
Chapter 6

General Method of Obtaining Impedance

of Complex Reactions

It is possible to write the impedance for each electrochemical mechanism which is

described by a series of chemical/electrochemical reactions. In this chapter a

general method will be presented using matrix notation, which simplifies the task.

An example of a reaction mechanism containing two diffusing, A and C, and one

adsorbed species B, described by Eq. (6.1), will be presented:

Aþ e! Bads, ð6:1Þ

Bads þ e! C: ð6:2Þ

It involves the diffusion of A toward an electrode, a surface adsorption reaction

at an area that is not already occupied by B, desorption of B, and diffusion of C from

the electrode. First of all, the system dc behavior must be described by appropriate

equations. Because the reactions proceed by an exchange of electrons, the rate

constants of forward and backward reactions are potential dependent:

v1 ¼ k1exp �β1f η½ � Γ1 � ΓBð ÞCA 0ð Þ � k�1exp 1� β1ð Þf η½ �ΓB, ð6:3Þ

v2 ¼ k2exp �β2f η½ �ΓB � k�2exp 1� β2ð Þf η½ � Γ1 � ΓBð ÞCC 0ð Þ, ð6:4Þ

where vi are the rates of reaction in the units of flux, mol cm�2 s�1, ki and k–i are the
heterogeneous rate constants of the forward and backward reactions, respectively,

βi are the symmetry coefficients of the electrode processes, η ¼ E � Eeq is the

overpotential, Eeq is the equilibrium potential, Γ∞ is the surface concentration of all

available free sites in the absence of adsorption, ΓB is the surface concentration of B

(in mol cm�2), andCi(0) are the surface concentrations. By introduction of the surface

coverage, θB, which is the portion of the surface occupied by adsorbed B species,

θB ¼ ΓB

Γ1
, ð6:5Þ
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a simpler form may be written:

v1 ¼ k
!
1 1� θBð ÞCA 0ð Þ � k

 
�1θB, ð6:6Þ

v2 ¼ k
!
2θB � k

 
�2 1� θBð ÞCC 0ð Þ, ð6:7Þ

where

k
!
i ¼ kiexp �βi f ηð Þ and k

 
�i ¼ k�iexp 1� βið Þf η½ � ð6:8Þ

are the potential-dependent rate constants. Considering the condition at the equi-

librium potential

v1 ¼ v2 ¼ 0 ð6:9Þ

leads to the relation

k1k2
k�1k�2

C�A
C�C
¼ 1, ð6:10Þ

where C�i are the bulk concentrations. This relation indicates that there are only

three out of four independent rate constants in the system. Such a condition should

be checked for each mechanism involving adsorption to avoid further problems

with the determination of the kinetic parameters (overdetermined system). More

details on such conditions will be presented in Chap. 5.

Next, solving the problem in the steady state, it is necessary to write the

following items:

1. Current as a function of the rates of reactions (6.6) and (6.7)

2. Current as function of fluxes of diffusing species

3. Mass balance relations for adsorbed species

The current is described as

i ¼ �F v1 þ v2ð Þ ¼ �Fr0, ð6:11Þ

where r0 ¼ v1 + v2 and the negative sign must be added because the reduction

current is negative and that of oxidation is positive. Relations between the current

and fluxes are

i ¼ �2FDA

∂CA

∂x

� �
x¼0
¼ 2FDC

∂CC

∂x

� �
x¼0

ð6:12Þ

148 6 General Method of Obtaining Impedance of Complex Reactions

http://dx.doi.org/10.1007/978-1-4614-8933-7_5


and the change in the surface coverage is

Γ1
dθB
dt
¼ v1 � v2 ¼ r1, ð6:13Þ

where r1 ¼ v1 � v2. Equations (6.11), (6.12) and (6.13) describe the dc behavior of
our system. Next, equations must be written for the oscillating current, concentra-

tions, and surface coverage, Eq. (4.13), using a linearization procedure, Eq. (4.16).

The linearization of Eq. (6.11) (neglecting the higher-order terms) gives

Δi ¼ �F ∂r0
∂η

� �
Δηþ ∂r0

∂eθB
� �

ΔθB þ ∂r0
∂CA

� �
ΔCA 0ð Þ þ ∂r0

∂CC

� �
ΔCC 0ð Þ

� �
,

ð6:14Þ

which may be simplified by dividing both sides by exp( jωt):

ei ¼ �F ∂r0
∂η

� �eη þ ∂r0

∂eθB
� �eθB þ ∂r0

∂CA

� �eCA 0ð Þ þ ∂r0
∂CC

� �eCC 0ð Þ
� �

: ð6:15Þ

Solution of a semi-infinite linear diffusion Fick’s equations (4.19) and (4.22)

leads to the expression of Eq. (6.12) in terms of phasors, that is and expressing

Eq. (4.30) at the electrode surface, x ¼ 0, leads to

ei ¼ 2F
ffiffiffiffiffiffiffiffiffiffiffi
jωDA

p eCA 0ð Þ,
ei ¼ �2F ffiffiffiffiffiffiffiffiffiffiffi

jωDC

p eCC 0ð Þ:
ð6:16Þ

Finally, linearization of Eq. (6.13) gives the following equation:

Γ1
dΔθB
dt
¼ Δr1 ¼ ∂r1

∂η

0
@

1
AΔηþ ∂r1

∂eθB
0
@

1
AΔθB

þ ∂r1
∂CA

0
@

1
AΔCA 0ð Þ þ ∂r1

∂CC

0
@

1
AΔCC 0ð Þ,

ð6:17Þ

which gives, after division of both sides by exp( jωt),

Γ1 jωeθB ¼ ∂r1
∂η

� �eη þ ∂r1
∂θB

� �eθB þ ∂r1
∂CA

� �eCA 0ð Þ þ ∂r1
∂CC

� �eCC 0ð Þ: ð6:18Þ

We have obtained four equations, (6.15), (6.16), and (6.18), which can be

rearranged by dividing all by eη and keeping constant terms on one side:
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� ∂r0
∂η

0
@

1
A ¼ 1

F

eieη � ∂r0
∂θB

0
@

1
AeθBeη � ∂r0

∂CA

0
@

1
A eCA 0ð Þeη � ∂r0

∂CC

0
@

1
A eCC 0ð Þeη ,

0 ¼ � 1

2F

eieη þ
ffiffiffiffiffiffiffiffiffiffiffi
jωDA

p eCA 0ð Þeη ,

0 ¼ 1

2F

eieη þ
ffiffiffiffiffiffiffiffiffiffiffi
jωDC

p eCC 0ð Þeη ,

� ∂r1
∂η

0
@

1
A ¼ �Γ1jωeθBeη þ ∂r1

∂θB

0
@

1
AeθBeη þ ∂r1

∂CA

0
@

1
A eCA 0ð Þeη þ ∂r1

∂CC

0
@

1
A eCC 0ð Þeη :

ð6:19Þ

It is evident that the ratio ei=eη is the faradaic admittance; therefore, this term

should be calculated from the system of Eq. (6.19). To simplify the procedure, they

may be written in the matrix form Y ¼ AX:

�∂r0
∂η

0

0

�∂r1
∂η

2
66666666666664

3
77777777777775
¼

1

F
� ∂r0
∂θB

� ∂r0
∂CA

� ∂r0
∂CC

� 1

2F
0

ffiffiffiffiffiffiffiffiffiffiffi
jωDA

p
0

1

2F
0 0

ffiffiffiffiffiffiffiffiffiffiffi
jωDC

p

0
∂r1
∂θB
� Γ1jω

∂r1
∂CA

∂r1
∂CC

2
66666666666664

3
77777777777775

eieηeθBeηeCC 0ð ÞeηeCA 0ð Þeη

2
6666666666666664

3
7777777777777775

: ð6:20Þ

The faradaic admittance eY ¼ ei=eη may be calculated using Cramer’s rule aseY f ¼ T=A, where A ¼ det(A), T ¼ det(T), and determinant T is obtained by

replacing the first column in A by Y:

A ¼

1

F
� ∂r0
∂θB

� ∂r0
∂CA

� ∂r0
∂CC

� 1

2F
0

ffiffiffiffiffiffiffiffiffiffiffi
jωDA

p
0

1

2F
0 0

ffiffiffiffiffiffiffiffiffiffiffi
jωDC

p

0
∂r1
∂θB
� Γ1jω

∂r1
∂CA

∂r1
∂CC

�������������������

�������������������

, ð6:21Þ
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T ¼

�∂r0
∂η

� ∂r0
∂θB

� ∂r0
∂CA

� ∂r0
∂CC

0 0
ffiffiffiffiffiffiffiffiffiffiffi
jωDA

p
0

0 0 0
ffiffiffiffiffiffiffiffiffiffiffi
jωDC

p

�∂r1
∂η

∂r1
∂θB
� Γ1jω

∂r1
∂CA

∂r1
∂CC

�������������

�������������
, ð6:22Þ

and after calculation of the determinants

T ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
DADC

p
Γ1

∂r0
∂η

jωð Þ2 þ �∂r0
∂η

∂r1
∂θB
� ∂r0
∂θB

∂r1
∂η

0
@

1
A jωð Þ

2
4

3
5

¼ a4 jωð Þ2 þ a2 jωð Þ,
ð6:23Þ

A ¼ 1

2F

�2 ffiffiffiffiffiffiffiffiffiffiffiffiffi
DADC

p
Γ1 jωð Þ2

þΓ1
ffiffiffiffiffiffi
DC

p ∂r0
∂CA

� ffiffiffiffiffiffiffi
DA

p ∂r0
∂CC

0
@

1
A jωð Þ3=2

2
ffiffiffiffiffiffiffiffiffiffiffiffi
DADC

p ∂r1
∂θB

jωð Þ

þ

ffiffiffiffiffiffi
DC

p ∂r0
∂CA

∂r1
∂θB
þ ffiffiffiffiffiffi

DA

p ∂r0
∂CC

∂r1
∂θB

� ffiffiffiffiffiffi
DC

p ∂r0
∂θB

∂r1
∂CA

� ffiffiffiffiffiffi
DA

p ∂r0
∂θB

∂r1
∂CC

0
BBBB@

1
CCCCA jωð Þ1=2

2
666666666666666664

3
777777777777777775

¼ 1

2F
b4 jωð Þ2 þ b3 jωð Þ3=2 þ b2 jωð Þ þ b1 jωð Þ1=2
h i

,

ð6:24Þ

and the faradaic admittance:

Ŷ f ¼ 2F
a4 jωð Þ2 þ a2 jωð Þ

b4 jωð Þ2 þ b3 jωð Þ3=2 þ b2 jωð Þ þ b1 jωð Þ1=2

¼ 2F
a4 jωð Þ3=2 þ a2 jωð Þ1=2

b4 jωð Þ3=2 þ b3 jωð Þ þ b2 jωð Þ1=2 þ b1

¼ 2F
a4
b4
� a4
b4

b3
b4

jωð Þ þ b2
b4
� a2
a4

0
@

1
A jωð Þ1=2 þ b1

b4

jωð Þ3=2 þ b3
b4

jωð Þ þ b2
b4

jωð Þ1=2 þ b1
b4

2
6666664

3
7777775

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
,

ð6:25Þ
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or, for the faradaic impedance,

Ẑ f ¼ 1

2F

b4 jωð Þ3=2 þ b3 jωð Þ þ b2 jωð Þ1=2 þ b1

a4 jωð Þ3=2 þ a2 jωð Þ1=2
: ð6:26Þ

This can be rearranged into

Ẑ f ¼ 1

2F

b4
a4
þ 1

2F

b4
a4

b3
b4

jωþ � a2
a4
þ b2
b4

0
@

1
A jωð Þ1=2 þ b1

b4

jωð Þ1=2 jωþ a2
a4

2
4

3
5

2
6666664

3
7777775

¼ Rct þ 1

2F

b3
a2

jωþ � b4
a4
þ b2
a2

0
@

1
A jωð Þ1=2 þ b1

a2

jωð Þ1=2 jωþ a4
a2
þ 1

2
4

3
5

2
6666664

3
7777775
,

ð6:27Þ

where Rct is the charge transfer resistance. It is evident that the denominator of the

last expression has two poles corresponding to one diffusive, (jω)�1/2, and one

capacitive, (jω)�1, term, which should appear in the equivalent electrical circuit. It

can be shown that this equation similar to a general model (Fig. 6.1). In fact, the

impedance of this model may be expressed as

Ẑ f ¼ Rct þ 1

jωCp þ 1

Rp

þ ZW ¼ Rct þ 1

jωCp þ 1

Rp

þ σffiffiffiffiffi
jω
p

¼ Rct þ
jωð Þσ þ jωð Þ1=2 1

Cp

þ σ

RpCp

jωð Þ1=2 jωþ 1

RpCp

2
4

3
5

,

ð6:28Þ

Cp

Rp

Rct
ZW

Fig. 6.1 Electrical

equivalent model of

faradaic impedance

described by Eqs. (6.28)

and (6.26)
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which has a form similar to Eq. (6.27). However, Eq. (6.27) contains five indepen-

dent parameters and Eq. (6.28) only four, therefore exact equivalence of the

parameters of both equations cannot be established unless there is a relation

between the parameters of Eq. (6.27). If such a relation exists one can get a plot

displaying two semicircles followed by a straight line at 45� on the complex plane

plots, Fig. 6.2. General plot of Eq. (6.27) might be more complex.

Comparison of the parameters in Eqs. (6.27) and (6.28) leads to the physical

meaning of the parameters found:

Rct ¼ 1

2F

b4
a4

; Cp ¼ 2F
a4
b4

1

b2
b4
� a2

a4

� 	 ; Rp ¼ 1

2F

b4
a2

b2
b4
� a2
a4

� �
;

σ ¼ 1

2F

b3
a4

; b1 ¼ a2b3
a4

ð6:29Þ

Of course, Eq. (6.27) might also have other equivalent circuit representations.

The method presented above can be applied to any mechanism. In a later chapter

it will be used for the calculation of impedances of other mechanisms. In general, in

the faradaic impedance, inverse of resistances are proportional to rate constants and

capacitances depend on the surface coverages (which contain the ratios of the rate

constants that is depend on the equilibrium constants), although some lengthy

rearrangements might be required to prove this.

Harrington et al. [229–235] proposed a more general method based on a general

model for chemical reactions [236] and linear algebra, making it possible to predict

the number and nature of parameters and the equivalent circuit for mechanisms

involving diffusion and adsorption. Practical information about the stability and

complexity of impedance plots and the relation between the reaction mechanism

and equivalent circuit may be deduced. For example, the model predicts that

inductive loops cannot be observed at equilibrium. However, a detailed presenta-

tion of this method is beyond the scope of this book.

0 100 200 300 400
0

-50

-100

-150

-200

Z"
 / 
Ω

Z' / Ω

Fig. 6.2 Complex plane

plot for circuit in Fig. 6.1.

Parameters: Rs ¼ 10 Ω,
Rct ¼ Rp ¼ 100 Ω,
Cdl ¼ 2 � 10�5 F,
Cp ¼ 0.01 F,

σ’ ¼ 0.5 Ω s�1/2
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