
Chapter 4
Continuous Semimartingales

Continuous semimartingales provide the general class of processes with continuous
sample paths for which we will develop the theory of stochastic integration in
the next chapter. By definition, a continuous semimartingale is the sum of a
continuous local martingale and a (continuous) finite variation process. In the
present chapter, we study separately these two classes of processes. We start
with some preliminaries about deterministic functions with finite variation, before
considering the corresponding random processes. We then define (continuous) local
martingales and we construct the quadratic variation of a local martingale, which
will play a fundamental role in the construction of stochastic integrals. We explain
how properties of a local martingale are related to those of its quadratic variation.
Finally, we introduce continuous semimartingales and their quadratic variation
processes.

4.1 Finite Variation Processes

In this chapter, all processes are indexed by RC and take real values. The first section
provides a brief presentation of finite variation processes. We start by discussing
functions with finite variation in a deterministic setting.

4.1.1 Functions with Finite Variation

In our discussion of functions with finite variation, we restrict our attention to
continuous functions, as this is the case of interest in the subsequent developments.
Recall that a signed measure on a compact interval Œ0; T� is the difference of two
finite positive measures on Œ0; T�.
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70 4 Continuous Semimartingales

Definition 4.1 Let T � 0. A continuous function a W Œ0; T� �!R such that a.0/ D 0

is said to have finite variation if there exists a signed measure � on Œ0; T� such that
a.t/ D �.Œ0; t�/ for every t 2 Œ0; T�.

The measure � is then determined uniquely by a. Since a is continuous and
a.0/ D 0, it follows that � has no atoms.

Remark The general definition of a function with finite variation does not require
continuity nor the condition a.0/ D 0. We impose these two conditions for
convenience.

The decomposition of � as a difference of two finite positive measures on Œ0; T�

is not unique, but there exists a unique decomposition � D �C � �� such that
�C and �� are supported on disjoint Borel sets. To get the existence of such a
decomposition, start from an arbitrary decomposition � D �1 ��2, set � D �1C�2

and then use the Radon–Nikodym theorem to find two nonnegative Borel functions
h1 and h2 on Œ0; T� such that

�1.dt/ D h1.t/�.dt/; �2.dt/ D h2.t/�.dt/:

Then, if h.t/ D h1.t/ � h2.t/, we have

�.dt/ D h.t/�.dt/ D h.t/C�.dt/ � h.t/��.dt/;

which gives the decomposition � D �C��� with �C.dt/ D h.t/C�.dt/, ��.dt/ D
h.t/��.dt/, and the measures �C and �� are supported respectively on the disjoint
Borel sets DC D ft W h.t/ > 0g and D� D ft W h.t/ < 0g. The uniqueness of this
decomposition � D �C � �� follows from the fact that we have necessarily, for
every A 2 B.Œ0; T�/,

�C.A/ D supf�.C/ W C 2 B.Œ0; T�/; C � Ag:

We write j�j for the (finite) positive measure j�j D �C C ��. The measure j�j
is called the total variation of a. We have j�.A/j � j�j.A/ for every A 2 B.Œ0; T�/.
Moreover, the Radon–Nikodym derivative of � with respect to j�j is

d�

dj�j D 1DC
� 1D�

:

The fact that a.t/ D �C.Œ0; t�/ � ��.Œ0; t�/ shows that a is the difference
of two monotone nondecreasing continuous functions that vanish at 0 (since �

has no atoms, the same holds for �C of ��). Conversely, the difference of two
monotone nondecreasing continuous functions that vanish at 0 has finite variation
in the sense of the previous definition. Indeed, this follows from the well-known fact
that the formula g.t/ D �.Œ0; t�/, t 2 Œ0; T� induces a bijection between monotone
nondecreasing right-continuous functions g W Œ0; T� �! RC and finite positive
measures � on Œ0; T�.
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Let f W Œ0; T� �! R be a measurable function such that
R

Œ0;T� j f .s/j j�j.ds/ < 1.
We set

Z T

0

f .s/ da.s/ D
Z

Œ0;T�

f .s/ �.ds/;
Z T

0

f .s/ jda.s/j D
Z

Œ0;T�

f .s/ j�j.ds/:

Then the bound

ˇ
ˇ
ˇ
ˇ

Z T

0

f .s/ da.s/

ˇ
ˇ
ˇ
ˇ �

Z T

0

j f .s/j jda.s/j

holds. By restricting a to Œ0; t� (which amounts to restricting �, �C, ��), we
can define

R t
0

f .s/ da.s/ for every t 2 Œ0; T�, and we observe that the function
t 7! R t

0 f .s/ da.s/ also has finite variation on Œ0; T� (the associated measure is just
�0.ds/ D f .s/�.ds/).

Proposition 4.2 For every t 2 .0; T�,

Z t

0

jda.s/j D sup

(
pX

iD1

ja.ti/ � a.ti�1/j
)

;

where the supremum is over all subdivisions 0 D t0 < t1 < � � � < tp D t of Œ0; t�.
More precisely, for any increasing sequence 0 D tn

0 < tn
1 < � � � < tn

pn
D t of

subdivisions of Œ0; t� whose mesh tends to 0, we have

lim
n!1

pnX

iD1

ja.tn
i / � a.tn

i�1/j D
Z t

0

jda.s/j:

Remark In the usual presentation of functions with finite variation, one starts from
the property that the supremum in the first display of the proposition is finite.

Proof Clearly, it is enough to treat the case t D T. The inequality � in the first
assertion is very easy since, for any subdivision 0 D t0 < t1 < � � � < tp D T of
Œ0; T�,

ja.ti/ � a.ti�1/j D j�..ti�1; ti�/j � j�j..ti�1; ti�/; 8i 2 f1; : : : ; pg;

and

pX

iD1

j�j..ti�1; ti�/ D j�j.Œ0; t�/ D
Z T

0

jda.s/j:
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In order to get the reverse inequality, it suffices to prove the second assertion. So
we consider an increasing sequence 0 D tn

0 < tn
1 < � � � < tn

pn
D T of subdivisions

of Œ0; T�, whose mesh maxftn
i � tn

i�1 W 1 � i � png tends to 0. Although we are
proving a “deterministic” result, we will use a martingale argument. Leaving aside
the trivial case where j�j D 0, we introduce the probability space ˝ D Œ0; T�, which
is equipped with the Borel �-field B D B.Œ0; T�/ and the probability measure
P.ds/ D .j�j.Œ0; T�//�1j�j.ds/. On this probability space, we consider the discrete
filtration .Bn/n�0 such that, for every integer n � 0, Bn is the �-field generated by
the intervals .tn

i�1; tn
i �, 1 � i � pn. We then set

X.s/ D 1DC
.s/ � 1D�

.s/ D d�

dj�j .s/;

and, for every n � 0,

Xn D EŒX j Bn�:

Properties of conditional expectation show that Xn is constant on every interval
.tn

i�1; tn
i � and takes the value

�..tn
i�1; tn

i �/

j�j..tn
i�1; tn

i �/
D a.tn

i / � a.tn
i�1/

j�j..tn
i�1; tn

i �/

on this interval. On the other hand, the sequence .Xn/ is a closed martingale, with
respect to the discrete filtration .Bn/. Since X is measurable with respect to B DW

n Bn, this martingale converges to X in L1, by the convergence theorem for closed
discrete martingales (see Appendix A2). In particular,

lim
n!1 EŒjXnj� D EŒjXj� D 1;

where the last equality is clear since jX.s/j D 1, j�j.ds/ a.e. The desired result
follows by noting that

EŒjXnj� D .j�j.Œ0; T�//�1

pnX

iD1

ja.tn
i / � a.tn

i�1/j;

and recalling that j�j.Œ0; T�/ D R T
0

jda.s/j. ut
We now give a useful approximation lemma for the integral of a continuous

function with respect to a function with finite variation.
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Lemma 4.3 If f W Œ0; T� �! R is a continuous function, and if 0 D tn
0 < tn

1 < � � � <

tn
pn

D T is a sequence of subdivisions of Œ0; T� whose mesh tends to 0, we have

Z T

0

f .s/ da.s/ D lim
n!1

pnX

iD1

f .tn
i�1/ .a.tn

i / � a.tn
i�1//:

Proof Let fn be defined on Œ0; T� by fn.s/ D f .tn
i�1/ if s 2 .tn

i�1; tn
i �, 1 � i � pn, and

fn.0/ D f .0/. Then,

pnX

iD1

f .tn
i�1/ .a.tn

i / � a.tn
i�1// D

Z

Œ0;T�

fn.s/ �.ds/;

and the desired result follows by dominated convergence since fn.s/ �! f .s/ as
n ! 1, for every s 2 Œ0; T�. ut

We say that a function a W RC �! R is a finite variation function on RC if the
restriction of a to Œ0; T� has finite variation on Œ0; T�, for every T > 0. Then there is
a unique �-finite (positive) measure on RC whose restriction to every interval Œ0; T�

is the total variation measure of the restriction of a to Œ0; T�, and we write

Z 1

0

f .s/ jda.s/j

for the integral of a nonnegative Borel function f on RC with respect to this �-finite
measure. Furthermore, we can define

Z 1

0

f .s/da.s/ D lim
T!1

Z T

0

f .s/da.s/ 2 .�1; 1/

for any real Borel function f on RC such that
R 1

0
j f .s/jjda.s/j < 1.

4.1.2 Finite Variation Processes

We now consider random variables and processes defined on a filtered probability
space .˝;F ; .Ft/; P/.

Definition 4.4 An adapted process A D .At/t�0 is called a finite variation process
if all its sample paths are finite variation functions on RC. If in addition the sample
paths are nondecreasing functions, the process A is called an increasing process.

Remark In particular, A0 D 0 and the sample paths of A are continuous – one
can define finite variation processes with càdlàg sample paths, but in this book
we consider only the case of continuous sample paths. Our special convention
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that the initial value of a finite variation process is 0 will be convenient for certain
uniqueness statements.

If A is a finite variation process, the process

Vt D
Z t

0

jdAsj

is an increasing process. Indeed, it is clear that the sample paths of V are
nondecreasing functions (as well as continuous functions that vanish at t D 0). The
fact that Vt is an Ft-measurable random variable can be deduced from the second
part of Proposition 4.2. Writing At D 1

2
.Vt C At/ � 1

2
.Vt � At/ shows that any finite

variation process can be written as the difference of two increasing processes (the
converse is obvious).

Proposition 4.5 Let A be a finite variation process, and let H be a progressive
process such that

8t � 0; 8! 2 ˝;

Z t

0

jHs.!/j jdAs.!/j < 1:

Then the process H � A D ..H � A/t/t�0 defined by

.H � A/t D
Z t

0

Hs dAs

is also a finite variation process.

Proof By the observations preceding the statement of Proposition 4.2, we know
that the sample paths of H � A are finite variation functions. It remains to verify
that the process H � A is adapted. To this end, it is enough to check that, if t > 0

is fixed, if h W ˝ � Œ0; t� �! R is measurable for the �-field Ft ˝ B.Œ0; t�/, and
if

R t
0

jh.!; s/jjdAs.!/j < 1 for every !, then the variable
R t

0
h.!; s/dAs.!/ is Ft-

measurable.
If h.!; s/ D 1.u;v�.s/1� .!/ with .u; v� � Œ0; t� and � 2 Ft, the result

is immediate since
R t

0
h.!; s/dAs.!/ D 1� .!/ .Av.!/ � Au.!// in that case. A

monotone class argument (see Appendix A1) then gives the case h D 1G, G 2
Ft ˝ B.Œ0; t�/. Finally, in the general case, we observe that we can write h as a
pointwise limit of a sequence of simple functions (i.e. finite linear combinations of
indicator functions of measurable sets) hn such that jhnj � jhj for every n, and that
we then have

R t
0

hn.!; s/dAs.!/ �! R t
0

h.!; s/dAs.!/ by dominated convergence,
for every ! 2 ˝ . ut
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Remarks

(i) It happens frequently that instead of the assumption of the proposition we have
the weaker assumption

a:s: 8t � 0;

Z t

0

jHs.!/j jdAs.!/j < 1:

If the filtration is complete, we can still define H � A as a finite variation process
under this weaker assumption. We replace H by the process H0 defined by

H0
t.!/ D

�
Ht.!/ if

R n
0

jHs.!/j jdAs.!/j < 1; 8n ;

0 otherwise.

Thanks to the fact that the filtration is complete, the process H0 is still
progressive, which allows us to define H �A D H0 �A. We will use this extension
of Proposition 4.5 implicitly in what follows.

(ii) Under appropriate assumptions (if H and K are progressive and
R t

0
jHsj jdAsj <

1,
R t

0 jHsKsj jdAsj < 1 for every t � 0), we have the “associativity” property

K � .H � A/ D .KH/ � A: (4.1)

This indeed follows from the analogous deterministic result saying informally
that k.s/ .h.s/ �.ds// D .k.s/h.s// �.ds/ if h.s/ and k.s/h.s/ are integrable with
respect to the signed measure � on Œ0; t�.

An important special case of the proposition is the case where At D t. If H is a
progressive process such that

8t � 0; 8! 2 ˝;

Z t

0

jHs.!/j ds < 1;

the process
R t

0
Hs ds is a finite variation process.

4.2 Continuous Local Martingales

We consider again a filtered probability space .˝;F ; .Ft/; P/. If T is a stopping
time, and if X D .Xt/t�0 is an adapted process with continuous sample paths, we
will write XT for process X stopped at T, defined by XT

t D Xt^T for every t � 0. It is
useful to observe that, if S is another stopping time,

.XT/S D .XS/T D XS^T :
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Definition 4.6 An adapted process M D .Mt/t�0 with continuous sample paths
and such that M0 D 0 a.s. is called a continuous local martingale if there exists a
nondecreasing sequence .Tn/n�0 of stopping times such that Tn " 1 (i.e. Tn.!/ " 1
for every !) and, for every n, the stopped process MTn is a uniformly integrable
martingale.

More generally, when we do not assume that M0 D 0 a.s., we say that M is
a continuous local martingale if the process Nt D Mt � M0 is a continuous local
martingale.

In all cases, we say that the sequence of stopping times .Tn/ reduces M if Tn " 1
and, for every n, the stopped process MTn is a uniformly integrable martingale.

Remarks

(i) We do not require in the definition of a continuous local martingale that
the variables Mt are in L1 (compare with the definition of martingales). In
particular, the variable M0 may be any F0-measurable random variable.

(ii) Any martingale with continuous sample paths is a continuous local martingale
(see property (a) below) but the converse is false, and for this reason we will
sometimes speak of “true martingales” to emphasize the difference with local
martingales. Let us give a few examples of continuous local martingales which
are not (true) martingales. If B is an .Ft/-Brownian motion started from 0,
and Z is an F0-measurable random variable, the process Mt D Z C Bt is
always a continuous local martingale, but is not a martingale if EŒjZj� D 1.
If we require the property M0 D 0, we can also consider Mt D ZBt, which is
always a continuous local martingale (see Exercise 4.22) but is not a martingale
if EŒjZj� D 1. For a less artificial example, we refer to question (8) of
Exercise 5.33.

(iii) One can define a notion of local martingale with càdlàg sample paths. In this
course, however, we consider only continuous local martingales.

The following properties are easily established.

Properties of continuous local martingales.

(a) A martingale with continuous sample paths is a continuous local martingale,
and the sequence Tn D n reduces M.

(b) In the definition of a continuous local martingale starting from 0, one can
replace “uniformly integrable martingale” by “martingale” (indeed, one can
then observe that MTn^n is uniformly integrable, and we still have Tn ^ n " 1).

(c) If M is a continuous local martingale, then, for every stopping time T, MT is a
continuous local martingale (this follows from Corollary 3.24).

(d) If .Tn/ reduces M and if .Sn/ is a sequence of stopping times such that Sn " 1,
then the sequence .Tn ^ Sn/ also reduces M (use Corollary 3.24 again).
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(e) The space of all continuous local martingales is a vector space (to check stability
under addition, note that if M and M0 are two continuous local martingales such
that M0 D 0 and M0

0 D 0, if the sequence .Tn/ reduces M and if the sequence
.T 0

n/ reduces M0, property (d) shows that the sequence Tn ^T 0
n reduces M CM0).

The next proposition gives three other useful properties of local martingales.

Proposition 4.7

(i) A nonnegative continuous local martingale M such that M0 2 L1 is a
supermartingale.

(ii) A continuous local martingale M such that there exists a random variable Z 2
L1 with jMtj � Z for every t � 0 (in particular a bounded continuous local
martingale) is a uniformly integrable martingale.

(iii) If M is a continuous local martingale and M0 D 0 (or more generally M0 2
L1), the sequence of stopping times

Tn D infft � 0 W jMtj � ng

reduces M.

Proof

(i) Write Mt D M0 C Nt. By definition, there exists a sequence .Tn/ of stopping
times that reduces N. Then, if s � t, we have for every n,

Ns^Tn D EŒNt^Tn j Fs�:

We can add on both sides the random variable M0 (which is F0-measurable
and in L1 by assumption), and we get

Ms^Tn D EŒMt^Tn j Fs�:

Since M takes nonnegative values, we can now let n tend to 1 and apply the
version of Fatou’s lemma for conditional expectations, which gives

Ms � EŒMt j Fs�:

Taking s D 0, we get EŒMt� � EŒM0� < 1, hence Mt 2 L1 for every t � 0.
The previous inequality now shows that M is a supermartingale.

(ii) By the same argument as in (i), we get for 0 � s � t,

Ms^Tn D EŒMt^Tn j Fs�: (4.2)

Since jMt^Tn j � Z, we can use dominated convergence to obtain that the
sequence Mt^Tn converges to Mt in L1. We can thus pass to the limit n ! 1
in (4.2), and get that Ms D EŒMt j Fs�.
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(iii) Suppose that M0 D 0. The random times Tn are stopping times by Proposi-
tion 3.9. The desired result is an immediate consequence of (ii) since MTn is a
continuous local martingale and jMTn j � n. If we only assume that M0 2 L1,
we observe that MTn is dominated by n C jM0j. ut

Remark Considering property (ii) of the proposition, one might expect that a
continuous local martingale M such that the collection .Mt/t�0 is uniformly
integrable (or even a continuous local martingale satisfying the stronger property
of being bounded in Lp for some p > 1) is automatically a martingale. This is
incorrect!! For instance, if B is a three-dimensional Brownian motion started from
x 6D 0, the process Mt D 1=jBtj is a continuous local martingale bounded in L2, but
is not a martingale: see Exercise 5.33.

Theorem 4.8 Let M be a continuous local martingale. Assume that M is also a
finite variation process (in particular M0 D 0). Then Mt D 0 for every t � 0, a.s.

Proof Set

�n D infft � 0 W
Z t

0

jdMsj � ng

for every integer n � 0. By Proposition 3.9, �n is a stopping time (recall that
R t

0 jdMsj
is an increasing process if M is a finite variation process).

Fix n � 0 and set N D M�n . Note that, for every t � 0,

jNtj D jMt^�n j �
Z t^�n

0

jdMsj � n:

By Proposition 4.7, N is a (bounded) martingale. Let t > 0 and let 0 D t0 < t1 <

� � � < tp D t be any subdivision of Œ0; t�. Then, from Proposition 3.14, we have

EŒN2
t � D

pX

iD1

EŒ.Nti � Nti�1 /
2�

� E
h�

sup
1�i�p

jNti � Nti�1 j
� pX

iD1

jNti � Nti�1 j
i

� n E
h

sup
1�i�p

jNti � Nti�1 j
i

noting that
R t

0 jdNsj � n by the definition of �n, and using Proposition 4.2.
We now apply the preceding bound to a sequence 0 D tk

0 < tk
1 < � � � < tk

pk
D t of

subdivisions of Œ0; t� whose mesh tends to 0. Using the continuity of sample paths,
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and the fact that N is bounded (to justify dominated convergence), we get

lim
k!1 E

h
sup

1�i�pk

jNtki
� Ntki�1

j
i

D 0:

We then conclude that EŒN2
t � D 0, hence Mt^�n D 0 a.s. Letting n tend to 1, we get

that Mt D 0 a.s. ut

4.3 The Quadratic Variation of a Continuous Local
Martingale

From now on until the end of this chapter (and in the next chapter), we assume that
the filtration .Ft/ is complete. The next theorem will play a very important role in
forthcoming developments.

Theorem 4.9 Let M D .Mt/t�0 be a continuous local martingale. There exists an
increasing process denoted by .hM; Mit/t�0, which is unique up to indistinguisha-
bility, such that M2

t � hM; Mit is a continuous local martingale. Furthermore, for
every fixed t > 0, if 0 D tn

0 < tn
1 < � � � < tn

pn
D t is an increasing sequence of

subdivisions of Œ0; t� with mesh tending to 0, we have

hM; Mit D lim
n!1

pnX

iD1

.Mtni � Mtni�1
/2 (4.3)

in probability. The process hM; Mi is called the quadratic variation of M.

Let us immediately mention an important special case. If M D B is an .Ft/-
Brownian motion (see Definition 3.11) then B is a martingale with continuous
sample paths, hence a continuous local martingale. Then by comparing (4.3) with
Proposition 2.16, we get that, for every t � 0,

hB; Bit D t:

So the quadratic variation of a Brownian motion is the simplest increasing process
one can imagine.

Remarks

(i) We observe that the process hM; Mi does not depend on the initial value M0,
but only on the increments of M: if Mt D M0 C Nt, we have hM; Mi D hN; Ni.
This is obvious from the second assertion of the theorem, and this will also be
clear from the proof that follows.

(ii) In the second assertion of the theorem, it is in fact not necessary to assume that
the sequence of subdivisions is increasing.
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Proof We start by proving the first assertion. Uniqueness is an easy consequence
of Theorem 4.8. Indeed, let A and A0 be two increasing processes satisfying the
condition given in the statement. Then the process At � A0

t D .M2
t � A0

t/ � .M2
t � At/

is both a continuous local martingale and a finite variation process. It follows that
A � A0 D 0.

In order to prove existence, consider first the case where M0 D 0 and M is
bounded (hence M is a true martingale, by Proposition 4.7 (ii)). Fix K > 0 and an
increasing sequence 0 D tn

0 < tn
1 < � � � < tn

pn
D K of subdivisions of Œ0; K� with

mesh tending to 0.
We observe that, for every 0 � r < s and for every bounded Fr-measurable

variable Z, the process

Nt D Z.Ms^t � Mr^t/

is a martingale (the reader is invited to write down the easy proof!). It follows that,
for every n, the process

Xn
t D

pnX

iD1

Mtni�1
.Mtni ^t � Mtni�1^t/

is a (bounded) martingale. The reason for considering these martingales comes from
the following identity, which results from a simple calculation: for every n, for every
j 2 f0; 1; : : : ; png,

M2
tnj

� 2Xn
tnj

D
jX

iD1

.Mtni � Mtni�1
/2: (4.4)

Lemma 4.10 We have

lim
n;m!1 EŒ.Xn

K � Xm
K /2� D 0:

Proof of the lemma Let us fix n � m and evaluate the product EŒXn
KXm

K �. This
product is equal to

pnX

iD1

pmX

jD1

EŒMtni�1
.Mtni � Mtni�1

/ Mtmj�1
.Mtmj � Mtmj�1

/�:

In this double sum, the only terms that may be nonzero are those corresponding
to indices i and j such that the interval .tm

j�1; tm
j � is contained in .tn

i�1; tn
i �. Indeed,

suppose that tn
i � tm

j�1 (the symmetric case tm
j � tn

i�1 is treated in an analogous way).
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Then, conditioning on the �-field Ftmj�1
, we have

EŒMtni�1
.Mtni

� Mtni�1
/ Mtmj�1

.Mtmj
� Mtmj�1

/�

D EŒMtni�1
.Mtni � Mtni�1

/ Mtmj�1
EŒMtmj � Mtmj�1

j Ftmj�1
�� D 0:

For every j D 1; : : : ; pm, write in;m. j/ for the unique index i such that .tm
j�1; tm

j � �
.tn

i�1; tn
i �. It follows from the previous considerations that

EŒXn
KXm

K � D
X

1�j�pm ; iDin;m. j/

EŒMtni�1
.Mtni � Mtni�1

/ Mtmj�1
.Mtmj � Mtmj�1

/�:

In each term EŒMtni�1
.Mtni � Mtni�1

/ Mtmj�1
.Mtmj � Mtmj�1

/�, we can now decompose

Mtni � Mtni�1
D

X

kWin;m.k/Di

.Mtmk � Mtmk�1
/

and we observe that, if k is such that in;m.k/ D i but k 6D j,

EŒMtni�1
.Mtmk � Mtmk�1

/ Mtmj�1
.Mtmj � Mtmj�1

/� D 0

(condition on Ftmk�1
if k > j and on Ftmj�1

if k < j). The only case that remains is
k D j, and we have thus obtained

EŒXn
KXm

K � D
X

1�j�pm; iDin;m. j/

EŒMtni�1
Mtmj�1

.Mtmj � Mtmj�1
/2�:

As a special case of this relation, we have

EŒ.Xm
K /2� D

X

1�j�pm

EŒM2
tmj�1

.Mtmj � Mtmj�1
/2�:

Furthermore,

EŒ.Xn
K/2� D

X

1�i�pn

EŒM2
tni�1

.Mtni
� Mtni�1

/2�

D
X

1�i�pn

EŒM2
tni�1

EŒ.Mtni � Mtni�1
/2 j Ftni�1

��

D
X

1�i�pn

E
h
M2

tni�1

X

jWin;m. j/Di

EŒ.Mtmj � Mtmj�1
/2 j Ftni�1

�
i

D
X

1�j�pm; iDin;m. j/

EŒM2
tni�1

.Mtmj � Mtmj�1
/2�;

where we have used Proposition 3.14 in the third equality.
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If we combine the last three displays, we get

EŒ.Xn
K � Xm

K /2� D E
h X

1�j�pm; iDin;m. j/

.Mtni�1
� Mtmj�1

/2 .Mtmj � Mtmj�1
/2

i
:

Using the Cauchy–Schwarz inequality, we then have

EŒ.Xn
K � Xm

K /2� � E
h

sup
1�j�pm; iDin;m. j/

.Mtni�1
� Mtmj�1

/4
i1=2

� E
h� X

1�j�pm

.Mtmj � Mtmj�1
/2

�2i1=2

:

By the continuity of sample paths (together with the fact that the mesh of our
subdivisions tends to 0) and dominated convergence, we have

lim
n;m!1; n�m

E
h

sup
1�j�pm; iDin;m. j/

.Mtni�1
� Mtmj�1

/4
i

D 0:

To complete the proof of the lemma, it is then enough to prove the existence of a
finite constant C such that, for every m,

E
h� X

1�j�pm

.Mtmj � Mtmj�1
/2

�2i � C: (4.5)

Let A be a constant such that jMtj � A for every t � 0. Expanding the square and
using Proposition 3.14 twice, we have

E
h� X

1�j�pm

.Mtmj � Mtmj�1
/2

�2i

D E
h X

1�j�pm

.Mtmj � Mtmj�1
/4

i
C 2E

h X

1�j<k�pm

.Mtmj � Mtmj�1
/2.Mtmk � Mtmk�1

/2
i

� 4A2E
h X

1�j�pm

.Mtmj
� Mtmj�1

/2
i

C2

pm�1X

jD1

E
h
.Mtmj

� Mtmj�1
/2E

h pmX

kDjC1

.Mtmk
� Mtmk�1

/2
ˇ
ˇ
ˇFtmj

ii

D 4A2E
h X

1�j�pm

.Mtmj � Mtmj�1
/2

i

C2

pm�1X

jD1

E
h
.Mtmj � Mtmj�1

/2 EŒ.MK � Mtmj /2 j Ftmj �
i
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� 12A2 E
h X

1�j�pm

.Mtmj � Mtmj�1
/2

i

D 12A2 EŒ.MK � M0/
2�

� 48A4

which gives the bound (4.5) with C D 48A4. This completes the proof. ut
We now return to the proof of the theorem. Thanks to Doob’s inequality in L2

(Proposition 3.15 (ii)), and to Lemma 4.10, we have

lim
n;m!1 E

h
sup
t�K

.Xn
t � Xm

t /2
i

D 0: (4.6)

In particular, for every t 2 Œ0; K�, .Xn
t /n�1 is a Cauchy sequence in L2 and thus

converges in L2. We want to argue that the limit yields a process Y indexed by Œ0; K�

with continuous sample paths. To see this, we note that (4.6) allows us find a strictly
increasing sequence .nk/k�1 of positive integers such that, for every k � 1,

E
h

sup
t�K

.X
nkC1
t � Xnk

t /2
i

� 2�k:

This implies that

E
h 1X

kD1

sup
t�K

jXnkC1
t � Xnk

t j
i

< 1

and thus

1X

kD1

sup
t�K

jXnkC1
t � Xnk

t j < 1 ; a.s.

Consequently, except on the negligible set N where the series in the last display
diverges, the sequence of random functions .Xnk

t ; 0 � t � K/ converges uniformly
on Œ0; K� as k ! 1, and the limiting random function is continuous by uniform
convergence. We can thus set Yt.!/ D lim Xnk

t .!/, for every t 2 Œ0; K�, if ! 2
˝nN , and Yt.!/ D 0, for every t 2 Œ0; K�, if ! 2 N . The process .Yt/0�t�K

has continuous sample paths and Yt is Ft-measurable for every t 2 Œ0; K� (here we
use the fact that the filtration is complete, which ensures that N 2 Ft for every
t � 0). Furthermore, since the L2-limit of .Xn

t /n�1 must coincide with the a.s. limit
of a subsequence, Yt is also the limit of Xn

t in L2, for every t 2 Œ0; K�, and we can
pass to the limit in the martingale property for Xn, to obtain that EŒYt j Fs� D Ys

for every 0 � s � t � K. It follows that .Yt^K/t�0 is a martingale with continuous
sample paths.
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On the other hand, the identity (4.4) shows that the sample paths of the process
M2

t �2Xn
t are nondecreasing along the finite sequence .tn

i ; 0 � i � pn/. By passing to
the limit n ! 1 along the sequence .nk/k�1, we get that the sample paths of M2

t �
2Yt are nondecreasing on Œ0; K�, except maybe on the negligible set N . For every
t 2 Œ0; K�, we set A.K/

t D M2
t � 2Yt on ˝nN , and A.K/

t D 0 on N . Then A.K/
0 D

0, A.K/
t is Ft-measurable for every t 2 Œ0; K�, A.K/ has nondecreasing continuous

sample paths, and .M2
t^K � A.K/

t^K/t�0 is a martingale.
We apply the preceding considerations with K D `, for every integer ` � 1,

and we get a process .A.`/
t /0�t�`. We then observe that, for every ` � 1, A.`C1/

t^` D
A.`/

t^` for every t � 0, a.s., by the uniqueness argument explained at the beginning
of the proof. It follows that we can define an increasing process hM; Mi such that
hM; Mit D A.`/

t for every t 2 Œ0; `� and every ` � 1, a.s., and clearly M2
t � hM; Mit

is a martingale.
In order to get (4.3), we observe that, if K > 0 and the sequence of subdivisions

0 D tn
0 < tn

1 < � � � < tn
pn

D K are fixed as in the beginning of the proof, the

process A.K/
t^K must be indistinguishable from hM; Mit^K , again by the uniqueness

argument (we know that both M2
t^K � A.K/

t^K and M2
t^K � hM; Mit^K are martingales).

In particular, we have hM; MiK D A.K/
K a.s. Then, from (4.4) with j D pn, and the

fact that Xn
K converges in L2 to YK D 1

2
.M2

K � A.K/
K /, we get that

lim
n!1

pnX

jD1

.Mtnj
� Mtnj�1

/2 D hM; MiK

in L2. This completes the proof of the theorem in the case when M0 D 0 and M is
bounded.

Let us consider the general case. Writing Mt D M0 C Nt, so that M2
t D

M2
0 C 2 M0Nt C N2

t , and noting that M0Nt is a continuous local martingale (see
Exercise 4.22), we see that we may assume that M0 D 0. We then set

Tn D infft � 0 W jMtj � ng

and we can apply the bounded case to the stopped martingales MTn . Set AŒn� D
hMTn ; MTn i. The uniqueness part of the theorem shows that the processes AŒnC1�

t^Tn
and

AŒn�
t are indistinguishable. It follows that there exists an increasing process A such

that, for every n, the processes At^Tn and AŒn�
t are indistinguishable. By construction,

M2
t^Tn

� At^Tn is a martingale for every n, which precisely implies that M2
t � At is a

continuous local martingale. We take hM; Mit D At, which completes the proof of
the existence part of the theorem.

Finally, to get (4.3), it suffices to consider the case M0 D 0. The bounded case
then shows that (4.3) holds if M and hM; Mit are replaced respectively by MTn and
hM; Mit^Tn (even with convergence in L2). Then it is enough to observe that, for
every t > 0, P.t � Tn/ converges to 1 when n ! 1. ut
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Proposition 4.11 Let M be a continuous local martingale and let T be a stopping
time. Then we have a.s. for every t � 0,

hMT ; MTit D hM; Mit^T :

This follows from the fact that M2
t^T �hM; Mit^T is a continuous local martingale

(cf. property (c) of continuous local martingales).

Proposition 4.12 Let M be a continuous local martingale such that M0 D 0. Then
we have hM; Mi D 0 if and only if M D 0.

Proof Suppose that hM; Mi D 0. Then M2
t is a nonnegative continuous local

martingale and, by Proposition 4.7 (i), M2
t is a supermartingale, hence EŒM2

t � �
EŒM2

0 � D 0, so that Mt D 0 for every t. The converse is obvious. ut
The next theorem shows that properties of a continuous local martingale are

closely related to those of its quadratic variation. If A is an increasing process, A1
denotes the increasing limit of At as t ! 1 (this limit always exists in Œ0; 1�).

Theorem 4.13 Let M be a continuous local martingale with M0 2 L2.

(i) The following are equivalent:

(a) M is a (true) martingale bounded in L2.
(b) EŒhM; Mi1� < 1.

Furthermore, if these properties hold, the process M2
t � hM; Mit is a uniformly

integrable martingale, and in particular EŒM21� D EŒM2
0 � C EŒhM; Mi1�.

(ii) The following are equivalent:

(a) M is a (true) martingale and Mt 2 L2 for every t � 0.
(b) EŒhM; Mit� < 1 for every t � 0.

Furthermore, if these properties hold, the process M2
t � hM; Mit is a martingale.

Remark In property (a) of (i) (or of (ii)), it is essential to suppose that M is a
martingale, and not only a continuous local martingale. Doob’s inequality used in
the following proof is not valid in general for a continuous local martingale!

Proof

(i) Replacing M by M � M0, we may assume that M0 D 0 in the proof. Let us
first assume that M is a martingale bounded in L2. Doob’s inequality in L2

(Proposition 3.15 (ii)) shows that, for every T > 0,

E
h

sup
0�t�T

M2
t

i
� 4 EŒM2

T �:

By letting T go to 1, we have

E
h

sup
t�0

M2
t

i
� 4 sup

t�0

EŒM2
t � DW C < 1:
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Set Sn D infft � 0 W hM; Mit � ng. Then the continuous local martingale
M2

t^Sn
� hM; Mit^Sn is dominated by the variable

sup
s�0

M2
s C n;

which is integrable. From Proposition 4.7 (ii), we get that this continuous local
martingale is a uniformly integrable martingale, hence

EŒhM; Mit^Sn � D EŒM2
t^Sn

� � E
h

sup
s�0

M2
s

i
� C:

By letting n, and then t tend to infinity, and using monotone convergence, we get
EŒhM; Mi1� � C < 1.

Conversely, assume that EŒhM; Mi1� < 1. Set Tn D infft � 0 W jMtj � ng.
Then the continuous local martingale M2

t^Tn
� hM; Mit^Tn is dominated by the

variable

n2 C hM; Mi1;

which is integrable. From Proposition 4.7 (ii) again, this continuous local
martingale is a uniformly integrable martingale, hence, for every t � 0,

EŒM2
t^Tn

� D EŒhM; Mit^Tn � � EŒhM; Mi1� DW C0 < 1:

By letting n ! 1 and using Fatou’s lemma, we get EŒM2
t � � C0, so that the

collection .Mt/t�0 is bounded in L2. We have not yet verified that .Mt/t�0 is a
martingale. However, the previous bound on EŒM2

t^Tn
� shows that the sequence

.Mt^Tn/n�1 is uniformly integrable, and therefore converges both a.s. and in L1 to
Mt, for every t � 0. Recalling that MTn is a martingale (Proposition 4.7 (iii)), the
L1-convergence allows us to pass to the limit n ! 1 in the martingale property
EŒMt^Tn j Fs� D Ms^Tn , for 0 � s < t, and to get that M is a martingale.

Finally, if properties (a) and (b) hold, the continuous local martingale M2 �
hM; Mi is dominated by the integrable variable

sup
t�0

M2
t C hM; Mi1

and is therefore (by Proposition 4.7 (ii)) a uniformly integrable martingale.

(ii) It suffices to apply (i) to .Mt^a/t�0 for every choice of a � 0. ut
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4.4 The Bracket of Two Continuous Local Martingales

Definition 4.14 If M and N are two continuous local martingales, the bracket
hM; Ni is the finite variation process defined by setting, for every t � 0,

hM; Nit D 1

2
.hM C N; M C Nit � hM; Mit � hN; Nit/:

Let us state a few easy properties of the bracket.

Proposition 4.15

(i) hM; Ni is the unique (up to indistinguishability) finite variation process such
that MtNt � hM; Nit is a continuous local martingale.

(ii) The mapping .M; N/ 7! hM; Ni is bilinear and symmetric.
(iii) If 0 D tn

0 < tn
1 < � � � < tn

pn
D t is an increasing sequence of subdivisions of

Œ0; t� with mesh tending to 0, we have

lim
n!1

pnX

iD1

.Mtni
� Mtni�1

/.Ntni
� Ntni�1

/ D hM; Nit

in probability.
(iv) For every stopping time T, hMT ; NT it D hMT ; Nit D hM; Nit^T .
(v) If M and N are two martingales (with continuous sample paths) bounded in L2,

MtNt � hM; Nit is a uniformly integrable martingale. Consequently, hM; Ni1
is well defined as the almost sure limit of hM; Nit as t ! 1, is integrable, and
satisfies

EŒM1N1� D EŒM0N0� C EŒhM; Ni1�:

Proof (i) follows from the analogous characterization in Theorem 4.9 (uniqueness
follows from Theorem 4.8). Similarly (iii) is a consequence of the analogous
assertion in Theorem 4.9. (ii) follows from (iii), or can be proved directly via the
uniqueness argument. We can then get (iv) as a consequence of property (iii), noting
that this property implies, for every 0 � s � t, a.s.,

hMT ; NTit D hMT ; Nit D hM; Nit on fT � tg;
hMT ; NTit � hMT ; NTis D hMT ; Nit � hMT ; Nis D 0 on fT � s < tg:

Finally, (v) follows as a consequence of Theorem 4.13 (i). ut
Remark A consequence of (iv) is the fact that MT .N � NT/ is a continuous local
martingale, which is not so easy to prove directly.
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Proposition 4.16 Let B and B0 be two independent .Ft/-Brownian motions. Then
hB; B0it D 0 for every t � 0.

Proof By subtracting the initial values, we may assume that B0 D B0
0 D 0. We then

observe that the process Xt D 1p
2
.Bt C B0

t/ is a martingale, as a linear combination
of martingales. By checking the finite-dimensional marginals of X, we verify that X
is also a Brownian motion (notice that we do not claim that X is an .Ft/-Brownian
motion). Proposition 2.16 implies that hX; Xit D t, and, using the bilinearity of the
bracket, it follows that hB; B0it D 0. ut
Definition 4.17 Two continuous local martingales M and N are said to be orthogo-
nal if hM; Ni D 0, which holds if and only if MN is a continuous local martingale.

In particular, two independent .Ft/-Brownian motions are orthogonal martin-
gales, by Proposition 4.16.

If M and N are two orthogonal martingales bounded in L2, we have EŒMtNt� D
EŒM0N0�, and even EŒMSNS� D EŒM0N0� for any stopping time S. This follows from
Theorem 3.22, using property (v) of Proposition 4.15.

Proposition 4.18 (Kunita–Watanabe) Let M and N be two continuous local
martingales and let H and K be two measurable processes. Then, a.s.,

Z 1

0

jHsj jKsj jdhM; Nisj �
� Z 1

0

H2
s dhM; Mis

�1=2� Z 1

0

K2
s dhN; Nis

�1=2

:

Proof Only in this proof, we use the special notation hM; Nit
s D hM; Nit � hM; Nis

for 0 � s � t. The first step of the proof is to observe that we have a.s. for every
choice of the rationals s < t (and also by continuity for every reals s < t),

jhM; Nit
sj �

q
hM; Mit

s

q
hN; Nit

s:

Indeed, this follows from the approximations of hM; Mi and hM; Ni given in
Theorem 4.9 and in Proposition 4.15 respectively (note that these approximations
are easily extended to the increments of hM; Mi and hM; Ni), together with the
Cauchy–Schwarz inequality. From now on, we fix ! such that the inequality of the
last display holds for every s < t, and we argue with this value of ! (the remaining
part of the argument is “deterministic”).

We then observe that we also have, for every 0 � s � t,

Z t

s
jdhM; Niuj �

q
hM; Mit

s

q
hN; Nit

s: (4.7)
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Indeed, we use Proposition 4.2, noting that, for any subdivision s D t0 < t1 < � � � <

tp D t, we can bound

pX

iD1

jhM; Niti
ti�1

j �
pX

iD1

q
hM; Miti

ti�1

q
hN; Niti

ti�1

�
� pX

iD1

hM; Miti
ti�1

�1=2� pX

iD1

hN; Niti
ti�1

�1=2

D
q

hM; Mit
s

q
hN; Nit

s:

We then get that, for every bounded Borel subset A of RC,

Z

A
jdhM; Niuj �

sZ

A
dhM; Miu

sZ

A
dhN; Niu:

When A D Œs; t�, this is the bound (4.7). If A is a finite union of intervals, this follows
from (4.7) and another application of the Cauchy–Schwarz inequality. A monotone
class argument shows that the inequality of the last display remains valid for any
bounded Borel set A (here we use a version of the monotone class lemma that is
different from the one in Appendix A1: precisely, a class of sets which is stable
under increasing and decreasing sequential limits and which contains an algebra of
sets must contain the �-field generated by this algebra – see the first chapter of [64]).

Next let h D Pp
iD1 	i1Ai and k D Pp

iD1 �i1Ai be two nonnegative simple
functions on RC with bounded support contained in Œ0; K�, for some K > 0. Here
A1; : : : ; Ap is a measurable partition of Œ0; K�, and 	1; : : : ; 	p; �1; : : : ; �p are reals
(we can always assume that h and k are expressed in terms of the same partition).
Then,

Z
h.s/k.s/jdhM; Nisj D

pX

iD1

	i�i

Z

Ai

jdhM; Nisj

�
� pX

iD1

	2
i

Z

Ai

dhM; Mis

�1=2� pX

iD1

�2
i

Z

Ai

dhN; Nis

�1=2

D
� Z

h.s/2dhM; Mis

�1=2� Z
k.s/2dhN; Nis

�1=2

;

which gives the desired inequality for simple functions. Since every nonnegative
Borel function is a monotone increasing limit of simple functions with bounded
support, an application of the monotone convergence theorem completes the proof.

ut
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4.5 Continuous Semimartingales

We now introduce the class of processes for which we will develop the theory of
stochastic integrals.

Definition 4.19 A process X D .Xt/t�0 is a continuous semimartingale if it can be
written in the form

Xt D Mt C At;

where M is a continuous local martingale and A is a finite variation process.

The decomposition X D M C A is then unique up to indistinguishability thanks
to Theorem 4.8. We say that this is the canonical decomposition of X.

By construction, continuous semimartingales have continuous sample paths. It is
possible to define a notion of semimartingale with càdlàg sample paths, but in this
book, we will only deal with continuous semimartingales, and for this reason we
sometimes omit the word continuous.

Definition 4.20 Let X D M C A and Y D M0 C A0 be the canonical decompositions
of two continuous semimartingales X and Y. The bracket hX; Yi is the finite variation
process defined by

hX; Yit D hM; M0it:

In particular, we have hX; Xit D hM; Mit.

Proposition 4.21 Let 0 D tn
0 < tn

1 < � � � < tn
pn

D t be an increasing sequence of
subdivisions of Œ0; t� whose mesh tends to 0. Then,

lim
n!1

pnX

iD1

.Xtni
� Xtni�1

/.Ytni
� Ytni�1

/ D hX; Yit

in probability.

Proof We treat the case where X D Y and leave the general case to the reader.
We have

pnX

iD1

.Xtni � Xtni�1
/2 D

pnX

iD1

.Mtni � Mtni�1
/2 C

pnX

iD1

.Atni � Atni�1
/2

C2

pnX

iD1

.Mtni � Mtni�1
/.Atni � Atni�1

/:
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By Theorem 4.9,

lim
n!1

pnX

iD1

.Mtni
� Mtni�1

/2 D hM; Mit D hX; Xit;

in probability. On the other hand,

pnX

iD1

.Atni � Atni�1
/2 �

�
sup

1�i�pn

jAtni � Atni�1
j
� pnX

iD1

jAtni � Atni�1
j

�
� Z t

0

jdAsj
�

sup
1�i�pn

jAtni � Atni�1
j;

which tends to 0 a.s. when n ! 1 by the continuity of sample paths of A. The same
argument shows that

ˇ
ˇ
ˇ

pnX

iD1

.Atni � Atni�1
/.Mtni � Mtni�1

/
ˇ
ˇ
ˇ �

� Z t

0

jdAsj
�

sup
1�i�pn

jMtni � Mtni�1
j

tends to 0 a.s. ut

Exercises

In the following exercises, processes are defined on a probability space .˝;F ; P/

equipped with a complete filtration .Ft/t2Œ0;1�.

Exercise 4.22 Let U be an F0-measurable real random variable, and let M be a
continuous local martingale. Show that the process Nt D UMt is a continuous local
martingale. (This result was used in the construction of the quadratic variation of a
continuous local martingale.)

Exercise 4.23

1. Let M be a (true) martingale with continuous sample paths, such that M0 D 0. We
assume that .Mt/t�0 is also a Gaussian process. Show that, for every t � 0 and
every s > 0, the random variable MtCs � Mt is independent of �.Mr; 0 � r � t/.

2. Under the assumptions of question 1., show that there exists a continuous
monotone nondecreasing function f W RC ! RC such that hM; Mit D f .t/
for every t � 0.
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Exercise 4.24 Let M be a continuous local martingale with M0 D 0.

1. For every integer n � 1, we set Tn D infft � 0 W jMtj D ng. Show that, a.s.

n
lim

t!1 Mt exists and is finite
o

D
1[

nD1

fTn D 1g � fhM; Mi1 < 1g:

2. We set Sn D infft � 0 W hM; Mit D ng for every n � 1. Show that, a.s.,

fhM; Mi1 < 1g D
1[

nD1

fSn D 1g �
n

lim
t!1 Mt exists and is finite

o
;

and conclude that
n

lim
t!1 Mt exists and is finite

o
D fhM; Mi1 < 1g ; a.s.

Exercise 4.25 For every integer n � 1, let Mn D .Mn
t /t�0 be a continuous local

martingale with M0 D 0. We assume that

lim
n!1hMn; Mni1 D 0

in probability.

1. Let " > 0, and, for every n � 1, let

Tn
" D infft � 0 W hMn; Mnit � "g:

Justify the fact that Tn
" is a stopping time, then prove that the stopped continuous

local martingale

Mn;"
t D Mn

t^Tn
"

; 8t � 0 ;

is a true martingale bounded in L2.
2. Show that

E
h

sup
t�0

jMn;"
t j2

i
� 4 "2:

3. Writing, for every a > 0,

P
�

sup
t�0

jMn
t j � a

�
� P

�
sup
t�0

jMn;"
t j � a

�
C P.Tn

" < 1/;
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show that

lim
n!1

�
sup
t�0

jMn
t j

�
D 0

in probability.

Exercise 4.26

1. Let A be an increasing process (adapted, with continuous sample paths and such
that A0 D 0) such that A1 < 1 a.s., and let Z be an integrable random variable.
We assume that, for every stopping time T,

EŒA1 � AT � � EŒZ 1fT<1g�:

Show, by introducing an appropriate stopping time, that, for every 	 > 0,

EŒ.A1 � 	/ 1fA1>	g� � EŒZ 1fA1>	g�:

2. Let f W RC �! R be a continuously differentiable monotone increasing function
such that f .0/ D 0 and set F.x/ D R x

0 f .t/dt for every x � 0. Show that, under
the assumptions of question 1., one has

EŒF.A1/� � EŒZ f .A1/�:

(Hint: It may be useful to observe that F.x/ D xf .x/ � R x
0

	 f 0.	/ d	 for every
x � 0.)

3. Let M be a (true) martingale with continuous sample paths and bounded in L2

such that M0 D 0, and let M1 be the almost sure limit of Mt as t ! 1. Show
that the assumptions of question 1. hold when At D hM; Mit and Z D M21. Infer
that, for every real q � 1,

EŒ.hM; Mi1/qC1� � .q C 1/ EŒ.hM; Mi1/q M21�:

4. Let p � 2 be a real number such that EŒ.hM; Mi1/p� < 1. Show that

EŒ.hM; Mi1/p� � pp EŒjM1j2p�:

5. Let N be a continuous local martingale such that N0 D 0, and let T be a stopping
time such that the stopped martingale NT is uniformly integrable. Show that, for
every real p � 2,

EŒ.hN; NiT/p� � pp EŒjNT j2p�:

Give an example showing that this result may fail if NT is not uniformly
integrable.
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Exercise 4.27 Let .Xt/t�0 be an adapted process with continuous sample paths
and taking nonnegative values. Let .At/t�0 be an increasing process (adapted,
with continuous sample paths and such that A0 D 0). We consider the following
condition:

(D) For every bounded stopping time T, we have EŒXT � � EŒAT �.

1. Show that, if M is a square integrable martingale with continuous sample paths
and M0 D 0, the condition (D) holds for Xt D M2

t and At D hM; Mit.
2. Show that the conclusion of the previous question still holds if one only assumes

that M is a continuous local martingale with M0 D 0.
3. We set X�

t D sups�t Xs. Show that, under the condition (D), we have, for every
bounded stopping time S and every c > 0,

P.X�
S � c/ � 1

c
EŒAS�:

(Hint: One may apply (D) to T D S ^ R, where R D infft � 0 W Xt � cg.)
4. Infer that, still under the condition (D), one has, for every (finite or not) stopping

time S,

P.X�
S > c/ � 1

c
EŒAS�

(when S takes the value 1, we of course define X�1 D sups�0 Xs).
5. Let c > 0 and d > 0, and S D infft � 0 W At � dg. Let T be a stopping time.

Noting that

fX�
T > cg �

�
fX�

T^S > cg [ fAT � dg
�

show that, under the condition (D), one has

P.X�
T > c/ � 1

c
EŒAT ^ d� C P.AT � d/:

6. Use questions (2) and (5) to verify that, if M.n/ is a sequence of continuous
local martingales and T is a stopping time such that hM.n/; M.n/iT converges in
probability to 0 as n ! 1, then,

lim
n!1

�
sup
s�T

jM.n/
s j

�
D 0 ; in probability.



Notes and Comments 95

Notes and Comments

The book [14] of Dellacherie and Meyer is again an excellent reference for
the topics of this chapter, in the more general setting of local martingales and
semimartingales with càdlàg sample paths. See also [72] and [49] (in particular,
a discussion of the elementary theory of finite variation processes can be found in
[72]). The notion of a local martingale appeared in Itô and Watanabe [43] in 1965.
The notion of a semimartingale seems to be due to Fisk [25] in 1965, who used
the name “quasimartingales”. See also Meyer [60]. The classical approach to the
quadratic variation of a continuous (local) martingale is based on the Doob–Meyer
decomposition theorem [58], see e.g. [49]. Our more elementary presentation is
inspired by [70].
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