
CHAPTER XVI
The Tensor Product

Having considered bilinear maps , we now come to multilinear maps and basic
theorems concerning their structure . There is a universal module representing
multilinear maps, called the tensor product. We derive its basic properties, and
postpone to Chapter XIX the special case of alternating products . The tensor
product derives its name from the use made in differential geometry, when this
product is applied to the tangent space or cotangent space of a manifold . The
tensor product can be viewed also as providing a mechanism for "extending the
base" ; that is , passing from a module over a ring to a module over some algebra
over the ring . This "extension" can also involve reduction modulo an ideal,
because what matters is that we are given a ring homomorphism f : A ~ B, and
we pass from modules over A to modules over B . The homomorphism f can be
of both types , an inclu sion or a canonical map with B = AIJ for some ideal J,
or a composition of the two .

I have tried to provide the basic material which is immediately used in a
variety of applications to many fields (topology, algebra, differential geometry,
algebraic geometry, etc .) .

§1. TENSOR PRODUCT

Let R be a commutative ring. If E1, • •• , En , F are modules, we denote by

the module of n-multilinear maps

f :E1 x '" x En -+ F.
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602 THE TENSOR PRODUCT XVI, §1

We recall that a multilinear map is a map which is linear (i.e., R-linear) in each
variable. We use the words linear and homomorphism interchangeably. Unless
otherwisespecified, modules, homomorphisms, linear, multilinear referto the ringR.

One may view the multilinear maps ofa fixed set of modules Ej , .. . , En as the
objects of a category. Indeed, if

f :E1 X • •. x En --+ F and g: E1 X • . . x En --+ G

are multilinear, we define a morphism f --+ g to be a homomorphism h :F --+ G
which makes the following diagram commutative:

F»:
E. x . . . x E.~ j.

G

A universal object in this category is called a tensor product of E1, • •• , En
(over R).

We shallnow provethat a tensor product exists, and in fact construct one in a
natural way. By abstract nonsense, we know of course that a tensor product is
uniquely determined, up to a unique isomorphism.

Let M be the free module generated by the set of all n-tuples (Xl"' " Xn) ,

(Xi E Ei ) , i.e. generated by the set E I x . .. x En . Let N be the submodule
generated by all the elements of the following type:

for all Xi E Ej , X; E Ej , a E R. We have the canonical injection

of our set into the free module generated by it. We compose this map with the
canonical map M --+ MIN on the factor module, to get a map

We contend that ip is multilinear and is a tensor product.
It is obvious that qJ is multilinear-our definition was adjusted to this

purpose. Let

f: E1 x ... x En --+ G

be a multilinear map . By the definition of free module generated by
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we have an induced linear map M -+ G which makes the following diagram
commutative:

SinceJ is multilinear, the induced map M -+ G takes on the value 0 on N. Hence
by the universal property of factor modules, it can be factored through MIN ,
and we have a homomorphism f. :MIN -+ G which makes the following dia­
gram commutative :

Since the image of cp generates MIN , it follows that the induced map f. is
uniquely determined. This proves what we wanted.

The module MIN will be denoted by

n

E 1 ® . .. ® En or also @ s;
i= 1

We have constructed a specific tensor product in the isomorphism class oftensor
products, and we shall call it the tensor product of E l ' . . . , En . Ifx, E Ei, we write

cp(x 1, . . . , X n) = X l ® . .. ® x, = X l ® R •. • ® R Xn •

We have for all i,

Xl ® .. . ® aXj ® ... ® x, = a(x I ® . . . ® xn) ,

Xl ® . . . ® (Xi + X;) ® . .. ® x,

for Xi> x; E E, and a E R.
If we have two factors , say E ® F, then every element of E ® F can be

written as a sum ofterms X ® y with X E E and y E F, because such terms generate
E ® F over R , and a(x ® y) = ax ® y for a E R.
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Remark. If an element of the tensor product is 0, then that element can
already be expressed in terms of a finite number of the relations defining the
tensor product. Thus if E is a direct limit of submodules E, then

In particular, every module is a direct limit of finitely generated submodules,
and one uses frequently the technique of testing whether an element of F ® E is
oby testing whether the image of this element in F ® E, is 0 when E, ranges over
the finitely generated submodules of E.

Warning. The tensor product can involve a great deal of collapsing between
the modules. For instance, take the tensor product over Z of Z/mZ and Z/nZ
where m, n are integers> I and are relatively prime. Then the tensor product

Z/nZ ® Z/mZ = O.

Indeed, we have n(x ® y) = (nx) ® y = 0 and m(x ® y) = x ® my = O. Hence
x ® y = 0 for all x E Z/nZ and y E Z/mZ. Elements of type x ® y generate the
tensor product, which is therefore O. We shall see later conditions under which
there is no collapsing.

In many subsequent results, we shall assert the existence of certain linear
maps from a tensor product. This existence is proved by using the universal
mapping property of bilinear maps factoring through the tensor product. The
uniqueness follows by prescribing the value of the linear maps on elements of
type x ® y (say for two factors) since such elements generate the tensor product.

We shall prove the associativity of the tensor product.

Proposition 1.1. Let El' E2, E3 be modules. Then there exists a unique
isomorphism

such that

(x ® y) ® Z f--+ X ® (y ® z)

Proof Since elements of type (x ® y) ® z generate the tensor product, the
uniqueness of the desired linear map is obvious. To prove its existence, let
x EEl ' The map
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such that Ax(y, z) = (x ® y) ® Z is clearly bilinear, and hence factors through a
linear map of the tensor product

The map

such that

(x, IX) H XxClX)

for x E E I and IXE E2 ® E3 is then obviously bilinear, and factors through a
linear map

which has the desired property (clear from its construction) .

Proposition 1.2. Let E, F be modules. Then there is a unique isomorphism

such that x ® y H Y ® x for x E E and Y E F.

Proof The map E x F --+ F ® E such that (x, Y)H Y ® x is bilinear, and
factors through the tensor product E ® F, sending x ® Y on Y ® x. Since this
last map has an inverse (by symmetry) we obtain the desired isomorphism.

The tensor product has various functorial properties. F irst, suppose that

(i = 1, ... , n)

is a collection oflinear maps. We get an induced map on the product,

Ifwe compose TI Ii with the canonical map into the tensor product, then we get
an induced linear map which we may denote by T(fl' . .. , f,,) which makes the
following diagram commutative :

E'I X . . . x E~-----+ E'I ® ... ® E~

n"] ]N'"'
E I x . . . x En -----+ E I ® . .. ® En
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It is immediately verified that T is functorial, namely that if we have a com­
posite of linear maps j; 0 9j (i = 1, . . . , n) then

and

T(id, . . . , id) = id.

We observe that T(fl" ' " j,,) is the unique linear map whose effect on an
element X'1 ® .. . ® x~ of E'1 ® ... ® E~ is

We may view T as a map

and the reader will have no difficulty in verifying that this map is multilinear.
We shall write out what this means explicitly for two factors, so that our map can
be written

(f, 9) 1-+ T(f,9)·

Given homomorphisms I :F' --+ F and 91' 92: E' --+ E, then

T(f,91 + 92) = T(f, 91) + T(f,92)'

T(/, a91) = aT(f, 91)'

In particular, select a fixed module F, and consider the functor T = TF (from
modules to modules) such that

T(E) = F ® E.

Then T gives rise to a linear map

T: L(E', E) --+ L(T(E'), T(E))

for each pair of modules E', E, by the formula

T(f) = T(id , f) .

Remark. By abuse of notation, it is sometimes convenient to write

11 ® ... ® j" instead of T(fl" " ,j,,).
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This should not be confused with the tensor product of elements taken in the
tensor product of the modules

The context will always make our meaning clear.

§2. BASIC PROPERTIES

The most basic relation relating linear maps, bilinear maps, and the tensor
product is the following : For three modules E, F, G,

L(E, L(F, G)) ~ L 2(E, F ; G) ~ L(E @ F, G).

The isomorphisms involved are described in a natural way.

(i) L 2(E, F ; G) -. L(E, L(F, G)).

If I :E x F -. G is bilinear, and x E E, then the map

Ix :F -. G

such that Ix(Y) = [t», y) is linear. Furthermore, the map x H Ix is linear, and
is associated with I to get (i).

(ii) L(E, L(F, G)) -. e(E, F; G).

Let <p E L(E, L(F, G)). We let j~: E x F -. G be the bilinear map such that

I",(x, y) = <p(x) (y).

Then <p H I", defines (ii).
It is clear that the homomorphisms of (i) and (ii) are inverse to each other

and therefore give isomorphisms of the first two objects in the enclosed box .

(iii) L 2(E, F; G) -. L(E @ F, G).

This is the map I H I* which associates to each bilinear map I the induced
linear map on the tensor product. The association I H I* is injective (because
I* is uniquely determined by f), and it is surjective, because any linear map
of the tensor product composed with the canonical map E x F -. E @ F gives
rise to a bilinear map on E x F.
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n

Proposition 2.1. Let E = EB E, be a direct sum. Then we have an isomor-
i = !

phism

n

F @ E +-+ EB (F @ EJ
j = I

Proof The isomorphism is given by abstract nonsense. We keep F fixed,
and consider the functor T : X H F @ X. As we saw above, T is linear. We have
projections n, : E -+ E of E on E j • Then

if i =I j ,

n

Lnj = id.
j= !

We apply the functor T, and see that T(nJ satisfies the same relations, hence gives
a direct sum decomposition of T(E) = F @ E. Note that T(nJ = id @ n i'

Corollary 2.2. Let I be an indexing set, and E = EB Ej • Then we have an
i e l

isomorphism

Proof Let S be a finite subset of I. We have a sequence of maps

the first of which is bilinear, and the second is linear, induced by the inclusion of
S in I. The first is the obvious map. IfS c Sf, then a trivial commutative diagram
shows that the restriction of the map

induces our preceding map on the sum for i E S. But we have an injection

Hence by compatibility, we can define a bilinear map
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and co nsequently a linear map
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In a similar way, one defines a map in the opposite direction, and it is clear
th at the se map s ar e inve rse to each other, hence give an isomorphism.

Suppose now that E is free, of dimension l over R. Let {v} be a basis , and
consider F ® E. Every element of F ® E can be wr itten as a sum of terms Y ® av
with Y E F and a E R. However, y ® av = ay ® v. In a sum of such terms, we can
then use linearity on the left,

Yi EF.

Hence every element is in fact of type Y ® v with some Y E F.
We have a bilinear map

F x E-+F

such that (Y, av) f--+ ay, ind ucing a linear map

We also ha ve a linear map F -+ F ® E given by y f--+ Y ® v. It is clear that these
maps are inverse to each other, and hence that we have an iso morphism

F ®E;:::: F.

Thus every element of F ® E can be written uniquely in the form y ® v, Y E F.

Proposition 2.3. Let E befree over R, with basis {Vi}i e I , Then every element
of F ® E has a unique expression of the form

Yi EF

with almost all Yi = O.

Proof. This follows at once from the discussion of the l-dimensional case,
and the corollary of Proposition 2 .1 .

Coronary 2.4. Let E, F be f ree over R, with bases {viLel and {wj}jeJ re­
spectively. Then E ® F isfree, with basis {Vi ® wj } . We have

dim(E ® F) = (dim E) (dim F).
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Proof Immediate from the proposition.

We see that when E is free over R, then there is no collapsing in the tensor
product. Every element of F @ E can be viewed as a " formal" linear combina­
tion of elements in a basis of E with coefficients in F.

In particular, we see that R @ E (or E @ R) is isomorphic to E, under the
correspondence x H x @ 1.

Proposition 2.5. Let E, F befree offin ite dimensionover R. Then we havean
isomorphism

which is the unique linear map such that

f @gH T(f, g)

for f E EndR(E) and g E EndR(F).

[We note that the tensor product on the left is here taken in the tensor
product of the two modules EndR(E) and EndR(F).]

Proof Let {vJ be a basis of E and let {wJ be a basis of F. Then { Vi @ W j}

is a basis of E @ F. For each pair of indices (i', j') there exists a unique endo­
morphism f = Ai' of E and g = gj ,j' of F such that

f( vJ = Vi' and f(v v) = 0 if v =1= i

g(w) = wj' and g(wl/) = 0 if J1 =1= j .

Furthermore, the families {};,i'} and {gj,j'} are bases of EndR(E) and EndR(F)
respectively. Then

Thus the family {T(};,i" gj,j')} is a basis of EndR(E @ F). Since the family
{Ii. i' @ gj,j'} is a basis ofEndR(E) @ EndR(F), the assertion of our proposition is
now clear.

In Proposition 2.5, we see that the ambiguity of the tensor sign in f @ g is in
fact unambiguous in the important special case of free, finite dimensional
modules. We shall see later an important application of Proposition 2.5 when
we discuss the tensor algebra of a module.

Proposition 2.6. Let

o-+ E' ~ E s. E" -+ 0
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be an exact sequence, and F any module. Then the sequence

F @ E' -+ F @ E -+ F @ E" -+ °
is exact.

Proof Given x" E E" and y E F, there exists x E E such that x" = r/J(x), and
hence y @ x" is the image of y @ x under the linear map

F@E-+F@E".

Since elements of type y @ x" generate F @ E", we conclude that the preceding
linear map is surjective. One also verifies trivially that the image of

F@E'-+F@E

is contained in the kernel of

F@E-+F@E".

Conversely, let 1 be the image of F @ E' -+ F @ E, and let

f: (F @ E)/I -+ F @ E"

be the canonical map. We shall define a linear map

9 : F @ E" -+ (F @ E)/I

such that 9 0 f = id. This obviously will imply that f is injective, and hence
will prove the desired converse.

Let y E F and x" E E". Let x E E be such that r/J(x) = x". We define a map
F x E" -+ (F @ E)/I by letting

(y, x") f-+ Y @ x (mod I),

and contend that this map is well defined, i.e. independent of the choice of x
such that r/J(x) = x". If r/J(Xl) = r/J(X2) = x", then r/J(x l - X2) = 0, and by
hypothesis, Xl - X2 = qJ(x') for some x' E E'. Then

This shows that y @ Xl == Y @ X2 (mod I), and proves that our map is well
defined. It is obviously bilinear, and hence factors through a linear map g, on
the tensor product. It is clear that the restriction of g of on elements of type
y @ x is the identity. Since these elements generate F @ E, we conclude that f
is injective, as was to be shown.
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It is not always true that the sequence

o--+ F (8) E' --+ F (8) E --+ F (8) E" --+ 0

XVI, §3

is exact. It is exact if the first sequence in Proposition 2.6 splits, i.e. if E is
essentially the direct sum of E' and E", This is a trivial consequence of Pro­
position 2.1, and the reader should carry out the details to get accustomed to the
formalism of the tensor product.

Proposition 2.7. Let a be an ideal of R. Let E be a module. Then the map
(Ria) x E --+ ElaE induced by

(a, x) H ax (mod aE),

is bilinearand induces an isomorphism

aER, xEE

(Ria) (8) E .:. ElaE.

Proof. Our map (a, x) H ax (mod aE) clearly induces a bilinear map of
Ria x E onto ElaE, and hence a linear map of Ria (8) E onto ElaE. We can
construct an inverse, for we have a well-defined linear map

E --+ Ria (8) E

such that x H I (8) x (where I is the residue class of 1 in Ria). It is clear that aE
is contained in the kernel of this last linear map, and thus that we obtain a
homomorphism

ElaE --+ Ria (8) E,

which is immediately verified to be inverse to the homomorphism described in
the statement of the proposition.

The association E H ElaE ~ Ria (8) E is often called a reduction map. In
§4,we shall interpret this reduction map as an extension of the base.

§3. FLAT MODULES

The question under which conditions the left-hand arrow in Proposition 2.6
is an injection gives rise to the theory of those modules for which it is, and we
follow Serre in calling them flat. Thus formally, the following conditions are
equivalent, and define a flat module F, which should be called tensor exact.

F 1. For every exact sequence

E' --+ E --+ E"
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the sequence

is exact.

FLAT MODULES 613

F 2. For every short exact sequence

o-> E' -> E -> E" -> 0

the sequence

o-> F @ E' -> F @ E -> F @ E" -> 0

is exact.

F 3. For every injection 0~ E' ~ E the sequence

o-> F @ E' -> F @ E

is exact.

It is immediate that F 1 implies F 2 implies F 3. Finally, we see that F 3 implies
F 1 by writing down the kernel and image of the map E' -> E and applying F 3.
We leave the details to the reader.

The following proposition gives tests for flatness, and also examples.

Proposition 3.1.

(i) The ground ring is fiat as moduleover itself.

(ii) Let F = EB F, be a direct sum. Then F isflat ifand only ifeachF, isfiat .

(iii) A projective module is fiat.

The properties expressed in this proposition are basically categorical, cr. the
comments on abstract nonsense at the end of the section . In another vein, we
have the following tests having to do with localization.

Proposition 3.2.

(i) Let 5 be a multiplicative subset ofR. Then 5- 1R is fiat over R.

(ii) A module M is fiat over R ifand only if the localization Mp isfiat over R;
for each primeideal p of R.

(iii) Let R be a principal ring. A moduleF isjlat ifandonly ifF is torsionfree.

The proofs are simple, and will be left to the reader. More difficult tests for
flatness will be proved below , however.

Examples of non-flatness. If R is an entire ring, and a module Mover R
has torsion, then M is not flat. (Prove this , which is immediate .)
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There is another type of example which illustrates another bad phenomenon.
Let R be some ring in a finite extension K of Q, and such that R is a finite
module over Z but not integrally closed. Let R ' be its integral closure. Let p be
a maximal ideal of R and suppose that pR' is contained in two distinct maximal
ideals ~ I and ~2 ' Then it can be shown that R' is not flat over R, otherwise R'
would be free over the local ring Rp , and the rank would have to be I , thus
precluding the possibility of the two primes ~I and ~2' It is good pract ice for
the reader actually to construct a numerical example of this situation. The same
type of example can be constructed with a ring R = k[x,y], where k is an
algebraically closed field, even of characteristic 0, and x, yare related by an
irreducible polynomial equation f(x,y) = 0 over k. We take R not integrally
closed, such that its integral closure exhibits the same splitting of a prime p of
R into two primes. In each one of these similar cases, one says that there is a
singularity at p.

As a third example, let R be the power series ring in more than one variable
over a field k. Let m be the maximal ideal. Then m is not flat, because otherwise ,
by Theorem 3.8 below , m would be free , and if R = k[[xl' . .. ' xn ]], then XI'

. . . , xn would be a basis for mover R, which is obviously not the case, since
XI' X2 are linearly dependent over R when n ~ 2. The same argument , of course,
applies to any local ring R such that m/m 2 has dimension ~ 2 over Rim .

Next we come to further criteria when a module is flat. For the proofs, we
shall snake it all over the place. Cf. the remark at the end of the section.

Lemma 3.3. Let F be fiat , and suppose that

is an exact sequence. Thenfor any E, we have an exact sequence

o--+ N @ E -+ M @ E --+ F @ E -+ O.

Proof Represent E as a quotient of a flat L by an exact sequence

o--+ K -+ L -+ E --+ O.
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Then we have the following exact and commutative diagram:

The top right 0 comes by hypothesis that F is flat. The 0 on the left comes from
the fact that L is flat. The snake lemma yields the exact sequence

which proves the lemma.

Proposition 3.4. Let

o-+ F' -+ F -+ F" -+ 0

be an exact sequence, and assume that F" isfiat. Then F isflat ifand only ifF'
is flat . More generally, let

be an exact sequence such that F I, . . . , F" are flat . Then FO is flat .
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Proof. Let 0 -> E' -> E be an injection. We have an exact and commuta­
tive diagram :

o

!
0----+ F' ® E' ----+ F ® E' ----+ F" ® E' ----+ 0

! ! !
o----+ F' ® E ----+ F ® E ----+ F" ® E

The 0 on top is by hypothesis that F" is flat, and the two zeros on the left are
justified by Lemma 3.3. IfF' is flat, then the first vertical map is an injection, and
the snake lemma shows that F is flat. If F is flat, then the middle column is an
injection. Then the two zeros on the left and the commutativity of the left square
show that the map F' ® E' -> F' ® E is an injection, so F' is flat. This proves the
first statement.

The proof of the second statement is done by induction, introducing kernels
and cokernels at each step as in dimension shifting, and apply the first statement
at each step. This proves the proposition

To give flexibility in testing for flatness, the next two lemmas are useful, in
relating the notion of flatness to a specific module. Namely, we say that F is
E-flat or flat for E, if for every monomorphism

0-> E' -> E

the tensored sequence

o-> F ® E' -> F ® E

is also exact.

Lemma 3.5. Assume that F is E-fiat. Then F is alsofiat for every submodule
and every quotient module of E.

Proof The submodule part is immediate because if E'1 c E~ c E are
submodules, and F ® E'1 -> F ® E is a monomorphism so is F ® E'1 -> F ® E~

since the composite map with F ® E~ -> F ® E is a monomorphism. The only
question lies with a factor module. Suppose we have an exact sequence

o-> N -> E -> M -> O.

Let M' be a submodule of M and E' its inverse image in E. Then we have a



XVI, §3

commutative diagram of exact sequences:
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0---+ N ---+ E' ---+ M' ---+ 0

II I I
0---+ N ---+ E ---+ M ---+ O.

We tensor with F to get the exact and commutative diagram

o K

I I
F® N---+F ® E'---+F® M'---+O

I I I
O---+F®N---+F®E~F®M

I
o

where K is the questionable kernel which we want to prove is O. But the snake
lemma yields the exact sequence

which concludes the proof.

Lemma 3.6. Let {EJ beafamilyofmodules, and suppose that F isflatfor each
E j • Then F isftatfor their direct sum.

Proof Let E = EB E, be their direct sum. We have to prove that given any
submodule E' of E, the sequence

o -> F ® E' -> F ® E = EB F ® e,

is exact. Note that if an element of F ® E' becomes 0 when mapped into the
direct sum, then it becomes 0 already in a finite subsum, so without loss of
generality we may assume that the set of indices is finite. Then by induction,
we can assume that the set of indices consists of two elements, so we have two
modules E, and E2, and E = E, EB E2• Let N be a submodule of E. Let N,
= NnE, and let N2 be the image of N under the projection on E2• Then
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we have the following commutative and exact diagram:

0---+ E1~ E -----+ E2

Tensoring with F we get the exact and commutative diagram :

o 0

j j
FiN'~FiN~FiN'~O

o-----+F ® E1 -----+ F ® E~F ® E2

XVI, §3

The lower left exactness is due to the fact that E = E( EE> E2• Then the snake
lemma shows that the kernel of the middle vertical map is O. This proves the
lemma.

The next proposition shows that to test for flatness, it suffices to do so only
for a special class of exact sequences arising from ideals.

Proposition 3.7. F isfiat if and only iffor every ideal a ofR the naturalmap

a ® F --+ aF

is an isomorphism. In fact, F isfiat ifand onlyfor every ideala ofR tensoring
the sequence

o--+ a --+ R --+ Ria --+ 0

with F yields an exact sequence.

Proof If F is flat, then tensoring with F and using Proposition 2.7 shows
that the natural map is an isomorphism, because aM is the kernel of M --+ MlaM.
Conversely, assume that this map is an isomorphism for all ideals a. This means
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that F is R-flat. By Lemma 3.6 it follows that F is flat for an arbitrary direct sum
of R with itself, and since any module M is a quotient of such a direct sum,
Lemma 3.5 implies that F is M-flat, thus concluding the proof.

Remark on abstract nonsense. 1 he proofs of Proposition 3.I(i), (ii), (iii),
and Propositions 3.3 through 3.7 are basically rooted in abstract nonsense,
and depend only on arrow theoretic arguments. Specifically, as in Chapter XX,
§8, suppose that we have a bifunctor T on two distinct abelian categories ct and
(B such that for each A, the functor B ~ T(A, B) is right exact and for each B
the functor A ~ T(A, B) is right exact. Instead of " flat" we call an object A
of ct T-exact if B f-+ T (A ,B) is an exact functor; and we call an object L of (B
'T-exact if A f-+ T (A ,L ) is exact. Then the references to the base ring and free
modules can be replaced by abstract nonsense conditions as follows.

In the use of L in Lemma 3.3, we need to assume that for every object E of(B
there is a IT-exact L and an epimorphism

L -+ E -+ O.

For the analog of Proposition 3.7, we need to assume that there is some
object R in (B for which F is R-exact, that is given an exact sequence

O-+a-+R

then 0 -+ T(F, a) -+ T(F, R) is exact ; and we also need to assume that R is a
generator in the sense that every object B is the quotient of a direct sum of R with
itself, taken over some family of indices, and T respects direct sums.

The snake lemma is valid in arbitrary abelian categories, either because its
proof is "functorial," or by using a representation functor to reduce it to the
category of abelian groups. Take your pick.

In particular, we really don't need to have a commutative ring as base ring,
this was done only for simplicity of language.

We now pass to somewhat different considerations.

Theorem 3.8. Let R be a commutative local ring, and let M be a finite flat
moduleover R. Then M is free. Infact, ifxt> .. . , x, EM are elements of M
whose residue classes are a basis of MlmM over Rim , then XI' . . . , Xn form
a basis of Mover R.

Proof Let R(n ) -+ M be the map which sends the unit vectors of R(n ) on
X I ' ... , X n respectively, and let N be its kernel. We get an exact sequence

o-+ N -+ R(n ) -+ M,
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whence a commutative diagram

m@ N --+m@ R(n)--+ m@M

I[ .[ ,[
o IN I R(n) 1M

XVI, §3

in which the rows are exact. Since M is assumed flat, the map h is an injection.
By the snake lemma one gets an exact sequence

o--+ coker f --+ coker g --+ coker h,

and the arrow on the right is merely

R(n)/mR(n) --+ M/mM,

which is an isomorphism by the assumption on Xl " ' " X n • It follows that
coker f = 0, whence mN = N, whence N = 0 by Nakayama if R is Noetherian,
so N is finitely generated. If R is not assumed Noetherian, then one has to add
a slight argument as follows in case M is finitely presented.

Lemma 3.9. Assume that M is finitely presented, and let

be exact, with E finitefree. Then N is finitely generated.

Proof Let

L I --+ L 2 --+ M --+ 0

be a finite presentation of M, that is an exact sequence with L 1, L2 finite free.
Using the freeness, there exists a commutative diagram

l~l'~l·~O
O-N --+E--+M--+O

such that L2 --+ E is surjective. Then the snake lemma gives at once the exact
sequence

0--+ cokertj., --+ N) --+ 0,

so cokenz., --+ N) = 0, whence N is an image of L I and is therefore finitely
generated, thereby proving the lemma, and also completing the proofofTheorem
3.8 when M is finitely presented.
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We still have not proved The orem 3.8 in the fully gene ral case. For this we
use Matsumura's proof (see his Commutative Algebra, Ch apter 2), based on the
follow ing lemma.

Lemma 3.10. Assume that M is fiat over R. Let a, E A, Xi E M f or i = I,
... , n, and suppose that we have the relation

n

LajX i = O.
i= I

Then there ex ists an integer s and elements bij E A and Yj EM (j = I , ... , s)
such that

L aibij = 0 f or all j and Xi = L bij)'j for all i.
j

Proof We consider the exact sequence

o--+ K --+ R(n) --+ R

where the map R(n) --+ R is given by

and K is its kernel. Since M is flat it follow s that

K ® M --+ M (n ) !.!: M

is exact , where f Mis given by

n

J:..,(ZI, · ··, Zn) = L aizi.
i = I

Therefore there exist elements {Jj E K and Yj EM such that

s

(XI ' · · · ' x n ) = L{Jj Yi­
j= I

Write {Jj = (blj, .. . , bn) with bij E R. Th is proves the lemma.

We may now apply the lemma to prove the theorem in exactly the same way
we proved that a finite projective module over a local ring is free in Chapter X,
Theorem 4.4 , by induction. This concludes the proof.

Remark. In the applications I know of, the base ring is Noetherian, and so
one gets awa y with the very simple proof given at first. I d id not want to obstruct
the simplicity of this pro of, and that is the reason I gave the additional tech­
nicalit ies in increasing order of generality.
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Applications of homology. We end this section by pointing out a connection
between the tensor product and the homological considerations of Chapter XX,
§8 for those readers who want to pursue this trend of thoughts . The tensor product
is a bifunctor to which we can apply the considerations of Chapter XX , §8. Let
M , N be modules . Let

. .. -> Ej -> Ej _ 1 -> Eo -> M -> 0

be a free or projective resolution of M, i.e. an exact sequence where E, is free or
projective for all i ~ O. We write this sequence as

EM -> M -> O.

Then by definition,

Tor j(M , N) = i-th homology of the complex E @ N, that is of

. . . -> E, @ N -> E j _ 1 @ N -> ... -> Eo @ N -> O.

This homology is determined up to a unique isomorphism. I leave to the reader
to pick whatever convention is agreeable to fix one resolution to determine a
fixed representation of Torj(M, N), to which all others are isomorphic by a
unique isomorphism.

Since we have a bifunctorial isomorphism M @ N :::::; N @ M, we also get a
bifunctorial isomorphism

Torj(M, N) :::::; Tor j(N, M)

for all i . See Propositions 8.2 and 8.2' of Chapter XX .
Following general principles, we say that M has Tor-dimension ;§ d if

Torj(M, N) = 0 for all i > d and all N . From Chapter XX, §8 we get the follow­
ing result , which merely replace s T-exact by flat.

Theorem 3.11. The following three conditions are equivalent concerning a
module M.

(i) M is fiat .

(ii) Torl(M, N) = 0 for all N .

(iii) Tor;(M, N) = 0 for all i ~ I and all N, in other words, M has Tor­
dimension O.

Remark. Readers willing to use this characterization can replace some of
the preceding proofs from 3.3 to 3.6 by a Tor-dimension argument, which is
more formal, or at least formal in a different way, and may seem more rapid.
The snake lemma was used ad hoc in each case to prove the desired result. The
general homology theory simply replaces this use by the corresponding formal
homological step, once the general theory of the derived functor has been carried
out.
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§4. EXTENSION OF THE BASE
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Let R be a commutative ring and let E be a R-module. We specify R since
we are going to work with several rings in a moment. Let R -+ R' be a homo­
morphism ofcommutative rings, so that R' is an R-algebra, and may be viewed as
an R-module also. We have a 3-multilinear map

R' x R' x E -+ R' ® E

defined by the rule

(a, b, x) H ab ® x.

This induces therefore a R-linear map

R' ® (R' ® E) -+ R' ® E

and hence a R-bilinear map R' x (R ' ® E) -+ R' ® E. It is immediately verified
that our last map makes R' ® E into a R'-module, which we shall call the
extension of Eover R', and denote by ER" We also say that ER' is obtained by
extension of the base ring from R to R',

Example 1. Let a be an ideal of R and let R -+ Ria be the canonical homo­
morphism. Then the extension of E to Ria is also called the reduction of E
modulo a. This happens often over the integers, when we reduce modulo a prime
p (i.e. modulo the prime ideal (P)).

Example 2. Let R be a field and R' an extension field. Then E is a vector
space over R, and ER' is a vector space over R'. In terms of a basis, we see that
our extension gives what was alluded to in the preceding chapter. This example
will be expanded in the exercises.

We draw the same diagrams as in field theory:

ER'

E / ~R'
~R /

to visualize an extension of the base . From Proposition 2.3, we conclude:

Proposition 4.1. Let E be a free module over R, with basis {VJ iEI ' Let
v; = 1 ® Vi ' Then ER' is afree module over R', with basis {V;}iEI '

We had already used a special case of this proposition when we observed that
the dimension of a free module is defined , i.e. that two bases have the same
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cardinality. Indeed, in that case, we reduced modulo a maximal ideal of R to
reduce the question to a vector space over a field.

When we start changing rings, it is desirable to indicate R in the notation
for the tensor product. Thus we write

Then we have transitivity ofthe extension ofthe base, namely, if R -. R' -+ R" is a
succession of homomorphisms of commutative rings , then we have an iso­
morphism

and this isomorphism is one of R"-modules. The proof is tr ivial and will be left
to the reader.

If E has a multiplicative structure, we can extend the base also for this
multiplication. Let R -+ A be a ring-homomorphism such that every element in
the image of R in A commutes with every element in A (Le. an R-algebra) . Let
R -+ R' be a homomorphism of commutative rings. We have a 4-multilinear
map

R' x A X R' x A -. R' @ A

defined by

(a, x, b, y) f-+ ab @ xy.

We get an induced R-linear map

R' @ A @ R' @ A -. R' @ A

and hence an induced R-bilinear map

(R ' @ A) x (R ' @ A) -+ R' @ A.

It is trivially verified that the law of composition on R' @ A we have just
defined is associative. There is a unit element in R' @ A, namely, 1 @ 1. We
have a ring-homomorphism of R' into R' @ A, given by a f-+ a @ I. In this way
one sees at once that R' @ A = AR , is an R'-algebra. We note that the map

xf-+l@x

is a ring-homomorphism of A into R' @ A, and that we get a commutative
diagram of ring homomorphisms,
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For the record, we give some routine tests for flatness in the context of base
extension.

Proposition 4.2. Let R -+ A be an R-algebra, and assume A commutative.

(i) Base change. IfF is a flat R-module, then A ®RF is aflat A-module.

(ii) Transitivity. IfA is aflat commutative R-algebra and M is aflat A-module,
then M is fiat as R-module.

The proofs are immedia te, and will be left to the reader.

§5. SOME FUNCTORIAL ISOMORPHISMS

We recall an abstract definition. Let m, '.8 be two categories. The functors
of minto '.8 (say covariant, and in one variable) can be viewed as the
objects of a category, whose morphisms are defined as follows. If L , M are two
such functors, a morphism H : L -+ M is a rule which to each object X of m
associates a morphism H x: L(X ) -+ M(X) in '.8, such that for any morphism
f: X -+ Y in m, the following diagram is commutative :

L(X)~M(X)

"Ilj jM(1l
L(Y)~M( Y)

We can therefore speak of isomorphisms of functors . We shall see examples of
these in the theory of tensor products below. In our applications, our categories
are additive, that is, the set ofmorphisms is an additive group, and the composi­
tion law is Z-bilinear. In that case, a functor L is called additive if

L(f + g) = L(f) + L(g).

We let R be a commutative ring, and we shall consider additive functors from
the category of R-modules into itself. For instance we may view the dual
module as a functor ,

E ~ EV = L (E , R) = HomR (E , R).

Similarly, we have a funct or in two variables,

(E, F ) H L (E , F) = HomR(E, F ),

contravar iant in the first, covari ant in the second, and bi-additive.
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We shall give several examples of functorial isomorphisms connected with
the tensor product, and for this it is most convenient to sta te a general theorem,
giving us a criterion when a morphism of functors is in fact an isomorphism.

Proposition 5.1. Let L, M be two functors (both covariant or both contra­
variant) Jrom the category ojR-modules into itself. Assume that both functors
are additive. Let H : L ..... M be a morphism oj'functors. IJ HE : L(E) ..... M(E)
is an isomorphismJor every I-dimensionalJree module E over R, then HE is an
isomorphism Jor every finit e-dimensional free module over R.

Proof We begin with a lemma.

Lemma 5.2. Let E and E; (i = I, . .. , m) be modules over a ring. Let
C{Ji: E; ..... E and l/J ;:E ..... E, be homomorphisms having theJollowing properties:

t/J; 0 C{J j = 0 if i =1= j

m

L C{J ; 0 t/J; = id,
; =1

Then the map

m

is an isomorphism oj E onto the direct product TI Ei , and the map
i ;::: l

is an isomorphism oJ the product onto E. Conversely, if E is equal to the direct
sum oj submodules E, (i = 1, . .. , m), if we let t/J; be the inclusion oj E; in E,
and C{J; the projection oj Eon Ei , then these maps satisJy the above-mentioned
properties .

Proof. The proof is routine , and is essentially the same as that of Proposition
3.1 of Chapter III. We shall leave it as an exercise to the reader.

We observe that the families {C{J;} and {t/J;} satisfying the properties of the
lemma behave functorially : If T is an additive contravariant functor, say, then
the families {T (t/J;)}and {T( C{J;)} also satisfy the properties of the lemma. Similarly
if T is a covariant functor.

To apply the lemma, we take the modules E, to be the I-dimensional
components occurring in a decomposition of E in terms of a basis. Let us assume
for inst ance that L , M are both covariant. We have for each module E a com-
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mutative diagram
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L(E)~ M(E)

L(ql'l] ]M lql;)

L(EJ~M(EJ

and a similar diagram replacing tp, by IjJ j, reversing the two vertical arrows.
Hence we get a direct sum decomposition of L(E) in terms of L(ljJi) and L(cp j),
and similarly for M(E) , in terms of M(ljJ j) and M(cpJ By hypothesis, HE, is an
isomorphism. It then follows trivially that HEis an isomorphism. For instance,
to pro ve injectivity, we write an element v E L(E) in the form

with Vi E L(EJ If HEv = 0, then

0= L HEL(cpJVi = L M(cpJHEiV;,

and since the maps M(CPi) (i = 1, . . . , m) give a direct sum decomposition of
M(E) , we conclude that HE,Vi = 0 for all i, whence Vj = 0, and V = O. The
surjectivity is equally trivial.

When dealing with a functor of several varia bles, additive in each variable,
one can keep all but one of the varia bles fixed, and then apply the proposition.
We shall do thi s in the following corollaries.

Corollary 5.3. Let E', E, F', F befree andfinite dimensional over R. Then we
have a functorial isomorphism

L(E', E) ® L(F', F) -> L(E' ® F', E ® F)

such that

f ® g H T(f, g).

Proof Keep E, F' , F fixed, and view L(E', E) ® L(F', F) as a functor in the
variable E'. Similarly, view

L(E' ® F', E ® F)

as a functor in E'. The mapf ® g H T(f, g) is functorial, and thus by the lemma,
it suffices to prove that it yields an isomorphism when E' has dimension 1.
Assume now that this is the case ; fix E' of dimension 1, and view the two
expressions in the corollary as functors of the variable E. Applying the lemma
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again, it suffices to pro ve that our arrow is an isomorphism when E has di­
mension 1. Similarly, we may assume that F, F' ha ve dimension l. In that
case the verification that the arrow is an isomorphism is a triviality, as desired.

Corollary 5.4. Let E, F be fre e and finite dimensional. Th en we have a
natural isomorphism

Proof Special case of Corollary 5.3.

Note that Corollary 5.4 had already been proved before, and that we
mention it here only to see how it fits with the present point of view.

Corollary 5.5. Let E, F be free finite dimensional over R. There is a func­
torial isomorphism

E V ® F ~ L(E, F)

given for A. E E v and y E F by the map

A. ® y I---' A ;.,y

where A ).,y is such that for all x E E, we have A .<,y(x ) = ;.(x)y.

The inverse isomorphism of Corollary 5.5 can be described as follows.
Let {VI , ... ,vn } be a basis of E, and let {v; , ... , v~ } be the dual basis. If
A E L(E,F), then the element

n
~V;®A (Vi)EEV®F
i= 1

maps to A. In particular, if E = F, then the element mapping to the identity idE
is called the Casimir element

n

~ v; ® Vi,
i= 1

independent of the choice of basis. Cf. Exercise 14.
To prove Corollary 5.5, justify that there is a well-defined homomorphism

of E V ® F to L(E,F), by the formula written down. Verify that this homo­
morphism is both injective and surjective . We leave the details as exercises.

Differential geometers are very fond of the isomorphism

L(E, E) ~ E V ® E,

and often use E V ® E when they think geometrically of L(E , E), thereby em­
phasi zing an unnecessary dualization, and an irrelevant formalism , when it is
easier to deal directly with L(E, E). In differential geometry, one applies
various functors L to the tangent space at a point on a manifold, and elements
of the spaces thus obtained are called tensors (of type L).
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Corollary 5.6. Let E, F be free and finite dimensional over R. There is a
functorial isomorphism

EV®FV -+ (E®F)v .

given for ), E E V and fJ- E F V by the map

A@fJ- t-+ A,

where A is such that.for all x E E and y E F,

A(x @ y) = A(X)fJ- (Y)

Proof. As before.

Finally, we leave the following results as an exercise.

Proposition 5.7. Let E be free and finite dimensional over R. The trace
function on L(E, E) is equal to the composite of the two maps

L(E, E) -+ EV ® E -+ R,

where thefirst mapis the inverse of the isomorphism described in Corollary 5.5,
and the second map is induced by the bilinear map

(A ,X) t-+ A(X).

Of course, it is precisely in a situation involving the trace that the iso­
morphism of Corollary 5.5 becomes important, and that the finite dimen­
sionality of E is used. In many applications, this finite dimensionality plays
no role, and it is better to deal with L(E, E) directly .

§6. TENSOR PRODUCT OF ALGEBRAS

In this section, we again let R be a commutative ring. By an R-algebra we
mean a ring homomorphism R -+ A into a ring A such that the image of R is
contained in the center of A .

Let A, B be R-algebras. We shall make A ® B into an R-algebra. Given
(a, b) E A x B, we have an R-bilinear map

Ma ,b: A X B -+ A ® B such that Ma,b(a', b') = aa' ® bb'.

Hence Ma,b induces an R-linear map ma,b: A ® B -+ A ® B such that
ma,b(a', b') = aa' ® bb'. But ma,b depends bilinearly on a and b, so we obtain
finally a unique R-bilinear map

A®BXA®B-+A®B



630 THE TENSOR PRODUCT XVI, §6

such that (a (9 b)(a ' (9 b' ) = aa' (9 bb '. This map is obviously associative, and
we have a natural ring homomorphism

R ~ A (9 B given by c ~ 1 (9 c = c (9 I .

Thus A (9 B is an R-algebra , called the ordinary tensor product.

Application: commutative rings

We shall now see the implication of the above for commutative rings.

Proposition 6.1. Finite coproducts exist in the category of commutative
rings, and in the category of commutative algebras over a commutative ring .
If R ~ A and R ~ B are two homomorphisms of commutative rings , then their
coproduct over R is the homomorphism R ~ A (9 B given by

a~a (91 = 1 (9 a.

Proof. We shall limit our proof to the case of the coproduct of two ring
homomorphisms R ~ A and R ~ B. One can use induction .

Let A , B be commutative rings, and assume given ring-homomorphisms into
a commutati ve ring C,

cp : A --+ C and tjJ:B --+ C.

Then we can define a Z-bilinear map

A x B --+ C

by (x , y)~ cp(x)tjJ(y). From this we get a unique additive homomorphism

such that x (9 y~ cp(x)tjJ(y). We have seen above that we can define a ring
structure on A (9 B, such that

(a (9 b)(c (9 d) = ac (9 bd.

It is then clear that our map A (9 B --+ C is a ring-homomorphism. We also have
two ring-homomorphisms

A 1. A (9 Band B.!4 A (9 B

given by

x~ x (9 1 and y~ 1 (9 y.

The universal property of the tensor product shows that (A (9 B, f, g) is a
coproduct of our rings A and B.

If A, B, Care R-algebras, and if rp, tjJ make the following diagram com-
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mutative,
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then A ® B is also an R-algebra (it is in fact an algebra over R, or A, or B, de­
pending on what one wants to use), and the map A ® B --+ C obtained above
gives a homomorphism of R-algebras.

A commutative ring can always be viewed as a Z-algebra (i.e. as an algebra
over the integers) . Thus one sees the coproduct of commutative rings as a
special case of the coproduct of R-algebras.

Graded Algebras. Let G be a commutative monoid, written additively . By
a G-graded ring, we shall mean a ring A, which as an additive group can be
expressed as a direct sum.

and such that the ring multiplication maps Ar x As into Ar+s' for all r, S E G.
In particular, we see that Ao is a subring.
The elements of Ar are called the homogeneous elements of degree r ,
We shall construct several examples of graded rings, according to the

following pattern. Suppose given for each rEG an abelian group Ar (written
additively) , and for each pair r, S EGa map Ar x As~ Ar+s' Assume that Ao
is a commutative ring, and that composition under these maps is associative and
Ao-bilinear . Then the direct sum A = EB Ar is a ring: We can define multiplica-

r EG

tion in the obvious way, namely

(L xr) (L YS) = L ( L xrYs ) ,
r EG SE G tEG r + s=t

The above product is called the ordinary product. However, there is another
way . Suppose the grading is in Z or Z/2Z. We define the super product of
x E Ar and YEAs to be (_l)rsxy , where xy is the given product. It is easily veri­
fied that this product is associative, and extends to what is called the super
product A ® A ~ A associated with the bilinear maps. If R is a commutative
ring such that A is a graded R-algebra , i.e. RAr CAr for all r (in addition to the
condition that A is a graded ring), then with the super product, A is also an
R-algebra, which will be denoted by Asu' and will be called the super algebra
associated with A.
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Example. In the next section, we shall meet the tensor algebra T(E), which
will be graded as the direct sum of F(E), and so we get the associated super
tensor algebra Tsu(E) according to the above recipe .

Similarly , let A, B be graded algebras (graded by the natural numbers as
above). We define their super tensor product

A ®su B

to be the ordinary tensor product as graded module, but with the super product

(a 0 b)(a' 0 b') = (_l)(degb)(dega ')aa' 0 bb'

if b, a' are homogeneous elements of BandA respectively. It is routinely verified
that A ®su B is then a ring which is also a graded algebra. Except for the sign,
the product is the same as the ordinary one, but it is necessary to verify associativity
explicitly . Suppose a' E Ai' b E Bj , a" E As' and b' E Br. Then the reader will
find at once that the sign which comes out by computing

(a ®su b)(a' ®su b')(a" ®su b")

in two ways turns out to be the same, namely (_lij+js+sr. Since bilinearity is
trivially satisfied, it follows that A ®su B is indeed an algebra .

The super product in many ways is more natural than what we called the
ordinary product. For instance, it is the natural product of cohomology in topol­
ogy. Cf. Greenberg-Harper, Algebraic Topology, Chapter 29. For a similar con­
struction with Z/2Z-grading, see Chapter XIX, §4.

§7. THE TENSOR ALGEBRA OF A MODULE

Let R be a commutative ring as before, and let E be a module (i.e. an
R-module). For each integer r ~ 0, we let

,
T'(E) = (8) E and TO(E) = R.

i = 1

Thus T'(E) = E 0 . . . ® E (tensor product taken r times) . Then T' is a functor,
whose effect on linear maps is given as follows. Iff : E -> F is a linear map, then

T'(j) = T(j, ... , f)

in the sense of §1.
From the associativity of the tensor product, we obtain a bilinear map

T'(E) x peE) -+ T'+ S(E),
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which is associative. Consequently, by means of this bilinear map, we can define
a ring structure on the direct sum

00

T(E) = E8 T'(E),
, =0

and in fact an algebra structure (mapping R on TO(E) = R). We shall call T(E)
the tensor algebra of E, over R. It is in general not commutative. If x, y E T(E),
we shall again write x ® y for the ring operation in T(E).

Let f :E --. F be a linear map. Then f induces a linear map

T'(f) : T'(E) --. T'(F)

for each r ~ 0, and in this way induces a map which we shall denote by T(f) on
T(E) . (There can be no ambiguity with the map of §l, which should now be
written TI(f), and is in fact equal to f since TI(E) = E.) It is clear that T(f) is
the unique linear map such that for XI' . . . , X, E E we have

T(f)(x I ® . .. ® x.) = f(x l ) ® . .. ® f(x.).

Indeed, the elements of TI(E) = E are algebra-generators of T(E) over R. We
see that T(f) is an algebra-homomorphism. Thus T may be viewed as afunctor
from the category of modules to the category of graded algebras, T(f) being a
homomorphism of degree 0.

When E is free and finite dimensional over R, we can determine the structure
of T(E) completely, using Proposition 2.3. Let P be an algebra over k. We shall
say that P is a non-commutative polynomial algebra if there exist elements
t I' ... , tn E P such that the elements

M(i)(t) = til ' . . tis

with 1 ~ i, ~ n form a basis of P over R. We may call these elements non­
commutative monomials in (z), As usual , by convention, when r = 0, the
corresponding monomial is the unit element of P. We see that t I' . . . , i, generate
P as an algebra over k, and that P is in fact a graded algebra, where P, consists of
linear combinations of monomials ti. : : t., with coefficients in R. It is natural to
say that t I ' .. . , In are independent non-commutative variables over R.

Proposition 7.1. Let E befree ofdimensionn overR. Then T(E) is isomorphic
to the non-commutative polynomial algebra on n variables over R. In other
words, if {VI " '" vn } is a basis of E over R, then the elements

form a basis of T'(E), and every element of T(E) has a uniqueexpression as a
finite sum

La(i)M(i )(v),
(i)
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with almost all a(i) equal to O.

Proof This follows at once from Proposition 2.3.

The tensor product of linear maps will now be interpreted in the context of
the tensor algebra.

For convenience, we shall denote the module oj endomorphisms EndR(E) by
L(E)Jor the rest of this section.

We form the direct sum
00

(L T)(E) = EB L(r(E)),
r=O

which we shall also write LT(E) for simplicity . (Of course , LT(E) is not equal to
EndR(T(E)), so we must view LT as a single symbol.) We shall see that LT is a
functor from modules to graded algebras, by defining a suitable multiplication
on LT(E). Let J E L(r(E)), g E L(T'(E)), h E L(Tm(E)). We define the product
Jg E L(Tr+s(E)) to be T(f, g), in the notation of §l, in other words to be the
unique linear map whose effect on an element x ® y with x E r(E) and
yE T'(E) is

x ® y f-> J(x) ® g(y).

In view of the associativity of the tensor product, we obtain at once the as­
sociativity (fg)h = J(gh), and we also see that our product is bilinear. Hence
LT(E) is a k-algebra.

We have an algebra-homomorphism

T(L(E)) --+ LT(E)

given in each dimension r by the linear map

We specify here that the tensor product on the left is taken in

L(E) ® .. . ® L(E).

We also note that the homomorphism is in general neither surjective nor injective.
When E is free finite dimensional over R, the homomorphism turns out to be
both, and thus we have a clear picture of LT(E) as a non-commutative poly­
nomial algebra, generated by L(E). Namely, from Proposition 2.5, we obtain :

Proposition 7.2. Let E befree, finite dimensional over R. Then we have an
algebra-isomorphism

00

T(L(E)) = T(EndR(E)) --+ LT(E) = EB EndR(r(E))
r=O
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given by
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f @ g H T(.f, g).

Proof. By Proposition 2.5, we have a linear isomorphism in each dimen­
sion , and it is clear that the map preserves multiplication.

In particular, we see that LT(E) IS a noncommutative polynomial algebra.

§8. SYMMETRIC PRODUCTS

Let 6 n denote the symmetric group on n letters, say operating on the integers
(1, . . . , n). An r-multilinear map

f :E(r) -> F

is said to be symmetric if f(x\, ... , xr) = f(x,,(l)' . .. , x,,(r») for all (J E 6 r.
In T'(E), we let b, be the submodule generated by all elements of type

for all Xi E E and (J E 6 r • We define the factor module

sr(E) = Tr(E)jb"

and let

00

S(E) = EB sr(E)
r=O

be the direct sum . It is immediately obvious that the direct sum

is an ideal in T(E), and hence that S(E) is a graded R-algebra, which is called the
symmetric algebra of E.

Furthermore, the canonical map

E(r) -> sr(E)

obt ained by composing the maps

E(r) -> T'(E) -> Tr(E)/br = sr(E)

is universal for r-multilinear symmetric maps.
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We observe that 5 is a functor.from the category of modules to the category
of graded R-alqebras. The image of (XI" ' " x.) under the canonical map

E(r) --+ 5'(E)

will be denoted simply by Xl . . . X,.

Proposition 8.1. Let E be free of dimension n over R. Let {VI"' " vn} be a
basisofE overk. Viewed as elementsof51(E) in 5(E), these basiselementsare
algebraically independent over R, and S(E) is therefore isomorphic to the
polynomial algebra in n variables over R.

Proof Let t 1, ... ,tn be algebraically independent variables over R, and
form the polynomial algebra R[t 1" ' " tnJ. Let P, be the R-module of homo­
geneous polynomials of degree r. We define a map of E(') --+ P, as follows. If
WI' . . . , w, are elements of E which can be written

n

Wi = Lai. v.,
v = I

then our map is given by

i = 1, .. . , r,

It is obvious that this map is multilinear and symmetric. Hence it factors
through a linear map of S'(E) into Pr :

E(r) ------+ 5'(E)

~p/,

From the commutativity of our diagram, it is clear that the element ViI' •. Vis in
S'(E) maps on til' . . tis in P, for each r-tuple of integers (i) = (i" . . . ,i,). Since
the monomials Ma,(t) of degree r are linearly independent over k, it follows that
the monomials Ma)(v) in sr(E) are also linearly independent over R, and that
our map 5'(E) --+ P, is an isomorphism. One verifies at once that the multiplica­
tion in 5(E) corresponds to the multiplication of polynomials in R[t] , and thus
that the map of S(E) into the polynomial algebra described as above for each
component sr(E) induces an algebra-isomorphism of S(E) onto R[t] , as desired.

Proposition 8.2. Let E = E' EB E" be a direct sum of finite free modules.
Then there is a natural isomorphism

sn(E' EB E") ~ EB SPE' ® 5QE".
p+q=n

In fact, this is but the n-part ofa graded isomorphism

S(E' EB E") ~ SE' ® SE".
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Proof The isomorphism comes from the following maps. The inclusions
of E' and E" into their direct sum give rise to the functorial maps

SE' @ SE" -> SE,

and the claim is that this is a graded isomorphism. Note that SE' and SE" are
commutative rings, and so their tensor product is just the tensor product of
commutative rings discussed in §6. The reader can either give a functorial map
backward to prove the desired isomorphism, or more concretely, SE' is the
polynomial ring on a finite family of variables, SE" is the polynomial ring in
another family of variables, and their tensor product is just the polynomial ring
in the two families of variables. The matter is easy no matter what, and the
formal proof is left to the reader.

EXERCISES

I. Let k be a field and k(ex) a finite extension. Let f(X) = Irrt«, k, X) , and suppose thatfis
separable. Let k' be any extension of k. Show that k(ex) ® k' is a direct sum of fields.
If k' is algebraically closed , show that these fields correspond to the embeddings of
k(ex) in k'.

2. Let k be a field, f(X) an irreducible polynomial over k, and ex a root of f. Show that
k(ex) ® k' is isomorphic, as a k'-algebra, to k'[X] j(f(X» .

3. Let E be a finite extension of a field k. Show that E is separable over k if and only if
E ®k L has no nilpotent elements for all extensions L of k, and also when L = k".

4. Let cp : A ~ B be a commutative ring homomorphism. Let E be an A-module and F
a B-module. Let FA be the A-module obtained from F via the operation of A on F
through tp, that is for y E FA and a E A this operat ion is given by

(a, y) H cp(a)y.

Show that there is a natural isomorphism

5. The norm. Let B be a commutative algebra over the commutative ring R and assume
that B is free of rank r . Let A be any commutative R-algebra. Then A @ B is both
an A-algebra and a B-algebra. We view A @ B as an A-algebra, which is also free
of rank r . If {e. , . . . , e.} is a basis of B over R, then

is a basis of A ® B over A. We may then define the norm

N = N A 0 B. A : A ® B -+ A

as the unique map which coincides with the determinant of the regular representation.
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Inother words, if b e B and bB denotes multiplicat ion by b, then

XVI, Ex

and similarly after extension of the base. Prove:
(a) Let tp : A -+ C be a homomorphism of R-algebras. Then the following diagram

is commutative :

(b) Let x, yE A ® B. Then N(x ®By) = N(x) ® N(y ). [Hint : Use the com­
mut ativity relations eiej = ejei and the associativity.]

A little flatness

6. Let M , N be flat. Show that M ® N is flat.

7. Let F be a flat R-module, and let a E R be an element which is not a zero-divisor. Show
that if ax = 0 for some x E F then x = o.

8. Prove Proposition 3.2 .

Faithfully flat

9. We cont inue to assume that rings are commutative. Let M be an A-module. We say
that M is faithfully flat if M is flat , and if the functor

is faithful , that is E # 0 implies M ® A E # O. Prove that the following cond itions are
equ ivalent.

(i) M is faithfully flat.

(ii) M is flat, and if u : F -+ E is a homomorphism of A-modules, U # 0, then
Tw(u): M ®A F -+ M ®A E is also # 0.

(iii) M is flat, and for all maximal ideals m of A, we have mM # M .

(iv) A sequence of A-modules N' -+ N -+ N" is exact if and only if the sequence
tensored with M is exact.

10. (a) Let A -+ B be a ring-homomorphism. If M is faithfully flat over A, then B ® AM
is faithfully flat over B.

(b) Let M be faithfully flat over B. Then M viewed as A-module via the homomorphism
A -+ B is faithfully flat over A if B is faithfully flat over A.

II. Let P, M, E bemodules over the commutative ring A. If P is finitely generated (resp.
finitely presented) and E is flat , show that the natural homomorphism

is a monomorphism (resp. an isomorphism).
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[Hillt: Let F I -> F0 -> P -> 0 be a finite presentation , say. Consider the diagram

j j j

Tensor products and direct limits

12. Show that the tensor product commutes with direct limits. Inother words, if {E;} is a
directed family of modules, and M is any module, then there is a natural isomorphism

~(Ej ® AM):::; (~Ej) ®A M.

13. (D. Lazard) Let E be a module over a commutative ring A. Tensor products are all
taken over that ring. Show that the following conditions are equivalent :

(i) There exists a direct family {F;} of free modules of finite type such that

(ii) E is flat.

(iii) For every finitely presented module P the natural homom orphism

H om A(P, A) ®A E -> HomA(P, E)

is surjective.

(iv) For every finitely presented module P and homomorphism f :P -> E there
exists a free module F, finitely generated, and homomorph isms

9 : P -> F and h : F -> E

such that f = h og.

Remark. The point of Lazard 's theorem lies in the first two conditions: E is flat
if and only if E is a direct limit of fr ee modules offinit e type.

[Hint: Since the tensor product commutes with direct limits, that (i) implies (ii)
comes from the preceding exercise and the definition of flat.

To show that (ii) implies (iii), use Exercise II.
To show that (iii) implies (iv) is easy from the hypothesis.
To show that (iv) implies (i), use the fact that a module is a direct limit of finitely

presented modules (an exercise in Chapter III), and (iv) to get the free modules
instead. For complete details , see for instance Bourbaki, Algebre, Chapter X, §I,
Theorem I , p. 14.]

The Casimir element

14. Let k be a commutative field and let E be a vector space over k, of finite dimension
II . Let B be a nondegenerate symmetric bilinear form on E, inducing an iso-
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morphism E --> E v of E with its dual space. Let {VI, . .. ,vn } be a basis of E. The B­
dual basis {vf, . . . , v~ } consists of the elements of E such that B(Vi, vJ) =bij.

(a) Show that the element I:Vi ® V; in E ® E is independent of the choice of
basis. We call this element the Casimir element (see below).

(b) In the symmetric algebra S(E ), let QB = I: ViV;, Show that QB is indepen­
dent of the choice of basis. We call QB the Casimir polynomial. It depends on
B, of course.

(c) More generally, let D be an (associative) algebra over k, let P): E --> D be an
injective linear map of E into D. Show that the element I: P)(Vi )P)(V;) =
WB,fJJ is independent of the choice of basis. We call it the Casimir element in
D, determined by p) and B.

Remark. The terminology of the Casimir element is determined by the classical
case, when G is a Lie group, E = 9 = Lie(G) is the Lie algebra of G (tangent space at the
origin with the Lie algebra product determined by the Lie derivative), and P)(v) is the
differential operator associated with V (Lie derivative in the direction of v). The Casimir
element is then a partial differential operator in the algebra of all differential operators
on G. Cf. basic books on manifolds and Lie theory, for instance [JoL Oil, Chapter II, §1
and Chapter VII, §2.

15. Let E = sln(k) = subspace of Matn (k) consisting of matrices with trace O. Let B be
the bilinear form defined by B(X , Y ) = tr(XY). Let G = SLn(k). Prove:

(a) B is c(G)-invariant, where c(g) is conjugation by an element g E G.
(b) B is invariant under the transpose (X , Y) f-+ e X , I Y).
(c) Let k = R. Then B is positive definite on the symmetric matrices and nega­

tive definite on the skew-symmetric matrices.
(d) Suppose G is given with an action on the algebra D of Exercise 14, and that

the linear map ~: E --> D is G-linear. Show that the Casimir element is G­
invariant (for the conjugation action on S(E ), and the given action on D).




