields of abelian extensions
of Q,” which they wrote in a self-contained way. (Invent. Math. 76 (1984), pp.
179-330.)

Let R be a commutative ring. Let A beap x g matrix and Ba g x s matrix
with coefficients in R. Let » 2 0 be an integer. We define the determinant ideal
I(A) to be the ideal generated by all determinants of r x r submatrices of 4.
This ideal may also be described as follows. Let S? be the set of sequences

J=(p-.mjowithl £j; <j, <---<j, Sp
Let 4 = (a;)). Let 1 <r < min(p, q). Let K = (k,, ..., k,) be another element
of S?. We define

a a a

Jiky Jikz2 Jikr

AN = joky Aok, Ujok,
kK = . . .

ik, Gjoka Ak,
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where the vertical bars denote the determinant. With J, K ranging over S§?
we may view AY) as the JK-component of a matrix A” which we call the r-th
exterior power of 4.

One may also describe the matrix as follews. Let {e,, .. ., ep} be a basis of
RP and {u,, ..., u,} a basis of R?. Then the elements

e Arene, (i <jp<--<j)

form a basis for /\'R” and similarly for a basis of /\'R%. We may view 4 as a
linear map of R? into R4, and the matrix 4" is then the matrix representing the
exterior power /\"A viewed as a linear map of /\'R” into /\'R% On the whole,
this interpretation will not be especially useful for certain computations, but it
does give a slightly more conceptual context for the exterior power. Just at the
beginning, this interpretation allows for an immediate proof of Proposition 2.1.

For r = 0 we define A” to be the 1 x 1 matrix whose single entry is the
unit element of R. We also note that 4" = 4.

Proposition 2.1. Let A be a p X g mairix and B a ¢ X s matrix. Then

(AB)" = AVB"  for r20.

If one uses the alternating products as mentioned above, the proof simply
says that the matrix of the composite of linear maps with respect to fixed bases
is the product of the matrices. If one does not use the alternating products, then
one can prove the proposition by a direct computation which will be left to the
reader.

We have formed a matrix whose entries are indexed by a finite set S?. For
any finite set $ and doubly indexed family (c,;x) with J, K € S we may also
define the determinant as

det(CJK) = z 6(0-)(‘]11 CJ,G'(J))

where ¢ ranges over all permutations of the set.

For r = 0 we define the determinant ideal 1,(A4) to be the ideal generated by
all the components of A", or equivalently by all r x r subdeterminants of A.
We have by definition

A® =R and A" = ideal generated by the components of A.

Furthermore
I(4) =0 for r > min(p,q)

and the inclusions

R=1,A)>1,(A)>I,(4)> -
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By Proposition 10.1, we also have

) I(AB) < I(A) n I(B).

Therefore, if A = UBU’ where U, U’ are square matrices of determinant 1, then
03] 1(A) = 1(B).

Next, let E be an R-module. Let x,,..., x, be generators of E. Then we
may form the matrix of relations (a;, ..., a,) € R? such that

Suppose first we take only finitely many relations, thus giving rise to a p x g
matrix A. We form the determinant ideal I,(A). We let the determinant ideals
of the family of generators be:

I(xy, ..., x;) = I(x) = ideal generated by I,(A4) for all 4.

Thus we may in fact take the infinite matrix of relations, and say that I.(x) is
generated by the determinants of all » x r submatrices. The inclusion relations
of (1) show that

R=1Iy(x) 2 I;(x) 2 I(x) > -
I(x)=0 if r>q.
Furthermore, it is easy to see that if we form a submatrix M of the matrix of all

relations by taking only a family of relations which generate the ideal of all
relations in R4, then we have

IL(M) = 1,(x).

We leave the verification to the reader. We can take M to be a finite matrix when
E is finitely presented, which happens if R is Noetherian.

In terms of this representation of a module as a quotient of R?, we get the
following characterization.

Proposition 2.2. Let R?— E — 0 be a representation of E as a quotient of
R, and let x,, . . ., x, be the images of the unit vectors in R9. Then I (x) is the
ideal generated by all values

/1(W1, vy Wr)
where wy, ..., w, € Ker(R? - E) and A € L(R% R).

Proof. This is immediate from the definition of the determinant ideal.
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The above proposition can be useful to replace a matrix computation by a
more conceptual argument with fewer indices. The reader can profitably trans-
late some of the following matrix arguments in these more invariant terms.

We now change the numbering, and let the Fitting ideals be:

Fi(x) = 1, (%) for 0<k<gq

F(x)=R when k > q.

Lemma 2.3. The Fitting ideal F,(x) does not depend on the choice of
generators (x).
Proof. Lety,,...,ybeelements of E. We shall prove that

Ir(x) = Ir+s(x9 y)

The relations of (x, y) constitute a matrix of the form

apy as, 0 .. 0
W= ap a, O - 0
b, by, 1 0 - 0
by, by 0 1

By elementary column operations, we can change this to a matrix

A 0

0 1
and such operations do not change the determinant ideals by (2). Then we
conclude that for all r > 0 we have

Ir(A) = Ir+s(W) < Ir+s(x’ y)

This proves that I(x) < I, (x, y).
Conversely, let C be a matrix of relations between the generators (x, y).
We also have a matrix of relations

By elementary row operations, we can bring this matrix into the same shape
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as B above, with some matrix of relations A’ for (x), namely
A 0
Z =
(5 1)

Ir(A’) = Ir+s(Z’) = Ir+s(Z) > Ir+s(c)>

Then

whence I,,(C) = I(x). Taking all possible matrices of relations C shows
that I,, (x, y) < I,(x), which combined with the previous inequality yields

Ir+s(x’ y) = Ir(x)'
Now given two families of generators (x) and (y), we simply put them side
by side (x, y) and use the new numbering for the F, to conclude the proof of

the lemma.
Now let E be a finitely generated R-module with presentation
0-K->RI-> E-Q,

where the sequence is exact and K is defined as the kernel. Then K is generated
by g-vectors, and can be viewed as an infinite matrix. The images of the unit
vectors in R? are generators (x,,..., x,). We define the Fitting ideal of the
module to be

F\(E) = Fy(x).

Lemma 2.3 shows that the ideal is independent of the choice of presentation.
The inclusion relations of a determinant ideal /,(A) of a matrix now translate
into reverse inclusion relations for the Fitting ideals, namely:

Proposition 2.4.
(1) We have
Fo(E) = Fy(E) = Fy(E) = -+
(ii) If E can be generated by q elements, then
F(E)=R.
(iii) If E is finitely presented then F(E) is finitely generated for all k.
This last statement merely repeats the property that the determinant ideals of a

matrix can be generated by the determinants associated with a finite submatrix
if the row space of the matrix is finitely generated.
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Example. Let E = R be the free module of dimension q. Then:

0 if 05k<yg

F"(E):{R if k>gq.

This is immediate from the definitions and the fact that the only relation of a
basis for E is the trivial one.

The Fitting ideal F(E) is called the zero-th or initial Fitting ideal. In some
applications it is the only one which comes up, in which case it is called “ the”
Fitting ideal F(E) of E. It is the ideal generated by all ¢ x ¢ determinants in
the matrix of relations of ¢ generators of the module.

For any module E we let anng(E) be the annihilator of E in R, that is the
set of elements « € R such that aE = 0.

Proposition 2.5. Suppose that E can be generated by q elements. Then
(anng(E))? < F(E) < anng(E).
In particular, if E can be generated by one element, then
F(E) = anng(E).

Proof. Let x4, ..., x, be generators of E. Let ay,...,q, be elements of R
annihilating E. Then the diagonal matrix whose diagonal components are
ai,...,a, is a matrix of relations, so the definition of the Fitting ideal shows
that the determinant of this matrix, which is the product a, ---a, lies in
I(E) = Fo(E). This proves the inclusion

anng(E)! < F(E).

Conversely, let 4 be a g x g matrix of relations between x,, ..., x,. Then
det(A)x; = 0 for all i so det(4) € anng(E). Since F(E) is generated by such
determinants, we get the reverse inclusion which proves the proposition.

Corollary 2.6. Let E = R/a for some ideal a. Then F(E) = a.

Proof. The module R/a can be generated by one element so the corollary
is an immediate consequence of the proposition.

Proposition 2.7. Ler
0O-E->E->E -0

be an exact sequence of finite R-modules. For integers m, n = 0 we have

Fu(EVF(E") © F,p . (E).
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In particular for F = F,.
F(EF(E") c F(E).
Proof. We may assume E' is a submodule of E. We pick generators
Xy,...,X, of E" and elements y,, ..., y, in E such that their images )i, ..., y;
in E” generate E”. Then (x, y) is a family of generators for E. Suppose first that

m<pand n<q Let A be a matrix of relations among y7i, ..., y, with g
columns. If (a,, ..., a,) is such a relation, then

ay; + -+ ay,eE
so there exist elements by, ..., b, € R such that

Zaiyi + ijxj = 0

Thus we can find a matrix B with p columns and the same number of rows as
A such that (B, A) is a matrix of relations of (x, y). Let C be a matrix of relations

of (xy,...,x,). Then
B A
c 0

is a matrix of relations of (x, y). If D" isa (q — n) x (g — n) subdeterminant of
Aand D’ isa (p — m) x (p — m) subdeterminant of C then D"D’ is a

(p+g-—m—-—nx(p+q—m-n)

B A
(e o)

and D'D’' € F,,, (E). Since F,(E') is generated by determinants like D’ and
F (E") is generated by determinants like D", this proves the proposition in the
present case.

Ifm > pandn > gthenF,, . (E) = F,(E") = F,(E") = Rso the proposition
is trivial in this case.

Saym < pand n > q. Then F(E") = R = F(E") and hence

subdeterminant of the matrix

FA(ENF(E") = F(E")F,(E") = Fp(E) © Fpp s ,(E)

where the inclusion follows from the first case. A similar argument proves
the remaining case with m > p and n £ q. This concludes the proof.

Proposition 2.8. Let E', E" be finite R-modules. For any integer n = 0 we
have

F(E@E)= } F(E)F(E").

r+s=n
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Proof. Letx,...,x,generate E' and y,, ..., Y, generate E”. Then (x, y)
generate E' @ E”. By Proposition 2.6 we know the inclusion

Y. FAE)F(E") = F(E @ E"),

so we have to prove the converse. If n = p + ¢ then we can take r = p and
s = g in which case

F(E) = F(E") = F,(E) = R

and we are done. So we assume n < p + ¢. A relation between (x, y) in the
direct sum splits into a relation for (x) and a relation for (y). The matrix of
relations for (x, y) is therefore of the form

A0
C“(o m)

where A’ is the matrix of relations for (x) and A” the matrix of relations for
(y). Thus

FAE @ E") = ¥ 1,.0-,C)
C
where the sum is taken over all matrices C as above. Let D be a
(pt+q-nx(p+qg—n

subdeterminant. Then D has the form

,_|B o
0 B

where B’ is a k' x (p — r) matrix, and B” is a k" x (¢ — s) matrix with some
positive integers k', k", r, s satisfying
K+k"=p+qg—n and r+s=n
Then D = Qunless kK’ = p — rand k" = ¢ — s. In that case
D = det(B')det(B") € F(E)F(E"),

which proves the reverse inclusion and concludes the proof of the proposition.

Corollary 2.9. Let

E = é R/a;
i=1
where a; is an ideal. Then F(E) = a, - - a,.

Proof. This is really a corollary of Proposition 2.8 and Corollary 2.6.
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§3. UNIVERSAL DERIVATIONS
AND THE DE RHAM COMPLEX

In this section, all rings R, A, etc. are assumed commutative.

Let A be an R-algebra and M an A-module. By a derivation D: 4 - M
(over R) we mean an R-linear map satisfying the usual rules

D(ab) = aDb + bDa.

Note that D(1) = 2D(1) so D(1) = 0, whence D(R) = 0. Such derivations form
an A-module Derg(4, M)inanatural way, where aD is defined by (aD)(b) = aDb.
By a universal derivation for 4 over R, we mean an 4-module Q, and a

derivation
d:A-Q

such that, given a derivation D : A — M there exists a unique A-homomorphism
f:Q — M making the following diagram commutative:

A—2 50

\

It is immediate from the definition that a universal derivation (d, Q) is uniquely
determined up to a unique isomorphism. By definition, we have a functorial
isomorphism

Derg(4, M) ~ Hom (Q, M).

We shall now prove the existence of a universal derivation.
The following general remark will be useful. Let

fl’fZ:A_’B

be two homomorphisms of R-algebras, and let J be an ideal in B such that
J? = 0. Assume that f; = f, mod J; this means that f;(x) = f,(x) mod J for
all x in A. Then

D=f2_f1

is a derivation. This fact is immediately verified as follows:

fa(ab) = f(a) f,(b) = [fi(a) + D(@)][f1(b) + D(b)]
= fi(ab) + f1(b)D(a) + fi(a)D(b).
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But the A-module structure of J is given via f; or f, (which amount to the same
thing in light of our assumptions on f, f5), so the fact is proved.

Let the tensor product be taken over R.

Letmy,:A® A —> A be the multiplication homomorphism, such that
m (a ® b) = ab. Let J = Ker m,. We define the module of differentials

QA/R = J/JZ,

as an ideal in (4 ® A)/J2. The A-module structure will always be given via the
embedding on the first factor:

A->A®A by a—a® 1
Note that we have a direct sum decomposition of A-modules
ARA=(AR1)DJ,
and therefore

A=A 1)®J/J>
Let

d:A - J/J* be the R-linear mapar— 1 ® a — a ® 1 mod J2.

Taking fi:at>a® 1l and f,:a — 1 ® a, we see that d = f, — f,. Hence d is
a derivation when viewed as a map into J/J2.
We note that J is generated by elements of the form

Y x; dy;.
Indeed, if )’ x; ® y; € J, then by definition ) x;y; = 0, and hence
in®,\’i = in(l Qyi—y®1,

according to the A-module structure we have put on A ® A (operation of 4 on
the left factor.)

Theorem 3.1. The pair (J/J? d) is universal for derivations of A. This
means: Given a derivation D: A — M there exists a unique A-linear map
f:J/J* > M making the following diagram commutative.

A—2 s g2

\/
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Proof. There is a unique R-bilinear map
ffA® A—-> M givenby x & yr— xDy,

which is A-linear by our definition of the 4-module structure on A ® A. Then
by definition, the diagram is commutative on elements of 4, when we take f
restricted to J, because

f®y—-y®1)=Dy.

Since J/J? is generated by elements of the form x dy, the uniqueness of the map
in the diagram of the theorem is clear. This proves the desired universal
property.

We may write the result expressed in the theorem as a formula

Derg(4, M) ~ Hom ,(J/J?, M).

The reader will find exercises on derivations which give an alternative way of
constructing the universal derivation, especially useful when dealing with
finitely generated algebras, which are factors of polynomial rings.

I insert here without proofs some further fundamental constructions, im-
portant in differential and algebraic geometry. The proofs are easy, and provide
nice exercises.

Let R — A be an R-algebra of commutative rings. For i = 0 define

i i Ol
Q:1/11 = /\l QA/R9
where QJ = A.

Theorem 3.2. There exists a unique sequence of R-homomorphisms
di: Qlyp — Qg
such that for » € Q' and n € Q’ we have
dw An) =do An+ (=1 o Ady

Furthermore d-d = 0.

The proof will be left as an exercise.
Recall that a complex of modules is a sequence of homomorphisms
cee s i1 45 pi dS pitl
such that d’ ¢ d'! = 0. One usually omits the superscript on the maps d. With
this terminology, we see that the ),z form a complex, called the De Rham
complex.
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Theorem 3.3. Let k be a field of characteristic 0, and let A = k[X,, ..., X,]
be the polynomial ring in n variables. Then the De Rham complex

0-k->A->Qy > >, -0
is exact.
Again the proof will be left as an exercise. Hint: Use induction and

integrate formally.
Other results concerning connections will be found in the exercises below.

§4. THE CLIFFORD ALGEBRA

Let k be a field. By an algebra throughout this section, we mean a k-algebra
given by a ring homomorphism k — A such that the image of & is in the center
of A.

Let E be a finite dimensional vector space over the field k, and let g be a
symmetric form on E. We would like to find a universal algebra over k, in which
we can embed E, and such that the square in the algebra corresponds to the value
of the quadratic form in E. More precisely, by a Clifford algebra for g, we
shall mean a k-algebra C(g), also denoted by C,(E), and a linear map
p: E— C(g) having the following property: If ¢ : E — L is a linear map of F
into a k-algebra L such that

Px)? = g(x, x) - 1 (1 = unit element of L)

for all x € E, then there exists a unique algebra-homomorphism

CWY) =y,:Clg~L

such that the following diagram is commutative:

E—"—C(9)
\ A
L

By abstract nonsense, a Clifford algebra for g is uniquely determined, up to a
unique isomorphism. Furthermore, it is clear that if (C(g), p) exists, then C(g)
is generated by the image of p, i.e. by p(E), as an algebra over k.

We shall write p = p, if it is necessary to specify the reference to g explicitly.
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We have trivially

px)? = g(x, x) - 1

for all x € E, and

p)p(y) + p(y)p(x) = 2g(x, y) * 1

as one sees by replacing x by x + y in the preceding relation.

Theorem 4.1. Let g be a symmetric bilinear form on a finite dimensional
vector space E over k. Then the Clifford algebra (C(g), p) exists. The map p
in injective, and C(g) has dimension 2" over k, if n = dim E.

Proof. Let T(E) be the tensor algebra as in Chapter XVI, §7. In that algebra,
we let I, be the two-sided ideal generated by all elements

x®x—gx,x)-1forxeE.
We define C,(E) = T(E) /1 - Observe that E is naturally embedded in T(E) since
TEY=kDEDESQE) D --.

Then the natural embedding of E in TE followed by the canonical homomorphisms
of T(E) onto Cy(E) defines our k-linear map p : E— Cy(E). It is immediate from
the universal property of the tensor product that Cy(E) as just defined satisfies
the universal property of a Clifford algebra, which therefore exists. The only
problem is to prove that it has the stated dimension over k.

We first prove that the dimension is = 2”. We give a proof only when
the characteristic of k is # 2 and leave characteristic 2 to the reader. Let
{v;,..., v,} be an orthogonal basis of F as given by Theorem 3.1 of Chapter
XV. Let ¢; = Y(v;), where ¢ : E — L is given as in the beginning of the sec-
tion. Let ¢; = g(v;, v;). Then we have the relations

e} =c;, ee = —ee foralli+ ]

This immediately implies that the subalgebra of L generated by (E) over k is
generated as a vector space over k by all elements

efv--emwithy, =0orlfori=1,...,n.

Hence the dimension of this subalgebra is = 2". In particular, dim Cy(E) = 2"
as desired.

There remains to show that there exists at least one : E — L such that L
is generated by (E) as an algebra over k, and has dimension 2”; for in that
case, the homomorphism , : C,(E) — L being surjective, it follows that dim
C,(E) = 2" and the theorem will be proved. We construct L in the following
way. We first need some general notions.

Let M be a module over a commutative ring. Let i, j € Z/2Z. Suppose M
is a direct sum M = M, ® M, where 0, 1 are viewed as the elements of Z/2Z.
We then say that M is Z/2Z-graded. If M is an algebra over the ring, we say
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it is a Z/2Z-graded algebra if M;M; C M, ; for all i, j € Z/2Z. We simply
say graded, omitting the Z/2Z prefix when the reference to Z/2Z is fixed
throughout a discussion, which will be the case in the rest of this section.

Let A, B be graded modules as above, withA = A, D A, and B = B, D B,.
Then the tensor product A ® B has a direct sum decomposition

A®B=(A ®B,
ij
We define a grading on A ® B by letting (A ® B), consist of the sum over indices
i,jsuchthati + j = 0 (in Z/2Z), and (A ® B), consist of the sum over the
indices i, j such thati + j = 1.
Suppose that A, B are graded algebras over the given commutative ring. There
is a unique bilinear map of A ® B into itself such that

(a @ b)a ®b) = (—DVaa’ @ bb’

ifa’ € A; and b € B;. Just as in Chapter XVI, §6, one verifies associativity and
the fact that this product gives rise to a graded algebra, whose product is called
the super tensor product, or super product. As a matter of notation, when we
take the super tensor product of A and B, we shall denote the resulting algebra
by

AQ, B

to distinguish it from the ordinary algebra A ® B of Chapter XVI, §6.

Next suppose that £ has dimension 1 over k. Then the factor polynomial ring
k[X]/(x*> = ¢,) is immediately verified to be the Clifford algebra in this case.
We let #; be the image of X in the factor ring, so C,(E) = k[1,] with 1} = c|.
The vector space E is imbedded as k7, in the direct sum k & k.

In general we now take the super tensor product inductively:

Cy(E) = klt)] By, kl1r] B, - -+ By, k1], with k[1] = k[X)/(X> — ¢;).
Its dimension is 2". Then E is embedded in C (E) by the map
av, + - +au, > at - Da,t,.

The desired commutation rules among ¢;, t; are immediately verified from the
definition of the super product, thus concluding the proof of the dimension of
the Clifford algebra.

Note that the proof gives an explicit representation of the relations of the
algebra, which also makes it easy to compute in the algebra. Note further that
the alternating algebra of a free module is a special case, taking ¢; = 0 for all
i. Taking the c; to be algebraically independent shows that the alternating algebra
is a specialization of the generic Clifford algebra, or that Clifford algebras are
what one calls perturbations of the alternating algebra. Just as for the alternating
algebra, we have immediately from the construction:

Theorem 4.2. Let g, g' by symmetric forms on E, E' respectively. Then we



752 THE ALTERNATING PRODUCT XIX, §4

have an algebra isomorphism
C(g®g) = Cg &,L(9").

Examples. Clifford algebras have had increasingly wide applications in
physics, differential geometry, topology, group representations (finite groups
and Lie groups), and number theory. First, in topology I refer to Adams [Ad 62]
and [ABS 64] giving applications of the Clifford algebra to various problems
in topology, notably a description of the way Clifford algebras over the reals
are related to the existence of vector fields on spheres. The multiplication in the
Clifford algebra gives rise to a multiplication on the sphere, whence to vector
fields. [ABS 64] also gives a number of computations related to the Clifford
algebra and its applications to topology and physics. For instance, let E = R”
and let g be the negative of the standard dot product. Or more invariantly, take
for E an n-dimensional vector space over R, and let g be a negative definite
symmetric form on E. Let C,, = C(g).

The operation

1, Qv Qv =& - Quv)*forv, e E

induces an endomorphism of T"(E) for r = 0. Since v ® v — g(v, v) - 1 (for
v € E) is invariant under this operation, there is an induced endomorphism
*:C,— C,, which is actually an involution, that is x** = x and (xy)* = y*x*
for x € C,,. We let Spin(n) be the subgroup of units in C,, generated by the unit
sphere in E (i.e. the set of elements such that g(v, v) = —1), and lying in the
even part of C,. Equivalently, Spin(n) is the group of elements x such that
xx* = 1. The name dates back to Dirac who used this group in his study of elec-
tron spin. Topologists and others view that group as being the universal cover-
ing group of the special orthogonal group SO(n) = SU,(R).

An account of some of the results of [Ad 62] and [ABS 64] will also be
found in [Hu 75], Chapter 11. Second I refer to two works encompassing two
decades, concerning the heat kernel, Dirac operator, index theorem, and number
theory, ranging from Atiyah, Bott and Patodi [ABP 73] to Faltings [Fa 91], see
especially §4, entitled “The local index theorem for Dirac operators”. The vector
space to which the general theory is applied is mostly the cotangent space at a
point on a manifold. I recommend the book [BGV 92], Chapter 3.

Finally, I refer to Brocker and Tom Dieck for applications of the Clifford
algebra to representation theory, starting with their Chapter I, §6, [BtD 85].
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EXERCISES

1. Let E be a finite dimensional vector space over a field k. Letx,, ..., x, be elements of E
such that x; A --- A x, # 0, and similarly y; A --- Ay, # 0. If cek and

X{ A AXp=CYL Ao A Y,

show that x,,..., x, and y;,..., y, generate the same subspace. Thus non-zero
decomposable vectors in /\PE up to non-zero scalar multiples correspond to
p-dimensional subspaces of E.

2. Let E be a free module of dimension n over the commutative ring R. Let f:E—> E
be a linear map. Let o,(f) = tr /\'(f), where /\'(f) is the endomorphism of \"(E)
into itself induced by f. We have

%w(f) =1  a(f)=t(f), alf)=detf,
and a,(f) = 0 if r > n. Show that

det(1 + f) = Y a(f).
rz20

[Hint: As usual, prove the statement when f is represented by a matrix with variable
coefficients over the integers.] Interpret the «,(f) in terms of the coefficients of the
characteristic polynomial of f.

3. Let E be a finite dimensional free module over the commutative ring R. Let EV be
its dual module. For each integer r = 1 show that /\’E and /\’E V are dual modules
to each other, under the bilinear map such that

(O A AT, O A A D)) > det (0, 1))
where (v;, v;) is the value of v; on v;, as usual, for v; € E and v; € EV.

4. Notation being as in the preceding exercise, let F be another R-module which is free,

finite dimensional. Let f: E — F be a linear map. Relative to the bilinear map of the

preceding exercise, show that the transpose of A'f is /\"(f), ie. is equal to the r-th
alternating product of the transpose of f.

5. Let R be a commutative ring. If E is an R-module, denote by L,(E) the module of
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r-multilinear alternating maps of E into R itself (i.e. the r-multilinear alternating
forms on E). Let LYE) = R, and let

QE) = @ LyE).
r=0

Show that Q(E) is a graded R-algebra, the multiplication being defined as follows. If
we L(E) and y € L¥(E), and vy, . .., v, are elements of E, then

((U A lp)(vl’ DR ] vr+s) = Z E(O-)(U(valv RS ] Uur)d/(ua(r+1)’ AR ] va’s)?

the sum being taken over all permutations g of (1, ..., r + s) such that 61 < --- < or
ando(r + 1) < --- < os.

Derivations

In the following exercises on derivations, all rings are assumed commutative. Among
other things, the exercises give another proof of the existence of universal derivations.

Let R — A be a R-algebra (of commutative rings, according to our convention).
We denote the module of universal derivations of A over R by (d 4z, Q) ), but we do not
assume that it necessarily exists. Sometimes we write d instead of d, ;; for simplicity
if the reference to A/R is clear.

6. Let A = R[X,] be a polynomial ring in variables X,, where a ranges over some
indexing set, possibly infinite. Let Q be the free 4-module on the symbols dX,,, and let

d:A->Q

be the mapping defined by

3
f(xX)y=Y % dx,.

Show that the pair (d, Q) is a universal derivation (d 4z, Q)

7. Let A — B be a homomorphism of R-algebras. Assume that the universal derivations
for A/R, B/R, and B/A exist. Show that one has a natural exact sequence:

B®, QL/R - Qlli/R - Qll?/A -0
[Hint: Consider the sequence
0 — Der 4(B, M) — Derg(B, M) — Derg(4, M)
which you prove is exact. Use the fact that a sequence of B-modules
N->N->N' >0

is exact if and only if its Hom into M is exact for every B-module M. Apply this to the
sequence of derivations.]

8. Let R — A be an R-algebra, and let I be an ideal of 4. Let B = A/I. Suppose that the
universal derivation of A over R exists. Show that the universal derivation of B over R
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also exists, and that there is a natural exact sequence
11> 25 B®, Qlyr = Qye — 0.
[Hint: Let M be a B-module. Show that the sequence
0 — Derg(B, M) — Derg(4, M) » Homg(I/I*, M)

is exact.]

9. Let R — B be an R-algebra. Show that the universal derivation of B over R exists
as follows. Represent B as a quotient of a polynomial ring, possibly in infinitely
many variables. Apply Exercises 6 and 7.

10. Let R —» Abean R-algebra. Let S, be a multiplicative subset of R, and S a multiplicative
subset of 4 such that S, maps into S. Show that the universal derivation of S~ !4 over
So 'Riis (d, S™'Q}r), where

d(afs) = (sd yr(a) — ad 4x(s))/s’.
11. Let B be an R-algebra and M a B-module. On B @ M define a product
b, x)(b', y) = (bb, by + b'x).

Show that B @ M is a B-algebra, if we identify an element b € B with (b, 0). For any
R-algebra A, show that the algebra homomorphisms Homy,, z(A4, B @ M) consist of
pairs (¢, D), where ¢: A — B is an algebra homomorphism, and D: 4 »> M is a
derivation for the A-module structure on M induced by ¢.

12. Let A be an R-algebra. Let ¢: A — R be an algebra homomorphism, which we call an
augmentation. Let M be an R-module. Define an A-module structure on M via ¢, by

a-x = ¢gla)x for acA and xeM.
Write M, to denote M with this new module structure. Let:
Der (4, M) = A-module of derivations for the ¢-module structure on M
I = Kere.

Then Der,(A4, M) is an 4/I-module. Note that there is an R-module direct sum de-
composition 4 = R @ I. Show that there is a natural A-module isomorphism

Qur/IQur ~ I/I?
and an R-module isomorphism
Der,(A4, M) ~ Homg(I/I?, M).

In particular, let n: A — I/I? be the projection of 4 on I/I? relative to the direct sum
decomposition A = R ® I. Then 7 is the universal s-derivation.

Derivations and connections

13. Let R —» A4 be a homomorphism of commutative rings, so we view A4 as an R-algebra.
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Let E be an A-module. A connection on E is a homomorphism of abelian groups
VIE->Qur®4E
such that for a€ 4 and x € E we have
V(ax) = aV(x) + da ® x,

where the tensor product is taken over 4 unless otherwise specified. The kernel of V,
denoted by Ey, is called the submodule of horizontal elements, or the horizontal submodule

of (E, V).
(a) For any integer i > 1, define

Qe = N Q-
Show that V can be extended to a homomorphism of R-modules
ViQur®E-> Qs ®F
by

Vo ® x) =do ® x + (=)o A V(x).

(b) Define the curvature of the connection to be the map
K=V,oV:E> Qi ®,E.

Show that K is an A-homomorphism. Show that
Visio V(o ® x) =0 A K(x)

for we Qi p and xe E.
(c) Let Der(4/R) denote the A-module of derivations of 4 into itself, over R.
Let V be a connection on E. Show that V induces a unique A-linear map

V: Der(A4/R) —» Endg(E)
such that
V(D)(ax) = D(a)x + aV(D)(x).
(d) Prove the formula
[V(D,), V(D2)] — V([Dy, D,]) = (D; A D,)(K).

In this formula, the bracket is defined by [ f,g] = f og — g o f for two endo-
morphisms f, g of E. Furthermore, the right-hand side is the composed mapping

Dy, AD;

ESQ:QE234QE~E
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14.

15.

(a) For any derivation D of a ring 4 into itself, prove Leibniz’s rule:

n

D(xy) = (?)D"(x)n"-%y).
i=0

(b) Suppose A has characteristic p. Show that D? is a derivation.

Let A/R be an algebra, and let E be an A-module with a connection V. Assume that R
has characteristic p. Define

Y : Der(A/R) — Endg(E)
by

¥(D) = (V(D) — V(D?).

Prove that (D) is A-linear. [Hint: Use Leibniz’s formula and the definition of a
connection.] Thus the image of ¥ is actually in End ,(E).

Some Clifford exercises

16.

17.

18.

Let C,(E) be the Clifford algebra as defined in §4. Define Fi(C,)) = (k + E)’, viewing
E as embedded in C,. Define the similar object F;(/\E) in the alternating algebra. Then
Fiyy D F; in both cases, and we define the i-th graded module gr; = F;/F,_,. Show
that there is a natural (functorial) isomorphism

gr(Cy(E)) = gri(/\E).

Suppose that k = R, so E is a real vector space, which we now assume of even
dimension 2m. We also assume that g is non-degenerate. We omit the index g since
the symmetric form is now fixed, and we write C*, C~ for the spaces of degree 0
and 1 respectively in the Z/2Z-grading. For elements x, y in C* or C~, define their
supercommutator to be

{X, y} =xy — (_1)(degx)(deg_\')yx_
Show that F,,,_, is generated by supercommutators.

Still assuming g non-degenerate, let J be an automorphism of (E, g) (i.e.
gUx, Jy) = g(x, y) for all x, y € E) such that J> = —id. Let E. = C QRE be the
extension of scalars from R to C. Then E¢ has a direct sum decomposition

Ec = E& ® Eg

into the eigenspaces of J, with eigenvalues 1 and —1 respectively. (Proof?) There
is a representation of E¢ on /\E¢, i.e. a homomorphism E¢ — Endc(E¢) whereby
an element of E& operates by exterior multiplication, and an element of E¢ operates
by inner multiplication, defined as follows.

For x' € E¢ there is a unique C-linear map having the effect

.
X(xy A Ax) = —22(—1)""(x',x,~)x1 Arrr AX A AX,.
i=1
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19.

20.

21.

Prove that under this operation, you get an isomorphism
C,E)e = Endc(/\E¢).

[Hint: Count dimensions. ]

Consider the Clifford algebra over R. The standard notation is C, if E = R” with
the negative definite form, and C,, if E = R” with the positive definite form. Thus
dim C, = dim C, = 2"
(a) Show that
C, =C C, = H (the division ring of quaternions)

Ci=RXR C; = M4R) (2 X 2 matrices over R)

Establish isomorphisms:
CORC=CXC, CQgH=MC);, H®®gH=MR)
where M (F) = d X d matrices over F. For the third one, with H ® H, define an
isomorphism
f:H ®g H— Homg(H, H) = M,(R)
by f(x ® y)(z) = xzy, where if y = yq + y;i + y,j + ysk then
Y= Yo~ Vil = Yo — ysk.

(a) Establish isomorphisms

Criz = C, 0 C, and w2 ~ Cy & C3.

[Hint: Let {e,, ..., e,.,} be the orthonormalized basis with e = —1. Then for
_the first isomorphism map ¢; > e} @ eje, fori = 1,...,nand map e, ., €,
on1® e and 1 ® e, respectively.]
(b) Prove that C,.4 = C, ® M c(R) (which is called the periodicity property).
(c) Conclude that C,, is a semi-simple algebra over R for all n.

From (c) one can tabulate the simple modules over C,. See [ABS 64], reproduced
in Husemoller [Hu 75], Chapter 11, §6.





