Chapter 9
Complex Numbers

Abstract We develop the properties of the number system called the complex num-
bers. We also describe derivatives and integrals of some basic functions of complex
numbers.

9.1 Complex Numbers

Most people first encounter complex numbers as solutions of quadratic equations
x? 4+ bx+c = 0, that is, zeros z of the function f(x) = x> + bx +c.

Example 9.1. Take as an example the equation x> + 1 = 0. The quadratic formula

for the roots gives z = £+1/—1. There is no real number /—1. We introduce a
new number i =+/—1.

Definition 9.1. A complex number z is defined as the sum of a real number x
and a real multiple y of i,

z=x+1y,

where i denotes a square root of minus one, i> = —1. The number x = Re (z)
is called the real part of z, and the real number y = Im (z) is called its imagi-
nary part. A complex number whose imaginary part is zero is called (naturally
enough) real. A complex number whose real part is zero is called purely imag-
inary. The complex conjugate of 7 is 7 = x — iy.

You might be wondering how solving an equation such as * + 1 = 0 might arise
in calculus. Consider the differential equation

y'+y=0.

We know that sinx and cosx solve the equation. But what about y = ¢"™? The second
derivative of y = ™ is r? times y, so y = e’ solves the equation
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y//+y: (}’2+ 1)erx =0

if r solves 2+ 1 = 0. We will see in this chapter that el*. sinx, and cosx are re-
lated, and we will see in Chap. 10 that functions of complex numbers help us solve
many useful differential equations. Complex numbers also have very practical ap-
plications; they are used to analyze alternating current circuits.

9.1a Arithmetic of Complex Numbers

We now describe a natural way of doing arithmetic with complex numbers. To add
complex numbers, we add their real and imaginary parts separately:

(x+iy)+ (u+iv)=x+u+i(y+v).

Similarly, for subtraction, (x+1iy) — (u+1iv) = x —u+i(y — v). To multiply complex
numbers, we use the distributive law:

(x+1y) (u+1iv) = xu + iyu + xiv + iyiv.

Rewrite xi as ix and yi as iy, since we are assuming that multiplication of real num-
bers and i is commutative. Then, since i2 = —1, we can write the product above as

(xu —yv) +i(yu +xv).
Example 9.2. Multiplication includes squaring:
(-i)’=—-1, (3-i)?=9-6i+i>=8—6i, (5i)*=-25.

It is easy to divide a complex number by a real number 7: ry _ + i, To
r ror
xX+1

express the quotient of two complex numbers Y s a complex number in the

form s + if, multiply the numerator and denominator by the complex conjugate?
u+1iv =u—1iv. We get

x+iy  (x+iy)(u—iv) xu+yv+ilyu—xv) xu+yv yu—xv
o = = 1 .
ut+iv (u+iv)(u—iv) u? 412 ur+v2 Tyt 42

Notice that the indicated division by u? 4 v? can be carried out unless both u and
v are zero. In that case, the divisor u +iv is zero, so we do not expect to be able to
carry out the division.

! For electrical engineers, the letter i denotes current and nothing but current. So they denote the
square root of —1 by the letter j.

2 For physicists, the conjugate is denoted by an asterisk: (u-+iv)* = u—iv.
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Example 9.3. One handy example of a quotient is the reciprocal of i,

L_1E)

iy 1

Example 9.4. Division is needed almost every time you solve an equation. Let us
try to solve for a if
i(i+a)=2a+1.

Use properties of complex arithmetic and collect like terms to get i — 1 = (2 —
i)a. Next divide both sides by 2 — i

a = =

2 2241 -4-2 4
2-i 2-i2+i 4+1 5

5
<

Addition and multiplication of complex numbers are defined so that the associa-

tive, commutative, and distributive rules of arithmetic hold. For complex numbers
v, w, and z, we have

Associativity rules: v+ (w+z) = (v+w) +zand v(wz) = (vw)z,
Commutativity rules: v+w = w-+v and vw = wv,

Distributivity rule: v(w+z) = vw+vz.

The numbers 0 = 0+ 0i and 1 = 1 4-i0 are distinguished, inasmuch as adding 0
and multiplying by 1 do not alter a number.

Rules for the Conjugate of a Complex Number. In the case of complex numbers,
we have the additional operation of conjugation. The following rules concerning
conjugation are very useful. They can be verified immediately using the rules of
arithmetic for complex numbers. We already encountered some of the rules of con-
jugation when we explained how to divide by a complex number.

e Symmetry: The conjugate of the conjugate is the original number: 7 = z.
e Additivity: The conjugate of a sum is the sum of the conjugates: z+w =ZzZ+Ww.
e The sum of a complex number and its conjugate is real:

z+7=2Re(z). 9.1

o The conjugate of a product is the product of the conjugates: zw = zw.
e The product of a complex number z = x + iy and its conjugate is

Z=x>+y% 9.2)

The number 77 is real and nonnegative.

The Absolute Value of a Complex Number. Since zZ is real and nonnegative, we
can make the following definition.
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Definition 9.2. The absolute value, |z|, of z = x + iy is the nonnegative square
root of zZ:
2 = Vzz = VX2 +y2. 9.3)

For z real, this definition coincides with the absolute value of a real number.
Next, we see that the absolute values of the real and imaginary parts of z = x +1iy
are always less than or equal to |z|.

Re (z)] = x| = Va2 < Va2 +y2 = ¢ 9.4)

and
[Im(z)| = [y] = Vy* < Va2 +y? = [z].

Example 9.5. To find |z| for z =3 + 4i, we have

2 = Vzz = /(3 +4i)(3—4i) = /32 +42 =5.
Therefore, |3 +4i| =5

The absolute value of z is also called the modulus of z or the magnitude of z.

Example 9.6. There are infinitely many complex numbers with the same absolute
value. Let
z=co0s0 +1isinb,

where 6 is any real number. Then zZ = cos? 8 +sin’ 6 = 1. So
ff =Vi=1.

We show below that this extension of the notion of absolute value to complex
numbers has some familiar properties.

Theorem 9.1. Properties of absolute value
(a) Positivity: |0 =0, and if z # 0 then |z| > 0.
(b) Symmetry: |2 = |z|.

(¢) Multiplicativity: |wz| = |w||z].

(d) Triangle inequality: |w+z| < |w|+ |z

Proof. Positivity and symmetry follow directly from the definition, as we ask you
to check in Problem 9.8.

For multiplicativity we use the properties of complex numbers and conjugation
along with the definition of absolute value to get

lwz|? = wzwz = wzwz = wwzZ = |w|?|2)* = (wl|z])?,

and so |wz| = |w||z].
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The proof of the triangle inequality again begins with the definition of absolute
value and then uses the additive property and the distributive rule to get

w+z?=(w+z)(w+z) = (w+z2)(W+32)

—wWw w4 zw+zz=|w?+wit+zw+|z>

Observe that wz and zw are conjugates of each other. According to (9.1), their sum
is equal to twice the real part

wZ+2zw = 2Re (wZ).

As we saw in (9.4), the real part of a complex number does not exceed its absolute
value. Therefore,
wZ+zw < 2|wz).

Now by multiplicativity and symmetry, 2|wZz| = 2|w||Z| = 2|w||z|. Therefore,
wz* = [w]* +2Re (w2) + [2I* < |wl* +2{wllz] + |2 = (Jw] + [z])*.

Therefore,
lw+z| <|w[+|z].

O

Example 9.7. We verify the triangle inequality for w = 1 —2i and z = 3 + 4i.
Adding, we get w+ z = 4 + 2i. Taking absolute values, we have

|W| = \/gv |Z| = \/Ev |W+Z| = \/E,

and v/20 < v/5 ++/25. So we see that |w +z| < [w| + |z].

Absolute Value and Sequence Convergence. Just as with sequences of real num-
bers, absolute values help us define what it means for numbers to be close, and
hence what it means for a sequence of complex numbers to converge. A sequence
of complex numbers {z,} = {z1, 22, ..., Zn, - ..} is said to converge to z if for any
tolerance € > 0, |z, — z| is less than € for all z, far enough out in the sequence.

A sequence of complex numbers z, is a Cauchy sequence if |z, — z,,| can be
made less than any prescribed tolerance for all n and m large enough. A sequence
Zn = X, +1y, of complex numbers gives rise to two sequences of real numbers: the
real parts x1, xp, ... and the imaginary parts y1, y,, .... How is the behavior of {z, }
related to the behavior of these sequences of real and imaginary parts {x, } and {y,}?
For example, suppose {z, } is a Cauchy sequence. According to (9.4),

[0 — x| = [Re(zn — zm) | < |20 — Zm|

and
[Vn = Ym| = Im(z = zm) | < |20 — Zm|-
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This shows that {x,} and {y,} are Cauchy sequences of real numbers, and hence
converge to limits x and y. The sequence {z,} converges to z = x + iy, because
according to the triangle inequality,

2= 2u| = [x = X0 +i(y —yn)| < [x = X0| + [y = yul,

and this sum on the right will be as small as desired whenever 7 is large enough.
On the other hand, suppose x, and y, are Cauchy sequences of real numbers.
Then the sequence of complex numbers

Zn :xn+iyn

is a Cauchy sequence of complex numbers, because

w2l = /G =)+ (s — )

can be made as small as desired for all » and m large enough. Take n and m so large
that both of |x, — x| and |y, — ym| are less than €. Then

|Zn_Zm| < V 82+82 - \/58

In summary, the convergence of a sequence of complex numbers boils down to the
convergence of the sequences of their real and imaginary parts. As a result, much of
the work we did in Chap. 1 to prove theorems about convergence of sequences can
be extended to complex numbers.

Example 9.8. Suppose z,, = x, + iy, is a Cauchy sequence tending to z = x + iy.
Then x, — x and y, — y. Therefore, the sequence

Zi = xi — yﬁ +2ix,y, tendsto x> —y®+2ixy.
That is, z2 — 2%
Alternatively, without mentioning x,, or y,, we have

|22 — 22| = |2+ 24| |z — 2a].

The factor |z+ z,| is nearly |z+ z| for n large, and the factor |z — z,| tends to zero.

Therefore, 72 tends to z2.

9.1b Geometry of Complex Numbers

We now present a geometric representation of complex numbers. This turns out
to be a very useful way of thinking about complex numbers, just as it is useful to
think of the real numbers as points of the number line. The complex numbers are
conveniently represented as points in a plane, called the complex number plane.
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To each point (x,y) of the Cartesian plane we associate the complex number
x +1iy. The horizontal axis consists of real numbers. It is called the real axis. The
vertical axis consists of purely imaginary numbers and is called the imaginary axis.
See Fig. 9.1.

The complex conjugate has a simple geometric interpretation in the complex
plane. The complex conjugate of x 4 iy, x — iy, is obtained from x + iy by reflection
across the real axis. The geometric interpretation of the absolute value y/x% + y2 of
x+1y is very striking: it is the distance of x + iy from the origin. To visualize geo-
metrically the sum of two complex numbers z and w, move the coordinate system
rigidly and parallel to itself, i.e., without rotating it, so that the origin ends up where
the point z was originally located. Then the point w will end up where the point
Zz+w was located in the original coordinate system. It follows from this geometric
description of addition that the four points 0, w, z, w4 z are the vertices of a paral-
lelogram; in particular, it follows that the distance of w to w + z equals the distance
from O to z. See on the left in Fig. 9.2.

imaginary axis
iy Z=X+y
T T
0 X  real axis
‘-z 11y * Z=x-iy

Fig. 9.1 Some complex numbers

Now consider the triangle whose vertices are 0, w, and w+ z, as on the right in
Fig. 9.2. The length of the side 0 to w+z is |w+z|, the length of the side 0 to w is
|w|, and using the parallelogram interpretation, the length of the side w to w4z is
|z|. According to a famous inequality of geometry, the length of any one side of a
triangle does not exceed the sum of the lengths of the other two; therefore,

lw+z| < [w]+|z].

This is precisely the triangle inequality and is the reason for its name. Our ear-
lier proof of this inequality made no reference to geometry, so it may be regarded
as a proof of a theorem about triangles with the aid of complex numbers! In Prob-
lems 9.16 and 9.17 we shall give further examples of how to prove geometric results
with the aid of complex numbers.
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imaginary axis Z+W

z z+tw

0 real axis 0

Fig. 9.2 Left: addition of complex numbers. Right: the triangle inequality illustrated

We have seen that addition of complex numbers can be visualized using Cartesian
coordinates. Next, we see how multiplication of complex numbers can be visualized
using polar coordinates.

Suppose p is a complex number with absolute value 1. Such a point lies on the
unit circle. The Cartesian coordinates of p are (cos @, sin8), where 6 is the radian
measure of the angle made by the real axis and the ray from O through p. So the
complex number p with |p| =1 is

p =cosBO +isin6. 9.5)

Let z be any complex number other than 0, and denote its absolute value by r = [z].
Define p = % Then p has absolute value 1, so p can be represented in the form
r

(9.5). Therefore,
z=r(cosO +isinf), where r=]z|. (9.6)

See Fig. 9.3. The numbers (7, 0) are called the polar coordinates of the point (x,y),
and (9.6) is called the polar form of the complex number. The angle 0 is called the
argument of z, denoted by argz; it is the angle between the positive real axis and
the ray connecting the origin to z. In (9.6), we may replace 0 by 0 plus any integer
multiple of 27.

imaginary axis

0 / 1 real axis

Fig. 9.3 Polar coordinates (r, 0) for z. The case |z| > 1 is drawn

Let z and w be a pair of complex numbers. Represent each in polar form,

z=r(cos 6 +1isinb), w=s(cos¢ +ising).
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Multiplying these together, we get that
zw =rs(cos O +isin0)(cos¢ +ising) 9.7

= rs((cos O cos ¢ —sin@sing) +i(cos O sing +sin6 cos P)).

We use the addition laws for the cosine and sine, Eq. (3.17), to rewrite the product
formula (9.7) in a particularly simple form. Recalling that r denotes |z| and s denotes
|w]|, we find that

zw = [z||w|[cos(0 + @) +isin(6 + ¢)]. 9.8)

This formula gives the polar form of the product zw. It is a symbolic statement of
the following theorem.

Theorem 9.2. Multiplication rule for complex numbers in polar form

(a) The absolute value of the product zw is the product of the absolute values of

its factors.
(b) The argument of the product zw is the sum of the arguments of its factors z
and w.
In symbols:
|zw| = |z[|w], 9.9
arg(zw) = argz+argw +27n, (9.10)

where n is 0 or 1.

3
Example 9.9. Let 7 =w = —i, where argz = argw = 7” Then zw = —1, arg(zw)

=arg(—1) = &, and argz + argw = 37. Therefore, in this case,

argz+argw = arg(zw) + 27.

Square Root of a Complex Number. The complex number z> has twice the argu-
ment of z, and its absolute value is |z|*>. This suggests that to find square roots, we
must halve the argument and form the square root of the absolute value.

Let us use these properties to locate a square root of i. The square root of 1 is 1,

and half of g is % This describes the number

chos(n)—i—isin(n)* +1 _ 1t
Y] 47 N

L
V2

Sl -

Let us verify that 72 = i:

(1+i)2 1+2i+i% .
= =1.
NG 2

It works. Next we show that when we have z in polar form, it is possible to take
powers and roots of z easily.
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De Moivre’s Theorem. By the multiplication rule, if
z=r(cosO +isinB),

then

22 = r*(cos26 +isin20),

22 =r(cos36 +isin30),
and for every positive integer n,

(r(cos 8 +isin®))" = 7" (cos(nB) +isin(nh)). 9.11)

This result is known as de Moivre’s theorem. The reciprocal is

1

I | i
r(cos 6 +isin0) ™ (cosf —isin6),

1
because r(cos 6 +isin0)—(cos@ —isinf) = Z(cos2 6 +sin? @) = 1. Similarly, we
ask you to verify in Problem 9.10 that forn = 1,2,3,...,

if z=r(cos6+isin0) then z " =r""(cos(nB) —isin(nd)).

After our successful polar representation of positive and negative integer powers
of z, we tackle the problem of rational powers, ZP/4. Since zP/1 = (zl/ 7)P, we first
settle the problem of finding the gth roots of z, forg =2,3,4,.. ..

By analogy to (9.11), we shall tentatively represent a gth root of z by

0 0
_ /g ..
Wy =r Ccos(— ) +1sin —).
(cos(2) +isin(2)
Indeed, this is a gth root of z, for its gth power is
1/ 2] .. 0 ..
(wi)? = (r'/9) ( cos (q—) +isin (q—) | = r(cos 6 +isinf) =z,
q q
but it is not the only gth root. Another root, different from wj, is the number

wzzrl/‘f7 (cos(9+2n> +isin<9+2ﬂ>>.
q q

You may also check, using the periodicity of the sine and cosine functions, that the
g numbers

0 +2k 0+ 2k
Wk+l:rl/q(cos( + n>+131n< + n))u k:O,l,...,q—l,
q q

9.12)
yield the g distinct gth roots of z, if z # 0. If z = 0, they are all equal to zero.
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Fig. 9.4 The cube roots of 1, given in Example 9.10. All three lie on the unit circle

Example 9.10. The three cube roots of 1 = cos0+1isin0 are

2 2 1
cos§+ising:1, cos?n—i—isin?n:—z—l-ig,
and
cos4—n—|—isin4—n*—l—i£
3 302 27

which correspond to taking k = 0, 1, and 2 in (9.12). See Fig. 9.4.

We end this section on the geometry of complex numbers by showing how to
use products of complex numbers to find the area A of a triangle with vertices at
three complex numbers in the plane. We take the case in which one of the vertices
of the triangle is the origin. We lose no generality by this assumption, for the area
of the triangle with vertices p, g, r is the same as the area of the translated triangle
0,g—p,r—p.

z

0

w

Fig. 9.5 Left: we prove that the area of the triangle is %\Im (zw)|. Right: the height of this triangle
is [Im (w)|

Denote by a a positive real number, and by w a complex number. The triangle
whose vertices are 0, a, and w has base whose length is @ and whose altitude is the
absolute value of the imaginary part of w. See Fig. 9.5. Therefore, the area of the
triangle with vertices 0, a, w is

A0,a,w) = %a|lm(w)| - %|Im(aw)|.
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Now let z and w denote any complex numbers. We claim that the area of the triangle
with vertices 0, z, w is

1
A(0,z,w) = > [Im (Zw)|. (9.13)
In the case that z is real and positive, this agrees with the first case. Now consider
arbitrary z # 0. Let p denote any complex number of absolute value 1. Multiplication

by p is equivalent to rotation around the origin; therefore, the triangle with vertices
0, pz, pw has the same area as the triangle with vertices 0, z, w

A(0,z,w) = A(0, pz, pw).

Choose p = a

|z

Then pz = |z| is real, so the area is given by the formula

1 - 1 _
A(0, pz, pw) = 3 [Im (pZpw)| = 3 [Tm (Zw)|.

Example 9.11. We find the area of the triangle with vertices (0,1), (2,3), and
(—5,7). Translate so that the first vertex is at the origin, giving (0,0), (2,2), and
(—5,6), or the complex numbers 0, z = 2+ 2i, and w = —5 + 6i. Then

A(0,z,w) = |Im(zw |1m( (2-2i)(=5+6i))| = 11.

Problems

9.1. For each of the numbers z =2 + 3i and z = 4 — i, calculate the following:

(@) [z]

d)z . X

(c) Express — and — in the form a + bi.
Z z

(d) Verify that z+2z = 2Re (z).
(e) Verify that zZ = |z|%.

9.2. Carry out the following operations with complex numbers:
(a) (2+3i)+ (5—4i)
(

(b) (3—2i)— (8 —7i)

(c) (3—2i)(4+5i)
3-2i

@ 7

(e) Solve 2iz=1—4z

9.3. Express z = 4 + (2+1)i in the form x + iy, where x and y are real, and then find
the conjugate z.

9.4. Give an example to show that the ray from O to iz is 90 degrees counterclock-
wise from the ray from O to z, unless z is 0.
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9.5. Find the absolute values of the following complex numbers:

(a)3+4i
(b) 5461
© 3+4i
S+
+1
(d)f
—1

9.6. For each item, describe geometrically the set of complex numbers that satisfy
the given condition.

(a) Im (2) =3
(b)Re(z) =2

(¢)2<Im(z) <3

@ lzl=1

@]z =0

H1<|z]<2

9.7. Show that Imz = % and Rez = %Z

9.8. Verify the positivity and symmetry properties of absolute value |z, as listed in
Theorem 9.1.

9.9. Verify the identity (a® + b%)(c? +d?) = (ac — bd)? + (ad + bc)?. Then explain
how this proves the property |z||w| = |zw]| of absolute value.

9.10. Verify that the reciprocal of 2" = 1" (cos @ +isin0)" is
7" =r"(cos(nB) —isin(n@)).

9.11. Prove that for complex numbers z; and z,,

@ |o1 — 22 = |a1[* + |22]* — 2Re (2122),
(b) |Iz1] = |z2]| < 21 — 2.

9.12.(a) Show that for any pair of complex numbers z and w,
2+ wl? + [z = wf? = 20z +2|w*.

(b) Using the parallelogram interpretation of the addition of complex numbers, de-
duce from (a) that the sum of the squares of the diagonals of a parallelogram
equals the sum of the squares of its four sides.

9.13. Find all three cube roots of —1 and represent each in the complex plane.

9.14.(a) Show that the two square roots of i are

1 . 1 .
ﬁ(l +l), _ﬁ(l +l),

and sketch each in the complex plane.
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(b) Verity that the two square roots of i are fourth roots of —1. Then find the other
two fourth roots of —1. Sketch all four.

9.15. Suppose a triangle has vertices 0, a = a; +iay, and b = b| + ib;. Derive from
the area formula (9.13) that the area of the triangle is

1
§|a1b2—a2b1|-

9.16. Verify the following.

(a) The argument of w is the negative of the argument of w.

(b) The argument of zw is the difference of the arguments of z and w.
(c) The argument of 2 is the difference of the arguments of z and w.

(d) The ray from 0 tgv z is perpendicular to the ray from O to w if and only if the
number zw is purely imaginary.

(e) Let p be a point on the unit circle. Prove that the ray connecting p to the point 1
on the real axis is perpendicular to the ray connecting p to the point —1.

9.17. Let p and g be complex numbers of absolute value 1. Verify the following.

(@) (p—1)*pis real.
— 2 .
(®) ((p—1)(@—1)) Py is real.
(c) Prove the angle-doubling theorem: If p and ¢ lie on the unit circle, then the angle
B between the rays from the origin to p and ¢ is twice the angle ¢ between the
rays connecting the point z =1 to p and ¢. In Fig. 9.6, f = 20.

)

p
q
Fig. 9.6 The angle at 0 is twice the angle at 1, in Problem 9.17

9.18. Show that the sequence of complex numbers
1, 14z, 1+z+zz, 1+z+zz+z3,...

is a Cauchy sequence, provided that |z] is less than 1. What is the limit of the se-
quence?
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9.19. We explore roots of 1.

(a) Find all zeros of the function w(x) = x* 4+ x* + x> + x+ 1 by first observing that
the function (x — 1)w(x) = x> — 1 is 0 whenever w(x) is 0.

(b) Sketch all n of the nth roots of 1 in the complex plane.

(c) Let r be the nth root of 1 with smallest nonzero argument. Verify that the re-

maining nth roots are 2,7, ..., 7. Explain why the n — 1 numbers

r, r3, - Pl

are the roots of ¥* ! +x" 24 ... 4+ x+1=0.

9.20. Generalize the geometric series argument used in Problem 1.56 to show that
for each complex number z, the partial sums

2 n

Z Z
Sn:1+2+5+"'+a

are a Cauchy sequence.

9.2 Complex-Valued Functions

In this section we discuss the relationship of complex numbers to the concept of
function. So far in this text, numbers have entered the concept of function in two
places: as input and output. In the first part of this section, we show how simple it
is to replace real numbers by complex ones as output if the input is kept real; such
functions are called complex-valued functions with real input. In the second part,
we discuss some very special but important functions whose input is complex, and
whose output is also complex, i.e., complex-valued functions with complex input.

Definition 9.3. A complex-valued function of a real variable means a function

f@t)=p(t)+iq(t),

where p and ¢ are real-valued functions. The variable ¢ is real, in some interval
that is the domain of p, ¢ and f.

The theory of complex-valued functions is simple, because it can be reduced at
one stroke to the theory of real-valued functions. There are two ways of going about
it. The first is to observe that everything (well, almost everything) that has been
said about real-valued functions makes sense when carried over to complex-valued
functions. “Everything” includes the following notions:

(a) The concept of function itself.
(b) The operations of adding and multiplying functions and forming the reciprocal
of a function (with the usual proviso that the function should not be zero).
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(c) The concept of a continuous function.

(d) The concept of a differentiable function and its derivative.
(e) Higher derivatives.

(f) The integral of a function over an interval.

9.2a Continuity

Let us review the concept of continuity. The intuitive meaning of the continuity of
a function f is that to determine f(¢) approximately, approximate knowledge of ¢
is sufficient. The precise version was discussed in Definition 2.3 back in Chapter 2.
Both the intuitive and the precise definitions make sense for complex-valued func-
tions:

e Intuitive: A complex-valued function f(¢) is continuous at ¢ if approximate
knowledge of 7 suffices to determine approximate knowledge of f (7).

e Precise: A complex-valued function f is uniformly continuous on an interval /
if given any tolerance € > 0, there is a precision 6 > 0 such that for any pair of
numbers ¢ and s in ] that differ by less than 8, f() and f(s) differ by less than €.

Sums and products of uniformly continuous complex-valued functions are uni-
formly continuous, and so is the reciprocal of a uniformly continuous function that
is never zero.

Example 9.12. Let f(t) = 3 +ir. To check uniform continuity of f we may write

&)= f(s) = B+it) — (3+1is) =i(t — s).

Then

[f() = f($)| = iz =) = | = s].
If t and s are within 8, then the complex numbers f(¢) and f(s) are as well.
Therefore, f is uniformly continuous on every interval.

9.2b Derivative

We turn to the concept of differentiation. The function f(¢) is differentiable at 7 if

fle+h) - f(t)

fu(t) = 7

tends to a limit as % tends to zero. This limit is called the derivative of f at ¢, and is
denoted by f7(r). We can separate the difference quotient into its real and imaginary
parts:

p(t+h)+ig(t +hh) —p() —ig(h) _ pi(t) +ign(t).
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It follows that f = p +igq is differentiable at ¢ if and only if its real and imaginary
parts are differentiable at 7.

The usual rules for differentiating sums, products, and reciprocals of differen-
tiable functions hold, i.e.,

(f+8) =f+¢,
(fg)i =f¢'+f's

<l)_£i
)

You are urged to consult Chap. 3 to convince yourself that the proofs offered
there retain their validity for complex-valued functions as well.

Example 9.13. Suppose f(t) = zit + z2, where z; and z, are arbitrary complex
numbers. Then f/(¢) = z;.

1
Example 9.14. If f(x) = et then the rule for differentiating the reciprocal of
x+i

a function yields

1
Example 9.15. Again let f(x) = P Let us find f’(x) a different way. Separate
X

f into its real and imaginary parts:

1 1 x—1 x—1 X i

f(x):x—i—i:x—i—ix—i_xz—i—l X+ 2+l

a(x) +1ib(x).
Differentiating, we get

(FP+D1—x2x) 11— b,(x):< 1)/_( 2x

/ _ — —_ —
@(x) = (x241)2 (¥241)27 X +1 x241)2

To see that the real and imaginary parts of f’(x), as computed in Example 9.14,
are a’'(x) and b'(x) of Example 9.15, we write

y 1 -1 (x—i)? —x*+2ui+l 1-x* . 2
)= = - +i .
(x+1)2  (x+1)? (x—1i)? (x2+1)2 (x2+1)2  (x241)2
Example 9.16. We use the quotient rule for differentiating f(x) = ZL—H’ and
X

obtain (2 v (2 y )
roy o X HDXY —x(xf+1) i—x
f(x) = N2 _(xz_H)Z'
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Example 9.17. Now consider f(x) = (x+i)?. If we carry out the indicated squar-
ing, we can split f into its real and imaginary parts:

f(x) =2 +2ix— 1 =x* — 1 +2ix = a(x) +ib(x).

Differentiating a(x) = x> — 1 and b(x) = 2x, we get a’(x) = 2x and b (x) = 2, so
that
f(x) =d (x) +ib' (x) = 2x +2i.

The function f(x) = (x+1i)? = (x+1)(x+1), when differentiated using the prod-
uct rule, yields
f1(x) =1 +1) + (x+1) 1L =2(x +1),
the same answer we got before.
Next we consider the chain rule. Suppose g(#) is a real-valued function and f is
a complex-valued function defined at all values taken on by g. Then we can form
their composition f o g, defined as f(g(¢)). If f and g are both differentiable, so is

the composite, and the derivative of the composite is given by the usual chain rule.
The proof is similar to the real-valued case.

1
Example 9.18. Let f(x) = P and g(t) = t*>. By Example 9.14, f'(x) = —(x +
x+i

i)72. The derivative of f o g can be calculated by the chain rule:

(tglJrJ = (fog) (1) =f(e()g (1) = —(g(t) +1) *¢'(1) = R

9.2¢ Integral of Complex-Valued Functions

Splitting a complex-valued function into its real and imaginary parts is suitable for
defining the integral of a complex-valued function.

Definition 9.4. For f = p+iq, where p and g are continuous real-valued func-
tions on [a,b], we set

/abf(t)dt:/abp(t)dtqti/abq(t)dt,

The properties of integrals of complex-valued functions follow from the defini-
tion and the corresponding properties of integrals of real-valued functions that are
continuous on the indicated intervals:

o Additivity: /aef(t)dt—‘r/cbf(t)dt:/abf(t)dt.
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b b
e Linearity: For a complex constant k, / kf(r)dt =k / f(t)dt and
Ja Ja

/ab(f(t)—l-g(t))dt:./a'bf(t)dt—l-/abg(t)dt.

d rx b ,
o Fundamental theorem: a/a f(r)dt = f(x) and /a F'(t)dt = F(b) — F(a).

Recall that the integrals of p and ¢ in Definition 9.4 are defined as the limits
of approximating sums Lupprox (P, [@,b]) and ILipprox (g, [a,b]). Let us use the same
subdivision of [a,b] and choices of the ¢; and define

Iapprox(fa [a,b]) = Iapprox (Pa [aa b]) + iIapprox(‘]a [aa b])

We can conclude that Iyprox (f, [a,b]) tends to / f(¢)dt. That is, the integral of

a complex-valued function can be defined in terms of approximating sums. This
bears out our original contention that most of the theory we have developed for real-
valued functions applies verbatim to complex-valued functions. Another property
of the integral of real-valued functions is the following.

e Upper bound property: If |f(t)] < M for every ¢ in [a,b], then
M(b—a).

<

./a'bf(t)dt

This inequality, too, remains true for complex-valued functions, and for the same
reason: the analogous estimate holds for the approximating sums, with absolute
value as defined for complex numbers.

9.2d Functions of a Complex Variable

Next we consider complex-valued functions f(z) = w of a complex variable z. Do
such functions have derivatives? In Chap. 3, we introduced the derivative in two
ways:

o the rate at which the value of the function changes;
o the slope of the line tangent to the graph of the function.

For functions of a complex variable, the geometric definition as slope is no longer
available, but the rate of change definition is still meaningful.
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Definition 9.5. A complex-valued function f(z) of a complex variable z is dif-
ferentiable at z if the difference quotients

flz+h) - f(2)
h
tend to a limit as the complex number 4 tends to zero. The limit is called the
derivative of f at z and is denoted by f’(z).

Example 9.19. Let f(z) = 2. Then
fle+h)—f@)  (z+h)?—22 2zh+h?

h h h
As the complex number & tends to 0, 2z+ & tends to 2z. So f'(z) = 2z.

=2z+h.

Theorem 9.3. Every positive integer power of z,
" (m=1,2,3,...),

is a differentiable function of the complex variable z, and its derivative is

mz" L.

Proof. According to the binomial theorem, valid for complex numbers,
(z+h)"=2"+m" tht- 4 hm (9.14)
All the terms after the first two have 4 raised to the power 2 or higher. So

h)m — m
(Gt it S S
h
where each of the terms after the plus sign contains 4 as a factor. It follows that as

h tends to zero, the difference quotient above tends to mz”!. This concludes the
proof. O

Since sums and constant multiples of differentiable functions are differentiable,
it follows that every polynomial p(z) is a differentiable function of z. Next we show
that we can extend Newton’s method to find complex roots of polynomials.

Newton’s Method for Complex Roots. Newton’s method for estimating a real
root of a real function f(x) = 0 relied on finding a root of the linear approximation
to f at a previous estimate. We carry this idea into the present setting of complex
roots.
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Suppose zo1q 18 an approximate root of p(z) = 0. Denote by 4 the difference
between the exact zero z of p and zq4:

h = z—Zola-
Using Eq. (9.14), we see that
0= p(z) = p(zold +h) = p(zola) + P'(zo1a) + error, (9.15)
where the error is less than a constant times |4|>. Let the new approximation be

P(Zold)
P (Zo1d)’

Znew = Zold — (9.16)

as we did in Sect. 5.3a. We use (9.15) to express

P(zo1d) = —p'(zo01a)h — error.

Setting this in (9.16), we get
error
Znew = Zold + 1 + N
14 (Zold)

Since h was defined as z — z14, We can rewrite this relation as

CeIror
P (Zo1d)

Znew —Z =

If p'(zo1a) is bounded away from zero (which is a basic assumption for Newton’s
method to work), we can rewrite this relation as the inequality

|2 — Znew| < (constant)h? = (constant)|z — zo1q|”.

If z1q s s0 close to the exact root z that the quantity (constant)|z — zo14| is less than
1, then the new approximation is closer to the exact root than the old one. Repeating
this process produces a sequence of approximations that converge to the exact root
with extraordinary rapidity.

1+/3i
2 b

. Let us see what Newton’s method produces. For f(z) = z* — 1, New-

Example 9.20. We have seen that the three cube roots of 1 are 1, and

1—/3i
2.
ton’s iteration is
~ f@) _Z_z3—1
[ 32
Table 9.1 shows the results starting from three different initial states, and these
are sketched in Fig. 9.7.

Znew — 2
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Fig. 9.7 Newton’s method used to approximate three roots of f(z) = z> — 1, starting from ap = i,

by = —1, and ¢y = —0.1 —i. See Example 9.20

Table 9.1 Newton’s method applied in Example 9.20 to z> — 1 = 0, from three starting values

9 Complex Numbers

n a, b, Cn

0 i -1 —0.1—1i
11—0.33333 + 0.66667i|—0.33333(—0.39016 — 0.73202i
2[—0.58222 +0.92444i| 2.7778 |—0.53020 —0.89017i
3|1—0.50879 +0.86817i| 1.8951 [—0.50135—0.86647i
4(—0.50007 +0.86598i| 1.3562 [—0.50000 — 0.86602i
5]—0.50000+ 0.86603i| 1.0854 [—0.50000 — 0.86603i
6[—0.50000 + 0.86603i| 1.0065 |—0.50000— 0.86603i
7[—0.50000 + 0.86603i| 1.0000 [—0.50000 — 0.86603i

9.2¢ The Exponential Function of a Complex Variable

We now turn to the function C(¢) = cost + isint. Its image in the complex plane
lies on the unit circle. The function C is differentiable, and C'(t) = —sint +icost.

A moment’s observation discloses that

We now recall that for a real, e” = P(t) satisfies the differential equation

P/

This suggests how to define e'.

C' =iC.

aP.
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Definition 9.6. _
e = cost +isint.
The functional equation of the exponential function suggests that
ex+iy — e eiy;

combining this with Definition 9.6, we arrive at the definition of the exponential of
a complex number.

Definition 9.7. If x, y are real numbers, we define
e = e*(cosy + isiny).

The exponential function as defined above has complex input, complex output,
and it has all the usual properties of the exponential function, as we shall now show.

Theorem 9.4. For all complex numbers z and w,

ez+w — efeV.

Proof. Set z = x+1iy and w = u +iv. Then by definition, we get
Z W

e‘e" = e*(cosy +isiny)e“(cosv+isinv).

Using the functional equation of the exponential function for real inputs and arith-
metic properties of complex numbers yields

e‘e” =" (cosy+isiny)(cosv+isinv)

=e""((cosycosv —sinysinv) +i(cosysinv + sinycosv)).
Similarly, using the addition formulas for sine and cosine, we conclude that
e‘e” = e (cos(y +v) +isin(y +v)) = ertutilty)

We conclude that ee” = e*", as asserted. O

Theorem 9.5. Differential equation. For every complex number c,

satisfies
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Proof. Set ¢ = a+1b, where a and b are real. By the definition of complex expo-

nentials,
e =e"(cos(bt) +isin(br)).

The derivative of this is, by the product rule,
ae” (cos(bt) +isin(bt)) + e (—bsin(bt) +ibcos(bt)).
This is the same as ae” +ibe” = (a+ib)e” = ce”, as was to be proved. O

Example 9.21. Let us show that y = e satisfies the differential equation

Y'+y=0.

We have y/ _ ieit, ) y// = iZell = _eif = —y and y// +y= 0.

Theorem 9.6. Series representation. For every complex number z,

2 e

eZ:1+Z+Z_+...+_+..._
2 n!

Proof. We saw in Problem 1.55 of Chap. 1 that the theorem is true in the case of
z = 1. Certainly it is true when z = 0. We proved it for all real z in Sect. 4.3a, and
in Problem 9.20, we suggested a method to show that the partial sums are a Cauchy
sequence. For the sake of simplicity, we prove this now only for pure imaginary z.
Assume z = ib, where b is real. Substituting z = ib into the series on the right, we get

. b? ib)"
1+1b——+---+( ) 4
2 n!
The powers i” have period 4, i.e., we have
=1 i'=i, i#=-1 =i

)

and then the pattern is repeated. This shows that the terms of even order are real,
and the odd ones are purely imaginary. Next, we assume that it is valid to rearrange
the terms of this series:

_ (4 b2 N b4 N (_1)mb2m N
B 2 24 (2m)!

b3 bS (_1)mb2m+1
i(p— 22 ... =% ..
+‘( 6 10 T amayr T )
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The real and imaginary parts are cosb and sinb; see Sect. 4.3a and Eq. (4.20). So
our series is

b? ib)"
P2 0 s isind,
2 n!
which is e®?, as was to be proved. a

Set t = 27 in the definition of the exponential function, and observe that
2™ = cos(2m) +isin(27) = 1.
More generally, since cos(27n) = 1, sin(27n) =0,
e2™ — cos(2mn) +isin(27n) = 1

for every integer n.
Now set t = 7 in the definition. Since cost = —1, sinw = 0, we get that

e =cosm—+isinw = —1.

This can be rewritten in the form3 e + 1 = 0.

The Derivative of the Exponential Function of a Complex Variable. We have
shown in Theorem 9.3 that polynomials f(z) are differentiable for complex z. We
shall show now that so is the function e®.

Theorem 9.7. The function €° is differentiable, and its derivative is €°.

Proof. We have to show that the difference quotient
eith _ ez
h

tends to e® as & tends to 0. Using the functional equation for the exponential function,
e“th = e%e, we can write the difference quotient as

h
e —1

T

h
So what has to be proved is that ¢

tends to 1 as & tends to zero. Decompose h

into its real and imaginary parts: & = x +iy. Then

e —1=e*(cosy+isiny) — 1.

3 It is worth pointing out to those interested in number mysticism that this relation contains the
most important numbers and symbols of mathematics: 0, 1,1, 7,e,+, and =.
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As h approaches 0, both x and y approach 0 as well. Use the linear approximations
of the exponential and trigonometric functions for x and y near zero:

e =1+4+x+r, cosy=1+r, siny=y+r;,

where the remainders ry, rp, and r3 are less than a constant times x2 + y2 = |h|2
Using these approximations, we get

' —1=(1+x+r)(1+rn+iy+r)) -1
= x + iy + xiy + remainder = & + ixy + remainder,

where the absolute value of the remainder is less than a constant times ||>. Accord-
ing to the A-G inequality, it is also true that the absolute value |ixy| is equal to

. 1 1
ixy] = vl < 5 (P + bP) = 514

Therefore, e — 1 = h -+ remainder, where the absolute value of the remainder is less
than a constant times |4|?. Dividing by /4, we see that

eh—1 g remainder
h h

tends to 1, as claimed. O

So far, all the functions f(z) that we have considered, i.e., polynomials p(z) and
the exponential e*, have been differentiable with respect to z. However, there are
simple functions that are not differentiable. Here is an example.

Example 9.22. Let f(z) =Z. Then

fim LGNS bz
h—0 h h—0 h h—0

S S

— h
if the limit exists. For real 2 = x4 0i # 0, we have h = &, so e 1. For imaginary

- h
h=0+yi# 0, we have h = —yi and Pl 1. Therefore, the limit does not exist,
and f is not differentiable.

Problems

9.21. Differentiate the following complex functions of a real variable ¢:

(a) €' +isint
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(c) ie”
1
d) isint + ———
@ + t+3+i
9.22. Differentiate the following complex functions of a complex variable z:
(a) 2i— 22
(b) 2 —z+5¢°

9.23. Express cos? and sint in terms of e’

9.24. Compute the complex integrals:

(a) /0 1 e’ ds

/2
(b) / (coss+isins)ds
0

9.25. Since we have defined e® for every complex z, we can extend the definition
of the hyperbolic cosine to every complex number. Write that definition, and then
verify the identity cosh(it) = cosr for all real numbers z.

9.26. For a real and positive and z complex, write a definition of a* by expressing a
as €'°2¢_ Show that a*™" = a%a".

9.27. Find the value of the integral / e *dx, k real.
0

9.28. In this exercise we ask you to test experimentally Newton’s method (9.16)
for finding complex roots of an algebraic equation p(z) = 0. Take for p the cubic
polynomial
() =2+ +z7—1i
(a) Write a computer program that constructs a sequence zi, 22, ... according to
Newton’s method, stopping when both the real and imaginary parts of z,,+; and
z,, differ by less than 107°, or when n exceeds 30.
(b) Show that p(z) # 0if |z| > 2 orif [z] < 3.
Hint: Use the triangle inequality in the form

|a—b| > |al —|b]

to show that |22 + 22 +z—i| > 1 — || — |2%| — |z|, which is positive if |z| < 1.

Similarly, show that if |z| > 2, then the 2 term is the most important to consider,

because its absolute value is greater than that of the sum of the other three terms.
(c) Starting with the first approximation

20 = 0.35+0.35i,

construct the sequence z,, by Newton’s method, and determine whether it con-
verges to a solution of p(z) = 0.
(d) Find all solutions of p(z) = 0 by starting with different choices for z.
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